Quadratic Equation and Inequalities

GENERAL POLYNOMIAL

Anexpression writtenas, a X" +a X" '+ ... +ax+a

n-1

wherea,a,a,,.......

degree n where (3 #0,n € W).

,a_ € Ris called a polynomial of

Ifa,a,a, ...

cofficient polynomial.

,a € C, then it is called complex

QUADRATIC POLYNOMIAL

ax” + bx + ¢, is a polynomial of degree two in one
variable, where a # 0 & a, b, ¢ € R. (a — leading

coefficient, c — absolute term / constant term)

Ifa=0 then above expression redues to, bx + ¢, which
kown as linear polynomial (b # 0). If ¢ = 0 in linear
polynomial it reduces to, bx which is odd linear

polynomial.

QUADRATIC EQUATIONS WITH REAL COEFFICIENTS

The expression, ax®> + bx + ¢, where a, b, ¢ € R and
a # 0 is called as a quadratic expression in x. The
quadratic expression when equated to zero, ax?> + bx
+ ¢ =0, is called as a quadratic equation in x. Where
the numbers a, b, ¢ are called the coefficients of the
equation.

The values of x which satisfy the quadratic equation
is called roots (also called solutions or zeros) of the
quadratic equation.

This equation has two roots which are given by

—b+/D
X=——,

2a

where D (or A) = b? — 4ac is called as discriminant
of the quadratic equation.

If oo and B denote the roots of ax? + bx + ¢ = 0,
then,

D

al

S

) oc+B:—§ (ii) ocB=§ (iii) [ o0 =B =

SOLVED EXAMPLE

Example-1

Sol.:

If o and B are the roots of ax?>+bx+c=0 and
v, & are those of x>+ mx + n = 0, find the
equation whose roots are oy + 36 and ad + By.

ax>+bx+c=0 has roots a and b
. (x-}-B:_B; aB:E

a a
Ix* +mx+n=0 has roots y and &

m
Ly+d=——
oY p

The  required
x2 = (oty + B8+ od + Py)X + (ory + P8)(ad +Py) =0

Sy §=—
7’Y l

quadratic equation  is

Where oy + B8+ ad + By =(a+B)(y+8) =

(oy +Bd)(ad +Py)

n( b>-2ac ¢ m?>=2n/
= — +_
! a’ a ?

_ In(b®-2ac)+ac(m’ —2n /)

2[2
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. a’l*-x* —ab/m x +/n (b* —2ac)+ac(m’>-2n/) =0

NATURE OF ROOTS

. Consider the quadratic equation ax*>+ bx+c =10
where a,b,c € R & a# 0 then ;

(i) D>0 < roots are real & distinct (unequal)

(ii) D=0 < roots are real & coincident (equal)

(iili) D <0 < roots are imaginary

(iv) If p+iq isonerootofa quadratic equation, then
the other must be it’s conjugate p—iq & vice

versa. (p,qeR & i=4-1)

. Consider the quadratic equation ax>+ bx + ¢ =10
where a,b,c € Q & a=# 0 then ;

(i) If D>0 & isaperfect square, then roots are
rational & unequal .

(i) If a=p+ ﬁ is one root in this case, (where p is
rational & 4/q 1is a surd) then the other root must

be the conjugate ofit i.e. B=p— \/a & vice versa.



SOLVED EXAMPLE

Example-2

Sol. :

Determine the values of m for which the equation
5x%% —4x +2+m(4x> —=2x —1) =0 will have
(a) equal roots

5% —4x+2+m(4x> -2x-1)=0

(b) product of the roots as 2

(5+4m)x’ —2(m+2)x+(2-m)=0 (D

(a) For equal roots, the discriminant of (1) should be
equal to zero.

s 4m+2) -4.(5+4m)(2-m) =0
=>m’+4m+4-(10+8m—-5m—4m’)=0

=5m’+m-6=0 = (Bm+6)(m-1)=0

me® o me
= 5 or m=
2-m
=2
(®) 5+4m

8
2-m=10+8m=>m=-1

RELATION BETWEEN ROOTS AND CO-EFFICIENTS

(i) The solutions of quadratic equation, ax*> + bx + ¢ =0,

-b+,b’-4ac

2a

(i) If a, B are the roots of quadratic equation,

(a#0) are given by x =

ax*+bx+c=0 .. (1)
then equation (i) can be written as
a(x—a)(x—p)=0

or ax’—a(at+P)x+acp=0 ... (i1)

equations (i) and (ii) are identical,
by comparing the coefficients
sum of the roots,

b coefficient of x
atp=- 2 coefficient of x’
and product of the roots,
c constant term
of=—"="_"~~ -~ - 3
a  coefficient of x

(i) Dividing the equation (i) by a,
b c
x*+ —x+—-=0
a a
-b c
= xX*—| —|x+—=0
a a
x2—(a+B)x+ap=0

x*— (sum of the roots) x
+ (product of the roots) = 0

Uy

Hence we conclude that the quadratic equation whose
rootsare o & Bisx>—(a+ B)x+apf=0

If A= b*—4ac>0.

Now consider the following cases.

Case Nature of roots

Case-1 a>0, b>0,c>0

=>a+p<0,0f>0

Both roots are
negative.

Case-1I Both roots are
opposite in sign;
Magnitude of
negative root is
more than  the
magnitude of

positive root.

a>0, b>0,c<0
=a+p<0,0B<0

Case-III | a>0, b<0,c>0

= a+f>0, af>0

Both roots are
positive.

Case-IV | a>0, b<0,c¢<0

=a+p>0,0B<0

Roots are opposite
in sign. Magnitude
of positive root is
more than
magnitude of
negative root.

Remember :

@ Roots are rational < D is a perfect square.

(i) Roots are irrational < D is positive but not a
perfect square.

(i) Ifa+ b+ c=0,then 1 is a root of the equation
ax* + bx + ¢ =0.

@iv) If @ and c are of opposite sign, the roots must be
of opposite sign.

W) If the roots are equal in magnitude but opposite
in sign, then » = 0, ac < 0.

(vi) If the roots are reciprocal of each other, then
c=a.

(vii) The quadratic equation whose roots are
reciprocals of the roots of ax? + bx + ¢ = 0 is
cx? + bx + a = 0 (i.e., the coefficients are written
in reverse order).

(viii) If a =1, b, c € Z and the roots are rational
numbers, then these roots must be integers.

(ix) If ax? + bx + ¢ = 0 is satisfied by more than two
values, it is an identity and ¢ = b = ¢ = 0 and
vice-versa.

®) If P(x) = a;x? + b,x + ¢, and Q(x) = a,x* + b,x +

¢, then P(x). Q(x) = 0 have atleast two real roots
if D, +D,>O0.

Condition for a root of a quadratic equation
ax? + bx + ¢ = 0 to be reciprocal of the root of
ax?+bx+c =0is

(cc' —aa')? = (ba' — b'c)(ab’ — be")



SYMMETRIC FUNCTION OF THE ROOTS GRAPHS OF QUADRATIC EXPRESSIONS

A function of o and P is said to be a symmetric Let f{x) = ax? + bx + ¢ and a,p : a <P, be its
function if it remains unchanged when a and 3 are roots
interchanged.

) a> <
For example, o + B2 + 2ap is a symmetric function Ha>0and D<0 < f(x)>0 V. xeR

of o and B whereas o — B2 + 3af} is not a symmetric
function of o and .

In order to find the value of a symmetric function of
o and B, express the given function in terms of

o + B and af. The following results may be useful. —2%,
() o + p* = (o + B)* — 20 o and B are complex conjugates
(if) o + B = (o0 + B)° ~ 30 (a + ) (i)a>0 and D=0 & f(x)20 V xeR

(iii) ot + B* = (o + B%) (a + B) — o (a2 + B?)

(iv) oS + B5 = (o + B3) (o + B?) — o2B%at + P) \ /
) |a=B| =+ B)* — 40p

(vi) a2 — B2 = (o + B) (o — B)

(vil) & — B3 = (0t — B) [(c + B)? — ]

SN 44 _ 2,2 —-b
(viil) o~ B* = (@ + B) (@~ B) (o2 + B?) 90w x=22
QUADRATIC EXPRESSION (iii)@a >0 and D > 0; then,

Lety=ax?>+bx +c

_ a{(ﬂif EJ () b@{

2a 4a’
Jx) >0V x € (=0, a) U (B, )
. —b -D Sx) <0V x € (a, B)
(1) represents a parabola with vertex | -7 7 °~ b
f(X)pin =— . atx=-
_ 2a
and axis of the parabola is X = 2a (ivia<0 and D<0 < f(x)<0 V xeR
If a > 0, the parabola opens upward while if a < 0, _b
the parabola opens downward. The parabola cuts the 2a
x-axis at points corresponding to roots of
ax? + bx + ¢ = 0. If this equation has
(i) D > 0, the parabola cuts x-axis at two real and
distinct points. .
b o and 3 are complex conjugates
(i) D = 0, the parabola touches x-axis at X = £ (vya<0 and D=0 & f(x)<0 V xeR
(iii) D < 0, then; _
if a > 0, parabola lies above x-axis. 2a
if a <0, parabola lies below x-axis.
eg.
1. y=x2
y= X -b
= X = —
fx)=0 at 7
(vi)a<0 and D> 0 ; then
2. y=-x*+3x-2 /_\B
N %
1 2\ f(x)<0 V xe(-oo,a)uU(p, o)
y=-X+3x-2 f(x)>0 V xe(a, B)
f(x) ——Batx:—L

max 4 2a



SOLVED EXAMPLE

Example-3

A quadratic equation p(x) =0 has 1 + /5 and 1 — /5

as roots and it satisfies p(1) = 2. Find the quadratic

polynomial.

sum of the roots = 2, product of the roots =— 4
letp(x)=a(x’—2x—4) =p(1)=2

= 2=a(l’-2-1-4) => a=-2/5
p(x)=—2/5(x"-2x—4)

Sol.

Example-4
The quadratic equation x> + mx + n =0 has roots which
are as twice as those of x> + px + m = 0 and m, n and
n
p # 0. Find the value of ; .

X’ +mx+n=0 <
2B
o
and xX*+px+m=0 <

p

2(a+B)=—m (1)
4o0B=n w(2)

and at+B=-p ..(3)
oaf=m we(4)
from (1) and (3)

= 2p=m

and from(2)and (4)

20,
Sol.

n 4m
= 4m=n :p :m/2 =8

Example-5

For what values of m the equation
(1+m)x*>—2(1+3m)x + (1 +8m)= 0 has equal roots.
Given equation is
(1+m)x>—2(1+3m)x+(1+8m)=0

Roots of equation will be equal if, D= 0.
4(1+3my’—4(1 +m) (1 +8m)=0
4(1+9m’+6m—1-9m-8m?)=0
m?—3m=0or,m(m-3)=0

m=0, 3.

Sol.

uuy

Example-6

Find all the integral values of a for which the quadratic

equation (x —a) (x— 10) + 1 = 0 has integral roots.

Here the equation is x> — (a+ 10)x + 10a+ 1 = 0. For

integral roots D should be a perfect square.
D=a?-20a+96.

= D=(a-10*-4 = 4=(a-10*>-D

If D is a perfect square means difference of two perfect

Sol.

square as 4 which is possible only when (a — 10)* = 4
and D=0.
= (a-10)=+2;=>a=12,8

EQUATION V/S IDENTITY

A quadratic equation is satisfied by exactly two values
of ‘x’” which may be real or imaginary. The equation,
ax’+bx+c=0is:

A quadratic equation if a # 0 and An identity if
a=b=c=0 Infinite Roots

If a equation is satisfied by three distinct values of ‘x’,
then it is an identity.

(x+1)’=x*+2x+ 1 isanidentity in x.

Here highest power of x in the given relation is 2 and
this relation is satisfied by three different values x =0,
x =1 and x =—1 and hence it is an identity because a
polynomial equation of n" degree cannot have more
than n distinct roots.

SOLVED EXAMPLE

Example-7

Ifatb+c=0;an’+bn+c=0and a+bn+cn’ =0
where n # 0, 1, thenprovethat a=b=c=0.
Note that ax” + bx + ¢ = 0 issatisfiedby x = 1 ;

1

where n # —
n

Sol.

X=n&x=

= Q.E. has 3 distinct real roots which implies that it
must be an identity.

SOLUTION OF QUADRATIC INEQUALITIES
The values of X’ satisfying the inequality, ax” + bx +¢ >
O(a#0)are:
@) IfD>0,i.e. the equation ax’ + bx + ¢ = 0 has two
different roots o < f3.
Then a>0=x € (0, a) U (B, »)
a<0 =>x e (a,P)
(il) IfD=0,i.e.roots are equal,i.e. = J3.
Then a>0=x € (—o©, o) U (o, )
a<0 =>xeo
(iii) IfD <0, i.e. the equation ax’+bx + ¢ =0 has no real
roots. Then a>0=x € R
a<0=>xe¢

P(x)
Q(x)

solved using the method of intervals.

(iv) Inequalities of the form 0 can be

VIIA

Example-8

Find the solution set of k so that y =kx is secant to the
curvey=x"+k.

puty=kxin y=x>+k

=kx=x"+k=0

= x*—kx + k=0 for line to be secant, D>0

Sol.



= Kk'—4k>0k(k—4)>0
hencek>4 or k<0
Z}kE(*O0,0)U(‘LOO)

Example-9
e - x2+x+1
Solve inequatility, |x+1|
q x> +x+1 0 .
_—
ol. xa1] 0 e 6)]

x+1/>0, Vxe R—{-1}

(i) becomes X2+x+1>0x=-1
x*+x+1>0,VxeR(asitsa>0and D<0)
Solution of (i)isx € R— {1}

Example-10

x?—3x-1

<
x?+x+1 3.

Solve

|x* =3x—1]
—_— <

Sol. 3.

x> +x+1

x*+x+1)>0,¥VxeR
[x*—3x—1|<3(x*+x+1)

(X —3x—1)— 3(+x+1)}2<0
(4x*+2) (- 2x*—6x—-4)<0
2+ E+2)(x+1)>0

X € (-o,-2)u(-1,0)

Uy

COMMON ROOTS:
One root common :
If o # 0 is a common root of the equation
ax*+bx+c, =0 .(0)
and ax? +byx+c,=0 (i)
then we have
a,0*>+ba+c =0and
a,0* +b,a+c,=0
2

[0 [0

These give bic, —byc, =

Ca, =Ca

_ 1

- a1b2 - azbl
Thus, the required condition for one common root is
(a,b, — a,b)) (b,c, — byc,) = (c,a, — c,a,)* and the
value of the common root is

(a,b, —a,b, #0).

