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L QUICK RECAP )
INDEFINITE INTEGRAL differentiation.

0 Integration is the inverse process of ie., iF(x)zf(x) :>If(x) dx=F(x)+C,
dx



Integrals

where C is the constant of integration.
Integrals are also known as antiderivatives.

Q Some Standard Integrals

> jdx = x + C, where ‘C is the constant of
integration
n+l
" x
> jx dx = +C, wheren # -1
n+l

> jexdxzex +C

X

> Iaxdx = + C, wherea>0

log,a
1

> I—dx=10ge|x|+ C, where x # 0
X

> J.sinx dx=-cosx+C

> Icosx dx=sinx+C

> jseczx dx=tanx+C

» Icoseczx dx=-cotx+C

secx tanx dx=secx+C

cosec x cotx dx =—cosec x+C

dx

v

e =1 _
=sin” x+C =-cos™'x + C,

1-x?
where |x| < 1

dx
> _[ sy =tan'x+C=-cot'x+C
I+x

1
—————dx = gec! - _ -1
> J.x\/ﬁ sec'x+C jv(;ls:fe |3§C|+>C£
> J.tanx dx =loglsec x| + C = -log |cos x| + C
> _[COtX dx =log|sin x| + C
> jsecx dx =log|sec x + tan x| + C

X T
tan| —+—

> J.cosec x dx =log|cosec x - cot x| + C

=log +C

=10gtan;€+C

Q Properties of Indefinite Integral
[ f/eodx= fx)+C
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(ii) jf(x)dx = J.g(x)dx +C, f and g are

indefinite integrals with the same

derivative.
(iii) j [f(x)+ g(x)]dx = j fx) dx + j g(x)dx
(iv) Ik f(x)dx = kff(x) dx, kbeing any real
number.
METHODS OF INTEGRATION

0 Integration by Substitution
The given integral J‘ f(x) dx canbetransformed

into another form by changing the independent
variable x to t by substituting x = g(1).

Integrals Substitution
[ flax+b)dx ax+b=t
[ f(g)g (x)dx g =t

f@ :
f (x) flx)=t
[(F)" Fdx =t
) px+qg=A(cx+d)+B

J.(px+q) cetddx Find A and B by

px+q

or [ £ L

equating coefficients

of like powers of x on

both sides.
dx or |cx+d=1
'[(px+q)\/cx+
J. px +gx+r)Nex+d
J. ! dx px+q—l
(px+qWNex? +dx +e t

J. ! dx

(px* +gex? +d

J'Px—‘f'qu or
ax“ +bx+c

px+q dx

J.\/ax2+bx+c o o

J.(px+q) ax® +bx +cdx
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» Integration using Trigonometric Identities
When the integrand consists of trigonometric
functions, we use known identities to convert
it into a form which can be easily integrated.
Some of the identities useful for this purpose
are given below :

(i) 2sin’ ()2(): (1—-cosx)

(ii) 2cos’ (;) =(1+cosx)

(iii) 2 sin x cos y = sin (x + y) + sin (x - y)

(iv) 2 cosxsiny=sin (x + y) - sin (x - y)

(V) 2cosxcosy=cos(x+y)+cos(x-y)
(vi) 2sinxsiny = cos (x - y) - cos (x + ¥)

» Some Special Substitutions

Expression Substitution

x = a sinB or a cosO

x =a tan0 or a cotd

x = a secH or a cosecO

40— x 2+ x X =a cos20
or
a+x a—x
342 2
=g sin%0 or
X 0 x X = a sin’0 or a cos*0
or
a—x x
x = a tan®0 or a cot?
x atx o 0
or
atx x
x=acos*0 + bsin?0
a—x x—b
or
x—b a—x

or \J(a—x)(x=0b)

>

Integrals of Some Particular Functions
1 1
i) J. dx=—TIog atx +C
az — x2 2a a—Xx

(ii) f\/azlj dx =sin_1(2)+c
) [ de=tog a2 2]+

(iv) J.\/le? dx:log‘x+\/x2+a2 ‘+C

>

| CBSE Chapterwise-Topicwise Mathematics

X—a

) f ! dxzilog

+C
X —a? 2a

x+a

(vi) '[ 5 ! 5 de=ttan 1 X4 c
x“+a a a

Integration by Partial Fractions

If f(x) and g(x) are two polynomials such that

deg f(x) = deg g(x), then we divide f(x) by g(x).

2 B Quotient + Remainder

8(x) g(x)
If flx) and g(x) are two polynomials such
that the degree of f(x) is less than the degree

of g(x), then we can evaluate Imdx by
f x g (x)

decomposing into partial fraction.
Form of the Form of the Partial
Rational Function Fraction
+
_px*q azb A + B
(x—a)(x—b) x—a x-b
px+q A B
— +
(x—a) x—a (x-a)?
(x—a)’ X=a (x-a) (x-a)
2
A B C
px-+gx+r N +
(x—a)(x=b)(x—c) | x—a x-b x-c
o< raxtr A, B ,C
(x—a)(x-b) x—a (x—a)* (x—D)
px2+qx+r A + Bx+C

_ 2
(x—a)(x* +bx+c) X=a x"+bx+c

where x> + bx + ¢
can not be factorised
further

Integration by Parts
If u and v are two differentiable functions of x,
then

Jluw) =i ][22 s .

In order to choose 1% function, we take the letter
which comes first in the word ILATE.
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I - Inverse Trigonometric Function
L - Logarithmic Function
A - Algebraic Function
T - Trigonometric Function
E - Exponential Function
»> Integral of the type

[ (f)+ f/(0)dx =" f(x)+C

INTEGRALS OF SOME MORE TYPES
(i) J. a® —xzdx=§\/a2 —x?

2
+ a?sin_1 (f)-}- C

a
.. 2 2 X 2 2
ii x“—a“dx=—\/x"—a
@) [ -
2
—a—log x+,[x2—a2
2
(iii) J‘ x2+a2dx=§\/x2+a2
2
a [
+710g|x+ x2+a2|+C

DEFINITE INTEGRAL

Q@ Let F(x) be integral of f(x), then for
any two values of the
variable x, say a and b, the difference
F(b) - F(a) is called the definite integral of f(x)

b
from a to b and is denoted by J f(x)dx .

a
Here, x = a is the lower limit and x = b is the

upper limit of the integral.

+C

independent

Q Definite Integral as a Limit of Sum
Let flx) be a
function defined on the closed
[a, b]. Then

continuous real valued

interval

b
[ fx)dx = lim lf(a) + f(a+h)+
! ot fla+(n=Dh)),

b—a
—0 as n—oo

where h=
n
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FUNDAMENTAL THEOREM OF CALCULUS

0 First Fundamental Theorem : Let f(x) be a
continuous function in the closed interval [a,
b] and let A(x) be the area function. Then A’(x)
=flx), forall x € [a, b].

0 Second Fundamental Theorem : Let flx) be
a continuous function in the closed interval
[a, b] and F(x) be an integral of f(x), then

b
[ f(x)dx = F(b) - F(a)

EVALUATION OF DEFINITE INTEGRAL BY
SUBSTITUTION

0 When definite integral is to be found by
substitution, change the lower and upper
limits of integration. If substitution is
t = flx) and lower limit of integration is a and
upper limit is b, then new lower and upper
limits will be f{a) and f(b) respectively.

SOME PROPERTIES OF DEFINITE
INTEGRALS

O [ feode=]" fiexs
() [ fedx=—[ fopx

In Particular Iaf(x)dx =0
a

(iii) Lbf(x)dx =I:f(x)dx +Lbf(x)dx , where

a<c<b
() [ feode=[" fla+b-xdx
) j: flx)dx = j: fla—x)dx
0 s if f(-x)=—f(x)

N dx = a
([ S 2" flodx, if f-0)=1()

(vii) joz“ f(x)dx = jO“ flx)dx+ jo“ f(2a-x)dx

2a a ) B
(viii) f Flo)dx = 2{1‘ (x)dx, if f(2a-x)= f(x)
0

0, if fQa-x)=—f(x)
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Inverse
Process of Differentiation

1.2 Integration as an

(1 mark)
1. Write the antiderivative of (3\/; + LJ

Jx

(Delhi 2014)
2. Evaluate: j cos™(sin x)dx (Delhi 2014)

dx

sin xcos2 X

(Foreign 2014, Delhi 2014C)

3. Evaluate:

sin® x — cos” x

4. Find: j 2o AT Pk (Delhi 2014C)
sin® xcos® x
5. Evaluate: J. 1-x) \/;dx (Delhi 2012)
sec® x
6. Write the value of I dx
cosec” x
(Delhi 2012C, 2011)
7.  Write the value ofj‘#dx (Delhi 2011)
cos” x

8.  Write the value of _[ sec x(secx + tan x)dx

(Delhi 2011)
9. Write the value of j (ax+b)Ydx  (AI2011)
3 2
- -1
10. Evaluate : j%dx (Delhi 2011C)
e
3
11. Evaluate :J'x _ldx (Delhi 2010 C)

X2
12. Write the value of J‘

1-sinx
> dx (AI 2010 C)
cos” x

13. Write the value of f 2% dx (AI 2010 C)

1.3 Methods of Integration
(1 mark)

sin® x

C088 X

14. Find: j dx (AI 2014C)

X+ cosbx

15. Write the value of : J.—dx
3x% +sin6x
(AI 2012C)
1 2
16. Evaluate: J.de (AI2011)
x
etan_lx
17. Evaluate: -dx (AI2011)
1+x
2cosx
18. Evaluate :'[ dx (AI 2011C)
3sin” x
1
19. Evaluate : jﬂdx (Delhi 2010)
x
20. Evaluate: [sec’(7 - 4x)dx (AI 2010)
21. Evaluate: jcos 4xcos3xdx. (Delhi 2007)

m (4 marks)

. (3sinB—2)cosO
22. Find J.Z—
5—cos“0—4sin0O

de.

(Delhi 2016, 2013C)

23. Evaluate: jw

sin(x +a)
(Foreign 2015, Delhi 2013)
6 6

24. Evaluate: Iw

sin“ x-cos” x

dx  (Delhi 2014)

. jc032x —COos20

25. Evaluate : dx (AI2013)

COSX — COSOL
26. Evaluate : j sinx sin2x sin3x dx  (Delhi 2012)

7.4 Integrals of Some Particular

Functions
BN (1 mark)
27. Writethevalueof_[ de . (Delhi 2011)
x“ +16



Integrals

m (4 marks)

(Delhi 2016)

. Jx
28. Find | ———dx.
29. Findj(\/tanx+ cotx)dx

(AI 2015, 2014, 2013C, Delhi 2010C)

x+2
30. Evaluate: J.zidx
2x°+6x+5
(Delhi 2015C, AI 2007)
x+3
31. Find j—dx (AI 2015C)
V5—4x—2x2
x+2
32. Evaluate: j—dx (Al 2014)
x2 +5x+6
5x-2 .
33. Evaluate: j dx (Delhi 2014C, 2013)
1+2x +3x°
x+2
34. Evaluate : | ——=dx (AI2013)
x2 +2x+3
5x+3
35. FEvaluate: x—dx
x> +4x+10

(AI 2012C, 2010, Delhi 2011)

sinx —cosx
36. Evaluate: [————dx  (Delhi 2011C)
sin2x
2
x“+1
37. Evaluate .J.x4 +1dx (Delhi 2011C, 2007)
2
+4
38. Evaluate: .[ al dx (AI2011C)
x*+16
+2
39. Evaluate the following : J‘xidx
Vx=2)(x=3)
(AI 2010)
dx
40. Evaluate: [ ———— (AT 2009)
V5—4x—2x°
2x+5 .
41. Evaluate: Jidx (Delhi 2009 C)
V7 —6x— x?
42. Evaluate: [SIRXFCOSX (AI 2009 C)
j \/sin2x

165
x+3
43. Evaluate: f AT (AI 2008 C)
x*—2x-5
2
—-x
44, Evaluate: |~ dx (Delhi 2007)
1+x
45. Evaluate : J.#dx (AI 2007)
x2 +x+1
(6 marks)
1
46. Evaluate: ﬁdx (AI 2014)
cos x+sin” x
1
47. Evaluate: .[ > > " dx
sin” x+sin” xcos” x+cos” x
(AI 2014)
6x+7
48. Evaluate: J.x—dx (AI 2011)
V(x=5)(x—4)

1.9 Integration by Partial Fractions

m (4 marks)

2

49. Find: J.#dx (A 2016)
X +x°-2
2 2
50. Find: j D+ (Foreign 2016)
(x* +3)(x* =5)
51, Find: [— 0 (Delhi 2015)
» P ) inx +sin2x e
x2 +x+1
52. Evaluate: I—dx

(x* +1)(x+2)
(AI 2015, 2013C, 2009C)

X2

(x> +4)(x* +9)
(Foreign 2015, Delhi 2013)

53. Evaluate: .[ dx

X

54. Find: j—dx (Delhi 2015C)
(x-1)%(x+2)

55. Find J.;dx

(x> +D(x-1)
(AI 2015C, Delhi 2013C)

2
56. Evaluate: j—x dx
(x> +1D(x* +4)

(Delhi 2014C, AI 2013C)
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57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

3

Find : f —dx (AI 2014C)
xt+3x% +2
2x% +1
Evaluate : J-de (Delhi 2013)
x“(x"+4)
x?+1
Evaluate : J- 5 5 dx (Delhi 2013)

(x” +4)(x~ +25)

dx
Evaluate : j—

‘Al 2013
x(x5 +3) ( )
dx
Evaluate : j— (AI 2013)
x(x3 +8)
dx
Evaluate : _[ 3 (AI 2013)
x(x” +1)
Evaluate : I%dx (Delhi 2013C)
(x+1)"(x+3)
3x+5
Evaluate : J. ) dx  (Delhi 2013C)

Evaluate : J.;dx (AI 2013C)
(x+2)(x* +4)
2
Evaluate : J. " dx (Delhi 2012)
1-x)1+x7)
2x dx )
Evaluate : J.ﬁ (Delhi 2011)
(x* +1)(x" +3)
2
Evaluate: [ 1-x" 4, (Delhi 2010)
x(1-2x)
Evaluate :j# (Delhi 2010 C)
(x*+1D(x" +2)
Evaluate : Idix (A1 2010 C)
sinx —sin2x

sinx

dx (Delhi 2007)
(1—-cosx)(2—cosx)

COSX
(1-sinx)(2—sinx)

Evaluate : J.
Evaluate : J.

dx (Delhi 2007)

J' 2x+1

S ‘Al 2007
(x+2)(x-3) ( )

Evaluate :

| CBSE Chapterwise-Topicwise Mathematics

(6 marks)
74. Find | _xAl (Delhi 2014C)
(x+1)%(x+2)
2
75. Evaluate : J.x—ﬂdx, (AI2012)
(x— 1)2 (x+3)
1.6 Integration by Parts
(1 mark)
76. Given Iex (tanx +1)secxdx =e” f(x)+c
Write f(x) satisfying above. (AI2012)
77. Evaluate : Jxlog 2x dx. (AI 2007)
m (4 marks)
78. Find: [ Gx+1)V4-3x-2x>dx  (AI2016)

xsin T x

\ll—x2
80. Find: j(zx +5010—4x —3x2dx

(Foreign 2016)

