Key Concepts Definite

b
Definition: If f iscontinuousin (a, b) and bounded then If(x) dx = [F(x)]:: F(b) — F(a) is

called the definiteintegral of f(x) between thelimitsaand b.
d
—(F(x))=f(x

Wheredx( (x)=f(x)

Very Important:

1.

b

If If (X)dx =0, then the equation f (x) = O has atleast one root in (a b) provided f is
a

continuousin (a, b).

Note that the converse is not true.

e.g. If 2a+ 3b+ 6¢c=0thenthe QE ax?+ bx + c=0 must havearoot in (0, 1)

b
@ If f(x)>0in(a b)then jf(x)dx>0provided a<h.
a

(b)

b
jf(x) dx

b
sj|f(x)|dx

a
[f(x)dx=00nlyif f (a) isdefined.
a

2ot
e.g. IT #0
0
b )
_[f (x)-d(g(x)) = jf (x)-g'(x)dx. [aand b arelimit of g (x)]
a g7 (a)

Notethat when g (x) = b then x = g!(b) and g(x) = athen x = g !(a);

b
I(dif (x)jdx = [f (x)]?1 if f(x) iscontinuousin (a, b) however if f(x) isdiscontinuous
X

a

b
ax=c e (a b) then I(dixf (x)}dx =[fx)E +[f (x)]:+ [convergent and divergent]

b b
Lim Ufn(x)dx]_j(rll_im fn(x)jdx;

If g (X) isthe inverse of f (x) and f (X) has domain x € [a, b] wheref (d) = c and

b d
f (b) = d then the value of [f(x)dx + [g(y)dy = (bd - ac)
a C
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8.  Remember thevaluesof thefollowi ng def. integral
/2 n/2 nl2 n/2 -
(@ [sinxdx = feosxdx =1 (p) jsinzxdx: Icoszxdx:Z

0 0 0 0

/2 nl2 2 nl2 nl2 3
.3 _ 3 _< .4 _ 4 _on
© !sm X dx = J(;cos xdx_3 (d) {sm X dx = J(;cos xdx—16

PROPERTIES OF DEFINITE INTEGRAL
WITH ILLUSTRATIONS
(A) PROPERTIES:

b b b a
P-1 [ fx)yax=] fodt ; P-2[ f(x)dx=- j f(x)dx
a a a b
b c b
P-3 [ f0)=] f(x) dx + [ f(x)dx
provided f hasapiecewise continuity when f isnot uniformly definedin (a, b)
a a 0 if f(x) is odd
P-4 [ fodx= [(FO)+f(=x))dx = [ a | |
‘a 5 ij(x)dx if f(x) is even
0

a a

P-5 f f(x) dx:f fla+b—-x)dx or [ f(x)dx= | f(a—x)dx

a 0 0

2a 0 if f(2a—x)=-f(x)

P-6 { f(x) dx = j f(x)dx +£ f(Ra—x)dx = [2.? f00 dx if f(2a—x) = f(x)

na

p_7 | f)dx=n £ f(x)dx wheref(a+x) = f(x) n |

Note: Jf(X)dX =(nm)f f(x)dx, f (x)isperiodic with period=a (n,me N,n>m)
0

ma

(B) DERIVATIVES OF ANTIDERIVATIVES (LEIBNITZ RULE)
If f iscontinuousand g(x) and h(x) are differentiable function.

h(x)
a If (t) dt=f (h(x))h'(x)-f (g(x)). g'(x) (integrand of a continuous functionis
9(x)
adwaysdifferergiable)

g "o | | he9
Note: g [0t e = flx0) 0 = (a0l 0 | )(axux,t)jdt
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(C) DEFINITE INTEGRAL AS A LIMIT OF SUM
Fundamental theorem of integral calculus

ff (x) dx= Limith[f(g) +f(ath) +f(a+ 2h)+ ... +f(@a+ n-1h)]

n— o

b n-1 i
or {f(x) dx = Limit hz,of(a+rh) where b-a=nh S

n— o

(D) ESTIMATION OF DEFINITE INTEGRAL AND GENERAL INEQUALITIES
IN INTEGRATION:
Not al integers can be evaluated using the technique discussed so far.

