Chapter 04

APPLICATIONS OF DERIVATIVES

1. DERIVATIVE AS RATE OF CHANGE

In various fields of applied mathematics one has the quest
to know the rate at which one variable is changing, with
respect to other. The rate of change naturally refers to time.
But we can have rate of change with respect to other
variables also.

An economist may want to study how the investment
changes with respect to variations in interest rates.

A physician may want to know, how small changes in dosage
can affect the body’s response to a drug.

A physicist may want to know the rate of change of distance
with respect to time.

All questions of the above type can be interpreted and
represented using derivatives.

Definition :

The average rate of change of a function f(x) with respect to
+h)-

x over an interval [a, a + h] is defined as w )

Definition :

The instantaneous rate of change of f'with respect to x is
defined as

£(x)=lim

, provided the limit exists.
h—0

f(a+h)—f(a)
h

NOTES:

To use the word ‘instantaneous’, x may not be representing
time. We usually use the word ‘rate of change’ to mean
‘instantaneous rate of change’.

2. EQUATIONS OF TANGENT & NORMAL

@ The value of the derivative at P (x, y,) gives the
slope of the tangent to the curve at P. Symbolically

, dy
f (Xl) = dx (x> 1)

P(x,,y,) =m(say).
()  Equation of tangent at (x,,y,) is ;

(), | e

= Slope of tangent at

L 4

() Equationofnormal at(x,,y,)is;

20 ‘\1
|length
|<— length of subtangent of
subnormal

NOTES:

1. Thepoint P (x,, y,) will satisfy the equation of the curve &
the equation of tangent & normal line.

2. Ifthetangent at any point P on the curve is parallel to X-axis
then dy/dx = 0 at the point P.

3. If the tangent at any point on the curve is parallel to
Y-axis, then dy/dx = oo or dx/dy=0.

4. Ifthe tangent at any point on the curve is equally inclined
to both the axes then dy/dx = +1.

5. If the tangent at any point makes equal intercept on the
coordinate axes then dy/dx =+1.

6. Tangent to a curve at the point P (x, y,) can be drawn
even though dy/dx at P does not exist. e.g. x = 0 is a
tangent to y = x>* at (0, 0).

7. Ifacurve passing through the origin be given by a rational

integral algebraic equation, the equation of the tangent
(or tangents) at the origin is obtained by equating to zero
the terms of the lowest degree in the equation. e.g. If the
equation of a curve be x> — y? + x>+ 3x%y — y° = 0, the
tangents at the origin are given by x>— y*=01i.e.x +y=0
andx—y=0.
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Length of th pry= 2N L RIS V1+[7 ()] tan@ = | T~ Mo
(@V) (a) Length of the tangent (PT) = f’(Xl) 1+mm,

where m & m, are the slopes of tangents at the intersection

y .
(b) Length of Subtangent (MT) = f’(lxl) point (x,,y,).

(c) Length of Normal (PN) = y,\[1+[ /" (x, )]2

Cs: AT

(d) Length of Subnormal (MN) =y, f ’ (x)
(V) Differential : 0
The differential of a function is equal to its derivative (Xp ¥)) >T,
multiplied by the differential of the independent variable. \
Thus if, y = tan x then dy = sec’x dx. 0

In general dy=f " (x) dx.

NOTES:

d (c) =0 where ‘c’ is a constant. NOTES:

d(u+v-—w)=du+dv—dw (@) The angle is defined between two curves if the
d (uv) = udv + vdu curves are intersecting. This can be ensured by
* The relation dy = f(x) dx can be written as finding their point of intersection or by graphically.

dy (i)  Ifthe curves intersect at more than one point then
- = ’(x); thus the quotient of the differentials angle between curves is found out with respect to

dx ) o the point of intersection.
of ‘y’and ‘x’is equal to the derivative of ‘y’ w.rt. ‘x’. . )
@) Two curves are said to be orthogonal if angle

between them at each point of intersection is right
3. TANGENT FROM AN EXTERNAL POINT angleie.m m,=—1.
Given a point P (a, b) which does not lie on the curve
y =f(x), then the equation of possible tangents to the curve 5. SHORTEST DISTANCE BETWEEN TWO CURVES

y =f(x), passing through (a, b) can be found by solving for

the point of contact Q. Shortest distance between two non-intersecting

differentiable curves is always along their common normal.
f(h)-b (Wherever defined)

. o f()-b
And equation of tangent is y e (7Y 6. ERRORS AND APPROXIMATIONS

(a) Errors
Lety=/(x)

Q[h, £ (h)]
.\ . . dy dy

From definition of derivative, lim —=—
3x—0 SX dx

dy d
P(a, b) B_z = d_z approximately

y=f(x) dy
or Oy = (d_xj Ox approximately

Definition :
4. ANGLE BETWEEN THE CURVES 0] Ox is known as absolute error in x.

Angle between two intersecting curves is defined as the . ox | . .
acute angle between their tangents or the normals at the (i) xS known as relative error in x.
point of intersection of two curves.
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.. Ox . .
(iii) > 100 is known as percentage error in x.

NOTES:

ox and dy are known as differentials.

() Approximations

From definition of derivative,

Derivative of f(x) at(x=a)=f"(a)

or f’(a): lim f(a+8x)—f(a)

8x—0 6X

or - f(a) (approximately)

S(a+dx)—f(a)
ox

fa+38x)=f(a)+8xf (a) (approximately)

7. DEFINITIONS

1.

A function f(x) is called an Increasing Function atapointx=a
if in a sufficiently small neighbourhood around x = a we
have

f(a+h)>f(a)

fla—h)<f(a)
Similarly Decreasing Function if

f(a+th)<f(a)

fla=h)>f(a)
Above statements hold true irrespective of whether fis non
derivable or even discontinuous at x = a
A differentiable function is called increasing in an interval
(a, b) if it is increasing at every point within the interval (but
not necessarily at the end points). A function decreasing in
an interval (a, b) is similarly defined.
A function which in a given interval is increasing or
decreasing is called "Monotonic" in that interval.
Tests for increasing and decreasing of a function at a point :
If the derivative f “(x) is positive at a point x = a, then the
function f(x) at this point is increasing. If it is negative, then
the function is decreasing.

NOTES:

Even if £ "(a) is not defined, f can still be increasing or
decreasing. (Look at the cases below).

f=0/I° increasingatx=c

Ol ¢ decreasing at x=c¢

>

Note : [ (c) 1s not defined in both the cases.

NOTES:

Iff " (a) =0, then for x = a the function may be still increasing
or it may be decreasing as shown. It has to be identified by a
separate rule.

e.g. f(x) =x*is increasing at every point.
Note that, dy/dx = 3x%

Y4 \J <0
\L\ f/(a)=0

0 X=a

NOTES:

1. If a function is invertible it has to be either increasing or
decreasing.

2. If a function is continuous, the intervals in which it rises

and falls may be separated by points at which its
derivative fails to exist.

3. If fis increasing in [a, b] and is continuous then

f (b) is the greatest and f (a) is the least value of
fin[a,b]. Similarly if fis decreasing in [a, b] then f(a) is the
greatest value and f'(b) is the least value.
(@ ROLLE'S Theorem:

Let f'(x) be a function of x subject to the following

conditions :

1) f(x) is a continuous function of x in the closed interval
ofa<x<b.

() [ (x) exists for every point in the open interval
a<x<b.

(i)  f(a)=f(b).
Then there exists at least one point x = ¢ such that
a<c<bwheref (c)=0.

() LMVT Theorem :

Let f'(x) be a function of x subject to the following
conditions :
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) f(x) is a continuous function of x in the closed interval
ofa<x<b.

(i) f  (x) exists for every point in the open interval
a<x<b.

Then there exists at least one point x = ¢ such that

S®O)-f@)

a<c<bwheref’ (c)= ba

Geometrically, the slope of the secant line joining the curve
atx =a & x =b is equal to the slope of the tangent line drawn
to the curve atx =c.

Note the following : Rolles theorem is a special case of LMVT
since

fO)-1@ _,

J@=sb)=f()=—"—

NOTES:

Physical Interpretation of LM VT :
Now [ f(b)—f(a)] is the change in the function fas x changes

S(b)—f(a)
b-a

from a to b so that =—————— is the average rate of change

of the function over the interval [a, b]. Also f * (c) is the actual
rate of change of the function for x = c. Thus, the theorem
states that the average rate of change of a function over an
interval is also the actual rate of change of the function at
some point of the interval. In particular, for instance, the average
velocity of a particle over an interval of time is equal to the
velocity at some instant belonging to the interval.

This interpretation of the theorem justifies the name "Mean
Value" for the theorem.

©

Application of rolles theorem for isolating the real roots of
an equation f(x)=0

Suppose a & b are two real numbers such that ;

) f(x) & its first derivative £ * (x) are continuous for
a<x<b.

@)  f(a) &f(b)have opposite signs.

(i) f' (x)isdifferent fromzero for all values of x between
a&b.

Then there is one & only one real root of the equation
f(x)=0Dbetweena & b.

8. HOW MAXIMA & MINIMA ARE CLASSIFIED

1. Maxima & Minima

A function f(x) is said to have a local maximum at x =a if f(a)
is greater than every other value assumed by f (x) in the
immediate neighbourhood of x =a. Symbolically

f(a)>f(a+h)
f(a)>f(a=h)

for a sufficiently small positive h.

} = x=a gives maxima

Similarly, a function f(x) is said to have a local minimum value
atx =b iff(b) is least than every other value assumed by f(x) in
the immediate neighbourhood atx =b. Symbolically if

f(b)< f(b+h)
f(b)<f(b—h)

small positive h.

} = x=b gives minima for a sufficiently

No greater value of /.
Also a local maximum

Absolute maximum

local maximum
No greater value of f.
near by

local maximum
No greater value of 1.
near by

A

local minimum I
No smaller value of /. Absolute minimum
sl No smaller value of /.
; Also a local minimum ¢
X=a x=b

NOTES:

(i) The local maximum & local minimum values ofa function

are also known as local/relative maxima or local/relative
minima as these are the greatest & least values of the
function relative to some neighbourhood of the point in
question.

(i1) The term ‘extremum’ is used both for maxima or a minima.

(iii) A local maximum (local minimum) value of a function may

not be the greatest (least) value in a finite interval.

(iv) A function can have several local maximum & local

minimum values & a local minimum value may even be
greater than a local maximum value.

(v) Maxima & minima of a continuous function occur

alternately & between two consecutive maxima there is a
minima & vice versa.
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(b) f (c) is a maxima of the function f, if

2. A necessary condition for maxima & minima

If f (x)is amaxima or minima at x=c & if "~ (c) exists then

I ©=0.

NOTES:

0] The set of values of x for which £ (x) =0 are often
called as stationary points. The rate of change of
function is zero at a stationary point.

() Incase f (c)doesnot existf(c) may be a maxima
or a minima & in this case left hand and right hand
derivatives are of opposite signs.

@)  The greatest (global maxima) and the least (global
minima) values of a function fin an interval [a, b] are
f(a) or f(b) or are given by the values of x which are
critical points.

(iv)  Critical points are those where :

(6] ? =0, ifit exists; (ii) or it fails to exist
X

Sufficient condition for extreme values

First Derivative Test

f'(c—h)>0 ) ) )
= x =c isapoint of local maxima,
f (c+h)<0

where h is a sufficiently small positive quantity

f(c=h)<0
Similarly f’(c—i—h) 50

where h is a sufficiently small positive quantity

} = x = ¢ isapoint oflocal minima,

Note: f '(c) in both the cases may or may not exist. If it
exists, then £ (c)=0.

NOTES:

If #”(x) does not change sign i.e. has the same sign in a
certain complete neighbourhood of ¢, then f'(x) is either
strictly increasing or decreasing throughout this
neighbourhood implying that f(c) is not an extreme value

of f.

. Use of second order derivative in
ascertaining the maxima or minima

(@ f (c¢) is a minima of the function f, if

S ©=0&f"" (c)>0.

[ ©=0&f"" (c)<0.

NOTES:

If £ (c) =0 then the test fails. Revert back to the first
order derivative check for ascertaining the maxima or
minima.

Summary-working rule

First : When possible, draw a figure to illustrate them
problem & label those parts that are important in the
problem. Constants & variables should be clearly
distinguished.

Second : Write an equation for the quantity that is to be
maximised or minimised. If this quantity is denoted by ‘y’, it
must be expressed in terms of a single independent variable
x. This may require some algebraic manipulations.

Third : If y=f(x) is a quantity to be maximum or minimum,
find those values of x for which dy/dx=f" (x) = 0.

Fourth : Test each values of x for which £ (x)=0 to determine
whether it provides a maxima or minima or neither. The usual
tests are :

(@)  Ifd?y/dx?is positive when dy/dx =0
= yis minima.
If d’y/dx? is negative when dy/dx = 0
= yis maxima.
If d%y/dx* = 0 when dy/dx = 0, the test fails.

positive for x <X,
d) It @& is zero for X=X, |=>amaxima occurs at X =X,.

X negative for x>X,

But if dy/dx changes sign from negative to zero to positive
as x advances through x, there is a minima. If dy/dx does
not change sign, neither a maxima nor a minima. Such points
are called INFLECTION POINTS.

Fifth : If the function y = f(x) is defined for only a limited
range of values a < x < b then examine x =a & x =b for
possible extreme values.

Sixth : If the derivative fails to exist at some point, examine
this point as possible maxima or minima.

(In general, check at all Critical Points).

NOTES:

) If the sum of two positive numbers x and y is
constant than their product is maximum if they are
equal, i.e. x + y=c¢, x > 0, y > 0, then

xy=g (x4 3 = (x-y)’]
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9. USEFUL FORMULAE OF MENSURATION TO
REMEMBER

If the product of two positive numbers is constant
then their sum is least if they are equal.

ie. (xty)y=x—-y) +4xy

Volume of a cuboid = /bh.

Surface area of a cuboid =2 (/b + bh + h/).

Volume of a prism = area of the base x height.
Lateral surface ofa prism = perimeter of the base x height.

Total surface of a prism = lateral surface + 2 area of
the base

(Note that lateral surfaces of a prismare all rectangles).

1
Volume of a pyramid = 3 area of the base X height.

1
Curved surface of a pyramid = 5 (perimeter of the

base) x slant height.
(Note that slant surfaces of a pyramid are triangles).

1
Volume of a cone = gmzh.

Curved surface of a cylinder = 2nrh.

Total surface of a cylinder = 27trh + 27tr2.

Volume of a sphere = %nﬁ .

Surface area of a sphere = 472,

. 1, ..
Area of a circular sector = Er 0, where 0 is in

radians.

10. SIGNIFICANCE OF THE SIGN OF 2ND ORDER
DERIVATIVE AND POINTS OF INFLECTION

The sign of the 2™ order derivative determines the concavity
of the curve. Such point such as C & E on the graph where
the concavity of the curve changes are called the points of
inflection. From the graph we find that if :

2

) % > 0 = concave upwards
X
.. dzy
(i) el < 0= concave downwards.
X

2 2
At the point of inflection we find that d—}zl =0 andd—}zi

dx dx
changes sign.

2
Inflection points can also occur if % fails to exist (but
X

changes its sign). For example, consider the graph of the
function defined as,

x"* forx e(—oo,1)

Tl2-x? for x & (1,)

/()

NOTES:

The graph below exhibits two critical points one is a point
of local maximum (x = ¢) & the other a point of inflection
(x=0). This implies that not every Critical Point s a point
of extrema.

ﬂ | | |
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SOLVED EXAMPLES

Example -1 Example -3

Sol.

If the function f(x) =2x’— 9ax’+ 12a’x + 1, where a > 0, A function y = f (x) has a second order derivative
attains its maximum and minimum at p and q respectively 1" =6(x-1). If its graph passes through the point (2, 1)
such that p’= q, then a equals and at that point the tangent to the graph is y = 3x — 5,

(@1 (b)2 then the function is

1 (a) (x—1) (b) (x—1)°
© 75 ()3 (©) (x+1)° (d)(x+1y
(b) Ans. (b)
For maximum and minima f"(x)=0 Sol. Given f"(x)=6(x-1)
=6x>-18ax+12a*>=0 = )= 6(x-1)? e
= x=a,2a
Also, "(x)=12x - 18x =3=3+c| " tangentatx =2isy =3x+5
f"(a) <0=maxat'a' =ec=0 =/'(2)=3
f"(2a) > 0= minat'2a’ so f'(x) =3 (x-1)

So,p=aandq=2a =f(x)=(x-1)’ +¢, as curve passes through (2,1)

Givenp’=q
=1=(2-1) +¢,
= a’=2a=a’-2a=0

— a(@2)=0=a=0,a=2 = ¢, =0hence f(x)=(x-1)°

Example —2 Example —4

Ans.

Sol.

The real number x when added to its inverse gives the

- Find the maximum surface area of a cylinder that can be
minimum value of the sum at x equal to

@1 ()1 inscribed in a given sphere of radius R.
(c)-2 (d)2
)
F0=xt 7
2 L7 4
f’(x):l-izandf"(x)= % Sol. 2R7 h
X X P
4
Now f'(x)=0 ’
S &
==l e

(1) 0

Letr be the radius and / be the height of cylinder. Consider
= x =1 ispoint of minima.
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the right triangle shown in the figure.
2r=2R cos B and h=2Rsin0

Surface area of the cylinder=2 nrh+2 w1

= S(0)=4nR?sin0cos 0 +2 nR2cos’0

=  S(0)=27nR%sin20+2 nR?cos’0

=  S'(0)=4nR%cos20-2 nR?sin20
S"®=0 = 2c0s20—sin20=0

= tan20=2 = 0=6,=1/2tan"'2

S”(6,)=—8nR?sin 20 —4 m R?cos 20

S”(0)=—8 Rz[z anr| L |<0
—garel = _axre| L
J5 Js

Hence surface area is maximum for 6 = 90: 1/2 tan'2

S,..=2nR*sin2 0 +2 nR*cos’0,

L S =22 |421R? L+1/y5
NG 2

= S_ =nR’>(1+5)

Sol.

Find the semi-vertical angle of the cone of maximum curved
surface area that can be inscribed in a given sphere of radius R.

Let & be the height of cone and r be the radius of the cone.
Consider the right AOMC where O is the centre of sphere

and AM is perpendicular to the base BC of cone.
OM=h-R,0C=R,MC=r
R*=(h—R)*+1? (1)

and r*t+h*=Pp ... (ii)

ay

where [ is the slant height of cone.
Curve surfacearea=C=mnr/

Using (i) and (ii), express C in terms of / only.

