CHAPTER

Energy Methods of Analysis

7.1 Application of Minimum Patential Energy
“Among the all Geamatrically compaiinie state of B peoreenee £
stiucture which satisfy dellection boundary condition and force !
equitibrium requirement will have final slable condition wheniits
total potential energy is minimum®. |
Consider a portalframe shown in hgure ? 1.
it reactions at suppori Aare H,, f, and M, and reaclion ) \
at support B is Ag It is clear thal above porta frame is \
indeterminate and degree of indaterminacy Dg =4-3=1 \a
Assuming vertical reaction 8j as redundant (say A). \ —é-
]
Ry

B —>

For any value of A. the reactions H,, 13, and A, can be
caizulated by the condtions of equilibrium. Bul trug value af .
redundant will be when for which the tolal poiem al energy is Fig.7.1
i,

It Uis total sirain cnergy slored in frame. Then total sitain enerqy will be minimuny, wehen,

U
R
itis an application of castighano’s theorerm and based on ptincipal af feast vwaek,

=0 . {Compatibility condition)

NOTE: Sirain encrgy methed is a force method which is sultable wh an redusidants are less 1 <. Ds'* less.

7.2 Algorithm for Analysis
(it Find degree ol stavc indeterminacy 23; and wientily redundants 1 e, unkno#m reaclans or member
forces.
{iiy Find olher reactions by using equations of equeibrium i leems of redundants. !
{1y Consider theredundants as vanable and use carmpatibiity of misumum colential erergy with cespect
o redundant '

« tlanty one reaclion is redundant {say A}
U

HC 0 ()
+ Ilvworeactions are redundants (say Rand M)
u oy
T ang — bl 0 L)

{iv) Solving above compalibility conditions find true value of redundants.
’ () Using all reactions, ind B.M. and S F. in each member and draw corresponding BMD and SFD.

Example7.1:
a unifarmly dislribtrted load of W' per unit length aver the entire
span. Find the propped reaclion at 8, Use principle of minimum
polential energy. Consider effect of banding only. A f t

A prappad canlilever of span L carrigs w per unit length
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Solution:
Let Aba the propped reaction at 8. The BM at a seclion x from 8is given by,
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Tz

Total slrain energy stored in beam,
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The truse value of redundant will be when, Ihe 1otal strain energy siored in beam is minimum
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{ : A steppad beam ABC, sumply supponeu at A and ﬁxed at Cas shown in th
figure cames a umforrnly distributed load of intensity ‘v per unit lenglh aver 8C, Delermine the verllcal
7@aclion at A using energy method.
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We know lhat strain-energy stored in the beam,

M dx
[ 2

Tolal sirain energy stored in beam U= U, 5+ Upe

I

Portlon A8
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According fo the principle of minimum potential energy. the true value of redundant will be when, total
polential enargy stored in a beam is minimum.

in figure balow:
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Usg BU,-;(-
= . T AT =0 U= Ug+ Upd
From equation {ij and (i),
A5 [149{.3 mf‘}
=y —— | =
JEr 4EiL 3 12
= A= 3’3‘_%(?;
UsIng the force {llsxibility/compelibllity) melhod, analyse the struciura shown
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Sefution:

Lel the sliliness of spring be K.
Total strain energy stored in system,

U= U,‘B+U ot UW‘NJ

For true value of A,
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Strain energy In perlion BC:

MfxfromC) = -P-x [ogxsi)
] 7 L =
, (-Px)zdv A
U = J 2E] =2 Jéx‘dr
) P(LJ
= Yo = e/
' e
= —% =0 e

Strain energy in portion A8:
MvtromCp = -Pa+ A{v- L)

[Lsxs2i]