_ 53, —63 bc, by

or .
albz - azbl €a, =G,

Both roots common :

If the equations (i) and (ii) have both roots common,
then these equations will be identical. Thus the
required condition for both roots common is

(If no root is equal to zero)

Remember :

(i) To find the common root of two equations, make
the coefficient of second degree terms in two
equations equal and subtract. The value of x so
obtained is the required common root.

(i) If two quadratic equations with real and rational
coefficients have a common imaginary or
irrational root, then both roots will be common
and the two equations will be identical. The
required condition is

(iii) If a is a repeated root of the quadratic equation
f@)=ax*+bx+c=0,
then « is also a root of the equation /' (x) = 0.
Note
If f(x) = 0 & g(x) = 0 are two polynomial equation
having some common root(s) then those common
root(s) is/are also the root(s) of h(x) =a f(x) + bg (x) =0.

SOLVED EXAMPLE

Example-11
Find m and n in order that the equations mx?> + 5x +
2 =0 and 3x% + 10x + n = 0 may have both the roots
common.

Sol.: The equations are mx> + 5x + 2 = 0 and
3x2 + 10x + n = 0. Since they have both the roots
common,

m_5_2 a_b o
3 10 n a, b, ¢
F he fi lati m_E_é
rom the first-relation, 02

From the last-relation, n = 4.

Example-12
If the quadratic equations, x°+bx+c=0 and bx*+cx
+ 1 =0 have a common root then prove that either
b+c+1=0or b>’+c’+1=bc+b+c.

Sol. o*+batc=0 ... 1)
bol+cat+tl=0 ... Q)

a’ T
b-c¢*> bec—-1 c—b?
- b-c? _ be-1
= OL—C_bz or a—m

= (bc—17 = (b-0) (c-b)



or b+c+1-3bc=0
= (b+ct+1)(®°+c+1-bc—c—b)=0
= btc+tl=0o0rb’+c’+1=bc+b+c

RANGE OF QUADRATIC EXPRESSION

f(x) =ax’*+ bx + ¢

D
(i) RangewhenxeR: Ifa>0=1f(x)e {—E,wj

D
a<0 =f(x) e (_w’ﬂ}

Maximum & Minimum Value of y = ax?>+ bx + ¢ occurs at
x =—(b/2a) according as a <0 or a > 0 respectively

(i) Range in restricted domain : Givenx € [x,, X,]
b

@@ If- g & [x,,x,] then,

fix) € [min{f(x,),f(x,)}, max{f(x,),f(x,)}]

b
b If- %8 € [X,, X,] then,

fix) e {min{f(xl), f(x,), —%}, max{f(x]),f(xz),_zH

SOLVED EXAMPLE

Example-13

Find the minimum value of f(x) =x*— 5x +6.

. D (25—24)
Sol. Minimum value of f(x) =— da 4
! atx——i—é - —l 0
i 22 2 . Hence range is 27
Example-14
Find th fy= =2 ifxis real
ind the range of y = 2%’ +3x 46 [xisreal
Sol __x*2
O YT i3x+6
= 2yx*+3yx+6y=x+2
= 2yx*+Q@y-Dx+6y-2=0 ... (1)
case-I:
if y # 0, then equation (i) is quadratic in x
xisreal
D>0

= Gy-17-8y(6y-2)=0
= @Gy-1)(13y+1)<0

11
ve | 13°3| - {0)
case-Il : if y=0, then equation becomes
x=-2
which is possible as x is real

11
Rangey e { E’E}

THEORY OF EQUATIONS

Ifa,, a,,a,, ..o are the roots of the equation ;
flx)=ax"+ax"'+ax"+..+a x+a =0 where a,

a,...a areall real &a #0 then,

a, 4, aj
2o =——, X0, =t T, o0, =,
a a4y a

(i) Ifa isa root ofthe equation f(x) =0, then the
polynomial f(x) is exactly divisible by
(x—a)or (x—a) is a factor of f(x) and
conversely.

(ii) Everyequation of nth degree (n> 1) has exactly
n roots & if the equation has more than n
roots, it is an identity.

(iii) If the coefficients of the equation f(x) = 0 are
allreal and o+ 1P isitsroot, then a.—if} isalso
aroot. i.e. imaginary roots occur in conjugate
pairs.

(iv) Ifthe coefficients in the equation are all rational

&o+ \/E is one of'its roots, then o — \/E is

also arootwhere o, § € Q & B isnota perfect
square.

W) If there be any two real numbers 'a' & 'b'
such that f(a) & f(b) are of opposite signs,
then f(x) =0 must have atleast one real root
between 'a' and 'b'.

(vi) Every equation f(x) =0 of degree odd has
atleast one real root of a sign opposite to that
of its last term.

SOLVED EXAMPLE

Example-15

Ifx = 1 and x = 2 are solutions of the equation x’ + ax” +
bx +c=0anda+b=1, then find the value of b.

Sol. atbtc=-1=c=-2 &8+4a+2b+c=0
= 4a+2b=-6 = 2a+b=-3
= a=-4,b=5

Example-16
A polynomial in x of degree greater than 3 leaves the
remainder 2, 1 and—1 when divided by(x—1); (x+2) &
(x+1) respectively. Find the remainder, if the polynomial
is divided by, (x’— 1) (x +2)..

Sol. f)=Qx-D+2=Q,x+2)+1=Q,x+1)-1

=f(1)=2;f(-2)=1; f1)=-1
Letf(x)=Q, (*—1)(x+2)+ax’+bx+c
Hence a+b+c=2; 4a-2b+c=1
and a—b+c=-1



LOCATION OF ROOTS )
Let f(x)=ax’+bx+c,a,b,ceR,a=0 and a,p

be roots of f(x) =0
) A real number £ lies between the roots of /' (x) =0

2a’ 4a

a>0
k .
awﬁ Xx-axis
H oy
[—b —Dj /
2a’ 4a

(i) D>0,

\[3 x-axis

(i) af (k) <0, where o <3

2 If both roots of quadratic equation f (x) = 0 are
greater than £, then

a<o(*b,*”] ©)

\ B /

I!(a\?/ﬁ x-axis
RO
2a’ 4a i

If both roots of f (x) = 0 are confined between real
numbers k, and k,, where k, < k,.

a<o (__b,i)
(2a 4a )

7“ ﬁ\' x-axis

@)D >0, (ii) af (k) > 0

. -b
(iii) af (k) > 0, (iv)k; < PR K,, where o <P

If real numbers k, and k, lie between roots of

S (x) =0, where k, <k,

D >0, (ii) af (k) > 0

-b
(iii) k < , where o <
2a

3 If both roots are less than real number £, then

a<0 (-p -D
2a 4a

OL\E‘/B I'I( X-axis 7/\[’)\kx-axis

a>0

) D>0,
(iii) af (k,) <0, where oL <P

(ii) af (k) <0

SOLVED EXAMPLE

Example-17

If o & B are the roots of x*+px+q=0and o', B* are
the roots of x*—rx +s =0, then the equation x*—4qx
+2q°—r=0 hasalways (p, q,1,s € R)

Sol. atB=-p; afp=q; oa'+p'=r; o'p=s
b Now for equation X’ —4q” +2q° —1r=0
() D > 0, (i) af(k)>0 (iii) k >Z, where o <3 D=16C-4Q2¢-1)
@ Exactly one root lies between real numbers &, and =8q +4r=4Qq +1=4[2 B +a'+p*]
ky, where ky < ky. =4[’ +BY)]=4[(a+P)’~20BP =4 (p'~29’ >0
Again consider the product of the roots =2 q* —r which
can be either positive or negative.
Example-18

() D>0, (ii) £ (k,)f (k,) < 0, where o <f3

Find the range of values of a for which the equation

15
X —(a—-5)x+ (a _Tj = 0 has at least one positive

root.



Sol.

15
D>0= (a—5) -4 (a_fj >0

= a’~10a+25-4a+15>0

= a’—14a+40>0

= (a—4)(a—-10)=0

= ae(-0,4]U[10,x)

Case I : When both roots are positive

15
DZO,a75>0,afZ>0

15
:>D20,a>5,a>T:ae[10,oo)

Case II : when exactly one root is positive

E<O < —
= a-— 1 S = a< 4
then finally a € (—o0, 15/4] U [10, )

Example-19

Sol.

Find the value of k for which one root of the equation
of x*—(k+ 1)x +k* + k-8=0 exceed 2 and other is
smaller than 2.

Sincea>0, £(0)<0 - £(2)<0

2 3
4-2(k+1)+K+k-8<0
= K-K+6<0
= (k+2)(k—3)<0

s ke(2,3)

Example-20

Sol.

Letx*—(m—3)x+m=0 (m € R) be a quadratic equation,
then find the values of 'm' for which

(a) Dboth the roots are greater than 2.

(b) both roots are positive.

(c) one root is positive and other is negative.

(d) Onerootis greater than 2 and other smaller than 1
(e) Rootsare equal in magnitude and opposite in sign.
(f) bothroots lie in the interval (1, 2)

f(x)

ol \_)
of ‘2 X

Condition-1:D>0 = (m—-3)>*-4m>0

= m*-10m+9>0

= (m-1)(m-9)=0

= me(-»o 1]Uu[9, .. (i)
Condition-1I: f(2)>0

= 4-(m-3)2+m>0

= m<10 L. (ii)

b
Condition - IIT : — % >2=m>7 .. (ii1)

Intersection of (i), (ii) and (iii) givesm € [9, 10)

f(x)

o [\

Condition-1 D>0

= me (-, 1]Ul9,x)
Condition - I1 f(0)>0

= m>0

. b m
Condition-IIl ——>0=
2a

= m>3
intersection gives m € [9, o) Ans.

b
=

Condition-1 f(0) <0 = m<0Ans.

X

f(x)

d \, /

T &

Condition-1f{1)<0=4<0=>me ¢
Condition-IT1f(2) <0 =m> 10
Intersection gives m € ¢ Ans.

() sumofroots=0=>m=3
and f(0)<0=m<0
m € ¢ Ans.

()

o | N\

o 1 N 2 x

Condition-ID>0=m e (-, 1]U[9, )
Condition-IIf(1)>0 = 1-(m-3)+m>0 =4>0
which istrue Vm € R

Condition-1III f(2)>0=m<10

b
Condition-IV1<- ~— <2
2a

=1<

=5<m<7
intersection gives m € ¢Ans.



NUMBER OF ROOTS OF A POLYNOMIAL EQUATION
1. If f (x) is an increasing function in [a, b], then

£ (x) = 0 will have atmost one root in [a, b].

2. Let £ (x) = 0 be a polynomial equation and a, b are
two real numbers. Then f (x) = 0 will have at least
one real root or odd number of real roots in (a, b) if

f(a) and £ (b) (a < b) are of opposite signs.

A(af(a))

B(b,f (b))
One real root

A(a,f(a))

e [ Ne o oo

EANVAENVARN N

B(b,f (b))

Odd number of real roots

But if f (a) and f (b) are of same signs, then either f
(x) = 0 has no real root or even number of real roots

in (a, b).
» B(b, (b))
(a: 0) (b 0)
No real root
A(a, f(a)) B(b, f (b))
P R

AL

Even number of real roots

3. If the equation f (x) = 0 has two real roots a and b
then f"(x) = 0 will have atleast one real root lying

between a and b (using Rolle’s Theorem).

EQUATIONS REDUCIBLE TO QUADRATIC EQUATIONS

Reciprocal equation of the standard form can be
reduced to an equation of half its dimension.
Equations of the form
@Qx-—-a)(x-b)(x—c)(x—dy=Awherea<b<c<d
can be solved by change of variable.

_X_(a+b+c+dj
Y 4

(b) (x — a) (x = b) (x — ¢) (x — d) = Ax> where

a
ab = cd can be solved by assumption y=X+—.
X

For the equation of the type (x — a)* + (x — b)* = 4
(x—a)+(x-b)

Substitute y = >

SOLVED EXAMPLE

Example-21

Sol.

Solve 2x* + x> — 11x? +x+2=0

Since x = 0 is not a solution hence, divide by x?
We get,

2% 4 x—11+4142 =0

X X2

or 2(){2 +L2]+(x+lJ—11=o
X X
1
Let x+ =y=2(3%-2)+y—-11=0
X

or 22+y-15=0 = y=-3,

1
Corresponding values of x are 5’ 2,

Example-22

Sol.

(x+4) (x+6) (x+8) (x+ 12) = 1680x2
Here (— 4 x —12) =48 = (-6) x (-8)

(c+4) (x+12) (x + 6) (x + 8) = 1680x2
= (x> + 16x + 48) (x> + 14x + 48) = 1680x2

= [x+16+ﬁj (x+14+§j=1680(.. x # 0)
X X :

48
Let y:X+; = (y+16) (v + 14) = 1680

=2+ 30y — 1680 +224 =0
=2 +30y — 1456 = 0 = 12 + 56y — 26y — 1456 = 0
S (+56)(r—26)=0 = y=26-56

- X+ﬁ=26 and X+ﬁ=—56
X X
=x2-26x+48=0=x2+56x+48=0

56% V2944 o4 736

=x=224= x=

=-28+4./46
x ={2,24,-28 - 446,28 + 41/46



IMPORTANT THEOREMS AND RESULTS

1.

If a is a root of the equation f (x) = 0, then f (x) is
exactly divisible by (x — o) and conversely, if £ (x) is
exactly divisible by (x — o) then a is a root of the
equation f'(x) = 0.
Every equation of an odd degree has atleast one real
root, whose sign is opposite to that of its last term,
provided that the coefficient of the first term is
positive.
Every equation of an even degree whose last term is
negative has at least two real roots, one positive and
one negative, provided that the coefficient of the
first term is positive.
If an equation has no odd powers of x, then all roots
of the equation are complex provided all the
coefficients of the equation are having positive sign.
If x = a is root repeated m times in f'(x) = 0,
(f (x) = 0 is an nth degree equation in x) then

S @)= x—a)" g (x)
when g (x) is a polynomial of degree (» — m) and the
root x = o is repeated (m — 1) times in
f'(x)=0,(m—2)timesinf" (x) =0,...(m — (m — 1))
times in £ ~!(x) = 0.
The condition that a quadratic function
f(x, y) = ax? + 2hxy + by* + 2gx + 2fy + ¢ may be
resolved into two linear factor if
A = abc + 2fgh — af > — bg? — ch?

or 1s 0.

