21. METHODS OF
DIFFERENTIATION
AND APPLICATIONS
OF DERIVATIVES

1. INTRODUCTION

The rate of change of one dependent quantity with respect to another dependent quantity has great importance.
E.g. the rate of change of displacement of a particle with respect to time is called its velocity and the rate of change
of velocity is called its acceleration. The rate of change of a quantity 'y’ with respect to another quantity 'x’ is known
as the derivative or differentiable coefficient of 'y’ with respect to ‘x!

According to the first principle of calculus, if y = f(x) is the derivative function, then the derivative of f(x) with respect
to x is given by:

Fx) = dy _ lim f(x+h)-f(x)
dx  h-0 h

Note: y’, y,, Dy can also be used to denote the derivative of y with respect to x. Differentiation is the process of

finding the derivative of a function. = sinf > 0; cosa <0

2. DERIVATIVES OF SOME STANDARD FUNCTIONS

Different types of differentiation formulae

d — i ny — n-1
(a) " (constant) = 0 f) ™ (x") = nx
d Xy — QX i X) = X
(b) &(e) =e (9) ™~ (@) = a*log,a
@ < (ogx =~ ) < (ogy) = —
X X dx xlog, a
(d) i (sin x) = cos X (i) i (cos x) = —sin x
dx dx

(e) d (tan x) = sec’x ) d (cot x) = — cosecx
dx dx
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(k) i (sec x) = sec x tan x
dx

(U) i(sin‘lx)z ,—1l<x<1
dx 12

m Lan= 1 xer
dx 1+%°
d _

(n) —(secx) = [x|>1

1
dX |X| IX2_1

(o) i (sinh x) = coshx
dx
d

(p) — (tanh x) = sech?x
dx

(q) di (sechx) = — sechx tanhx
X

(r) i(sinh‘lx) = ! ,VxeR
dx 1+%°

(s) i(tanh‘lx) = L S x+1
dx 1-—x?

(t) i (sech™x) = —

1
dx | x| V1-x2

Jx] <1

(2) di (cosec x) = — cosec x cot x
X

(aa) d (cos™x) = — 1 ~1l<x<1
dx 1—x2

@) L (coti)=-—1_ vxeR
dx 1+x°
d ] _

(ac) —(cosecx) = ———| x| >1

1
dX |X| 'X2_1

(ad) d (coshx) = sinhx
dx

(ae) d (cothx) = —cosech?x
dx

(af) di (cosechx) = —cosechx cothx

X
(ag) i (cosh™x) = 1 Jx|>1
dx W21
d :
(ah) — (coth™x) = XzEE1
dx x2 -1

(ai) i (cosech™x) =

-1
dx [x|Vx? +1

VxeR

(u) di (e¥ sin bx) = e* (a sin bx + b cos bx) = Va’ +b? e¥sin (bx + tan! b/a)
X

(v) di (e cos bx) = e* (a cos bx — b sin bx) = va? +b? e¥cos (bx + tan b/a)
X

dyo X
W) JIxl= g 620

. d 1
(@) —log|x|==,(x#0)
dx X

(x) di [x] =0, V x € -I (where [ .] denotes greatest integer function)
X

d

(y) d—{x} =1,V x € R (where {. } denotes fractional part function)
X

PLANCESS CONCEPTS

If the function is continuous, you do not have to apply the first principle method to check differentiability.
You can go directly for dy/dx and check whether dy/dx exists on both the left and right sides and are
equal. If dy/dx does not exist for either one side or both the sides or if both the derivatives exist, but are

not equal or finite, then the function is not differentiable.

E.g. Let y = sin(x) be a continuous function. Check differentiability at x = ©/2.0n checking for dy/dx =
cos(x) on both the right and left sides, it is found to be equal and finite. Hence, y = sin(x) is differentiable

at x = n/2.
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PLANCESS CONCEPTS

Misconception:

(i) In dy/dx, dy or dx does not exist individually.

(ii) d_y:i only if both &y and d_x exist.
dx dx dx dy

dy
Rohit Kumar (JEE 2012, AIR 79)

3. PRODUCT RULE

@ ey &,y du RN (O N - 0
(a) &(uv)— UtV (b) Ix (uvw) = uv +uw +tv

X X dx

4. DIVISION RULE

du dv
Yiax ) " ldx
i [E] = —~~<——~ 2 wherev # 0 (known as the quotient rule)

dx (v V2

5. CHAIN RULE

dy _dy dt

d _ , 1
o gt =Fgba) . gegor = —-.—

Note: (a) d (f(x) = g(x)) = d (f(x)) = d (g(x)), on condition that both f'(x) and g'(x)exist
dx dx dx

(b) a4 (k f(x) = 4 (f(x)), where k is any constant
dx dx

4 2
Hlustration 11y = XX L. dY _ ) 1 o findpand q. (JEE MAIN)
X2 +x+1  dx

Sol: Differentiate and compare.

