‘ Inverse Trigonometric
Functions

2.1 Introduction 2.3 Properties of Inverse Trigonometric

2.2 Basic Concepts Functions

Topicwise Analysis of Last 10 Years’ CBSE Board Questions
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» Maximum weightage is of Properties of Inverse from Properties of Inverse Trigonometric Functions

Trigonometric Functions » NoVBQ &LA type questions were asked till now

» Maximum VSA and SA type questions were asked

( QUICK RECAP )
INVERSE TRIGONOMETRIC FUNCTIONS ensures the existence of their inverses.
Let y = flx) = cos x, then its inverse is
@ Trigonometric functions are not one-one and x = cos™ly

onto over their natural domains and ranges 0 The domains and ranges (principal value

branches) of inverse trigonometric functions
domains and ranges of trigonometric function are as follows :

i.e., R(real numbers). But some restrictions on
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Functions Domain Range
y=sinx [-1,1] [ - 71'}
22
y=cos'x [-1,1] [0, 7]
y=tan'x R -
23
y=cot!x R (0, )
y=cosec! x R-(-1,1)
2o
2 2
y=sec!x R-(-1,1)
e f}

The value of the inverse trigonometric functions
which lies in its principal value branch is called
the principal value of inverse trigonometric
function.

PROPERTIES OF INVERSE TRIGONOMETRIC
FUNCTIONS

0 sin~!(sinx) = x, V—ESxS—
2 2

T

cosH(cosx)=x,VO0<x<m

o o
tan~!(tanx) = x, V 3 <x< 5

—1( 1 _

sin lij:cosec Ly ,Vx>lorx<-1
1 1) 1

cos | —|=sec x ,Vx>lorx<-1

(1 _
tan 1(—J:cot 'x, Vx>0

=-m+cotlx,Vx<0
sin(sin!x) =x, V- 1<x<1
cos(cos™x) =x, V-1<x<1
tan(tan"'x) =x, Vx€ R

. T
s1n‘1x+cos‘1x=5,‘v’— 1<x<1

_ _ i
tan"! x + cot 1x=E,Vxe R

- _ o
sec ! x + cosec 1x=5 ,Vx<-lorx2x1

Q sin ! x=cos 'V1-x? ,V0<x<1

(M)
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1 1

sin"!x =—cos 'V1-x? ,V-15x<0

,V0<x<1
cos 'x =m—sin ' V1-x? V-1<x<0

sin"!(-x) = —sin"lx, V - 1<x<1
cos(—x)=m-cos'x,V-1<x<1
tan"'(-x) = -tan™!x, Vx€ R
cotl(-x) =1 -cotlx, Vx€ R
sec!(-x) =m-seclx, V [x| 2 1
cosec™!(-x) = - cosec’lx, V |x| = 1

tan~'x + tan’ly = tan‘l(x-i_yj , Voxy <1

cos 'x =sin"'\V1-x2

1-xy

sin”lx + sin’ly =sin_1(x\/§+yﬁ),
-1<x,y<1,x2+)*<1

cos™'x + cos’ly :cos_l(xy—mm),
-1<x,y<Lx+y=0

tan'x—tan”' y=tan”' XV | xy>-1
1+xy

sin"lx - sin"'y = sin’! {x\ll—yz —)’Vl—xz},

-1<x,y<landx?+)*<1

cos™'x - cos7ly = cos™! {xy+\/1—x2\/1—y2},

-1<x,y<landx<y.

_ _ 2
2tan”' x =sin 1(1+x2),V—1SxSI
X

2
2tan_1x=cos_1[1 * },VxZO
1-x J

2tan ' x = tan_l(

1 1
2sin™! x=sin"! (Zx,ll—x2 ) » V——=<x<—

2 2
2cos 'x =sin T (2xV1-x2)> ¥

2cos\x=cos'(2x>-1),V0<x<1

<x<1

1
3sin~lx = sin”!(3x - 4x%), ¥ =3 <x< B

3cos~Ix = cos!(4x® - 3x), Vl <x<1
2

3
3x—x

2 ] V—L<x<L
1-3x 3 3

3tan-lx = tan”" [
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2.2 Basic Concepts
(1 mark)

1.

10.

11.

_ 1 (1
Write the value of cos 1(—5J+ 2sin 1(;}

(Foreign 2014)

Write the principal value of tan™' {sin(—gﬂ.

(AI 2014C)
Find the value of the following :
s -
cot[;—Zcot 3 J (AI 2014C)
Write the principal value of
tan" (1) + cosl(—%j. (Delhi 2013)

Write the value of tan™* {2 sin[Zcos1 gﬂ

(AI2013)
Write the principal value of
{cos_1 ﬁ + cos_l(—lj:l. (Delhi 2013C)

2 2

Write the principal value of
[tan™ (—/3) + tan™ (1)]. (AI 2013C)
Write the principal value of
cos_l(éJ—Zsin_l(—%) (Delhi 2012)

Using principal values, write the value of

cos™! l +2sin”! l .
2 2
4 -1
Evaluate : sin E—sin —
3 2

(Delhi 2011, 2008)

(AI 2012C)

_ 1
Write the principal value of sin™" Y

(Delhi 2011C)

12.

14.

15.

16.

17.

18.

Using principal values, write the value of

S 3

sin | — |.

: (AI 2011C, Delhi 2010)

. Find the principal value of

sin”! [_—IJ + cosl(_—l]. (Delhi 2010)
2 2
Find the principal value of sec™'(-2).
(AI 2010)

Using the principal values, evaluate the
following : tan ' 1+sin™" (;j (Delhi 2009 C)

Find the principal value of tan™'(~1).
(Delhi 2008 C)

NG

Find the principal value of cos™ [7]

(AI 2008 C)

Find the value of the following.