- o B
o h 09

a
h
g

SOLVED EXAMPLE

Example-23

Sol.

If the equations 4x*~11x + 2k =0 and x>~ 3x -k =0
have a common root, then the value of k and common
root is

M0= @357 @0 @
The condition for the equations ax?> +bx+c=0

and a'x> +b'x+c =0 to have a common root o is

(ca'—c'a)’ = (bc'—b'c)(ab’—a'b) and o= ca,—ca
ab’'—a'b
4x’ —11x+2k=0=x" -3x -k =0
oo (2k+4k)* =(11k+6k)(-12+11)
S (6k?=-1Tk =k=0 or k=—£
36
- ok
The common root a is given by o = I
17
If ¥ = 0, then a = 0 and if k——g

17
then o= rE Hence answer is (2)

Example-24

The value of \/7+J7_,/7+\/7m00 is

OR) (2) 4
Q)3 4)2
Sol. : Lety:\/7+,[7_1/7+‘/7_
or y=47+J7-y
or vy =T=4T-y .0
Clearly y*-7>0 =y’ >7
= y2 J7 or y< 7
y < —\/7 is not acceptable as y=0 so only
solution may be in the interval y >+/7
Since /7 > 2 so y =2 is not possible
Keeping y = 3, 4 and 5 in equation (i) we see
That only y = 3 satisfies it and not y =4 or y = 5.
So only solution is y = 3.
Answer is (3)
Example-25
If 0 < x < 7, then the solution of the equation
16°% £16%'* =10 1s given by x equal to
NET L
T T
3 == (4) None of these
6 2
cos® x —sin? x 16
Sol.  Let 16™ " vy, then 16™ *=16' =

16
Hence, y+? =10

=1?—10y+16=0 or y=2,8

Now {6%"'* =2 = 4sin?x =1

" sinx:irl:n(:E
2 6

Also 16%"* =8 = 4sin*x =3

X=—

3

Hence (1) is the correct answer

. 3
SLsinx=+t—=
2



EXERCISE-I

Quadratic Equation & Nature of roots

Q.1

Q2

Q3

Q4

Q5

Q.6

Q.7

Q8

Q.9

The roots of the equation (b—c) x>+ (c—a)x + (a—Db)
=0are

n—2 2 270
Mo @
3 2=¢ 42
®) @

If a, b, c are integers and b*> = 4(ac + 5d%), d € N, then
roots of the equation ax?> + bx +¢ =0 are

(1) Irrational (2) Rational & different

(3) Complex conjugate (4) Rational & equal

Leta, b and ¢ be real numbers such that4a+2b+c¢=0
and ab > 0. Then the equation ax> + bx + ¢ = 0 has

(1) real roots (2) imaginary roots

(3) exactly one root (4) none of these

Consider the equation x> + 2x —n=0, where n € N and
n €[5, 100]. Total number of different values of 'n' so
that the given equation has integral roots, is

(H4 2)6 3)8 43

The entire graph of the expressiony =x*+kx—x+9 is
strictly above the x-axis if and only if

(Hk<7 (2)-5<k<7

3)k>-5 (4) none

Ifa,b € R, a # 0 and the quadratic equation ax> — bx +
1 =0 has imaginary roots thena + b + 1 is:

(1) positive (2) negative

(3) zero (4) depends on the sign of b

If a and b are the non-zero distinct roots of x>+ ax + b
= 0, then the least value of x>+ ax + b is

3 9 9
m; @, 6-; @

If both roots of the quadratic equation (2 —x) (x + 1) =
p are distinct & positive, then p must lie in the interval
(1)(2,) 2)(2,9/4)
() (=0,2) (4) (=00, 0)

If (1 — p) is root of quadratic equation x> + px +
(1-p) =0, then its roots are
(10,1 @-11  (3)0,-1 (4-1,2

Sum and Product of roots

Q.10  If a, b are the roots of quadratic equation x>+ px + q
=0 and g,d are the roots of x>+ px —r=20, then
(a—g).(a—d) isequal to:
(Dg+r (2)q-r
) -(@*+n@# -(P+q+r)

Q.11 Two real numbers a & b are suchthata+b=3 & | a-b |
=4, then a & b are the roots of the quadratic equation:
(1)4x>—12x-7=0 2)4x*—12x+7=0
(3)4x>—12x+25=0  (4) none of these

Q.12 Letconditions C, and C, be defined as follows : C, : b
—4ac>0,C,:a,—b, care of same sign. The roots of
ax’+bx +c =0 are real and positive, if
(1) both C, and C, are satisfied
(2) only C, is satisfied
(3) only C, is satisfied
(4) None of these

Q.13  Ifa, B are roots of the equation ax’>+bx + ¢ =0, then
the value of o + B3 is

3abc+b’ 5 a’+b’

a 2) 3abc
3abc—b’ —(3abc+b’)
O @

Common Roots

Q.14 If a, b, p, q are non-zero real numbers, then the
equations 2a’x* 2 abx +b?=0and p’x*+2 pqx + ¢*=
0 have:
(1) no common root
(2) one common rootif2 a> + b?=p*+ q*
(3) two common roots if 3 pq =2 ab
(4) two common roots if 3 gb =2 ap

Theory of Equation and Identity, Inequalities

Q.15 Number of values of 'p' for which the equation
(p*—3p +2)x*— (p*—5p+4)x +p — p>*= 0 possess more
than two roots, is :
(Ho 2)1 3)2 (4) none

Q.16  The number of the integer solutions of
X +9<(x+3)°<8x+251s
(H1 2)2 33 (4) None of these



Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

The complete set of values of 'x' which satisfy the

inequations : 5x +2 <3x+8and Xt‘l <4is
(D) (=0, 1) 2)(2.3)
(3) (=»,3) (4) (=0, ) U(2,3)

The complete solution set of the inequality

x*-3x’ +2x° > 0is:
X-x-30 %

(2) (-0, =5) U[1, 2] L (6, 0) L {0}

(3) (-0, =5] U[1, 2] U [6,0) L {0}

(4) none of these

Ifthe inequality (m - 2)x*+ 8x + m+4 > () is satisfied for

all x € R, then the least integral 'm' is:

(H4 2)5 3)6 (4) none

The complete set of real 'x ' satisfying |[x — 1| - 1| <1

is:

0,21  @[-1.3]

G111 [1,3]

Iflog, ﬂ is less than unity, then 'x' must lie in the
x+2

interval :

(1) (o0, —2) U (5/8, )

(2) (-2,5/8)

(3) (—o0,—2) U (1/3,5/8)

4)(-2,1/3)

Solution set of the inequality 2 - log, x*+3x)>0is:
(D [4,1]

(2)[4,-3)u(0,1]

(3) (—0,-3) U (1, )

(4) (—o0,—4) U [1, )

The set of all the solutions of the inequality
log,  (x-2)=0is
(1) (=0, 0)
() (=0, 1)

(2) (2, 0)
@e

Iflog, . (x—1) <log, ,,(x—1), then x lies in the interval
(1)(2,0) 2 (1,2)
(3)(=2,—1) (4) none of these

Iflog,  log, (x*—4)>log, 1, then ‘X’ lies in the interval
(D(3,-5)U(+5,3)
2)(-3,-5)u(+5,345)

3)(+/5.3+5)
@0

The set of all solutions of the inequality (1/ z)xz X <
1/4 contains the set
(1) (=0,0)

(3)(1,2)

@) (=, 1)
4) (3, 0)

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

6x> —5x -3 .
—5 = <4, then least and the highest values
X" —2x+6
of 4x” are
(1)0& 81 (2)9& 81
(3)36&81 (4) None of these

If two roots of the equation x* — px* + gx —r = 0 are
equal in magnitude but opposite in sign, then:
(Dpr=q () qr=p

B3)pq=r (4) none

If a, B & y are the roots of the equation x* —x — 1 =10

h 1+O(+1+B+1+Yh he val 1 to:
ten,1_a 1-B T1-y as the value equal to:
(1) zero 2)-1 (3)-7 D1

For what value of a and b the equation x* — 4x> + ax® +
bx + 1 =0 has four real positive roots ?

(1) (-6,—4) (2)(=6,5)

(3)(=6,4) (4)(6,—4)

If a, B are roots of the equation ax> + bx + ¢ = 0 then
the equation whose roots are 2. + 3 and 3o + 23 is
(1)abx>—(a+b)cx+(a+b)>=0
(2)acx’—(a+c)bx+(a+c)>=0
(3)acx*(a+c)bx—(a+c)’=0

(4) None of these

2x—1

If Sisthe setof all real x such that —————F— is
2x7+3x" +x
positive, then S contains

(1) (~o0,-3/2) (2)(-3/2,1/4)

3) (-1/4,1/2) 4)(-1/2,3)

Max and Min Value, Factorization

Q.33

Q.34

Q.35

Ify=-2x>-6x+9, (forx € R) then

(1) maximum value of y is—11 and it occurs atx =2
(2) minimum value of yis—11 and it occurs atx =2
(3) maximum value of y is 13.5 and it occurs atx =—1.5
(4) minimum value of y is 13.5 and it occurs at x =—1.5

2

-x+1
If 'x"is real and k = Xz X* , then:
X" +x+1
1
(1)5 <k<3 2)k=5
3)k=<0 (4) none

2x
Considery = Tox where x is real, then the range of
X

expression y2 +y-2is
(D[-1,1]
(3)[-9/4,0]

2)[0,1]
(4)[-9/4,1]



Q.36

Q.37

The values of x and y besides y can satisfy the
equation (X, y € real numbers) x*> —xy +y*> —4x — 4y +
16=0

(12,2 2)4,4

3)3,3 (4) None of these
X’ —x+c

Ifx isreal, then —5————— can take all real values if
X +x+2c

(D ce[0,6]

(2)c e [-6,0]

3)c e (—o,—6)U(0,0)

(4)c e (-6,0)

Location of roots

Q.38

Q.1

Q.2

Q3

Q4

Q5

The real values of 'a' for which the quadratic equation
2x? — (a3 +8a— 1) x + a®> — 4a = 0 possesses roots of
opposite sign is given by:

EXERCISE-II

The roots of the given equation
(p—qx* +(q-1)x+(r—p)=0are

! P4, ) -1,
M7 @, 4
r—p 1 1q—I'
s 4) L
(3)P_q @ P—q

Ifatb+c=0,anda, b, c € R, then the roots of the
equation 4ax”+ 3bx +2c = Oare

(1) Equal
(3) Real

(2) Imaginary
(4)Both (1) and (2)

The roots of the given equation 2(a>+ b?)x* + 2(a +b)x
+1=0are

[Where a # b]
(1) Rational (2) Irrational
(3)Real (4) Imaginary

Ifa>0,b >0, c> 0then both the roots of the equation
ax’> +bx+c=0

(1) Are real and negative
(2) Have negative real parts
(3) Are rational numbers

(4) Both (1) and (3)

If a, b, ¢ € Q, then roots of the equation
(b+c—-2a)x’+(cta—2b)x+(a+b-2c)=0 are
(1) Rational (2) Non-real

(3) Irrational (4) Equal

Q.39

Q.40

Q.6

Q.7

QS8

Q.9

Q.10

Q.11

(1)ya>5
(3)a>0

(2)0<a<4
@a>7

If a, b are the roots of the quadratic equation x* — 2p
(x—4) —15=0, then the set of values of 'p' for which
one root is less than 1 & the other root is greater than
2is:
(1)(7/3,)
(3)xeR

(2) (~o0,7/3)
(4) none

The values of k, for which the equation X+ 2(k-1)x
+ k + 5 = 0 possess atleast one positive root, are

(1) [4,0) (2) (o0, — 1] U [4, 0)
(3)[-1,4] (4 (o0,—1]

The value of k for which the quadratic equation,
kx?+ 1 =kx + 3x — 11x? hasreal and equal roots are
(1)-11,-3 (2)5,7

(3)5,-7 4-7,25

The value of k for which the equation (k —2)x2+ 8x +
k + 4 = 0 has both real, distinct and negative is -

(1o @2 33 (4)—4

x2+x+ 1+ 2k(x®?—x— 1) =01is a perfect square for how
many values of k

(12 @0

31 #3

If one root of 5x*+ 13x +k =0 is reciprocal of the other,
then k =

(Ho )5 3) 6 46

Ifo and B are the roots of the equation 4x* + 3x + 7=0,
1.1

then a B

1 2 2 2 3 - 4 -

H-3 @7 -7 @

If o, B are the roots of the equation ax*+ bx + ¢ =0 then

the equation whose roots are o +l and ﬁ+l , 18
a

(1)acx®>+(a+tc)bx+(atc)*=0
(2) abx*+(atc)bx+(a+c)*=0
(3)acx®>+(a+b)ex+(at+c)’=0
(4)acx*+(a+tc)bx+(atc)



Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

If a, B are the roots of the equation ax®> + bx + ¢ =0,

hon ———+ —>— =
then 281 b aa+b

: 2 5 2 3 2 4 2

s @ 0T @

If the sum of the roots of the equation ax?> +bx + ¢ =0
be equal to the sum of their squares, then
(1)a(a+b)=2bc (2)c(at+c)=2ab
(3)b(a+b)=2ac (4)b(a+b)=ac

If o, B be the roots of the equation x? — 2x + 3 =0, then

1 1
the equation whose roots are P and B_z
() x*+2x+1=0 2)9x2+2x+1=0
(3) 9x*-2x+1=0 (4) 9x*+2x-1=0
If the product of roots of the equation, mx? + 6x + (2m
—1)=01s—1, then the value of m will be

is

1 1
(M1 @3 @
If o and B are the roots of the equation x>~ 4x +1=0
the value of o® + Bis
(H76 2)52 (3)-52 4)-76
If the roots of the equation 12x*—mx + 5= 0 are in the
ratio2 : 3, thenm=

@) -1

OEN) (2) 3410
(3) 2410 4) 1045

If both the roots of k(6x*+3)+rx+2x>—1=0 and
6k(2x?+ 1) + px + 4x*—2 =0 are common, then 2r —p is
equal to

(H-1 @0 31 “4)2

Ifthe equation x?+px+q=0and x*+qx+p=0, have
a common root,(Wherep#q) thenp+q+1=

(Ho @1 3)2 -1

EXERCISE-III

MCQ/COMPREHENSION/MATCHING/NUMERICAL

Q.1

The graph of the quadratic polynomial y = ax*+bx + ¢
is as shown in the figure. Then :

y

(A)b*—4ac>0
(C)a>0

(B)b<0
(D)c<0

Q.20

Q21

Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Q.2

x?-11x+a and x?—14x+2a will have a common
factor, if g =

(24 (2)0,24-  (3)3,24 (40,3
If xisreal and satisfiesx +2 > /x +4 , then
(M)x<-2 2)x>0
(3)-3<x<0 4)-3<x<4

The set of all real numbers x for which x> —[x + 2| +x >
Ois

(1) (=00, —2)A2, ) (2) (=0, =2 ({2, 2)(3)
(o0, ~1)(1,0) @) (V2,)

If a, B, y are the roots of the equation x* + 4x + 1 =0,
then (o +B) ' +(B+y) ' +(y+o)!