79. Find: j

dx  (Foreign 2016, AI 2012)

81. Find: f(x+3) 3—4x—x* dx.
(Delhi 2015, 2014C)

2
82. Integrate the following w.r.t. x . * 3+l
[ 2
1-x

(Delhi 2015)

83. Evaluate: j(3 —2x) N2+ x— x*dx (AI 2015)

84. Find: [ logx (AI 2015)
(x+ 1)

85. Evaluate: J‘er -sin(3x +1)dx  (Foreign 2015)
(x +1)e

86. Find: [——— (Delhi 2015C)

(x+1)

87. Evaluate: J.(x—3) x2 +3x—18dx
(Delhi 2014)

xcos~

Jﬁ

88. Evaluate : j (Foreign 2014)
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89. j(3x—2) x% +x+1dx

(Foreign 2014, AI 2014C)

ox [ 1—sin2x .
90. Evaluate: _[6 ——— |dx  (Delhi 2013C)
1-cos2x
i w -
91. Evaluate: [ NIZSInXY g (AT 20130)
1+cosx
92. Evaluate : j(”smx )exdx (Delhi 2012C)
1+cosx
2
X
93. |——dx (Delhi 2012C)
(xsinx + cosx)
x[ sindx—4 .
94. Evaluate :J.e A 7 % (Delhi 2010)
1—cos4x
95. Evaluate :J. log(log x) + ! dx
(logx)2
(Delhi 2010 C)
96. Evaluate: [¢>* Lsin2x Vo (A12010C)
1+cos2x
X
97. Evaluate : f (x=d)e” ) (Delhi 2009)
(x-2)°
98. Evaluate : j x-log(x +1)dx (Delhi 2008 C)
99. Evaluate: [xlog2xdx (AI 2007)
(6 marks)
[ 2 2
100. Find : J- X +1[10g(x4+1) 210gx]dx
X (AI2014C, 2012C)
I |
101. Find : jsm 1\/; cos I&dx,xe[o,l]
sin'\x +cos Tx
(AI 2014C)

1.7 Definite Integral
(6 marks)

3
102. Evaluate : .[(62_3x +x? +1)dx as a limit of a
sum. 1 (Delhi 2015)

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

Evaluate

of sums.

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate
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3
: [(3 +1)dx by the method of limit

! (Delhi 2014C)

3
:J. (2x2 +5x) dx as limit of sums.
1 (Delhi 2012)

5
: J.(xz +3)dx as limit of sums.

2 (Delhi 2012C)

4
:J.(x2 —x)dx as limit of sums.

! (AI 2012C, Delhi 2010)

2
: J.(x2 — x)dx as limit of sums.

0 (Delhi 2011C)

2
: J.(Z»x2 —2)dx as limit of sums.
0 (AI 2011C)

3
: J.(S»x2 +2x)dx as limit of sums.

! (Delhi 2010)

2
: .[(xz +5x)dx as limit of sums.
1 (Delhi 2010C)

3
:J.(Zx2 + 3)dx as limit of sums.

! (Delhi 2010 C, 2009 C)

5
: _[(3x2 —5)dx as limit of sums.

2 (Delhi 2009 C)
3

: I(xz + x)dx as limit of sums.
1 (Delhi 2008 C)

3
: J.(xz +5x)dx as limit of sums.

! (Delhi 2008 C)

2
: J.(xz +2x+1)dx as limit of sums.

0 (Delhi 2007)
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7.8 Fundamental Theorem of

Calculus

(1 mark)

3

116. Evaluate : J.
09+x

dx

3 (Delhi 2014)

/2
117. Evaluate : f e*(sinx —cosx)dx (Delhi 2014)
0

X
118.If f(x):J.t sint dt , then write the value of

f(x). (AI 2014)

i
119. If J. dx = —, find the value of a.
04+ x? (AI2014)
/4
120. Evaluate : f tanxdx (Foreign 2014)
0
/4
121. Evaluate : I sin2xdx (Foreign 2014)
0
1
1
122. Evaluate : J. - dx (AI 2014C, 2011C)
oVl—-x
2
123. Evaluate : J. (AI 2014C)
1 x?
11
124. Evaluate : j— (Delhi 2012)
5 X
2
125. Evaluate : j Va—x2 dx (AI 2012)
0
L dx
126. Evaluate : I > (Delhi 2011C)
oltx
m (4 marks)
/2
127. Evaluate : J. x% sinx dx
0 (Delhi 2014C)
ud
2 x +sinx
128. Evaluate : j (AI2011)

1+cosx
0

CBSE Chapterwise-Topicwise Mathematics

1 4
129. Evaluate : | Xl (AI 2011C)
2
pXx +1
2
130. Evaluate the following : I —dx
1 x*+4x+3
(AI 2010)
1.9 Evaluation of Definite Integrals
by Substitution
(1 mark)
T x
131. Evaluate : j dx (AI2014)
2
5 X~ +1
E
132. Evaluate : j (AI2014)
xlogx
133. Evaluate : j dx (Foreign 2014)
0
ftanlx
134, Evaluate : | dx (A 2014C)
1+ %2
0
1 e~
135. Write the value of J. dx (Delhi 2012 C)
1+¢>*
0

dx

136. Write the value of : J. >
oltx
(AI2012C, 2011C)

m (4 marks)
T Tc
137. Evaluate Iezx -sin(4+xjdx. (Delhi 2016)
/4 dx
138.Find: [ ——— (AI 2015)
'(‘). cos’ x+/2sin2x
/3 .
139. Evaluate : Slnx-i-ﬂdx
/6 \/sin2x
(AI 2014C, Delhi 2010)
T sin20
140. Evaluate : j — > 49 (AI2013C)
0 sin® 0+cos* 0
a
141. Evaluate : j sin™! / X dx (AI 2008)
a+x

0



Integrals

(6 marks)

n/4 .
142. Evaluate : J. Sinx +cosx X
9+16sin2x

0
(Foreign 2014, Delhi 2014C)

/4
143. Prove that J. (\Wtanx ++/cotx) dx = \/Eg
0
(Delhi 2012)
/2
144. Evaluate : I cos 2xlog sinxdx (Delhi 2012C)
n/4
/2

145. Evaluate : ‘[ 2sin xcos x tan_l(sinx)dx

0
(Delhi 2011)

710 Some Properties of Definite
Integrals

(1 mark)

146. Write the value of the following integral :
/2

'[ sin” xdx
/2

(AI 2010)

/4
147. Evaluate : f sin® xdx

—-n/4

m (4 marks)

(Delhi 2010C)

2
148. Evaluate Jl ‘xs —x‘dx.
-1
(Delhi 2016, AI 2012, 2011)

/2 .2
149. Evaluate : j S0 X gx (AI 2016)

0 sinx + cosx

3/2

150. Evaluate : _[ | xcosTux |dx (AI 2016)
0
T
151. Evaluate : _[#dx (Foreign 2016)
1+sinasinx

0

i
J. (cosax —sin bx)2 dx (Delhi 2015)

-7

152. Evaluate :

169
/2
153. Evaluate : .[ COSX 1x (Foreign 2015)
X
_n 1+e
/2 dx
154. Evaluate: | — —— (Delhi 2015C)
0 1++/tanx
/4

155. Evaluate : J‘ log(1+ tan x)dx

0
(AI 2015C, 2011, 2007, Delhi 2009)

]E xtanx

156. Evaluate : dx

0 SeC X cosec x
(Delhi 2014, 2011C)

T

4xsinx
157. Evaluate : [ ————dx (AI 2014)
ol+cos™x
158. Show that :
/2 .2
1
[ ——"—dx=—log2+1)
o Sinx+cosx NG
(AI 2014C)

4
159. Evaluate : j(|x|+|x—2|+|x—4|)dx
0 (Delhi 2013)
5
160. Evaluate : J.[|x—2|+|x—3|+|x—5|]dx
2 (Delhi 2013)

3
161. Evaluate : [[|x—1|+|x—2|+|x—3[]dx.
1

(Delhi 2013)
am
162. Evaluate : j —dx (AI 2013)
1+eSlnx
0
T xsinx
163. Evaluate : J.—zdx
ol+cos™x

(AI 2013, 2012, Delhi 2011C, 2009C, 2008, 2007)

T
164. Evaluate : _[
0

dx

1+sinx
(AI 2012C, 2011C, Delhi 2010)

1
165. Evaluate : Ilog(l - 1jdx (AI 2011)

X
0
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166.

167.

168.

169.

170.

171.

172.

173.

Using properties of definite integrals, evaluate
the following :

1

ol —wl|a

Evaluate :

Evaluate :

Evaluate :

Evaluate :

1++/tanx

dx (AI 2011, Delhi 2007)

1
log(1

J- og( +x)dx

0

3 (AI2011C)
1+x

T
2
.[ (2logsinx —logsin2x)dx
0

(Delhi 2009)

COosXx

T
J.eidx (Delhi 2009)
0
1

eCOSX + e— Cosx

J.cot_1 1-x+ x? Ydx  (Delhi 2008)

0
’ [a -Xx
Prove that : I dx =amn (Delhi 2008)
S Natx

Evaluate :

Evaluate :

— |3

S (AI 2008)
sinx + CoSXx

la ©

2
Ilog sinxdx (AI 2008)
0
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174. Using properties of definite integrals, evaluate
the following :

{ Vx

Vx+ia-x

175. Using properties of definite integrals prove the
following :

dx (Delhi 2008C)

T
—_—dx=— (Delhi 2007)
0 secxcosec x 4

(6 marks)

} xtanx

/2 .
xsinxcosx
176. Evaluate: J. 746196
0 sin” x+cos” x

(Delhi 2014, 2011, AI 2010C)

n/3 dx

177. Evaluate : | —— (Delhi 2014)
njel T Vcotx

178. Evaluate : dx

T
J‘ xtanx
0 secx +tanx

(Foreign 2014, Delhi 2014C, 2010, AI 2008)

T
xdx

179. Evaluate : J- > > (Foreign 2014)
0@ cos” x+b”sin” x

4
180. Evaluate : J-[|x—1|+|x—2|+|x—4|]dx

1
(Delhi 2011C)
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Detailed Solutions /

1
1. The antiderivative of 3\/; +—

Ix

1
= 3\/;+— dx =3[ x"2dx+ [x2dx
(a5 Jos afae
3/2 x1/2
=32 4+ _4C-=
EREVE 2x3/x +24x +C

=2Jx(x+1)+C
2. (sinx)dx = ‘{ (E— Hd
.[cos (sinx)dx J.cos cos 5 x | |dx
2
=J.(£—x)dx=£x—x—+c
2 2 2
dx B (sin® x + cos® x)

3.  Wehave J = > > dx
sin” xcos” x

sin” xcos” x

= I(secz x+ coseczx)dx =tanx-cotx+ C
4.  Refer to answer 3.

5. [a-x)Vx dx = [(Vx —x*)dx

2 2
_23n2_ 252

3 5
2 22
sec” x sin” x
6. I > dx=J. 5 dx =J.tan2xdx
cosec” x cos“ x

= J.(secz x—1)dx =tanx-x+C

7. J-2—3imxdx:.'- 22 _3smx dc
cos” x cos”x cos”x

= I(Zsecz x —3secx tanx)dx = 2tanx - 3secx + C

8. Isecx(secx+tanx)dx

=J.(sec2 x +secxtanx)dx = tanx + secx + C

4
9. _[(ax+b)3dx=M+C
4a
32,
10. Let zzjwdx
x—1

=J-x2(x—1)+l(x—1)dx= (x2+1)(x—1)dx
x—1 x—1

1
:,[(xz +1)dx =§x3+x+C

12. Refer to answer 7.

X

13. jz"dxz 12 +C

og2

sin® x sin® x
8 dx =.|. 6 2 dx
COS” X-COS”™ X

14. Let = j
COS X

= J.tan's xsec? xdx

Put tan x =t = sec’x dx = dt
t7 1 7
I=It6dt=—+c ==tan’ x+C
7 7

X+ cos6x

15. Let I=f2—dx
3x“ +sin6bx

Put3x? +sin6x=t
= (6x+ 6 cos 6x)dx =dt

1
—dt
= (x+cos6x)dx=ldt I=I6—=llogt+C
6 t 6
1
= glog(3x2 +sin6x)+C

2
16. Let I=J.(10g—x)dx
x

Putlogx=t = ldx=dl‘

x
3 3
t 1
I:'[tzdt:—+cz—(0gx) +C
3 3
etanflx
17. Letlz.f D -dx
1+x
Puttan'x=t = ~dx =dt

1+x

4
I=Ietdt=et+C=etan *+C
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2cosx

dx

18. Let [= f
3sin’ x

Put sin x = t = cos xdx = dt

=—J'dt Izd ;+C_ 2 _.c

logx

19. Let J= j

Putlogx=t = ldx=dt
X

(logx)2
2

)
I=J.tdt=—+C= +C.
2

20. Let = '[secz (7 —4x)dx

-1
Put 7-4x=t = dx= Tdt

2 tan(7 — 4
I= Jnsec t dt = tant +C = an( x) e
—4 = —4

21. Let I=jcos4xcos3xdx
1
I:—'[Zcos4xcos3xdx
2
1
I= E.I-[cos(élx +3x)+ cos(4x —3x)]dx
I 1][ 7x + cosx]d
== |[cos7x + cosx]dx
2

2

1| sin7x
[m +sinx}+C

1 1
I=—sin7x+—sinx+C

J- (3sm6 2)cos6
5—cos”> 0 —4sin0
sinBcos0O
:3 B — Y
J.4 +sin® 0 —4sin0
- 21, (say)
Now, I = J» smzecos() 40
4+sin“ 0 —4sin0
Put sin’0 = t = 2 sinB cosO dO = dt

22. Let I = do

0 —szde
4+sin® 0 —4sin0

=3I,

1 1 dt
I, =— =_
! Zj4+t—4\/? ZI(\/Z—Q)2

Put f—2=u=>f=u+2
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= L gt —du—dt=2u+2)du

2t

u+2) du du
I =
= D= [
2 2
=logu—=+C, =log(\t -2) - +C
g e g \/?_2 1
2
=log(sinB —2)— +C
og(sin0-2) sinf—2 !
Moy =[50

4+sin>0—4sin0
Put sinB = m = cosO dO = dm
dm dm
L=] =]

4+m2 4m (m=2)
:7+C :7+C
m-2 % sino-2 2
. 6 2
I=3log(sin® —2) —— +— +C,
sin@—-2 sinB-2
where C=3C, - 2C,
= I=3log(sinB-2)———+C
sinf-2
23. Letl= f sin(x—=a) 5, f sin(x+a-2a) ;
sin(x +a) sin(x +a)