C=nryr’ +h> = C=n2hR —h® V2hR
We will maximise C?.
LetC2=/(h)=2 *h R (2hR - h))=27"R(2h°R - 1"
=  f(h)=2 R (4hR - 3h?)

f/(h)=0=>4hR-3h*=0= h(4R-3h)=0

= h=4R/3.
1 7(h)=2 R (4R — 6h)
f(‘%Rj =27R?(4R-8R)<0

Hence curved surface area is maximum for h = 4TR
Using (i), we get :

2
r? =2hR —h? :8%3 rzﬂR

Semi—vertical angle =0 =tan'r/h=tan™' 1/ NG

Example -6

If f and g are differentiable functions in [0, 1] satisfying
f0)=2=g(1), g(0)=0and f(1) =6, then for some ¢ € 10, 1[:

(b) 2f(c) = g'(c)
(d)f'(c) =g'(c)

(@) f'(c)=2g'(c)
(0) 2f(c)=3¢g'(c)

Ans. (a)
Sol. ByLMVT

SO-70) _6-2

FO="7 e

= f'(c)=2g'c)

Example -7

If2a+3b+6¢=0(a,b, c, € R), then the quadratic equation

ax’+bx+c=0has

(a) atleast one root in (0, 1) (b) at least one root in [2, 3]

(c) atleast one root in [4, 5] (d) none of the above

Ans. (a)
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Sol. Letusconsiderf (X):_a;( +b72§ tex
a b
-/ (0)=0and £ (1)=2++c

_ 2a+3b+6¢

=0(given).
6 (given)

As f(0)=f(1)=0 and f(x) is continuous and
differentiable also in [0, 1].

- ByRolle’s theorem f'(x)=0

— ax2+bx+c=0 has at least one root in the interval (0, 1).

Example — 8

Find the approximate value of (0.007)"*

Sol. Letf(x)=(x)"

Now, f(x +8x) —f(x) = f'(x).5x = 35_X
X

2/3

we may write, 0.007 =0.008 —0.001
Taking x =0.008 and  x=—0.001, we have

£(0.007)—£(0.008)= —— 201

. . 3 (0008)2/3

or  f(0.007)—(0.008)" = — 0.001 o
| ' 3(0.2)°

£0007)=02_ 0001 gy L _ 23

3(004) 120 120

23
Hence (0.007)"3=—-

120 -
Example —9

Discuss concavity and convexity and find points of
inflexion of y =x%e™*.

Sol. Letf(x)=x%e™
Differentiate w.r.t.x to get :
fTx)=e* 20+ (eN)x
=xe™*[2—X]
Differentiate again w.r.t. X to get :
ST®=2-20) e+ (2x-x) (-e)
=e*(2-2x-2x+x?)

=e*(x’—4x+2)

= e (x-(2-V2) (x-(2+42))
See the figure and observe how the sign of f ~* (x) changes.

+ - +

2_1/5 2+iﬁ

Convex Concave

Concave
Sign of f '(x) is changing at x =2 ++/2.
Therefore points of inflextion of f(x) are x =2+ V2.

F(x)20V x e[-0,2-2]U[2+/2, ]

Therefore f(x) is “Concave upward”
V x € (—0,2-+2]U[2++/2, )
Similarly we can observe

F7(x)<0Vxe[2-42,2+42]

Therefore f(x) is “Convex downwards”

Vxe[2-+2,2+42]
Example-10

Prove that the minimum intercept made by axes on the
XZ yZ

tangent to the ellipse _2+b_2 =1 isa+b. Also find the
a

ratio in which the point of contact divides this intercept.

A
~

P (a cost, b sint)

__/ A

Intercept made by the axes on the tangent is the length of
the portion of the tangent intercepted between the axes.

Sol. /’—
—

Consider a point P on the ellipse whose coordinates are
X = a cost, y = b sint (where t is the parameter)

dx .
— = —qsint
dt

ﬂ =bcost
dt

The equation of the tangent is :
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. b cost
y—bsint :+(x—acost)
—asint
X .
= —cost+zsmt:1
a b
a b
= OA=—,0B=—-—
cost sint
a? b?
Length of intercept =/=AB = {[———+———
cos“t sint
We will minimise /2.

Let /2=f(t) = a’sec’t + cosec’t
=  f(t)=2a’sec’ttant—2b’cosec’ t cot t
=0 = a’sin*t = b?cos*t
= t=tan' . /p/a
£ (t)=2a% (sec*t + 2 tan’t sec’t)
+ 2b?(cosec*t + 2 cosec’t cot’t), which is positive.

b
Hence f(t) is minimum for tant = \/: .
a

= I, =+Ja’(1+b/a)+b’(1+a/b)
= / .n:a+b

mil

2
a .
PA? :(a cost——j +b?sin’ t
cost
2 . 4
a“sin" t .
=———+b’sin’t
cos” t
= (a’tan’t + b?) sin’t

Z(ab-i-bz)a—_t:beZ:PA:b

PA b . . .
Hence ﬁ = ; = PdividesAB intheratiob:a

Example-11

Sol.

Find the equation of tangent to the curve
x3+y*=aat(x,y,). Hence prove that the length of the
portion of tangent intercepted between the axes is constant.

Method 1:

X +yB=a¥ Differentiating wrt X,

-t il
gx 3 +£y sy 0
3 3 dx

1
dy __[ﬁ] :
dx (x0.y0) Yo

=

3
equation is y — y, = —[%} (x—x,)

0

3 U3 _ 13 13
Xo Y= YoXo =—XYy tXp¥,

13 Vi _ . 13 13
XY t¥Xo =XYoo tYoXo

/3 13
XYo Y Xy
73 13 13 13

Xo Yo X0 Yo

L2323
=X, t+Yo

. . X
equation of tangent is : — +% =a’?
0 0

Length intercepted between the axes :

length = \/ (x intercept)” + (y intercept)”

x intercept = x, " a*"

y intercept= =y, *"?

2 2
_ /3 [ 2/3 1/3 ,2/3
=l ()
_ 2/3_4/3 2/3_4/3
=X, 2" +y, a

23 [C2i3 | 23
Xo *+Yo

:a2/3 [a2/3

=ai.e. constant.

=a

Method 2:

U

U

Express the equation in parametric form

x=asin’t, y=acos’t

dx . d .
2 _3asin®rcost, Y = “3acos’tsint
dt dt

Equation of tangent is :

—3acos’tsint

(y—acos’t)= —asin’t)

Jasin’toost (X

ysint—asintcos’t=—xcost+asin*tcost

xcostt+ysint=asintcost

X

— .t -,

sint cost

in terms of (x,, y,) equation is :

X " y _
(Xo/a)l/3 (yo/a)l/3

Length of tangent intercepted between axes
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= (Xim )2 +(yim )2

= \/a2 sint+a’cos’t =a which is constant

NOTES:

1. The parametric form is very useful in these type of
problems.

2. Equation of tangent can also be obtained by
substituting b = a and m = 2/3 in the result

E(ﬁjml +X (ﬁjml =1
a\ a bl b '

Example — 12

Sol.

W

For the curve xy = ¢?, prove that

) the intercept between the axes on the tangent at
any point is bisected at the point of contact.

(i)  thetangent at any point makes with the co-ordinate
axes a triangle of constant area.

Let the equation of the curve in parametric form be x =ct, y=c/t

dx
“@_.
dt

dy _—¢
da r

Let the point of contact be (ct, c/t)

Equation of tangent is :

t (x—ct)

y—cht=
c

= ty-ct=—x+tct
= x+ty=2ct

Let the tangent cut the x and y axes at A and B respectively.

y

X
Writing the equations as : — + =1
& d 2ct  2c/t
= Xipgercept — 2ct,y. =2c/t

intercept

2c
- A=(2ct,0)and B= (O, TJ

midpointofABz(zct+o,O+ZC/t

5 ]E(ct,c/t)

Hence, the point of contact bisects AB.

(i)

If O is the origin,
Area of triangle A OAB =1/2 (OA) (OB)
2
L)
2 t
=2¢?

i.e. constant for all tangents because it is independent of t.

Example - 13

Sol.

Find critical points of f(x) =x**(2x — 1).
fx)= 2x53_x23
Differentiate w.r.t. x to get,

10 2 2 (5x-1
s _cyn_2 ( _ )
3 3 3 x

J'x)=

For critical points,

f (x)=0orf" (x)is not defined.
, 1
Putf (x)=0to get x :g.

f(x) is not defined when denominator = 0.

= x"3=0 = x=0

1 .\ .
Now we can say that x =0 and X = 3 are critical points as

f(x)existsatbothx=0and x = %

= Critical points of f(x) arex =0, x = %

Example - 14

Sol.

or

The ends A and B of a rod of length J5 are sliding along
the curve y = 2x>. Let x, and x, be the x-coordinate of the
ends. At the moment when A is at (0, 0) and B is at (1, 2),

find the value of the derivative dx

A

We have y = 2x?
(ABY= (x,—x, )+ (2x, ~2x¢, )'=5 (45| 4B =5

(Xg—x, ) +4 (x°,—x*,)’=5
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ay

¢ (x) is a decreasing function = g'(x)<0
= x) is a decreasing function - x>0
b 207) g g
(12) = g(x®)<g)
X3
= X———sinx<0 (- g(0)=0)
> 6
X}
dx = X s <sinx . 2)

B
Differentiating w.r.t. x, and denoting dx =D
A

2(x,—x,) (D-1)+8(x*;—x*,) (2x,D-2x,)=0

Putx,=0,x,=1

2(1-0)(D-1)+8(1-0)(2D-0)=0

d, 1
2D-2+16D=0=D=19=_>=7 Showthat x/(1+x)< log(l+x)<x
A
Example— 15

4 F(x)=log (1+x)———
The equation of the tangent to the curve y = X + = that Sol. Let =log 1+x

Combining (1) and (2) we get X —% <sinx<Xx.

for x > 0.

is parallel to the x-axis, is

(@)y=0 (b)y=1 Frx) =0 -x
©y=2 @)y=3 trx (+x)
Ans. (d) f(x)= al =>0 forx>0
Sol. Tangent is parallel to x-axis (I+x)
:j—YZO:l-%:O:x:2:>y:3 =  f(x)isincreasing.
X X

Hence x>0 = f(x) > f(0) by the definition of the increasing

Example—16 function.

X 0
} = log(l1+x)———>1log (1+0)———
For 0<xﬁg,ShOWthat X—%<sinx<x. gl+x) 1+x g(1+0) 1+0

X
— log(1+x)———>0
Sol. Letf(x)=sin x—Xx = g ( ) 1+ x

f'(x)=cosx—1=—(1—-cosx)=—2sin>x/2<0

f(x) is a decreasing function - log (I+x) > X )
for x>0 I+x

S <f(0) = sinx—x<0(-- f(0)=0) Now, let g (x) =x—log (1 +x)
= sinx<x ... (1) |

g (X)=l-——=—>>0forx >0
X3 : ' Xz 1 +X 1 + X
Now letg (x)= X—?—sm X o gx= 1—7—005 X
=  g(x)isincreasing.
2

To find sign of g'(x) we consider ¢ (x)=1- X? — oS X Hencex>0=g(x)>g(0)

=  x-log(1+x)>0-log(1+0)
¢’ (x)=-x+sinx <0 [From(1)]
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= x—log(1+x)>0

- . (i)

x>log (1+x)

Combining (i) and (ii), we get :

L<log(l+x)<x
I+x

Example— 18

Ans.

Sol.

Angle between the tangents to the curve y = x>— 5x + 6 at
the points (2, 0) and (3, 0) is

(a)m/2 (b) /3
(c)ym/6 (d) /4
(@)

Given equation y =x’- 5x + 6 ,given point(2,0),(3,0)

.'.ﬂ*2x75
dx
dy
say ml_(&jx—Z_“' 5=-1
y=0
dy
m, =| — =6-5=1
and m, (dXJX=3

since m;m, =—1

Via
= tangents are at right angle i.e . B

Example - 19

Sol.

Determine the absolute extrema for the following function

and interval.

g(t)=26+3C— 12t +40on[0,2]

Differentiate w.r.t. t
g (H)=62+6t—12=6(t+2)(t—1)

Note that this problem is almost identical to the first problem.

The only difference is the interval that we were working on.

The first step is to again find the critical points. From the
first example we know these are t=—2 and t= 1. At this point
it’s important to recall that we only want the critical points
that actually fall in the interval in question. This means that
we only want t = 1 since t = — 2 falls outside the interval so

reject it.

s
. T
Now for absolute maxima
We have,
Max {g(1),g(0),g(2)}
ie, Max{-3,4,8}

On comparing all these values we get g (t) has absolute max.
as 8 at t =2 and similarly absolute minimum of g (t) is— 3 at
t=1.

Example —20

Ans.

Sol.

Let f be differentiable for all x.
Iff(1)=-2andf " (x)>2 forx € [1, 6], then
(2)/(6)<8 (b)/(6)=8
(©f(6)=5 (d)s(6) <5

(b)

Using LMVT,

/(6)-f(1)
6-1

_0-(2)_,
5

= f(6)=8

= f"(c) for somec €(1,6)

Example —21

Sol.

Find points of local maximum and local minimum of

fx)=x*2x-1).
Letf(x) =2x>*—x%?
Differentiate w.r.t. x to get :

2 45 2(06x-1
EX BRI

fx)=2 (2) x23 _
3
By taking f'(x) =0 or f(x) is not defined.
. . 1
Critical points of (x) are X = 3 andx=0.
Using the following figure, we can determine how sign of
f{(x)is changing atx=0and x = %

from figure,
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o

+ - ot
0 1/5

Sign of /" (x) in various intervals

f7(x)=(1+log x)i X" +x* (l)
dx

X
x = 01is point of local maximum as sign of / * (x) changes from =x*(1 +log x>+ x*!

! . L
positive to negative and X = 5 is a point of local minimum [ (1/e)=0+(e)c~Ve>0.

as sign of f(x) is changing from negative to positive. Hence x = 1/e is a point of local minimum.

Example —22 Local minimum value is (1/e)*=¢
Example —23

The function g (x) = % + 2 has a local minimum at
X

—l/e

Find the local maximum and local minimum values of the

function y =x*.

Sol. Letf(x)=y=x" (a)x=2 (b)yx=-2
= logy=xlogx ©x=0 (d)x=1
Ans. (a)
1 dy
— ——=x—+logx x 2
ydx o x Sol. Letgx)=—+ =
2 X
1 2
d X ! = — - —
:>d—z=X (1+1log x) g (x) 2 X2

for maxima and minima g'(x) =0= x= £ 2
f T x)=0 =x*(1+logx)=0

n 4
=logx=-1 =x=c¢'=1le. Again & (X):F>Oforx:2

Method 1 : (First Derivative Test) <0forx=-2 ..x =2 ispointofminima
7 )=x*(1+logx) Example — 24
S ()= xlogx Suppose the cubic x*— px + q has three distinct real roots
x<lle =ex<]1 where p > 0 and q > 0. Then which one of the following
holds?
= [ (x<0
x>1/e =ex>1 (a) The cubic has maxima at both \/g and — \/g
= f x>0

(b) The cubic has minima at \/% and maxima at— \/%

The sign of f "(x) changes from — ve to + ve around

x=1/e.

(¢) The cubic has minima at — \/g and maxima at \/g

In other words, f(x) changes from decreasing to increasing

atx=1/e.
. . .. (d) The cubic has minima at both \/E and — \/E
Hence x = 1/e is a point of local minimum. 3 3

. . — lle— a-lle
Local minimum value = (1/e)"e=¢"". Ans. (b)

Method IT : (Second Derivative Test) Sol. Let f(x)=x’ — px+q
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Now f'(x)=0,i.e. 3x’-p=0

PR
3 V3
" = " p " p
Also, [r=6x=f [-\/;J<Oandf [\/;J>O
. p .. p
Thus maxima at -\/; and minima at \/;

Example — 25

Ans.

Sol.

Given P (x) = x*+ ax®*+ bx?+ cx + d such that x = 0 is the
only real root of P'(x) = 0. If P(~1) < P(1), then in the
interval [-1, 1]

(a) P (~1) is the minimum and P(1) is the maximum of P
(b) P (-1) is not minimum but P(1) is the maximum of P
(c) P(~1) is the minimum and P(1) is not the maximum of P
(d) neither P(—1) is the minimum nor P(1) is the maximum of P

(b)

P(x)=x*+ax’+bx*+cx +d
P'(x) = 4x>+ 3ax’+ 2bx + ¢
P'(0)=0=¢c=0

Now, P'(x) = x (4x*+3ax+2b)

As P'(x) = 0 has no real roots except

x =0, we have

Discriminant of 4x?+ 3ax + 2b is less than zero.
ie., (3a)>-(4) (4) (2b)<0

then 4x*+3ax+2b>0VxeR

(Ifa>0,b’-dac <0 then ax’+ bx+ ¢ > 0Vx €R)
So P'(x) < 0if x €[-1,0]i.e.,decreasing

and P'(x) > 0if x €[0,1] i.e., increasing

Max.of P(x) =P(1)

But minimum of P(x) doesn’toccurat x = —1 ,i.e., P (-1)

is not the minimum.

Example —26

Ans.

Sol.

5 x
For x € (0, 77:} define f(x) = IO \/; sin tdt. Then, fhas

(a) local minimum at wand 27
(b) local minimum at tand local maximum at 27t
(¢) local maximum at 7t and local minimum at 27t

(d) local maximum at wand 27t

(©)
£'x) =~/xsinx, £'(x)=0

= x=0orsinx=0

=>X= 27[,7[[‘.‘ X € (O,%B

1 1
f"x) = Jx cos x+——=sinx = ——(2x cos x + sin x)
2x 2x

f"(r)<O0andf"(27)>0

— Local maxima at x = 7 and local minimaat x =27z

Example —27

Ans.

Sol.

Letf: R — R be defined by

{k—Zx,
f(x)=

if x<-1
2x+3, ifx>-1

If fhas a local minimum at x =—1, then a possible value of
kis

(@1 (b)0

© L (-1
2

(d

o re=1

As f(-)=k+2

As f hasalocal minimumat x = —1

fEI)2 (DS (1) =12 k+2
~k<-1

Thus k =—1 is a possible value.

= k+2<1.
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i

Example —28

Ans.

Sol.

Let a, b € R be such that the function f given by
f(x) = log [x| + bx?> + ax, x # 0 has extreme values at
x=-landx=2.

Statement I fhas local maximumatx=—1 and x=2.

1 -1
Statement I 2 =7 and b—T.
(a) Statement I is false, Statement II is true.
(b) Statement I is true, Statement I1 is true;
Statement II is a correct explanation for Statement I.

Sol.

(c) Statement I is true, Statement II is true;
Statement II is not a correct explanation for Statement .
(d) Statement I is true, Statement I1 is false.

©

Given f(x)=In|x|+bx*+ax
1

L f'x)=—+2bx+a
X

atx=-1,f'(-1)=-1-2b+a=0
=a-2b=1 ()

atx:2,f’(-2):% +4b+a=0

Ans.