_ _ 1 _ 1
tan"" (1)+cos 1(—5]+sin 1(—5} (AI 2007)

BTN (4 marks)
19. Prove that
cos”! 12 +cos”! 4 tan”! 5—6 (AI2013C)
13 5 33
20. Prove that:

21.

22.

-1 4 -1 12 -1 33
CoS — |+ cos — [|=COS —_—
5 13 65

(AI 2012, Delhi 2010C, 2009 C)
Prove that :
L(12) . (3) . (56
cos | — |+sin | = |=sin" | — |.
13 5 65
(AI 2012, Delhi 2010)
Prove that :

L[ 12 [ 4 1 63
sin — |+ cos — |+ tan — |=T.
13 5 16

(Foreign 2008)
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2.3 Properties of Inverse
Trigonometric Functions

(1 mark)

23, If sin(sin1 é+ cos™! x] =1, then find the value

of x. (Delhi 2014)

- - yi
24. If tan'x+tan”' y=—, xy < 1, then write the

value of x + y + xy. (AI 2014, Delhi 2012C)

25. Write the value of tan(Ztan_l 1
5
(Delhi 2013)
26. Write the principal value of

tan™" (x/g)—cot_l (—\/g)

(AI2013)

27. Evaluate sin‘(sin%“j (AI 2013C, Delhi 2009)

28. Find the principal value of

tan™! \/g —sec }(-2). (AI2012)

29. Find the value of tan_litan%). (Delhi 2011)

30. Write the principal value of cos_l(cos%}

(Delhi 2011, AI 2009)

31. Using principal values, evaluate the following.

1 21 o . 2w
CoS cos— |+ sin sSin—- |.
3 3

(AI 2011, 2009C, 2008)

_ 4T
32. Find the principal value of sin 1(sin?).
(AI 2010)
. -1 1 -1 T
33. If sin (—) + cos” (x) = —, then find x.
3 2 (Delhi 2010C)
. -1 -1 1 T
34, If sin™ (x)+ cos (E) = > then find x.

(Delhi 2010C)
35. Using principal value, find the value of

1 131
[0 ) COS— |.
6

(AI 2010C)

CBSE Chapterwise-Topicwise Mathematics

36. If tan™* (\/?_)) +cot™! (x) = g , then find x.

(AI 2010C)
37. Show that, sin™! (Zx,ll -x* ) =2sin""x.
(Foreign 2008)
38. Write into the simplest form:
\/1+sinx + \/1—sinx
n! (Delhi 2007)

\/l+sinx —\/l—sinx

m (4 marks)

39. Solve for x : 2 tan"}(cos x) = tan"*(2cosec x)
(Delhi 2016, 2014C, Foreign 2015, AI 2009)

40. Prove that:

(1 (1 4 1
tan | — [+tan | — |[+tan | —
3 5 7

(1 T

+ tan — [=—.

8 4

(Delhi 2016, 2008, 2008C, AI 2010, 2009C, 2008)

41. Solve the equation for x :

sin"'x + sin !(1-x) = cos 'x (AI 2016)
42. Ifcos X+ cos_1% =a, prove that
a
2 2
X 2% cosa+L =sin’a (AI2016)
a2 ab b2
43, Solve for x :
—1l X -2 1l X +2 T
tan | —— [+tan | —— [=—
x-1 x+1 4
(Foreign 2016)

44, Prove that:
4 \/1+sinx +\/1—sinx X T
=—,x€|0,—
\/l+sinx —\/l—sinx 2 4
(Foreign 2016, Delhi 2014, 2014C, 2011,AI 2009)

45, Ifsin [cot_1 (x+1)] =cos (tan_lx), then find x.
(Delhi 2015)

cot

2
46. If (tan ' x)? +(cot ' x)* = SL, then find x.
(Delhi 2015)

47. Prove the following:

xy+1 z+1 zx+1
cot_l( 24 ]+cot_l[y ]+c0t_1[ J=0,
xX—y y-z z—X

(AI 2015)

(0<xy, yz,zx < 1)
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

Solve for x :
tan™! (x + 1) +tan! (x - 1) = tan_I%.

(AI 2015, Foreign 2008)

_ 1 _ 1
If tan™!| —— |+tan™!
1+1-2 1+2-3

1 _
—  |=tan™'0,
1+n-(n+1)

(Foreign 2015)

+...+tan_1[

then find the value of 0.

Solve for x: tan"'(2x) + tan ' (3x) = —

(Delhi 2015C, 2013C, 2009, 2008, AI 2012C,

2009C)

! @ =sin”! i +cos ™! 2
16 13 5

(Delhi 2015C)

Prove that: tan

Prove that

2 tan”! 1 +tan™! 1 =sin~! St .
2 7 25\2
(AI 2015C)

Solve for x :
i I—-x
1+x

(AI 2015C, 2014C, 2010C, 2009, Delhi 2008C,
Foreign 2008)

_ 1 _
tan =—tan 1x, x> 0.

Prove that

2tan”! l +sec”! ﬂ +2tan™ l _T
5 7 8 4

(Delhi 2014)
Prove that :
\/m \/ﬁ n_ 1 1y
[\/ﬁ+ 1- x]

\/_Sx<1
(AI 2014, 2011, 2010C)

_ -2 _ +2
If tan”! a +tan! * =E;ﬁnd the
x—4 x+4 4
(AI 2014)

value of x.

_ 43
Solve for x : cos(tan"'x) = sin(cot IZ)

(Foreign 2014, AI 2013)

Prove that: cot™ ! 7 + cot ! 8 + cot 118 = cot™!3.
(Foreign 2014)

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

19
Prove that :
. Llx 33| g
cos  (x)+cos 5+T =§~ (AI 2014C)
Solve for x: tan"! x + 2cot ' x = 2_7'5
3
(AI 2014C, Delhi 2009 C)

3,8 .36
—+sin —=C0S —
5 17 85

(AI 2014C, Delhi 2012, 2010 C)

Prove that : sin™!