_ J- sin(x +a)cos2a —cos(x +a)sin2a dx
sin(x +a)

= I—cosZafdx—st jwdx
sin(x +a)

Put sin(x+a)=t = cos(x+ a)dx=dt
dt

= I= cosZaJ.dx - sinZaJ‘—
t

= x cos 2a - sin 2a loglsin(x + a)| + C

24. J-sm x+cos6xdx

Sll’l X COSZX

sin® x cos® x
—J. dx + dx

2 2

sm X - COS X sin” x-cos” x

Sll’l X COS x
IR e
COS X SlIl X

dx

J-sm x(l cos x)d J-cos x(l—sm x)

COS2 X Sll’l2 X

= [tan’x dx — [sin?x dx + [cot?x dx - [cos?x dx
= [(sec’x — 1)dx + [(cosec’x — 1) dx - [sin’x dx
- J(1 - sin®x) dx
= tanx — x + (- cotx) —x — x + C=tanx - cotx - 3x+ C
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COS2Xx —COs20L sinx + cosx
25. Here J.—dx =\/§_‘.7dx =f_[ sinx + cos x
COSX —COSOL \2sinxcosx \sin2x +1—
J'(zCOS x—1)—(2cos® oL~ 1) J- sinx+cosx sinx+cosx
o
5 cosxzcos V= - s1n2x 1/1 (sinx— cosx)
cos” x —cos” o
= J.—dx Put sin x — cos x = t = (cos x + sin x) dx = dt
COSX — COSOL
J‘(cosx+cosoc) (cosx — coson) dx I=\/5 > 2sin 't+C
COSX —COSOL 1-t
S
=2I(c0sx+coso&)dx=2[sinx +xcoso] +C =+2sin " (sinx —cosx)+C
i . . . +2
26 Ismxsm2xsm3xdx 30. Let ] = J‘ X dx
2x +6x+5

= Isin 3x sinx sin2x dx

. 4l 2 52
=1J.(cos2x—cos4x) sin2x dx We write, x+2—A[dx (2x +6x+5)}+B
2

= x+2=A(4x+6)+B

1¢. 1 .
=EI sin2x cos2x dx _5,[ cos4x sin2x dx Equating coefficients of x and constant terms, we
1. e . get
=Zfsm4x dx—zf(sm6x—sm2x) dx 4A=1=A=1/4and 6A + B= 2 =B=1/2
1. 1p . 1. [:l & :
_Z_[sm4x dx—zj sin6x dx+2.|‘sm2x dx 4J.2x2+6x+5 ‘I.Zx T 6xt5
1| —cos4 —cos6 —Ccos2x
:4{ CO: x—( CO; x)+( 5 )}+C =llog2x2+6x+5+l 7dx
4 4 x“+3x+
_ 1] cosbx cos4x cos2x +C
- 4 6 4 2 1 2 1 dx
=Zlog2x +6x+5 +Zj B
d 1 2 Z_Z242
27 J- _ X 2=—tan 11X c x“+3x+ +2
Xy 1 1 dx
zzlog2x2+6x+5 +—I

Put**=t = éxl/zdxzdt 3
2 1 2 I x+2
dt =710g‘2x +6x+5‘+ftan —= |+C
f I 4 2 1
[5_p2 3 \/( 322 42 >
3/2 _ 1 2 1 -1
2an IV e 2wt 20 ] e —Zlog‘Zx +6x+5‘+5tan (2x+3)+C
3 JRp 3 22
+3
_2an Y X 3/2+c 31. Let 1=jx—dx
3 a \15—4x—2x2
d
29. Let I= J. tanx ++/cotx)dx Let x+3=Ad—(5—4x—2x2)+B=A(—4—4x)+B
x

On comparing the like coefficients, we get
_J- /smx /cosx s1nx+cosx )
COSX sinx ﬂs]nxcosx x+3=—z(—4—4x)+2
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1
——(—4—4x)+2
S RS,
5—4x—2x2
-1 —4—4 1
= — —xdx+2-.|.—dx
4 5—4x—2x7 \/5—4x—2x2
1
= —=I+2I, (1)
4
—4 -4
where I =I—xdx
5—4x —2x*

Put5 - 4x - 2x* = t = (-4 - 4x)dx = dt

I, :I%zft_l/2dt=2 t+C

=2vV5-4x-2x* 1+, (2

dx 1 dx
and [2:."—2__2'[5—
5-4x-2x 2 ox—x2
2
1 d. 1 - +1
=—f al =—=sin 1( a j+C2
V2 712

5 2
7 2
21 —(x+1
(\fz) r+D) .0

From (1), (2) and (3), we get

I=—1-2,/5—4x—2x2 +2 L gin! [\F(xﬂ)}c
4 N2 7

where C=C; + C,

1 2
= I=—5\/5—4x—2x2 +ﬁsin_1{\/;(x+l)}+C

1(2 +5) L
Z(2x _-
xX+2 2 2
32. Let I= dx =I dx
\/x2+5x+6 \/x2+5x+6

le 2 -1/2 1 dx
=—|(x"+5x+6 2X+5dx_— _——
2J.( o ) 2J.\/x2+5x+6

Putx’+5x+6=t = (2x+5)dx=dt
1 —-1/2 1 dx

= I=—|t""dt -~ | —
| ]
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/ 1 5
= x2+5x+6—510gx+5+ x* +5x+6[+C
5x—-2
33. I=[—"""—dx
1+2x+3x

Let 5x—2=Adi(1+2x+3x2)+B=A(2+6x)
x
On comparing the like coeflicients, we get

5 5 5d o 11
5x—2=—(24+6x)———2 =——(14+2x+3x")——
6 3 6dx 3

5d 11
2 (1+2x+3x%)——
I= 6 dx . 3dx
1+2x+3x
i(1+2 +3x%)

_Spax Y e odx
6 1+42x +3x° 37 14 2x +3x7
5 2 11 dx

==log|l+2x+3x" |-— | ———
6 337 52 1

X+ Sx+—
5 11 d
= —10g|1+2x+3x2|——'|. al
6 9 1 (2 2
o
3 3
X+ L
5 11 1 - 3
=Zlog|1+2x +3x* |-—-——tan ™" —3 |+C
6 9 2/3 NEYE
5 11 1 3x+1
=Zlog|1+2x +3x* | -——=tan 1[ i J+C
6 32 V2
x+2 (x+1)+1

34. Letl :f

——dx = | ——=dx
\/x2+2x+3 J.\/x2+2x+3

Putx®+2x+3=t
1
= (2x+2)dx=dt = (x+1)dx=5dt

1 _ 1
I:—J.t V20t 4 [ —dx
2

Vx+17? +(+2)?
+log|(x+1)+\/x2 +2x+3|+C

1 t1/2

T20/2)

;dx=lo |x+\/x2+a2|+C
-[/2 2 <
x“+a

=vx?+2x+3 +log|(x+1)+\/x2+2x+3|+C



Integrals

5(2x+4) 7
5x+3 5 -
35. LetI=J. a dxzj. 2 dx
2 [.2
x“+4x+10 x“+4x+10
5 2x+4 d
29 |2 2
x“+4x+10 x“+4x+10
=1, + I, (say) ..(1)
5 2x+4
where [} =— x—dx
2 x> +4x+10

Put X’ + 4x + 10 = t = (2x +4)dx = dt

1/2
11=§ft‘”2dt=§. N
2 2 (1/2)

=5vx? +4x+10+C -(2)

and I, = 7.|. dx dx
=7 —=
Vx? +4x+10
.
(x+2)* + (\/6)?

:—7log|x+2+\/x2+4x+10|+C2 -(3)
From (1), (2) and (3), we get

I=5\/x* +4x+10-7log | x+2+Vx* +4x+10 | +C,

where C=C, + C,

sinx —cosx sinx —cosx
36. Let I=J.— X =.[— X
\sin2x V1+sin2x—1

sinx —cosx
=J. dx
\/sin2 x +cos® x +2sinxcosx —1

sinx —cosx
:J' - dx

y/(sinx + cos x)2 -1

Putsin x + cosx =t = (cos x — sin x) dx = dt

—dt
I=.[ =—log|t+Vt* -1|+C
Vit -1
(where t = sin x + cos x)

=—log|sinx +cosx ++/sin2x |+ C

x2+1

37. Let 1:] dx

x4+1

175

{.'x—1=t=>(l+1}dx=dt}
X xz

L1
-1 t 1 -1 X
——~+C=——ta

LR TR h

1 4 x*-1
=—tan +C
D [ﬁ]

+C

2
+4
38. Let I=| x4 dx
x +16
4 4
1+—2 1+—2
= I:J~ X dx:'[—x dx
Y (x——) +8
X X
4 4
Put x——=t=|1+— |dx=dt
X xz

dt dt
I = =
Jt2+8 It2 +22)

2_
X 4J+c

1 _1( t ) 1 _1(
=——tan | —= [+C =—=tan
2V2 22 22 2V2x

x+2 x+2

dx = dx
J(x=2)(x-3) J.\/x2—5x+6

39. Let I =j

We write,

x+2=A[dd(x2—5x+6)}+B=A(2x—5)+B
X

Equating coeflicients of x and constant terms, we
get

2A:1=>A:%and—5A+B:2=>B:§

s,

ZIVxZ -5x+6

-2-\/x2—5x+6+2.|. dx

2 2 2

x— B

Skt

(x—5)+ x> —5x+6
2

1
2

\SHNE;]

+C

=Vx? —5x+6 +§log
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dx 1 dx
40, Let [=|—m=—F— | —
".\15—4x—2x2 \/EJ. /E—Zx—xz
2
=L-|.d—x 1 dx
V2 Z—1—2x—x2 \/EI\/ 7
e
:%sin_l }i/;;l +C s1n {((x+l)}+c
2

2x+5:A[dd(7—6x—x2)}+B:A[—6—2x]+B
X

Equating coefficients of x and constant terms, we get
2=-2A=A=-land-6A+B=5=B=-1
2
[=— J' (=6 —2x)dx dx

\/76xx_\/76xx

:—2\/7—696—x2 —J. dx
V7+9-9—6x—x?

/ dx
=27 —6x—x* —Im

=—2\/7—6x—x2 —sin_l(x;:?’)+C

42. Refer to answer 36.

+
43, Let I = J.x73dx

x“=2x-5
We write, x+3:A[(x2 —2x—5)}+B
dx
= x+3=AQ2x-2)+B

Equating coefficients of x and constant terms, we get
2A=1=A=1/2and-2A+B= 3:>B=4

I=—- -[22x72d +4f

2x-5 —-2x-5
1 2 d
=—log|x” —2x—-5/+4| ——
2 J.x2—2x+1 6
—llogxz—Zx—5+4J. dx
2 (x 1) -(e)
‘x 1- f‘

1
=Elog x?—2x-5 +

‘x 1+f‘

) CBSE Chapterwise-Topicwise Mathematics

V20
5 e

1
=Elog‘x2 —2x—5‘+

b 1+\/_

44. Refer to answer 37.

45, Let I= fidx
x“+x+1

We write, x = A[;(xz +x+ 1)}+ B=A[2x+1]+B
x

Equating coefficients of x and constant terms, we get
2A=1=>A= 1/2andA+B—0:>B=—1/2

1 2x+1
I=> zx 7.‘- 2
27 +x+1 x“+x+1
1 1
:—log‘x2+x+1‘—5.“ dxl 3
2 Zix+—+2
4
dx

1 5 1
==lo ‘x +x+1‘——
2 8 2"-

VR
=

+

N | —
Ne—
o

+
N\
o

1
1 2 1 1 x+5
=flog‘x +x+1‘—7tan_ —= |+C
z A I
2 2
1 1 2x+1
=flog‘x2+x+1‘— W22 he
2 V3
1 sect x
46. Let I= —4dx =J.—4dx
cos x+sin” x 1+tan x
(tan2 X+ l)sec2 x
=[x
1+tan" x
Put tan x = t = sec’ x dx = dt
1-&-1 l+1
5 = =
- +1 2 2
=] dt=[—1—dt= LA
4 1 2
" +1 t2+— 1
P t—— | +2
t t

Putt—%:y:(l+ )dt—dy
t*
dy 1 -1(y)
I= =—tan | = |+C
T

_ Ltan_l (tanx - cotx)_’_C
V2 V2
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47. Let I= 5 5 " dx
sin” x +sin” xcos” x+cos” x

B J. sec* xdx J-(l +tan? x)sec” xdx

tan? x + tan® x +1 tan® x + tan® x +1

Put tan x = t = sec’x dx = dt
1

2 1+—

1+¢ 2
I:.I.Wdt = J.—tldt
+i" + 2
t +1+—2
t

14—

2

Put t——=y:>(l+i2)dt=dy
t
dy
Thus, I = =—tan™! (LJ+C
2
RNy NG 3

t_,
1 _ 1 _1[ tanx—cotx
= tan! £ +C=—tan 1(}+C

V3

6x+7

\[x —9x+20

(x* —9x +20)}+ B

f 6x+7
JM—&@—@

Let 6x+7= Al:d
dx

6x+7=A[2x-9]+B
Equating the coefficients of like terms from both
sides, we get
2A=6and-9A+B=7
= A=3and-93)+B =7=B=7+27=34

I:J' 32x-9) dx—i—j 34 dx

V2 —9x+20 Vx? —9x+20
Put x° - 9x + 20 = ¢ in first integral
dx

2
J(x_ej a0 1
2 4

=3[t 2dr + 34j—dx

48. Let I=

idt+34f

sz\ﬁ

177
f112 dx
=3—+34
x—2] | =
2 2
2 2
1
=6\/;+34log(x—2)+ (x—g) —[—j +C
2 2 2
2 9) 2
=64/x" —9x+20+34log|| x—= [+Vx~ —9x+20|+C
y o -3
2 2
49. LetI= J. dx=‘[ 5 5 dx
xtex? -2 (x =1 (x"+2)
Let X¥*=z
2

. x _ z
2= (x?+2) (2-D(z+2)
Using partial fractions, we have
z A + B
(z=1)(z+2) z-1 z+2

= z=A(z+2)+B(z-1)

When z = l,wegetAzé

and when z = -2, we get B _2
3

I= d
'[ 1)(x +2) ¥
1/3 2/3
= + d
j(x2—1) I(x2+z) *
e Rt ] By R
x? x2+(\/5)2
11 Ll 2,01 af
3 21 x+1+3><\/5tan [\/E}-C

X+

(x +1)(x +4)

50. Let I=
¢ '[(x +3)(x )

Letx*=t
(2 +1)(x* +4)
(x? +3)(x* -5)
P 45t+4
(t+3)(t—5)

_(t+D(t+4)
(t+3)(t-5)
7t+19
(t+3)(t-5)
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7t+19 A + B

(t+3)(t-5) t+3 t-5
= 7t+19= A(t—5)+B( 3)
Putting t = 5, we get B = I7

Putting t = -3, we get A = i

2 +5¢+4 1 27
=1+ +
(t+3)(t-5) 4(t+3) 4(t-5)
(x +1)(x +4) J‘d L1 J‘
(x +3)(x (x +3)
z 1