y JZL {-Pr+R(x~ L}2 dx Consider equilibriurn of joint D,
& g = [ MR APAT A
.L 2E Here, sing, = gzo.a
- Wag  F2{-Pr+Rx~L))(x- L) 595
3R i 2£1 and sin g, = 375 =0.6
i
Wy F 2 _3.
= A= {EF[ Pr{x-L)+Rlx~LF |ox cos0, = =06
e ! 5
- W 1 _iﬁe_u] and €050, = 57508
3R EIL 3 2 3 L IF.=0
[ 3 a 3 3 = F s8N0, —-F, sin0 =0
- W 1] 8PE +2PL3+§£_+I_’£.__P_’£__O] 0o SN 8 = Fipsin 0, .
R FE 3 i 3 2 = Fpcsint, = F,,sind,
W _ 1[14P8 -10P3 AL - Focx08 = F1px 08 ‘
= 3/ EIl 3 3 = 075 Fpe = Fp . i
W _ 1[Ac 5Pl : VF*' 0
- 2 Ae PL] ) = P+chosﬂ,+FDccosE)2—W=0
R EfL3 8 ; = P4 F 06+ Fpx08=W
Strain anergy stored In spring: Ap =R Fpe X BE =
A = 06F,+08F = W-P i)
v =B From eq. (i) and (i),
e T 9y
= 06x0.75 F. +08Fp = W-P
OUspmy _ 2A_A i) = 0.45F,+ DB Fy = W-P
R 2k Kk = 125F = W-P
From equation (i}, {fi}. (it} and {iv), - Fro= (W-P) -08(W-#)
U,y U  Wapnng , 1.25
= _,_+_a_n_ 38 =0 Fram eq. (i}, we get
2 oa - - 075x(W P’—oe(w P)
RL SPL i o 125
= Ei —_—5—1+ .’.‘. = Total sirain energy stored in system,
’ U= Upp+ Upp+ Ugp
5p1
= ,R=—_E_E.7 ‘ _ FA’.J )‘Lw FED KLm FEE VLD"
20 .22 T 24 2AF 2AE
Three wires AD, BD and CD P s c ’ = pAE[[OS(W PY] %5+ P 3+ [08(W- P x }
having the same cross-sectional area and of the same TR G A
meterial, support a load ‘W as shown in figure. Determine =3 AE[I 8w~ P) +3P% 4 24(W-P) ]
the tension In the three wires shown. Also show that the 5m )
horizontal movement of D equals ona-saventh of the _ —1—[4.2[W- p)"—' +3p?}
extension of BD. 2AE
The true value of redundanl farce will be that for which 1otat strain energy slored in system 15
Safution: w minimum
{i} Forcain wires: Let axial iorce inwire B0 is redundant U
say Fop = Pllension} = =0



(i

1
= m[42x2(W-P)x-1+3x2P] =0
= B4 (W-P+6P=0
= P=0583W(T
Hence force in member AD,
Fp=06{W-P

: = 0.6 (W-0.583 W) =0.250 W(T)
Farce in member OC,

Fer = 08(W-7)

= 0.8({W-0,583 W) =0.333 W(T)

Thus force in membaers dre

Fpn = 0.583 W(T)

Fio= 0250 W(T)

Foe = 0.333W(D ‘
Verlical movement of point D, A, = extenslon I wire 80

_ Papxlgy  0583Wx3 _ 17w i
- - AE T AE
For horizontal movement of 0. remove external loading and apply unil load in horizonial dirgction

as shown below:

Consider equillibrium of joinl O,
Let force kg, is redundant,

koo =k (say)
IF, =0

= 1+ Kpe8ind,-k,,8in0,=0

= 0.6 iy - 0.8k, 5= -1 : , (A
IF,=0

= K050, + k+ kmxcos{iz= o]

= 0.6K,,+ k + 0.8y = 0

= 06K, = 0.8 k- &

= o = :o,agzc:_g =133k, - 167k

From equation (A4)

.

0.6k -o.a[ﬂ%‘—'ﬁ} B

 -(1+1.334)
ko = g = H06+08K)

~{1+1.33k)
1.867

k= =133% -1.67k = 0.80-06k

Sirain energy stored in system,

(0.6+08k°x5 K2x3 {0.80-0.6k) x3.75
2AE T 2AE 2AE

1
- m[5(0,5+0.8k)2+3k2+3.7a0.8-0.6k)2}

For Irue value of &, %:—/ =0
w1
= SAELS* 2(0.6+0.8k)>:0,8+3‘x2k+3.75x 2{0.8-06K)x(-0.6)]=0
= 8(0.6+08K) +6k-45(0.8-06K =0
= 1.2+ 15,1k = 0
= k = D.08KN{C)
Hence, Fap = 0.80 + 0.6 x 0.08 = 0.848 kN

koo = ~{0.6 4 0.8 K} = {0.6-0.8 x 0.08) = -0.536 kN

Horizomtal deflection of jolnt D

PRt
0= Lg%
= AEbyp = (Pao kap % Lap) +{Pay ko % Lgp) +{(Pag % ke x L)
= {0.25Wx0.848x5) -{0.583Wx0.08x3) -{0.333Wx0.535 % 3.75)
) 0.25W
g S0 = T
175W
dup AE
Hence, .. = 0.25W =7
HD —_—
AE
A = !
o= S {Proved)
Analyse the porial lrame shown In figure and o
draw BMD. Use sirain energy method. l
4] -4 C
Sofution: ‘é' +
For portal frame,
DS =4-3=1 t 4
Take horizenial reaction Has redundant,
For true value of redundant, the stran energy stored in frame
should be minimum _‘1&_ _,i’