Find the value of the following :

1., 2 1=y
tan— | sin”! xz +cos! yz ,

2 1+x 1+y
|x| <1,y>0and xy <1 (Delhi 2013)
Prove that,

-1 1 -1 1 -1 1 T
tan — |+ tan — |+ tan —|=—

(Delhi 2013, 2012C, 2008C, AI 2011)

Show that:
tan lsin_1 3= 4_\/;. (AI2013)
2 4 3
Write the value of the following :
tan”[ @ |- tan[ 222 (Delhi 2013C)
b a+b
Prove that: sin™! 8 +sin™! 3. tan”! 7
17 36

(Delhi 2013C)
Solve for x :
sin™ (1-x)—2sin" x = g (AI 2013C)
Prove that

4 cosx T X T
tan” | ———— |=——=,x€| ——,—
(1+sinxj 4 2 ( 2 ZJ
(Delhi 2012)
Prove the following:
.3 3
cos| sin” =+ cot (AI2012)
( 5 2 } 513

Solve for x :

4 x-1 o x+1 T
tan + tan =—.
x—2 x+2 4

(Delhi 2012C, 2009C, 2008, AI 2010, 2008)
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71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

Prove that :

-1 3 -1 3 -1 8 T
tan — |+ tan — |—tan — |=—
4 5 19 4

(Delhi 2012C, AI 2009 C)

Find the value of

tan_l[fJ - tan_l( X7y ] (Delhi 2011)
y x+y

Prove that :

2tan”! l +tan”! l =tan™! 2 .
2 7 17

(AI 2011, Delhi 2009)

Prove that:
43 417
2tan' 2 —tan L =T (Delhi 2011C)
4 31
Solve for x:
2
tan”" 2x +cot™! 1-x =E, -lI<x<l1
1- x2 2x 3
(Delhi 2011C)
Prove that :
tan™" 1 +tan”! 2 = 1 tan~! 4 (AI2011C)
9 2 3

_ 1
Solve for x: cos(2sin”'x)==, x>0
(AI 2011C)
Prove that :

_ 1 o 1=-x
tan""Vx = = cos”!| —— ,x€(0,1)
2 1+x

(Delhi 2010)
Prove that : tan"l(l) +tan }(2) + tan"!(3) = 7.
(Delhi 2010)
Prove that :
. 4 1+x°
cos[tan {sm(cot x)}}z 5 (AI 2010)
2+x

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

CBSE Chapterwise-Topicwise Mathematics

2x 4l 3x - %
7= tan 2
1-3x

Prove that :

tan”x + tan_l(

1-x
(AI 2010)
Solve for x :
tan_lf + tan_lf =E; 0<x< \/g
2 3 4
(Delhi 2010 C)
Solve for x :

_ _ 1 8
tan 1(x-i—2)-+—tan 1(x—2) =tan" % ;x>0
(Delhi 2010 C)

1

1 41 n
Prove that : 2tan §+tan l;zz (AI 2010C)

Solve for x :
cos ' x+sin! (fj _r (AI 2010C)
2 6
Prove that :
. -1 4 . -1 5 .-l 16 T
sin"'| — |[+sin | — |+sin” | — |=—.
5 13 65 2
(Delhi 2009 C)
1 41 14
Prove that : 2tan lg + tan lg =tan"' —.
(Foreign 2008)
Solve for x :
1+x
tan™! =T tanlx,0<x<l1.
1—x 4
(Delhi 2008 C)
Write into the simplest form:
cot™ (,ll + x? —x). (Delhi 2007)

Prove that :

om 9 . _ 9  _
2T _Zin 1(3:1% 1(2£). (AI 2007)
3

8 4
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Detailed Solutions /

_ 1 (1
1. Given cos N —= |+ 2sin7!| =
2 2

_ 2 _ 2
=cos™! cos—n +2sin”! sinE =—n+2><E=TE
3 6 3 6
[ Rangeof cos 'is[0,7] & of sinVis[-1/2,7/2]]

_ i
2. Here, tan 1{sin - } = tan ' (-1)=-
2 4

This is the required principal value as it should lie in

)

3. cot (g—Zcot_l \/gj

= cot E—Zcot_1 c:otE = cot E—2.E
2 6 2 6

= cot T T =cotE=\/§
2 3 6

4. tan'(1) +cos™ (;j

-1 (L -1 21 n 2 1w
=tan | tan— |+cos | cos| — | |=—+—=—
4 3 4 3 12

5. tan™! {Zsin(%os_l ?ﬂ
= tan"'| 2sin 2.E =tan”! 2sinE
6 3

7. tan’' (—\/g) +tan " (1)

_ T _ T
=tan”!| —tan— |+ tan!| tan—
3 4

T

=cos™ cosE —2sin”!| sin _T =E+E=2—n
3 6 3 3 3

9. Principal value of

cos 1 +2sin”! 1 :E+2.E:2—n.
2 2) 3 6 3
10. sin{ﬂ—sm_1 —l }zsin E—sin_1 sin| -
3 2 3 6
(T . T
=sin| —+— |=sin—=1
(3 6) 2

11. Let sin_l(_—lj=6
2

Then, sinez_—lzsin _T , Where __ne T

2 6 6

NG

12. The principal value of sin”! (—7]

.o-1] . T Y =T —T T
=sin""| sin| —— | |=——,where —e | — =
s 5 |G T[]
-1 -1 -1 -1
13. sin — |+ cos —
2 2
T i -1 21 -T 2T T
=sin" | sin| —= | |+cos™ | cos| == | |=—+—=—
6 3 6 3 2

14. Letsec '(-2) = y. Then, sec y = 2.

T T 2T
secy:—2: —Sec ; =Ssec TE_E =S8ec ?

