Continuity and Differentiability

No. of Questions | Maximum Marks Time

30 120 1 Hour

Chapter-wise

GENERAL INSTRUCTIONS

e This test contains 30 MCQ's. For each question only one option is correct. Darken the correct circle/ bubble in the
Response Grid provided on each page.

e You have to evaluate your Response Grids yourself with the help of solutions provided at the end of this book.

e FEach correct answer will get you 4 marks and 1 mark shall be deduced for each incorrect answer. No mark will be given/
deducted if no bubble is filled. Keep a timer in front of you and stop immediately at the end of 60 min.

e The sheet follows a particular syllabus. Do not attempt the sheet before you have completed your preparation for that
syllabus.

e After completing the sheet check your answers with the solution booklet and complete the Result Grid. Finally spend time
to analyse your performance and revise the areas which emerge out as weak in your evaluation.

1. Let f:R — R be a function such that

"|

|y" ly

x+y) fx)+f(y) @ I+ ® 1+ "7 ’
f| =57 ]==5 . f(0)=0 and '(0)=3. Then (1+7)
(a) f(x)is aquadratic function 2" pr
(b) f(x) is continuous but not differentiable (c) T (d) T 5
(©) f(x)is differentiablein R Vi+y! 2 (1+ y’z)
(d) f(x)isboundedinR

Uy 4. Letafunction f:R — R satisty the equation
,x#0 _ : .
2. Ifthe function f(x) = (ISOS f) * is continuous at x =0, F(x + y) f(x)_+ f(y) for all x, y, If the function f(x) is
,x=0 continuous at x = 0, then

then the value ofk is @ fx) = 0 for gll X
(@ 1 (b) -1 (b) f(x)is continuous for all positive real x
© 0 d e (c) f(x)iscontinuous for all x

1 (d) None of these
3. Ifx?+)?=a%and k= —, then kis equal to
a

1. @O0 2 @®O® 3. OOO® 4+ @®OE




10. The value of p for which the function

Differential coefficient of tan™" 2x > with respect to

1— X _1\3
. , x B Gt ) NN
sin > will be X x°
I+x f(x)={sin—log| 1+—
p 3
a) 1 b) -1
(@) (b) 12(log4)*,x =0
© 12 d x may be continuous at x =0, is
. . 1 (b) 2
The val (@)
e values of a, b and ¢ which make the function © 3 (d) None of these
i i f(b)-f
w, x<0 11. Inthe mean value theorem % =f'(c),ifa=0,
N _
f(x)= c ,x=0 b=1/2and f(x) =x (x— 1) (x—2), the value of c is —
/ 2
_ 1
% x>0 (@) 1—£ (b) 1++/15
bx 6
continuous at x =0 are 21
| \ | © 1- g ) 1++21

(@ a=—,c=_,b=0 (b) a=2,c=_,b=0

2 2 20 2 . 20, (2)+1/8

12. If y=(1+1/x)",then ———————- isequal to—

© a -3 . 1 0 @ N b (log3/2-1/3)
c =—,Cc=—, one of these

2Tk @ 3 (b) 4
Let f(x), g(x) be two continuously differentiable functions © 1 d 2
satisfyingtherdationshipsf '(x) = g(x) and f "(x) =—f(x). o n

_ 2 2 — _

Let h(x) = [f(x)]* + [g(xX)]*. Ifh(0) =5, then h (10)= 13. If f(x)= ZX—(log )", then at x =0, f(x)
(@ 10 (b) 5 = n
(c) 15 (d) None of these o
The function f(x) = [x]> — [x*] (where [y] is the greatest integer (a) has no hm.lt
function less than or equal to y), is discontinuous at : (b) 1 dlscgntmuous . .
(@ all integers (c) is continuous but not differentiable

(d) isdifferentiable

1/x -1/x
Let f(x) =g(x).ﬁ, where g is a continuous
e X+ —1/X

(b) all integers except 0 and 1
(c) allintegers except 0 14.
(d) allintegers except 1

function then lim f(x) does not exist if

If £x) = lim tan nxz +(x+1)"sinx then x—0
n—o X7+ (x+D" (@) g(x) isany constant function
(a) fiscontinuousatx=0 (b) gx)=x
(b) fis differentiable atx =0 ) gx=x
(c) fis continuous but not differentiable at x =0 (d) g(x)=xh (x), where h(x) is a polynomial

(d) None of these
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15.

16.

17.

