Inverse Trigonometric
Functions
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3 1 n 4’2 2
If o= cos™ 3 ,B=tan! 3 ,where0<a, B < S,then
o— B isequal to : [April 8,2019 (D] ©) [0,m] () [_ggj
o) w55
a) tan— | _ 1~ cos™” | - fin I
510 svio 7.  The domain of the function f(x)= sin_(x—3) is
2
1 9 - 9 9—x
© tan| 74 @ sin™ {5710 @ [1,2] ®) [2.3) [2004]
A value of x satisfying the equation sin[cot '(1 +x) ] = cos © [1.2] (d [2.3]
[tan™'x], is [Online April9,2017] g The trigonometric equation sin~' x=2sin"'a has a
( ®) -1 © 0 @ 1 solution for [2003]
a) —— - c =
2 2 (@) Ja] <= ) L<la]<t
o L 43m) V2 2 2
The principal value of tan cotT is:
1
[Online April 19, 2014] (c) all real values of a (d) \a\ < >
(a) —% (b) %c ) —% (d) % 9. cot (yJeosa) —tan"! (Jeos @) = x,
The number of solutions of the equation, then sin x =
sin~! x =2 tan ~x (in principal values) is : N ) (a
[Online April 22,2013] () tan (3) (b) cot (3] [2002]
@ 1 (b) 4 (© 2 (d 3
(04
c) tan o d) cot (—j
A value of tan™! [Sin[cos1 {\/gn] is © @ 2
10. The domain of sin’! [log, (x/3)] is [2002]
[Onllne May 19, 2012] (a) [1, 9] (b) [71, 9]
T T T T
@ 7 ®) = © 3 @ & (© [9,1] d [-9,-1]
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Properties of Inverse Trigonometric
Functions, Infinite Series of Inverse
Trigonometric Functions

2n—| sin™ i+ sin”! i+ sin”! 16 isequal to:
5 13 65 '

[Sep. 03,2020 (D]

3n

T
(@) 5 (© >

If S is the sum of the first 10 terms of the series

-~ —1( 1 S 1 (1
tan — |+ tan — |+ tan — |+ tan — | +
3 7 13 21 e

then tan (S) is equal to: [Sep. 05,2020 (D]

5n n
®) @

5 5
@ § ®
6 10
© -3 O

(12 L (3)
The value of SI1 3 —sm 5)is equal to :

[April 12, 2019 (I)]

(a) n—sin”! (Qj (b) T sin™ [ﬁj
65 2 65

E—cos’1 (2j n—cos”' (gj
© 3 65 @ 65

If cos’lx—cos"%=0t,Where— 1<x<1,-2<y<2,

x< % , then for all x, y, 4x* ~4xy cosa + y* is equal to:
[April 10,2019 (ID)]
(@) 4sin‘a (b) 2sina

(¢) 4sin’o—2x%7? (d) 4cos’a+ 2xy?
Considering only the principal values of inverse functions,

the set 4= {x >0:tan”' (2x)+ tan”! (3x)= %}
[Jan. 12,2019 ()]
(a) contains two elements
(b) contains more than two elements
(c) isasingleton
(d) is an empty set
All x satisfying the inequality (cot 'x)% -7 (cot lx) + 10>

0, lie in the interval : [Jan. 11,2019 (ID)]

() (—oo,cot5)uU(cot4,cot2)

17.

19.

21.

22.

(b) (cot2,)
© (—OO,COtS)U(cot2,oo)
(d) (cot5,cot4)

19 n
The value of cot [ z cot™ [1 + z ZpD is:
n=1 p=1

[Jan. 10, 2019 (ID)]
21 19
z b) —=
(@ 1 (b) 3
22 23
c) — d —
© 23 (d) )
Ifx=sin" (sin10) and y = cos™ (cos10), then y — x is equal
to: [Jan. 09, 2019 (IT)]
@@ o0 (b) 10 () Tn d =
-1 2 -1 3 T 3
If cos I +cos ) 2 x>Z ,then x is equal
to: [Jan. 09, 2019 (D]
V145 145 146 145
@ —(7 0 —— © — @ ——
12 10 12 11
VI 41-x2 1
The value of tan™! | ————, | X< =,x20,
VI+x? —y1-x2 2
is equal to [Online April 8,2017]

L S n -1.2
—+—C0s X b) —+cos x
@ 7+ ®)

LR S n -1.2
———CO0S X d) ——cos X
© 775 @ 5
Let
-1 -1 o 2x
tan y=tan X +tan 3
1-x/"
1
where or |X| < ﬁ . Then a value of y is : [2015]
@ 3x—x° ) 3x+x°
a
1+ 3x? 1+3x?
© 3x—x° @ 3x+x°
c
1-3x? 1-3x?
_ -1 o 2x
If f (x) = 2tan” x +sin 5| x >1 then
1+x
f(5)isequalto: [Online April 10, 2015]

b =~
®) 3
d) 4tan’'(5)

@ tan”! (165_56)
©) n
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Statement I: The equation (sin"1x)3 + (cos™! x)3 —an3=0

has a solution for all a > é .