We know that the range of principal value branch of
secis [0,mt]— {E}and sec(z—nj =-2
2 3

21
Hence, principal value of sec™ (-2) = 3
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15. tan'(1) +sin”! (;j

=tan '(1) + sin"' | sin L B L L
6 4 6 12

Required principal value is T
12

16. Lettan !(-1)=x = -1=tanx

We know that the range of principal value branch
T T

of tan” is (——, —)
2 2

Then, _1=tan| -~ |, where _ "¢ _E,E
4 4 2 2

n
Hence, the principal value of tan"'(-1) is 1

17. Principal value of

cosf1£ —cos!| cos| T =E, where Ze [0, 7]
6 6 6

2

18. Here, tan'(1) + cos_l(—%j + sin_l(—%J

M (2]

19. Let x=cos™' 4 and y = cos™" 12
5 13

4 12
= cosx=—and cosy=—
5 13

Now, sinx =+1—cos” x and siny = \/1—c0s2 y

16 144
= sinx=,[1-— and siny=,/1-—
25 169

3

. . 5
= sinx=-— and siny=—
5 13

37

T n
—+ == =
4 6

We know that, cos(x + y) = cosx cosy — sinx siny
4 12 3_5
=—X———=X—
5 13 5 13

) CBSE Chapterwise-Topicwise Mathematics

48 15 33
= cos(x+y)=——-—=—
65 65 65
(33
= x+y=cos | —
65

-1 4 -1 12 -1 33
Cos — |+ cos — |=CO0S —
5 13 65

_1 | V1= x2
Now, cos” "x = tan
X

- (33)
33
cos™! (—j =tan”! ¢ =tan! (ﬁj
65 33 35
65

cos | = |+cos | — |=tan | —
5 13 35

20. Refer to answer 19.
(12 1 3
21. Let x=cos™'| —= |and y=sin"'| =
13 5

12 . 3
or cosx=— and siny==
13 5

Now, sinx =1-cos’ x and cosyz«ll—sinzy

= sinx= /1—& and cosy=‘{1—i
169 25
5 4

= sinx=— and cosy=—
13 5

We know that,

sin(x + y) = sin x cos y + cos x sin y
5 4 12 3 20 36 56

= XX =T 4=
13 5 13 5 65 65 65

= x+)/=sin_1 %
65
12 . -1 3 . -1 56
or, cos | — |[+sin | = |=sin | —
13 5 65
(12 i 4 —1f 63
22. Letsin'| = |=x,cos | = =y, tan ==z
13 5 16

. 12 4 63
Then, sinx =—, cosy=—, tanz = —
13 5 16

Therefore, cosx = i, siny = 2,
13

12 3
tanx =—and tany =~
5 4
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tanx + tan
We have, tan(x W y) = W

12+3
__5 4 __63
L1237 16
5 4

Hence, tan (x + y) = -tan z

ie, tan(x+y)=tan(-z)or tan(x + y) =tan (1 - 2)
Therefore,x + y=-zorx+y=m-z

Since, x, y and z are positive, x + y # -z
Hence,x+y+z=m

. o—1f 12 4 4 _1f 63
or, sin — |+ cos — |+ tan — |=T.
13 5 16

41 _
23. sin[sin 1E+COS lszl

or sin'=+cos ' x=sin"'1
5

. _1]. T . -1 T
— SIn —+—-—S8ln XxX=—
2
{" : _1 _1 _n}
. sSiIn  xX+CcoS XxX=—
2
P —11 | . . _11 1
= sin —=Ssln X = Xx=8Infsln — [=—
5 5) 5

24. Given: tan'x+tan”' y =g (xy<1)

_ + T
= tan”! xry =— = u=tanE=1
1—xy 4 1-xy 4

= xty=l-xy=>x+y+xy=1

25. Since 2tan”' x =tan_1(1 2 ], for |x| < 1
x

(1 _
So, 2tan l(gjztan !

[\

2

=tan"! =N =tan! i
4 12
5

25

—11 -1 5 5
tan| 2tan " — |=tan| tan — |=—
5 12 12

26. tan’! (\/5) —cot™! (—\/5)

23

=tan”! (V3 )+ cot"[V3] -7 =§—n:‘7"

Required principal value is I
2

27. We know that, sin_l(sin X)=x
37

Therefore, sin™* sin3—n =
5 5

But %e ‘:—g,g:l, which is the principal value of

sin”lx.

. - . 3m L. 27
So, sin” | sin— |=sin | sin| T — —
5 5
.l . [ 2% 21 2n | T Tw
=sin | sin| — ||=— and—¢€ | — —
5 5 5 2 2

. _1(, 3n) 21
S siIn— |=—
5 5

28. tan '3 -sec !(-2)=tan™" 3—sec1(sec2?n)

- - i
Principal value of tan 13 —sec”!(—2) = 3

- 3n )  3n
29. tan l(tanq)iz as the principal value

branch of tan™! 0 is L—E, EJ
2 2

So, tan_l(tan3—nJ =tan"! [tan(n - ED
4 4
=tan™ {—tan(ﬂﬂ
4
= tan_l(tan(—g)j [+ —tan® =tan(-0)]

T T T
=——€ -, —
4 ( 2 2)

T

Hence, tan™![ tan>F |=—T
4 4

- m|  7n
30. cos l(cos?j # o principal value branch

of cos™ 0 is [0, 7]
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_ 1
So, cos™! cos7—TE =cos™!| cos| m+Z = sin'x=l=x=sinT=x=-
6 6 6 6 2
- 13 13
:cosl(—COSE)ZCOSl[cos(n—ﬁnzs—n 35. cos 1(cos?n}t?n as the range of principal
6 6 6