oM,
A 2—-({ = ib_t._'yi_:_ o]
aH 2F1
—e T weld
= =&
il there are more than one members, then
s
2Er
IF =0
= Hy= Hy=H (say)
rFy =0
= R4 Ay =P B ih]
Also, IM, =0
= Ay xL—Px% =0
P P
= RA = -2- and Rp =-2-
Teke ouler face asreference.
Mamber M %”r} Limit
AR =Hy -y 1732
8e 5 a<HL -+ Otois2
| ] 2";’, ds
o Il
= —~x2[j{ —H-y)-{-y)dy + ] (—r Hit ]( L)al} =0
L Lz
= Hfyay-L | i—-r-i‘ﬂ.]dr =0
o 0
HIZ [P 5 e
= . LN =0
= 3 t 2 L
!-: y _in.]. J'ILJ =20
= ITw®? 7
3
= H= EEP

Bending moment diagram:

Partion A8:
M, {y from A) = -Hy(linear) [0sy=<l]
at y=0 MAZO
3
L = L = —HL=-1p
al y=L; M, P
Portion BE:
P L
M (xligm B) = —x~H-L [Oc_rs—}
S 2 2
= M, = -g.(~%Pl_ (linear)
. 3
L ox= f= —— P
al x=0 My m L
P L 3P
X =02 AN N
ar x= U2 Me= S5 PRl
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2n e
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7
™
f
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BMD Elastie Curvg
= . ~d

7.3 Unit Load Method
Unil load method also referred to as melkod of vidual work was deveioped by John Bernaulliin 1717, In
this method a virtual unit load is applied al point of deflection (&) and in the direction of deflection.
By applying principal of work and energy.
External virlwal woark = nlernal virlual work

o g 9 {f)
vhere structure consist more than one memtiers, ten '

A= z %Tn' dv

wihiere, M = Bending momient al any sechion due o gqiven loading.

m, = Bending mornent at any section is applied, when externat Ioading is removed and
aunittoad is applied at a point where dellection is required



The unil load malhod can also be used lo find rolation at any peinl in a structure. Fotation at any point
can be tound by

Mm,
0= dt’
1 |
where, M = Bending momanl al any seclion due (o given loading.

m, = Bending moment al any section, when exiernal loading is removed and a unit
concenirated moment is applied al a point where rolation is reguired.

7.3.1 Algorithm to Find Slope/Deflection
{} Find external supportreactions. .
(i#) Find gxpression of Mfor all members due lo given loading.
(1) Remove exicrnal loading and apply unit load or unit moment at thal point where sfope or deflection
isrequired.
(v} Find expressich of mor all members due Lo unil Yoad or unit moment.
(v) Apply farmulae lor slops and deflection.

Mmy dx
8= L=
Mir,
B = z ‘—E:T dx

NOTE: Unilload meihad can be applied lor bolh prismalic and non-prismalic members.

Example2.6 Detormine the dstlection and rotation at he fres end of the cantilever shown
In tigure. Usa unil load method,

P P
k! |
al = —Ic
F L } L -
Solution:
For given beam,
Dallection at iree end is given by Poxtlon | CB BA
Origi ] B
8- Z i'f—n—']l dr rigin
Es Umit | O-L o-L
J( Pil=x) 5 +I[F’(L+r +P"i("+L),m, M | Py | -P{L+x)+Pr
£21) m - (x4 1)
. x4l
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.

Py ; I.ZE [+t 4205 7+ L)y

e
o
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=138 Jate
P 2 2
= Yl X O't+j(2x +3ix+%)dx

i
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i
2
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23P°
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Rolalion al free end is given by,
‘ 8= Z Mm’ tx
i (-Px) (-ds F [-AlL+ )+ P){-Dax
! 5 El 2Et
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Example7.7
unit load method.

Find the verlical deflection of the free end for the Beam shawn in figure. Use
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Solution:

(i) Support Reactions due lo given loading:
Let A, and 7l be (he verlical reactions al 4 and B
. . EF)‘ =0
= R+ Ry=P L



=

;f:fs =0

fis xL+Px% =0

P p
Ri‘= "'é‘ OT—E(-L)

From (i}, we get

A 8

RA=§ ‘L TRJ: ng
! L ~ !
(i} Suppori reactions dua to unll load at C. Similarty
J
1

RA-?kNl TRA=%kN

b L i b—i

vhere M= B.Matany soction due (o given loading

=BMatany sgsclion due tounilload al &

vertical deflection al C,

JMm‘
o Lo
= fDL Px:d.\' +ch ? peldix

h

g
{

sof2]
orle] -2

lr

Poion| AB | CB
Qrigin | A c
Lmit | 0-L °‘%
M —%l -Px
m, -é. -
E/ E!