18.

19.

RESPONSE

[ —x)
Iff(x)= cot ™! L% ]+ then /(1) is equal 0
@ -1 (b) 1
(c) log2 (d) —log2
Let f: R — Rbea function defined by /(x) = max {x,x>}. The
set of all points where f(x) is NOT differentiable is
@ {11} (b) {-1,0}
© {01} (d {-1,0,1}
2
The function f(x)=(sin2x)™ 2* is not defined at
k3 k3
4 4

x= —. Thevalue of f [%j so that f'is continuous at x =

is

1

@ e (b) s

(© 2 (d) None of these
If g is the inverse function of fand f'(x) = sin x, then
g'(x) is

(@) cosec {g(x)} (b) sin { g(x)}

1
(¢ ~ sin {g(x)} (d) cos {g(x)}
3

1—sin” x b8

3cos’x | 2
Let f(x) =4p, ng

q(l—smx)7x>£

(n—2x)* 2

T
Iff(x) is continuous at x = P @ 9=

1
(b) [5’ 2}

(d) None of these

@ (1,4

1
o (34

20.

21.

22,

23.

24,

Which of the following functions is differentiable at x = 0?
(a) cos(|x|)+|x| (b) cos(|x|)—|x|
@ sin(|x()++ (@ sin(|x)) |

(" -1’
. (x X
s1n(gj log (1 + Z]

continuous at x = 0, then the value of a is equal to

Let f(x) = for x # 0, and f(0) = 12. If fis

(@) 1 (b) -1
(c) 2 d 3
Ifthe equation a, x™ +a, (x" 1+ ..ccooo.... +a;x =0

a; # 0,n > 2,hasapositiverootx = o , then the equation

X - a,x

root, which is

(@) greater than o

(b) smaller than o

(c) greater than or equal to o
(d) equalto o

n-2 I

na,x  +(mn-1)apx " +..... + a; =0 has a positive

sin[x]

forx>0

/)=

[x]

k, atx=0

for x < 0 ; where [x] denotes the

greatest integer less than or equal to x, then in order that /'
be continuous at x =0, the value of k is

(@ equalto0 (b) equaltol

(c) equalto -1 (d) indeterminate

tan[x|n

Iff(x)= , Where [.] denotes the greatest

[1+ | log(sin 2 x +1) []
integer function and |.| stands for the modulus of the function,
then f(x) is

(a) discontinuous Vx el

(b) continuous Y x

(c) non differentiable v x €1

(d) aperiodic function with fundamental period 1.

50000 16O
20.0000 21.0000

GRID

17. @000
OO0,

1B.OOOW 19 @O
.00 24 @OOOD




25.

26.

27.

28.

RESPONSE

1-x*" dy
I I =t = then [ g
equal to
@@ 1 (b) xly
xn—l
(© yn—l (d) None of these

The equation e¥ 8 +2x — 17 =0 has
(@) two real roots (b) onereal root
(c) eightreal roots (d) four real roots

Iff"(x)=—f(x)and g (x)=f" (x) and

F(x)= (f(%jj: [g(%)jz and given that

F (5)=5, then F (10) is equal to—

@ 5 (b) 10

© 0 d 15

Choose the correct statements —

(@ Iff'(a")and f'(a") exist finitely at a point, then fis
continuous at x = a.

(b) The function f(x)= 3 tan 5x— 7 is differentiable at all
points in its domain.

29.

30.

(c) Theexistence of lim (f(x)+ g(x)) does not imply of
X—>C

existence of lim f(x) and lim g(x)-
X—>C X—C

(d) All of these

Statement-1 : If g (x) is a differentiable function g (1) #0,

g(-D= Ozand Rolles theorem is not applicable to

x“ -1
f(x)= (%) in [-1,1], then g (x) has atleast one root in
-1,1).
Statement-2 : Iff(a) =f(b), then Rolles theorem is applicable
forx € (a, b).

(a) Statement- 1 is True, Statement-2 is True, Statement-2
isa correct explanation for Statement -1

(b) Statement-1 is True, Statement -2 is True ; Statement-
21is NOT a correct explanation for Statement - 1

(c) Statement -1 is False, Statement -2 is True

(d) Statement- 1 is True, Statement- 2 is False

Statement-1 : f(x) =|x| sin x, is differentiable at x = 0.

Statement-2 : If f (x) is not differentiable and g (x) is

differentiable at x =a, then f(x) . g (x) can still be differentiable

atx=a.