(@ Foramonotonicincreasing functionin (a, b)

f(b)

b
(b—a) fla) < | TV < b_ a) fib) f(a)
a Xx=a x=b
(b) Foaamonotonic decreasing functionin (a, b) -
b
(o). (b—a) < | FOOX < (b—a) f(a) f(b)
? x=a x=b
(c)  For anon monotonic functionin (a, b) f(b)
b f(a)
f(Q) (b—a) < JTOOIX < (b a) f(b) o>
: ——

(d) Inaddition to this note that

b
< f|f (x)]dx equality holdswhenf (x) lies completely above the x-axis

a

(E) WALLI'STHEORM & REDUCTION FORMULA

Tan xcos” x e [0-D(1-3...dor2) (-D(m-3..10r 2
0 (m+n)(m+n-2)...10r2

(m, nare non-negativeinteger)

j).f (x) dx

(F) DIFFERENTIATING AND INTEGRATING SERIES
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dt b3
If =&, then x can be equal to
!nwtm 6 !

2
® (B) 3
()2 (D) None of these
/4
J‘ xXsmx
! cos® x dx equals to :
7 1 7 1
R ® %
©) % (D) None of these

If f(0) = 1, f(2) = 3, £'(2) = 5 and £ (0) is finite,
1

then Ix.f"(2x) dx is equal to
0

(A) zero B)1
)2 (D) None of these

¢’ d 2
X e
S _ [, m
lfll_jlnxandIZ_v!x o et
e

A1 =1
(B)21,=1,

O L=21 (D) None of these

(/)3

jxs'sm X dx equals to
0
(A) 1 (B) 12
©2 (D) 1/3
/2 . )
cosx sin2x
_ d SIMEX .
IfA= .([ (x+2)? ¥, then _([ w1 7 is equal to
A i+ A B 1
(A) 2 m+2 (B) T+2
O 1+ A D) A 1 !
©1+75 - DA-5 -7
0, wherex = — n=1,23....
If f(x) = n+ , then
1, else where

2
the value of J.f (x)dx
0

(A) 1
©2

(B) 0
(D)=

8.

9.

10.

12.

13.

112
For0<x< %, I cot x d(cos x) equals to

1142
V3-42 V2-43
(A) = (B) ¥
©) # (D) None of these
n/3
The value of | cosec x d (sinx) for 0 <x<m/2is
/4
1 3
(A) fn 2 B) 5 3
C/(sin1/2j DI N -
(C) /n sin1/v2 (D) None of these

1
Ifx € (0, 2) then the value of jeZX—lle d (x—[x]) is
(where [ * ] denotes the greafest integer function)

(A)e+1 (B) e
(C)2e-2 (D) None of these
log X

€ .
) dx is equal to

2
logn-log2 1— cos[geX

A) 3 (B) -3
1 1
© 73 O -3
If -([efx2 dx :§, then Ie’ax2 dx where a> 0 is
0
Jn Jn
(A) > B 2
Vr 1 \ﬁ
© 2? (D) 2 \a
2 J25-x2)°
J- A dx equals to
5/2
)z ®) =
© % (D) None of these



14.

15.

16

17.

18.

19.

Definite

2
1) = {x_1: %51 then [X2F(x) ax s equal to

0

(A1 ®) 5

© 7 ()

n+1
Suppose for every integer n, J f(x)dx=n®. The

n

4
value of ‘[f(x)dx is
-2

(A) 16 (B) 14
©) 19 (D) 21
3
The value of I ‘1 —xz‘ dx is-
)

(A) 28/3 (B) 14/3
©7/3 (D) 1/3

0

. J. [2e7*]1dx is equal to (where [ * ] denotes the
0

greatest integer function)

A0 (B) /n 2
©) ¢ (D) 2¢”!
N
[ 1?1 4x =
0
A) J2-1 B)2(J2-1D
©) 2 (D) None of these

If f(x) = J sin[2x] dx then f(n/2) is (where [ = ]
0

denotes greatest integer function)
A) % {sin 1 +(n—2) sin 2}

(B) % {sin 1 +sin 2 + (n—3) sin 3}
©0

D)sin 1 + [g—Zj sin 2

20

21.

22.

23.

24,

25.