Delermine the vartical and horizonlal delleclion al lhe free end of the bent
shown in tigure. Assume flexural rigidity £/ throughout s bent is uniform.

I e s e
1‘0
[>-]

A

o b e L ——]
Solution: .
For verlical and horizantal deflection al £ apply unitload at £ in vertical and torizontal direction respectively.

c ___.2__._. .__l c LS £ :
E
B a
Al A
For given benl,
Taking ouler lace as reference face
Portion e | oc cB ga |
oigh | E o | ¢ 8
Limit O-t 0o-t O-t Oo-tL
M 0 -2 Px 2P ~-2PL-Py
m, - Hten | -2t 2L
n, 0 0 -1 -( v L)
MO Ny i 1 1

vhere A= Expression of B.M due to given loading
m, = Moments due to verhical unil load al the free end
m, = Momenls duc to honzontal unit load at the Iree end
The vertical dellection of Irec end 15 gien by,
Ay
‘Ag.' = L Ff dv
= 0. [ 42P .f_ fod B 2PL)( 2Pl_)rh LoerpLe Py (—oD)ax
j j o[ Ei




1l

X :
E_‘I [j [2Px-2P +aPi? v api2 & 2PL] dx]
0

1 t ‘2PL .L
5{[-29:’24-4&”-8/:[2}0.-: = Ei[—"o+2u+4f‘2]dr

= % [[-l;]; + zL[%:-]:Jr 48[&;'

3 o oy 3
2P[—£‘—+ s 41!.3] = ?—BEL—(‘L]

The hofizontal dnflection of free end is given hy

Agy =

Erl 3 &1
Mm,ox
by Er

L i
~ O+O+.f (—2R2:’(,—x)d.\ +J _[2PLA Py [{x + L]
o

! Ef

L i 2 2
%IEJ'L"dV '}J‘(ZPLH-PA + 2P1¢ + PLx)dv
L] ¢}

El

2PL PL
— | Letlx + — 4oL~L2Ld
Elitx Ei(\ 1

P [sd 2 29pP
{j(si_u ¥ +2L2)d] E--[ST+%+2E] - S

béam shown in figure.

Salution:

{i) Rotalion atEnd A
Reaclions al supports due 10 given loading:

LS

Determine the rolation sl A and vertical defleclion at end Din the overhanging

Y
m<_[°u
(3]
o€¢—T

J I
L L
R e e
£f 15 constont

o]

iy = 0 f T
R
Lot : Re
Rixle =2Pugabuse0 L e bt
PP
H_‘=p_5=-2.(‘fj .
F =0

B
P
= Hc=3P-—RA= GP-E
5P
= Re= ?(T)
. 1kN-m
Reactions al supports dus lo unit moment at A:
A 3] e] o
IF,= 0
= A+ R 0 (i} R‘T TR;

Alsa, ZMC =0 j—1 J i I i i
=1 Roxl+1=0 L .
AR |

=] RA = -vZ = Z(.L)
From (i}, we gel
1 m
Ry = Z{i)
Partion AB BC oc
Origin A 8 o
Limit 0-% o-% o-%
Px P L
M 7 A (5 ) 2 ~Fx
m .z St
t ¥ i 1 (Z#I}L i}
14 £ Er 2E;
where, M = BM at any seclion due to given loading
m, = BM al any section due 1o unit momaent at A
Rotation at A,
Mm,ds
D, =
4 I £/
. .
- ,jgi x 3P{L-6x) P(L-21)
Em’.‘— h Y—*L dx+j° d—-——é}—:—*-io
o) 2 2L 8t 21,

R+ Ay =GP

[E(2)- B, Ry pf ), 2 2V
NEVINEINC L 2) 23
L
BT I T - R T

oL

A= m())



RS

(i) Vertical deflection at D; ' PN

Reactions al supports due o unii‘lnat alA: M a ’ ¢
IF,=0; R+ Ry= 1 .0) T , T o
R, R,

L .
I,=0, Ryxbl+ 1x~2— = 0 &‘,__%__.[_,__%,__4._‘_%___4

A = ;%km OFEM, = %kN(l]

From (i}, we get

: Porlion | 1AB BC DC
- 1
Rz -1, =14~
eT T "2 Origin | A B, D
3, i } L L L
RC = Ekhl é} Limit U'; 0"5 0'5
where M = B.M al any seclion due to gi',:en loading M 221 _[_ , ']_2,, s
= B.M at any section due 16 unit load at &2,
. _x s _
Verlical defleclion a1 D, - m z 2(2 ! ’] 1‘
Mmds B | € 261

o= [=5—
e B8,

-P t 2 ‘p L ¢ 2
= Tj:,t Ox- -EJ: {L-6x)(t + 2x)ax + PJ'H? Ady

d +f ~Px){-x)ds

: :
- :Eejs,t?dx—%j;l ("-2 —A4Lx - 12.:’)«1\- + PJ:* 2o

1
t
i)
Jr————y
Ik
S— )
'
[
r
=
=
2
2N
1
-
m!,‘?
"
F5is
+
e
[=s
| ———)
N

96 162 2 2 24
- At ol ;