(x* -5) ¥
x=V5 +C

= I=

27)(71

AN

=X+

(6]
1 4 x
=x+mtan (\/_j+\/_l

51. Let I= J.idx
sinx +sin2x

X —

X+

! dx:J. 1

J‘sinx+23inxcosx m

sinx
= j dx
sin x(l +2cosx)

Let u=cosx = du = - sin xdx
Also, sin’x = 1- coszx =1-12
L I= j du

-u )(1+2u)

-1
=.[ du

A+u) 1-u)(1+2u)
Using partial fractions, we have

-1 __ A, B C
(+w)(1-uw)(1+2u) (1+u) (I-u) (1+2u)
A(l = u) (L +2u) + B(1 +u) (1+2u)

+C(1+u)(1-u)

= -1=
Put u=1,wegetB=-1/6
Put u=-1,wegetA=1/2

1 —4
utu=-—,wegetC=—
P 2 8 3

-1
0,
A+ uw) 1A —u)(1+2u)

1 1 4
2(14+u) 6(1—u) 3(1+2u)
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I =J~ 1 B 1 _ 4 du
2(0+u) 6(1—-u) 3(1+2u)
= %log(l +u)+ élog(l —u)— élog(l +2u)+C

:%log(1+cos X) +llog(l—cos x) —%10g(1+2cos x)+C

+x+1
52. Let I= J‘de e

(x +1)(x+2)
_ Ax+B + C (2)
x+2

x2 +x+1
(x*> +1)(x+2)

= x*+x+1=(Ax+B)(x+2)+ C(x*+1)
Putx =0, 1, -2 in it to get
1=2B+C;3=3(A+B)+2Cand 3=5C

Let

x2+1

= C=§,B=landA=g
5 5 5
Hence, from (2)
2 +1 3
X2 +x+1 B 5575 . 5
O +D(x+2) xP+1  x+2
1 2x+1 3 1
_.—+_._
5 x2+] 5 x+2
2 +1 3 1
=—J‘ * - d.x

1 - 3
ZE[log|x2+1|+tan 1x}+glog|x+2|+c1

xZ

53. Let I= J.—dx
(x +4)(x +9)

x2 _ y

o +4)(2+9) (y+4(y+9)

y = A + B ...(1)
(y+4(y+9) y+4 y+9
= y=A(+9)+B(y+4) ..(2)
Putting y = -4 and y = -9 successively in (2), we get

—4
A= — andeg
5 5

Put x* = y. Then

Let

Substituting the values of A and B in (1), we get
y 4595
(y+4(y+9) (y+4) (y+9)




Integrals
X2 -4 9
(x2+4)(x2+9) 5(x* +4) 5(x*+9)
I= j S S—
(x +4)(x +9)

—4 1

2
54. Letl= j+dx. (1)
(x=1D"(x+2)
x A B C
Let = + + ..(2)
‘ (x-1%(x+2) Xx—1 (x-17% x+2

= x=A(x-1)x+2)+Bx+2)+Cx-1)?* ..(3)
Comparing coefts. of %%, x and constants in (3), we
get0=A+C1=A+B-2C0=-2A+2B+C
Solving these, we get

2 1 2
A=Z,B==,C=-=
3 9
x 21 1 121
(x—1%(x+2) 9 x— 1 3 (x-1?% 9 x+2
20 1
I:— —d - -— dx+C
f 9jx+2 !
2 - 1 1
=—log x-1) 1 —+C
9 x+2| 3 x-1
55. Let = J.—dx
(x* +1)(x—-1)
Ax+B
Let—~ -AxB, C (1)
(x*+D(x-1) x°+1 x-1
= x=(Ax+B)(x-1)+ C(x*+1) -(2)
Comparing coefficients of x°, x and constant terms,

we get
0=A+C1=B-A;0=-B+C
Solving these, we get

111
A=--,C==,B==
272

2

From (1), we get

1
x _—E(x—1)+1 1
+D(x-1) xF+1 2 x-1
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1 x 1 1 1 1
= —— +_. e—
2 x—1

2 2241 2 X% 41
2x dx
o e ek

1 1, _ 1
= I:—Zlog|x2+l|+5tan 1x+ilog|x—l|+C

56. Refer to answer 53.

3
57. I= I—dx
X +3x +2

1
Put x> =t= xdx=5dt

o e il e
2 4+3t+2 29 (t+2)(t+1)
t A B
et = +
t+2)(t+1) (t+2) (t+1)

= t=A({t+1)+B(t+2)
Putt=-1,2init,weget A=2,B=-1
t 2 1
(t+2)(t+1) t+2 t+1

.
291 (t+2) (t+1)

1
25[210g|t+2|—log|t+1|]+C

1
25[210g|x2+2|—log|x2+1|]+

2x% +1

58. Letl= f—dx
(x“+4)
Let x* =y, then 247 +1 - i
x2(x* +4) y(y+4)
2y+1 A B
y(y+4) y y+4
= 2y+1=A(y+4)+By
Puty =0, -4 1in it to get
A:landeZ
4 4
2941 11,7 1
y(y+4) 4 y 4 y+4
27411 L7 1
xz(x2+4) 4 X2 4 x4
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Integrating both sides w.r.t. x, we get

J-—2x2 1 dx = lJ.x_2dx+Z dx

2
59. LetI= Ix—ﬂ dx
(x +4)(x +25)
Put x* = y. Then,
X2 +1 _ y+1
(> +4) (x> +25) (Y +4)(y+25)
y+1 A B
et +
(y+4)(y+25) y+4 y+25
= y+1=A(y+25)+B(y+4) ..(2)
Putting y = — 4 and y = - 25 successively in (2), we

(1)

1
getAz—fandB:§
7 7
Substituting the values of A and B in (1), we get

y+1 _ w7 87
(y+4)(y+25) (y+4) (y+25)

X +1 _ 18
(* + 4)(x2 +25) 7(x*>+4) 7(x* +25)
7= J x +1 dx

(x + 4)(x + 25)

= dx +— dx
'[x2+2 J'x2+5
LN - FRLVESUNC () Mo
7 2 2 7 5 5
=—Ltan_1 x +£tan_1 Xl+c
14 2) 35 5

60. Let [= j

x(x +3)

Put X’ + 3 = t = 5x*dx = dt
= dx= i
o
I | dt
59 ¢t — 3) 3(t—3) 3t

t-3
+C

=—[log|t 3|-log|t|]+C ——log

CBSE Chapterwise-Topicwise Mathematics

Putx3+8—t:>3x2dx—dt

= dx—3 : '[t(t 8)

Ly [___} t = flog] 8| -log] ¢ |1+

3
+C

x”+8

62. Refer to answer 61.

3x+1
63. Let I= jx—dx

(x+1)%(x+3)

Let 3x+l = A + B + ¢ ..(1)

(x+1)*(x+3) X+l (x+1)> x+3
= 3x+1=A(x+1)(x+3)+B(x+3)+Clx+1)>
-(2)

Putx=-1,-3,0in (2), we get
B=-1;C=-2;A=2

From (1),

3+l 212
(x+1)%(x+3) X+1 (x+1* x+3
Integrating both sides w.r.t. x, we get

1 2

I=.[ dx—.[ dx—.[ dx
x+1 (x+1)? (x+3)

1
=2log|x+1|+———2log|x+3|+C
x+1

+1 1
=2log| |+ —+C
x+3] x+1
3x+5
64. Let [= fx—dx
-x"—x+1

Here, x> - x —x+1=x2(x—1)—1(x—1)
=2-Dx-D=(x-Dx+Dx-1)=(x-1)*x+1)
3x+5 3x+5

> —x+1 (x=1*(x+1)
A B C

=x—1+(x_1)2+x+1 ~(1)

Let




Integrals

= 3x+5=Ax-1Dx+1)+Bx+1)+Clx-1)>
(2)

Putx=1,-1,0in (2) to get

From (1),
3x+5 1 1 4 11

_— + —_
C-xtox+l 2 x-1 (x-1* 2 x+1
Integrating, we get

1p d
oA ]
29 x+1

Llog | x—1]-—2—+ Llog|x +1]4C
=—=log|x—1|-——+—log|x
2 8 -1 2% !

(x-1)

4

x—1

x+1

x—1

1lo
2

G

8
65. LetlI= j— dx

(x+2)(x% +4)

8 A Bx+C
Let D = +— (1)
(x+2)(x*+4) x+2 x*4+4
= 8=A(K*+4)+(Bx+C)(x+2) (2)
Putx=-2,0, 1in (2), we get
A=1C=2B=-1

From (1),
8 1 -x+2
= +
(x+2)(x* +4) X+2 x> 14
Integrating, we get
d -x+2

I= '[ dx =J‘ al +I X dx

(x-2)(x* +4) x+2 7?4y

2x dx

:10g(x+2)—5 2+4d +2.[ 2 +C;

1 1 _
=log(x+2)— Elog(x2 +4)+2- Etan ! [g) +C

—log( x+2 J+tan_1(xj+c
= 5 1
Vx?+4 2

66. Let]= —dx
1-x)1+x )
2 A  Bx+C
Let = +

I-x  14x°

(1-x)1+x)
= 2=A1+x)+Bx+C)(1-%)

= 2=(A-B)x*+(B-COx+(A+C)
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Comparing coefficients of x*, x and constant term,
weget A=B=C=1

2 1 x+1
Hence N 5
a- x)(1+x) I-x 1+«
2
I= —dx fj = dx +j
1+x 1+x

:—log(x—1)+£log(1+x )+tan'x+C

67. Let I= J.Zixdx

(x + 1)(x +3)

Putx’=y = 2xdx=4d =|l—F
4 4 I(y+1)(y+3>

1 A N B
(y+1)(y+3)_y+1 y+3
= 1=A(y+3)+B(y+1) (1)

We write,

1
Putting y = -1 in (1), we get 1=2A = A:E

Putting y = -3 in (1), we get 1=-2B = B= —%
1 1 1
= = -
(r+D(y+3) 2(y+1) 2y+3)

1
I_J{Z(yﬂ)_z(yw)}dy
ledy 1¢.dy
- Iy+1 2'[y+3

=%log|y+1|—%log|y+3|+C

2
—llgy+1+C—flgx +1+C
2 yt3 2 Tx*+3
68. Si 1-x° _ 1-x° . .
. Since M1-2%) 12 is an improper

fraction, therefore, we convert it into a proper
fraction by long division method. We get

x
K- 1, 5!
2x2—x 2 2x2—x
1+ 2
= I(ixd ——_[d+ jx dx
—x+2x2 -X
x—=2 x—=2 A B
Let = =—+
252 —x x(2x-1) x 2x-1
= x-2=AQ2x-1)+Bx (1)

Putting x = 0 in (1), we get
2=A-1)>A=2
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1
Putting x = 5 in (1), we get

1, pl]=1-4=B=B=-3
2 2

x-=2 23 _2 3
xt—x x 2x-1 x 1-2x
-[x(l 2x)
1
=—|Qdx+=|| =+ dx
2-"() 2'[(x —ZxJ

1 3
=—x+log|x|-=log|1-2x|+C
5 glx]| . gl |

dx
69. Let I= jx )
Putx’ =y
o 1 _ 1 __A , B
(C+)(x%+2) HD(+2) (y+1) (y+2)
= 1=A(y+2)+B(y+1) (1)

Puttingy=-1in(1),wegetl=A(-1+2)=A=1
Puttingy——Zin (1), wegetlzB(—2+ 1)=B=-1

=[5

=tan x—

x2+2

ﬁtan_l(\;%j-}-C

70. Refer to answer 51.

x+1

sinx

71. Let I=
J.(1—cosx)(2—cosx)

Put cosx = t = —sinxdx = dt

szu—t)(z—t)

We write, _71=i+i
1-0H2-t) 1-t 2-
= -1=AQ-t)+B(1-1 (1)

Putting t = 1 in (1), we get
C1=AQ-1)=>A=-1

Putting t = 2 in (1), we get
—1=B(1-2)=>B=1

—J. f—log‘l—t‘—log‘Z t‘+C
—log +C—l 1 - cosx +C
—t 2—cosx
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72. Refer to answer 71.

2x+1
(x+2)(x—-3) *
2x+1 _ A + B
(x+2)(x-3) x+2 x-3
= 2x+1=A(x-3)+B(x+2) (1)
Putting x = - 2 in (1), we get

73. Let 1=j

Let

3=A(2-3)mA=>
Putting x = 3 in (1), we get
7=B3+2)=B="_
5

3p 1 7r 1
:g'[x+2dx+g'[x—

3
= glog‘x+2‘ +glog‘x—3‘+c

2
+x+1
74. Let I=J‘%dx
(x+1D)"(x+2)
2
Let % +x+1 _ A . B + C (1)

(x+1)%(x+2) X+l (x+1 x+2
= X+x+1=A(x+1)(x+2)+B(x+2)+Clx+1)>
Putx=-1,-2,01init, to get
B=1C=3A=-2
From (1), we get
X +x+1 -2 1 3
> = + +
(x+1)°(x+2) x+1 x+2

(x+ 1)2
Integrating both sides, we get

= J~ XX +x+1 dxc

(x+1) (x+2)
1
:—fo+ldx+f

1
=-2log|x+1|———=+3log|x+2|+C,
X+2

(x+ 1)2

2
1
75. LetI=J.%dx
(x=1)"(x+3)
X2 +1 A B C
Let = + +

(x—1D(x+3) *—1 (x—1% x+3
= x*+1=A(x-1)(x+3)+B(x+3)+Cx-1)*..(1)

. 1
Putx=11in (1) we get B =E

Put x = -3 in (1) we get C:E
8



Integrals

3
Put x =01in (1) we get Azg

x+1 31 1 1 5 1
- _. +—. +=.
(x-1%(x+3) 8 x-1 2 (x—1)> 8 x+3
Integrating both sides, we get
x*+1 1 dx
I= .|. I( 1) 2 2
(x—1)* (x+3) X= (x—1)
J-x+3
3 1 1
=—1 -1|-= + =1 +3]+C
g | x-1|-- o+ Jlog | 43] 4G

76. Given: J.ex(tanx+1)secxdx =e* flx) + C..(1)
LHS.= jex (tanx +1)secx dx
=jex(secx+secxtanx)dx

= J.ex secxdx +J.ex secxtanxdx
(Integrating first integral by parts)
=e* secx—.[ex secxtanxdx+jex secxtanxdx+C

=e'secx+C=¢eflx)+C (by (1))

On comparing, we get f(x) = sec x

77. 1=xlog2x dx.