(D2 )3 (3)4 45

Ifa, B,y are the roots of the equation x* +x + 1 =0, then
the value of o® B%y?

(1o (2)-3 3)3 4-1
If x is real, then the maximum and minimum values of
e expression 2 ixed will be

1 1
(H2,1 ?) 5,5 3 7,7 42,7
The smallest value of x> — 3x + 3 in the interval
(-3,3/2)is
(1)3/4 )5 3)-15 4)-20

If x2—3x + 2 be a factor of x* — px>+ q, then (pq) =

(1) 3.4) (2)(4,5)
(3)(4,3) @ 6.4)

If the roots of x> + x +a =0 exceed a, then
(1)2<a<3 (2) a>3
(3)-3<a<3 4)a<-2

The value of p for which both the roots of the equation
4x?—20px + (25p* +15p—66) =0 are less than 2, lies in
(1)(4/5,2) (2)(2,2)

(3)(1,-4/5) 4 (=0, —1)

For which of the following graphs of the quadratic
expressiony =ax*+bx + ¢, the producta b ¢ is negative ?

\ X



Q3

Q.4

Q.5

Q.6

Q.7

QS8

The adjoining figure shows the graph of y =ax? + bx +c.

Then
/‘\ X

y
of A
(A)a<o0
(B) b* < 4ac
(C)c>0
(D) a and b are of opposite sign

For the equation |x]>+ |[x| — 6 =0, the correct statement

(s) is (are) :
(A) sum ofrootsis 0 (B) product of roots is — 4
(C) there are 4 roots (D) there are only 2 roots

If a, b are the roots of ax>+bx+c¢=0,anda+h, b +
h are the roots of px* + qx + r=0, (where h ! 0 ), then

a_b_e 1[2&)
(A)pqur ()72ap
1 (b qj b’ —dac  q’ —4pr
h=— |—+— D -
©h=+ (a NGRS ~

If a, b are non-zero real numbers and a, b the roots of
x?2+ax +b =0, then
(A) o, B2 are the roots of x> — (2b—a*) x +a>=0

11
(B) o B e the roots of bx*>+ax+1=0

p

a
©) E’ % are the roots of bx*+ (2b—a*)x+b=0

(D) (a—1), (b— 1) are the roots of the equation x> + x
(a+2)+1+a+b=0

x>+ x+ lisafactor ofax’+bx?>+ c¢x+d=0, then the
real root of above equation is

(a,b,c,d eR)
(A)—d/a (B)d/a
(C) (b—a)/a (D) (a—b)/a
1
If 5 <log,, x<2, then
1

(A) maximum value of x is N

. 1 1
(B) x lies between 100 and Jio

1
(C) minimum value of x is E

- 1
(D) minimum value of X is 100

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Ifthe quadratic equations x? + abx + ¢ = 0 and x*+ acx
+ b = 0 have a common root, then the equation
containing their other roots is/are :
(A)x*+a(b+c)x—a’bc=0
B)x*—a(b+c)x+abc=0
C)a(b+c)yx*—(b+c)x+abc=0
(D)a(b+c)x*+(b+c)x—abc=0

If the quadratic equations ax> +bx+c=0(a,b,c € R,
a# 0) and x> + 4x + 5 = 0 have a common root,
then a, b, ¢ must satisfy the relations:

(A)a>b>c

(B)a<b<c

(C)a=k;b=4k;c=5k (ke R, k=0)

(D) b? —4ac is negative.

If a, B are the real and distinct roots of x>+ px+q=10
and o, B* are the roots of x* — rx + s = 0, then the
equation x? — 4gx + 2q? — r = 0 has always

(A) two real roots

(B) two negative roots

(C) two positive roots

(D) one positive root and one negative root

IFC+Hx+ 1)+ xX+2x+3)+ (P +3x+5)+ ...+
(x*+20 x +39) =4500, then x is equal to
(A)10 (B)-10 (©)205 (D)-20.5

If roots of equation, x> + bx*> + cx — 1 = 0 forms an
increasing G.P., then

(A)b+c=0

(B)b € (—o,-3)

(C) one of the roots = 1

(D) one root is smaller than 1 & other > 1

5
+ + _
-2 x-3 _4 ,thenf(x) 0 has

(A) exactly one real rootin (2, 3)
(B) exactly one real root in (3, 4)
(C) atleast one real root in (2, 3)
(D) None of these

3
Let f(x)=

Ifp=-1, x, =-1, x, =5 then the vertex V is
(A) (=3, (B) (=3, 1)

©)(-4,3) D) (3.4
r(p—q-—r)is

(A) positive (B) negative
(C) zero (D) > fi(x,)

Comprehension # 3 (Q. No. 17 to 19)

Q.17

Consider the equation x* — Ax2 + 9 = 0. This can be
solved by substituting x2 = t such equations are
called as pseudo quadratic equations.

If the equation has four real and distinct roots, then
A lies in the interval
(A) (=00, -6) U (6, )
(©) (6, )

(B) (0, 0)
(D) (—e0, -6)



Q.18

Q.20

Q21

If the equation has no real root, then A lies in the
interval

(A) (=, 0) (B) (0, 6)

(©) (6,0) (D) (0, )
MATCH THE COLUMN:

Column -1

(A)If the roots of x> —bx + ¢ = 0 are two
consecutive integers, then value of b?> — 4c
B) Ifx*+ax+b=0andx*+bx+a=0
(a# 0) have a common root, then value ofa +b
(C) If o, B are roots of x> — x + 3 =0 then value of a* + B*
D) Ifa, B, yare the roots of x> — 7x2+ 16 x—12=0

Column -1
(A)If a, o+ 4 are two roots of x2—8x+k=0,
then possible value of k is
(B) Number of real roots of equation x> — 5[x| + 6 =0

n .
are 'n', then value of E is

(C)If 3—iisarootofx’*+ax+b=0(a,b e R),
then b is

(D) If both roots of x> — 2 kx + k> +k—5=0
are less than 5, then 'k' may be equal to

NUMERICAL BASED QUESTIONS

Q.22

Q.23

Q.24

Q.25

Q.26

Find number of integer roots of equation x (x + 1) (x
+2)(x+3)=120.

Find product of all real values of x satisfying

(5+2:6)" 7 +(5-2/6)"* =10

The least prime integral value of '2a' such that the
rootsa, B of the equation 2 x2+ 6 x +a = 0 satisfy the

. Lo B ,
inequality — + — <2is
B a
If a, b are the roots of x2+ px + 1 =0 and c, d are

the roots of x2 + gqx + 1 = 0. Then find the value of
(a—c)(b-c)(a+d) (b+d)(q’-p?.

o, B are roots of the equation A (x*—x) +x+5=0. If
L, and A, are the two values of A for which the roots

a
o, B are connected by the relation E + % =4, then
h + Ay
Ao M|
the value of | ——— | is
14

Q.19

Q.27

Q.28

Q.29

Q.30

Q.31

If the equation has only two real roots, then set of
values of A is
(A) (=00, —6)
(© {6}

(B) (-6,6)
D)o

Column -1I1
P)1

Q7

(R)17
(S)—1

Column -1I1

(P)2
Q3

R®R)12

(S) 10

Let a, B be the roots of the equation x* + ax + b =0 and
Y, 6 be the roots of x> —ax + b —2 =0. If apyd = 24 and

1

The least value of expression x>+ 2xy +2y>+4y+
7 is:

Ifa>b> 0 and a®+ b3+ 27ab = 729 then the quadratic
equation ax?+ bx — 9 =0 has roots o, B (a. < B). Find

the value of 43 — aa..

Let oo and p be roots of x> — 6(t* —2t+2)x—2=0
with o > . If a = a" — " for n = 1, then find the
a,,, —2a

10 98
(wheret € R)
a99

minimum value of

Ifroots of the equation x* — 10ax — 11b=0 are c and d
and those of x> — 10cx — 11d = 0 are a and b, then find
a+tb+c+d

110
distinct numbers)

the value of . (where a, b, ¢, d are all



EXERCISE-IV

JEE-MAIN
PREVIOUS YEAR’S
Q.1 The sum of all real values of x satisfying the equation
[JEE Main-2016]
(x —5x +5) 0 =] s
(D3 (2)—4 36 @5

Q2

Q3

Q4

Q5

Q.6

Q.7

QS8

If, for a positive integer n, the quadratic equation, x(x

+1)+x+1)(x+2)+.....+(x+ n—1)(x+n)=10nhas
two consecutive integral solutions, then n is equal to
: [JEE Main-2017]
(H11 (212 3)9 @10

Ifa, B e Care the distinct roots of the equation x> —x +
1 =0, then o' + B'7 is equal to-  [JEE Main-2018]

Ho @)1 32 -1

Let a and B be two roots of the equation x> +2x +2=0,
then a'* + B is equal to :-

[JEE Main -2019 (January)]
(2)512

(4)256

(1)-256
(3)-512

If both the roots of the quadratic equation x> —mx +4 =
0 are real and distinct and they lie in the interval [1, 5],
then m lies in the interval

[JEE Main - 2019 (January)]
2G4

(4)(=5,-4)

(1) (4,5)
(3)(5,6)

The number of all possible positive integral values of o
for which the roots of the quadratic equation,
6x?>—11x + a=0 are rational numbers is :

[JEE Main - 2019 (January)]
(H2 )5
3)3 44

Consider the quadratic equation (c—5)x*—2cx +(c—4)=0, ¢
# 5. Let S be the set of all integral values of ¢ for which
one root of the equation lies in the interval (0, 2) and its
other root lies in the interval (2, 3). Then the number of
elements in S is : [JEE Main -2019 (January)]
(H18 )12

3)10 »n

If one real root of the quadratic equation 81x*> + kx +
256 = 0 is cube of the other root, then a value of k is :
[JEE Main - 2019 (January)]
(2)100

(4)-300

(1)-81
(3) 144

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

The number of integral values of m for which the
quadratic expression, (1 +2m)x*—2(1 +3m)x +4(1 + m),
x € R, is always positive, is :-

[JEE Main - 2019 (January)]
(13 3)7 46
If A be the ratio of the roots of the quadratic equation
inx, 3m’x*> + m(m—4)x +2 =0, then the least value of m

)8

1
for which A + o 1,is [JEE Main-2019 (January)]

(D 2-3
(3)2++2

(2) 4-3\2
@) 4-243

If a and P be the roots of the equation x> — 2x +2 =0,
n

then the least value of n for which {%} =1is:

[JEE Main - 2019(April)]

)4 QR

(D2 @3

If three distinct numbers a,b,c are in G.P. and the
equations ax? + 2bx + ¢ =0 and dx*>+2ex + f=0have a

common root, then which one of the following
statements is correct ? [JEE Main - 2019 (April)]

. de f .
(1)d,e, fareinA.P. ) PR are in GP.

de f ) .
3) h o A inA.P. (4)d,e, farein GP.

The number of integral values of m for which the
equation (1 + m?)x*—2(1+3m)x +(1 +8m) =0 has no real

root is : [JEE Main-2019(April)]
(1) infinitely many 2)2
()3 1

Let p, ¢ € R. If 2 — /3 is a root of the quadratic
equation, x>+ px+q=0, then:

[JEE Main-2019(April)]
2)p’-4q-12=0
(4)p*—4q+12=0

() g*+4p+14=0
(3)q*—4p-16=0

Ifm s chosen in the quadratic equation (m? + 1) x> — 3x
+ (m? + 1) =0 such that the sum of its roots is greatest,
then the absolute difference of the cubes of its roots is :-

[JEE Main - 2019(April)]

M8z @4z B 1ofs 4) 845



Q.16

Q.17

Q.18

Q.19

Q.20

Q21

Q.22

Q.23

If o and [ are the roots of the quadratic equation, x>+ Q.24

T
0, Oe [0’_]> then

2sin0 = 5

xsinO -

al? 4 B2
(0(12 + [3712)((1 _ B)24 is equal to :
[JEE Main - 2019(April)]

Q.25
26 212
D (sin6+8)° @ (sin6-8)°

212 212

®) (sin0—4)2 @ (sin0 +8)" 0.26

The number of real roots of the equation
5+2°—1|=2%(2"-2) is :[JEE Main - 2019(April)]
(12 )3 (3)4 @1

If o and B are the roots of the equation 375x2 — 25x — 2 Q.27

=0, then lim <
n—oo

lim is equal to :
af +,, Yopr S eduaio:
r=1 r=1
[JEE Main-2019(April)]
7

EI) ,
()116

1
136 @ 353 31
Q.28

If o, B and vy are three consecutive terms of a non-
constant G.P. such that the equations ax>+ 2px +y=10
and x? +x—1=0have a common root, then au(f +y) is
equal to : [JEE Main - 2019(April)]
(1 By 20 (3) ay 4 of

Let o and B be the roots of the equation x> —x — 1 = 0.
If p, = () + (B)*, k > 1, then which of the following
statements is not true? [JEE Main-2020 (January)]
(1) ps=p,-p, () (p, +p,*p;+p,+py)=26
) p;=ps—p, (4)p,=11

The least positive value of 'a' for which the equation,

Q.29

33
2x2+ (a— 10)x + > = 2a has real roots is

[JEE Main-2020 (January)]

Let S be the set of all real roots of the equation,
[JEE Main-2020 (January)]

3*(3*—1)+2=|3*~1]+|3*-2|. ThenS:
(1) contains exactly two elements
(2) is a singleton
(3) contains at least four elements
(4) is an empty set
The number of real roots of the equation,

