Application of Derivatives

Rate of Change of Quantities

For a quantity y that varies with another quantity x and is given by the relation, say y = f(x), the

dy
derivative of y, dx  or / {x} represents the rate of change of y with respect to x.
Ky z:i:| o
At a particular point, say Y= or /(% } represents rate of change of y with respect to x at

the point x = xo.

For example: The rate of change of volume of a cylindrical vessel with respect to its
radius r, when r = 8 cm, can be calculated as:

V =mrh
d¥ = 2urh
x

dV
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} =2n(8)h=167h
=8 ¢

[f two quantities, say x and y, vary with respect to the same variable ¢, i.e. x = f(t) and y = g (t), then
rate of change of y with respect to x is given by chain rule as:
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If y increases as x increases, then rate of change, i.e. dlx , is positive; and if y decreases
dy

as x increases, then rate of change, i.e. dx , s negative.
Solved Examples
Example 1:

A balloon spherical in shape is deflating at the rate of 0.7 cm3/s. Its surface area is decreasing at the
rate of 1.4 cm?/s. What is the radius of the balloon at that instant?

Solution:



Let the radius of the balloon be r cm.

Now, the balloon is spherical in shape.
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According to the question,

Differentiating (1) with respect to t, we obtain
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Surface area of balloon, S = 4mr?

According to the question, ? =1.4em’ /s
r

ar

Thus, the radius of balloon at that instant is 1 cm.

Example 2:

The distance covered by an insect is given as a function of time as x = at? - 3t + 6.



If the speed of insect at t = 2 min is 13 cm/min, then what is the value of a?

Solution:
Itis giventhatx=at?-3t+6

dr

=2at -3
dt
—13=dg—3 [j—':=5peed =13 cm-’minl
L =2 min
= 16=4a
=a=4

Thus, the value of a is 4.
Increasing and Decreasing Functions

Increasing-Decreasing Functions

If fis a real valued function, I is an open interval contained in the domain and x1, x2 € I, then fis said
to be

Condition Example

Increasing on [ x1 < x2 = f(x1) < fx2)




Strictly increasing on [

x1 < x2 = f(x1) < f(x2)

E

Decreasing on |

x1<x2 = f(x1) 2 fx2)

i
o]
-
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Strictly Decreasing on [

x1<x2 = f(x1) > flx2)

o]
-
-
L ]
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A real valued function fis said to be increasing or decreasing at a point xo in the domain of fif there
exists an interval I = (xo — h, xo + h), h > 0 such that fis increasing or decreasing in I for x1, x2 € I.

First Derivative Test for Increasing and Decreasing Functions

If fis a continuous function in [a, b] and differentiable in the open interval (a, b), then




e fisincreasingin [a, b] if f'(x)>0 for each x€(a, b).

e fisdecreasingin [a, b] if f(x)<0 for each x€(a, b).

e fisneither increasing nor decreasing in [a, b] if J {"}

For example, consider the function f (x) = x3 - 6x2 + 12x + 8.

Now, f'(x) =3x2 - 12x + 12
=3(x2-4x+4)

=3(x - 2)2= 0 in every interval of R.
Therefore, fis increasing on R.

Example 1

Find the intervals in which f{x) = x3 - 2x2 - 4x + 7 is increasing or decreasing.

Solution:
f(x)=x3-2x2-4x+7
f'(x)=3x2-4x-4
f'(x)=3x2-6x+2x-4
f'x)=3x(x-2)+2(x-2)

Fx)=0Bx+2) (x-2) .. (1)

X =—=

Putting f'(x) = 0, we obtain 32

4

The points 3 and 2 divide real line into three intervals

Solved Examples

We now find the sign of f'(x) in these intervals.

=9 for each xe (a, b).

4 and (2,00).

Interval

Sign of f'(x)

Nature of f




[_I._E] -)(=)>0 Increasing

3
[_E 2] (+)(-)<0 Decreasing
(2, ) (+)(+)>0 Increasing

( 2 (2
™73 7372
3u (2, o0) and decreasing in 3 .