Statement I1: Forany x eR , sin! x +cos ! x :g and
2 2
.1 T on . .
0< (sm X _Z] < Y [Online April 12,2014]

(a) Both statements I and II are true.

(b) Both statements I and II are false.

(c) Statement I is true and statement II is false.

(d) Statement I is false and statement II is true.

Ifx, y,zarein A.P. and tanLx, tan™! yand tan~1z are also in

A.P., then [2013]
@ x=y=z (b) 2x=3y=6z
(c) 6x=3y=2z (d) 6x=4y=3z
Let x ¢ (0, 1). The set of all x such that
sin~lx > cos~lx, is the interval: [Online April 25, 2013]

o)

5
o[*3)

o [+

© O,1

26.

27.

28.

_ 1 _
S =tan 1[2—J-4-tan 1[%)4—
n“+n+l n“+3n+3

+tan ! 1 , then tan S'is equal to :
1+(n+19)(n+20)
[Online April 23,2013]
20 n
Q) ——— -
@ 401+20n ® n? +20n+1
20 n
© 5 @
n" +20n+1 401+20n
A value of x for which sin (cot 1(1 + x)) = cos (tan~! x), is
: [Online April 9,2013]
@-~ ®  ©0 @<
2 2

If sin”! (gj +cosec”! (%) = g , then the values of x is

(@) 4 ®) 5 [2007]
(© 1 @ 3

If COS_1 )C—COS_1 % = o, then 4x2 —4xy COS(X+y2 is
equal to [2005]
(@ 2sin2a (b) 4

(©) 4sin?a (d) — 4sin’ o
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Hints & Solutions

3 4
1. @d - cosa= 5 then sin a.= 3 _ tan} [tan(z _3_n]i|
2 4
4
= tan(xZE ~nm 3t 2n-3n -m
2 4 4 4
and tan B = 1 4. (@ Givenequation is
3 in!x= -1
sin"' x=2tan"' x
tan o, — tan p Now, this equation has only one solution.
tan (a B)714-tanoc.tan[i  LHS=sinl1==
a1 andRHS=2tan ! 1= 2x— =
_33_1 4 2
4 13=—
22 i St
I+ 9 9 13 Also, x =1 gives angle value as 7 and T
9 ' 9 St . .
o—pB=tan’! )= sin’! W s outside the principal value.

13
= cos™! (SMJ 5. () Consider tan”! {sin(cos1 \/gﬂ
i - - 2
2. (@ sin|cot™!(1+x)|=cos(tan'x Let 1\/§=6 Cose:\/:
[cor™ (1+5)] = cos(an ") cos”! 2 -0 = coso= [

[ 2
2+2x+x — sin@=vI1-cos’0 = fl—%=\/I
V14 x* 3 3
X
8 tan~' | sin cos_l\/z :tan_l[sine]
1 3

1 +x

Let; cot A =1+x e et (L) T
tan f=x = tan 3 = tan 56
= sinA=cosf )

6. () Giventhat

1 1
= = 2 o x
\/x2+2x+2 1\/1+x2 f@)=4"" +cos l(z—ljﬂog(cosx)

= xi2x+2=xr+1 X
f(x)is defined if— 1 S[E_lj <1 andcos x>0
T

= x=-12
3. (¢) Consider .
= 0< SZand—5<x<E

- 43n
tan {C(’t_} = tanl{cot(10n+3—nﬂ
4 4 n_om

0<x<4and ——<x<—
= 2 2

| =

1 3n
— tan | cot— . =
[ 1 } [+ cot 2nmt + 0) = cot 0] oy E[O,Ej
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Inverse Trigonometric Functions

10.