(@) Statement-1 is true, Statement-2 is true, Statement-2 is
a correct explanation for Statement - 1

(b) Statement-1 is True, Statement -2 is True ; Statement-
21is NOT a correct explanation for Statement - 1

(c) Statement -1 is False, Statement -2 is True

(d) Statement- 1 is True, Statement- 2 is False
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Total Questions 30 Total Marks 120
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Net Score = (Correct x 4) — (Incorrect x 1)




HINTS & SOLUTIONS (MATHEMATICS — Chapter-wise Tests)

Speed Test-79
1. (c) We have d
= u=20 = M_, .. (a)
f(xgy} f(x);f(”, f(0) =0 and £ (0) =3 do
In equation (ii), put x =tan @
3x+3h
f —f(x
f'(X) = lim M = lim ( 3 j ( ) LoV = Sin71 |:—2tan29 :| = sinfl(sin 26)
h—0 h h—0 h 1+tan“ 0
f(3x)+f(3h) f(3x)+f(0) dv
- _ = V= 29 = —= 2 ........ (b)
= lim 3 3 - 1im 1O =FO _, d0
h—0 h h—0 3h .
flx)=3x+¢, = f{0)=0=>c=0 From equations (a) and (b),
fix)=3x du du_do 1
1 ! & od
2. (@ lim(cosx) " =k= lim—log(cosx)=logk v v
x—0 0% .. Required differential coefficient will be 1.
= lim 1 lim logcos x =logk (¢) Inthe definition of the function, b = 0, then f(x) will be
0 )lc 0 undefined in x > 0.
= lin})— x0=log, k= k=1. -+ f(x)is continuousatx=0, .. LHL=RHL=f(0)
x—>0 X
3.0 X+)y’=d =242y =0=) =-x/y i Sin(@+Dx+sinx L Ax +bx? —ax .
=y +x=0 = x50 X x—0 bx3/2
1+ y,z\ x<0 x<0
=yt el=0= y =o)L
7 _ (sin(a+Dx sinx) .. 1+bx-1
1 | | 1 | | 1 | — lim + = lim =cC
.-.k:lzl _ _ { __x x—0 X X x—0 bx
@7 N 12| y
W (@+1)+1= lim DO
= x—=0 bx(v/1+ bx +1)
L 1
12N3/2 .
A+ ey ey = At i
4. (¢) Sincef(x)iscontinuousatx=0 .. lim f(x)=1£(0)
x—0 1 3 1
Takeany pointx=a, thenatx=a = atl :E:C a:_E’C:E’b?&O
lim f(x)= lim f(a+h . ,
0= i faeh) () SinceF(x)=g(0). (x)=g'(x
. Put f'(x) =—1f(x). Hence g’ (x) =—f(x)
= lim|f(a)+f(h)| [ f =f f
Jim[F(@)+FW] [ £6cy) = £60 1] we have h’ (x) = 2f(x) £(x) + 2g(x) g/ (x)
=f(a)+ lim f(h) = f(a) +f(0) =f(a+0) = f(a) =2[f(x) g(x) + g(x) [-f(x)]] =2 [f{x) g(x)—{(x) gx)] =0
h—0 .. h(x)=C, a constant
f(x) is continuous at x = a. Since x =a is any arbitrary - h(0)=Cie.C=5
point, therefore f(x) is continuous for all x. h(x) =5 for all x. Hence h (10) =5
5. @ Let u=tan' 2 () ?
. = -2 @ fx)=[xP-[x*]=12—(0Y=0,-1<x<0 = 0<x" <1
2« . —0-0=0, 0<x<land=1-1=0,1<x<+3
and v =sin L (i1)
+x

In equation (i) put, x =tan @

) u:tan_l[ 2tan0 | ]

and=1-3=-2, \/5 SX<\/Z

.. From above it is clear that the function is discontinuous at



0+1x0

9 @ f(0)="—

=0

2 n_:
lim £(x)= lim lim tanmx” +(x+1)" sinx

x—0" x—0" n—o X2 +(x+ 1)n
. tan TCX2
= lim_ (If x>0, x+1<1)
x—0 X
=1 - LHL # £(0)