Thus, f(x) is increasing in the interval
Example 2
Find the interval in which f{x) = -logx - x2 + 3x is strictly increasing.

Solution:

f(x) = -logx — x% + 3x

L l-20% 43 (20 -3x+1) —(2x-1)(x-1)

f ! (X) - X X X

Putting f'(x) = 0, we obtain (2x- 1)(x-1) =0

x==,1
= 2

( ] ] f1 )
_11’_ =, '|
The intervals obtained are * 2)\2 J and (1,00).

We now find the sign of f'(x) in these intervals.

Interval Sign of f'(x) Nature of f




f_ao_l\| )#H=(-)<0 Decreasing
L 2)
[ I 1] (H)(#H)=(+)>0 Increasing
X
(1, ) (H(+)=(+)>0 Increasing
l Is
Thus, f'(x) is strictly increasing in (2‘ l) U “‘JD}.

Tangents and Normals to the Curves

The equation of tangent to the curve y = f(x) at point (xo, yo) is given by
v -yo=f'(xo0) (x - x0), where f'(xo) is the slope of tangent.

If slope of tangent line is zero, then equation of tangent at point (xo, yo) is given by y = yo.
If slope of tangent line is not defined, then equation of tangent at point (xo, yo) is given by x = xo.
The equation of normal to the curve y = f(x) at point (xo, yo) is given by:

1 -1
y=¥,=- {.T — Xy ) f-r {_1_

.fr [Iﬂ ]

or (y - yo) f'(x0) + (x - xo0) = 0, where - ) is the slope of normal.
Solved Examples

Example 1:

Find the equation of tangent to the curve y = 3x3 - 2x + 6 at the point x = -1.

Solution:
y=3x3-2x+6
V' =9x2-2

."'I]J:--_: 9(-1)2-2=7

The equation of tangent to the curve y = f(x) at point (xo, yo) is given by:




v = y0) =f"(x0) (x = x0)
Atx=-1,y=3(-1)3-2(-1)+6=5

=~ Equation of tangent at (-1, 5) is:

v-5)=7{&x-(-1)}

y-5=7(x+1)

=>y-5=7x+7

= 7x -y + 12 = 0 is the required equation of the tangent.

Example 2:

r==
Find the equation of normal to the curve y = cosx — 2sinx at point 2,
Solution:

Yy = Cosx — 2sinx

y' = -sinx - 2cosx

The equation of normal to the curve y = f(x) at point (xo, yo) is given by:

(v =y0) f'(x0) + (x - x0) =0

T - T
X = COs5— — 251N —
-

T
At 2 we obtain y = 2 “=-2

T
2
-~ Equation of normal at the point ( 2 is given by:

{.,.-_{_2]}{—|]+[_ {]:u

:>{}'+2}{—I]+x—§:l}

r "

b : i .
= x—y —t;+ EJ = () is the required eqation of the normal.



Approximations Using Differentials

For function y = f(x), an increment in y (Ay) corresponding to an increment in x (Ax) is given by:

Ay = flx + Ax) - f(x)
The following are defined for the increment:

The differential of x, denoted by dx, is defined by dx = Ax.

.b_{v]
The differential of y, denoted by dy, is defined by dy = / (¥)dx = [“’x Ax.

The approximate values of certain quantities can be calculated using differentials.

For example, consider ¥ 25.8

V=ax = @ __1
We take de 2x
Let x=25and Ax=0.8

2y = Nr+Ar—x=258-25 =258 -5
=258 = 5+ﬂ|1-’ (1)

Now, dy is approximately equal to Ay and is given by,

I .
d).-:[i szL{m}:ﬁzﬂ,ﬂg
2x5

de ) 23x
Thus, using (1), we obtain the approximate value of ¥ 25.8 a5
S+AY - 540,08 =258

Solved Examples

Example 1:

Find the approximate value of ¥ 0.0048
Solution:

p = x:‘,-ﬂtv— !
Let dv 2x

Let x=0.0049 and Ax=-0.0001




o Ay =x+ Ax = Jx =/0.0048 - /0.0049
Ay =+/0.0048 —0.07
= J0.0048 = 0.07+ Ay ... (1)