-1

(x=3)

0 )=
Vo — xz

When —1<x-3<1=2<x<4

is defined

and 9—x2 > 0= -3<x<3
from (i) and (ii),
weget 2 < x<3 .. Domain=2, 3)

(@ Given thatsin Tx=2sin""a

We know that —g <sin"'x< L
:—ESZSinflaSE
2 2
:>——<sin_1a<£:>_—1<a<L
T4 T2 T2
1
al<—
<7

(@@ Given that, cot ! (v/cosa ) —tan™! (\/coso ) =x

(i)
..(ii)

1
tan™! [m] —tan! (Jeosa ) =x

1 Joosa
—+cosa
_1 _Vcosa _

= tan

2ycosa. _ B

l-cosa P

= cotx=

P=(1-cosa)and B= 2+/cos a

H:\/P2+B2 =1+cosa

1-coso  1-(1-2sin’ a/2)

=sinx= = 3
l+cosa  1+2cos“a/2-1

. , @
or sinx =tan E

@ /()=sin"! [1og3 @]

We know that domain of sin Ixisx e [-1, 1]

—1s10g3(§j3133‘1s§s31

=1<x<9 or x € [L9]
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1. (© 2rn- (sin’1 4 +sin”! Bl +sin”! E)
5 13 65

( 4 45 O 16)
=2n—|tan  —+tan  —+tan —
3 12 63

=2n—| tan 1§+cot’1§)

16 16
—2n—£=3—n
2 2

1 1 1
12. @ S=tan" [5] +tan”! ;+ tan™! B+....uPt0 10 terms

_1(2—1] _(3—2]
= tan + tan
1+2-1 1+3-2

_1[ 4—3) _1[ 11—10]
+tan + e + tan
1+3-4 1+11-10

=(tan'2—tan" )+ (tan_1 3—tan! 2)+

(tam_1 4—tan™! 3+ + (tan_1 11-tan™! 10)

=tan'l1-tan"'1= tan’IE -1 j = tan”! (éj
1+11-1 6

s tan(S) = %

—sin~} E +sin”! 2 —sin”! Exi_gxi
13. & 5 13) 513 13 5

(v xye’0andx>+)?d” 1)

[ sin!x—sin™! y= sin”! {x\ll—yz -y 1-x2 }}

-33 33
=sin™! E =sin™! g
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14. (@) Given, cos_lx—cos_%:(x

2
zcos_l[%+\/1—x2. l—yj]za

[ 2 2
LW NI-XTA-T e
2 2
:>xy+\/1—x2 4—y2:2cosoc

= (xy—2cosa)=(1-x>)(4-)?
= x3?+4 cos’o—4xy cos =4 —y*— 4x?+ x%?

= 4x?—4xy cos o t+)*=4 sin’a

b
15. (c¢) Consider, tan™'(2x)+tan™'(3x) = 7
Sx
-1 b
tan ==
= (1 —6x° j 4
S—X — 1 5 — 1 6 2
= 1—6x2 =1=23x=1-0x
= 6’ +5x-1=0
= (x—-D(x+1)=0
1
= x=—(asx=0)
6
Therefore, A is a singleton set.
16. ()
Y
2
T
2
¥

cot 2

(cot!'x)>—7(cot'x)+10>0
(cot'x—5)(cot'-2)>0

cot! x € (—o0,2) U (5, ) ..(D)
But cot™ x lies in (0, 7)

Now, from equation (1)

cot'xe (0,2)

Now, it is clear from the graph

x € (cot2,o0)

19 n
17. (@ cat Zcot_l{l+ZZpJ
n=I p=1

18.

19.

19
cot[E‘cot_1 (1 +n(n +1))]
n=1
Yo (n+D)-n
=C0t[%tan 1+(n+Dn
{cot] x=tan™' [l) s for x > O:|
x

= cot(i (tan™'(n+1)—tan™! n)]

n=1

= cot(tan™' 20 —tan"'1)

—cot tan_l(&j
1+20x1

—cot| tan™! (gj =cotcot™! (2) = 2
21 19 19

d x=sin'(sin 10)

3m-Lc10<3n+l
2 2

= x=3n-10
=3n—x=10

and y = cos'(cos 10)

3n<10<4n
=4n-x=10

= y=4n-10
y—x=(An-10)-GBn-10)=n

(e (@3
@ cos | jHeosT| o =T x>

2 ) . _1( 3 ] l: .- -1 T
— |=SIn —_— “sSiIn - X+CoS X =-—
3x 4x 2

.1 3 . 3
sin” | — |[=6 sinf =—
Put (4xj = ix
= cosO=+1-sin’0 = [1- 92
16x

\/16x2—9]

4x

()
cos — |=CO0s8
3x

2 A16x* -9
= —= =
3x 4x

= Gzcos_l[

4x

)