I= logZxJ.xdx —I[chogZx‘[xdxil dx

2 2
1
=log2x-x——J.—-2-x—dx+C
2 2x 2

2

X 1

=—1log2x——-|xdx+C
2 8 2"‘

x2 2 2 2

1
:—log2x——‘x—+C =x—log2x—x—+C
2 2 2 2 4

78. LetI:j(3x+1)\/4—3x—2x2dx

Let 3x+1=}»£(4—3x—2x2)+u
dx

= 3x+1=A-3-4x)+u

= 3x+1=-3A+Uu-4Ax=3=-4A,-3A+u=1
-3 -5

= A=—,u=—
1 u

4
I:j(3x+1)\/4—3x—2x2 dx

=J'[_3(_3_4x)—5} 4-3x-2x*dx
4 4

183

_ 3 2
_—Zj(—3—4x) 4-3x-2x%dx

—Ej 4-3x—2x>dx
4

Let 4 - 3x — 2x° = t in the first integral
= (-3-4x)dx=dt

= jJ.\/;dt —EJ. —Z(x2 +3x—2)dx
4 4 2

-3 2
= x 22 +C

4 3
—J.\/ (x +=x-2+ 9—9)d
16 16

-1
= (4-3x-2x° )2 +C,

R e

| 3
—5(4—3x—2x2)2 +C

_SX‘/EJ'\/ Lﬁ 2— P de
4 4 4

3
=—%(4—3x—2x2)2 +C,

R IR

3
X+
1(41) . 4 4
—| — [sin +C
(mj Ja | 7
4

3
S (4-3x-2x%)2 —5(x+3)
2 a2 4

in
642 41
where C = C - icz
xsin~ x
79. Let [ = j dx
1— 2

[ sin”'x J\/idx}dx

(Applying integration by parts)

=sin~ X.l.\/i
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Firstly, let us evaluate the integral J.

Putt=1- x*and dt = - 2x dx. So,
—_ = dt —_ — —
[ i
I=sin~ x(—‘ll X ) J.\/i(_‘” X )

= —,[1—x2 sin”! x+‘[dx = —,ll—xz sin ! x+x+C
80. Let I=J.(2x+5)\/10—4x—3x2dx

Let2x+5=xi(1o—4x—3x2)+u
dx

= 2x+5=A(-4-6x)+ U

= 2x+5=-6Ax-4A+ U

= -6A=2,-4A+uU=5

1 11

= A=—,Uu=—

3 " 3
I=I(2x+5)V10—4x—3x2dx

= j[—;(—zl —6x)+ 131} 10 — 4x — 3x>dx

:J-%j(—4—6x) 10 — 4x — 3x> dx

+E 10— 4x — 3x” dx

Put 10 - 4x - 3x* = t in the first integral.

(-4-6x)dx=dt
2 +4x—10jdx
3

e

)3/2

= I= +Cl

el (2,

2
—5(10 —4x—3x2
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3/2
= 1=-2(10-4x-3x2)" ¢
; 2 x4l
711\/5 1 x+g 34 x+g +2sin~! 3 +C,
3 (27 3\ 9 3 2 V34
3
2 3/2
= I=—§(10—4x—3x2)
2[ 3
+187 w1342, o
93 V34
where C=C, + \l/lsz
3

81. Let 1=I(x+3)\/3—4x—x2 dx
=J-(x+2+1)\/3»—4x—x2 dx

:§I—2(x+2)\/3—4x—x2 dx+.|.\/3—4x—x2 dx

=1, + I, (say)

1
I :—EJ.—Z(x+2) 3—4x—x*dx

Put3-4x-x’=t = (—4—2x)dx—dt
= I= —f'ffdt— “xZ (t)3/2+C1
=—5><(3 ax-x*?+C (1)

and I, =I 3—4x—x>dx

:J.\/—(x2+4x—3+4—4)dx
=j\/mczx =j\/7—(x+2)2 dx
(x+2)\/3 4x —x* ol (x+2) ..(2)

+C
\/; 2
From (1) & (2), we get

x2)3/2 N (9(-%—2)\/3—4ac—x2
2

12—1(3—4x—
3

7 x+2

-1
+—sin +C
2 [ V7 j

where C=C, + C,



Integrals

3x+1
82. Let I=
'[ V1- x
(—x2+3x—1) 1—x2)+3x—2
=—|——dx = | "=
V1-x2 i I V1-x? i
x+2

ie,I=—[V1-x?dx+

[V [~ ﬁl -
:—J.\/l x*dx+> J. d +2.[\/7
=—J.\/1—x dx+¥ 1-x +2sin"' x+C
=—[;\/1 x +;sm x}+3 1-x% +2sin 'x+C
=—§\/1—x2+§sin_lx+3 1-x* +C
83. Let I=[(3-2x)N2+x-x°

d
Here —(2+x—x°)=1-2x
dx

We can write

I=J.\/2+x—x2(l—2x+2)dx
=IV2+x—x2 -(1—2x)dx+2_‘. 2+ x—xdx

=1, + 2L, (say) (1)

where, I, :J‘\/2+x+x2 (1-2x)dx

Take2+x—x2:t:>(l—2x)dx—dt

2
. Ilzftl/zdt:—t3/2+cl 32

(2+x X ) G

and 1) = [V2+x-x dx_j,/
:(x_%j G)Z_(x_ j L6127 Sin_{xé] o

2 2 3/
=%(x—%)\/2+x—x2 +§sin_1(2x3_1j+C’ ..(3)
From (1), (2) and (3), we get

1
=—(2+x x)3/2 (x—gj\j2+x—x2

9  _4[2x-1
+—sin 1( a )+C
4 3

where C=C, +2C’
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84. Let I= J. dx .[(x+1)2 log x dx
(x+1)

Integrating by parts, taking log x as first function.

™t D71
IZM.logx_J'(H) = dx
-1 -1 x
-1 -1
_ ogx+J- dx _ ogx+‘[[l_ 1 }dx
x+1 x(x+1)  x+1 x x+1
logx

=———+logx—log(x+1)+C
x+1 8 8 )

1
=- ogx+log(—x j+C
x+1 x+1
_(.2x .
85. Let I —J.e sin(3x +1)dx

2x
— p2% J.sin(Sx +1)dx - 'I.(d(:l) . Jsin(3x + 1)de dx
x

Q2% [—cos(Bx +1)]
3

2x
- 3x+1) 2
¢ cosxvl) co;( x+1) + EJ‘er cos(3x +1)dx

_'[262,6 _ [—cos(jx+1)]dx

2x
1
:M 3|: sz.COS(3x+1)d.x

3
_J.[%(ezx B J.cos(3x + l)dxjdx}

2x
— 3x+1 2
_ %ngezx Sin(x +1)

4 2x -
_6-[6 sin(3x +1)dx

2x
- 3x+1) 2
_~e cos(3x )+§ez

*sin(3x + 1)—éI +C,
3 9

_2x

I+éI= e cos(3x+l)+gez,c
9 3 9

131 —e** cos(3x +1)

9 3

9| —e**cos(3x+1) 2
2 oot oy |

sinBx+1)+C

2
+ §ez" sin(3x +1)+C,

7C1

_9 s |:281n(3x +1)—3e>*
13

cos(3x +1) } + 9
13 9

1
= Eezx [2sin(3x+1)—3cos(3x +1)]+C
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x2+1
(x+1)2
2
=fex'{(x —1)+21dx
(x+1)2
2
J.ex-{x _1+ 2 :ldx
(x+1%  (x+1)?
x [x-1 2
je [x+1+(x+1)2}dx (1)
x—1

x+1
. f,(x):(x+1)~1—(x—1)'1: 2

(x+1)% (x+1)
From (1), we get

1= e f(x)+ f/(x)dx
=exf(x)+C=ex.[z:}+C

e*dx

86. Let 1=j

Put f(x)=

87. 1=j(x—3) X% +3x—18 dx
=jxx/x2+3x—18 dx—sf X% +3x—18 dx
1 2
=f5(2x+3—3) x% +3x—18 dx
—3j X% +3x—18dx

=lf(2x+3) x2+3x—18dx—§f X2 +3x—18 dx
2 2

—3j\/x2 +3x—18 dx
1 2 9 2
:fJ.(2x+3)><,/x +3x—18dx—7.|../x +3x—18dx
2 2

1 9
=—I;——1I,(sa
51T, 2 (say)

For I, putx2 +3x-18=2z= 2x+3)dx=dz
2
S Il =I\/;dz =§Z3/2 +C1

3
5 3
= 5(x2 +3x-18)2 +C

and I, =I x? +3x—18dx

<fet e 3] {2 -
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2 2
x4 T o
T
2 2 2

84, |
5 log

2x4+3\/x +3x—-18

81
——1lo
3 g

+C,

[x+zJ+\/x2 +3x-18
The given integral is written as

2(2x+3)\/x2 +3x-18
L729, (2x+3 23 1s

1 9
where C = 5 C - B C, is a constant

I =§(x2 +3x-18)%% -

+C,

-1
88. Let I= fwdx

\ll—x2

Put cos 'x =0 = x = cos O = dx = - sin 0 dO

o= [0 evdo
\/1—c0s29
= I:—Iecosede

-I= efcosede J.( chosede)de

—I=951n6—.|.sm6d9
-I=0sinB+cosO+C

I=—[cos_1x\/1—cos29 +x]+C
I= —[\ll—xz cos_1x+xJ+C

89. Let I=J.(3x—2) x% +x+1dx

Ll

d
Let 3x—2=A—(x*+x+1)+ B
dx

= 3x-2=AQ2x+1)+B
On equating the coeflicients of like terms, we get
A=3/2,B=-7/2.

1= I[ (2x+1)——} X +x+1dx
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= Iz%J.(Zx+1)\/x2+x+1dx—§.|.\/x2+x+1dx

Putx*+x+1=tin 1% integral = (2x + 1)dx = dt

T _7 2 2
i, 1==[id 2j\/(x+(1/2)) +(372) dx
1
e R
=2 —|-% x+=| +—
2\3/2 2 2 2 2
& ]
Lo tofo-4) 2]
+———log|| x+— |[+4/| x+= | +| —
2 2 2 2

7| 2x+1
= I=(x2+x+1)3/2—5[xT\jx2+x+1
3 1
+§log|x+5+\/x2+x+l|}+c

sin2x
i),
1—-cos2x

+C

90. Let [= jz"(

Put2x=t = dx=ldt
2

_ J‘ t 1- Slnt
1- cost
t t
1 1-2sin—cos—
ZE.“et —2 2 dt

t
2sin® —

= ljet ( ! cosec? L cot— jdt
2 2 2
= —.f ( cot + cosec —jdt
2
[Compare w1th Ie f(x)+f’(x)]dx = e"f(x)
Take f(t) = - cot — =>f (1=

1
I=—et(—cot )+C—
2 2 2

= cosec’ — ]

e** cotx+C

—X

smx -
Let [ = j e 2 dx
1+cosx
x
Put —E:t:x=—2t=>dx=—2dt

_ f J1-sin(=2t)

el (=2)dt
1+ cos(—2t)

187

=_ZJ- \1+sin2t ot

1+ cos2t

\/cos t+sin’ t +2sint cost ¢
=— J. e dt
2cos’t
cost +sint
Z—I—'etdt =—J.(sect+secttant)etdt
cos™t

= —J.et sect dt —.[et secttant dt
—[et sect —.[et sec ttantdt} —J'et secttantdt +C

-x/2

x
=—¢'sect+C=—e -secE+C

1+si
92. Let I= j( Smx)exdx

1+ cosx

l+25in£cosf
2 2 xg

X
2c0s2 —
2

1
= I(—secz X4 tanfjexdx
2 2
= J. (tan + —sec —)dx
2

Compare it with
[eLf 0+ f)ldx=e* - f(x)

X 1 ,x
Here f(x)=tan—= f’(x)=—sec” —
fx) 5 f'x) 3 5

x
Izex-tanE+C

2
X
93. Let J= —_— dx
(xsinx + cosx)
XCOSX
=|————— - xsecxdx (1)
(xsinx + cosx)
XCOSX
Let I = [————.dx
(xsinx + cosx)

Putxsinx +cosx=t

= (xcosx+ 1-sinx — sinx)dx = dt

= xcosxdx=dt
L= dzf S

t I xsinx+cosx

Now integrating (1) by parts taking x secx as the first

function and using I, we get
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-1

I=xsecx ——
xsinx +cosx

—dx
xsinx + cosx

—xsecx xsinx dx
= +J.secx 1+ -
xsinx + cosx cosx Jxsinx +cosx

—I(l-secx+xsecxtanx)~

—xsecx
= ++Isec2 xdx
xSinX +cosx
—xsecx
=———+tanx+C
x8inx +cosx

indx—4
94, Letlzj.ex SIMEXTH \ax
1-cos4x

= 1= J~ sin4x 4 dx
1- cos4x 1—cos4dx

o 7 =Iex 2sin2xcos2x _ 4 dx
2sin’ 2x 2sin? 2x

= I= .[ex (cot2x —2cosec’ Zx)dx

Consider, f(x) = cot2x = f'(x) = - 2cosec’2x
I= J.ex (cot2x —2cosec® 2x)dx = e* cot2x + C

1
95, Let = J.Llog(log x)+ (logx)z )dx

Put logx = ¢, then x = ' = dx = é'dt

t 1 1 1
. I= j[logt+t ]e dt —.[ (logt—t+t+t2jdt
. 1 , 1 1
Consider, f(t):logt—; = f(t)=;+72
t

Thus, the given integral is in the form

[e'1CF@)+ frenat

-1 1 1 1
I=|e'| logt—+-+— |dt=¢'| logt —= |+C
Ie [og — 2] e [og tj

t
1
I= x[log(log x)— )+ C
logx
96. Refer to answer 90.

97. Let 1= (:‘ 4))6 dx
x—2

2
I= —~ |d
J [(x 2)} (x—2)3} ¥

) CBSE Chapterwise-Topicwise Mathematics

1 2
= I=|e" -——=—1d
Ie I:(x—2)2 (x—2)3:| *

Consider, f(x)=
(x—

I= j [ 2 }dx— < e
(x-2)* (x—2) (x-2)

98. Let [= leog(x +1)dx

Integrating by parts we get
52

=log(x +1)——J‘—1 761

2

X 1p x

=—1 +1)——|—d
2 oglx+1) 2~[x+1 *

2 2
x 1| px”—1 dx
= 710g(x+ 1) —2{[ " dx + :l

+1 x+1

x? 1 dx
- 210g(x+1)—2l:.|.(x—1)dx+.[m}

2 2
x 1 x= 1 1
=—log(x+1)——-—+—-x——log|x+1|+C
S loglx D)= Tt ox—log|x +1]

2
1, - X X
=—(x" -1l +)-—+—-+C
2(x )log(x +1) 5

99. Let I =J.xlog2xdx

I= logZxJ. xdx — J.[dilogZxJ. xdx}dx +C
X

2 2

X 1 X
:log2x-——'|‘—.2-—dx+C
2 2x 2

1 1
=x—log2x——"|.xdx+c :x_logzx__.x_+c
2 2 2 2 2

2 2

X X
=—Ilog2x—-—+C

2 4

[ 2 2
1[1 1)-21
X+ [og(x4+ ) ogx] s
x

100. Let [= j

2
Va2 +1 log(x :1]
:.[ 4 — dx

X

2
+1 1
Putx =t=x’=—o

x2 -1




Integrals

-1 1
= 2xdx= dt = dx=—— dt
(t—1)2 2x (t-1)
—_l. t—1- dt —_L

Also Vx* + —Jt—+1— /t
[t —dt
I= —~logt- X
J t-1 1/(t—1)2 2t - 1)*?