". f(x) is not continuous at x =0 hence not differentiable also.
10. () For f'(x) to be continuous at x = 0, we should have

o})ii,no f(x)=£(0)=12(log 4)*

X
. (421 [p] 2
lim . pX
o S0 = lim X
0 L x J [sin;] log (H%xz]

x—0

( 2 )
=(log4)* - 1-p- hm S
1 , 1 4
—xT x4
3 18
=3p (log4)’ - Hence p=4.
f(b)-f
N @ fo=-®=f@
b-a
:>3c2—6c+2:3/8_0=é
1/2-0 4
21 1
:>c=1ig:>0=1+%€(0,2j c= _@

1 X
12. (a) Let y=(1+—j
X

Taking logarithm of both sides, we get

logyzx{log(lJrlﬂ

x

2

x 1] ( lj
——|+log| 1+—

x+1( x2 g x
1 1

— ——+10g(1+—)
x+1 X

Since, y (2)=(1+1/2)*>=9/4

1
= —nx)=
y

1 3
s0,y; (2)=(9/4) 3 +log5
Again differentiate eq (1) w.r.t (x), we get
YOR@-n@F _ 11

(¥(x))? (1+x)>  x(x+1)
By putting x = 2, we get

y(2)y,(2)-(»
(¥(2))?

Now, put value of y (2) and y,(2)

- (e

2
4(y2(2)+ 1) 9(log%—§j

= Required expression =3

o0 1 n
13. @ We have, f(x)= Z—(loga) Zm
n= O n= n:
:exloga _ elogaX —aX
h
L£(0) = lim 1O =IO a7l e s
0 —h h—0 —h
— h —
Rf(0) = lim L0 =IO o a =l
0 h—»0 h

Since Lf'(0) = Rf'(0), . f(x) is differentiable at x =0
Since every differentiable function is continuous, therefore,
f(x) is continuous at x =0.

1 @ i el/x _efl/x i 1_672/)( |
. (@ = =
x>0 e/ X e VX (ot 14e /X
1/x e—l/x ) 2/x_1
and lim = lim =-1.

- 1/x -1/x

x—>0" e X +e -2/

x—>0" € +1
Hence lim f(x) existsif lim g(x)=0.
x—0 x—0

If g(x) = a # 0 (constant) then
lim f(x)=a and hm f(x)——

x—0+

Thus lim f(x) doesn’t exist in this case.
x—0

. lim f(x) exists in case of (b), (c) and (d) each.

x—0

-x)

15. @ Let /() —cort| X=X

Take out x™ common

*1)
f(x)=cot™ L J

Putx*=tan 0

2
f(x)=cot! {tazn—ee—l} = cot™!(—cot 20)
tan

2tan 0

tan 20 = 2
1-tan“ ©

=m—cot ! (cot20) [--

= f(x)=n-20=n-2tan"! (x*)



Differentiate w.r.t. x, we get

£ = -
1+x

At x=1

f'(1)=%(1+0)=—1.

16. @ f(x) = max. {x,x3}

5" (1+logx)

X ; x<-1
x3; -1<x<0
B X ; 0<x<
x3; x>1
1; x<-1
fo0= 3x%;  -1<x<0
1; 0<x<l1
3x2; x>1

Clearly fis not differentiable at —1, O and 1.

17. () fis continuousatx =x/4,if lim f(x)=f(n/4).

x—n/4

2
Now, L= lim (sin2x)%"" 2%
x—n/4

=logL = lim tan’ 2x log sin 2x
x—n/4

~ lim log sin 2x [2]

x—n/4 COt22X ©
. 2cot 2x 1
= lim 5 =7
x—>n/4 -2 cot 2x cos ec” 2x.2 2
or Loel2 st/ =e V2 =1/ e

18. @ Given /7' (x)=g(x)

= x=f[gW)]
Diff. both side w.r.t (x)

N
= 1=/g@]g) = &="5
Given, f'(x)=sinx

- f(g(x) =sin[g(x)]

1 =co sec[g(x)]

= [ (g()
Hence, g'(x) = cosec[ g(x)]
_ . 1=sin’[(n/2)-h]
fl((n/2)"]= lim ——MmM—~ =
19. () 20 hs0 3cos?[(n/2)—h]

. l-cos’h 1
= 11m—2:—
h—0 3gin“h 2

20.

21.

f{(r/2)*]= lim =S/ DR g(1-cosh) _q

h—0 [r—2{(n/2)+h}]*> h>0 442 8
1 q 1
ap=a=9 -1 4o
p ) p > q
(d || isnon-differentiable function at

@

x=0asLHD=-1andRH.D=1

¥ x, x>0
. lxl=
: -x, x<0

But cos|7| is differentiable
. Any combination of two such functions will be non-
differentiable . Hence option (a) and (b) are ruled out.