[JEE Main-2020 (January)]
e +e*—4e+er+1=0
M3 @)1 3)4

Q.30

42

Leta, b €R, a = 0 be such that the equation, ax*>—2bx +
5 =0 has a repeated root o, which is also a root of the
equation, x> — 2bx — 10 =0. If 8 is the other root of this
equation, o + B%is equal to :

[JEE Main-2020 (January)]
(1)25 (2) 26 3)24 (4)28
Let f(x) be a quadratic polynomial such that f(-1) +
f(2) = 0. If one of the roots of f(x) =0 is 3, then its
other root liesin:  [JEE Main-2020 (September)]
(1) (-1,0) (2)(3,-1)
(3O, 1) #(1,3)

Let avand B be the roots of the equation, 5x* + 6x —
2=0.IfS =a"+B",n=1,2,3, .., then:
[JEE Main-2020 (September)]
(2) 6S,+55,+25,=0
(4) 55, +6S,+25,=0

(1)5S,+68S,=28,
(3) 6S, + 55, =28,

The set of all real values of A for which the quadratic
equations, (A?+ 1)x?—4Ax +2 =0 always have exactly
one root in the interval (0,1) is :
[JEE Main-2020 (September)]
(2) (2, 4]
4 (1,3]

(D 3.-D
(3)(0,2)

If avand B are the roots of the equation x>+ px+2=
1 1
0and o and 8 are the roots of the equation 2x> +2qx
1 1 1 1
+ 1 =0, then (0‘__) B—= ||tz [BJF—j is
o § B o}
equal to : [JEE Main-2020 (September)]
9 9
(1) 700-9%) 2 7O+p)
4 4
9 9
(3)700+a") 4 70-p")

Let L = Obein R. If o and B are the roots of the
equation, x* — x + 2A = 0 and o and y are the roots of

the equation, 3x?>— 10x +27A =0, then Py is equal to:

A
[JEE Main-2020 (September)]
(H18 29
(3) 27 (4) 36

Let o and B be the roots of x> —3x+p=0andyand 5 be
the roots of x —6x+ q=0.1If o, B, v, 6 form a
geometric progression. Thenratio (2q +p) : (2q—p) is:
[JEE Main-2020 (September)]
(2)5:3
(4)33:31

(1)3:1
(3)9:7



Q.31

Q.32

Q.33

Q.34

If o and B are the roots of the equation, 7x>—3x —2=0,

o B
then the value of - + W is equal to :

[JEE Main-2020 (September)]

AN AR RN
W @3 OF @

The product of the roots of the equation 9x?— 18 | x |+
5=0,is: [JEE Main-2020 (September)]

25

25 5 5
ny @ 07 @5

If o and f are the roots of the equation 2x(2x + 1) =1,
then B isequalto: [JEE Main-2020 (September)]
(1)202 2)2a(a+1)

(3)2o(a—1) 4)2a(at+1)

Ifa.and P be two roots of the equation x* — 64x +256 = 0.

(X3 % B3 %
Then the value of (Fj + (?j is :

[JEE Main-2020 (September)]

(D3 @2 ()4 @1

JEE-ADVANCED
PREVIOUS YEAR'’S

Q.1

Q22

Q3

The smallest value of k, for which both the roots of the
equation x*— 8kx + 16(k?—k + 1) =0 are real, distinct and
have values at least 4, is [IIT JEE-2009]

Let p and q be real numbers such that p # 0, p* # q and
p* #— q. If o and P are nonzero complex numbers
satisfying oo + B =—p and o® + 3* = q, then a quadratic

o p
equation having E and P its roots is

[IIT JEE-2010]
—(P+2x+(p’+q)=0
—(P’-29x+ (P’ +q)=0
-(5p’-29x+(p’~-q) =0

—(5p’ +2q)x+(p’~q)=0

A) P+ x°
B) (P’ +qx
O @ -9x
D) (P’ -q %

Let aand B be the roots of x> — 6x —2 =0, with o> . If

a,, —2a,
a =o"— " for n > 1, then the value of “oa. is
9
[IT JEE-2011]
(A)1 (B)2
©)3 (D)4

Q4

Q.5

Q.6

Q.7

QS8

Q.9

A value of b for which the equations [IIT JEE-2011]
x2+bx—-1=0

x+x+b=0

have one root in common is

x2+bx—-1=0

x2+x+b=0

A)-y2 B -3 ©iy5 D)2

The quadratic equation p(x) = 0 with real coefficients
has purely imaginary roots. Then the equation p(p(x))
=0 has [JEE Advanced-2014]

(A) only purely imaginary roots

(B) all real roots

(C) two real and two purely imaginary roots

(D) neither real nor purely imaginary roots

Let S be the set of all non-zero real numbers o such
that the quadratic equation ax*> — x + oo = 0 has two
distinct real roots x, and x, satisfying the inequality
[x, —x,| < 1. Which of the following intervals is(are)
a subset(s) of S ? [JEE Advanced-2015]

w(3d) (g
o) ol

Comprehension #1 (7 and 8)
Let p, q, be integers and let a, B be the roots of the
equation, x> — x — 1 = 0 where a # B. Forn =0, 1,
2 leta =pa"+qp"
FACT : Ifaandb are rational numbers numbers and a +

b \E =0,thena=0=b. [JEE Advanced-2017]

a'12 =

(Aa, +2a, (B)2a, +a

© 4,73, (D) a,ta
Ifa,=28,thenp+2q=

(A) 14 B)7 ©O)21 D)12

Let aand B be the roots of x> —x — 1 =0, with o> . For
all positive integers n, define

al’l _ Bn
a-B °’
b =landb =a +a_ ,n>2.
Then which of the following options is/are correct ?

()a,+a,+a,+...+a =a —1foralln>1

an= n>1 [JEE Advanced-2019]

(DZW——

(@ZW

(4)bn:y"+[3“foralln21



Q.10 Letoand be theroots of x’ —x—1=0, witha>f.For Q.11  Suppose a, b denote the distinct real roots of the
all positive integers n, define quadratic polynomial x* +20x — 2020 and suppose c,d
an = B n>1.b =1landb =a +a .n>2 denote the distinct complex roots of the quadratic

e noomomre ? polynomial x> —20x +2020. Then the value of

Then whichof e fllowing opion sre coret? acla—)+ada—d) b o)+ bitb— ) i
(1)a,+a,+a,+...+a =a ,—1foralln>1 [JEE(Advanced)-2020]

A (A)0
@ 215 =50 (B)8000

b g (C)8080
) ;10" T (D) 16000
(4 b =y"+pforalln=1
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Q.1

Q.2

Q3

Q4

Q5

Q.6

EXERCISE (Solution)

EXERCISE-I
@)
check by options
x=11isroot Q7
Let other root=a

o
|
c

.. Product of the roots = (1) (1) = b_c

a—-b
= rootsare 1, ——
b-c
M
D =b?—4ac=20d?

JD =2+/5d here /5 isirrational

So roots are irrational.

)
D =b?—4ac=b?—-4a(-4a-2b)
=b*+ 16a’+ 8ab
Since ab >0
..D>0
So equation has real roots. Q.8

©)

For integral roots, D of equation should be perfect sq.
D=4(1+n)

By observation, for n € N, D should be perfect sq. of

even integer.

SoD=4(1+n)=6%, 8% 10%,122,14% 162,182, 20>

No. of values of n=8.

@)

Here for D <0, entire graph will be above x-axis
(- a>0)

= (k—1)*-36<0

= k-7)(k+5)<0

= -5<k<7

ey
Letf(x) =ax?*—bx + 1
GivenD<0 & f(0)=1>0

. possible graph is as shown

NS

—>X

Q9

ie. f(x)>0 v xeR

orf(-1)>0
f(-1)=a+b+1>0
©)
a
x2+ax+b:O<
b
atb =-a
=2a+b=0
and ab=Db
ab—b=0
b(a-1)=0
= Either b=0 ora=1
But b # 0(given)
: a=1
b=-2
fx)=x2+x-2
Least value occurs at x=— 5

Least value =

b 2
4

N | —

1
4
@
Q-x)(x+D=p
x-2)(x+1)+p=0
=x2-x-2+p=0

c
= 2>
a>02 P 0
9
&D>0= 1-4(p-2)>0 = p<Z
- n
3

-b -1

Z>0’2(2——p)>0’ Pe(2,0)

Taking intersection of all p € [2,%}

©)

X +px+(1-p)=0
(1-p)’+p(l-p)+(1-p)=0
(I1-p)[l-p+p+1]=0=p=1
Q.E.willbe= x*+x=0 = x(x+1)=0
= x=0,-1


H2O TECH LABS
Typewritten text
EXERCISE (Solution)


Aliter Q15 (2

otl-p=—p=a=-1 For (p>—3p+2)x*— (p*—5p+4)x+p—p*=0tobean
Satisfies identity
l-p+1-p=0=p=1 p’-3p+2=0=p=1,2 ..(1)
p=1-p=0=p=0 pPP—5p+4=0=p=1,4 ..(2)
p-p’=0=p=0,1 -(3)
Q10 (3 For (1), (2) & (3) to hold simultaneously
atb=-p -
p=1.
ab=q
+ = _
gd :dfr P Q.16 (‘;) 2
(-0 d=aalgrd+ed g ka0
S o X +9<x*+6x+9= x>0
::(ai)-a)ir & (x+3)2<8x+25
:_ab_pr X2+ 6x+9-8x—25<0
—q-r x>—2x—16<0
=—(q+r) 1-V17 <x<1+17 &x>0
= xe(0,1++17)
Q1 (1 Integerx=1,2,3,4,5

la—bl=4=(a-b))=16 = (a+b)’—4ab=16 No. of integer are = 5

7
:9—4ab:16:ab:—z Q17 &

Sx+2<3x+8=2x<6=x<3..>1)

7
:equationisx2—3x—Z:O X492 ) 3x+6
1 <4= 1 -4<0=> . <0
Q12 (1)
C1:b2—4ac>0,

x—2 B
ax? +bx + ¢ =0 real roots C, satisfied =% >0=x € (0, 1)U (2,0)...(i)

C, :a,-b, c are same sign Taking intersection of (i) and (ii) x € (—o, 1) U (2, 3)

b
+ = — >
atp>0=-">0 Q18 (2
2 2
X (x —3x+2)>0

ap>0= < >0 >
a x*—x-30

C, satisfied
C, & C, are satisfied x*(x=1)(x-2) S
= (x+5)(x-6)

Q13 ()
B c X #-5,6
2 _ -2 _L
axrbxre=0,a+p="".af =7 x €(=0, = 5) U1, 2]U (6, 20) U {0}
3,.p3_ 2
o’ +p7=(at+p)[(atP) —3ap] N0 TN 7
3, Qs (—b)K—bjz c} ENGZ 2N\ 6
o +p = — ||| — | -3—
a a a
Q19
z—_b{z_z}—_w ~320) _3abo-b’ © (m-2)X+8x+m+a>0 ¥xeR
ala’ a a a’ a’ = m>2&D<0
Q14 () 64— 4(m—2) (m+4)<0
D, =4a’b’ - 8a’b? = —4a’b? < 0 img. root 16— [m’+2m—8] <0
D, = 4p’q’ - 4p°q*> = 0 equal, real roots = m?>+2m-24>0

So no common roots. = (m+6)(m-4)>0



Q.20

Q21

Q.22

Q.23

m e (—0,—6) U (4, 0)
But m>2

= m € (4,0)
Then least integral mis m=5.
—-1<x-1]-1<1
= 0<|x—1|=2
= 0<|x—1]
= xeR (1)
and x—1]<2
= 2<x-1<2 Q.25
= -1<x<3 -2
HN@)
= x e [-1,3].
M
3x-1
log, 5 X+2 <l
3x-1 >0 5 (1 Ooj .
—00, — )
:>x+2 =X € (-0,-2)U 3 @)
.26
d 3x-1 >1 Q
an X+2 3
- 8x-5 >0
X+2
5
= x e (-o,~2)u g"’o ..... (i)
5
1) N @) =>x € (—0,2)U 5,00
@
2-log, (x>+3x) 20
= log, (x2+3x)<2
x2+3x>0
= xe(-0,-3)u(0,0) .. (M)
27
and x2+3x<4 Q
= x-1)(x+4)<0
= xe[4,1] .. (i1)

(i) " (i) = x € [-4,-3) U (0, 1]

@

log,  (x-2)=0

X>2 e (1)

@) When 0<1-—x<1 = 0<x<l1

So no common range comes out.

(i) Whenl-x>1 = x<Obutx>2

here, also no common range comes out. , hence no
solution.

Finally, no solution

(1)

log, 5 (x—1) <log, o (x-1)

logg s (x=1)
2

= log,,;(x-1)<0

ey

log, s logs (x2—4)>1log, 51

log, s log, (x>~ 4)>0

= x2—4>0

=X € (—0,-2)U(2,0) (1)
logs (x2-4)>0 =x2-5>0

log,;(x-1)<

= x-1>1 =x>2

=x e (=0,—4/5 )U(4/5 ,) ...(ii)
logs (x2—4)<1
=x2-9<0 =xe(-3,3) ..(i)

(i) N (i) N (i) = x € (-3, /5 ) U (45 ,3)
@

x2-2x 2
1 1
(5] <[Ej here base is less than zero so

inequality change
= x*-2x>2= x*-2x-2>0

o B_Zi«/4+8 2423
T2 2

a=1-3,b=1+3
(x—2a) (x—b)>0

X 6(—00, 1—\/§)U(1+\/§, O0),)(ca11bein(3,oo)

1-¥3  1+43
4]0 1 23

)

6x* —5x -3
— <
x* —2x+6

D'is always > 0
6x>—5x—3—4x>+8x—24<0
= 2x2+3x—27<0

S (2x+9)(x-3) <0 xe[_?g,?)}

least value of 4x>=4.0>=0



Q.28

Q.29

Q.30

Q.31

2
Highest value of 4x? is = max {4{— %) , 4:3 }

=max (81,36)=81

©)

Let the roots be a, B, —f
thena+B-B=p

= a=p (1)

and oaf—ap—Pp>=q

= p=—q -2)

also—af?=r
= pq=r [using (1)].

theno®—a—-1=0. ... 1
L 1+a _y—1
ct 1-a Y= y+1

3
-1 -1
from equation (1) (ﬁj - [ﬁj -1=0

1+ a
T-o
1+

= y+Ty-y+1=0_" 17%

Iy

1-v

1+a+1+[3+1+y

then T—o 1-B 1—y =—7 Ans.
@

x*—43+ax’ +bx+1=0
real & positive roots
oatf+r+d=4&afrd=1
= a=B=r=0=1
Yof=a=a=6
Yapr=-b=b=—+4

or (x—1*=x*—4x>+6x°—4x+1
)

o
axz+bx+c:0<[3

sum ofroots = (2o +3B) + 3a+2P)

:5((1-5-[3):5(—2)

Product of roots = 60 + 6p2 + 13ap = 6(o. + B)* + afp

—byY ¢ _6b% ¢
= —_— —_ :_+_
6(6) "a a2 a

Q.32

Q.33

Q.34

Q.35

Q.