{ %_S
T
(a) it makes angle 5 +0 with x—axis

(b) it passes through the origin
(c) it is a constant distance from the origin

T
(d) it passes through (az,—aj

(a,c)

dy dy do

—=—_—=tanf =

dx dx dx Slope of tangent

- Slope of normal to the curve

- ot § ( tan(gm]]

Now, equation of normal to the curve

C

[y-a(sinB-0cos0)] =- ?sg (x - a(cosO + Gsin 0))
sin

= xcos O+ysinf = a(l)
Now, distance from (0,0) to xcos O +ysinf=ais

(0+0-a)

distance (d)= 1

.. distance is constant = |a|.

Example —30

..(ii)

2a+4b:-l
2

Solving (i) and (ii) we get,

a:l,b:—l.

2 4

X2+ (x+ _
:>f'(x):l—£+l: 2x"4x _ (x+1)(x-2)
x 2 2 2x 2x

- -

l L L

L] I 1

-1 0 2

— maximaasx =-1.2 Sol.
Hence both statement are true but statement I1.

is not correct explanation of statement I.

Example —29

The normal to the curve x =a (cos 0 + 0 sin ),
y =a (sin 6 —0 cos 0) at any point 0 is such that

A point P (x, y) moves along the line whose equation is
x — 2y +4 =0 in such a way that y increases at the rate of
3 units/sec. The point A (0, 6) is joined to P and the segment
AP is prolonged to meet the x-axis in a point Q. Find how
fast the distance from the origin to Q is changing when P
reaches the point (4, 4).

X .
- O M Qx

The rate of change of 'y is given and it is desired to find the
rate of change of OQ, which we denote by z. If MP is
perpendicular to the x-axis, MP =y and OM =x.

The triangles OAQ and MPQ are similar, hence
z_zZ-X

= Z>y2=62—6XZ>Z=6—X
6-y




APPLICATIONS OF DERIVATIVES

#
fubstituzng the value of x from the equation of the given Clearly, f'(x) does not exist at x = -]
ine, we have
12(y-2) Now, f'(x)=0= (x-1)"" =(x+1)"" = x=0
g =24
6-y Clearly, sox=0, + 1 are critical pointin [0, 1].
dz 48 dy f(0)=2and f(1)=2"?
E = 6 y)z E Hence greatest value = 2
dy dz Example —33
Setting y = 4 and i 3, we obtain T 36 thatis, z is
increasing at the rate of 36 units/sec. 3% +9x +17 .

Ifx is real, the maximum value of

> is
Example —31 3T H9x+T

1
The maximum distance from origin of a point on the curve @) 4 (b)41
at 17
_ . . et 1 i
xasmt—bsm(bj (©) (d) 7
Ans. (b)
y=acost—b cos (%j _botha, b>0, is Sol.  For the range of the expression
2+9x +1 +be+
(@)a—b (b)a+th 3x2 9x 7:y:ax2 be c’
3x°+9x+7 px tagx+r
(©) Va? + b (d) Va? —b? ) . _
[ find the solution of the inequality Ay’ +By+K >0
Ans. (b)
Sol.  LetA(0,0)and B(x, y) Where A =q’-4pr=-3,B=4ar+4pc-2bq =126
. 2 2 2
SAB T =x"+y K =b?-4ac=-123
o 2
€. - - >
(az(sin2 t+cos® t)+b? (sin2 (%tj Le,solve 3y*- 126 +y-123>0
B= . . =3)" -126y+123<0= y*-4Ry+41<0
+cos? | & |2 -
€08 (bjj abm( b S (y-1)(y-42)<0=>1<y<42

= Maximum value ofy is 42

Example —34

=(a+b) If p and q are positive real numbers such that p?+ q*=1,

then the maximum value of (p + q) is
Example —32

=\/a2+b2 2abcosa = \/az +b*+2ab

(-. expression will take max value whenas cosa = —1)

1 1
The greatest value of f(x)= (x +1)"*— (x— 1) on [0, 1] is @ 2 ®) 2
@1 (b)2
| © 2 (@2
©3 @3
Ans. (b) Ans. (c)
Sol.  We have Sol. st solution :

£(x) = (1) -(xe1)s

. . -; . (x—l)m—(x-i-l)m
f( ) [(X+1)y3 (X_l)m]

for critical points : f'(x) = 0 or not defined.

T

Let p=cos 0, q=sin @ where 0< 0 < 5

3 3(x2—1)w ptq=cosf+sinf

= maximum value of (p + q) = V2
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ay
1™ solution : Example - 36
p’+q’ 1 0
By using AM2>G.M, >pq=>pq<— 1 cos 1
2 2 If f(6)=|-sin® 1 —cosf and A and B are
(p+q) =p’+q’ +2pq = (p+q) <~2 -1 sin® 1
Example —35 respectively the maximum and the minimum values of
£(0), then (A, B) is equal to:
tan X
Let fbe a function defined by f(x)={ x ’ x#0 @@G,-) (b) (47 2~ \/5)
1, x=0 (©) (2+\/§,2—«/5) (d)(2+ﬁ,—1)

Statement I x =0 is point of minima of f.
Statement ILf" (0)=0 Ans. ()

(a) Statement I is false, Statement 11 is true.

1 cosd 1
(b) Statement I is true, Statement II is true; £(0) =|-sing 1 _cosO
. . Sol.
Statement I1 is correct explanation for Statement I. 1 sin® 1
(c) Statement I is true, Statement I1 is true;
Statement II is not a correct explanation for Statement 1. . . L
) ) :>(1+sm6?cos¢9)—cos¢9.(—51n67—cos¢9)+(—s1n 9+1)
(d) Statement I is true, Statement I1 is false.
= f(0)=2+sin26+cos260
Ans. (c)
= () =2-V2
tan x x=0 \/,
s, SO)={ % =[O =242

L x=0 Example —37

In right neighbourhood of ‘0’
Find the interval in which

tanx o .
>1 f(x)=x*—8x*+22x?—24x + 5 is increasing.

tanx>x =
X

In left neighbourhood of 0’
ficH nelghbourhood o Sol. Given f(x)=x'—8x}+22 x2~ 24x+ 5

tan x <x :ta—nx >1(. tanx < 0) () =4x3-24 X2+ 44x 24
X
=4 (x*-6x*+11x—6)

atx =0, f(x)=1 =4(x-1)(x-2)(x-3)

= x = 0 is point of minima

tanh |
0+h)-1(0 -

f’(O):limf( )=S0 _ i, =

h—0 h 70 h + ]

- T N - 73
— lim tanh—h -0
h—0 hz

hence f(0)=0 -
— statement I is true and statement 11 is true. For increasing function /™ (x)>0

or 4(x-1)x-2)(x-3)>0
or x-1)(x-2)(x-3)>0
xe (1,2) U (3, )
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=

Example —38

Find the interval in which f(x) =x—2sinx, 0 < x <27 is
increasing

Sol. Givenf(x)=x—2sinx
S (x)=1-2cosx

, 1
f ®)>0o0rl1—-2cosx>0 cosx<5
1
or —CcoSX>— —
2
2n
or cos (m+X) >cosT
2 2
or Znn—?n<n+x<2nn+?n,nel
or 2n7t—5—n<x<2nrc—E
3 3

T S5m o
For n=1, §<X<T whichis true (- 0<x <2m)

Hence, X E(E Sn)

373
Example —39

Find the intervals of monotonicity of the function
|x—1]

2
X

fx)=

Sol. The given function f(x) can be written as :

Ix—1] l—zx ;o x<lL,x=0
fo0=to=1 X
X — x>1
X
Consider x<1
, -2 1 x-2
f=sra="
. . , X—2
Forincreasing, f (x)>0 =3 >0

=
=  x(x=2)>0 [asx?is positive]

= xe(-w,0)uU(2,).

Combining with x < 1, we get f(x) is increasing in x <0 and
decreasinginx € (0, 1) (1)

Considerx>1

, -1 2 2-x
X)=—+—=
S (x) N B
+ = . + -

T 1 I

0 1 2
Forincreasing /* (x)>0
= (2-x>0 [as x3is positive]
= (x-2)<0.
= x<2.

Combining with x > 1, f(x) is increasing in x € (1, 2) and
decreasinginx € (2, ) ... (1)

Combining (i) and (ii), we get :

f(x) is strictly increasing on x € (— o0, 0) U (1, 2) and strictly
decreasingonx € (0, 1) U (2, ).

Example —40

Ans.

Sol.

The function f(x) =log (x — 2)*— x>+ 4x + 1 increases on the
interval

() (1,2) (b)(2,3)
(©)(5/2,3) (d) (2,4
(b,c)
f(x)=2log(x—2)—x*+4x+1
= fx)=——-2x+4
X —
sy Al 1-(x =2y _ ,(x=D(x-=3)
= f(x)—Z[ x—2 }_ 2 x—2
, __2(X—1)(x—3)(x—2)
= S(x)= (x—2)2
f xX)>0=>-2x-1)(x-3)(x-2)>0
= x-1)(x-2)(x-3)<0
= xe(-o1)u(2,3).

R
| 2 3
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sz

Example —41

A function is matched below against an interval where it is
supposed to be increasing. Which of the following pairs

is incorrectly matched ?

Interval Function

@  (~o,4) x3+6x2+6

1
(b) (—oo, —} 3x2-2x+1

3
(©) [2,0) 2x3-3x2—12x+6
(d)  (—oo,,) x*—3x2+3x+3
Ans. (b)

Sol.  For function to be increasing, f' (x) >0

(a) f(x) = 3x(x +4) = increasing in (—0,—4) U (0, )

(b) f'(x) =2(3x — 1) = decreasing in (—00,%)

(¢) f(x)=6(x+ 1)(x —2) = increasing in (—o0, —1)U(2,)

(d) f(x) = 3(x — 1)> = increasing in (—o0,)

so (b) match is incorrect.

Example —42

The function f'(x) = tan™! (sin x + cos X) is an increasing

function in

N [T T
@05 )| =53

T T mT T
© (zagj (d) (‘? Z)

Ans. (d)
1 .
'(x) = .(cosx -sinx
Sol. /') 1+ (sin x + cos x)? ( )
, COS X - sin X
x:—
A 2+sin2x

If f'(x) >0then f'(x) is increasing function

T V1 .
For-E <x< Z,cosx > sinx

T T
Hence y = f'(x) is increasing in(_E’Zj

o
Example —43

The function f(x) = cot ™' x + x increases in the interval

(@) (1,0) (b) (=1, 0)
(¢) (o0, ) (d) (0, )
Ans. (c)

Sol.  f(x)=cot x+x

2
L =X ovxer
1+x2 1+x2

Example — 44

A spherical balloon is filled with 45007 cu m of helium
gas. If a leak in the balloon causes the gas to escape at
the rate of 727 cu m/ min, then the rate (in m/min) at which
the radius of the balloon decreases 49 min after the leakage

S =

began is
9 o7
OF ) 5
2 N
©5% @ 5
Ans. (c)
dv 3 .
Sol. E:—7Z1rm /min,v, =4500n
Vzinr3 ﬁziﬂwrzxﬂ
3 d 3 dt

After 499min, V=V, +49.% =4500m-49x 727
=4500m - 3528n=972n

4 3 3
=921 = —mr’ =1r’'=243x3=36=r=9

.'.72n:4n><81xg :_E:_E
dt 81 9

2 .
Thus ,radius decreases at a rate of gm/mm

Example —45

A point on the parabola y>= 18x at which the ordinate
increases at twice the rate of the abscissa, is

(@) (2,4) (b)(2,-4)

99 99
o33 (53]

Ans. (d)
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dy:18:>ﬂ:2

2=18x = 2y—=
Sol. Y ydx dx vy

Givenﬂ:2:2=2:>y:%:>x:§

y
Example — 46

Ifthe volume of a spherical ball is increasing at the rate of
4 cc/sec, then the rate of increase of its radius
(in cm/sec), when the volume is 288 mce, is:

1 .
@ ¢ ®) 5
1 o
© 3 @ %
Ans. (c)
Sol. a =4rcc/ sec
dt
4 5
we know V = 572’1"
ar = i7z3r2 dar =4zxr’ dr
dt 3 dt dt

when V' =2887zcc
=’ =216
=r=06

av = 47rr2.ﬂ
dt dt

=4r =47zx36><£
dt

a 1
= —=—
dt 36

Example —47

The period T of a simple pendulum is

T=2n @
g

Find the maximum error in T due to possible errors upto
1%in/and2.5%in g.

1/2
Sol. Since T2y |() _ 2,{%
g g

Taking logarithm on both sides, we get

ImT=/ 27t+lll ll
nT=mh , mi-7> g

Differentiating both sides, we get

dr_g,Ldi 1de
2 g

T 21
or (d—TxlOOJ:l(QXIOOj—l E><100
T 2\ 7 2\ g

dT . dr dg
22100 |= L +=x100=1and “£x100=2.5
(TX j 2““5)[ ! g J

Maximum errorin T =1.75%.

Example —48

If the Rolle’s theorem holds for the function
f(x) = 2x*+ ax? + bx in the interval [-1, 1] for the point

1
c= 5, then the value of 2a + b is

()1 (b)-1
(©2 (d)-2
Ans. (b)

Sol.  f(x)=2x’+ax +bx

Given Rolle’s theorem is applicable
= D=0
=-2+a-b=2+a+b

=b=-2

f'(x)=6x" +2ax+b

=6x*+2ax-2
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sz

Example — 49

m m

Find the equation of the tangent to X—+Z—m =1 at the
a

m

point (X, y,)-

Sol. —+—=1
° a” b

x" y" . -
ym Differentiating wrt X,

me—l mym—l dy B
a™ b™ dx

.ﬂ_J£FTI
= dx a"ly
= at the given point (X, y,), slope of tangent is
Z_KEJm[ngml
(x0.¥0) a Yo
= the equation of tangent is
m m-1
v (2] om0

m_ m

~1 ~1
a"yy,  —a"yy, =-b"xx;" +b"x{

dy
dx

a’“yyg"1 +b™x xg"l =a"y, +b"xy

using the equation of given curve, the right side can be
replaced by a™ b™.

amyy{)“'l +b™x xg‘"l =a"b"

=  the equation of tangent is

m-1 m-1
x(x ) YY)
a\ a bl b
Example —50

Find the equation of the tangent to x* = ay? at the point A
(at?, at®). Find also the Point where this tangent meets the
curve again.

Sol. Equation of tangent to : x = at?, y = at® is

& =2at, L =3at’
dt dt

y—at3 = 3;; (x—atz)

=  2y-2at*=3tx—3at’
ie. 3tx—2y-—at’=0

5

LetB (atlz, at; ) be the point where it again meets the curve.

= slope of tangent at A = slope of AB
3at’ a(t3 _tf)
2at  a(t’-t})

3t 4t +tt

= 2 t+t,

= 3+31 =204 262+ 2t
= 2t2-tt —t2=0

~ (- Qt+1)=0

= t,=tort =—1/2

The relevant value is t=— t/2

Hence the meeting point B is
(—t]z (—tf at® —at’
=lal— | .a| — =7
2 2 4 8

Example — 51

The normal to the curve x =a (1 + cos 0), y=asin 0 at0
always passes through the fixed point

(a)(a,0) () (0,2)
(©)(0,0) (d)(a,a)

Ans. (a)

Sol. ﬂ =—asin9andﬂ: acostd = ﬂ =—cotd
do do dx

.. slope of normal at &=tan &

.. the equation of normal at g is
y—asinf=tanf(x—a—a cos )
= xsin@—ycosf=asinf

= y=(x—a)tanf

which always pasess through (a,0)

Example -52

Two ships A and B are sailing straight away from a fixed
point O along routes such that /AOB is always 120°.
At a certain instance, OA = 8 km, OB = 6 km and the ship
A is sailing at the rate of 20 knmv/hr while the ship B sailing
at the rate of 30 km/hr. Then the distance between A and
B is changing at the rate (in km/hr):

260 260
@ 57 ® 37
80 80
© 57 @ 35
Ans. (a)
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so. B Example — 53
ol.

If2a+3b+6¢=0,a, b, c € R then show that the equation
ax’+ bx + ¢ = 0 has at least one root between 0 and 1.

y Sol. Given2a+3b+6¢c=0

E+E+c—0 i
or 373 )]

120°

A Let f'(x)=ax’+bx+c
0 X

On integrating both sides, we get

LetOA=xand OB=vy f(x):£+£+cx+k
3 2

£:20km/hr, Q:?)Okm/hr.
dt dt

a b
Now, f(l):§+5+c+k [From (i)]
When OA=8,0B=6

=0+k=k
Applying cosine formula in A4OB . and  £(0)=0+0+0+k=k
2 2 2 2 Since f(x) is a polynomial of three degree, it is continuous
c0s 120° = M 1 64+36—(4B) and differentiable and f(0) = f(1), then by Rolle’s theorem
2xy 8 2x8x6 f'(x)=0 i.e., ax? + bx + ¢ = 0 has at least one real root
s -48=64+36— (AB)? between 0 and 1.

E le —54
4B =237

ff(x)=(x—1)(x—2)(x—-3)anda=0,b=4., find ‘c’ using

Again applying cosine formula in AAOB Lagrange’s mean value theorem.

When OA=xand OB=y
Sol. Wehave f(x)=(x—1)(x-2)(x-3)=x*-6x>+11x-6

1wty (4B) © S@=0)=0-1)(0-2) (x-3)=—6

2 2xy and f(b)=f(4=@-1)(4-2)(4-3)=6
So)-f@)_ 6-(-6) 12

:>(AB)2:x2+y2+xy b—aa = 4-0 :?: .. (1)

AB = distance between A and B = Z (let) Also  f'(x)=3x>—12x+11

Z2=x*+y*+xy

- ’ _ 2 _
differentiate w.r.t. “t” gives f(¢)=3c ~12¢+11

dz dx dy dy  dx From LMVT, SO -/@) _ JA©) e (2)
22— =2x—+2y.—+x—+y— b-a
dt dt e dt T dt
= 3=3c-12c+11 {From(1)and (2)}
2_ =
:2x2\/§%:16x20+12x30+240+120 = 3¢ 12c+8=0
o l2xV144-96 _, 243
6 T3

— 437 % Z 1040
dt As both of these values of ¢ lie in the open interval (0, 4).
Hence both of these are required values of c.

Dﬁzﬂkm/hr

dt 37
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Ans.

Sol.

