Session 6
Quadrilaterals and Cyclic Quadrilaterals

Area of Quadrilateral Similarly,

ABCD is any quadrilateral where AB = a, BC = b, CD = c, area of AABC :1 BP- AC-sinq (11)
AD =d and ZDPA=q. 2

Let s denotes the area of quadrilateral, then o.  s=area of ADAC + area of AABC

area of ADAC =area of AAPD + area of ADPC _ %DP . AC - sino +%BP . AC -sina

[using Egs. (i) and (ii)]
= é(DP + BP) - AC-sina.

= s=%BD-AC-sin(x

1 .. Area of quadrilateral = % (product of the diagonals)

=_DP- AP-sin +%-DP- PC- sin(r — o)
) X (sine of included angle).
= 3 DP.(AP + PC)sina. Again,

1 We can express the area of A in terms of sides and the sum
Area of ADAC = 5 DP- AC-sina ..(i)  of two opposite angles :



In AABD, BD?*=a* +d* —2adcos A ..(i)
In ABCD, BD? =b* +¢* —2bccosC ...(ii)
From Egs. (i) and (ii),
a’ +d* —2adcos A=b* +c* —2bccosC

a’+d*—b® —c® =2adcos A—2bccosC ...(iii)

Also, s=ABAD + ABCD
=ladsinA+1bcsinC
2 2

= 4s =2ad sin A +2bcsin C (i)

On squaring and adding Egs. (iii) and (iv) both sides, we
get
16s> +(a* +d* —b* —c?)°
=4a’d’ + 4b*c® —8abcd cos(A + C) (V)
Let A+ C =20, then
cos(A+C) =cos20.=2cos’ ot —1
From Eq. (v), we get
16s> =4a’*d’ + 4b’c® —8abcd(2cos’ o — 1) —
(@® +d?-b*—c?)*?
={2(ad + bc)}* —(a® +b* —c* —d?)* —16abcd cos’ o
={(a+d)* —=(b+c)’} {(b+c)* —(a—d)*} —16abcd cos’® o
=(a+d+b-c)a+d-b+c)b+c+a—-d)(b+c—a+d)
—16abcd cos® o,
Let,2s=a+b+c+d

igsz =(2s —2a)(2s —2b)(2s — 2¢)(2s — 2d) — 16abcd cos® o
s’ =(s—a)(s—b)(s—c)(s—d) —abcd cos® o

= s=\/(s—a)(s—b)(s—c)(s—d)—abcdcosz(x

where200=A+Cand2s=a+b+c+d

Thus, area of quadrilateral;

! BD - AC - sino, where ZDPA =q,
2

or A= \/(s —a)(s —b)(s —c)(s —d) —abcd cos® .,
where200=A+C

Area of Cyclic Quadrilateral

A quadrilateral is cyclic quadrilateral if its vertices lie on a
circle.

Let ABCD be a cyclic quadrilateral such that AB =a,
BC=b,CD =cand DA =d.

Then, /B + /D =180° and LA + ZC =180°.
Let2s=a + b + c + d be the perimeter of the quadrilateral.

Now, A =area of cyclic quadrilateral ABCD
= area of AABC + area of AACD
=1absinB +lcdsinD
2 2
1 . 1 . 1 . 1 .
=—absin B+ ~cdsin(mt — B) =—absin B+ —cd sin B
2 2 2 2
= A=%(ab+cd)sinB ()

Using cosine formula in a AABC and AACD, we have
AC?* = AB* + BC* —2AB-BC-cos B

= AC? =a®* +b* —2abcosB ...(ii)

and AC’=AD?+CD?-2AD-CD-cosD
= AC* =d* +¢* —2cd - cos(m — B) ...(iii)
From Egs. (ii) and (iii), we have
a® +b* —2abcosB=d’ +c¢* -2cdcos B
2(ab+cd)cosB=a’ +b* —c® —d°® (V)

4(ab+cd)’cos’ B=(a’ +b* —c* —d*)*
4(ab+cd)® - (1—sin® B)=(a’ +b* —c* —=d?)®
4(ab+cd)’sin® B=4(ab +cd)* —(a® +b* —c* —d?)?
4(ab+cd)?® -sin® B={2(ab +cd) +(a® +b* —c* —d?)}

{2(ab +cd) —(a’ +b* —c® —d*)}

LU il

4(ab+cd)’® -sin’ B
={(a+b)" —(c—d)’}-{(c+d)’ —(a—b)*}
= 4(ab+cd)? -sin® B=
{la+b+c—-d)a+b—-c+d)c+d—a+b)
(c+d+a->)
= 4(ab+cd)’.sin® B =(2s —2d)(2s — 2c)(2s — 2b)(2s — 2a)
= 16A* =16(s —a)(s —b)(s —c)(s — d) [using Eq. (i)]
= A=/(s—a)(s—b)(s—c)(s —d) ()
. From Egs. (i), (iv) and (v),

U

Area of cyclic quadrilateral;

A:%(ab +cd) - sin B, A =\/(s —a)(s—b)(s—c)(s—d)

a® +b* —c*-d?
2(ab +cd)

and




AC
2sin B

Ptolemy’s Theorem ABCD = R = Circum-radius of AABC =
In a cyclic quadrilateral ABCD,

AC-BD=AB-CD+ BC-AD
i.e. in a cyclic quadrilateral the product of diagonals is

equal to the sum of the products of the lengths of the But, AC = \/
opposite sides.