5 value branch of cos™ 0 is [0, 7]
where — €[0,7] . 1371 . P
6 So, cos” (COS?J=COS_ COS(ZTC-}-E)

5m

Hence, cos™ cos7—n =
’ 6 6 =cos™" cosE =T
6 6
o . -1 131 T
31. We know that the range of principal value <. cos COS? =g

>

branch of cos™* 0 is [0, 7] and sin”' 0 is [—E E}
22

_ _ T
36. tan 1(\/§)+cot 1(X)=E
1 21 . . 2T
Then, cos™ | cos— |+sin™ | sin— o 3 T 4 T
3 3 = —+cot x=—=cot x=—
5 2 6
| T
_?+sm [sm(n—;D = x=cotF=x=13
6
21 -1 . T 2m m . 71( 2)
=4 Z|l=—+—-—=1 . LHS. = sin [2x4/1—x
3 sin (sm3j 3 73 37. LH.S A

Putting x = sin 0, we get

32. We know that, sin”!(sinx) = x
a1 . e 2
o . 4m) 4nm L.H.S. =sin (251n9\/1 sin 9)
Therefore, sin”!| sin— |= —
5 5 =sin"! (2sin O cos 0)

=sin™! (sin 20) = 20 = 2 sin"'x = R.H.S.

But 4_71:@[_—75,2}, which is the principal value
5 2 2 L 4 \/1+sinx+\/1—sinx
branch of sin"'x 38. Let y=tan ; ;
: \/1+51nx —\/l—smx
So, sin An =sin n—n —sinnandne[—n n} [ 1
’ 5 5 5 5 272 sin’ f-i—cos2 X sin’ £+cosz X
4 2 2+ 2 2
-1 . | T
Therefore, sin (sm?j—g. +2sin>cos> |/ —2sin’ cos ™
- y=tan_1 2 2 2
(1 _ i .2 X b .2 X X
33. sin 1(§j+cos 1(x)zE s1n25+c0s25_ sm25+c0525
41 o _ 1 - X cosE N —2sinZ cos™
N sm1§:E—coslx:>sm1§:sin1x I +251n2cos2 251n2cos2
2 2
. . B X X . X X
oo L 7 4 @ g7 = sin—+cos— | +,/| sin——cos—
2 -1 2 2 2 2
= y=tan
2 2
1 . X X . X X
= x== sin—+cos— | —,[| sin——cos—
3 2 2) ( 2 2)
34. sin1x+c051(l):E sinZ + cos > + sin> — cos >
o e e e e
. T W .. T T sin— 4+ cos— —sin—+ cos—
= sin x+g—E:>s1n x—E—g L 2 2 2 2
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= y=tan

X
2sin—
-1

2cosf
2

= y:tan_l[tang:l = y:g

39. 2tan! (cosx) = tan"' (2cosecx)

= 2tan! (cosx) - tan"! (2cosecx) = 0

_ 2cosx _
= tan'| —/—" |—tan"'(2cosec x) =0
1—cos”™ x
_1[ 2cosx ]
= tan —— |~tan (2cosec x)=0
sin” x
2cosx 2
.2 :
_ in
= tan”’ sin”x _SInX =0
2cosx 2
1+ > -
sin” x s x
4 2cosx sinx — 2sin® x
= tan 3 =
sin” x + 4cosx

. .2
2cosx sinx —2sin” x

sin’

X+ 4cosx

= 2 cosxsinx=2sin’x = tanx=1

_ _ i
= x=tan'(1)=tan"!| tan= |==
4 4

40. L.H.S. :(tan_l l+tan_1 l) +(tan_l l+tan_1 lj
3 5 7 8

1 1
7+7
=tan 35 +tan!
1 1
1-—X—
5
8 15
=tan " 15 +tan” 6
! 55
15 56
4.3
=tan"! 7 11 =tan
4 3
1_7 i
L 7 11
=tan"'1 =R.H.S.

T

25

41. sin"'x + sin”}(1 - x) = cos 'x
_ i _ _
= sin 1x+5—cos '"1-x)=cos'x (V-1<x <1)

-1

. T _
= sin 1x+5—cos x =cos }(1-x)

-1 .1 -1
= sin” x+sin" x =cos (1—x)

= 2sin"'x= cos }(1-x) = cos(2sin'x) = (1 - x)
= 1-2sin’(sin'x) = (1 - x) =2sin’ (sin'x) = x
= 2x2:x:>2x2—x:0:>x(2x—1):0

= x=00r2x-1=0= x=0o0rx=1/2

x _
42. We have, cos 1— +cos &=

=>cos_1 " ’ _bT =0
xy x* )’
:>a—b 1’1—a—2,/1—b2 = cosQ .. (1)

Squaring on both sides, we get

x2y2+ l_ﬁ 2 ny
a*b? a’

= cos’al
2.2 2 2.2 2 2
SN0 SR A S A ) [N S
a’b? V2 a* a*?  ab a* v
=1 -sina
2 2 2 2
2
:x Y X 1_x_ 1_)’_ =sin’a
a> b ab|ab a’ b’
2 2
2x
= X Y osa+ L=sin*a [From (1)]
az ab b2
_ -2 _ +2 b
43. tan1 X +tan1 X =—
x+1 4
x+2
x+1 _T
x+2 4
x+1
x+1 x+2)(x—1 b
= tan ( )( ) -
x —1 ( 2—22) 4
4l x 2 x-2x—2+4x—x+2x-2 b
= tan 3 2 =
x"—-1—-x"+4 4
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2x% -4 n 2x*—4
= =tan| — | = =1
3 4 3

= 2%°-4=3 = 2’=3+4

= x2=Z :xzi\/Z
2 2

44. L.H.S.
_ cotl( x/1+sinx + x/l—sinx

\/1+sinx —\/l—sinx

><\/1+sinx +\/1—sinxJ

\/1+sinx +\/1—sinx

1| (T+sinx)+(1—sinx) +241—sin’ x }

(1+sinx)—(1-sinx)

(2(1+cosx)] _1(1+cosx)

=cot™ cot

2sinx sinx
( 2cos?(x/2) ]

2sin(x / 2)cos(x /2)

=cot™ cotf =X R.H.S.
2 2
Hence, L.H.S. = R.H.S.