=—l_|‘\/;.logtdt

;302
1{1‘ N ld}
3/2 3/2 t
L 1/2

3[t logt — [t dt]+c

- [t3/2logt 3/2} +C

3
— 3/2 -
Y - log X +1 2 2 +1)2 [+C
3 x? x? 30 &2

101. Let | _Ism_l\/_ cos™! Vx
- sin”! x+cos_1\/_

We know that sin~ \/; +cos! \/; = g
= sin 'Jx = g— cos 'x
E—Zcos_1 \/;

_(2
I_'[ m/2 dx

dx,x €[0,1]

=J.1-dx—%jl-cos_lx/;dx
=x—i{x-cos_1\/;—.|.x-

T

-1 1

——dx |+C
Vl—x 2\/; }
Put x = sin’0 = dx = 2 sin 0 cos 0 dO

L I= x—ixcos 1\/;——J.

T 1-sin’0

sin® 0

-2sin 60 cos0dO

+C

4
=X ——XCO0S 1\/7——J' sin® -2sin0 cos0dO + C
T cosO

4 _
=x——xcos '\x ——f(l—cosZG)d6+ C
i i

189

4 _ 2
=X ——XC0S 1\/;——[9—
T

in20
Sin }+C
T 2

4 _ 2
=x——xcos ! x —=[0—sinOcosO]+C
T T

=x —ixcos_1 X —E[sin_1 Jx —fx1- x]+ C
i i

102. We have, by definition

b

J.f(x)dxzfl;im h[f(a) + fla + h)+...+ fla + (n -1)h)]
—0

a

where,nh=b—a

Here,az1,b=3,f(x):ez‘3x+x2+landnh:Z

3,
- J. @ +x% + D) dx=lim h[{ >+ 1%+ 1}
1 h—0

+{U L (1 h+ 1)
2N (14 (n -1 + 1]

e

oo + {e

= lim he*e> + 2>+ N
h—0
+e2e 0TI 12 (14 k)% 4 (1 +2R)°

Font (1+m=-Dh)*+n]

=limh[ee’ (1 +e™ +e+ .+ e Dy
h—0
n+x{12+2%+ ...+ (n-1)}
+2h(1+2+3+...+(n-1))+n]

lim K e a- (") L2 = Dn@n-1)
h—0 1_6_3h 6

7n(n - + 2n}
2

+2hx

he-10 —e™%) , (nh=h)nh(2nh~h)
—Lm|" _ 6
h—0 1-e
| + nh (nh—h)+2nh
(T,,,-1_ -7 _ _
= lim (e ¢ )+ (2-h)2(4—h) +2(2-h)+4
o[ (1- e 6
-1 -7
— & + § + 4 + 4
)3
lim e3h
h PR A
—0 n
_ (e l-e) +2 B e l—e” 32
i -1 NELN 3 3 3
h—0 3]’1 eSh ]’l
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103. We have, by definition
b
Jf(x)dxz%im hl f(a)+ f(a+h)+...+ f(a+(n—1)h)]
—0
a
where,nh=b-a
Here, f(x) = 3x*+1,a=1,b=3and nh =2
3

j(axz +1)dx =I}im BG-12+1)+{30+h)? +1} +...
-0

1
et 3{(1+(n=1)-h)* +1}]

=limhn+3-n+6h-{1+2+3+...+(n-1)}

h—0
3R+ 2%+ +(n - 1D
-1 1
= lim h[4n + 6h (n=Dnge —(n-1n2n-1)]
h—0 6

= lim[4nh+ 3nh (nh—h) + lnh(nh —h)2nh—h)]
h—0 2

=4><2+3><2(2—0)+%><2><(2—0)(2><2—0)

=8+12+%X16=28

104. We have, by definition

b

[ fxydx= lim hlf(a)+ f(a+h)+ fla+2h)+

—0
a

.+ fla+(m—1)h)], wherenh=b—a

Here,a=1, b =3, f(x) =2x> + 5x and nh =2

3
j(2x2 +5x)dx = hlim h[{20)? +5x 1} +{2(1 + h)?
1 —0
+5(1+h)} + {201+ 2h)% +5(1+ 2h)}
Fo 4 2+ (n=DR)* +5(1+ (n—-Dh)}]

= lim h[2{1® + (1 +h)* + (1 +2h)?
h—0

+...+(1+(n—1)h)2}+5{1+(1+h)+(1+2h)

+..+(1+m-1h)}]
=hlim h2{n+2h(1+2+3+...+(n—-1))
—0

+R2 P2 +22 .+ (n-1)%)
+5{n+h1+2+...+(n-1)}]

=1lim h[7n+9%(1+2+3+...+(n—-1))
h—0

+2h? (12 +22 +..+(n-1)?)]

nn=1) o nn=1Cn- 1)}
6

= lim h{7n+9h><
h—0

) CBSE Chapterwise-Topicwise Mathematics

= lim {7nh + 20k (ah =)+ Lk (nh =) 2nh —h)}
h—0 2 3

= 7><2+§><2(2—0)+%><2(2—0)(2><2—0)

as1ge 6 112

105. We have by definition,

b
J.f(x)dxz}}in%)h[f(aHf(a+h)+....+f(a+(n—l)h)]

wherenh=b-a
Here,f(x):x2+3,a:2,b:5andnh:3
5
j (x2 +3)dx = limh[(22 +3)+ {2+ h)? +3}
2 h—0
HQ+2h)? 43+ {2+ (n-Dh)* +3}]

=limh[3n+22 n+ W2 +2%+ ...+ (n—1)?%)
h—0

+4hA+2+ ...+ (n-1))]

:nm[7nh+h3-(”"1)’”’(2”_1)+4h2(”_1)”}
h—0 6 2

= lim[7nh +— (nh h)nh(2nh — h)+ 2(nh — h)nh|
h—0 6
=7><3+é(3—0)><3><(2><3—0)+2(3—0)><3
=21+9+18=48

106 We have, by definition

_[f Jdx = lim [ f(a) + f(a+h)+ fa+2h)+

et fla+ (n-1)h)],
wherenh=b-a

Here,a:l,b:4,f(x):x2—xandnh:3

4
j(x2 —x)dngimoh[{lz —N+{(A+h)2 —(1+h)}+
1 —

et {A+(n-Dh)?*= 1+ (n-1Dh)}]

- Pllimh[n+h2(12+22+...+(n—1)2) +2h(1 +2
—0
+.tn=-1)-n-h(1+2+..+(n-1))]

=lim AR {1+22 +3% +...+(n-1*}
h—0
+h{l+2+3+..+(n—-1)}]
— lim h{hz (n=Dn(2n-1) | h(n—l)n}
h—0 6 2




Integrals

. [(nh —h)nhQ2nh—-h) (mh-hnh }
= lim +
h—0 6 2
— fim [(3—h)3(6—h) N (3—h)3}
h—0 6 2
= M + ﬁ = 9 + 2 = 21
6 2 2 2

107. Refer to answer 106.
108. We have, by definition

b
[ f)dx= lim B f(a)+ fla+h)+...+ f(a+(r=Dh)]
—0

\Zrherenh:b—a
Heref(x):3x2—2,a:O,b:2andnh:b—a:2

2
= j(3x2 —2)dx = limh[(0—2)+ (3% —2)
0 h—0

+{32h)? =2 + ...+ 3((n—Dh)? = 2}]

= lim h[-2n+ 302 {12 + 22 +...+ n-1*}]
h—0

6

= lim h[—Zn +342 W}
h—0

~ lim [—Znh + L m = myuhnn - h)}
h—0 2

=[—2><2+%(2—0)2(2><2—0)]=—4+8=4

109. We have, by definition
b
[ fGo)dx = lim K[ f(a)+ f(a+R) + f(a+2h)
a O fat(=D)]
wherenh=b-a
Here,a=1,b=3,f(x) =
nh=b-a=3-1=2

3

.[(3x2 +2x)dx

1
=lim h [{30)% +2()} + 31 + h)* +2(1 + h)} +

h—0 et 31+ (n - DR)? +2 (1 + (n-1)h)}
= I}im h[5+3(n-1)+3h (1 +2*+ ...(n- 1)?)]
—0

+6h(1+2+..+(n-1)+2(n-1)+2h(1+2..4+(n-1))

h5n+3h2(1+22+ ..... +(n-1?%)
+8h(1+2+....+(n—-1)

12 nn—-12n-1) N

3x* + 2x and

= lim
h—0

= lim h[Sn +3
h—0

191

= lim

[Srzh N nh(nh—h)(2nh —h)
h—0 2

+4nh(nh — h)}

2(2-h)(2(2)—h)
2

= 11 [5(2) + +4(2)(2- h)}

= 2(2)(4)+4(2)(2) 10+8+16=34

110. We have, by definition

b
If(x)dx=hlimh[f(a)+f(a+h)+f(a+2h)
—0
+ .t fla+(n—1h)]

wherenh=b -a

Here,az1,b=2,f(x)=x2+5xandnh=2—1=1

2
I(xz +5x)dx

= hm h[{(l) +5(D)}+ {1 + h) +5(1 + h)} +

h=0 {1+ (=R +501 + (n- D)}
= Alm h[6+(n—l)+h2(1+22+ (n-1)?%

—0
+2h(1+42..(n=-1)+5(n-1)+5h(1 +2 +...(n-1))]
= lim Al6n+h>1+22 +...+ (n—1)%)

h=0 +ThA 424+ (n=1))]
_ limh[6n+h2 nn-)@n-1) +7h”(”"1)}

h—0 6 2
nh(nh—h)Q@uh—h) 7nh(nh— h)}

6 2

~ fim [6(1)+ 10-h)2-h) N 7(1)(1—h)}
h—0 6 2
1-1-2 7-1-1 1 36+2+21 59
=6+——+——=6+— ==
6 2 3 6 6

= lim [6nh +
h—0

7
+ -—

2
1 11. We have, by definition,

J.f(x)dx—llm h [fla) + fla+ h) + fla + 2h) + ...
+fla+ (n-1)h)]

wherenh b-a

Herea=1,b=3,f(x) =2x* + 3and nh =2

3
[ +3)dx = lim A[{20)%+3}+{2(1+7)+3}+

' +{2(0+(n-1h)?*+3}]

=limh

h—0

5n+4h(1+2+...+(n-1))
+2R2 (12422 + .+ (n-1%)
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— lim[Snh + 4nh(nh—h) + 2nh(nh —h)(2nh —h)
h—0 2 6

4><2><2+4><2><4 —10+8+% ?

]

=5x2+

1 12. We have, by definition

jf(x) dx = lim h[f(a) +f(a+h) +[(a+ 2h)...
+fla+ (n-1)h)]
where nh=b-a

Herea=2,b=5,f(x)=3x2—5andnh=3

5
[ 3+ ~Sdx=lim h((3(2)*-5}+ 32+ h)* -5} +
p) —

e+ {32 + (n - 1)h)* - 5}]

=limh[7n+12h(1+2+....+(n—-1))
h—0
32 (12 +22 +.. 4+ (n—1)%)]
12nh(nh—h) | 3nh(nh—h)(@2nh - h)}
6

= lim [7nh +
h—0

3X3X6

=7X3+6X3X3+ =21+54+27=102

1 13. We have, by definition

j f)dx=lim hfia) + fla + ) + fla+ 2h) +.
+fla+ (n- l)h)]

where nh=b-a

Herea=1,b=3,flx) =x*+xandnh =2

3

‘[(xz + x)dx

1

=lim A[{1

h—0

2L+ {A+R)+ A+ )+
+{1+n-D? +1+n -1}

= limhn+2h(1+2+43+...(n—-1))+
h—0

RA+22 +..n-1D)?)+n+h(1+2+3+...(n—1))]
=limh2n+3h(Q+2+3+...+(n—-1))
h—0
(1P +22 4.+ (n—1)%)]

[2nh N 3nh(112h —h) N nh(nh — h6)(2nh - h)}

= lim
h—0

38
3

3X2X2 + 2X2x4
2

=2x2+ =4+6+§=

114. Refer to answer 110.
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115. We have, by definition

b
If(x) dx=I}imh[f(a)+f(a+h)+f(a+2h)+
a -0 + fla+ (n=-1h)]

wherenh=b-a
Herea=0,b =2, f(x)
2
j(xz +2x +1)dx
0
= hmh[{O +200)+ 1L +{h> +2h+ 1 +...
+{((n— l)h) +2(n-1h+1}]

=x*+2x+1landnh=2

=limAn+h> 2 +2% +..+ (1))
h—0

+2h(1+2+3+...+(n-1))]

—1lim [nh . nh(nh —h)(2nh —h) +2nh(nh —h)}
h—0 6 2
—24+514=2
3 3
1
116j = dx z[—tan lf}zF(x)
9+x2 x* +3° 3 3

By second fundamental theorem of integral

calculus, we have
3

| dx ~=F(3)-F(0)= Litan1-tan0)]
09+x 3
_1[2_ }_ m
34 12
/2

117. Let [ = '[ e (sinx — cos x)dx
0

/2 /2
= J. ¥ sinxdx — f e* cosxdx
0 0

(Integrate 11" integral by parts)
/2 /2

= J. e smxdx—[{e cosx}m2 - J. e* (—sinx)dx
0 0
/2 /2

= I e*sinxdx—[e™?.0-¢" 1] f e*sinxdx =1
0 0

118. By the first fundamental theorem of integral

calculus

f(x) = %J.;tsint dt = x sin x.



