Chapter 8

Binomial Theorem

Miscellaneous Exercise

Q. 1 Find a, b and n in the expansion of (a + b) " if the first three terms
of the expansion are 729, 7290 and 30375, respectively.

Answer:

It is known that (r + 1) " term, (T + 1), in the binomial expansion of (a +
b)"isT,+1="cra” b’

The first three terms of the expansion are given as 729, 7290 and 30375
respect

Therefore, we obtain
Ti="Coa" "b%=a"=729 ... (1)
T,="Cia"2?b2="a"'b=7290... (2)

Ts="Cra" 2b2=2020a2b,-30375 ... (3)

Dividing (2) by (1), we obtain

na™ b 7290

am 729
=10 (4)
Dividing (3) by 92), we obtain
n(n—-1)a™"2p? _ 30375

2na~1p 7290
_ (n-1)b _ 30375

2a 7290




_(n-1)b _ 30375x2 _ 2

a 7290 3
b 25

a 3

2 == [using (4)]

_b_1n_2B_5
=2-10-2=2_.(5)

From (4) and (5), we obtain

n,5=10
3

=n=26

Substituting n = 6 in equation (1), we obtain a 6

From (5), we obtain

2-3p=5
3 3
Thus,a=3,b=5,andn=26

Q. 2 Find a if the coefficients of x; and x3 in the expansion of (3 + ax)’
are equal.

Answer:

It is known that (r + 1) " term, (T ;+), in the binomial expansion of 9a +
b)"isgivenby T,+1="C,a""b"

Assuming that x2 occurs in the (r + 1) ! term in the expansion of 93 +
ax) %, we obtain

T r+1~— 9Cr (3)9—1‘ (aX)r: 9Cr (3)9 - arX r

Comparing the indices of x in x?> and in T ; + 2, we obtain




r=2
thus, the coefficient of x? is

°C, (3 2 a7 = — (3)7 =36 (3) &’

Assuming that x? occurs in the (k + 1) " term in the expansion of (3 +
ax)’, we obtain

Tk+1="Ck (3) X (ax)*=°Cx (3)’ KakxKk
Comparing the indices of x in x> and in T  + 1, we obtain k = 3

Thus, the coefficient of x3 is

9!
9C3 (3)9—3 a’ = e (3)6 3= 84(3)6 a3

It is given that the coefficient of x? and x> are the same.
84(3)6 a° = 36 (3)7 a2

. 36x3 _ 104
84 84

=a=

Thus, the required value of is ;.

Q. 3 Find the coefficient of x> in the product (1 + 2x)°(1 — x)” using
binomial theorem.

Answer:

Using binomial theorem, the expressions, (1 +2x)° and (1 — x), can be
expanded as

(1 + 2X)6 = 6C() + 6C1(2X) + 6C2 (2X)2 + 6C3 (2X)3 + 6C4 (2X)4 + 6C5 (ZX)S +
5Ce (2%)°

=1+ 6(2x) + 15(2x)* +20(2x)> + 15(2x)* + 6(2x)° + (2x)°
=1+ 12x + 60x? + 160x> + 240x* + 192x°> + 64x°




(1-x)"="Co—"Ci(x) +'C; (X)2 — 7(33.(X)3 + 7C4(X)4 —7Cs5(x)*>+ 'Cs (X)6
. 7C7 (X)7

=1-7x+21x2-35x>+35x* = 21x> + 7x0 — X’
2 (1+2x)5 (1—x)

= {1+ 12x + 60x% + 160x> + 240x* + 192x> + 64x5} {1 — Tx +21x* -
35x3 +35x* - 21x° + 7x6 — x'}

The complete multiplication of the two brackets is not required to be
carried out. Only those terms, which involve x°, are required.

The terms containing x> are

1 (-21x%) + (12x) (32x%) + (60x2) (-35x3) + (160x3) (21x3) + (240x) (-
7x) + (192x%) (1) = 171x°

Thus, the coefficient of x5 in the given product is 171.

Q. 4 If a and b are distinct integers, prove that a — b is a factor of a"—b ",
whenever n is a positive integer. [Hint write an = (a—b + b) " and
expand]

Answer:

In order to prove that (a —b) is a factor of (a™ —b "), it has to be prove
that

a™—b "=k (a—b), where k is some natural formula

It can be written that,a=a—-b+Db

~an=(a—-b+b)"=[(a-b)+Db]"
="Co(a—b)"+"Cr(a—-b)" 'b+...+"Ch 1(a-b)b*1+2C,b,
=(@a-b)*+"Cr(a-b)*'b+..+2C"!(a-b)b2 ' +b"

=a"—b"=(a—b)[(a—b)" ! +"Cr(a—b)"2b+..+"C " b"—
1]




=a"-b"=k(a—b)

Where, k=[(a-b)" '+"C,(a-b)"2b+..."C,_1b"-1isa
natural number.

This, shows that (a —b) is a factor of (a " — b "), where n is a positive
integer.