(x +1)] = cos (tan"'x) ... (1)
=Aandtan'x=B
1

Jx+1%+1
1

45, We have, sin[cot ™!
Letcot™! (x + 1)

= x+1l=cotA = sinA=

Also, x = tan B cosB=
x* +1
Now, sin A = cos B [From (1)]
1 1

= = x+1)+1=x+1
\/x +1

\/(x+1)2+1

1
= 1+2x=0= XZ—E

512

46. (tan™'x)*+(cot™' x)* = re [Given]

2
_ i _
= (tan"'x)? +(E—tan lx] =—

Putting tan™'x = 0, we get

2
92 __e 57[
2 8

) CBSE Chapterwise-Topicwise Mathematics

2 2
S LI S L
4 8

2 2
262—n6+[%—5i 0

U

= |7
262 —n@—%nz =0

160° -810 - 31” = 0

40(40 -37) + (40 - 31) =0
(46 + ) (40 -3m) =0
Either 40 =3mor 40 = -1t

3
= 0="" or 0=-2
4 4

L O R

Hence, tan_1x=3—Tc or —g
= x=-1
47. LH.S.

_ 1
+ cot 'x=tan'=
X

= (tan"'x - tan"'y) + (tan”'y - tan"'2)
+ (tan”'z - tan"lx)
=0=R.H.S.

48. We have, tan”'(x +1)+tan ' (x —1) = tan_lg

_1[ (x+1+x-1) ] 4 8
= tan — |=tan —
1-(x+1D)(x-1) 31

for(x+1)(x-1)<1
2x 8 2x 8
I-(x*-1 31 2-x* 31

-
3lx=8-4x> = 4 +31x-8=0
(4x-1)(x+8)=0

4x-1=0or x+8=0

uusuy

1
X=— or x=-8
4

But x = -8 does not satisfy the equation.

1
Hence, x = " is the only solution.
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_ 1 _ 1
49, tan'| —— |+tan’! +
1+1-2 1+2-3

_ 1 _
wt+tan | —— |=tan"'0
1+n-(n+1)

af 2= 1 -2
= tan +tan
1+1-2 1+2-3

+...+tan”! w =tan' 0
1+n(n+1)

= tan'2-tan 'l + tan '3 -tan"' 2 +
+..+tan (n+1)-tan '(n) = tan™'0
= tan' (n+1)-tan”' 1=tan"'0
n+1)—1
n! —( ) =tan'0
1+ (n+1(1)

n

=0

=tan'0 = =
n+2

—1 n
= tan
(n +2
-1 -1 T
50. Wehave, tan™ 2x + tan~ ' 3x = "

4 2x+3x T
= tan PRy =Z(for2x-3x<1)
—2xX3x

-1 5x T
= tan 5=
1-6x 4

b
=tan—=1
1-6x° 4

= 6XX+5x-1=0= (6x-1)(x+1)=0

Therefore,

which gives x = 1 or x= -1
6

Since x = -1 does not satisty the equation as the
L.H.S. of the equation becomes negative.

Lx= 1 s the only solution of the given equation.

. .15 13
51. Consider R.H.S. =sin 1E+Cos 15

= tan71 15+48 = tan_l ﬁ =L.H.S.
36—20 16
a1 a1
52. LHS. =2tan | — |+ tan | —
2 7

27
(1 (1 (1
=tan — |+ tan — |+ tan —
2 2 7
1 1
—tan"!| 2—2 |+ tan’!| =
11 7
1-—.—
22
(4 (1
=tan | — |+tan | —
3 7
4 1
377 28+3 31
=tan™ 3 7 =tan!| === |=tan | =
41 21-4 17
3’7
_ 1
Now, tan™" 51 =0 (say) (1)
17
1
= tane=3—
7
sinf = ! = 1
cosecB \/1+c0t26
_ 1 3131 31
17V \/312+172 V1250 2542
1+ —=
31
L 31
= 0O=sin" | ——= (2
[25& @
. -1 31
From (1) & (2), L.H.S =sin" | ——= |=R.H.S.
2542
53. We have,
41— 1 _
tan™| ——% |= Ztan 'y, (x>0)
1+x 2

_ _ 1 _
= tan'l-tan 1xzztan 'x

3 _ T
= Ztan'x=tanl'1==
2 4

:t,l_nz_n .oom 1
an x=—X—=— = x=tan—=—+
43 6 6 3

1

= x=—

V3

54. LH.S.

=2tan_1(é)+sec_l(¥]+2tan_l[éj
= z{tan_l(éj+tan_l(%ﬂ+sec_l(¥]



28

7+7
_ 1l 52
=2tan ! 51 81 +sec 1( f]
- x- 7
5 8
13
=2tan”! 40 +sec! ﬁ
39 7
40

=2tan”! l +sec! u
3 7
, 2
=2tan”! %j#&m“1 (;\/E) -1

1 (1
=2tan!| = |+tan”!| =
3 7

2
=tan"!| =3 |+tan! L. tan™! 3 +tan”! 1
1 7 4 7
1-=
9
3 1
=tan!| -4 3 71 =tan '(1)===RH.S.
1-2x= 4
4 7