Avalue of ¢ for which conclusion of Mean Value Theorem
holds for the function f(x) = log x on the interval [1, 3], is

(a) log, e (b) log 3
(c) 2 log,e (d) %loge3
©
By LMVT

v SB)=f@ _ fB)-fD
= s =T 5

., log 3—-log,1 1
/'© S E— log. 3
:l=lloge 3= ~.c=2log,e

c 2 2log.e
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EXERCISE - 1 : BASIC OBJECTIVE QUESTIONS

Derivative as rate Measure

1.  Gas is being pumped into a spherical balloon at the rate of
30 ft*/min. Then, the rate at which the radius increases when

it reaches the value 15 fi, is

1 1
—— ft/min —— ft/min
@ 3or ®) 55

1 1
— ft/mi — ft/mi
(c) >0 min (d) T min

2.  The position of a point in time ‘t’ is given by x = a + bt—ct?,

y = at+ bt’. Its acceleration at time ‘t’ is

(@)b-c (b)b+c

(c)2b—2c (d) 24/b? +¢?

3. Aspherical ironball 10 cminradius is coated with a layer ofice of
uniform thickness that melts at a rate of 50 cm’/min. When the
thickness ofice is 5 cm, then the rate at which the thickness of ice

decreases, is

1 1
——cm/min ——cm/min
@ Tgx ®) 36z
icm/min d Lcm/min
© or Oy

4.  The rate of change of the surface area of a sphere of radius
r, when the radius is increasing at the rate of 2 cm/s is

proportional to
1 .t
@ ()

(©r (dr
5. For what values of x is the rate of increase of x> — 5x*> + 5x + 8 is

twice the rate of increase of x ?

1 1
(a) =3, -3 (b) -3, 3

1 1
©3-3 (d) 33

If a particle moving along a line follows the law s =/1+t ,
then the acceleration is proportional to

(a) square of the velocity

(b) cube of the displacement

(c) cube of the velocity

(d) square of the displacement

If a particle is moving such that the velocity acquired is
proportional to the square root of the distance covered,
then its acceleration is

(a) a constant (b) oc s

1 1
© <5 (@ o

Errors and Approximations

8.

10.

If y =x", then the ratio of relative errors in y and x is
(@l:1 (b)2:1

(c)1:n (dn:1

If the ratio of base radius and height of a cone is 1 : 2 and
percentage error in radius is A %, then the error in its volume
is

@Ar% (b) 22%

(©)3A% (d) none of these

The height of a cylinder is equal to the radius. If an error of
a % is made in the height, then percentage error in its volume
is

(a)a% (b)20%

(c)30% (d) none of these

Equation of Tangents and Normals

11.

For the curve y =3 sin § cos 0, x =¢e’sin0,0<0<n,

the tangent is parallel to x-axis when @ is:

3n b8
(@) y (b) B

T T
©7 @5
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12.

13.

14.

15.

16.

17.

18.

19.

The curve y — e¥ + x = 0 has a vertical tangent at
@1, 1)
(©(1,0)

Ifthe line ax + by + ¢ =0 is a tangent to the curve xy =4, then

(d) no point

the possible answer is
(a)a>0,b>0

(c)a<0,b>0 (d) none of these

The tangent to the curve 5x> + y> =1 at [%, —%) passes

22.
through the point
(@) (0,0) () (1,-1)
©1,1) (d) none of these

23.

The equation of the tangent to the curve y =v9 - 2x? at the

point where the ordinate and the abscissa are equal, is

(@) 2x+y-3/3=0 (b) 2x +y+34/3=0

(b)(0, 1) 2.

(b)a>0,b<0 21.

é%ﬁ!

Length of tangent, normal, subtangent and subnormal

The length of subtangent to the curve x*y?= a*at the point
(-a,a)is

(a)3a (b)2a

(c)a (d)4a

For the parabola y* = 4ax, the ratio of the sub-tangent to the
abscissa is

(al:1 (b)2:1
()1:2 @3:1

The length of subtangent to the curve x*y?= a*at the point
(—a,a)is

(a)3a (b)2a

(c)a (d)4a

The product of the lengths of subtangent and subnormal at
any point of a curve is

(a) square of the abscissae  (b) square of the ordinate

(c) constant (d) None of these

Angle of intersection between the curves

(c) 2x—y-— 3J3=0 (d) none of these

24.

The tangent to the curve x>+ y? =25 is parallel to the line 3x
— 4y =7 at the point

(@) (3,-4) (b)(3,—4)
©G.4 (d) none of these 25,
If the tangent at each point of the curve
2 .
y=3 x* — 2ax* + 2x + 5 makes an acute angle with the

positive direction of x-axis, then
(a)ax>1 (b)-1<ac<1

(c)a< -1

26.

(d) none of these

The equation of the tangent to the curve (1 +x?) y =2 —x,
where it crosses the x-axis, is

(a)x+5y=2
(c)5x—y=2

(b)x—5y=2
(d)5x+y-2=0

The intercepts on x-axis made by tangents to the curve,

y:I |t|dt, xeR, which are parallel to the line y = 2x, are 27.
0

equal to
(a)£1 (b)y£2
()£3 (d)+4

The curves x* + p xy?> =-2 and 3x%y — y* = 2 are orthogonal
for

(@p=3
(c) no value of p

(b)p=-3

(dp==3

The two tangents to the curve ax* + 2hxy + by*=1,a>0 at
the points where it crosses x-axis, are

(a) parallel (b) perpendicular

I
(c) inclined at an angle —

4 (d) none of these

The lines y = —%X and Y= —%X intersect the curve
3x*+4xy + 5y*—4 =0 at the points P and Q respectively. The
tangents drawn to the curve at P and Q

(a) intersect each other at angle of 45°

(b) are parallel to each other

(c) are perpendicular to each other

(d) none of these

The angle between the curves y = sin x and y = cos X is

(a) tan™" (24/2) (b) tan"! (34/2)

(©) tan"' (3v3) (d) tan"' (5v2)
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28.

29.

30.

31.

32.

33.

The angle between the tangents to the curve y* = 2ax at the
. a .
points where X = 2 1S

(a)m/6 (b) /4

(©m/3 )2

The angle between the tangents at those points on the curve
y=(x+1) (x—3) where it meets x-axis, is

(a) tan ™" (1_5) (b) tan ™ (ij
8 15

(©) g (d) none of these

The angle at which the curves y =sin x and y = cos x intersect
in[0, ], 1s

(@) tan™! 2\/5 (b) tan™ «/5

(d) none of these

A1
(C) tan (ﬁ
The two curves x> —3xy*+2=0and 3x’y—y*—2=0

(a) cut at right angles (b) touch each other

T
(d) cut at an angle —

T
(c) cut at an angle 3 4

The two curves y = 3* and y = 5* intersect at an angle

@ tan”! log5—1log3 ®) tan”! log3+log5
1+log3.log5 1-log3.log5

_i[ log3+log5
(c) tan T+log3 logs (d) none of these

The angle of intersection of the curve y =x* & 6y =7 — x> at
(1, 1)is

(a) /5
(c)m/3

(b) /4
(d) w2

Increasing and Decreasing Functions

34.

The function £(x) = 2x*—log | x | monotonically decreases for
(a)x € (—o0,— 1/2] W (0, 1/2]

(b)x € (—o,1/2]

(©)xe[-1/2,0)U[1/2,0)

(d) none of these

3s.

36.

37.

38.

39.

40.

41.

The interval in which the function x* increases less rapidly
than 6x>+ 15x+5is:

(a) (o0, —1) (b) (5.1
©)(1.5) (d)(5,0)
The function y = 2¢° 4_1 is

X

(a) a decreasing function for allx € R— {0}
(b) aincreasing function for all x € R— {0}
(c) increasing forx >0

(d) none of these

sin X

The function /' (X) =

Y
@[50)

©(0,m)

is decreasing in the interval

T
(03

(d) none of these

If f(x):ﬁflog(l +x),x>0,thenfis

(a) an increasing function
(b) a decreasing function
(c) both increasing and decreasing function

(d) None of the above

Letf(x)= Je" (x — 1) (x — 2) dx. Then, f decreases in the
1

interval
(@) (—20,2) (®)(2,-1)
(©(1,2) (d)(2,%)

Iff(x) =x*+4x*+Ax + 1 is a strictly decreasing function ofx
in the largest possible interval [-2, —2/3] then

(a)r=4 (b)yr=2
(c)r=-1 (d) A has no real value

The length of the longest interval, in which the function
3 sin x — 4 sin*x is increasing, is

T T
(a) 3 (b) )

3n
© 5 (dn
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=§%:-

42. The functionf(x)=x+cosxis 50. The maximum value ofx*—3x in the intvere:i [0,2],1s

(a) always increasing (a)-2 ()0

(b) always decreasing (c)2 (d) None of these

(c) increasing for certain range of x T

(d) None of the above 51. IfA>0,B>0andA+B 25, then the maximum value of
43. How many real solutions does the equation tan A tan B is

X7+ 14x°+ 16x°+30x— 560 =0 have ? 1 1

@3 ®)7 @ 75 b) 5

© @3 ©)3 @3
Maxima and minima 52. The maximum slope of the curve y =—x3>+ 3x>+9x — 27 is
44. The functionf(x)=2x’—3x*—12x+4 has @0 (b) 12

(©) 16 (d)32

45.

46.

47.

48.

49.

(2) no maxima and minima

(b) one maxima and one minima

(c) two maxima 53.
(d) two minima
The greatest value of f(x) = (x +1)"* - (x—-1)"* on [0, 1] is:
(@1 (b)2
©3 (d)2"?
54.

The function f(x) =x? (x —2)?
(a) decreases on (0, 1) U (2, )

(b) increase on (-, 0) U (1, 2)

(c) has a local maximum value 0 55.

(d) has alocal maximum value 1

The maximum value of the functiony=x (x —1)?,0 <x<2is
@0 (b)4/27

(c)4 (d) none of these

The point in the interval [0, 27t], where f'(x) = e* sin x has
maximum slope, is

i
0 b) —
(a) (b) > 56.
3n
(c)2n (d) -
2
The minimum value of x* is attained (where x is positive real
number) when x is equal to : 57.
(a)e (b)e!
(©)1 (d)e?

The function f(x)zj{z(t—l)(t—zf+3(t—1)2(t—2)2}dt
attains its local maximum value atx =

@1 (b)2

©3 (@4

The maximum area of the rectangle that can be inscribed in
acircle ofradiusr, is

(@ynr? (b) 12
(c) mr¥/4 (d)2r2

A triangular park is enclosed on two sides by a fence and on
the third side by a straight river bank. The two sides having
fence are of same length x. The maximum area enclosed by

the park is
3
X
b JR—
®) |5

(d) mx?

@ 3%

© 3%

The greatest and the least value of the function,

Jx)= \/1—2X+X2 - \/1-1-2x-1-x2 ,X € (o0, ) are

(a)2,-2 (b)2,-1

(c)2,0(d) none

The function /(x) = 2x*>— 15x%+ 36x + 4 has local maxima at
(a)x=2 (b)x=4

(©)x=0 (dx=3
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58.

59.

60.

61.

62.

63.

64.

The maximum value of Xy subjectto x +y =8, is
(@8 (b) 16
(©)20 (d)24

Let f(x)=(1+b*) x>+ 2bx + 1 and m (b) the minimum value of
f(x) fora givenb. As b varies, the range of m (b) is

@1[0,1] (b)(0,1/2]
1

(c) 5,1 (d)(0,1]
fx)=1+[cosx]x,in0< x< g
(a) has aminimum value 0
(b) has a maximum value 2

i
(c) is continuous in 0, 5

I
(d) is not differentiable at x = B
The minimum value of Z(XL}) s
(2% (b)2
(©1 (d)4
Area of the greatest rectangle that can be inscribed in the
2 2

ellipse ?+b_2 =1is

(a)ab (b)2ab

(c)a/b (d) Afab

The difference between the greatest and least values of the

. 1 .
function, f(x) =cos x + 5 cos 2x —% cos 3x1is:

(a)4/3 (b)1

(c)9/4 (d)1/6

A line is drawn through the point (1, 2) to meet the coordinate
axes at P and Q such that it forms a A OPQ, where O is the

origin, if the area of the A OPQ is least, then the slope of the
line PQ is

1
@ 5 (b)—4

1
©-2 @5

Numerical Value Type Questions

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

The radius of the base of a cone is increasing at the rate of
3 cn/minute and the altitude is decreasing at the rate of
4 cm/minute. The rate of change of lateral surface when the

radius = 7 cm and altitude = 24 cm, in cm?/min is:

A ladder 10 metres long rests with one end against a vertical
wall, the other end on the floor. The lower end moves away
from the wall at the rate of 2 metres/minute. The rate at which
the upper end falls when its base is 6 metres away from the

wall, in M/min s :

If the distance ‘s’ metres travelled by a particle in t seconds
is given by s = t*— 3t, then the velocity of the particle when

the acceleration is zero in m/s is

An object is moving in the clockwise direction around the

unit circle x>+ y?>= 1. As it passes through the point

1 V3. . . .
(5, 7} its y-coordinate is decreasing at the rate of
3 unit per second. The rate at which the x-coordinate changes
at this point is (in unit per second)

If v :inf’ at what rate in cubic units is V increasing
3

d
whenr=10 and 520-01 ?

Side of an equilateral triangle expands at the rate of 2 cm/s. The

rate of increase of its area when each side is 10 cm, in cm?/sec is:

The radius of a sphere is changing at the rate of 0.1 cm/s. The
rate of change of its surface area when the radius is 200 cm,
in cm?/sec is:

The surface area of a sphere when its volume is increasing

at the same rate as its radius, in sq. unit is :

The surface area of a cube is increasing at the rate of 2 cm?/s.
When its edge is 90 cm, the volume is increasing at the rate
of (in cm*/sec)

The sides of an equilateral triangle are increasing at the rate
of 2 cm/s. The rate at which the area increases, when the

side is 10 cm, in cm?/s is:
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75.

76.

77.

The distance moved by the particle in time t is given by
x =t — 12t + 6t + 8. At the instant when its acceleration is

zero, the velocity is

The circumference of a circle is measured as 28 cm with an

error of 0.01 cm. The percentage error in the area is

The triangle formed by the tangent to the curve
f(x)=x*+bx—Db at the point (1, 1) and the coordinate axes,
lies in the first quadrant. Ifits area is 2, then the value of b is

78.

79.

80.

e
If the normal to the curve y = f(x) at the point (3, 4) makes an

3 . .. . '
angle Tn with the positive x-axis, then 1 (3) is equal to

Find the shortest distance between the line y = x - 2 and the
parabolay =x*+3x + 2.

If f (x) is differentiable in the interval [2, 5], where

1 1
) =§ and 1 (5) :5’ then there exists a number

¢,2 <c<5 forwhichf " (c) is equal to
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EXERCISE - 2 : PREVIOUS YEAR JEE MAINS QUESTIONS

1.

The normal to the curve, x>+ 2xy —-3y*=0, at (1, 1):
(2015)

(a) meets the curve again in the third quadrant.
(b) meets the curve again in the fourth quadrant.
(c) does not meet the curve again.

(d) meets the curve again in the second quadrant.

Let f(x) be a polynomial of degree four having extreme

. f(x)
valueatx =1 and x=2. If im|1+—==1=3 then f(2) is
x—0 X

equal to: (2015)
(0 (b)4
(c)-8 (d)—4

If Rolle’s theorem holds for the function f(x) = 2x* + bx?+
1
CcX, X € [-1, 1], at the point x = 3 then 2b + c equals :

(2015/Online Set-1)
@1 (b)2
(c)-1 (d)-3

Let k and K be the minimum and the maximum values of

(1+x)°
1

the function f (x)= oe in [0, 1] respectively, then
+X

the ordered pair (k, K) is equal to: (2015/Online Set-2)

(a) (270.4 , 1) (b) (270.4 , 20.6)

(© 27,1 (@ (1,2%%

A wire of length 2 units is cut into two parts which are
bent respectively to form a square of side =x unit and a
circle of radius = r units. If the sum of the areas of the
square and the circle so formed is minimum, then :

(2016)

(@) (4—m)x=mr (b)x=2r

(©)2x=r (d)2x=(n+4)r

Consider f(x)=tan™' [ 1+s%n X J,x € (O, E] )
1—sinx 2

A normal to y = f (x) at X =% also passes through the

point : (2016)

10.

11.

2
o)
o5

If the tangent at a point P, with parameter t, on the curve

(b) (g 0)
(d)(0,0)

x=4t+3,y=8t"-1, t € R, meets the curve again at a
point Q, then the coordinates of Q are :

(2016/Online Set-1)
(a)(t*+3,—t-1) (b) (4t2+3,-8t—1)
() (*+3,8-1) (d) (16t 3, -64t— 1)

The minimum distance of a point on the curve
y =x?—4 from the origin is : (2016/Online Set-1)

V19 15
(@) - (b) 5
Jis 19
(©) - (d 5

The normal to the curve y(x —2) (x—3) = x + 6 atthe point
where the curve intersects the y-axis passes through the
point: (2017)

)l

(a) 2 ’ 2 (b) 2 ’ 2
G el

(C) 2 ’ 3 (d) 2 ’ 3

Twenty meters of wire is available for fencing off a flower-
bed in the form of a circular sector. Then the maximum

area (in sq. m) of the flower-bed, is: 2017)
(@125 (b)10
(©)25 (d)30

The tangent at the point (2,-2) to the curve, x%y? — 2x =4
(1 —y) does not pass through the point :

(2017/Online Set-1)
1
(@) (‘h gj

(©)(4,-9)

(b)(8,5)

(d)(=2,-7)
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12.

13.

14.

15.

16.

The function fdefined by /(x) =x>—3x2+5x+ 7, is 17.

(2017/Online Set-2)
(a) increasing in R.

(b) decreasing in R.

(c) decreasing in (0, o ) and increasing in (—oo, 0).

18.
(d) increasing in (0, oo ) and decreasing in (—, 0).
Ifthe curves y* = 6x,9x* + by? =16 intersect each other
at right angles, then the value of b is (2018)
( )2 (b)o
2
7
© 5 (d)4 19.
» 1 1
Let f(x)=x"+— and g(x)=x-—,
X X
f(x) .
xeR —{—1,0,1} If h(x) =ﬂ,thenthe local minimum
g(x
. 20.
value of h(x) is : (2018)
(@) 242 (b)3
(c)-3 d) 22

If a right circular cone, having maximum volume, is
inscribed in a sphere of radius 3 cm, then the curved
surface area (in cm?) of this cone is :

(2018/Online Set-1) 21.

(a) 6327 (b) 6337
(c) 827 (d) 837

Let f(x) be a polynomial of degree 4 having extreme values

x—>0 2

_ ey (L) :
atx=1andx=2. If lim +1 |=3 thenf(-1)isequal
X

to: (2018/Online Set-2)

9
@7

el
2 ®)3

3 1
(c) 5 (d) 5

22.