_AC(ab+cd)

Y

(ac + bd)(ad + bc)
(ab +cd)

[using A = é(ab +cd)sin B

[using Eq. (i)]

Proof: Let ABCD be a cyclic quadrilateral, where Hence. R= 471A \/ (ac + bd)(ad + be)(ab + cd)

D
C ) R= 1 |(ac + bd)(ad + be)(ab + cd)
4 a 4\ (s—a)s—b)(s—c)s—d)
A
B Example 36. If the sides of a cyclic quadrilateral are 3,
3, 4, 4. Show that a circle can be inscribed in it.
AC*=a’ +b* —2abcos B Sol. By geometry,
AP = AS (i)
2 2 2 g2
and cosB="" b —c —d BP = BQ -..(i)
2(ab +cd) DR = DS .. (ii)
al+b?—c?—d? CR=CQ ...(iv)
= AC®’=a’ +b* —2ab- { 2ab + cd) Addingjllgl foglr)eqtjlt)ionZBwe get o
+CD = AD + (v
— ACE = (a® +b*)(ab+cd) —ab(a’ +b* —c* -d*) Now, the sides of cyclic quadrilateral
(ab +cd) 3, 3, 4, 4 inscribe the circle in it, if it
satisfy (v).
2 2 2 2
= ace =(@ +b7) cd+ablc” +d7) ie. letAB+CD=3+4=7,AD+CB=3+4=7
ab +cd ie. 3,3,44ie3=AB3=BC 4=CD,4=CB
. satisfy condition (v) or a circle can be inscribed.
. ACE = (ac + bdb) (aj +bc) () y )
ata Note
Similarly, If sum of opposite side of a quadrilateral is equal, then and only
BD? — (ab +bd) - (ac + bd) (i) then a circle can be inscribed in the quadrilateral.
ad + bc Example 37. The two adjacent sides of a cyclic
= AC? - BD® =(ac + bd)? quadrilateral are 2 and 5 the angle between them is

60°. If the area of the quadrilateral is 4+/3, then find

= AC- BD =(ac +bd) the remaining two sides.
= AC-BD =AB-CD + BC- AD[ Ptolemy’s theorem]  go/. Let AD =2 AB =5, /DAB = 60°

. _ . . . Since, the quadrilateral is cyclic,
Circum-radius of a Cyclic Quadrilateral S BeD  130°
Let ABCD be a cyclic quadrilateral. Then the circum-circle Area of
of the quadrilateral ABCD is also the circum circle of 1 3
AABC. AABng‘Z'SSin6OO=5'7 (1)

Area of ABCD = Area of
quadrilateral ABCD — area of AABD

53 343
=443~ 2 2

...(ii) [using Eq. (i)]

LetCD = x and BC = y
Hence, the circum-radius of the cyclic quadrilateral Now, area of ABCD = % Xysin120°



or ﬂ = lxy V3 ...(iii) [using Eq. (ii)]
2 2 2
= Xy =6 . (1v)

Applying cosine rule in ABAD, we get
AD? + AB* — BD?

cos60° =
2AD-AB
1_2°+5° - BD’
or =
2 2:2-5
= BD* =19
Applying cosine rule in ABCD, we get
x*+y°—19
cos1z0° ="V — 27
2xy
2 2 _
or 1 _xty 19
2 2xy
or XX +y +xy=19 [using xy = 6]
or x*+y'=13
Now, x’+y*+2xy=13+12=25
= (x +y) =25
= x+y=5

and x*+y?-2xy=13-12
= x—y=%1
Solving we get, (x =3,y =2)or(x =2,y =3)

Example 38. If a,b, c,d are the sides of a quadrilateral,

then find the minimum value of

a’+b*+c?
d? '

Sol. Here, AB=a, BC =b, CD =c¢ and AD = d are the sides of
quadrilateral ABCD.

D c

A a B

And we know, (a — b)* +(b—c)* +(c —a)* 20

=

=

=

=

2a’ + b* + c*)=2(ab + bc + ca)
3(a® +b* +c*)=(a’ + b* +c*) + 2(ab + bc + a)
[ie., adding (a® + b* + ¢?) to both sides]
a*+b*+c)=(a+b+c)
[ sum of any three sides
of quadrilateral is greater than fourth]
a*+b*+c)2(a+b+c) >d* [ca+b+c>d]
ad+b+c” 1
— > —
d’ 3
2 2 2
. Minimum value of atbre is 1

Exercise for Session 6

1. The area of a cyclic quadrilateral ABCD is
If AB =1, BD =+/3, then find BC - CD.

(343)
4

d’ 3

. The radius of the circle circumscribing cyclic quadrilateral is 1.

2. If two adjacent sides of a cyclic quadrilateral are 2 and 5 and the angle between them is 60°. If the third side is

3, then find the remaining fourth side.

3. The ratio of the area of a regular polygon of n sides inscribed in a circle to that of the polygon of same number
of sides circumscribing the same circle is 3 : 4. Then, the value of n is

4. Aright angled trapezium is circumscribed about a circle. Find the radius of the circle. If the lengths of the bases

(i.e. parallel sides) are equal toa and b.

5. IfAB,C,D are the angles of quadrilateral, then find

Ytan A
ScotA’




Answers

Exercise for Session 6

1.2 2.2 3.6 4. 5. mtan A

a+b



	session 6.pdf (p.1-4)
	session 6 answer.pdf (p.5)