55. Putting x = cos 0, we get

x/1+cos9—x/1—cose}
\/1+cose +\/1—cose

LHS.=tan™" {

1 \/2cosz(6/2) —\/2811’12(9/2)
J2c0s2(8/2) ++/2sin?(0/2)

I {cos(@ /2)—sin(6/2)}
cos(0/2)+sin(0/2)

_1|1-tan(6/2)
=tan {——m— =
1+tan(6/2)
[Dividing numerator and denominator by cos(6/2)]
=tan’ {tan(ﬂ—gj} = L
4 2 4 2

= E—lcosflx =R.H.S.
4 2

=tan

56. Refer to answer 43.

_ 43
57. We have cos(tan 'x) =sin(cot IZJ

Lettan 'x =0 = tan0 = x

| CBSE Chapterwise-Topicwise Mathematics

= cosO=

2

=0=cos™’ !
1+x \/1+x2
Also, let cot™ Z: B = cotp =Z

4 _
= sinB=§:>B=sin !

[S NN

_ 43
So, cos (tan"'x) = sin(cot IZJ

S (4
— COS | cOoS =Sin| sin g

1 4
= =— =16+16x*=25 = x =+ 3/4.
\/1+x2

Hence values of x are 3/4, -3/4

58. L.HS.=cot'7+cot™' 8+cot™' 18

41 1 41
=tan 1—-i—tan 1—+tan -
7 8 18

7+7
=tan" ] 8 litan'—
1-—x—
7 8
=tan' =+tan' —
3.1
[ 65 41
=tan’ 1118 =t 1(—)=tan -
3.1 195 3
11 18
=cot ' 3=RH.S.
Hence proved.

3-3x2

59. L.H.S=cos'x+cos™ £+
2 2

_ 41
=cos ' x+cos 1{E-x+§-\/1—x2}
2
_ 401
=cos ' x+cos™! 5-x+ 1—(1) -\ll—x2
2

! 11 -1
=cos ' x+cos S cosx.

1

=cCos = R.H.S.

N | —
w3



Inverse Trigonometric Functions

_ _ 21
60. tan~'x +2cot lx:?

T _ _ 271
= Z—cot'x+2cottx="2
2 3

a1 _2n W ., 4m-3m
= cot x—?‘zjcot X =

_ b T
= cot lng:xzcotg:xzx/g

61. L.HS. =sin_12 + sin_li
5 17
2 2
=sin~" 3 1- 8 +i 1- 3
5 17 17 5
(3 15 8 4
=sin | = X—+—X—
5 17 17 5
[ 45 32J [77)
=sin —+— =

77
=cos ,[1-| —

/7225 5929
7225
296 136

——=cos —=R.H.S.

7225 85

1= 12
62. tanl sin”! 2 > |+ cos™! yz
2 I1+x I+y

1 _ P -1 -1
=tan=[2tan ' x +2tan "' y] = tan(tan”x+tan"y)

1-xy 1-xy

+ +
=tan{tan_l(x )’)}: : y>)/>08(x)/<1

63. LHS. =tan" l +tan ! l +tan!
2 5 8

1

1.1
=tan"'| 22

)

=tan 1=—=R.H.S.
4

64. Put sin 13—9 :>s1n6—z

2
7
= cosH 1—(ZJ f

4

3
Now, tan —sm 12| = tan 9
2 4 2

-1
= tan

b(a+b)+a(a—b)

29

|

[
[N}

+

S
N}

— tan— —tan- iy T
= tan D } = tan (1)—2

66. Refer to answer 61.

_ _ i
67. We have, sin”' (1-x)—2sin 1x:E

_ T _
= sinl(l—x)=z+25in 'x
T _
= 1-x=sin E+Zsin 'x
= 1 -x=cos(2sin'x) = cos 26,
where 0 =sin”"'x = x=sin 0
l-x=1-25sin’0 = 1 -x=1-2x
1
= x=2x2:>x(2x—1)=0 = x=0,5
1
For x=—,
2

_ 1 11
LHS. of (1) = sin”'| 1-= |-2sin”" =
2 2

= — — # —

.l
= —sin -
2 6 2
1

x == is not a solution of (1).
Hence, x = 0 is the only solution of (1).

(1)
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68. LHS.= tan‘l(ﬂ]
1+sinx

. T
sin| ——x
-1 Jz_l
=tan
T
14+cos| ——x
2

[\S]
2.
=)
N\
N ]
|
N R
N—
[a)

=tan

69. Let sin™’ 3 0 and cot™! 3_ O
5 2

= sin0 =3 and cotp=— >

5 2

= tanO= 3 and tan¢ = 2

4 3

- 12
0 = tan 1iandq)ztan -
4 3

. 13 _
Thus, sin 1g-kcot 1=

2
3
i+7
= tan_l[g) + tan_l[z) =tan”! %
4 3 1-3%2
4 3

=tan (%J =a (say)
6

17
= tan0l=— = cosOl = =
6 J62 +172

13 13
Now, L.H.S. = cos[sin IE + cot IEJ

=cosa =——=R.H.S.

5J_

70. Refer to answer 43.

1

71. LH.S. =tan™ 3 +tan™! 3. tan~ 8
4 19

3.3
=tan"" B —tan' =
3
1-—Xx—
L 5
o 15+12 8
=tan —tan —
20-9
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8

1 2 _ _
=tan1 —7 —tanliztan1 1119
11 19

ag-1[ 51388
=1tan _—
209 +216

=tan! 425 =tan"'1 ———RHS
425 4

72. Refer to answer 65.
73. Refer to answer 52.

3 (17
74. LHS_Ztan — |—tan | —
=tan" +tan'| = |- tan™! z
31

3.