Now, consider sin|x|+|x|

. sin|—Al+|-Al
L= lim ———
h—0 —h

sinh

= lim
h—0 —h

R'— lim sin|A| + ||
h—>0 h

~1=-1-1=_

Sinh 1122

= lim
h—0

Consider sin|x|—|x|

sin|—A| —|-A|
mo— "

L'=1i
h—0 —h
_im 3 g
h—>0 —h
R'— lim sin|A| | Al
h—0 h
_im Sy
h—0

Hence, sin|x|—|x| is differentiable atx =0.

X _1y2
Lt (e -1
x—0 . X X
sin () log (1 + )
a 4
X 1\2
(e -1 X2
= Lt S

x—0 . X X
sin (—) log (l + —)
x \a Y x
. (i) . x ‘2
a 4

= 4a=12=a=3




22. ) Letf(x)=a, x"+a, (x" 7+ ... +a;x =0
The other given equation,
na, x" 1 +(n-1) an x4+ a;=0 =1'(x) 27. @
Given a; #0 =1{0)=0
Again f(x) hasroot o, = f(o) =0
s f(0)=flo)
. ByRolle’s theorem,
f'(x) = 0 has root between (O, OL)
Hence f'(x) has a positive root smaller than a.
23. (a) Iffiscontinuous atx =0, then 28. @)
lim f(x)= lim f(x) = f(O)
x—>0" x—0*
:>f(0)= lim f(x)
x—0"
cosE[O —h]
k=1lim f(0—h)=lim —=———
h—>0f( ) h—>0 [0—h]
cosE[—h] cosE[—h -1]
o L 2
k= lim = lim
h—>0  [-h] h—0  [-h-1]
)
cos )
k=lm——%k=0
|
24, (b) The denominator of the given function is always defined
Also, tan [x]n=tan n 1 =0 [[x] = integer, sayn]
S fx)=0 vx
.. f(x) is continuous and differentiable for all x.
25. (¢) Put x" =cosa, y" =cosp
29. @@
. . 2sin( B) cos(a—_ﬁ)
_ sina+sinff 2
cosa —cos P —2sin(a + [3) sin(a —[3)
2 2
30. (a)

=—cot(a;[3)

=2cot ! (~a)=a-PB
= cos 1(x") - cos 1(y ") =2 cot (- a)

_ - 1— x2n dy xn—l
= \/l_yZn dx \/1_x2n 1_y2n dx yn—l

(b) Clearly x = 8 satisfies the given equation. Assume that
f(x)=e*~8+2x— 17 =0 has areal root o other than x = 8. We
may suppose that o > 8 (the case for o0 <8 is exactly similar).
Applying Rolle's theorem on [8, o,

we get 3 € (8, a), such that f' () =0.

n—1 n—1

y dy x

26.

But f' (B) = eP~8+2, so that e P8 =—2 which is not
possible, Hence there is no real root other than 8.

= (5 (3)+al3)e 3]
Here, g(x)=1"(x)
and g'(x)=/"(x)=-f(x)

e oo )3 )

= F (x) is constant function

soF(10)=5
. f(a+h)—f(a)
@) h1_1>r(r)1+ 1 exist finitely
lim f(a+h)—f(a)
h—0t
- i (Mot
h—0" h
= lim f(a+h)="f(a)
h—0t
Similarly, lim f(a+h)=f(a)

h—0"
. fis continuous atx = a

T
Function is not differentiable at 5x =(2n+ 1) 5

(b)

only, which are not in domain

1
Letf(x)= — and g(x)=— %,
X X

lim f(x) and

lim f(x)+g(x) exists whatever
x—0 x—0

lim g(x) does not exist.
x—0

Statement 1 : As f(—1)=f(1) and Rolles theorem is not
applicable, then it implies f(x) is either discontinuous
or f' (x) does not exist at atleast one pointin (-1, 1)
= g (x) =0 atatleast one value of x in (-1, 1).
Statement 2 is false. Consider the example in
statement-1.

f(x)=|x|sinx
LHD.= lim [0=h]sin (0=h)=0
h—0 h
~ lim —hsmh:0
h—0 h
RED. = lim |0+h|sin (0+h)-0

h—0 h
f(x) is differentiable atx =0
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