T
f(x) = Minimum {tan X, cot X} V X € (O, Ej
n/3
Then j f(x) dx is equal to
0

) )
(A) |~ (B) | y3
(©) n(y2) (D) /n(4/3)

2
The value of I ([x2] - [x]2) dx is equal to (where [ * |
1

denotes the greatest integer function)

(A) 4+42-3 (B) 4-y2+43
(C) 4-y3-42 (D) None of these
e®*sinx , |x|<2 3
If f(x)= . then j f(x) dx =
2 , otherwise s
(A0 B) 1
©2 D)3

If f(x) and g(x) are continuous functions satisfying
f(x) = f(a — x) and g(x) + g(a — x) = 2, then

a
If(x)g(x)dx is equal to
0

a a
(A) _[g(x)dx (B) _[f(x)dx
©) 8 (D) %\Ione of these
b3 nl2

If jx f(sinx) dx = A j f(sinx) dx , then A is -
0 0

A0 B)=
(C) /4 (D) 2n
X f(a)

Iff(x) = PR I, —f(:fa);g {x (1-x)} dx and
f(a) I

l,= I g {x (1-x)} dx , then the value of f is-
f(-a)

A)2 B)-3

©)-1 D)1



26.

27.

28.

29.

30.
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1 . 2

SINX+ X d

x|
-1

sinx
(A) 0 (mﬁ
(C)2J1- x2 dx (D)ZJ-S|nx+x2 dx
03—|x|

T eXsec?x

I —ax o, X =

-nl4 e -1
()0 (B) 5
©) 2™ (D) None of these
JE2x(1+sin x)

J 1+cos’x
(A) (B) /4
(C)n/8 (D) /8

11%

If J11[x] Iog11 then value of k is
(where [ * ] denotes greatest integer function)
(A) 11 (B) 101

(©) 110 (D) None of these

Let T > 0 be a fixed real number. Suppose f is a
continuous function such that for all x € R,

;
f(x+T)=f(x). If I = jf(x)dx then the value of
0

3+3T
Jf(2x) dx is

(A) %1 B)21
©)31 (D) 61

31. Let f: R— R be a differentiable function having

32.

f(x)

\ 1 im_ [ 48
f2) = 6, £'2) = | 25 Then ™, [ == i
6

equals
(A) 18 (B) 12
(C) 36 (D) 24

2

* sec?t dt
The value of XHO T xsinx is
(A)3 B)2

O1 (D) -1

33.

34.

3s.

36.

37.

38.

X2

cos t2 dt
li 0 .
o sinx S equal to
A -1 B)1
© 2 D) -2

Lim {isec i+£5902i+ ..... +1secz1}
n

o | n? nZ n? n?
equals
(A) 1 sec 1 (B) 1 cosec 1
2 2
1
(C) tan 1 (D) 2 tan 1

If [ f(t)dt = xcosnx, then the value of f(4)

is
(A)1 (B) 1/4
(©) -1 (D)-1/4 (E)-4
. 1P 42" 43"+ 40
Limb 723 £ ¥ als [ATEEE-2002]
n—oo n
A) 1l B L
(A) B 5
C L D) P?
142743 4 +n* 1+2°+3° +...+1n°
lim S im S
X—0 n n—oo n
is equal to [AIEEE-2003]
(A) 1/5 (B) 1/30
(C) zero (D) 1/4

Let f(x) be a function satisfying f'(x) = f(x) with
f(0) = 1 and g(x) be a function that satisfies f(x) +
g(x) = x* . Then the value of the integral

1
[fe0g00dx is [AIEEE 2003]
0
e’ 5 e’ 5
A) e+—+— B)e——-—
(A) e ) (B) e 773
e’ 3 e’ 3
C) e+ -2 D) e-S-2
© e 2 2 (D) e 2 2
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39.

40.

41.

42,

43.

44.

X f(a)

If f(x) = ;T’Il = | xgfx(1-x)} dx and
£(-a)

£(a) I
L= I g{x(1-x)} dx , then the value of 1_2 is-
1

2
f(-a)

[AIEEE 2004]
(A)2 B)-3
(C) -1 (D) 1

t cos’x .
The value of IW dx,a>0,is -

[AIEEE-2005 11T-97, 2000]
(B) m/2
(D) 2n

(A) arm
(C) m/a

-m/2
I [(x + m)* + cos? (x + 37) dx is equal to
-3n/2
[AIEEE 2006]
(B) n/2
(D) ©*/32