2,5, ,6b° c_
E_x+ax+a2 +a—0

a’x>+ 5abx +6b%+ac=0

)

+

(2x-1)
x(2x* +3x +1)
2x-1)
x(x+1)(2x +1)

+ LT

consontains [—oo, —)

@)

1721/2 0 12
3
2

y=-2x"-6x+9

-b 6 3
=S N =—T=-15
2

S 2a 2(-2)

AY
(0,13.5)

\
O » X

<
<

&

! -3/2

\

D=36-4(-2)(9)=36+72=108
D 108 108

LT =135

=
1

=

Q

=
=

=

@)

y=

4a _m: 8
y € (—,13.5]

x?—x+1

x+x+1
(k—Dx2+(k+1)x+(k-1)=0
x isreal
D>0

(k+1)2-4(kk-1)2>0

(Bk-1)(k-3)<0

1
-3
ke [3 }
2x

T XER

=yx*-2x+y=0

=
=

D>0=4-4y*>0
(Y’'-D<0=ye[-1,1]



Q.36

Q.37

. Range of f(y) =y*+y—2 Q.38

P b -l
1n value = 43_ 4
-1

y=—5 L]

f-1)=1-1-2=-2
f(1)=1+1-2=0
max valueis=0

-9
Range |—, 0
g[4 }

@

X —xy+y?—4x-4y+16=0,x,y eR
X—x(y+4)+ (Y -4y+16)=0  ...(1)
xeR=D>0

(y+4)’—4(y’—4y+16)>0

= V+8y+16-4y*+16y-64>0 = y>—8y
+16<0 = (y-4)’<0=>y=4

Put is given equation (i)

x> —8x+16=0

= (x—4y’=0=>x=4

Q.39

)

(y— DX’ +(y+ 1)x+(2cy—c)=0

D>0.. xeR

= (y+17—4(y—1)(2cy—¢) >0
y?+2y+1—8cy*+ 12cy—4c >0
(1-8c)y>+(2+12c)y+(1-4c) >0
VyeR,D<KO

(2+12¢)°—4(1-8c)(1-4c)< 0

(1+6¢)>—(1-8c)(1—4c)<0
4c®+24c < 0=c e [-6,0]

& N' & D" have no any common root

Q.40

0] both common factor (root) (not possible)

1 -1 ¢

1+ 2

(i) If one common root is o
(a®>—a+c=0)x2

& a’+a+2c=0

a’— 3a=0
a=0=>c=0
or oa=3=>c=-6
cz0&c#-6
ce(-6,0)

@
2x2—(a+8a—1)x +(a?—4a)=0

since the roots are of opposite sign,

f{0)<0
= az—-4a<0
= a(a—4)<0

= ae(0,4)

@

x*=2px+(8p—15)=0
f(1)<0 and f(2)<0
=f(1)=1-2p+8p-15<0

N 2/

N

=p<7/3
and f(2) =4—-4p+8p—15<0

11
=4p-11<0 = p<—

A A

¢} 7/3 11/4

Hence p € (—w, 7/3) Ans.

)

X +2(k-1x+k+5=0

Case-1

@) D...0

= 4(k-1>-4k+5)...0

= K-3k-4..0 =k+1)(k-4)...0
= k € (~o0,—1]U [4, )

& (i) (0)>0 = k+5>0 = k (-5, 0)

b Py
&(iii)g>0:M>O

= ke (o, 1)..ke[-5-1]

Case-1I f(0)<0 =k+5<0
=k e(-n,-5]

4<07L
Finallyk € (Case - 1) U (Case - IT)
k € (—o0,—1]



Q.1

Q2

Q3

Q4

Q5

Q.6

EXERCISE-II
@)

(3) Given equation is
(P-@x* +(q-1)x+(r-p)=0

=@ 4 -p-a)

2(p—q)
- (r—q)i\/(q+r—2p):>X: L U
2(p—q) p—q
©)

We have 4ax? + 3bx + 2¢ = 0 Letroots are o and f3
Let D=B?-4AC=9b’—4(4a) (2c)=9b*-32 ac
Giventhat,(a+b+c)=0=b=—-(a+c)

Putting this value, we get

=9(a+c)*-32ac =9(a—c)*+4ac

Hence roots are real.

@

Given equation
2(a*+b)x*+2(a+tb)x+1=0
LetA=2(a’+b?*,B=2(a+b)and C=1
B?—-4AC =4(a’>+b*+ 2ab) - 4.2 (> + b?)1
= B?-4AC=-4(a-b)*<0

Thus given equation has imaginary roots.
@

The roots of the equations are given by
—b++/b” —4ac
2a
(i) Letb*—4ac>0,b>0
Nowifa>0,c>0,b>—4ac<b?

= the roots are negative.

X=

(i1) Let b*— 4ac < 0,then the roots are given by
—b+iy/(4ac—b’
X = “bxiy(ac—b’) , (i=+-1)
2a
Which are imaginary and have negative real part
(-b>0)

.. In each case, the roots have negative real part.

M
Here(b+c—2a)+(cta—-2b)+(a+b—-2c)=0
Therefore the roots are rational.

©)
The quadraticis (k+11)x*—(k+3)x+1=0
Accordingly, (k+3)’—4(k+11)(1)=0=>k=-7,5

Q.7

QS8

Q.9

Q.10

Q.11

&)
Fromoptions putk=3 = x>+ 8x+7=0
=>x+1)+7)=0=>x=-1,-7
means for k = 3 roots are negative.
ey
Given equation (1 +2k)x?+ (1 —2k)x + (1 —2k) =0
If equation is a perfect square then root are equal
ie., (1-2k?—4(1+2k)(1-2k)=0

1 -3
ie., k= PRTE Hence total number of values = 2.
@

Let first root = oo and second root = E
Then Ot,lIEjk =5
a 5

M)

Given equation 4x> +3x + 7 = 0, therefore

3 7
ot+p=—-——andaf=—

4 4
1. 1 oa+p -3/7 3.4 3
Now 078" "ap ~ 7/4 4 7 7
(M
C
Here(x+B:—Rand0€B=g

a

1
If roots are a +E , ﬁ+l then sum of roots are
a

= (a+l)+£ﬁ+lj:(a+ﬁ)+(a+5) :L(a+c)
B o ac

of

and product = (OL + %} (B + l)

o

1
= ocB+1+1+—:2+£+i
aoff a ¢

2ac+c’ +a’ _ (a+c)’
ac ac
Hence required equation is given by

(a+c) _

x2+£(a+c)x+ 0

ac ac
=acx*+(atc)bx+(atc)?=0
Trick:Leta=1,b =-3, c=2,thena=1,=2b
=-3,c=2,theno=1, =2

. oc+l:é and B+L:3

: B 2 o

Therefore, required equation must be
(x-3)(2x-3)=0 ie.2x?-9x+9=0
Here (1) gives this equation on putting
a=1,b=-3,c=2



Q.12

Q.13

Q.14

Q.15

Q.16

@

b c
atp=-—,af="—

o]

b’ -2
and (12"1‘[32 Z(a—ZaC)
o« B

af+b aa+b

_a(ao+b)+B(ap+b)
~ (aB+b)@ac+b)

(b* - 2ac) b
a0’ +B)+ba+p) +b(_*]

= ofa’ +ab(a +p)+b’ (E]a2+ab(—kj+b2

a

Now

b’—ac—b> -ac 2

a’c—ab” +ab?

a’c a

@)

Let o and B be two roots of ax*+bx+c=0
c
Then oc+[3=—E and of =—
a a

b2

= o’ +p :((x+[3)2—20c[3=a—2—2§

So under condition o+ B =02+ B> o+ p=a’+ >

b b*-2ac
3_;2 a2 =b(a+b)=2ac

@
o, B be the roots of x2—2x+3 =0, theno+ =2 and
o B = 3. Now required equation whose roots are

, (2) 1
=X |75 X+§=0 =9x2+2x+1=0

&)

According to condition

2m—1 1

—=-1=3m=1=>m=7
m 3

@

o + B = (0 + By~ 3ap(at B)
=(4y-3x1(4)=52

Q.17

Q.18

Q.19

Q.20

1)

a_2 2B
Letroots are a, B so, B3 S a= 3
m
Lo+p=—
b 12
2B m 58 m .
StB== =
=3P RT3, M
and
12 3 12 8

=p=+/5/8

5 /5 m
Put the value of fin (i), 5.\/§:E:>m25\/ﬁ,

@

Given equation can be written as
(6k+2)x*+rx+3k—-1=0 ... 1)

and 2(6k +2)x*+px+23k-1)=0 ... (i1)
Condition for common roots is

12k+4 p 6k-2

=—= :2 —_pn=
6k+2 1 k-1 -or2r—p=0

(1

Let « is the common root,
soo’+pa+q=0 .. (1)
ando’+qa+p=0 ...(ih)
from (i) — (ii),

=>@P-qQoat(@-p)=0=a=1
Put the value of acin(i),p+q+1=0.

@
Expressions are x*— 11x+a and x>-14x + 2a will have
a common factor, then

X X 1
= = =
—22a+14a a—-2a -14+11

x2 X L , 8a

2 2
- [E} :8_a:>a—:8?a:>a=0,24.

Trick : We can check by putting the values of a from
the options.



Q21

Q.22

Q.23

Q.24

Q.25

@
Given, x+2> [x +4 = (x+2)* >(x+4)

=Sx+H4x+H4>x+4=x2+3x>0
=>xx+3)>0=>x<-3o0rx>0=x>0

@
Casel: Whenx+2>0ie. x>-2
Then given inequality becomes

XX—(x+2)+x>0= x>-2>0=|x|> 2

=>x< _/2 orx> .2

As x >—2, therefore, in this case the part of the solution Q.26
setis [-2,—v2) U (+/2,00) .
Casell: When x +2<0 ie.x < -2,
Then given inequality becomes x>+ (x +2) +x>0
= x2+2x+2>0 = (x+1)*+1>0, which is true for
Q.27
all real x
Hence, the part of the solution set in this case is (—,
—2]. Combining the two cases, the solution set is
(=0,-2) U ([-2, 2] U (¥2,0) = (-0, 2) U (+/2,0)
©)
Ifa, B,y are the roots of the equation.
X —px*+qx—-r=0 Q.28
p2
R o ) e o () e (T S o
(ot By + (B! + (o) =
Given,p=0,q=4,r=-1
p’+q 0+4
= —_— 4
pq-r 0+1
)
We know that the roots of the equation
ax®+bx*+cx+d=0 follows afy=—d/a
Comparing above equation with given equation
wegetd=1,a=1 Q.29

So, afy=-lor o’By*=-1.

©)

x> =3x+4

O ixad = (y-Dx2+3(y+D)x+4(y—-1)=0

Lety=

Forx isreal D >0

= 9(y+1)*—16(y-1)>>09(y +1)*—16(y—1)*>0
= -7y’ +50y-7>0=Ty*- 50y +7<0

= (y-7)(7y-1)<0

Now, the product of two factors is negative if one in —
ve and one in +ve.
Casel:(y—7)20 and (7y-1)<0

1
= y27and Y2 7 But it is impossible

Casell: (y—7) <0and(7y—1)2>0
1 1
=y<7and y27:>7ﬁy£7

. . . 1
Hence maximum value is 7 and minimum value is =

7
M

2
x2—3x+3=(x——) +—

3 3
Therefore, smallest value is 1 which lie in (—3,—)

2
@
x*—3x+2 be factor of x*— px*+q=0
Hence (x*-3x+2)=0=(x-2)(x—1) =0
= x =2, 1 putting these values in given equation
so 4p—q-16=0 .. 0]
andp-q-1=0 .. (i1)
Solving (i) and (ii), we get (p, q ) = (5, 4)

)

If the roots of the quadratic equation ax>+bx +c¢ =10
exceed anumberk , then ak? +bk+c¢>0if a>0,b>—
4ac>0 and sum of the roots > 2k. Therefore, if the
roots of X2+ x + a =0 exceed a number a , then
a’+a+a>0,1-4a>0and—1>2a

1 1
:a(a+2)>0,a£zanda<—— =

> a>(0 or

a<—2a<l da<—l
SRy A 2

Hencea<-2.

@

Let

f(x) =4x>—20px + (25 p*+ 15p—66) =0 .....(J)

The roots of (i) are real if

b?—4ac=400p*—16(25 p*+ 15p—66)
=16(66—15p)=0

=>p<22/5 L (i1)

Both roots of (i) are less than 2. Therefore f(2) > 0 and
sum of roots < 4.