4 4

3
4 |- tan™! z
) 31

33
44

=tan
1_

=tan | ———
7X31+24X%17

1| 744-119 _1f 625
=tan —— |=tan —_—
217 + 408 625

=tan'(1) = g =RH.S.

[ 24x31-17x 7J

_ 2x _
75. We have, tan ! 5 |+ tan !
1-x 1

24 17

24 1 731
=tan!| = |- tan™" —7 =tan"! 7 31
7 31 1+% 17

31

7 31

2x _T
—x? 3

[ cot ' x =tan™

4 2x T 2x
= tan =g = =tan — =

1-x° 1-x*

= 2x/§x=1—x2 = x2+2\/§x—1

2B s

=2—\/§ (Reject—\/g—Z as—l<x<l).

X =

T

1
6 3

=0
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a1 a2 1, 4
76. Toprove: tan —+tan —=—tan —
4 9 2 3
a1 12 04
= 2/tan'—+tan' = |=tan”! =
4 9 3

Now L.H.S. =2 tan’li +tan”! %)

1 2
) 1 1
=2tan"" 41 92 =2tan'==tan' = + tan"' =
I-—Xx— 2 2
9
1
=tan’ 21 21 =tan '— =RH.S.
1-=x —
2 2
77. 'The given equation is
_ 1
cos(2sin 1x)z; (x >0) (1)

Putsin !x=0 = x=sin 0

Eq.(1) = c0526=é:> 1-2 sin29=$

1
= 2sin*f=1--=2
9 9
4 2
= x2=§:>x=— (v x>0)

78. Putting x = tan’0, we get
2
RH.S. = lCOS_1 l—x = l(;()S_l m
2 I+x) 2 1+tan’0
1 1
==-cos (cos20)==x20=0
2 2

=tan”! \/; =L.H.S.
[- x=tan’0=> tanf = \/; =0=tan"’ \/;]

. 1 ,4(1-
tan 1\/;=5cos 1(_x]

1+x
79. Refer to answer 63.
80. L.H.S. = cos[tan_l{sin(cot_1 x)H

Let cot'x=0=x=cot® = x*>=cot’0
= cosec’?0-1=x* = cosec?O=1+x

,l1+x2

1+x*=sin0=

= cosecO=

31
_ 1
Now, L.H.S. =cos| tan™*
1+ x°
_ 1
Let tan™' =0
1+ x%
= =tan 0= P =tan2¢
1+ x2 X
= sec’p—1= =sec?do=1+
1+x 1+x
, o 1+x*+1 , o 1+x°
= sec’ (= S—=cos” ¢ = 5
+x 2+ x
1+ x*
LH.S. =cos ¢ = > =RHS.
2+x
-1 -1 2x
81. L.H.S.= tan "x + tan >
1-x
2x
X + 2
— tan”! l1-x - x(1—x?) +2x
x(2x) (1-x%)—2x2
1-x2
) x—x° +2x . 3x —x°
=tan > > |=tan =R.H.S.
1-x" -2x 1-3x

_ _ T
82. tan'X ttan'i="
3 4

6— x* 4
4 5x T 5x T
— tan — —Z:> - z—tanz
6—x 6—x
5x 2
= p =1 = x"+5x-6=0
- X

= (x+6)(x-1)=0 = x=-6,x=1
But x = - 6 does not satisfy the equation.
x = 1 is the only solution.
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83. Refer to answer 48.
84. Refer to answer 52.
_ _ T
85. We have cos™ x +sin 1(£)=—
2 6
-1 T . _1(9{)
= cos x=—-sin" | —
6 2
X cos(n sin_lxj
= = - -
6 2
T . -1 1
= COSECOS(sm )+sm—sm(sm —)
3 2 1 x
= X=-——cCo0s SO AT Fipas
5 [cos 1 4] )
\/5 2 x x \/—
= x=-—[1-—+ x——=2 12
2 4 4 4 2 4
Lo B e 3
4 2 4 16 al! 4
3x? x? 3x2 K2 4x*
S N e gy |
4 4 4 4 4
= =1 x=+1
1 1 116
86. L.H.S. =sin + sin +sin” —
65
2 2
4
=sin”!| =, [1- i i 1- é +sin ' —
5 13 13 5

(4 12 5 3) . 16
=sin | =X —+—X—|+sin —
65

5 13 13 5
(48 15) . 16
=sin | —+— |+sin —
65 65 65

. 63] 416
=Ssin — |+ Ssin  —

65 65

2
=cos!| ,[1- Q +sin™! E
65 65

l:'.'sin_1x=cos_1 l—xZ,VOSxS1:|

CBSE Chapterwise-Topicwise Mathematics

16 16w

— +sin =—=RH.S.
65 65 2

= CoS

87. Refer to answer 52.

1+x
88. tan_l{ J = g +tan ' x

1-x
-1 a1, T -1
— tan (1) + tan x—z+tan x
T -1 T -1
- —+tan x=—+tan x
4 4
x € (0,1).

89. Let y=cot_l(w[1+x2 —x)

Letx=cot0 = 0=cot ' x

sy=cot’! (,/l +cot’ 0 —cote)

- _ 1 cosB
= cot™! (cosec O - cot 0) = cot™ _—
sin® sinB

0

2sin®—

2

_if 1—cosB -1
= cot —F— | = cot
sin®

0
2sin—.cos—
2 2

n 0 -1
=—-— ==——cot x

2 2 2
90. L.H.S :—n—%si ‘1(_j

9 . 4 ’ rcos tx=sin V1-x2
= Zsm 1-

for0<x<1

- %sin_l (ﬁj —RH.S.

“«O»