K 2

Let M and m be respectively the absolute maximum and

the absolute minimum values of the function, f (x)= 2x3-

9x*+12x+5 in the interval [0, 3]. Then M-m is equal to :
(2018/Online Set-3)

@5 (b)9
(c)4 (d1
The shortest distance between the line y = x and the curve
yP=x-21is: (2019-04-08/Shift-1)
2 b 7
@ (b) 3
7 q 11
© 4 SN

IfS, and S, are respectively the sets of local minimum and
local maximum points of the function,

F(x)=9x* +12x° —36x2 +25,x € R then
(2019-04-08/Shift-1)

(@8,= {-2}:5,={0,1}  (b)S,={-2.0}:S,= {1}

(©S,={-2.11:8,= {0} (d)S,={-1}:5,=10,2}

Let f: [0, 2] = R be a twice differentiable function such

that /" (x)>0, forallx € (0, 2). If ¢ (x)=£x)+ A2 —x), then

d(x)is: (2019-04-08/Shift-1)

(a) increasing on (0, 1) and decreasing on (1, 2).

(b) decreasing on (0, 2)

(c) decreasing on (0, 1) and increasing on (1, 2).

(d) increasing on (0, 2)

The height of a right circular cylinder of maximum volume
inscribed in a sphere of radius 3 is :
(2019-04-08/Shift-2)

() 23

d V3

3

@ V6
(©) 243

If the tangent to the curve, y =x’ +ax—b at the point

(1, -5) is perpendicular to the line, —x+y+4=0, then

which one of the following points lies on the curve?
(2019-04-09/Shift-1)

(b)(-2,2)

(d)(2,-2)

@(2,1)
©@,-1)
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23.

24,

25.

26.

Let S be the set of all values of x for which the tangent to

the curve y = f(x)=x> —x> —2xat (x,y) is parallel to

the line  segment

1, f())and (-1, f(-1)) then S is equal to:

joining  the  points

(2019-04-09/Shift-1)

(a) {%1} (b) {—— —1}
N RRNEY

If f (x) is a non-zero polynomial of degree four, having
local extreme points at x=-1,0,1 then the set
S={xeR: f(x)=f(0)}contains exactly k real values,
then k is (2019-04-09/Shift-1)

A water tank has the shape of an inverted right circular
. . . 11 .

cone, whose semi-vertical angle is tan 5 .Water is

poured into it at a constant rate of 5 cubic meter per minute.

Then the rate (in m/min.), at which the level of water is

rising at the instant when the depth of water in the tank is

10m; is: (2019-04-09/Shift-2)
1
2 s
© @ -

Let f(x) =e*—x and g(x) =x*—x, Vx e R . Then the set of
all x e R ,where the function h(x) = (fog) (x) is increasing,
is: (2019-04-10/Shift-1)

A o

(d) [—%’O}U[Lw)

27.

28.

29.

30.

e

If the tangent to the curve y =
x°

_r 3 xeR(x¢+\/_)

at a point (a,)#(0,0)on it is parallel to the line

2x+6y—11=0then: (2019-04-10/Shift-2)

(a) [6a+2p =19 (b) |6 +28=9

(©) [2a+6p=19 (d) |2a+6f| =

A spherical iron ball of radius 10 cm is coated with a layer
of ice of uniform thickness that melts at a rate of
50cmS /min When the thickness of the ice is 5 cm, then

the rate at which the thickness (in cm/min) of the ice

decreases, is: (2019-04-10/Shift-2)

(@) 187 (b) 36n

5 1
© 4 @5,

Leta.aa,... be an AP. with a, = 2 then the common

difference of this A.P., which maximises the producta .a .a,

is: (2019-04-10/Shift-2)
3 b8

@3 (b) 3
6 2

© 3 @ 3

A 2 mladder leans against a vertical wall. If the top of the
ladder begins to slide down the wall at the rate 25 cm/
sec., then the rate (in cm/ sec.) at which the bottom of the
ladder slides away from the wall on the horizontal ground

when the top of the ladder is 1 m above the ground is:

(2019-04-12/Shift-1)

25
(a) 253 ®) 75
25
(c) EY (d)25
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31.

32.

33.

34.

3s.

The maximum volume (in cu.m) of the right circular cone
having slant height 3 m is: (2019-01-09/Shift-1)

(a) o (b) 3437
4
© g” (d) 237

If 0 denotes the acute angle between the curves, y = 10 -
x?and y=2 + x* ata point of their intersection, then |tan 6]

is equal to: (2019-01-09/Shift-1)
4 8

(a) 9 (b) 15
7 N

© 17 17

3
The shortest distance between the point (Ea 0) and the

curve y =+/x,(x > 0) ,is: (2019-01-10/Shift-1)

5 ¥
@7 ®5
3 03
© C

The tangent to the curve, y= xe"z passing through the

point (1, e) also passes through the point:
(2019-01-10/Shift-2)

(b) (%,Ze]

(d) 3, 6e)

() (2,3e)

5
© (g’ 26)

A helicopter is flying along the curve given by
y—x"?=7,(x20). A soldier positioned at the point

1
(5 a7J wants to shoot down the helicopter when it is

nearest to him. Then this nearest distance is:
(2019-01-10/Shift-2)

5 |7
@) % ®) g\g

1 [7
© g\g

1
@

36.

37.

38.

39.

40.

41.

The maximum value of the function

f(x)=3x"—-18x* +27x—40 on the set
S={reR:x+30<1lx}is:  (2019-01-11/Shift-1)

X d—x

RN _\/b2 +(d—x)’

Let f(x)

,Xx€R,where a, b

and d are non-zero real constants. Then:
(2019-01-11/Shift-2)

(a) fis an increasing function of x

(b) fis a decreasing function of x

(c) £’ is not a continuous function of x

(d) fis neither increasing nor decreasing function of x

If the function f'given by
f(x)=x"-3(a-2)x* +3ax+7, £(0)=7 for some

a € R isincreasing in (0,1] and decreasing in [1,5), then

f(x)-14

a root of the equation, W =0(x=1)

(2019-01-12/Shift-2)

(@)-7 ()5
©7 d)6

Let P (h, k) be a point on the curve y = X2 +7x + 2,

nearest to the line, y =3x — 3. Then the equation of the
normal to the curve at P is : (2020-09-02/Shift-1)

(a)x+3y—-62=0 b)x-3y-11=0
(c)x—3y+22=0 (d)x+3y+26=0

If p(x) be a polynomial of degree three that has a local
maximum value 8 at x = 1 and a local minimum value 4 at
x=2; thenp (0)isequalto: (2020-09-02/Shift-1)

(@) 12 (b)—12
(c)—24 @6

If the tangent to the curve y =x + sin y at a point (a, b) is
3 1
parallel to the line joining | 0, 3 and 5’2 > then :
(2020-09-02/Shift-1)
Vs
(@ b="+a (b) [a+b|=1

© |b-al=1 d)b=a



APPLICATIONS OF DERIVATIVES

[
=

42.

43.

44.

45.

46.

The equation of the normal to the curve 47.

y=(1+x)% +cos? (sin™’

x)atx=0is:
(2020-09-02/Shift-2)
(b)2y+x=4

(d)y=4x+2

(a)y+4x=2
(c)x+4y=28

Let f:(-Lo)—>R be defined by f (0) = 1 and

1
f(x) = ;IOge (1+ x),x # 0 Then the functionf :

48.
(2020-09-02/Shift-2)
(a) increases in (—1, )
(b) decreases in (-1, 0) and increases in (0, 00)
(c) increases in (—1, 0) and decreases in (0, )
(d) decreases in (—1, ).
The function, f(x)=(3x-7)x*?,xeR is increasing
for all x lying in : (2020-09-03/Shift-1)
14
—o0, —— |U(0, ©
(@) ( 1 5] (0.0)
49.
=
® (™75
14
—0,0)U| —,©
© ) [1 5 j
50.

) (—waO)UGawj

Suppose f(x) is a polynomial of degree four, having critical

points at 1, 0, 1. If T={xeR| f(x)=f(0)}, then the

sum of squares of all the element of T is :
(2020-09-03/Shift-2)

(@6 (b)2

(©8 (d)4

If the surface area of a cube is increasing at a rate of 3.6 51.

cm?/sec, retaining its shape; then the rate of change of its
volume (in cm*/sec), when the length of a side of the cube
is 10cm, is : (2020-09-03/Shift-2)

(@9 ()10
(c)18 (d)20

"E":'J;}

The area (in sq. units) of the largest rectangle ABCD
whose vertices A and B lie on the x-axis and vertices C
and D lie on the parabola, y=x?— 1 below the x-axis, is:

(2020-09-04/Shift-2)

2 4
(a) 35 (b) 3

1 4
©35 D35

If x =1 is a critical point of the function
f(x)=(Bx**ax—2—a)e’, then:  (2020-09-05/Shift-2)

(a)x=1 is alocal minima and x = —% is a local maxima of /.
. . 2. .
(b)x=11isalocal maximaand x = 3 is a local minima of f.

(c)x=land x = —% are local minima of £-

2
(d)x=land x = 3 are local maxima of f.

Which of the following points lies on the tangent to the

curve x*e” +2,[y+1 =3 at the point (1,0)?
(2020-09-05/Shift-2)

() (2,6) (b)(2,2)

(©)(=2,6) (d) (2.4

The position of a moving car at time t is given by
f(t) =at’ +bt+c,t>0,where a, b and ¢ are real
numbers greater than 1. Then the average speed of the

car over the time interval [t1 , t2] is attained at the point:

(2020-09-06/Shift-1)

() [, +1,]/2 (b) 2a(t,+1,)+b

© (,—1,)/2

Let AD and BC be two vertical poles at A and B
respectively on a horizontal ground. If AD = 8m, BC =
I11m and AB = 10m; then the distance (in meters) of a
point M on AB from the point A such that MD? + MC? is
(2020-09-06/Shift-1)

@ a(t,—1,)+b

minimum is
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52.

53.

54.

55.

56.

The set of all real values of A for which the function

f@ﬂ=@—cm2ﬂ(l+smxhxe[—%y§)

has exactly one maxima and exactly one minima, is:
(2020-09-06/Shift-2)

(b) (_%,éj—{o}

11
o[

If the tangent to the curve, y = f(x) =xlog, x,(x > O) at

a point (c,f(c)) is parallel to the line-segment joining the
points (1, 0) and (e, e), then c is equal to :

(2020-09-06/Shift-2)

@ dr Ob=

(@;5 @ &

For all twice differentiable functions f: R — R, with

A0)=A1)=7(0)=0, (2020-09-06/Shift-2)

(a)f’(x) =0, atevery pointx €(0,1)

(b) f’(x) # 0, at every point x €(0,1)

(c)f’(x)=0, forsome x € (0,1)

(d)s(0)=0

Let the function, f: [-7, 0] &> R be continuous on [-7,0]

and differentiable on (-7,0). If f (-7) =-3 and

f'(x) £ 2 for all xe(-7, 0), then for all such functions

£ f(-1)+£(0) lies in the interval: (7-1-2020/Shift-1)

(a) [-6,20] (b) (-00,20]

(©) (-o0,11] (d)[-3,11]

Let f'(x) be a polynomial of degree 5 such that x =+1 are
/(x)

its critical points. If 111%[2 + —3J =4 then which one
X—> X

of the following is not true?

@ f()—-4f(-1)=4
(b) x =1 is a point of maxima and x = —1 is a point of
minimum of f.

(7-1-2020/Shift-2)

(c) fis an odd function.

(d) x =1 is a point of minima and x = —1 is a point of
maxima of f.

57.

58.

59.

60.

.4

The value of ¢ in Lagrange’s mean value theorem for the

function f(x) =x* - 4x>+ 8x + 11, where x €[0,1] is:

(7-1-2020/Shift-2)

4-1 2
@ ® 3
J1-2 4-+5
© 5 @

If ¢ is a point at which Rolle’s theorem holds for the

2

function, f(x)=log, [x ta

jin the interval [3, 4],
x

where o € R then f"(c) is equal to:

(8-1-2020/Shift-1)

1 by —
@ =7 ® 7
V3 1
(0)7 (d)ﬁ

Let f (x)=xcos™ (sin(~|])).x e (—%,5] :

2

then which of the following is true? (8-1-2020/Shift-1)

. V1
@ /'(0)=-7

V4 V4
(b) f'isdecreasing in (_3 > Oj and increasing in (O, Ej

(c) f isnotdifferentiable atx =0

V4 T
(d) f'isincreasingin _5’0 and decreasing in O:E

Let the normal at a P on the curve y> — 3x* +y + 10 =0

intersect the y-axis at [0, %j If m is the slope of the

tangent at P to the curve, then |m| is equal to

(8-1-2020/Shift-1)
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61.

62.

63.

64.

65.

The length of the perpendicular from the origin, on the

normal to the curve, x* +2xy—3y* =0at the point (2,2)

is: (8-1-2020/Shift-2)
(@2 (b)2./2
(©4.2 (d) 2

Let f(x) be a polynomial of degree 3 such that f(-1) =10,
f(1)=-6,f(x) has a critical point at x=-1 and /"’ (x) has a
critical point at x = 1. Then the local minima at x=
(8-1-2020/Shift-2)

A spherical iron ball of 10 cm radius is coated with a layer
of ice of uniform thickness that melts at the rate of
50 cm®/min. When the thickness of ice is 5 ¢cm, then the
rate (in cm/min.) at which the thickness of ice decreases,

is: (9-1-2020/Shift-1)
S by ——

@) 6r (b) 54z
b 0 ——

©) 36z Gy

Let f be any function continuous on [a.b] and twice
differentiable on (a,b). If for all

xe(a,b), f'(x)>0andf"(x) <0, then for any

ce (a,b), ?EIC))):J;(Z) is greater than:
(9-1-2020/Shift-1)
b—
@ 01
c—a b+a
© b—c (d) b—a

Let a function f: [0, 5] — R, be continuous, f(1)=3 and

F be defined as: F(x)= thzg (¢)dr,

where g(t) = JT f (u)du . Then for the function F, the
pointx=11is (9-1-2020/Shift-2)
(a) a point of inflection (b) a point of local maxima

(c) apoint of local minima (d) not a critical point

66.

67.

68.

69.

70.

il
3

£y

_ 4% —3x>

The function f(x)= —2sinx +(2x—1)cosx

(24-02-2021/Shift-1)

1 1
(a) Decreases in (_0075} (b) Increases in (—OO,E}

! 1
(c) Increases in [?wj (d) Decreases in [5500)

The minimum value of a for which the equation

4 1
+

1-sinx

. T
- = o has at least one solution in | 0,—
sin X 2

is . (24-02-2021/Shift-1)

Let f:R — R be defined as

—55x, ifx <-5
f(x)=42x" —3x” —120x, if -5<x<4
2x° —3x> —36x-336, ifx>4,

Let A ={x eR:f is increasing}. Then A is equal to
(24-02-2021/Shift-2)

(@) (~0,=5)U(4,0) (b (-5,%)

© (-5.-4)U(4,0)  (d) (—0,-5)U(-4,)

If P Is a point on the parabolay = X"+ 4 which is closest to

the straight line y = 4x - 1, then the co-ordinates of P are
(24-02-2021/Shift-2)

(b)(2.8)

(d)(1,5)

@) 3,13)
©(-2.8)

If the curve y=ax’ +bx+c,x € R, passes through the

point (1, 2) and the tangent line to this curve at origin is
y = X, then the possible values of a, b, c are :

(24-02-2021/Shift-2)

(@a=1Lb=1c=0 (bya=—,b=—,c=1

1
27

(c) a=-Lb=1c=1 (da=1Lb=0,c=1
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71.

72.

73.

74.

75.

76.

2 2 2 2

X
Ifthe curves, —+=-—=1and —+=-=1 intersect each
a b ¢ d

other at an angle of 90°, then which of the following

relations is TRUE? (25-02-2021/Shift-1)
c+d

(@) ab:a+b (b)a—c=b+d

(©a+b=c+d (da-b=c-d

If Rolle's theorem holds for the function

f(x)=x"-ax’ +bx -4, x €[1,2] with f'[g) =0, then

ordered pair (a,b) is equal to:

@(.8) b)(5,8)
©6,-8) (d)(=5,-8)

(25-02-2021/Shift-1)

Let f(x) be a polynomial of degree 6 in x, in which the

coefficient of x6 isunity and it has extremaat x =] and

. f(x) .
x =1.1f lim —* =1, then 5-f(2) is equal to
X

x—0
(25-02-2021/Shift-1)
The shortest distance between the line x—y =1 and the

curve x> =2y is: (25-02-2021/Shift-2)

1 1
@575 ® 3
|
© 7 @0

If the curves x = y* and xy =k cut at right angles, then

(4k)6 is equal to: (25-02-2021/Shift-2)

The maximum slope of the curve

1
y= EX4 —5x’ +18x* —19x occurs at the point:

o2

(© (2.9)

(26-02-2021/Shift-1)
(b) (0,0)

d (2,2)

77.

78.

79.

80.

The triangle of maximum area that can be inscribed in a
given circle of radius ‘r’ is (26-02-2021/Shift-2)

(a) A right angle triangle having two of its sides of length
2randr.

2r

(b) An equilateral triangle of height 3

(c) An isosceles triangle with base equal to 2r.

(d) An equilateral triangle having each of its side of length

3.

Let a be an integer such that all the real roots of the
polynomial 2x° +5x* +10x’ +10x* +10x +10 lie in the

interval (a, a+1). (26-02-2021/Shift-2)

Then, |a| is equal to

The range of a € R for which the function

f(x)=(4a-3)(x+log,5)+2(a—7)cot (%}sinz (%),
x #2nm, n € N has critical points is:
(16-03-2021/Shift-1)

(a) (—o0,~1] () (-3,1)

4
052

Let fbe a real valued function, defined on R - {-1, 1} and

(d) [1,00)

2

x—1

-1
given by f(x)=3log, [>—
x+1

Then in which of the following intervals, function f(x) is
increasing? (16-03-2021/Shift-2)

(@) (—o0,00) ={-L1}

(b) {—w,—l}UEij—{l}J
o (]

%) (—waﬂ—{—l}
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81.

82.

83.

84.

Consider the function f : R — R defined by

£ (x) = (Z—Sin(lDb{L x=0
x)= X " Thenfis:
0 , x=0

(17-03-2021/Shift-2)
(a) monotonic on (-, 0) U (0, x0)
(b) not monotonic on (—, 0) and (0, «)
(c) monotonic on (—o, 0) only
(d) monotonic on (0, ©) only

Let f:[-1,1]—> R be defined as f (x)=ax” + bx +c for

. 1
f"(x)is —.

all xe[-1,1], where >

If fx)<a,

x €[—1, 1], then the least value of o isequalto ................
(17-03-2021/Shift-2)

2

X
Let a tangent be drawn to the ellipse EJFYZ =1 at

(3\/5 cos0, sin0) where ¢ [0, gj Then the value of

0 such that the sum of intercepts on axes made by this

tangent is minimum is equal to: ~ (18-03-2021/Shift-2)

s s
@3 b) &

T T
©3 @7

Let ‘a’ be a real number such that the function

3
f(x)=ax’+6x—15x eR isincreasing in (_OO’Z] and

3
decreasing in (Z,OOJ. Then the function

g(x)=ax® —6x+15,x €R has a: (20-07-2021/Shift-1)

(a) local minimum at x = —%

8s.