Now, dy is approximately equal to Ay and is given by:

dy Ax  —0.0001
dy=| — |Ax= =

Thus, from (1), we obtain

J0.0048 =0.07-0.00071 = 0.06929
Example 2:
Find the approximate value of f (0.31), where f(x) = 2x2 + 3x - 5.
Solution:
Letx=0.3 and Ax=0.01
f(0.31) =f[x+ Ax) =2(x + Ax)? + 3(x + Ax) = 5
Now, Ay = fx + Ax) - f(x)
o flx + Ax) = Ay + f(x) = f(x) + f'(x)Ax {*~dy=Ay}
= f(0.31) = (2x2 + 3x - 5) + (4x + 3)Ax
={2(0.3)2+ 3(0.3) - 5} + {4(0.3) + 3} (0.01)
={2x0.09+0.9-5}+{1.2 +3}(0.01)
={0.18 + 0.9 - 5} + (4.2) (0.01)
=(1.08 - 5) + 0.042
=-3.92 +0.042
=-3.878
Thus, the approximate value of f{0.31) is -3.878.

Maximum and Minimum Values of Functions Using Graphs



Let fbe a function defined on interval /, then

fis said to have a maximum value in [ if there exists a point c in I such that f(c) > f (x), for
all x € I. f (c) is the maximum value of fand c is the point of maximum value of fin I.

fis said to have a minimum value in [ if there exists a point c in I such that f(c) < f (x) for
all x € L.f(c) is the minimum value of fand c is the point of minimum value of fin I
fis said to have an extreme value in [ if there exists a point c in I such that f (c) is either the

maximum value or the minimum value of fin I. f(c) is the extreme value and c is known as the
extreme point.

The maximum and minimum values of functions can be found using graphs.

For example, consider the following graph.

A\

In this graph, f(6) is the maximum value of f(x) and 6 is the point of maximum value; and f (- 4) is
the minimum value of f (x) and - 4 is the point of minimum value.

Solved Examples

Example 1

Plot the graph of function f(x) = x2 + x, x € [-2, 2] and find the maximum and minimum value

of £ ().

Solution:

We start by plotting the graph of f(x) = x2 + x for different values of x in [-2, 2].

f) 2 0 0 2 6




Ay =xt+x

It can be seen that the maximum value of f(x) isatx = 2 i.e,, f (x) = 6; and the minimum value is
atx=-1,i.e,f(-1)=0.

Example 2

From the following graph of f (x), identify the maximum and minimum values of f (x).

Y

Solution:

It can be seen that the graph gets closer to the x-axis as the value of x increases. The maximum
value attained is 10 (at x = 2), whereas f(x) has a minimum value of - 4 (at x = 4.5).

First and Second Derivative Tests for Finding Points of Local Maxima and Minima



Local Maxima and Local Minima

o Iffisareal valued function and c is an interior point in the domain of f, then

e cisthe point of local maxima if there exists h > 0 such that f{c) > f(x) for all xin (c - h, ¢ + h). f(c) is
called the maximum value of f.

e cisthe point of local minima if there exists h > 0 such that f{c) < f{x) for all xin (¢ - h, c + h). f{c) is
called the minimum value of f.

e Geometrically, local maxima and local minima can be obtained as

e Ifx=cisapoint of local maxima, then function fwill be increasing (f'(x) > 0) in the interval
(c - h, ¢) and decreasing (f'(x) < 0) in the interval (c, ¢ + h).

-

L
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o Ifx=cisapoint of local minima, then function fwill be decreasing (f'(x) < 0) in the interval
(c - h, ¢) and increasing (f'(x) > 0) in the interval (c, ¢ + h).
v
]

e Letfbe a function defined on open interval I and c€l be any point. If fhas local maxima or local
minima at x = ¢, then either f'(c) = 0 or fis not differentiable at c.

e Point ¢ in the domain of fat which either f(c) = 0 or fis not differentiable is known as the critical
point of f.