B R
3

= =P
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@?mﬁshﬁaﬁﬁe Examples

I<_-H

Eﬁamplg?.rm Analyse the [rame shown balow and 8 Sm
draw BMD. Use strain energy mathod. £/ is constant.
Solution:
Lel lhe verlical reactions al A and Cbe 7, and A, respectively. £4 .
" " ¥
Reactions: RO
Let, HC =M
IF, =0
= Hy-2%x6+H =0 A
Also XF. =0
4 ) m/.c
= A+ R, =0 L&) 8 6m
Also, XJUA =0 .
= M-GxA.-H%GE+2x6x3 =0 TR;
= M;~6 A= 6H+36 =0 E
g 6.m
= M.+36-6H = 6A, ~
M,
. R, = 6-H+—L
€ [
12—

Hence, A= fe=n-TEg
Letredundanis are Hand M, . TR.
No ‘ LMo M’ds

ow as we know, 2E7

The value of Hand M, will be such Ihat Ihe tolal strain energy is minimum i.e.

u o
= N | £ =0

Similary, - ‘ 5%1 =0
g

ant
5 ﬂ}]f‘-’ﬂ::db L
7] b

The 8.M. (M) atany section R

-
below.

vt
and s—— for the trame are tabulaled




oM M, L

“Member | Origln M % ‘a'ﬁc*' - Limlt
A8 A (!2—H]y—2y-% | o | ows
8C c (E—HJ%C—-]J-M: - %_ Olob

From equalion {i), we get

[(12 Hyy -2y ]—y)dy

{{5 “H ¥ %Q).\' - Mc} {~x)ox

3 E7

- f(12y~}~fy-—y2)+f(

0

<

]
;0
"! El

) {-¥)dx =0

. v
= J("12}’2+"’3’2+.V3)0y+J'[ 6,\ +H\ M_,l' Ar)d.r:O
¢
= [-12}’3 53_ H‘ -"3+M3“2]z~o
+—*“ 18 2 by
68 Hx8 6 6x6 Hx6® Mx6® MpxB
= 2%+ + =0
= g3 8 2
o <8B4 + 72H + 324 - 4324 T2H- 12 M + 18 My =
= 24+ M, = 162 . v : i)
From cquation (ii). we gel
~ A, x
B q{(ﬂe_my-zr—g](o)dy {(D-H‘f—;-]»\'-Mc}(é—!)dx_0

£/

4]

+

D

E?

G [B.\‘—H,\' Mq‘ —M«-](f—1)
= f 8 dr=0
D

E.'

= 6 36
2 K| 3 M2 67 HE e

S AL L o ML~ ST
37 e 12 22 T b
l 60 Hxd' M.x8

- |8 -

3 8 108

h 6 s:<5?+uAG? Mg % G GMC]»'—
12 2 2 12

= 72-12H+ 2M; - 3M, - 108 + 18H-3M, + 6M.=0
= M.+3H=18
Solvmg {ii}y and (iif), we gel
H = 6.8571kN
M, = <25714N-m
H.= H=68571kN
! H, = 12-H=51420 kN

? A, = H-%-s 58571+3-§-73-6

Ry = 1.2656kN
ncgs_m-""-éc— 6-68571+ ( 265?’]

Bending moment diagram:
Taking outer face as relerence lace.

Portion 148:

My(yflomA) = HAy-Ey--‘;—, = 5.1428y -2

al y=0 M, =0
a y=6; Mp = 51420 x 6 - 67 = -5.143 kN-m

M,
For M. d 7 =0

5.1429-2y =0
y=2571m
M, = 51429 2571~ (2571)
= 8.61kN-m

For M, 1o be zero,
51420 y-¥2 =0
y(8.1428-y)= 0
=0and y=>5,1429m

Partion CB:
Mxlrom C) = Agx - Mg [0sx <8
M = -1.28561 + 2.571

'

0.857 mI

al x=0; M, = 2571kN-m
al x=6: M, = ~1.2856 x 6 + 2.571
=-5.143 kM-m r = 6.69 k£

For M 10 be zero,
~1.2856x +2.571 = @
r=1998m=>2m

iy

{0sys 6]