Q. 5 Evaluate (V3 —v2)° — (V3 —v2)°
Answer:

Firstly, the expression (a + b )® — (a — b)® is simplified by using binomial
theorem. This, can be done as

(a+b)°="°Cpa’® + °Ca°b + °Cra’b? + °Cza’b? + °C4a’b* + °Csa'b® + *Cgb®
a% + 6ab + 15a%b? + 20a’°b’ + 15a’b* + 6ab> + b®

(a— b) = 6Coa®— 6C1ah + 6Caa®h? - 6C3a3b? + 6Caa’b? — 6Csab’ + 6Cob

= a%-6a’b + 15a*b? — 20a’b’ + 15a’b* — 6ab> + b®

~ (a+b)°—(a—Db)°=2[6ab +20a’b’ + 6ab°]

Putting a =+/3 and b = /2, we obtain

(V3-+2)° - (V3-v2)° = 2[6(v3)’(v2) + 20(v3)’(v2)’ +
6(v3)(v2) ]

= 2[54V6 + 120V6 + 24/6]

=2 % 198V6

=3966

Q. 6 Find the value of (a? + mf + (a® - \/azi-l-l)4

Answer:




Firstly, the expression (x + y)*+ (x — y)* is simplified by using binomial
theorem

This can be done as

(X + y)* = 4Cox* + 4C1x%y + 4Cax2y2 + 4Caxy? + 4Cay?
= x* + 4x3y + 6x%y* + 4xy?® + y*

(X —y)* = 4Cox* — “C1xy + “Coxy? + 4Caxy> + 4Cay?
= x* — 4x%y + 6x%y? — 4xy® + y*

(XY -yt =2 (P 6y +yY)

Putting x = a> and y = Va? + 1, we obtain
(a? + Va2 + 1)4+(a2 —\/p—l)4 = 2[(a)24+
6(0)’(VaZ+1) (VaZ—1)'|

=2[a® + 6a*(a’ -1) + (a* — 1)?]
=2 [a® + 6a% -6a* + a* — 2a%+ 1]
=2 [a®+ 6a® — 5a* —2a% + 1]
=2a%+ 12a°— 10a* - 4a*+2

Q. 7 Find an approximation of (0.99)° using the first three terms of its
expansion.

Answer:

0.99=1-0.01

= (0.99)° = (1 —0.01)°

=3Co(1)° =3C(1)*(0.01) + °C5(1)3 (0.01)? [Approximately]
~1-5(0.01)+ 10 (0.01)?

=1-0.05+0.001




=1.001 -0.05

=0.951

Thus, the value of (0.99)5 is approximately 0.951.

Q. 8 Find n, if the ratio of the fifth term from the beginning to the fifth
term from the end in the expansion of {\/_ + 2 3} is V6: 1

Answer:

In the expansion, (a+b)"="Cpa" 2b2+ ... +"Cyab" 2+"C,b"
Fifth term from the beginning =" C 4a "% b*

Fifth term from the end =" C sa*b "4

n
Therefore, it is evident that in the expansion of {\/_ + \/_} are fifth term

from the beginning is

N Cy (W)n_4 (4—\%)4and the fifth term fromthe end is " C ,_4
4 4 1 n—4
(¥2) (35)

n 4 n=4/1 4_n (\/_) n! 4
C4(\/§) (4_\/§) ="Cy (a{/—) 64l(n 4)1(\/_)

n a1\ 4_n 6n! 1
€4 (V2) (%) Cas. (%/—) (n—4)!4!'(4§/§)” - ()

It is given that the ratio of the fifth term from the beginning to the fifth
term from the end is \/5 : 1 therefore, from (1) and (2), we obtain

n! 4 _
6.41(n— 4)'(\/_) " (n- 4)'4' (‘{/—) =V6:1
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Thus, the value of n is 10.

X 2

n
Q. 9Expand using Binomial Theorem (1 + 5= ;)

Answer:

1310 Qe+ (o)

f3)

-2(1+ )3+24+24+6—2—E+16

x3  x%  x*

x(1+§)+ +246-2+2 )

Again by using binomial theorem, we obtain

(1 + §)4 — 4CO(1)4 + 4C1(1)3 (g) + 4c2(1)2§2+ 4c3(1)(§)3+ 4(:4§4

4

4 3
=1+4xT+6xT+4xZ 41
2 4 8 16




2 3 4
=1+zx+%+%+%...(z)

3

= (1+ g)g =3C0(1)3 +3C1(12(%) + 3c2(1)(§)2+ 33(3)

x3

2
=1 +Z 4+ 4T 3)
2 4 8

From (1), (2) and (3), we obtain

a+9-3

2 3 4 2 3
=1+ T D (1 E T B By 6 -2y
2 2 16 x 2 4 8 x?  x x3

3 4
e+l + 4 S-S+ B re 242
2 2 16 X X X X X

16 8 32 16 x2  x3  x*
——— 4+ ——4x+—=—4+—+=—-5
+ 3+x4 +2+2+16

x | x?
Q. 10 Find the expansion of (3x? — 2ax + 3a?)’ using binomial theorem.

Answer:

Using binomial theorem, the given expression (3x% — 2ax + 3a?) can be
expanded as [(3x*— 2ax) + 3a?]?

=3Co(3x? — 2ax?)’ + 3C1(3x? — 3ax)*(3a?) + 3C,(3x? — 2ax) (3a?)*> +
3C3(3a2)3

= (3x% — 2ax)® + 3(9x* — 12ax? + 4a%x?) (3a?) + 3(3x% — 2ax) (9a?) + 27a*
= (3x? — 2ax)® + 81a’x* — 108a’x* + 36a*x? + 81a*x?>— 54a°x + 27a8

= (3x?—2ax)’ + 8la’x* — 108a’x> + 117a*x? — 54a°x + 27a° ... (1)
Again by using binomial theorem, we obtain

(3x? — 2ax)’

=3Cy (3x?)° - °C1(3x?)*(2ax) + 3C; (3x?) (2ax)? — °C; (2ax)’




= 27x> -3 (9x%) (2ax) + 3 (3x?) (4a%x?) — 8a%x>
=27x> — 54ax> + 36a’x* - 5a°x° ... (2)

From (1) and (2), we obtain

(3x? — 2ax + 3a%)°

= 27x% — 54ax’ + 36a%x* — 8a3x3 + 81azx* — 108a3x> + 117a*x? — 54a°x +
27a°

=27x%— 54ax’ + 117a%x* — 116a%x> + 117a*? — 54a°x + 27a°