Integrals

a

119. Here, | L
04+x2 8
; 1 x[" m
= J > 2 ﬁ[—tan_l—} =—
2 %7 +2 2 2k 8
1 _14a 14
= —tan "—=— = tan —=—
2 2 4
a
= E=tan—=1:>a=2

/4
120. We have J. tanxdx =[log|secx |]m4
0

=log

s€eC—

: —log|sec0|=log|\/§|—log|1|

/4
J. tanxdx——logZ
0
1
121. We have, J.siandx = —E[COSZX] =F(x)

By second fundamental theorem of integral

/4
calculus, we have '[ sin2x dx = F(E) — F(0)
4
0

= F(x)= —%[cos(n /2)—cos(0)] = %

122. We have, J. dx = [sin_1 x]})

Jﬁ

. -1 . -1 T T
=sin l-sin 0=—-0=—
2 2

2

x> -1 :
123. Here, .[—dx = J'(x - x_z)dx
1

2 2
{xz xl} {xz 1}
= — — —— =| — 4+ —
2 -1 1 2 X 1
=|—4+—|-]=+1
2 2 2

3
124. Ildx = [logx]g =log3-log2= log(i)
2 * 2

2 2

2 2
125..[ 4—x2dx=I 22— x% dx
0 0

193

2
2
[ 2 _ -
:|:§ 22—x2+7sin 1£:| =[251n11_0]=n

2y

126 Z[l+x

TS B |
=[tan"" x],

-1 -1 (L (L
=tan " l-tan 0 =—-0=—
4 4

/2
127. Let 1= J. x% sinx dx
0
Integrating by parts
/2
I= [x (- cosx)] - f 2x(—cosx)dx
0

th /2 /2
=—T.O+O+2 J. xcosxdx =2 J. xcosxdx
0 0

Again integrating by parts

/2
- I 1-sinxdx

I =2{[xsinx]g/

0
T
—2{—1 0-[— cosx]n/z} 2[—+(0—1)}=
2 2
n
2x+sinx
128. Let = J.id
1+cosx
T T
2 2 .
= I=I X dx+j SINX gx
1+cosx 1+cosx
0 0
K T
2 X 2 2sin—cos—
= det [—2—2dx
02c0s2§ 0 2c052—

[a

E TE
2
2l 1
=== fJ. tan— dx+ftan dx=—
212 20 0
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ot 1, 4_ 1
129. Let [= j 1 :f(x 1)+2dx Putx’+1=t = xdx:zdt
2
0’ o o X Alsox=2=t=5andx=4=t=17
Consider 17
! 1=2 12 - Liogr) = Liog17-1ogs)
-1)+2 wo =2 ) =Jlegtls =—{logl7—log
I%dx:f[xz—l+ > }dx 25 t 2 2
ol xol 1 (17
=—log(—).
X3 3 2 5
=| ——x+2tan  x |=F(x)
’ 132, Tet 7= [
. LetI=
By second fundamental theorem of calculus, xlogx
we have, I = F (1) - F(0) o
1 -1 2 m 3mn-4 Putlogx=t = —dx=dt
=——1+2tan 1-0=——+—= X
3 3 2 6 Alsox=e = t=loge=1

2 andx=e*= t=loge’=2loge=2

130. Let 1= j—dx fat 2
X2 +4x+3 I:J.T:[logt]1 =log2-logl =log2
1
—4x-3 Ly,
5f(1+—jdx 133. Let Izjxex dx
x“+4x+3 0
1
—SIdx SJﬂdx Put x2=t:>xdx=5dt.
1 X7 dx 3 Alsox=0=t=0andx=1=1t=1.
2 4x+3 11 1 11
=5[x]} =5 ————dx I==[eldt=1==Le' |, ==(e-1
1 {(x+3)(x+1> zj 20 =3
4x+3 A B o
t = + x
(x+3)(x+1) x+3 x+1 134. Let I = '[ dx
1+
= 4x+3=A(x+1)+B(x+3) 0 3
9 1 Tx= =
Puttmgx——3andx——1WegetA—E B=—E Puttan “x=1= 1+ x dx = dt
Alsox=0=t=0andx=1 = t_E

[=502-1)- 51(9/2 1/2)dx 4
x+3 x+1 /4 1, 1 { - }
I= | tdt=|—t S r
I [2 L 2 (4)
0
X

_(91 11 ) (91 11 H 135.Let I = f —dx
=5-5/| Zlog5——log3 |-| =log4 —=log2 1+
1\ 2 §om5 08 , BTTO8 pl+e’

Pute*=t= e*dx=dt
Alsox=0=t=¢"=1
and x=1=t=¢'=e¢

r 2
5-5| 2log|x+3|-~log]| +1|}
=>— —10 X ——10 X

128 28 |

1
=5-5 ;(log5—10g4) —E(log3— logz)}

45 5 5 3
=5-—1log—+—log— s I= J. [tan_lt]e=tan_1e—tan_11
2 "4 2 72 (1442) !
4

131. Let [ = j dx =tan—1(e__1)
2x +1

1+e



Integrals

136. Let I= j dx

01+x

Put 1 + x> = t = 2xdx = dt
Alsox=0=t=1landx=1=1t=2

2
dt 2
I=|—=[logt
{t llogt};
=log2 -log1=1log2-0=log?2.

T
137. Let I=J.e2x -sin| T4 x |dx
0 4

Put %+x=t:>x:t—g =dx=dt

When x =0, t=g and when x =T, tzs—n

4

5m/4 2(t_7) 5m/4
I= J. e\ 4)gintdt = ™? I e*! sint dt

/4 /4

2 Jna

eZt 5m/4 5m/4 e2t
= ™2 | sint < - J. costTdt

/4

_ 1
2| 1 2 ST 26 ™
2 4 4

n/4

2 5m/4 Sm/4 o
e e .
- Tcost - j ——sintdt

/4

—n2| 1 =1 smp2 I )
=e —| ——e ——e€
Hﬁ V2 )

YL sz L o)L
4 N 4

= I+4I———[ Y PR e Y

22 42

27
- 3= +1)[ 1}——1[e2"+1]

4 a0 a2

= I=—L@+e)
52
n/4
dx
138. Let [ = | ———
'([ cos3 x/2sin2x
m/4

dx

{ cos3 X\2-2sinxcosx

dx

_J' 1
2 (3+-) 1
cost 2/ x-sin?2 x

1 d
ZEIzil

0
cos? x-tan2 x-cos2 x

1 dx 1n/4 sect x

=o [ — = [ L x

25 cos? x\tanx 2 ) Vtanx

Put tan x = t = sec’xdx = dt
i
Alsox=0=t=0and x=Z:>t=1

1 3
:_JM 1.[1' 2+l’2 dt

ooz

1

1|:t1/2 tsu} 1 6
== —+—| =14+—-=—
20172 5/2, 5 5

/3 sinx + cosx
139. Let [ = | ———dx

/6 \/sin2x

J- sinx + cosx

6 J1-(1— sm2x

n/3 .
sinx + cosx
= J. dx
n/6\1—(sinx — cosx)2

Put sin x — cos x = t = (cos x + sin x)dx = dt

_V3-1_

T

2
T 1-+/3
andx=—=t= =—
6 2
o
dt
1= |
—a 1—t2

= [sin_1 tfu =2sin ! or=2sin"" (%)

m/4 .
140. Let [ = f _ sin20

0 sin0+cos*0
/4 .
2sinBcosO
_ . sinBcos __ 4o
o sin” 0+ (1-sin”0)

Put sin’0 = t = 2sin 0 cos 0 dO = dt

195
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n 1
Als06=0:t=0and9=z:t=z
i 1/2 dt _1/2 dt
- '|.t2+(1—t)2_J.2t2—2t+1
0 0
_1”f dt
2 1
O(tz—t+—j
2 2
1/2 f—=
_lJ' at LS U | )
= —-—|tan" | —=
2 1 2 1 2 21 1
L5 )+ P P
2 2 0
1/2

i
=tan™' 0 - tan"!(~1) = Z

a
141. Let Izjsin‘l [N
0 at+x

Put x = a tan’t = dx = a(2tant sec’t)dt)

i
When x =0, t = 0 and when x = a,t—*

Z atan t
=_|.s -2atantsec’ tdt
0 a+atan t

a tan t
-2atantsec? tdt

sin”
a sec t

T
o
0
Y
4
J.sm (sint)- 2atantsec tdt
0

T

4
= 2a.[ ttantsec’ tdt
0

Integrating by parts, taking (tan t sec’ t) as 2"

function.
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i sinx + cosx
142. Let [ = j b

x
0 9+16sin2x
Putsin x — cosx =t = (cos x + sin x)dx = dt
b
Alsox=0=t=-1and x=Z=>t=0

= = (sinx cosx)z—l—sin2x:>sin2x=1—1.‘2

1= -

_1(9+16(1 t%)) Z,25-16t

0 5[
1 dt 1 1 | Z‘H
S —.—|log
16 2 5 5

S e 9

4 4 4 14

—L{O—lo (lﬂ—ilo 9—ilo 3
40 & 9 40 8 20 &

/4

143. 1, HS. = _[ (vWtanx ++/cotx) dx

sinx COSX sinx + cosx
dx = j SAXTCOOY gk
cosx sinx /sinx cosx
sinx + cosx
_ 5[ Ginxteoss)

+/2sinxcosx

/4 .
_\/5 J- sinx + cosx

0 4l—(sinx —cosx)2

Let sin x — cos x = t then (cos x + sin x) dx = dt
Also,x=0 = t=-landx=m/4 = t=0.

/4 0
dt
(Wtanx ++cotx) dx = 2
.(l). _J‘l \/l—l’z

= \/E [sin_1 0—sin! (-1)]

dx

=\/£[sin_ltJ0

2 -sin”! 1=x/§-§=R.H.S.‘



Integrals

/2
144. Let [ = '[ CcoS 2xlog sinxdx
n/4
Integrating by parts taking cos 2x as 2™ function
sin2x . w2 w2 sin2x 1
s I= -logsinx - f -——-cos xdx
2 LTS 2 sinx
/2
1 LT 1 . COSX
=—|0-1-logsin— [-— f 2sinx-cosx- dx
2 sinx
/4
/2
———log\/, jcoszxdx
/4
/2
1 1+cos2x
=——(10g1—log\/§)— J. —dx
2 /4
1 1 sin2x T2
=—log2——| x+
4 2 /4
i m 1
=—log2——| =+0—| —+—
4 2 4 2
1
=—log2——+—
/2
145. Let I = J. 25inx-c0sx-tan_1(sinx)dx
0
Put sin x = t = cos x-dx = dt
T
Also,x=0=t=0and x:E:>t:1
I= J.Zsinxcosxtan_l(sinx)dx
0
=2jtxtan”¢-dt
0
£ i
=2| —xtan"'t —2.[ X— dt
2 0 1+t
1 2
1 _ T 1+t -1
2 o 1+t
1
i 1 i .
:lx——'[ > -dt =——[t—tan 1t:|()
4 1+t 4

0

T -1 T) 2% T
=—-1+tan | tan— |=—-1=| —-1
4 4 4 2

197

/2
146. Let [ = j sinsxdx
—T/2

Let flx) = sin’x = fl-x) = sin’(-x)= - sin’x = —f(x)

J.f(xdx 0if f(—x)=—f(x)

—a
147. Refer to answer 146.

2
148. Let [ = [ |« —x|dx
-1

3

x” —x, xe (-1,0)U(1,2)

Since, | x* —x |=

—(x3 -x), x€(0,1)

z—j(x —x)dx+_|. (o —x)dx+j(x — x)dx
-1

X4 X2 ’ —X4 x2 1 x4 XZ ’
-l s
4 2 1 4 2 o 4 2 1
{0‘(1‘1)H‘1+1‘OH(“‘”‘(I‘IH
4 2 4 2 4 2

11 1 11
=+ 2+ =—
4 4 4 4
2 sinzx
149, Let [ = j dx (1)

0 sinx+ cosx

. z(n )
/2 Sin ——X
= I:J. 2 dx

. T T
0 sinf ——x |+cos| ——x

2 COSZ.X
= I= _[ ——dx (2)

0 Ccosx +sinx

Adding (1) and (2), we get

2 sin2 X cos2 X
20 = j + dx

sinx +cosx sinx+cosx
/2 1
0 sinx + cosx
/2 1
= 21=j . dx
o 2tan(x/2) +1—tan (x/2)
1+tan2(x/2) 1+tan2(x/2)
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/2 2
1+ 2
N ZI:'[ tan”(x/2) dx
X 2X
0 2tan—+1-tan” —
2 2
/2 sec2£
= 2[= j 2 dx

0 2tan£+1—tanzf
2 2
1
Put tan£=t = seczf-fdx=dt
2 2 2

When x=0 = t=0and when x=§:>t=1

. ZIJ.

1

1
02t +1-17 ;').(\/_)

V2+i- 1}
‘f t+1‘

_ z,zji{log(ﬁ (Aﬂ}

V2-1)| 1
= 2I= \/5{0 log(\EHJ}—\Elog\/E_l
1 2 +1)?
= a=g! g{(ﬁ—n(\ﬁﬂ)}

= 21=2>< {

=ilog(\/5+1)

! log(\/i +1)2 ;

"2
= I:ilog(\/gﬂ)

NG
1 T
150. When 0<x<5 = 0<11:x<5 = cosTx >0
1
When7<x<§ = E<nx<3—n = cosTx <0
2 2 2 2

X COSTIX, if0<x<l
. |xcosmx|= 2
—X COSTIX, iff<x<é
2 2

3/2

Let I= J. | x cosmx | dx
0

12 3/2
= _[ xcosTxdx + J. —(xcosmx)dx
0 1/2

| CBSE Chapterwise-Topicwise Mathematics

1/2 3/2
X . COSTIX X . COSTIX
. I=| —sinmx + 5 —| —sinTx +
n o n T i

(Using by parts)
1(1 1
a0 0]
1(3 1 1
_|:TE(2(_1)_2(1))+11;2(0_0{|
(11 ;2 [ 5m-2
lon 2 n) | on?