, 64+81 _ . [14s
x = = X=I
9%x16 144
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Inverse Trigonometric Functions M-267
J 3 . T 2 2
= x= V145 (‘.‘x>—) = (sm le—] = n—(8a—1)+n—
12 4 4 12 16
1 T : ﬂz
| inx-——| = __ _
20. (@ Letx2=cos20; = 0= S cos 'x? = (Sm x 4) 28 (32a-1)
Putting this value in equation (1)
Sl NEx? A1=x2 n’ 9 ,
= tan - 0<—B2a-1)<—n
Vi+x? A1-x? 48 16
= 0<32a-1<527
_ V140526 ++/1-c0s 20 REP
J1+c0s20 —+/1—cos 20 32 8
Statement-I is also true
— tan 1+tan® _ tan~! {tan [£+ eﬂ 24. (a) Since,x,y,zarein A.P.
1—-tan® 4 2y=x+z
Also, we have
= E+lcos_l x2 2tan! y=tan~lx + tan~! (2)
42 71( b/\ i x+z
= tan L—zJ = tan
. 1 -1 1l 2x -y 1-xz
21. (¢) Giventhat,tan 'y= tan  x+tan 3
1—x x+z x+z
— tan ' x+2tan"'x =3 tan"'x T 1oy l-xz (2y=x+2)
an - x+slan X = P=xzorx+z=0=>x=y=2z=0
3x—x3 25. () Givensin~!x>cos!xwherex € (0, 1)
tan*1y= tan_1 3 ) T,
1-3x = sin' x> Efsm x
3x—x° :>2sirr1x>E = sin_lx>E
=>y= 2 2 4
1-3x
x>sinl = )c>L
2x = 4 NG
22. (¢) f(x)=2tan'x+sin’!| — 3
1+ x . .. T
Maximum value of sin™! x is —
= f(x)=2tan'x+rn-2tan"'x 2
= f&=n ) ] 1
= f(5)=n So, maximum value ofx is 1. So, xe[—,l).
V2
23. () sinlx e[_E’E} 26. (c) Weknow that,
2°2
a1 -1 1 |
tan = ——+tan Foees +
- _3_n<[sin_1x_zj<g 1+2 1+2x3 1+3x4
4 4) " 4
-1 1 1 1
2 ——+tan —— + ...
0<(Sin,1x_§) O O 1+ (n—Dn 1+n(n+1)
B 4) " 16 h |
Statement II is true 1 tan! n+19
L3 L3 3 1+(n+19) (n+20) n+21
(sin”" x)” +(cos” x)” =am
= (sin”'x + cos'x) [(sin”'x + co;’licl)z L \ — tan”! n_1+tan71
— 3sin”'x cos x] = an n+1 1+n(n+1)
2
=T 3sinlxcos ' x = 2ar -1 1 1
4 +tan Foeenn +
I+(n+1)(n+2) 1+(n+19) (n+20)

2
= sin_lx(g—sin_1 ]: %(1_8[1)

.| n+19
n ' —=
n+21



[ sin”! x+cos x= /2]

M-268
1 X T . -1
—tan~! ! +tan”! ! +oent = sm (—):——sm (_j
1+n(n+1) 1+ (n+1)(n+2) 5/ 2
1 _1n+19 _1n—
= tan —tan  ——
1+ (n+19) (n+20) n+21 n+l

_ 1 _ 1
B o P
n-+n+l n“+3n+3

tan ! !
1+ (n+19) (n+20)
n+l9_n—1
tan ! | 2L ndl | 20 _g

119 n-l n* +20n+1
n+21 n+l
. tan_IS:ZL
n“+20n+1

27. (@) sin(cot™! (1+x))=cos (tan"! x)
= cosec? (cot™! (1 +x)) = sec? (tan"! x)
= 1+[cot(cot™! (1 +x))]?>= 1+ [tan (tan"! x)]?

= (1+x)P2=x* = ¥=-7

28. @ sin~! (fj +cosec”! [ij -
5 4, 2

? cos Lx =sin 1\/1 X }

= x=3

© cos ' x—cos”! % =a

( [ )
= cos_IL%Jr (1—x2)(1—éh =a

,1(xy+\/4—y2—4x2+x2y2\
= cos =
)
2 2. 22
= xy+\/4—y —4x" +x"y” =2cos a

= \/4,)}2 —4x? +)62y2
Squaring both sides, we get

=2coso—xy

= 4% —4x? £ 52?2 = dcos? a+x?y? —dxycosa

= 4x° +y2 —4xycoso = 4sin’ o
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