86.

87.

: 4

3
(b) local maximum at x = 1

(c)local minimum at . .

(d) local maximumat x = —%

The sum of all the local minimum values of the twice
differentiable function f: R — R defined by

f(x) =x’-3x’ —mx +f"(1) is?
(20-07-2021/Shift-2)

(a)-22 ()0

(c) 27 (d)5

Let f:R — R be defined as

—§x3 +2x*+3x, x>0

f(x):

3xe”, x<0

Then f is is increasing function in the interval.

(22-07-2021/Shift-2)
3
(@) (—155)

-1
(b) (?2)
(©) (0,2)

(d) (—3,—1)
Let

f(x)=3sin* x +10sin’ x + 6sin’ x -3,x e[—%,g}.

Then, fis? (25-07-2021/Shift-1)

T
(a) Increasing in _gso

I
(b) Decreasing in O’E

I
(c) Decreasing in s 0

)

N3

I
(d) Increasing in ( 5’
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88.

89.

90.

91.

92.

The number of real roots
e™ —e™ —2e —12e™ +e* +1=0is?

(25-07-2021/Shift-1)

of the equation

@1 (b)6

©4 (d)2

If a rectangle is inscribed in an equilateral triangle of side

length 242 as shown in the figure, then the square of the

largest area of such a rectangle is -
(25-07-2021/Shift-2)

Let f:(a,b) >R be twice differentiable function such

X

that f(x) = Jg (t)dt for a differentiable function g(x).

a

If f (X) =0 has exactly five distinct roots in (a, b), then

g(x)g'(x) =0 has at least: (27-07-2021/Shift-2)

(a) sevenroots in (a, b)  (b) five roots in (a, b)

(c) three roots in (a, b) (d) twelve roots in (a, b)

A wire of length 36 m is cut into two pieces, one of the
pieces is bent to form a square and the other is bent to
form a circle. If the sum of the areas of the two figures is
minimum, and the circumference of the circle is K (meter),

4
then (— + 1jk is equal to )
n —

(26-08-2021/Shift-1)

The local maximum value of the function
2\ ,
f(x) =—] ,x>01s: (26-08-2021/Shift-2)
X
(a) : (b) ( 4 ji
a c =
(e) Jo

1

© (2Ve): @1

93.

94.

95s.

96.

97.

A wire of length 20 m is to be cut into two pieces. One of
the pieces is to be made into a square and the other into a
regular hexagon. Then the length of the side (in meters) of
the hexagon, so that the combined area of the square and

the hexagon is minimum, is: (27-08-2021/Shift-1)

10 5

@325 ® 35
10 5

©) 2+3\/§ (d) 2+\/§

The number of distinct real roots of the equation is

3x*+4x3 —12x* +4=0
(27-08-2021/Shift-1)

A box open from top is made from a rectangular sheet of
dimension x from each of the four corners and folding up
the flaps. If the volume of the box is maximum, then x is

equal to : (27-08-2021/Shift-2)

) a+b—+va’+b’—ab
a
6

(

a+b++a’+b*—ab

6

(b)

0 a+b—+va’+b’—ab

12

a+b—+va’+b*+ab
6

(

(d)

The number of real roots of the equation
e™ +2e™ —e*—6=0 is?
@0 (b)1

©4 (d)2

(31-08-2021/Shift-1)

If 'R is the least value of 'a' such that the function
f(x) =x*+ax+lis increasing on [1,2] and 'S" is the
greatest value of 'a' such that the function

f(x)=x”+ax+1 is decreasing on [1,2], then the value

|R-9] is ? (31-08-2021/Shift-1)



APPLICATIONS OF DERIVATIVES

98.

Let f be any continuous function on [0,2] and twice
differentiable on (0,2).If f(0)=0,f(1)=1 and
f(2) =2, then: (31-08-2021/Shift-2)
(a) £"(x)>0 forall x&(0,2)

(b) f'(x)=0 for some x €[0,2]

(c) f"(x)=0 forall xe(0,2)

(d) f"(x)=0 for some x €(0,2)

100.

2 2
. . X
An angle of intersection of the curves _2+b_2 =1 and
a

x’+y’ =ab,a<bis (31-08-2021/Shift-2)

(a) tan”' ( a-b J (b) tan™' (a+b}
2/ab VJab

(c) tan” [ i/;—: J (d) tan™' (2\/%)

Let f(x) be a cubic polynomial with

f(1)=-10,f(~1) = 6, and has a local minima at x = —1.

Then f(3) isequalto (31-08-2021/Shift-2)
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EXERCISE - 3 : ADVANCED OBIJECTIVE QUESTIONS

Objective Questions I [Only one correct option]

1. The two curves y* = 4x and x> + y* — 6x + 1 = 0 at the point

(1,2)

I
(a) intersect orthogonally (b) intersect at an angle 3

(c) touch each other (d) none of these

2. The function © £ is defined by f (x) = x? (1 —x)¢ for all
X € R, where p,q are positive integers, has a local maximum
value, for x equal to :

Pq
— b)1
@ (b)

P

©0 @ prg

3. The triangle formed by the tangent to the parabola y = x? at
the point with abscissa x,, the y-axis and the straight line
y = X,* has the greatest area where x, € [1, 3]. Then x,

equals:
(@3 (b)2
(©1 (d) none

4. Let f be a differentiable function with f (2) = 3 and
f'(2)=15, and let g be the function defined by g(x) = x f(x).
y-intercept of the tangent line to the graph of ‘g’ at point
with abscissa 2, is

(2)20 (b)8
(¢)-20 (d)—18
5. Ifpx*+qx+r=0,p,q, r € R hasno real zero and the line

y+2 =0 is tangent to f(x) = px*>+ gx +r then

(@p+tqtr>0 (b)p-q+r>0
(c)r<o0 (d) None of these
6. IfP (x) =a,+ax’ +ax’+.. +ax beapolynomial in

x € Rwith0<a, <a,<..<a,thenP(x) has
() no point of minima

(b) only one point of minima

(c) only two points of minima

(d) none of these

7.

10.

11.

Consider the following statements S and R :

S : Both sin x and cos x are decreasing functions in the

e
interval Ea T

R : If a differentiable function decreases in an interval
(a, b), then its derivative also decreases in (a, b).
Which of the following is true ?

(a) Both S and R are wrong.

(b) Both S and R are correct, but R is not the correct
explanation for S.

(c) S is correct and R is the correct explanation for S.

(d) S is correct and R is wrong.

If the function f (x) increases in the interval (a, b) then the
function ¢ (x) =[ f(X)]~

(a) Increases in (a, b)

(b) decreases in (a, b)

(c) we cannot say that ¢ (x) increases or decreases in (a, b)
(d) none of these

If at any point on a curve the sub-tangent and sub-normal are
equal, then the length of the normal is equal to

(a) /2 ordinate (b) ordinate

(c) 4/2 ordinate (d) none of these

A curve passes through the point (2, 0) and the slope of
the tangent at any point (X, y) is x* — 2x for all values of x
then 3y, . is equal to

(a4 (b) 3
(©1 (d)2

The radius of a right circular cylinder increases at a
constant rate. Its altitude is a linear function of the radius
and increases three times as fast as radius. When the
radius is 1 cm the altitude is 6 cm. When the radius is 6 cm,
the volume is increasing at the rate of 1 cu cm/sec. When
the radius is 36 cm, the volume is increasing at a rate of n
cu cm/sec. The value of ‘n’ is equal to

(a)12 (b)22
()30 (d)33
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12.

13.

14.

15.

16.

Slope of tangent to the curve

T X T X
y=2e'sin |, cos ~— pwhere 0 < x <2mis

4 2 4 2
minimumatx =
(@0 Ok
(0)2n (d) none of these
x—x?+10x -5, x<I
Letf(x)= lzx +log, (bz 72)’ <51 the set of values of b

for which f(x) have greatest value atx =1 is given by :
(a)1<b<2

(b)b={1,2}

(¢)b & (—o0,—1)

(@ [ V130,-v2) U (V24130 |

A curve is represented parametrically by the equation
x=t+e*andy=-t+e*whent e Randa>0.Ifthe curve
touches the axis of x at the point A, then the coordinates

of the point A are
() (1,0) (b)(1/e,0)
(©) (e, 0) (d) (2e,0)

Ifax + E > ¢ for all positive x, where a, b, ¢ > 0, then
X

2

C C

b< — b)ab> —
(a)a 4 (b)a 4

(c)ab> (d) none of these

Ao

If f (x) is a differentiable function and ¢ (x) is twice
differentiable function and o and f are roots of the equation
f(x) =0 and ¢' (x) = 0 respectively, then which of the
following statement is true ? (o < B).

(a) there exists exactly one root of the equation
¢ (%)./"(x) +¢"(x)./(x)=0and (o, B)

(b) there exists at least one root of the equation
¢ (%)./"(x) +¢"(x)./(x)=0and (o, B)

(c) there exists odd number of roots of the equation
O (®)./"(x) +¢"(x).f(x)=0and (a, B)

(d) None of these

17.

18.

19.

20.

21.

22,

23.

24.

The
x%y? = a? (x*— a?) varies as
(a) (abscissa)™

(¢) (ordinate)™

sub-normal at any point of the curve

(b) (abscissa)?®
(d) none of these

The sub-tangent at any point of the curve x™y" = a™*"

varies as
(a) (abscissa)’ (b) (abscissa)?
(c) abscissa (d) ordinate

The length of the perpendicular from the origin to the normal
of curve x =a (cos 0+ 0sin ), y=a (sin 6 — 6 cos 0) at any

point 0 is
(a)a (b)a/2
(c)a/3 (d) none of these

Ift,n,t",n  are the lengths of tangent, normal, subtangent
& subnormal at a point P (x,, y,) on any curve y = f(x) then

1 1 1
24 n2= a’ —_t—=—
(a)t n tn (b) t2 1’12 tvnv
(©)t'n"=tn (dnt"=n"t

Find the shortest distance between xy =9 and x*+y*= 1.
(a) 32 +1 (b) 2

) 372 -1

The largest area of a rectangle which has one side on the

©4

. . 2.
x-axis and the two vertices on the curve y = ¢ ™ is

(a) \/zefl/z

(C) e—l/Z

(b)2e?

(d) none

If (x —a)™ (x —b)* "', where m and n are positive integers
and a > b, is the derivative of a function f, then

(a) x =a gives neither a maximum nor a minimum
(b) x =a gives a maximum

(c) x =D gives neither a maximum nor a minimum
(d) none of these

Let (h, k) be a fixed point, where h> 0, k> 0. A straight line
passing through this point cuts the positive direction of
the coordinate axes at the points P and Q. The minimum
area of the A OPQ, O being the origin, is

(a)2 kh (b) kh

(c) 4kh (d) none of these
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25.  The set of all values of the parameters a for which the
points of local minimum of the functiony = 1 + a*>x — x* sinx sina sinb
D) 30. If f(x)=|cosx cosa cosb|where 0<a<b<X,
satisfy the inequality m<0 is tan X tana tanb
(a) an empty set
then the equation f” (x) = 0 has, in the interval (a, b)
) (-3v3.-243)
(a) atleast one root (b) atmost one root
(¢) (2\/§ 33 ) (¢) no root (d) none of these
2 2
@ (-3v3.-243) U (243.343) 3. f(x) = g(x)=— % whereO<x<1,
2-2cosx’ 6x —6sinx
26.  The volume of the largest possible right circular cylinder then -
that can be inscribed in a sphere of radius = /3 is: '
at can be inscribed in a sphere of radius — /3 s (a) both “ f” and ‘g’ are increasing functions
4 8 (b) © /7 is decreasing and ‘g’ is increasing function
(a) 337 (0 33 ) sdecreasing and s nreasing net
3 3 (c) *f’ is increasing and ‘g’ is decreasing function
(©) 4n d) 2n (d) both * f” and ‘g’ are decreasing function
27.  Tangent of acute angle between the curves y = [x*—1| and
a5 .
3 ) ) ) o 32. For x €| 0, tan \/: , the function
y=+7-x" at their points of intersection is 2
5 3 .
(a) i (b) i L V2 sinx ++/5 cosx
f(x)=cot Nzt
sf 3\/_
© 7 @ =" :
(a) increases in [0, tan™' \/:]
28. A tangent to the curve y = 1 — x? is drawn so that the 2
abscissa x of the point of tangency belongs to the interval
[0, 1]. The tgngent at xo.rrlleets the x-axis a?d y-axis at (b) decreases in | 0, tan™" \/E
A & B respectively. The minimum area of the triangle OAB, 2
where O is the origin is
(a) i (b) i (c) increases in (O, tan”' \/% ] and decreases in
2f
(c) — (d) none tan ! \/2, tan! \/E
5 2
29. Ifthe polynomial equation

a x"+a_ x*'+..+a x*+ax+a =0,npositive integer, has
two different real roots o and B, then between o and f3, the

equation

nax"'+(m-1)a  x"2+..+a =0has
n n-1 1

(a) exactly one root (b) atmost one root

(c) atleast one root (d) no root

a2, 45
(d) increases in (tan 1\/;, tan IJ;J and decreases in
[0, tan™' \/EJ
5
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33.

34.

3s.

36.

37.

38.

{a‘xlsgnx} [alx‘sgnx}

for a > 1 and

If f(x)=a

x € R, where { } &[] denote the fractional part and integral

;g(x)=a

part functions respectively, then which of the following
statements hold good for the function h (x),
where (Ina) h (x) =(In f (x) + In g (x)).

(a) ‘h’ is even and increasing
(b) ‘h’ is odd and decreasing
(b) ‘h’ is even and decreasing
(d) ‘h’ is odd and increasing

The sum of tangent and sub-tangent at any point of the

curve y =a log (x*> — a?) varies as
(a) abscissa

(b) product of the coordinates
(c) ordinate

(d) none of these

For the curve x™ "= a™ "y’ where a is a positive constant
and m, n are positive integers

(a) (sub-tangent)™ oc (sub-normal)®

(b) (sub-normal)™ oc (sub-tangent)"

(c) the ratio of subtangent and subnormal is constant
(d) none of the above

sin 2x| — [x| — a = 0 does not have solution if a lies in

3\/§ -7 3\/5 +7
(@) 6 % (b) 6 /0

(©)(1,) (d) None of these

2 for x<0

. Then the x-intercept of
x>0

—X
Let f(x) = { 5
X

+8, for

the line that is tangent to both portions of the graph of
y=f(x)is

(a) zero b)-1

(©-3 (d)—4

The least area of a circle circumscribing any right triangle
ofareaSis:

(@) 7S (b)27S

(©) V278 (d)4nS

39.

40.

41.

42.

43.

44.

The minimum value of a tan® X + b cot? x equals the maximum
value of a sin? O + b cos? O where a > b > 0, when

(a)a=b (b)a=2b

(c)a=3b (d)a=4b

A function fsuchthatf "(a)=f"(a)=... > (a)=0and f has
alocal maximum value b at x=a, if /(x) is

(a) (x—a)™? (b)b—1—~(x+1—a)>"!
(c)b—(x—a)y™? (d) (x—a)y™™?—b.
A truck is to be driven 300 km on a highway at a constant

speed of x kmph. Speed rules of the highway required that
30 <x £60. The fuel costs Rs. 10 per litre and is consumed

2
at the rate of 2 +% liters per hour. The wages of the

driver are Rs. 200 per hour. The most economical speed to
drive the truck, in kmph, is

(2)30

(©) 30V3.3

(b) 60
(d) 20433

2x
5 has

The curve Yy=—"%
1+x

(a) exactly three points of inflection separated by a point
of maximum and a point of minimum

(b) exactly two points of inflection with a point of maximum
lying between them

(c) exactly two points of inflection with a point of minimum
lying between them

(d) exactly three points of inflection separated by two
points of maximum

x* +x? +3x+sinx|(3+sin1/x) , x=0

0 , x=0

then

Letf(x) = {|

number of points (Where f(x) attains its minimum value) is
(@1 (b)2
©3

The number of points with integral coordinates where

(d) infinite many

L . 42 .
tangent exists in the curve y = sin”! 2x y1=X" is

(b)1
(d) None

@)0
©3
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e
sl

Objective Questions II [One or more than one correct option]|

45.

46.

47.

48.

49.

50.

The abscissa of a point on the curve xy = (a + x)?,
the tangent at which cuts off equal intercepts on the

coordinate axes is

(@) —a/2 ® V2 a

©+2a/2 d) 2 a

If f'is an even function then

(a) f* increases on (a, b)

(b) fcannot be monotonic

(¢) /? need not increases on (a, b)

(d) fhas inverse

2x -1
The functiony = <> (x # 2) with codomain=R — {2}

(a) is its own inverse

(b) decreases at all values of x in the domain
(c) has a graph entirely above x—axis

(d) is bound for all x.

Letg (x)>0andf ' (x)<0, v x € R, then
@g(f(x+1)>g(f(x=1))
®)f(g(-1)>f (g (x+ 1))

© g x+1)<g(fx=1)

D glgx+1)<glgx—1)

If f(x)=x*-x*+100x + 1001, then
(a)f(2000)>£(2001)

1 1
() / (@) -/ (M]
©fx+D)>f(x-1)
d)f(3Bx-5)>f(3x)

An extremum of the function,

2-x |
f(x)= . cosm(x+3)+ ? sinTt(x+3)0<x<4 occurs
at:
(a)x=1 (b)yx=2
(c)x=3 (dx=n

51.

52.

53.

54.

5S.

56.

57.

e
The length of the perpendicular from the origin to the normal
of curve x =a (cos0 + 0 sin B), y=a (sin 6 — 0 cos 0)

atapointOis ‘a’,if0 =
(a) /4
(c)m/2

by /3
d) /6

The points on the curve y =x ,/1-x*, —1 <x <1 at which

the tangent line is vertical are

1 1
@(-1.0) ®) (—3’ —gj
I 1
©(1.0 (@ (ﬁ’ 3]

Let the parabolas y =x (¢ —x) and y =—x*> — ax + b touch
each other at the point (1, 0), then

(b)a+b=2
(dya—c=-2

(a)a+b+c=0
(c)b+c=1

that the line
(3—a)x+ay+(a’—1)=0is normal to the curve xy = 1, may

The value of parameter a so

lie in the interval

(a) (=0, 0) (b)(1,3)

(¢)(0,3) (d) (3, 0)

Which of the following pair (s) of curves is/are orthogonal.
(a)y’=4dax;y=e"*

(b) y>’=4ax ; x*>= 4ay at(0,0)

() xy=a’;x* -y’ =b?