2 _ 2 _ > ﬂ<4
= 4.22-20p.2 + (24 p>+ 15p—66) >0 and 4



4
:>p27p72>0andp<§

4
=@+ (p-2)>0 andp<g

4
=>p<-lor p>Zandp<§:p<71 ..... (iii)

From (ii) and (iii), we get p<—1i.e.p € (—o0,-1). f(0)>0c>0
= abc <0
D) a<0 ‘
EXERCISE-III

-b
32 0P /\1\
(A,B,D)

y=ax’+tbx+c

f(0)<0 <0
Clearly a<0 O)<0=c

and — <0
2a / Q.3 (AaD)
o b<0 Clearly a<0

also f(0)<0=c¢<0 -b
and D>0 Z>O$b>0
- (A),(B)and (D).
- (A), (D)
(AB,C,D)
(A) a < O’ Q°4 (Aa Bs D)
_ 2 _6= =_ =
7—b<0:>b<0 X+ x|-6=0=[x|=-3,2=x|=2
2a =x=+2
& f(0)<0=c<0
QS5 B.D)
2 PN
/-\ ax +bx+c=0 ~p

/ at+b=-b/a, ab=c/a
/a+h

X +qx+r=0
. abc<0 P 4 NB+h

(B) a<o0, -
B (a+b)+2h:?
_a >0=b>0

q
7+7
b P a 1(b g A
= 2 *Zap ns.

|o.—B|=|(ct+h)—(B+h)|

/T

= J[(@+h)+@+h)] —4(+h)B+h)

f(0)>0=>c>0
= abc <0 b’ 4 q 4 b>—4ac _ q —4pr
© a0 B e
-b Ans
5.>0=b<0

2a



Q.6

Q.7

(B,CD)
A) S=a’+b’=a>-2b
P=a’b’=b?
.. equation is x> — (a>—2b) x + b2=0
ot Ll a1 1 1
®) o B b a'B b
2+ — +l*0
¥ b
=bx*+tax+1=0
2 p2 2
a B o +p a”—2b
= — 4+ — = =
© S B« of b
a B
P= B a =1
a’-2b
x2— b x+1=0=bx’>-(a>-2b)x+b=0

M) S=atb-2=-a-2

P=(a-1)(b-1)
=ab—(a+tb)+1
=b+a+l

", equation is
x*+(a+t2)x+(atb+1)=0.
(A.D)

o

ax’+bx2+cx+d=0 —8B
\\{

Letax®+bx’+cx+d=(x*+x+1) (Ax+B)

Roots of x* + x + 1 =0 are imaginary, Let these are o, 3

So the third root 'y' will be real.

+B+ _ b
atPry=—
L+ b _a-b
LTYET 2T,
Al _
so afy= .
Butop =1
—d
L=
.. Ansare (A) & (D).

QS8

Q.9

Q.10

(A,B,D)

<log, o x<2

N | —

1
—<Xx<

= 100

Sl»—i
(e

(B,D)

03

x2+abx+c=0T (D
p

atpf=—ab,af=c

/01.
2+ +b=0 .2
x2+acx+b N @

at+d=—ac,ad=Db
o’+aba+tc=0
o?+aca+b=0

c-b 1
& o= ac—b) ~ a .. common root, a.= a

[u—

1
Lmbre) = =
a

a(b+c)=—1

Product of the roots of equation (1) & (2) gives

1
B x ;:c:B:ac

1
& o % ;:b:>6:ab.

. equation having roots 3, 8 is
x’—a(b+c)x+a’bc=0
a(b+c)x*—a’(b+c)yxta.(b+tc)a’bc=0
a(b+c)x*+(b+c)x—abc=0.

(CD)

D of X2+ 4x + 5= 0 is less than zero
= both the roots are imaginary = both the roots
of quadratic are same

~  bodae<0&2-2-Sy
!

wm|o

= a=k,b=4k,c=>5k.



Q.11 (A,D) ! !
o ;+r+l=—b&;+r+1=c:>b+c=0

X2+ px+q=0
pxTq Np

1 1
a+B=-p,of =qandp’~4q>0 weknow;+r>2:> (;+r+1j>3
o ~b>3=b<-3 =be(-»-3)
xzfrx-i-S:O\BA ..... (1)
1
& other two roots are ;&r

Now o'+ p*=r

= o+ Bi=r,(af)=s=q"

Lo+ =2(ap)=r=[(at By —20pP - 202p>=r1
=(p’-29¢-2¢’=r

1
if—-—>1=r<lifr>1=r<l1
T

= (p*-2q)P’=2¢*+r>0 wn(2) Q.14 (AB)
Now, for x?—4qx +2q*—1r=0 3 4 5
=16q>— 2 i f(x)= + + =0
D =16q*>—-4(2q*>—r) by equation (2) (x) (x=2)  (x=3) " (x—4)
=8q*+4r=42¢*+r1r)>0
= D > 0 two real and distinct roots 6x>—14x—21x+49=0
Product of roots = 2¢*>—r (Bx-7)(2x-7)=0
=29’ [(p*~29)’ - 297] ; ;
=4q’—(p*-29)’ X=5.x=7

=—p*(p*—4q) <0 from (1)

So product of roots is — ve

hence roots are opposite in sign 2< 5 <33 <5 <4
Q.12 (AD) 2nd Method
20x2+210x +400=4500 = 2x> + 21x —410=0 g(x)=3(x-3) (x—4) +4(x-2) (x—4 +5(x-2) (x-3)
= (2x+41)(x—10)=0 =0
g(2)>0;g(3)<0,g(4)>0
= x= #, x=10 = x=-20.5, x=10 one root lie b/w (2, 3)

& other root lie b/w (3, 4)

Q.13 (AB.CD)

Q.15 (D)
=i
f-1)=0= -1+q-r=0
x3+bx2+cx—1:0£[3=a CH=0= -t
Nt ar f(-5)=0=-25+5q-r=0
| q=6 r=5
%—i—a-l—ar:—b = a[;+1+rj=—b f(x) = —x2—6x + 5 vertex is (-3, 4)
a
& ;XaxarZI Q.16 (B)
B=1= a=1 f(x) =px?—qgx—r Since f{(0) f(1)>0
a a =>((1n(pP-9-1>0=r(p-q-1)<0
& ;a+a-ar+;-ar:c

Q.17 (O

a2(1+r+1j:c
r

Q18 (B)



Q.19 (D) union of both cases gives

A€ (-, 6)
Sol.  (17to18)
X-Ax24+9=0 = xX2=t>0 = f(t)=L—rt+ T3
9=0 -6 6
|
0

a7 given equation has four real & distinct roots

(19) Equation has only two real roots

o v ¢ case-I f(0)<0 9<0

D>0
= k2>—36>0 \ | /

) A |
—|6 fI3 which is false
‘I?—' case-Il f(0)=0
0
L and N <0
2a 0

)/

= %>O \/(I) X

= A >0 No solution
£(0)>0 Final answer is ¢
= 9>0
A € (6,0)
, Q20  (A)—>(P)B)—>(S)(C)—~(Q); (D)~ (R)
(18) Equation has no real roots.

= (a-pr-l

2_} —

(A) x*—bx+c 0<B

\ / |OL—[3‘:1
— -

b?—4c=1.
case-I D>0=>A2-36>0 B) Let o be common root then
-b o?+ao+b=0
2a <0= 4<0 o’+bat+a=0
o’ a1
. = a’-b> b-a b-a
£(0)>0 = 9>0. @ a1
= a’-b> b-a b-a
A e (—w,—6]
= a=1 and a=—(a+b)
=_(a+
case-Il D<O0 (a+b).
= K60 C - a+p=1andaf=3
=  Le(66) © s oat+p=Tlandof=

o a4 + B4 = (a2 + BZ)Z _ 2(1,2 BZ



= [(a+ By~ 2aBF—2(ap)
= (1-6)'—-2(9)
=25-18=7

D) “Za=7
Taf=16
Yoa=12
Eal=EZa)P-2EZap)
=49-32
Lol BRyr=17

Q21 (A)—®,B)=>((P)(C)—~>(),(D)—>(p,q)
o
2_ =
(A)  x2-8x+k 0<0(+4=B
(B-a)*=(atp)—40p
= 16=64—-4k =4k=48 = k=12
B) . (x[-2)(x[-3)=0
= x=12; x=43
4.0,
n=4. 7
©) - b=B-1)(3+1)
b=10
(D) x2-2kx +(k*+k—-5)=0
\_/ 5
1D>0
=4k -4(k*+k-5)>0
=k-5<0
(i) f(5)>0
= 25-10k+k*+k-5>0
= k2—9k +20>0=(k-5)(k—-4)>0
. jL<5 <5
(iit) 7 =
) ——>
4 5
= ke(—m,4)
So kmay be 2, 3.
NUMERICAL VALUE BASED
Q22 2

(x> +3x+2) (x*+3x) =120
Let xX2+3x=y

Q.23

Q.24

Q.25

y*+2y—120=0
(y+12)(y-10)=0
y=—12=x>+3x+12=0
xed

y=10 = x*+3x-10=0
= x+5x-2)=0 =

=2, — 5 are only two integer roots.

Uy ul

x=1{-5,2}

8
x2-3
(5+2V6) +-___l__;;:10
(5+2J€)
1
= t+—=10
t
= 2-10t+1=0 t= mi\/_ =5+2.6
Sy = 6428 o 57
= (5+2J6)"7 = (5+2V6) or 5575
= x2-3=1 or x2-3=—
= x=2or—2 or _J2 or 2
Product 8
11

2x2+6x+a=0
Its roots are a,

3 & 2.2
+ B == — —
= atP of 5 = B
(o +B)? =20
= — <2
af
9-a
= <1
2a-9
= >0
a
9
= ae (—0,0)u E’OO
= 2a =11 is least prime.
(1]
a
x2+px+1:0\b atb=-p,ab=1



Q.26

Q.27

c

x*+qx+1= ctd=-q,cd=1

O\0|
atb=-p, ab=1=c+d=-q,cd=1
RHS=(a—c)(b—c)(a+d)(b+d) =(ab—ac—bc +c?)
(ab+ad+bd+d?
=(l—-ac—bc+c?)(1+ad+bd+d?

=1+ad +bd+d*-ac —a’cd —abcd —acd’— bc — abed
—b?cd — bed? + ¢ + adc? + bde? + ¢*d?
=]l+ad+bd+d>~ac—a’-~1-ad—bc—1-b>—bd+
c¢*+ac+bc+1

[+ ab=cd=1]
=c?+d*-a’-b?>=(c+d)*-2cd—(a+b)*+2ab
=@*-2-p*+2=@¢*—p’=LHS.  Proved.

2nd Method:

RHS = (ab—c(a+b) +¢?) (ab+d(ab+d(a+b) +d*
=(+pc+1)(1-pd+d? (1)
Since ¢ & d are the roots of the equation x> + qx+ 1 =0
Lt qetl=0=ctt+1=—qc &d*+qd+1=0
= d*+1=-qd.

- (i) Becomes = (pc — qc) (-pd — qd) = c(p — q) (—d)
(p+q)=—d(p’-q)
=cd(*-p?)=q¢*-p?’=LHS. Proved.
73

. a, Barerootsof Ax>—(A—1)x+5=0

R WU
Lotp= N an ocB—}L
2, n2
a B o’ +p
.B+a—4 = p =4
or e 0-1 _ 30
S(@+pr=6ap ==
=A-32A+1=0 @)
" A, A,are roots of (1)
oA +A,=32and A A =1
) h_’_}‘_z_ (7\'1+7“2)2_27\'17\'2 _ (32)2—2
" A, A A, 1
Mo M
1022 = |2 M| =73
14
10

oa.f=b;yd=b-2
= apyd=b(b—-2)=24

Q.28

Q.29

Q.30

Q.31

11
o bx?+ax+1=0hasroots —>
a B
1.1 _—
o B b
, 11 11 _a
(bfZ)Xfaerl—Ohasrooty,S:y 5 b2
1 1 1 1 -a a 5 +2a 5

= —+4 =— . =— .
Y B 7 8 b b-2 6°bb-2) 6°

“2a_s o
24 6 C AT

3

x2+2xy+ 2y +4y +7

=(x+y) +(y+2)+320+0+3
. Least value = 3.

13
a?+b3+(-9)*=3-a-b(-9)
=a+b-9=0 or
a=b=-9. Which is rejected.

As a>b>-9
=a+tb-9=0 = x=1lisaroot

other root= — . a:;,ﬁzl
a a

-9
:>4Baoc—4a[?j =4+9=13.

6

Let t2-2t+2=k

= a?—6ka—2=0

= a’-2=6ka

a,,— 2a93 =100 _ D g% BIOO + 2‘[398

— aes(az ~2)- BQS(BZ _ 2) — 61((0(99 _ Bge)

a,,,—2a, = bk.a,
A0 ~ 2398
a =6k=6(t2-2t+2)=6[(t—1)>+1]
99
. B0 — 289
min. value of is 6.
99
11

Given that, roots of equation x>~ 10ax—11b=0 arec, d
Soc+d=10aand cd=-11b and a, b are the roots of
equationx?—10cx—11d=0

s.atb=10c,ab=-11d



Soa+b+c+d=10(a+c)and(c+d)«(a+b)=10(a—c)
(c—a)—(b—d)+10(c—a)=0

= b+d=9(a+c) (1)
abcd=121bd

= ac=121 ...(ii)
b-d=11(c—a) ...(1ii)

¢ & a satisfies the equation x* — 10ax — 1 1b

=( and x*— 10cx — 11d = 0 respectively

: c¢?—10ac—11b=0
a?—10ca—11d=0
(cP-a)-1I(b-d)=0

(c—a)(cta)=11(b—d)=11.11(c—a)

(by equation (iii))

ct+a= 121

= at+tb+c+d=10(c+a)

= ) = 110 =11.

EXERCISE-1V

JEE-MAIN
PREVIOUS YEAR’S
Q1 ()

(Xz _5X+5)xz+4xf(70 =1

xX-5x+5=1=>x=14

or,x’+4x —60=0x=-10,6
or,x’—5x+5=-1bx=23

But for x =3, x>+ 4x — 60 is odd

So Required values ofx are 1,4,-10,6,2 Sum =3

Q2 (D

r=1

- i(x2 +(2r—1)x+(r2 —r)) =10n

r=1

.. On solving, we get

2_
x2+nx+(n 331]20

L QRoa+1)=-n
/\
oa o+l
—(n+1)

= .. 1

=>a > 1)
?-3]

and a(o+1)=" T @)
= n?=121 (using (1) in (2))
or n=11

Q3

Q4

Q5

Q.6

@

o, B areroots of x¥*—x+1=0
Soo=-wand p=-@’

where o is non-real cube root of unity
$0, a0+ o107

= (—®)" + (—?)!”7

= [0+ 0]

=-|-1]=1
Asl+tot+*=0&w’=1)

)

X2+2x+2=0= (x+1)*=-1

x=—1+i= ﬁei(i%n)
sl pl= (\/5)15 x 2 cos (15%)

1

=28 3% (——ZJ =256]

(Bonus)
x?—mx+4=0
o, B ell,5]

A 4

(D) D>0=m*>-16>0
= m e (—0,—4) U (4,0)
(#) f(1)20=5-m>20=>m e (-x,5)

29
3 f(5)20=29-5m>0=>me (—wa?}

-b m
<_ —_—
@ 1 7 <5=>1< 2 <5=me(2,10)

=>me4,5)
No option correct : Bonus
* If we consider a, € (1, 5) then option (1) is correct.