(A) (T/32) + (1/2)
(C) (/4)-1

The value of I [x] f'[x]dx,a> 1, where [X]
1

denotes the greatest integer not exceeding x is
[AIEEE 2006]

(A) [a] f(a) —{f (1) + f(2) + ..+ £ ([a])}

(B) [a] f([a]) — {f (1) + f(2) + ... + f(a)}

(©)af([a])- {(1)+1f2) + ..+ f(a)}

(D) a f(a) — {f (1) + f(2) + ...+ f([a])}

Let F fi f[ lj here f [los d
t = + . s = J7 dt
et F (x) = f(x) + )» Where (x) Tt
Then F(e) equals [AIEEE 2007]

(A) 1/2 B)0

©O1 (D)2

L I—jSiﬂd dJ—jwd Th hich
etfox/; X an 70\/; X. I'hen whic
one of the following is true? [AIEEE 2008]
2 2
(A)I<§ade<2 (B)I<§andJ>2

2 2
O1> 5andJ<2 (D)I>§andJ>2

45.

46.

47.

48.

49.

Let p (x) be a function defined on R such that
p'(x) =p' (1=x), for all x € [0,1], p (0) =1 and

1
p(1) =41. Then Ip(x) dx equals [AIEEE 2010]
0

(A) Va1

(C) 41

(B) 21
(D) 42

Let T > 0 be a fixed real number. Suppose fis a
continuous function such that for all x € R, f
T
(x+T) = fx). If T = | F(X) dx then the value of
0

3+3T

j f(2x)dx jg

3

[JEE 2002 (Secr.)]

3
(A) 51
(C) 31

(B) 21
(D) 61

n/2

If fis an even function then prove that I f(cos 2x)
0

n/4

cos dx = V2 I f(sin 2x) cos x dx
0
[JEE 2003 (Mains, 2]

If I t (f(t)) dt = (1-sin x), then f [%} is
o [JEE 2005 (Scr.)]

(B) 1/43

D) 3

(A) 173
©)3

(b) Evaluate :

]T' |cos x| : l l :
e 2sin| —cosXx |+3cos| —cosX || gin x dx.
0 2 2

Let f be a non-negative function defined on the

interval [0,1]. Tf [V1-(F'(0) dt =
0

X

[ £ty dt, 0<x < 1, and §0) = 0, then

o

[JEE 2009,3+4+,]
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n/3 ( \
3+243
50. If J‘ &dx:klog( i \F) then k is- . )
o 3 +4sinx (logxz)
56. J log, 2 —~———— |dx=
5 /n2
A - B) = (A)0 (B) 1
2 3 (©)2 (D)4
(C) i— (D) ;— 57 Suppose that F(x) is an antiderivative of f(x) =
. 3
sin X sin2x
p , X >0 then I dx can be expressed as
e® 1
51. j dx equals -
. X(nx.(n({nx).fn(/n(/nx)) 1
(A) F(6) - F(2) (B) 5 (F(6) ~F(2))
(A) 1 (B) 1/e
1
©e-1 D)1 +e (©) 5 (FG)~F(1)) (D) 2(F(6) - F(2)
52. The value of the definite integral
) i 1) nx
J‘(ex+1 +e}-><)—1 dx is 58. zl;f[x-i— J % dx
1
(A) is equal to zero  (B) is equal to one
T I
Oy ®) 2 . 1
(C) is equal to 5 (D) can not be evaluated
c L(z an"! 1_) Dy -
© =y~ ) 52 |
59. Integral ﬁ sin27x| dx is equal to -
53. Let a, b, ¢ be non-zero real numbers such that ; 0
1 2
j(l +cos® x)Xax® + bx +¢c)dx :j (1 +cos® x)Xax® »+ bx + c)x 1
0 0 (A)O (B) —;
then the quadratic equation ax> +bx + ¢ =0 has -
i 1 2
(A) no root in (0,2) . ©) — (D) =
(B) atleast one root in (0,2) T T
(C) a double root in (0,2)
(D) none j Jx d
X =
60V 5-x0+vx
jf xtan™' x .
54. o (l + XZ)Z (A) 1_ (B) 1_
2 3
w5 ®; ©F O
5 n r Q 1
2 4 6 8 © 5 (D) none
2
1 . 1
55. j —sin (X - —j dx has the value equal to -
X

I/ZX

A Bi
@ ®) ]

© (D)2

B