2573 kNm

5.143Nm T

,/(—/ 2 m-s




Analyse tha portal frama shown a8 c

T 120 kN
In tigurp and draw BMO using strain energy method. £f Is i
constant, E
Solution: 1
Reaction: A “L
Consider H,= Has redundanl e b3 e
IF, =0 ) !
= Hy+ Hp= 120 s c
= Hy=120-1{=)  ..) 120 kN
ZFy =0
= R.+Ry=0 i)
M =0 :
= A,xB8+120x4=0 " {F=H) S Hp = (120H)
= R, = -80KN{{)
and Ry, = BOKN(T) R‘T T“ﬂ
The value of Hwill be such that the total slrain energy is minimum i
au M 5-—ﬂi’dS
o — aH - 0
arH I

M
The B.M (4 at any seciion and carrespanding value of %7_?

for the frame are labulated below.

For member AB:
Consider a section at a distance S lor Aalong the member
M= 80c + Hy
vhera, x=Scosl= Sx g M
5 Membor| Origin L] 57 | Limit

. 4
¥=8sinB=5x

s AB A | 4BS+08HS {08S| 0l06
3 4

M= 80x_S+Hx S Bc | B |-80@+g+4H| 4 |owa
M=~485+08HS foe} D { -{120-fhy y | oto4

oM

M-- . ds
- \'j aH =0
S T

4

5 3
» [(-485+08HS) (0.8 ds+ [[-80(3+ x)+ AH]-d ch+ [-[120~H]y-y oy = 0
g 4] a

5 3 4
= (3848 +064HS")aS + [[-960- 320 + 16H]ch + [[- 12047 + 1P [ty = 0
3] a 4]

4

sT Bl 27 :
33.4[31 +0.64 Hl—.’fL ~960[<f - 320[%L +16H[c - 120[_’:’;12 ¥ H[}g_]: =0

= -1600 + 26.67 H - 2880 - 1440 + 48 H - 2560 + 2133 H=0

ES : 96 H~ 8480 = 0
= H=88.33kN
Bending Moment Diagram:
Porlion AB: }
M, (Sfrom A) = —485 + 0.8 HS [0sS558)]
M, = -485 + 0.8 x 83335 '
at. =0, | My=0
al S=5m; Mﬁ.z-48x5+0£:<83.33x5:+113.32kN‘m
Portion 8C: ' i
M, (x (rom B) = -80 {3 + X)+83.33 x4 [0£1<73]
M = 93.32-80x
e 146,68 kN
al x=0 My = 93.32kN-m T
at =3, M~=9332-80x3 @
= ~146.68 kN-m £ % §
Parllon DC: .
M,(yiom D} = (120-H)y [0sys4) e
M, = -(120-83.33) y
al y=0, My=10 :
al y=4, Mg = ~146,68 kN-m A [
‘ BMO
Analyse the closed frame as shown In figura, Also 4
draw bending moment diagram. £7 is conslant, A—L a I
L L
Solutlon: 2 ?
Consider equiithrium of one half posilion as shown below, L I3

Consider M, be the redundant.

The {rue value of redundant Mwill be (hat for'which total
slrain energy is minimum i.e.

au
o,

3 (AMds

= — =t . ¢
arM, ! 2Er

i,
. ! vriM as

R

2Er
oM m s
Also, by j_lfl]_ -0 e




The BM (M,) al any seclion and the corrgsponding values of g:’; for the frame are tabulated bealow,

From equation (i), we get

h M :
£ Mombar {Origin{ M, | === { Lmlt
LA —) ¢ A .
f (i) L 2 (2" M"]( Ll Mol
£
¢ ea | g | M | - om%
L2 L2 p
= f“’bd}' .[( ]d‘ =0 AG | A %x-MG -1 ol
P 2 Lz L2
= .~.«fo[y};’~_~[Ll +i (% =0
2.2
' o) )
= — e ‘l" =
M"[a} 4[2 °
;:[2
= %L—Tg =0
: PL
= M= 15
Bending moment diagram:
Teking outer face as reference face.
Partion EA:
PL B
L s 3 .
AM_{y from E) = —M, [Osys—]
yirom £) = —Hy 2 et alh G A o
T 16
My: "G (Constant)
Portion AG; 4
16
P AL L 2 -}
M. (xTrom A} = ES"'?E [051’55] ¢ 37%(:
- /
A T ./(*)
L AN FL
L PLFL 3PL 16 D;’/ H g %
at r=c Mg= —-—2=
2 4 16 16 o oL
76 6
Sinee loading is symimelrical about G. Hence BMD wil % BMD

be symmetnical about G.