X

151. Let I = dx

S —23

1+sinosinx

T—X
1+ sinosin(m — x)

I}
~
I
S —3a

[ ]l.f(x)dx =}f(a - x)dx]

0 0

" T = X

= I=J — dx—'[ ———dx
O1+smocsmx 01+s1nocs1nx
" T

= I=J‘fdx—1
Ol+sm0csmx
= T

= 2I=] —dx
01+sm0csmx

1
M el
1+sinosinx

1+tatnZf
= ZI:n'J. 2 dx
0(1+tan2§+sinax2tan;)

X
TCTC SCCZ*
==

2_‘. dx
0[1+ tan® ;C+sin0c><2tan;)

Let tang =t = sec’ gdx =2dt

Also, when x — 0, t tan0 = 0;

i
whenx — T, t —>tan — =
2

oo

T

2 0 t2 +2tsinoc+1



Integrals

oo

1
= I== 5 5 dt
o (t+sina)” +cos” a

i _1( t+sina ~
= I= tan !| o
cosl cosal )y

= I= [tan_1 o0 — tan_l(tan(x)]
cosal
= = n E -
cosau\ 2
T
152. Let I = _[ (cosax —sinbx)2 dx
—T
T

= ‘[ (cos2 ax +sin” bx — 2cosaxsinbx)dx

-7

T T i
= J. cos® axdx + J. sin? bxdx —2 J. cosaxsinbx dx
—T —T —T
T T
= 2[Ic052 axdx + jsinz bxdx}
0 0

0, if f(x)isodd

;[af(x)dx |2 J.f(x)dX, if f(x)is even
0

T 1+ cos2 -
=2 J- cos2ax dx+.[ 1—cos2bx dx
0 2 0 2

T T
= I(l + cos2ax)dx + j(l —cos2bx)dx
0 0

= ‘Zx‘g +i‘ sin2ax ‘g —i‘sinsz‘g

sin2am  sin2bm
=2m+ -

2a 2b
n/2 /2
153. Let I = I Cosidx: i())csx e *dx
_n/21+€ _n/ze +1
/2
/ cosx(e X +1-1)
= [
—TE/Z e +1
/2 /2
= _[ cosx dx — _[ cosx dx
=1
-m/2 —n/ze +

Now, put x = - z in 2™ integral,

199
dx=-dz
Also,x=_—ﬂ:=>z=E and x=£:>z=_—1.c
2 2 2 2
/2 -m/2
I= _[ cosx dx + J. ﬂdz
11
-m/2 n/2e +

/2
/2 J~ COS X

I= [sinx]_n/2 - dx

_n/2€x+1
T T
I= [sinz-ksinz}—l =2[=2=]=1

/2 dx
154. Let I = j

dx _J~
0 1++/tanx 0 {sinx
1+, ——
/2 COSX
R - S )
0 \cosx ++/sinx

/2

a a
By the property, _[ f(x)dx =.[ fla—x)dx , we get
0 0

o5+
feo{3-) il

/2 I
- [ ysmx g (2)
0 \sinx ++/cosx
Adding (1) and (2), we get
/2 .
ol = _[ { \Jcosx \/sinx }dx

\/sinx + x/cosx \/sinx + \/cosx

dx

/2
0

0
/2 p
= j l-dxz[x]g/2 == . =T
0 2 4
/4
155. Let I = J. log(1+ tanx)dx
0
a a
By using _[f(x)dx =_[f(u —x)dx, we get
0 0

/4 -
I= I log{1+tan(——xﬂdx
0 4

/4 /4
1_
= J. 10g[1+ tanx:|dx = I log( 2 jdx
0 0

1+tanx 1+tanx
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n/4
= .[ [log2 —log(1+ tanx)]dx
0

/4 /4
=log2 J. 1-dx— _[ log(1+ tanx)dx = 1og2[x]“/4
0 0

T T
= 21=log2[z—0}:> I=§log2

T
t
156. Let I=J‘&dx (1)
0 SeC X cosec x

Using ff(x)dx =If(a —x)dx, we get
0

_J‘ (m—x)tan(mw — x) _J-(Tc x)tanx

sec(n x)cosec(m— x) , Secxcosecx

..(2)
Adding (1) and (2), we get

xtanx (n—x)tanx
21 = I dx
secxcosecx Secx cosecx
n T .
tanx sinx / cosx
g v e
, Secxcosecx 0 —
cosx sinx

" 1—cos2x
[ sinxdx = T:J.—dx

o —3

0 2
n sinzx}7T 2 n°
=—| X— = = I=_
2 2 1y 2 4
T 4xsinx
157. Let I=[————dx e
ol+cos™x

I= J~4(Tc x)sin(m— x)

0 1+ cos® (m—x)

{By ‘Tf(x)dx = jl‘f(a —x)dx]
0 0

= J-4(Tt x)sinx Iy

2
o l+cos™x

Adding (1) and (2), we get

. (2)

T .
Hence, 2I =41t &dx
01+c052x
Putcosx=t=sinxdx= -dt

CBSE Chapterwise-Topicwise Mathematics

Also x = O:t—landx n=t=-1

—dt =21 I dt —2n[tan_1t]l_1

I= 2nj

BN

= 27't[tan_1 1- tan_l(—l)] = 27’{% - (—gﬂ =’

158. Refer to answer 149.
4
159.Let1=j(|x|+|x—z|+|x—4|)dx
0
4
[ = (x=2) = (x = D)]dx+ [[x + (x —2) — (x = 4)]dx
2

O%N

2 4
j x+6)dx+_‘.(x+2)dx
2

0

e 5]

——+6x | +|—+2x
2 2

=(-2

+12-0)+[8+8-(2+4)]=10+10=20
5
160. Let I=[[|x—2|+|x-3|+|x—5dx
2

3
= [I(x=2) = (x=3) = (x—5)ldx
2

5
+j[(x—z) +(x—3)—(x—5)]dx

3

3 2 5
(- x+6)dx+.l.(x)dx—{__+6x} J{x_}
2 2

2 3

j
2
{ ——+18 —(=2 +12)}+5(25—9)

9 23
=-Z48+8="2
2

3
161. We have, I = [[|x—1]+|x—2]+|x -3 )] dx

1
2

= [[lx=1]+]x=2]+|x—3[Jdx+
1

3
+ [[|x=1|+|x=2|+|x—3|]dx
]
2

2 3
=j(x—n—(x—z)—(x—3)dx+j(x—1)+(x—2)—(x—3)dx
1 2



Integrals

2 3 5 2 2P
J.( x+4)dx+.|.x dx —[—+4x} j{x}
2

1 2 1 2 2

EIEN
GRS

2n

162. Let I = j
o 1+e

sinx

(Put:x=m+y)

sin x

= J~l+e

dx —J.l dx—[x]o =7
ol+te

163. Refer to answer 157.

164. Let [ = j

dx (1)

1+sinx

Using If(x)dx = ff(a —x)dx, we get
0 0

T
T—X _J' T—X

I:zl).l-i-sin(n—x) *e dx +(2)

1+sin
o LTsinx

Adding (1) and (2), we get

2= Il+smxdx n'[1+smx

"1—sinx
dx=7'c.|. dx
o cos”x

1 1-sinx
X

=n[— :
01—+—s1nx 1-sinx

201
T
= 71;J.(sec2 x —tanxsec x)dx = m[tan x — sec x]70T
0
=7m[0-secmt-(0-secO)]=m[l+1]=2n=I="7
1
1
165. Let Izjlog(—l}zlx (1)
0 x

i 1
= I=£log(H—1jdx
{ [feodx = f(a- x)dx]
1 0 0
_ I-1+x
= I—_(];log( - de

= I= Jlog( )dx .. (2)

Adding (1) and (2), we get

el o

=J.logl‘dx=0 =1=0

T
3
166. Let | = f
T
6

T T
3 3
- I=J- dx =J- \cosx dx (1)
s 1+\v/sinx 77:\/cosx ++/sinx
6 COSX 6
n T T
3 COS(3+6—xj
= =
I .[ . — dx
z cos| —+——x |[+,[sin] —+——x
6 3 6 3 6

b b
{ If(x)dx =‘[f(a +b— x)dx}

—~
Il
o e——w|a
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T

3 \/smx
= I= '[

7T»\/smx \/cosx

6

1

Adding (1) and (2), we get

)
i
jw/ 08X +sinx
T NCosx + \/smx
6

0\\:1*—.&»\:1
n_

/3
= 2= []z/6 T TI_T =T
3 6 6 6
_r
12

167. [ = J-log(1+ x)

o l+x
Put x = tan0 = dx = sec’0d0

Also,x=0:>9=0andx=1:>9=§

/4
log(1
J- og( +tan6) sec? 040
o l+tan“0
/4
= j log(1+ tan0)do
0

Refer to answer 155.

/2
168. Let I = I (2logsinx —logsin2x)dx
0
/2
= J. [2logsinx —log(2sinx cosx)]dx
0
/2

= J. [2logsinx —log2 —logsinx —logcos x]dx

0

/2 /2
= J. logsinxdx—(logz)j‘ D) dx
0 0

(2)

/2 -
- J. logcos(2 - xjdx
0

[ jl.f(x)dx = j.f(a —x)dx]

0 0

/2 /2
= J. logsinxdx — (log2)[x]§ 2 -
0 0

J. logsin xdx

CBSE Chapterwise-Topicwise Mathematics
T T
=—(log2)| =-0 |=—=log2
(log )( 2 j 2 °8

T 1 T 1
=—log(2) " =—log| —
2 05(2) 2 Og(2j

n ecosx
169. Let [= " —dx (1)
0 e +e
ecos(n x)
= _I cos(Tc X) te —cos(m—x) dx
a
.ff(x)dx ='[f(a —x)dx
0 0
—COSX
= I= {e o o -(2)
Adding (1) and (2), we get
cosx +e—cosx n
21 I COSX+e Cosx dx:-([dx

= 20=[x]f=1 = I=g

1
170. Let I =J.cot_1(1—x +x° )dx
0

tan—l(l) dx = jta |:x+(1x)}dx
1-x+x° 1-x(1-x)
[tan x+tan~ (1 x)]dx

tan~ xdx+J.tan (1-x)dx
0

1
=]
0
1
=]
0
1 1
ol
0
j‘an xdx+J.tan_1(1 (1-x))dx
0 0

[ ]l.f(x)dx = jl.f(a - x)dx}
0 0

1 1 1
= _‘.tan_1 x dx+ _‘.tan_1 xdx = 2J. tan"! xdx
0 0 0
Integrating by parts, we get

=zl[mn ] fjli’; ]




Integrals

_ -1, 411 2T
—2{[tan 1 O] 2[log|1+x |J0}
=2 E_llo 2 :E—logz
4 28772
“ a—Xx
171 Let I = | [*—"dx
a+x
—a
a a
(a-x)(a-x) a—-x
- fedea, j e s
J.a (a+x)(a—x) /az_xz

a a
J. ,—a . J. (—a . —a[sm x} -0
{ #is an odd function}
a® —x*

T T
=a| -+—|=an
(2 2j

/2
X

172. Let = j —* ix (1)
0 sinx + cosx

—dx -

0 sinx + cosx

Adding (1) and (2), we get

/2 /2

' dx dx
TRy N 2
2 4 sinx+cosx 242 sinx  cosx
0 0 ——+
V2o 2
/2 /2
J. dx - T J.cosec(x+£jdx
2\/_ 0 sm(x+nj 2‘/5 0 4
4
/2
= log|cosec| x +— |—cot x+nj}
4\/7{ s ( 4) ( 4 )1
log(\/_+1)
\/_
/2
173.Let I = J logsinx dx (1)

0

E
% s
= I—'[logsm(2 x]dx
0
T
2
= I:Jlogcosxdx
0

Adding (1) and (2), we get

T I

2 2
2I= Ilogsinxdx + jlog cosxdx
0

(=}

k]

= 2I= J(logsinx +logcosx)dx

0
/2

= 2I= J log(sinx cosx)dx
0

sin2x

—_—
®]

dx

{
"

[logsin2x —log2]dx
T

2
logsin2xdx —I log2dx
0

T

U
)

logsin2xdx —log2[x]2

U
I |

logsin2xdx — —logz

[N}
~
| I}
St Ao A oA S A o= A

i

2
Let I} = J.logsiandx ,put2x =t = 2dx =dt
0

When x=0 = t=0and when x:§:> I=m

lTE
I =Ejlogsintdt

(SN

T
2

= 11:% _flogsint+_[logsin(n—t)dt
0

203

(2)

..(3)
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T T
13 2
= flogsint+.[logsintdt
2 0 0
E TC
1 2
= 1125 _[ogsmtdt—_l.logsmtdt
0 0

T

2
Since [ = J.logsinxdx , then
0
I =1
From (3), we get

T -
2[=1-"1og2 = I=—log2
2 %8 2 8

174. Jet I=|—"—dx (1)

a
= | ——7dx ..(2)
Adding (1) and (2), we get

2I= d— Ddx=

—a O=a

= 1=2
2

175. Refer to answer 156.

XSinXxcosx

/2
176. Let I = f RIS dx (1)
0 sin” x+cos” x

(3ol - Jeod 5 -]
n2| ——Xx |sin| ——x |cos| ——x
I=J‘ 2 2 2 dx
0 sin4(n—xj+cos4(n—xj
2 2
T

Tm .
2 [z—x)smxcosxdx

i i ..(2)
o cos X +sin” x

Adding (1) and (2), we get

n/2
o] = *J. sinx cos xdx

0 sin x-i-cos4 X
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Dividing numerator and denominator by cos'x,
we get
/2 2
T tanxsec” xdx
=2 ) =5
2 o lttan"x

Put tan’x = t = 2tanx sec’xdx = dt

When x =0, t = 0 and when x = E,t:oo
2
oo 2
T dt T 4T T W W
I=— =—[tan lt]() =—X—-=—
801+t2 8 8 2 16
n/3 dx /3 \/m
177. Let I = J.— = J. ———dx
n/61+\/cotx 7T/6\/sinx+ CcoSX

Refer to answer 166.

T
178. Let 1 =Iﬂdx (1)
0 secx +tanx
(m—x)tan(m—x)
sec(n —x)+ tan(m—x)

b
Also, I :J.

(m—x)(—tanx)
( secx)+ (—tanx)

Addmg (1) and (2), we get

_ n(n—x)tanx

dx  ..(2)

secx +tanx

tanx

Y T

X+T—x)tanx
ZI:J.( ) :nJ.
secx +tanx Osecx+tanx

dx

sinx

K " sinx
= nj COSX___x = 717.[ ——dx
1 + sinx 01+smx

T 1
d =nf(1— : )dx
0 1+sinx

sinx

_nj(l)dx— £1sm2xdx

COSX COSX

T
1+si -1
=71:( s1n.x)
1+sinx

"1—sinx
i _
=n{x]§ x| dx
0 COS X

Y
=m(n—-0)— 11:.|.(sec2 x —secxtanx)dx
0

=n’- m[tanx — secx]z)t

=m - [ (tan 7t — tan0) — (secTt —sec0)]

=7’ —7c(0—0)+7t(—1—1)=1t2 —2n=m(m—2)

=7 (n-2)



Integrals

179. Let I f xdx
9. Let —I 5 3

0~ cos x +b?sin’ x

Using J.f(x)dx = J.f(a - x)dle

0 0

- J= (’n:—x)dx (1)

0 a? cos’ (m—x)+ b? sin’ (m—x)
(m—x)dx

T
= I= ..(2)
'([az cos® x + b sin” x

Adding (1) and (2), we get

I—E]E dx
20a2c052x+bzsin2x
Let f(x) !
e x)=
a? cos® x +b%sin® x
1
= fln-x)= 22 2.2
a”cos”(m—x)+b”sin” (M —x)
1
= f(n-x)= = f(x)

a? cos® x +b%sin® x

2a a
{ using [ f(x)dx =2 f(x)dx, if f(2a - x) = f(x)}
0 0

/2
T dx
I=—2.|. 2 2 2 .2
2 p @ cos”x+b"sin” x

/2

sec® xdx
= I=7

0 a’ +b*tan’ x
Put tan x = t = sec’xdx = dt.
Alsowhenx=0 = t=tan0=0.

205

T T
Andwhen x=—=t=tan—=o0

2
T T
= == 1oy _an—lg|=—
ab[tan tan 0] 2ab
180. Here |[x - 1| + | x = 2| + | x - 4]
{(x—1>—(x—2>—(x—4>,

(x=D+(x-2)—(x—4),

—-x+5,
RETSS
4
oo JHlx=1) 4+ x =2+ | x - 4ldx

1
2

= [(lx=1]+]x=2]+|x—4|}dx
1

whenl<x<2
when2<x<4

whenl1<x<2
when2<x<4

4
+[{lx=1]+]x=2]+|x—4[}dx
2

2 4
- j(—x +5)dx +j(x +1)dx
1 2

2 4
=|-——+5x| +|—+x
2 1 L2 2

=(—2+10)—(—%+5)+(8+4)—(2+2)=§

“«WO»