©)

D must be perfect square
=121 -24a=»?

= maximum value of ais 5

a=1=>A ¢1



a=2=>A ¢1

256
a=3=rel o= Tl
= 3 integral values
a=4=>xrel 4
a=5=>Arel Oc:ig w(2)
) From (1) and (2)
Case - 1 4 64 —-K
c—5>0 (i) 3727751
f(0)>0
c—4>0 (i) K=-300
f(2)<0
4(c—5)—4c+c—4<0 Q9 0
. \ . / . Expression is always positive if 2m+ 1 >0 = m> —%

0o \2/ 3
andD<0=>m’-6m-3<0

<24
¢ (a) Wi2 <m<3+412
f2)>0
9c—5)— 6c+c—4>0 - common intervalis 3— /]2 <m<3+ /]2
49 .. Integral value ofm{0,1,2,3,4,5,6}.
4c—-49>0=>c> ” (V)
Here (i) A (i) A (i) A (iv) QI @
Let roots are o and B now
e 1
4 o B
At—=1 = —+—=1 = *+p*=0af
A B o
Case - 11
c—5<0 () (ot B)y=2af
f0)<0 .
( -m(m—4) J 2
= 3 .
/\ 3m2 31’1’12
o/ 2 \3 m’—8m-2=0
c<4 (i) m=4+ 32

f2)>0=c>24 .(iii)

f3)<0=>c>49 ..(iv) So least value of m=4— 32

4=>ced
ce [9,24), Q11 (3)
4 (x—=1P+1=0 = x=1+i,1-i
@) (o)
L= =1 =1
. 5 ~l= e
oatao’= T (1)

n (least natural number) = 4



Q12 Q) Q16 (4
a,b,c,inGP. 12

12
: o?+p”  _ (oB)
say a, ar, ar ( 1 \ - 24
satisfies ax? +2bx +c=0=>x=-r kT—Fﬁ (o— )24 (=P)
X = - is the common root, satisfies second equation * p
d(-r)*+2e(-r)+f=0 12 12
2 = 12 2
—dS-if=0 :g+£=§ [(a+B)2—4aBJ (a+B)” —4ap
a b a ¢ b
( —2sin0 ]12 s
Q13 (1) “\sin®0+8sin0/  (sin0+8)"
D<0
4(1+3m)’—4(Hm?) (1 +8m) <0
(1+3m)— 4(Hom?) (1 + 8rm) o1 @
=>m2m-1)*>0=m>0
Let2*=t
S5+[E1]=t"-2t
Qi @ —lt—1]=(2=2t—5)
In given question p, q € R. If we take other root as any ® 1)
real number o, lfi th h
then quadratic equation will be rom e grap
gt
X—(a+2-3)x+a.(2-3)=0
Now, we can have none or any of the options can be ‘ St=0
correct depending upon ‘o’ Instead of p, q € R it should 1 : )
be P, q € Q then other root will be 2 +./3 M £ty
-5

=>p=-Q2+3-2-3)=-+4
andq=(2+.3)2-3)=1

So, number of real root is 1.

S o4q-12=(4y-4-12 Q18 @)
=16-16=0 375x2-25x-2=0
Option (2) is correct 25 -2
+R=— [ —
atP=375-9P= 375
A5 4
Q @ = (a+ o +..... upto infinite terms) + (B + B>+ .....
3
SOR = el (S.OR) . =3 o o B
infinite terms) = I~ 1-p 12
whenm=0
o Q19 ()
e ax? +2Bx +y=0
X2_3X+1_0\ LetB:(xt,y:(xt2
B coox2+2atx +at?=0
=x> +2tx+t2=0
atp=3 = (x+1)2=0
ap=1 =>Xx=—t

3 R2=lly — Rl(2 + R2 . .
lo? =B = [lo.— Bl(or” + B + o) it must be root of equation x> +x — 1 =0

:‘\/(G—B)z—aﬁ((aw)z—aﬁ‘ SOt 1=0 1)
Now
- ‘\/9—4(9—1)‘

af+y)=0?(t+t?)
Option 1 By=at. a?=o’t?=a’ (> +1)

_ from equation 1
= /5x8



Q20 (1) Q24 (1)

o’=5a0+3 b b
B3=5p+3 200=—=0a=— and a2:§ b
a a a a
p,=5(a+p)+6 =b’=5a...(>1)(a=0)
=5(1)+6 a+B=2b . (i)
P=1landp,=o’+p*=a+1+p+1 af=-10 ... (iii)
P,=3andp, =’ +P’=20+1+2B+1=2(1)+2=4 X
P, xP,=12andP,=11  =P;#P xP, OC=;isalsorootofxz—be—IOZO
Q21 8 = b2 2ab’— 10a>=0
>
D=0 by (i) = Sa— 102>~ 10a>=0
(a—102—-4(2) (3—23—231)20 = 20a%=5a
(a—102—4(33-42)>0 L P |
a?—4a-32>0=a e (—o,—4]U[8, ). 4 4
o*=20 and B*>=5
Q22 (2 Now o? + 3
Let3*=t =5+20
tt-1)+2=|t—1|+|t-2] —95

—t+2=t—1|+|t-2]
Q25 ()

s Letf(x)=ax*+bx+c¢

. Let roots are 3 and a.
747 and f(—1)+f(2)=0
. 4a+2b+c+a—-b+c=0

a 1 2

1
3 Sa+b+2c=0...(1)
-+ f(3)=0=9a+3b+c=0..(ii)
are positive solution From equation (i) and (ii)
t=a
X— a b c a
3*=a = = - —=—=
x = log,a so singleton set. 1-6 18-5 15-9 =5 13
Q23 s Ax)=k(-5x2+ 13x+6)
Lete*=t € (0, ) =—k(5x+2)(x-3)
Given equation )
t+Ee-4t2+t+1=0 :Rootare3and—g
1 1
t2+t*4+—+—2:0 2
tt .= 5 lies ininterval (- 1,0)
(tz +L2J+(t+l]—4=0
t t
Q26 (1)
Let t+ 1T¢ -+ o is a root of given equation, then
(2—2)+a-4=0 5o’ +60=2
C+o-6=0 = Sab+60°=2a* (1)
o*t+ta—-6=0 Similarly 5p¢+6B°=2p* ..Q2)
a=-3,2 = a=2 = e'te*=2 Adding (1) and (2), we get

x = 0 only solution 58,+68S,=2S,

oo



Q27 (@ Q30 (3

-+ Equationis: (A*+1)x*—4Ax+2=0 -+ d,B,y,0 arein GP, so ad =Py
-+ One root in interval (0,1) 5
- f(0). (1) <0 BRI A o N
2.(02+1-40+2)<0 Boo Tlatpl fy+d
A-3)(A-1)<0
. 9-4 36-4
~he(1,3) \/ P:\/ p
N\ 3 6
1
If A =3, then roots are 1 and 5 = 36-16p=36-4q
=q=4p
SA e (1,3]
2q+p 9p 9
So, 5 TS - =5
Q28 ¥ 2q-p Tp 7
11 Q31 @
B=2anda+B=—palso —t5 =—
o.fp=2and o+ palso 8 q 3 D)
7x*-3x-2=0=>a+B=7,0p=—=
=p=2q 7 7
1 1 1 1 a B
el 2 L +
Now(a aj[ﬁ B](a+ﬁj[[3+a) Nowl_az 1-p?
Cwp 1 __o—ope+P B (a+P)-aP(@tp)
—|apt+———=—" | aB+—+1+1 T =@ +pH)+(ap)’  1-(aF +B7) +20p + (af)’
af B a of
915 a’+B*| 9 3,23
Tl ] s pw el
1= 02 4 49-9-28+4 16
49 7 49
9 2
=70-p) Q32 (0
Let |x|=twe have
92— 18t+5=0
Q29 (1)

92— 15t-3t+5=0

Roots of x*—x+2A=0areaand Gt—1)(3t—-5)=0

and roots of 3x>—10x + 27X =0and acand y

Here, :>t:lor§:>|x|:lor§
30— 1000+ 271=0 ....(1) 3 3 3.3
302 -3a+6A=0 ...(ii) 1 5
Soo=3A Roots are J_rg and 3

Now,

3L+B=1land31-B=21 Product= 2>

81

10
and, 3A+y= 3 and 3A.y=9A
Q33 (2

2 1 _ 1 _
Cy=30=— =Z A== otBf=—-=>-1=2a+2
LY and B 3 9 2

and 40>+20-1=0
BY—IS =40?+2a+20+2p=0

A =pf=-2a(a+1)



Q34 (2 Q3
a3/8 . [33/8 _ 0L+[3
BS/X G,S/S (aB)S/S
Forx*—64x+256=0
o+p=64
af =256
otp 64 64
(aB)S/S (28 )5/8 32
JEE-ADVANCED
PREVIOUS YEAR’S
Q.1 @
1) x2—8kx+16(k*—k+1)=0
: D=64 (kK*-(kK*-k+1))=64 (k—1)>0
= k>1 .. (1) Q4
(i) f£>4:&>4 =k>1..... 2)
2a 2
(iii) f(4)>0
=16-32k+16 (k*~k+1)>0 = k*-3k+2
>0
=>k-2)(k-1)>20 =k<lor k>2..... 3)
()N (2)n(3). Hencek=2
Q.2 ®B)
Product =1 Q.5
a?+p%  (a+P)* -20p
Sum = =
ap ap

Since o’ +P*=q=-p(a*+p*-af)=q

(@+pr-30p)=— 3 Sp+ 2 =30p
p p

2 3
p2 i w 3p 3
B 3 p P~ -2q Q.6

Hence sum = =

p®-2q
so the equationis  x?- 3 x+1=0
p”+q

= P+ X' -2qx+(p’+q =0

©

X*—6x—2=0 havingrootsaand p = o>—6a.—2=0

= al’—60° —208=0

= al'—208= 60’ (D)

similarly B'°—23% = 6f3° ... (10)

by (i) and (ii)

(=B -2(a*~B¥) =6 (o’ - p°) = a,,—2a,=6a
a1p — 2ag

Aliter

o' — B —2(a® —B?) _ a' — B + af(a® —p®) _

2(a® —p°) 2(a® -p°)
a’(@rp)-P'@+P) _a+p 6 _

2(a” -p°) 2 2
B)

x2+bx-1=0

x> +Xx+b=0 b2+1  —(b+1)
x° X 1T X ") 1-b

b2 +1 " _1-b 1-b

= (b+1)(1-b) =(b+1)?
= b?—b’+1-b=b2+2b+1 = b*+3b=0 =b

=0;0?=-3=b=0, +./3]

(D)

p(x) will be of the form ax? + c. Since it has purely
imaginary roots only.

Since p(x) is zero at imaginary values while ax® + ¢
takes real value only at real 'x', no root is real.

Also p(p(x)) = 0 = p(x) is purely imaginary

= ax® + ¢ = purely imaginary

Hence x can not be purely imaginary since x* will be
negative in that case and ax* + ¢ will be real.

Thus .(D) is correct.

(A,D)
(x, +x ) -4xx, <1

1 502 —1
?—4<1 = 5—a—2>03 2 >
+ - - +

El
75



Q.7

Q8

Q.9

ff)olf) o

D>0
1-40*>0

11
ae| "5y -(2)
(D) &(@2)
e L1 U[LL]

2°5) 52
D)
As a and B are roots of equation x> —x — 1 =0, we get :
o—a—1=0 Sao’=atl
p-p-1=0 =p=p+l

a“ + am: pall + qul +pa10+ qBIO
=pal(at1)+qp(B+1)
:palo X a2 + qBIO X B2
— pal2 + qBIZ — 0%2

D)

a_=a_ +a

n+2 nt+1 n

a,=a,+a,=3a +2a =3pa+3qB+2(p+q)
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As o , we get

2 2

+ _
a, —3p(1 \/§J+3q(l \/§J+2p+2q—28

3(3713+37q+2p+2q—28j:0

............. 1)
3p 3
and :—pf?qzo ............. (ii)
= p=q (from (ii))
= 7p=28 (from (i) and (ii))
= p=4
= q=4
= pt+2q=12
(1.24)

a, B are roots of x> —x — 1

(@ - (of P
oa—p

(@™ —a) (B —B")
a-p
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a(@-D-BE-) o'a-pP
- a—p - a-P
~ r+1_Br+l -

o — - T+1
:>ar+27ar+l_ar

n aZ_BZ
DZa =a,,—a,=4a,,_

- r n+ n+ Q—B

r*llorl a_ﬁ
o B
10 _ 10
o B B
10 10 _10—a 10-B _ 10 _10
a-  (a-B)  (10-a)(10-B) 89
e, B
ibn Zianﬁanﬂ: 10 ., 10 _12
n=1 10“ n=1 10“ 17& I*E 89
10 10

Further,b =a +a
n n— n+1

(an—l _ Bn—l) + (am-l _ Bn+l)
a-p
(asap=-1=a"'=—a"B & B*'=—af")
a'(a—PB)+(a-Pp)B"

— :(xn+Bn

a-p

(1,24)
a, B are roots of x> —x — 1

(@™ =B —(a" =B

T+2 3 a_B
(@ —a) - B
= a_B
Co(@-D-BR-) a'a-BB
a—p - a-B
ar+l_Br+l B
a—B T %
:arJrZ_ r+l:ar



:an+27(a+B):an+271

10 _10-0 10-B _ _
(10—a)(10-P) 89

Further,b =a_ +a

B (an—l _ Bn—l) + (aml _Bn+l)

- o

(asaf=—-1=a"'=—a"B & B"'=—ap")
a'(a—PB)+(a-p)B°

— :an+Bn

a-p

D)

x?+20x—2020=0 has tworootsa,b € R
x2—20x+2020 = 0 has two roots ¢,d € complex
ac(a—c)+tad(a—d)+bc(b—c)+bd(b—d)
= a’c —ac? + a’d — ad? + b%c — bc? + b2d — bd?
=a’(c+d)+b*(c+d)-c?(a+b)-d’(a+b)
(c+d)(@+b*)—(at+b)(c*+d)
=(c+d)((a+b)*—2ab)—(a+b) ((c+d)*—2cd)
=20[(20)?+4040]+20[(20)*—4040]
=20[(20)*+4040 +(20)>—4040]

=20x 800=16000
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