: Determme the horizontal disptacement and rotation at roler support in the
[rame shown in hgure Efis conslanl.

g
£
™|
10 kN ~—-
E
il
LS
22y
Solution:
Support reaclions:
' If =0 £
= 10-“& =0 ™~
Hy = 104N ()
z Y= Q -
= Ry + FID =20 o
Also, M, = l o
= A x4+10%3-20x2=0
= R,‘ = 25kN (T L J
and = 175 N (T Aub2mfe-2m— R,

For displacement and rotation of rouar suppori, remove exiernal lcading and apply horizonial unitload
and unit momant separalely as shown below,

B c 8 : o4

He=1kN A ) 1hy LA 3 e

' 7 mT VSN
Taking ouler face as reference face.

Partion AE EB 8F FC o
Origin A E B c D
LimK 0-3 0-2 g-2 0-2 | g-5

M 10c [ 10(340)~ 105 [ 10%5-16x2+2.50 | 17.5: a
=30 =30+ 2.5¢

my v i3+ 5 S x

m, 0 0 4x LY {

& Er Er Ei Er &




vhete, M= B.M al any seclion due {o given loading
m, = B.M at any seclion when only unil is appliad al O
m, = 8Mat any section when cnly unit moment is applied al D

For horizontal displacement of roller
_ Mrm, dx
AQH - Z .[ Ef

3 2 o, 2 T2
_ 7{10x)rdr T 30{x+3)dv  F(30+25:)5dr (175504
o +£ ] "i & +£ g

3 ‘2 2 2
[{ 105 dx + [ (36 + 302) + [os0+ 12.5x)dx+ [ 87.5x dx]
0 ] ] a

1 [t“l: 2 < ¥ S ¥ 2 §
iy o= Q . — — —
= 10 3 11-.,0{.:]34»30[2L+1501xg+12.5[2]04-87‘5{2]:'
1[10
E!['

-

n

5”‘3)%;90“(2)*%"(2)2*150*(2)+L2éé(2)2+§7§§12)2]

%[90—!1804‘60-»-300«* 25+175)

830 '

A A‘H:-E-F. {—)
Forrotationat D,
Mm,dx
9, = 200
o ZJ‘ El i
2{(30+25:) Sdx 2 {17.5.r)(1—£]d.r+0
= 0+04+ 4 + 4
{ Ei { Et
[2 2
= 57| [0 8e+ 025" 1dn s f117.55 - 43755 dx]
O [+] .
1 2
o { (25:-3.75,\'2)de
_ 25x:i_375£]2=.t[25*2’-3‘?5*2’]
£t 2 T3l el o2 3
: .10
. 0= 5 (L)

Summary * Thestrain enargy slored in bending is

U [Meas
o) 2Et
* Theslrain enargy stored due 1o shear force is
~ _[ S ds
T 2AG
where,  Ar = Reduced area due to sheac
G = Shear modulus
+ The slrain enargy due lo axial dup axial {orce is
‘ ) P’dyx
u=J75
» - The sirain energy due lo lorque is
T2
U= J’ 19X
2G1p

« 1l a structure have redundant reaclion, then the true value of redundant will be that for

which the lotal strain anergy slored in minimum,
' aw

i.e. — =0
2R
¢ According to unil load methed, the dellection of any pointis given by
Mm,
A=|—=—ds
| I
*  According 1o unil load melhod, the rotation of any point is given by
4= J- Mﬂzﬁ
Ef

Where, m, = BMat any section duc to unit load at that point
m, = BM at any seclion due (o unit moment at thal paint

?_ Objective Brain Teasers

Q.1 Thestrainenargy dueto berdinginthe cantiever Q.2 The unitload methed uszd in structural analyss is
(4) apphcable only to stalically indelerminale

beam shown in the tigura is

P struclures
4 | . ¢a (b) another name for stiliness method
| (c} anextension of Maxwell's reciprocal theorem
f L i {d) denved from Casligliano's thearem
2,3
(@) % (1) EEL! Q.3 - For ahnear efastic slructural system, rnimnization
ol polential energy yields
@ P @ _E (@) compatibiliy conditions
Er 2E} () constitutive relations



(c} equilibrium equalions
(d) strain-displacement relations

Verlical reaclion developed atl 8 in the frame
below due lo the applied load of 100 kN (with
150,000 mm? cross-sectional area and
3125 x 10 mm* momaent of inertia lor bath
members}is

100 kn

e i
(@ 59kN (b) 30.2KN
() 66.3KN {d) 94.1kN

The sirain enargy slored in member A8 of the
pin-jointed (russ as shown In figure where Eand
Aare same lor all members, is

A [

\LP
2P°L L
@ —5F ®) ZF
Pt .
(c) AE (d) Zewo

Maxwell’s reciprocal theorem is valid

(a) lorall stalically determinate structure

(b} Tor all stuclures

{e) lorall elastic structures

(<) for all structures with linear forco-
displacementrelation

A simply supported beam of span L and Rexural
rigidity £/, carries a unit point load atiis cenire.
The sirain gnergy in the beam due 10 bending 1s

I ' 4
@ FE IR AT

I I
© g5 @ TeE

Q.8 Assenion (A); In the analysis of rigid frames

by the energy method, il is usually considered

sullicient to calculale the lotat strain energy due

lo Nexure only.