First Derivative Test

e Letfbeafunction defined on an open interval I and let it be continuous at critical point c on I. Then,



If f'(x) changes sign from positive to negative as x increases through ci.e,, if f (x) > 0 at every point
close to and to the left of ¢, and f(x) < 0 at every point close to and to the right of ¢, then c is the

point of local maxima.

i
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L
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If f (x) changes sign from negative to positive as x increases through ci.e,, if f (x) < 0 at every point
close to and to the left of ¢, and f'(x) > 0 at every point close to and to the right of ¢, then c is the

point of minima.

[ 3

0 ¢

If f (x) does not change sign as x increases through ¢, then c is neither the point of local maxima nor

the point of local minima.

Then, c is called the point of inflection.
‘Tri

L
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Point of inflection

1' I'T"

For example: Consider f{x) =x3 - 12x + 7
f(x)=3x2-12=3(x2-4)
>f(x)=0atx=2andx=-2

Consider point x = 2



Let two points near x = 2 be 2.1 and 1.9.
f(21)=3{(2.1)2-4}=3{4.41 -4} =1.23
f(1.9)=3{(1.9)2-4}=3{3.61-4}=-1.19

= f(x) changes sign from negative to positive at x = 2.
Thus, x = 2 is the point of local minima.

At point x = - 2, consider points - 2.1 and - 1.9.
f(-21)=3(-21-2)(-21+2)>0
f(-09)=3(-19-2)(-19+2)<0

= f'(x) changes sign from positive to negative at x = - 2.
Thus, x = - 2 is the point of local maxima.

Second Derivative Test

Let fbe a function defined on an interval I and let c€ I. Let the second order derivative of f exist at c.
Then,

If f(c) =0and f'(c) <0, then c is the point of local maxima and f{c) is the local maximum value.
If f(c) =0and f'(c) > 0, then c is the point of local minima and f{c) is the local minimum value.
If f'(c) = 0 and f'(c) = 0, then the test fails.

For example: Consider f{(x) = 2x3 - 9x%2 + 12x + 5

f'(x) =6x2-18x+12

=6 (x2-3x+2)
=6(x-1)(x-2)
f'x)=0

=26(x-1)(x-2)=0
=>x=1lorx=2

f"(x)=12x-18
Now, f”(1) = 12(1) - 18
=-6

f"(2)=12(2)-18=6
Thus, x = 1 is the point of local maxima and x = 2 is the point of local minima.

Solved Examples

Example 1

L _ 2.3 N
Find all the points of local maxima and local minima of the function &)= ERl ax—axt +7 by

first derivative test.

Solution



fn) =22 42r -2 47
= f/(x) =22 +2—4x

- . - ¢ —
For local maxima or minima, we have .f (x) =0

=2l 4245 =0
=2(x =1 =0

=xr=]1
Let two points near 1 be 0.9 and 1.1.
F09) =0and /'(1.1) =0

Since, /' (¥) does not change sign as x increases through 1. Hence x =1 is neither a point of local
maxima nor a point of local minima. In fact, x = 1 is a point of inflection.

Example 2

The cost of transportation of goods from a company to a market is given by f{x)

T _19x" 801 +100
= 3 . What is the minimum cost of transporting the goods?

Solution:
The cost of transportation is given by

£(x) %—I‘Jx"—ﬂt}.rﬂt}ﬂ

f'(x)=x"—38x—80
Fx)y=0

=1 —38x-80=0

' —40x+2x-80=0
x(x—40)+2x-80=0
x(x—40)+2(x—40)=0
yx=-2and x =40
fM(x)=2x-38
Fr(-2)=-4-38=-42
£1(40)=80-38=42



=~ x = 40 is the point of minima.

(40)*

3

1140y = —19(40)" —80(40)+100
= Minimum value is . =12166.67

Thus, the minimum cost of transportation is Rs. 12166.67.

Absolute Maximum and Minimum Values of Functions in Closed Intervals

The maximum or minimum value attained by a function in a closed interval is known as its absolute
maximum or minimum value.