(dy=ax;x*+y*=c?

fodx)=fx)+fQRa-x)and f " (x) >0,a>0,
0<x<2athen

(a) ¢(x) increases in [a, 2a]
(b) ¢(x) increases in [0, a]
(c) ¢(x) decreasesin [0, a]
(d) ¢(x) decreasesin [a, 2a]

Let f(x) =x™ for x € R where m and n are integers, m even
and n odd and 0 <m <n. Then

(a) f(x) decreases on (—0, 0]
(b) f(x) increases on [0, )
(¢) f(x) increases on (—o0, 0]

(d) f(x) decreases on [0, o)
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58.

59.

60.

61.

62.

/nx

For function f(x)=——, which of the following
X

>

statements are true.

(a) f(x) has horizontal tangentat x =¢
(b) f(x) cuts the x—axis only at one point
(¢) f(x) is many — one function

(d) f(x) has one vertical tangent

X selo X
/0= Kanx’ * ) then

(a) f(x) has exactly one point of minimum

(b) f(x) has exactly one point of maximum

(¢) f(x) is increasing in (0: gj

(d) maximum occurs at X, where X, = cosx,
Letf(x)=(x—1)*(x—2)~n € N. then f(x) has
(a) local minimum at x =2 ifn is even

(b) local minimum atx= 1 ifnis odd

(c)local maximum atx =1 if nis odd

(d) local minimum atx = 1 if nis even

The angle between the tangent at any point P and the line

joining P to the origin, where P is a point on the curve
In(x?+y?) =c tan X, c is a constant, is
X

(a) independent of x and y

(b) dependent on ¢

(c) independent of ¢ but dependent on x
(d) none of these

The point on the curve xy* = 1, which is nearest to the

origin is
(a) (21/3’ 21/6) (b) (271/3’ 21/6)
(C) (271/3’ _ 21/6) (d) (_271/3’ 21/6)

63.

64.

65.

66.

/(1)

+T xX*(x+1)—f"(0)x (x—1) (x+ 1) where
fis a thrice differentiable function. Then the correct
statements are
(a) there exists x € (-1, 0) such thatf” (x) =g’ (x)
(b) there exists x € (0, 1) such that /"' (x) =g" (x)
(c) there exists x € (—1, 1) such that /""" (x) = g""" (x)
(d) thereexistsx € (1, 1) suchthatf/™ (x)=3f(1)—3f(-1)—6/'(0)

Iff: [-1, 1] —> R is a continuously differentiable function
such thatf(1)>f(-1)and |f"(y)|<1 forally € [-1, 1] then

(a) there exists an x € [—1, 1] such that f"(x) >0
(b) there exists an x € [-1, 1] such that f"(x) <0
©f()<f1)+2

(/D). f(1)<0

Inatriangle ABC

33

(a)sinAsinBsinC < e

9
(b) sin? A+ sin’B + sin’C < 1

(c) sin A sin B sin C is always positive
(d) sin’A+sin’B=1+cos C
The diagram shows the graph of the derivative of a function

f(x) for 0 <x <4 with /(0) =0. Which of the following could
be correct statements for y =f(x) ?

(a) Tangent line to y = f(x) at x = 0 makes an angle of
sec™! /5 with the x-axis.
(b) fis strictly increasing in (0, 3)

(c) x=11s both an inflection point as well as point of local
extremum.

(d) Number of critical point on y = f(X) is two.
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Numerical Value Type Questions

67.

68.

69.

70.

71.

72.

73.

74.

If Ais the area of the triangle formed by positive x-axis and
the normal and the tangent to the circle x> + y> = 4 at

(1\/3) then A /./3 is equal to

A cylinderical vessel of volume 25% cu metres, open at

the top is to be manufactured from a sheet of metal. (The
value of m is taken as 22/7). If r and h are the radius and
height of the vessel so that amount of metal is used in the
least possible then rh is equal to

2 2

Let a be the angle in radians between % + y? =1and the

circle x*+ y?>= 12 at their points of intersection. If
a=tan"' L 2
B then find the value of k2.

If a.is an integer satisfying |a| < 5 —|[x] |, where x is a real
number for which 2x tan™' x is greater than or equal to
In (1 +x?), then find the number of maximum possible values
of a.. (where [ . ] represents the greatest integer function)

The circle x2 + y? =1 cuts the x-axis at P and Q. Another
circle with centre at Q and variable radius intersects the
first circle at R above the x-axis and the line segment PQ at
S. If A is the maximum area of the triangle QSR then 33
A is equal to .

If f(x) is a twice differentiable function such that

Sf@)=0,1(b)=2,f(c) =-1f(d) = 2, f(e) = 0, where

a<b < c¢<d<e, find the minimum number of zeroes of

g(X)=(" X))+ f(x)f (x)intheinterval [a, €].

If the length of the interval of ‘a’ such that the inequality
3 — x?> |x — a| has atleast one negative solution is k then
find 4k.

If k is a positive integer, such that

7
(i) cos’xsin X > —E, forall x

7
(i) cos’xsin X < ktl for some x, then k must be equal

to

Assertion & Reason

GV

(B)

©
D)

75.

76.

77.

78.

79.

If ASSERTION is true, REASON is true, REASON is a
correct explanation for ASSERTION.

If ASSERTION is true, REASON is true, REASON is not
a correct explanation for ASSERTION.

If ASSERTION is true, REASON is false.
If ASSERTION is false, REASON is true.

Assertion : Let /' (x) =5 — 4 (x — 2)?3, then at x = 2 the
function f(x) attains neither least value nor greatest value.

Reason : x =2 is the only critical point of /(x).
(@A (b)B
©C (d)D
Assertion : for any triangle ABC

N (A+B+Cj S sin A +sinB+sinC
3 B 3

Reason : y =sin x is concave downward for x € (0, «t].

(@A (b)B

©C (dD

Assertion : The minimum distance of the fixed point
0<y, < ! 2:
(0, y,), where 0=y, <=, from the curve y = x*is y,,

Reason : Maxima and minima of a function is always a root
of the equationf * (x) =0.

(@A
©C

Assertion : The equation 3x?+ 4ax +b =0 has at least one
rootin (0, 1),1f3 +4a=0.

(b)B
D

Reason : /' (x) =3x?+4ax +b is continuous and differentiable
in the interval (0, 1).

(a)A (b)B

(©C (dD

Assertion : Letf: [0, 0)—[0, o) and g : [0, ©0)—[0, o) be
non-increasing and non-decreasing functions respectively
and /1 (x) =g (f(x)). If fand g are differentiable for all points
in their respective domains and 4 (0) = 0 then 4 (x) is
constant function.

Reason : g (x) € [0,00) = A (x)>0and 4 (x)<0.

(a)A (b)B

©C (dD
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80.

81.

82.

83.

84.

85.

Assertion : The ratio of length of tangent to length of  86.

normal is directly proportional to the ordinate of the point
of tangency at the curve y*>= 4ax.

Reason : Length of normal & tangent to a curve

1 2
y=f(x)is ‘YV1+m2 and |2 , where m:ﬂ )

m dx g7
(@A (b)B
(©C (d)D

Assertion : Among all the rectangles of given perimeter,
the square has the largest area. Also among all the
rectangles of given area, the square has the least perimeter.

Reason : For x>0, y> 0, if x + y = const, then xy will be
maximum for y = x and if xy = const, then x + y will be
minimum for y =x.

(a)A (b)B

(©C (4D

Assertion : If g (x) is a differentiable function g(1) # 0,
g (-1) # 0 and Rolles theorem is not applicable to

xX’-1
Sx)= (%) in [-1, 1], then g(x) has atleast one root
in(-1,1)
Reason : If f(a) = f(b), then Rolles theorem is applicable 88,
forx € (a, b)
(@) A (b)B
©C (dD

Assertion : The tangent at x =1 to the curve
y=x’—x*—x +2 again meets the curve at x =— 2.

Reason : When a equation of a tangent solved with the
curve, repeated roots are obtained at point of tangency.

(@A (b)B
©C (dD

Assertion : Tangent drawn at the point (0, 1) to the curve
y=x*-3x + 1 meets the curve thrice at one point only.

Reason : Tangent drawn at the point (1, —1) to the curve y
=x3—3x + 1 meets the curve at 1 point only.

(@A (b)B
©C (D

Assertion : Shortest distance between

X |+]y|=2 &x2+y*=161s 4—2

Reason : Shortest distance between the two non
intersecting differentiable curves lies along the common
normal.

(@A (b)B
©C (D

Assertion : If f(x) is increasing function with concavity
upwards, then concavity of /' (x) is also upwards.

Reason : If / (x) is decreasing function with concavity
upwards, then concavity of /! (x) is also upwards.

(a)A (b)B

(©C (dD

Assertion : The largest term in the sequence
n’ (400)*"

a,=————,neNis
n’ +200 600

2

X
: =, > 0’ = 1/3’
Reason : f(x) 1200 X then at x = (400)

f(X)is maximum.
(a)A (b)B
(©C (d)D

Match the Following

Each question has two columns. Four options are given
representing matching of elements from Column-I and
Column-II. Only one of these four options corresponds
to a correct matching.For each question, choose the option
corresponding to the correct matching.

Column-II
(A) Circular plate is expanded by P 4

heat from radius 5 cmto 5.06 cm.

Column-I

Approximate increase in area is

(B) Ifan edge of a cube increases by (Q) 0.67
1% then percentage increase in
volume is

(C) Ifthe rate of decrease of ®R 3

2
X . .
? —2X +5 is twice the rate

of decrease of x, then x is equal to

(rate of decrease is non-zero)

33 /4

(D) Rate of increase in area of S)

equilateral triangle of side 15cm,
when each side is increasing at
the rate of 0.1 cm/sec; is

The correct matching is :
(a) (A-Q; B-R; C-P; D-S)
(b) (A-R; B-P; C-Q; D)
(c) (A=S; B-Q; C-P; D-S)
(d) (A-P; B-Q; C-R; D-S)
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89. Column-T Column-II (D) The number of non-zero integral  (S)  1/2
A) If porti f the t t at 0
() T portion of the tangen 3a any4 ® values of ‘a’ for which the function
point on the curve x = at’, y=at
between the axes is divided by PR
. . f(x)=x +ax + —— +1 isconcave
the abscissa of the point of 2
contact in the ratio m : n externally,
then |n + m| is equal to upward along the entire real line is
(m and n are coprime) aT 2
(B) The area of triangle formed by Q 12 The correct matching is :
normal at the point (1, 0) on the
iy . (a) (A-R; B-P; C-S; D-Q)
curve x=¢ with axes is
(C) Ifthe angle between curves xXy=1 ® 7 (b) (A-8; B-R; C-P; D-Q)
andy=e" " atthe point (1, 1) is (c) (A-P,Q; B-R;C-S; D-R)
0 then tan 0 is equal to (d) (A-Q; B-S; C-P; D-R)
The length of sub-t t at
®) ¢ length of sub angenXBa any () 3 91. Column-1I Column -1I
point on the curve y = be " is
equal to (A) Theequationxlogx=3-xhas (P) (0,1)
The correct matching is : at least one root in
(a) (A-R; B-Q; C-P; D-S) (B) If27a+9b+3c+d=0,thenthe (Q) (1,3)
(b) (A—Q; B-R; C-P; D-S) equation 4ax +3bx +2cx+ d=0
(c) (A-P; B-Q; C-R; D-S) has at least one root in
(d) (A-S; B-P; C-Q; D-S) .
90. Column - Column - IT © Ife=\3&f@)=x+_thn ® (0.3
(A) The dimensions of the rectangle (P) 6
of perimeter 36 cm, which sweeps interval of X in which LMVT
out the largest volume when is applicable for f(x), is
revolved about one of its sides, are
1
(B) LetA(-1,2)andB(2,3)betwo (Q) 12 ) IfCZE&f(X):foxz,then © LD

©

fixed points, A point P lying on

y = x such that perimeter of

triangle PAB is minimum, then

sum of the abscissa and ordinate

of point P, is

Ifx and x, are abscissac of two ~ (R) 4
points on the curve f(X) =x — X

in the interval [0, 1], then maximum

value of expression

(X1+X2)_ (X12 + X;) is

interval of x in which LMV T is

applicable for f(x), is

The correct matching is :

(a) (A-P; B-R; C-Q; D-P)

(b) (A-R; B-S; C-Q; D-P)

(c) (A-Q; B-S; C-R; D-P)

(d) (A-R; B-S; C-P; D-P)
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92. Column -1 Column -1I

(A) Ifxisreal, then the greatestand (P) 3 93.

least value of the expression

X+2 )
2x2+3x+6 s

il
3

£
2

Ify= J. t? dt, then equation of tangent at x =1 is

(a)y=x+1 (b)x+y=1

(©y=x-1 (d)y=x

X

d
(.22 il _1:
B) Ifa+b=1;a>0,b>0,thenthe (Q) % . IF() ‘!e (1-t)dt,then "3 F(x)atx=1is
minimum value of @0 (b)1
(©2 (d)-1
(1+lj(l+lj is .
a b X dy
95.  Ify= [ ntdt, then lim o
(C) The maximum value attainedby (R) 5 x or
y=10—|x-10|,-1 <x<3,is ()0 (b) 1
i _ 1 ©2 (d)-1
@) TP (.20, t<[0,2]isan ®) 13 Using the following passage, solve Q.96 to Q.98
arbitrary point on parabola y>=4x. Passage
Q is foot of perpendicular from 1
Consider a function f(x)=| a.———x |(4 — 3x*) where
focus S on the tangent at P, then o
maximum area of triangle PQS is ‘o’ is a positive parameter
The correct matchingis : 96.  Number of points of extrema of /(x) for a given value of o
(a) (A-S; B-P; C-P; D-R) is
(b) (A-Q; B-S;C-P; D-R) (0 (b)1
(¢) (A-R; B-Q; C-P; D-S) (©)2 (d)3
(d) (A-S; B-R; C-P; D-Q) 97.  Absolute difference between local maximum and local
minimum values of /(X) in terms of a is
Paragraph Type Questions
Using the following, solve Q.93 to Q. 95 4 0c+1 3 b 2 0c+1 3
sing wing, solv oIS e 7 - - - -
g g (a) 9 o ( ) 9 a
Passage
b dy o+ i 3 i
If y= I S () dt, let us define , ina different manner ) o (d) independent of a
L{()C) x
98.  Least possible value of the absolute difference between
dy s , local maximum and local minimum values of f(x) is
as d—:V'(x)f (v(x))—u’(x)f (u(x)) and the
. 32 16
(a) 5 (b) —
equation of the tangent at (a,b)as 9
8 1
c) — d) —
(©) o @3
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Using the following passage, solve Q.99 to Q.101

Passage
Consider the function f(x) =max {x? (1 —x)%2x(1-x)}
where 0 <x<1.

99.  The interval in which f(x) is increasing is

104.

Two perpendicular chords of curve y*— 4x —4y +4=0
belonging to family of lines form diagonals of a
quadrilateral. Minimum area of quadrilateral is

(@16 (b)32

()64 (d) 50

Using the following passage, solve Q.105 to Q.107

Passage

12 11
ot (Y

11 1 2 11 2
L) (b

100. The interval in which f(x) is decreasing is
10S.
(1 Ej (1 l)
(a) 3 ’ 3 (b) 3 )
106.
1 12 1 2
0,— V| —,— 0,— (V| =1
(")( 3) (2 3) (d)( 2J (3 j
. . ) 107.
101. LetRMVT isapplicable for f(x) on(a,b)thena+b+cis

(where c is point such that f * (¢c) = 0)

2 1
@3 ®) 3

1 3
(©) 3 (d 5

Using the following passage, solve Q.102 to Q.104 108.
Passage
Lety=a ,/x +bxbecurve,(2x—y)+A(2x+y—4)=0be
family of lines.
102.  Ifcurve hasslope —% at(9, 0) then a tangent belonging ~ 109.
to family of lines is
(a)x+2y-5=0 (b)x-2y+3=0
(©)3x-y-1=0 (d)3x+y—5=0
103. A line of the family cutting positive intercepts on axes 110

and forming triangle with coordinate axes, then minimum
length of the line segment between axes is

(a) (22/37 1)3/2 (b) (22/3+ 1)3/2
(c) 7 (d)27

If y=f (x) is a curve and if there exists two points
A(xl,f(xl)) and B(xz,f(xz)) on it such that

() =— 1 :f(xz)—f(xl)
f'(x) 75

at x,  is normal at x, for that curve.

then the tangent
X, =X

Number of such lines on the curve y = sinx is

@1 ()0

(©)2 (d) infinite
Number of such lines on the curve y = |In x| is
(@1 (b)2

(©0 (d) infinite
Number of such line on the curve y?= x*is
@1 (b)2

©3 @o

Using the following passage, solve Q.108 to Q.110
Passage

Letf” (sinx)<O0andf " (sinx)>0 Vxe(O,gj

Now consider a function g (x) = f(sin x) + f(cos x)
g (x) decreases if x belongs to

(@) (0: %) (b) G%}

T T
(©) (g > gj (d) none of these

g (x) increase if x belongs to

w0 o(33)
T T T T
© (gag] (@ (gagj

The set of critical points of g (x) is
{E ki E}
® %63

(d) none of these
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EXERCISE - 4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS

Objective Questions I [Only one correct option|] 7.
1. Forallx € (0, 1) (2000)
(@)e'<1+x (b) log (1 +x)<x
(c)sinx>x (d) log, x>x

Let £ (x) —J‘e" (x—1)(x—2)dx. Then f decreases in the

interval o000y &
(a) (-0, -2) (b) (=2,-1)
(©(1,2) (d) (2, )
, for 0<|x|£2
Letf(x)= x|, for x| Then, atx =0, fhas
1, for x=0
(2000)
(a) alocal maximum (b) no local maximum 9
(c) alocal minimum (d) no extremum
If the normal to the curve, y = f(x) at the point (3, 4) makes
an angle 3m/4 with the positive x—axis,
thenf " (3) is equal to (2000)
10.
(a)-1 (b)-3/4
(c)4/3 @1
Iff(x)=xe*"™, then f(x) is (2001)
1
(a) increasing in _551 (b) decreasing in R
11.
. . . . . 1
(c) increasing in R (d) decreasing in _E’l
The maximum value of (cos o) . (cos o) . . (cos o ), under
T
the restrictions 0 < o, a.,, ... & < 5 and
(cota).(cota,). .(cota)=1is (2001) 12,
1 1
@) S () 5o
L d)1
© 3 @

The length of a longest interval in which the function

3sin x — 4 sin® x is increasing, is (2002)
b o=

@ 3 ®) 7
3 d

(© 2 dn

The point(s) on the curve y*+ 3x*= 12 y where the tangent

(2002)
11
(b) [i\/? OJ

nEs

The equation of the common tangent to the curves

is vertical, is (are)
4
o(+552)

(c) (0,0)

y*=8xandxy=-11is (2002)
(a)3y=9x+2 (byy=2x+1
(c)2y=x+8 (d)y=x+2

Iff(x)=x+2bx +2¢* and g (x) =—x*—2cx + b*such that min
f (x) > max g (x), then the relation between

bandc,is— (2003)

(b) O<c<b\/5

(a) no real value ofb & ¢

©) |c|<[b|2 (d) [¢[>[b]v2
Iff(x)=x*+bx?+ cx+d and 0 <b*<c, then in (—o0, )
(2004)

(a) f(x) is strictly increasing function

(b) /(%) has alocal maxima

(c) f(x) is strictly decreasing function

(d) f(x) is bounded.