Reascn (R): The strain energies due to axial

force and shear are normally insignificant when

compared lo 1hal for flexure.

(a) bolh A and R are true and R is the correct
explanation of A

{h) bolh A and R are rue but R is not a correct
explanation of A

{c) Aislrue but R is false

{d) Aisfalsc bul Ris true

Answers
1. (b) 2 (d) 3. (a) 4. (a) 5.(d)
6 (d) 7.(c) 8. (a)

[V}

Hints and Explanations:
1. (b)

) LMy p(Pfax PR
Strain energy = J'ﬂ e = Io e RE

2. (d)
Unil foad method is used 1o find dedleclion at any
point of structure. It is derived from Castigliano’s

theorem.,
2= W au I DM dx IM"ITd\‘
h1e; 0 Ei
4, (a)
100 kN ,
A —--—-—-—-——L [}
R i

Dellection al Ain beam AB
=Compression in column AC

(10-R/f _ AL

CH

3£ AF
(100 - Ay x (1x 1000 Ax1000
3%3125x10° 150000
100 - R = 0.0625
100 = 10625 R
R=94.1kN
Vg=100-R
= 100-94.1
= 5.9KN
Daegree of slalic indelerminacy
D=m+r-2f
=5+ 3 2x%4
( =8-8=0
H,
- 2 g;" v S
A )
L vy
N a5

Ve

» Truss is delerminate.
Now, from equalion of equllibrium

xFrz 0
= V=P
also, IMp=0
= Pxl+Hxl=0
= Ho=-F

zFl 0
= Hy 4 Hy =0
= Hy=P
Consider joint 5,

F

H, —vI_Q Fo.

YF, =0
= Fg=-P
}:Fy:O
= FAB=0

. slrain energy y-stored in members AB,
/. J (Fa 2'2%':'7__-‘ =0

Allernate Melhod: Since al joint “C there is no
any exiernal force therefore force in member CA
and CDwiill be zero.
Now at joint ‘B only horizomal support reaction is
al Band that will be equal lo force in the momber
80, Sa foree in the member B4 must be zero.
Therelora sirain energy in member AS

2 g,
Uy = J(F,m —x

Ug=0
(d

Maxwell's reciprocal theorem is vahd for any
struclure which Is linear elastic in which Hooks
lawis valid, temperature is constant and supports
are unyielding.

Hence option {d} is cotrest.

{c)
25!
]

A £ B8
Q‘smr To.sm
=05 Lom—spsa— 0.5 L]

M =050
1
-x | dr
Mdr ts®
U=2U,,=2 2
I 2&1 L 2E¢
1
2 S 1R
Y= 5 ?j~ 451[ }
P
96 E7



Allemate Approach:

We know, sirain energy,
U= work done
1 1 P e
U= 5xPxa = oxPx o Er = 567

Conventional Practice Questions

Q.1 Analyse the propped cantilever beam shown.

Also draw bending moment diagram.

2 kNim B
A gwmﬁccmc
t

P 10m
£lis constant,

Im—=

Ans, A= 14.85 kN

Q.2 Calculate the supporl reaction for foflowing
conlinyous beam and draw bending moment
diagram. Use strain energy method.

256N 4N
;\L- 8 c l £
A A& 0 B

frdmrb—— m——— e A mesfe- 4 M

£lis constant.
Ans, Ry = 3688 kM, A= 0.8736 kN, Re=1.938 kN

Q.3 Analyse Ihe lollowing portal frames and draw

BMD.
KN
g 3Am ism_¢
13

im
4 —
2m
A

(@

Here P= 1kN,
I
o U— §'é-'57

Hence oplion (¢) is correct.

!

10 kN
8 <
15m £ 15m
2m
— 4m
Zm '
F.ﬁA'ﬂ <—:Hu
. TD
o) o

Ans. (i} MA = -8.3 kN-m, HA =4 KN, A, =3.1kN,
Rp=4.9kN
(i) Ry= 7.2608 ki, Hyy= 1,396 kN
Q.4 Determine the ver‘iical deflection of end D. For
the bend shown below. Take diameter of rod

100 mm and £ = 200 kN/m?.

| o
Al 3m i

]
r 1
500 kN 1m

N

D)-—~2 m—ei <

Ans. ;\'D =69.90mm