For example, consider f(x) =3x - 2 on [-1, 0]

Atx=-1,f(-1) =-51i.e, it has the minimum value at x = -1 and its absolute minimum value is -5
(also called global minimum or least value).

Atx=0,f(0) =-21i.e, it has the maximum value at x = 0 and its absolute maximum value is -2 (also
called global maximum or greatest value).

Let fbe a continuous function on an interval I = [a, b], then the absolute maximum and minimum
value of fexist and fattains it at least once in 1.

Let fbe a differentiable function on a closed interval I and let c be any interior point of I, then f'(c)
= 0, if f attains its absolute maximum or minimum value at c.

To find absolute maximum or minimum value of a differentiable function,

find all the critical points of f

take the end points of interval

calculate the value of fat all these points

identify the maximum or minimum value out of the function values at these points

For example, consider f{x) = 3x2 - 2x-1on [0, 1]



Being a polynomial function. / is differentiable evervwhere.
fix)=6x-2

: 1
f'_ :{]:}_':—
J(x) ¥ =3

Thus, the only critical point is x :%.

Fl0y=-1

TR I
'1[3]_3 [a] ) ' 3
f(ly=3-2-1=0

—4
Therefore, the absolute maximum value of fis 0 at x = 1 and absolute minimum value of fis 3
1

atx=3,
To know the concept in a better way, consider the function f{x) = 4x3 - 5x%2 - 2x - 6 on [-3, 4].

Being f(x) a polynomial function, it is differentiable anywhere.

£(x) :f—‘r(4x-‘ —5x% = 2x—6)=12x" ~10x-2=2(6x" —5x 1)

elx
Fix)=0
= 6x ~5x-1=0
= (6x+1)(x-1)=0
= X == l 1
6
Thus, the only critical point are x = A and 1.

These critical points lie in the interval [-3, 4].

Now, the value of the function at the extremities and the critical points can be calculated as:



F(=3)=4-(-3) —5(-3) —2(-3)-6=-108-45+6—-6=—153

- % \.IIF \I: A
-1 a1 _5{_1 _g[J_J_f, LS RS S S, -
. 6 . 6) 6) 6 54 36 3 108
F1)=4xl =5<1"-2x1-6=4-5-2-6=-9
f(4)=4-4-5-4-2.4-6=256-80-8-6=162

629 .
Among —153, 108" 9. and 162; 162 and —153 are the greatest and the smallest values respectively.

Therefore, the absolute maximum value of fis 162 at x = 4 and the absolute minimum value
of fis-153 atx = -3.

Solved Examples

Example 1:

What is the absolute maximum and minimum values of the function f{x) = 2x3 + 5x2 - 4x — 3 on the
interval [-4, 0]?

Solution:

fx)=2x" +5x" —dx -3
f(x)=6x"+10x -4

[ is differentiable everywhere.
f(x)=0

=6x +10x-4=0

=3 +5x-2=0

3t +b6x—-x-2=0
3x(x+2)-lix+2)=0

]
:x:_q _2
3

- s . I
I'hus, the critical points are x = 3 and x = -2

F(=4)=2(—4) +5(-4) —4(-4)-3=-35
F(=2)=2(=2)" +5(=2)" -4(-2)-3=9

Yl A -2

F(0)=2(0)" +5(0) —4({0)-3=-3



Thus, fhas absolute maximum value at x = -2 and the absolute maximum value is 9. The absolute
minimum value is -35 at x = -4

Example 2:

F =2
Find the absolute maximum and minimum value of function 64 Vx on [1, 36].
Solution:

f[.t}=%+%+2

2x 2
flixy="——
64 243
= fx)=10
2: 2
:>—.T——:{]
it} 7y
2 2
4 3
0 2x?
::-rj:ﬂ
::-_1::(32);
= x=4
Jf'l[l}—L+2+2—E
64 64
fa= 2, B
64 4 ,
2 b
F36)= B9, 2, 2T

64 36 12

271

Thus, the absolute maximum value of fis 12 at x = 36 and absolute minimum value is

13
4 atx=4