If /' (x) is differentiable and strictly increasing function,
()=

then the value of /iIm————— g

0 £ £(0) (2004)

@1 (b)0
©)-1 (d)2
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23.  Iff(x) is cubic polynomial which has local maximum at

e%f%:
13.  Tangents are drawn to the ellipse x> + 2y? = 2, then the ~ 19.  The total number of local maxima and local minima of'the
locus of the mid point of the intercept made by the tangents s
. . 2+x), 3<x<-1
between the coordinate axes is (2004) function f(x)= ) is (2008)
xg, -l1<x<2
L + L =1 L + L =1
@ %2 " 4y? (0) g2 " oy ()0 (b)1
©2 (d)3
2 2 2 2 20. Let f, g and h be real-valued functions defined on the
LS A LS A
(© 5 + 4 (d) 4 + 5 2 2 2 e
interval [0, 1] by f(x)=¢" +e *, g(x) =xe" +e ™ apd
14.  The angle between the tangents drawn from the point h(x) = x> o’ 4o .Ifa,band ¢ denote respectively, the
Y
(1, 4)to the parabola y* = 4x is (2004) absolute maximum of f, gand hon [0, 1], then ~ (2010)
() /6 (b) /4 (a)a=bandc#b (bya=canda=#b
©m3 (d) w2 (c)azbandc#b (da=b=c
15.  The second degree polynomial f(x), satisfying f(0) =0, 21,  The number of points in (—o0, «), for which
f(=1,f (x)>0forallxe (0,1): (2005) x2—x sinx—cosx=0, is 2013)
@/x)=9¢ @6 (b)4
(b)f(x)=ax+(1-a)x* Vae (0,0 (©)2 (o
(©)f(x)=ax+(1-a)x:a € (0,2) 22.  Consider all rectangles lying in the region
(d) No such polynomial {(x, V)ERXR:0<x< T and 0 < y<2sin (2x)}
16.  Thetangentat(1,7)to the curve x?>=y— 6 touches the circle 2
x*+y*+16x+12y+c=0at (2005) and having one side on the x-axis. The area of the rectangle
() (6,7) (b)(=6,7) which has the maximum perimeter among all such
rectangles, is (2020)
(c) (6,-7) (d) (=6,-7)
17.  The tangent to the curve y = e*drawn at the point (c, €°) (a) 3z (®) 7
intersects the line joining the points (¢ — 1, e~ ') and 2
(c+1,e') (2007)
. T w3
(a) ontheleftofx=c¢ (b) ontherightof x=c (© 23 (d) N
(c) at no point (d) at all points
Objective Questions II [One or more than one correct option]
18.  Let the function g : (-0, ©) — (—%, gj be given by

T
g(W=2tan (")~ 5 Then, g is (2008)

(a) even and is strictly increasing in (0, )
(b) odd and is strictly decreasing in (—co, )
(c) odd and is strictly increasing in (—oo, o)

(d) neither even nor odd, but is strictly increasing in

(7005 oo)

x=—1.Iff(2)=18, f(1)=—1 and /” (x) has local minimum at
x=0, then (2006)

(a) the distance between (-1, 2) and (a, f(a)) where x =a is

the point of local minima, is 245

(b) f(x) is increasing for x [, 25 ]

() f(x) has local minima atx = 1

(d) the value of f(0) =5



APPLICATIONS OF DERIVATIVES

24,

25.

26.

27.

28.
e’ 0<x<l1
If f(x)=42-¢"", 1<x<2
x—e, 2<x<3
and g(x) = jo"f(t)dt,x e [1, 3], then (2006)
(a) g (x) has local maxima at x = 1 +Jog 2 and local minima
atx=e
(b) f(x) haslocal maxima atx = 1 and local minima at x =2 29.
(c) g (x) has no local minima
(d) £(x) has no local maxima
. 1
For the function f(x) =x cos —,x>1. (2009)
X
(a) for at least one x in the interval
[1,00), f(x+2)-f(x)<2
(b) Jim £0) =1 30

(c) forall x in the interval [1, o), f(x + 2) — f(x) > 2
(d) £ (x) is strictly decreasing in the interval [1, o)

Let f be a real-valued function defined on the interval

(0, ), by f(x) = lnx+J‘Jl+sint dt . Then which of the
0

following statement(s) is (are) true ?

(@) f"(x) exists for all x e (0, )

(2010)

(b) /() exists for all x e (0, ) and f” is continuous on ~ 31+

(0, ), but not differentiable on (0, ©)

(c) there exists o> 1 such that |f” (x)] <] f{x)| for all
X € (o, )

(d) there exists B > 0 such that [f(x) | + | /'(x)| < B from all
x € (0, )

A rectangular sheet of fixed perimeter with sides having
their lengths in the ratio 8 : 15 is converted into an open
rectangular box by folding after removing squares of equal
area from all four corners. If the total area of removed
squares is 100, the resulting box has maximum volume.
The lengths of the sides of the rectangular sheet are

(2013)
(a)24
(©)45

(b)32
(d) 60

The function f(x) =2[x| + [x + 2| — ||x + 2| — 2| x|| has a local

minimum or a local maximum at x is equal to

(2013)
2 b -2
(- (b) 5
2 d 2
© @3
Leta € Randlet /: R — R be given by
fx)=x-5x+a.
Then (2014)

(a) f(x) has three real roots ifa> 4

(b) f(x) has only one real root ifa > 4

(c) f(x) has three real roots ifa< — 4

(d) f(x) has three real roots if —4 < a <4
Letf:R—(0,o)and g: R — R, be twice differentiable

functions such that " and g'" are continuous functions
on. Suppose ['(2)=g(2)=0, /" (2)#0and g’ (2) #0. If
then (2016)

(a) fhas alocal minimum atx =2

(b) fhas a local maximum at x =2
(©)f"2)=/2)

(d) f(x)—f"(x)=0 for atleastone x

Letf: R — R be given by

X +5x* +10x° +10x +3x +1 x<0

T _x+1 <x<l

f)= 3x 2)H— 0<x<
(2/3)x —4x"+7x—-(8/3) 1<x<3
(x=2)In(x-2)—-x+(10/3) x23

Then which of the following options is/are correct?
(2019)

(a) f” is not differentiable at x=1
(b) fis increasing on (—x,0)

(c) fis onto

(d) f” has a local maximum at x=1
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32.

33.

34.

Letf: R > Rbe givenby flx)=(x—1) (x—2)(x—15). Define
fix)= T f (t) dt, x>0. Then which of the following options
0

is/are correct? (2019)
(a) flx) has alocal maximum at x =2
(b) f{x) has a local minimum atx =1

(c) fix) has two local maxima and one local minimum in
(0,0)

(d) fix) #0, forall x € (0, 5)

sin zx
x> 0.

Let f(x)=

5
X

Letx <x,<x,....<x <.....beall points of local maximum of

fandy <y, <y.<.... <Y < be all the points of local
minimum of f Then which of the following options is/are
correct? (2019)

(a) x —y |>1foreveryn
(®)x,<y,
(c)x, ., —x>2foreveryn

1
(d) X, € (2”32” +EJ for every n

x> -3x -6

Let f:R — R be defined by f(x)=
x> +2x+4

Then which of the following statements is (are) TRUE?
(2021)

(a) fis decreasing in the interval (-2, -1)

(b) fis increasing in the interval (1, 2)

(c) fis onto

(d) Range of fis {_%’2}

Numerical Value Type Questions

3s.

36.

37.

A straight line L with negative slope passes through the
point (8, 2) and cuts the positive coordinate axes at points

P and Q. Find the absolute minimum value of OP + OQ, as
L varies, where O is the origin. (2002)

Find a point on the curve x*+ 2y*= 6 whose distance from
the line x + y =7, is minimum. (2003)

For the circle x?+ y*=r?, find the value of r for which the
area enclosed by the tangents drawn from the point
P (6, 8) to the circle and the chord of contact is maximum.

(2003)

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

e
If f (x) is twice differentiable function such that

f(@=0,fb)=2,f(c)=-1, f(d) =2, f(e) = 0, where

a<b<c¢<d <e, then the minimum number of zeroes of
gX)={f" X)}*+f"(x).f(x)in the interval [a, e] is ?
(2006)

The maximum value of the function f(x) =2x*— 15x*+36x —48
onthe setA= {x [x>+20<9x} is .........

(2009)

The maximum value of the expression

1
sin®0+3sin0cosO+5cos’Q 1S

(2010)

Let fbe a function defined on R (the set of all real numbers)
such that f” (x) =2010 (x —2009) (x —2010)*(x —2011)?
(x—2012)* forall x € R. If g is a function defined on R with
values in the interval (0, o) such that /(x) = In (g(x)), for all
x € R, then the number of points in R at which g has a local

maximumis... (2010)
The number of distinct real roots of
X =43+ 12x2+x-1=0is .... (2011)

Let p (x) be a real polynomial of least degree which has a
local maximum at x = 1 and a local minimum at x = 3. If
p(l)=6andp (3)=2,thenp’ (0)is (2012)

Letf: R — R be defined as f'(x) = x| + [x* — 1|. The total

number of points at which fattains either a local maximum
or alocal minimum is (2012)

A vertical line passing through the point (h, 0) intersects

2 2

the ellipse XT + y? =1 at the points P and Q. Let the

tangents to the ellipse at P and Q meet at the point R. If
A(h) =area of the APQR, A = max A(h)and

1/2<h<l1

8

A = min A(h), then ﬁ A, —8A isequalto (2013)

2 12<hs<l

The slope of the tangent to the curve (y—x°)* =x(1 +x?)* at
the point (1, 3) is (2014)
For a polynomial g (x) with real coefficient, let m, denote
the number of distinct real roots of g (x). Suppose S is the
set of polynomials with real coefficient defined by

S={(x" -1y (a, +ax+a,x’ +a,x’):a,, a,,a,,a, €R}.

For a polynomial f, let f and f/” denote its first and second
order derivatives, respectively. Then the minimum possible

value of (m, +m,.), where f€S,is......... (2020)
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48.

Let the function f:(0,7) > Rbe defined by

£(0) =(sin@+cosH)’ +(sin & —cos H)*

Suppose the function g has a local minimum at @ precisely
when Oe {Ar,...., A7}

the wvalue of

(2020)

where 0< A4 <....<A <1. Then

Assertion & Reason

49.

Consider the folloiwng statement S and R :

S : Both sin x & cos x are decreasing functions in the

interval (7/2, T).

R : If a differentiable function decreases in an interval

(a, b), then its derivative also decreases in (a, b).

Which of the following is true ?

(a) both S and R are wrong

(b) both S and R are correct, but R is not the correct
explanation for S.

(c) S is correct and R is the correct explanation for S

(d) Sis correct and R is wrong.

(2000)

Match the Following

50.

Each question has two columns. Four options are given
representing matching of elements from Column-I and
Column-II. Only one of these four options corresponds
to a correct matching.For each question, choose the option
corresponding to the correct matching.

Let the functions defined in Column I have domain

(—n/2, /2)

Column I ColumnII
(A)x t+sinx (p) increasing
(B) secx (q) decreasing

(r) neither increasing nor decreasing
(2008)

Paragraph Type Questions

Using the following passage, solve Q.51 to Q.53

Passage

51.

Consider the function f: (—o0, 00) — (—0, ) defined by

2
X" —ax+1
—; 0<a<2.

f(x):x2+ax+1 (2008)

Which of the following is true ?
(@@2+a)yf"(H+Q2-ayf"(-1)=0
(b)2-a)’f"(H—-(2+a)yf"(-1)=0
©f (Mf DH=(@2-ay

@/ M f )=-Q2+a)y

52.

53.

Which of the following is true ?
(a)f(x)is decreasingon (—1, 1) and has a local minimumat x=1.
(b) f(x)isincreasing on (—1, 1) and has a local maximumatx=1.

(¢) f (x) is increasing on (-1, 1) but has neither a local
maximum nor a local minimum atx=1.

(d) f(x) is decreasing on (—1, 1) but has neither a local
maximum nor a local minimum atx = 1.

ey t
Letg(x)= f—()dt. Which of the following is true ?
£ , 1+t

(a) g’ (x) is positive on (—oo, 0) and negative on (0, «)
(b) g’ (x) is negative on (-0, 0) and positive on (0, )
(c) g’ (x) changes sign on both (-0, 0) and (0, )

(d) g’ (x) does not change sign (-, ©)

Using the following passage, solve Q.54 to Q.56

Passage

54.

5S.

56.

Consider the polynomial f (x) =1+2x + 3x’+4x’. Letsbe
the sum of all distinct real roots of f (x) and let t = |s]

(2010)

The real numbers s lies in the interval

@) H’Oj ®) (—m—%j
3 1 1
o(-33) @[03)

The area bounded by the curve y = f(x) and the lines x =0,
y=0and x =t, lies in the interval

3 21 11
w(37) o (&)
©.10) @ (Ogj

The function ' (x) is

(a) increasing in (—t,—%) and decreasing in (—

)
)

A=

S

(b) decreasing in (—t,—%j and increasing in (—

(c) increasing in (—t, t)
(d) decreasing in (—t, t)
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Using the following passage, solve Q.57 and Q.58
Passage

Let f(x) = (1-x)*sin*x + x*for all x € R and let
x(2(t-1
g(x) = L [%—m t] f(t)dtforallx e (1,00)

57.  Which of the following is true ?

(a) g is increasing on (1, )

(2012)

(b) gis decreasing on (1, )
(c) gis increasing on (1, 2) and decreasing on (2, )
(d) gis decreasing on (1, 2) and increasing on (2, )
58.  Consider the statements
P : There exists some x € R such that
f(x)+2x=2(1+x?
Q : There exists some x € R such that
2f(x)+1=2x(1+x)
Then, (2012)
(a) Both P and Q are true  (b) P is true and Q is false
(c) P isfalse and Qis true (d) Both P and Q are false
Using the following passage, solve Q.59 and Q.60
Passage

Letf:[0, 1] — R (the set of all real numbers) be a function.
Suppose the function fis twice differentiable, £ (0) =f(1)=0
and satisfies f” (x) - 2 (x) + f(x) = e, x € [0, 1].

59.  Which of'the following is true for 0 <x <1 ? (2013)

(@) 0<fix)<e0 () -5 <0<

(©) —%<f(x)<1 (d)— o< f(x)<0

60.  Ifthe function e *f(x) assumes its minimum in the interval

[0,1] at x =%,which of the following is true ?  (2013)
(@) f'(x) < f(x) l<x<é
4 4
, 1
(b) f(x)>f(x),0<x<z

(c) f’(x)<f(x),0<x<%

(d) f’(x)<f(x),%<x<1

é%ﬁ!

Using the following passage, solve Q.61 to Q.63

Passage
Letf(x)=x+log x—xlog X, X € (O, OO) .
Column 1 contains information about zeros of f(x), f’(x)

and (x).

Column 2 contains information about the limiting behavior

of f(x), f’(x) and £’(x) at infinity.

Column 3 contains information about increasing/
decreasing nature of f(x) and f’(x).

Column 1 Column 2 Column 3

(D) f(x)=0 for some (i) )}g{.lo f(x)=0  (P)fisincreasingin (0, 1)

xe(l, ¢?)
(ID) f'(x) =0 for some (i) 1iin f(x) =—0 (Q)fisdecreasingin(e,e?)
xe(l, e)
(I f(x)=0forsome (i) lim f'(x) = —o0 (R) f'isincreasingin (0, 1)
x€(0,1)
(IV) £"(x)=0 for some (iv) im f"(x)=0 (S)fisdecreasingin(e,e?)
x € (l,e) (2017)
61.  Which of the following options is the only CORRECT
combination ?
(@) (M (D) (R) (b)AV) (D) (S)
() D) (iv) (P) (d) () (i) (S)
62.  Which of the following options is the only CORRECT
combination ?
(@M@ P) (b) ) (i1) (Q)
(c) (III) (i) (R) (D @V) (i) (S)
63.  Which of the following options is the only INCORRECT

combination ?
(a) (ID) (iii) (P)
(c) ) (1) (R)

(b) (D) (iii) (P)
(d)AD (v) (Q)
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Using the following passage, solve Q.64 and Q.65

Passage

64.

65.

Let f,:(0,00) >R and f,:(0,0) >R be defined by
X 21

f,(x) = [TT(t-3) dt, x>0

0 j=1

and f, (x) =98(x—1)"" ~600(x 1) +2450,x >0,

Where, for any positive integer n and real numbers

denotes the product of

ap, 8y, e »a,. Let m, and n, respectively, denote the

number of points of local minima and the number of points
of local maxima of function f, =1, 2, inthe interval (0, OO.)

(2021)

The value of 2m,; +3n, + mn; is------- .

The value of 6m, +4n, +8m,n, is--------- .

Text

66.

67.

68.

69.

70.

il
3

Let—1<p < 1. Show that the equation 4x*>—3x —p =0 has

a unique root in the interval [%, 1} and identify it.

(2001)
dP(x)
IfP(1)=0and q > P (x) for all x> 1, then prove that
X
P(x)>0forallx>1. (2003)

Using the relation 2 (1 — cos x) < x?, X # 0 or otherwise,

prove that sin (tanx) > X, V x |:0’£:|. (2003)
4
3x.(x+1
Prove that sin x +2x > MV X € [O, E} .
T 2
(Justify the inequality, if any used). (2004)

If f(x)—f(x ) < (x,—x,), forall x , x, € R. Find the equation
of tangent to the curve y = f (x) at the point
(1,2). (2005)
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1. (b) 2.(c)
6.(a) 7. (a)
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16.(d) 17.(a)
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35.(18) 36.(21)
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44.(5) 45.(9)
48.(0.50) 49. (d)
51. (a) 52. (a)
56.(b) 57.(b)
61.(d) 62. (b)

1
65.(6.00) 66. cos(gcos‘ pj

37. (5 unit) 38.(6)

4. (1) 42.(2) 43.(2)

46.(8) 47. (5.00)

50. (A-p; B-r)

53.(b) 54.(c) 55.(a)

58.(c) 59.(d) 60.(c)

63.(c) 64.(57.00)
70.y-2=0
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