2 2
2,132 2 (x +1+x)x+1—x
y:(X +1)° —x :( )2 ( )=Xz+1_xz>j_y=2)<_1:>p=2andq=—1

X2 +x+1 X°+x+1 X

_ (< +1)+ X)X +1-%)

X2 +x+1

3 X
X erz , then findj—y. (JEE MAIN)
e X

Illustration 2: If y =

Sol: Differentiate

e (3x2 +24In2) — (3 +2%)e* _ (3x% +2%In2) - (x° +2¥)
e2x B ex

y':
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-1 -1
Illustration 3: If y = M, fmd(dyj .
tan ™ x +cot ™ x dx )4

Sol: Differentiate and put x = 1.

y= E(‘Ean_lx —cot’lx) ...... [tan1+ cotix= EJ
T 2

= d—y= 2 + 2 = 4 = [d_yj = 4 = g
dx al+x*) nl+x’)  wl+x?) dx ), 2xn =«

Illustration 4: Differentiate the following functions with respect to x:

(i) V3x+2 +; (i) eseczx + 3cos™x (iii) log,(log x)

2%° +4

Sol: (i) Lety= +3x+2 +; = (3x + 2)V2 + (2x% + 412
22 +4
1 -1
-1 ——1
dy 1(3x+2)2 9 3x+2)+ L @ +42 L2+ a
X 2 dx 2 dx

1 3
=%(3x+2)72 3) - (j(Zx +4)2 3 X

2\/3x +2 (2x2 + 4)3/2

sec2 X

(i) Lety = e + 3 cos7ix

y - eseczx . i(seczx) + 3| = 1 = eSeczx 25ecxi(secx)
dx dx

dx 1 -2

Q.

J

1

1-x°

2 2
= 2 sec x (sec x tan x) e**¢ X+ 3[— J =2 sec? x tan x e**¢ *— [

log(logx)

(using change of base formula)
log7

(i) Let y = log,(log x) =

1 d 1
.—(logx) = ————
logx  dx xlog7logx

dy 1 1
2 - = = (log(lo ==
ax  log7 (09( 0gx)) = log7

Illustration 5: Find :_y ify =3 tan x + 5 log x + Jx-3er + E
X X

Sol: Chain rule.

We havey = 3 tanx + 5 log x + Jx-3e + 1
X

Thus,j—y = di(Btanx+5log x+/x -3¢ +lj
X

= %(3 tan x) + %(5 log, x) + %(\/;)— %(3@) + %(lj = 356C2X+§(Iogea)'1+ %x

X

(JEE MAIN)

(JEE MAIN)

(JEE MAIN)

1
2-3e*-x2
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Illustration 6: Let f, g and h be differentiable functions. If f(0) = 1, g(0) = 2, h(0) = 3 and the derivative pairwise
products at x = 0 are (fg)' (0) = 6, (gh)'(0) =4 and (hf)' (0) = 5, then compute the value of (fgh)' (0).
(JEE ADVANCED)

Sol: Product rule

(fgh)' = f'gh + thg’ + fgb (i)
(fg) (0) =6 = (fg’ + gf') (0) = 6

(gh) (0) =4 = (gh" + hg) (0) = 4

(hf) (0) = 5= (hf' + fh") (0) = 5

(fgh)’ %(Zf’gh + 2fg'h + 2fgh’) = %(f’gh + figh + fg'h + fg'h + fgh' + fgh')

%[h(f'g +1g) + g(Fh + ) + fig'h + gh?)] = %[h(fg)’ + g(fh)’ + f(gh)]

= (fgh)' (0) = %[(3)(6) +(2)5) + (HD]= %[18 +10+4] =16

6. TRIGONOMETRIC TRANSFORMATIONS

In case of inverse trigonometric functions, it becomes very easy to differentiate a function by using trigonometric
transformations.Given below are some important results on trigonometric and inverse trigonometric functions.

(@) sin2x =2sinxcosx = _2tanx_
1+tan® x
a2
(b) cos2x=2cos?x-1=1-2sin’x = cos?x—sin’>x = “izx
1+tan®x
2tanx . . .
() tan2x= ——— (n) sin 3x = 3 sin x—4 sin3x
1-tan®x

o3

(d) cos 3x = 4 cos®x — 3 cos X (o) tan3x = M
1-3tan?x
(e) sintx + costx=tan?x + cot?x =sec!x + cosec’x = I
(f) sin?(—x) = —sin'x (p) cos?(—x) = m—costx
(d) tan?(-x) = —tan'x (q) cosec? (—x) = — cosec™ x
(h) cot? (—x) = m—cot! x (r) sec!(—x) =m—seclx
(i) sintxzxsinty= sin*l(x\/1 -yt y\/l -x%) (s) costx+ costy=cost(XYF V1-x*y1-y?)
Xty
(j) tanix ttanly =tan? H (t) 2sin'x =sin™ (2xxll—x2 ) (Be aware of ranges for x’)
o X 1[ 2x J 1( 2x J 1-x2
-1 = - - B = B S| = in~- - 5| = -1
(k) 2cos?tx =cost(2x?-1) (u) 2tanx =tan 1_2 sin 1422 cos 142
- 1-x

(1) i tanx = tan?| 7 (v) 3sinx = sin™ (3x — 4x°)

3x—x°
(m) 3 cosx = cos™ (4x3 — 3x) (w) 3tanx = tan™ —1 32
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V1+x° +1j d

X , find o (JEE MAIN)

Illustration 7: If y = cot’{

Sol: Substitute a suitable trigonometric function in place of x and simplify.

Putting x = tan 6, we have

secO+1 1+cos6 0
y= cot™ “tano | = cot™? “sine = cot?(cot 0/2) = > == tanx

dy 1 1

X E'1+x2
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PLANCESS CONCEPTS
To differentiate a complex function, put x in some trigonometric form so that the function can be easily
differentiated and then put back x in the form of an inverse trigonometric function.
E.g. Find the derivatives of sec [1/(2x? — 1)] with respect to V1 -x% atx =1/2.

Sol. Putting x = cos6, we get

1
— 1l _ -1 = = —y2 — i

u = sec 2c0520-1 " sec(sec20) = 20 andy = V1—x sin®

SouUu = ZSin‘ly 2%2 2 = L ThUS,E =4

dy J1-y? e dyl,1/2
Ravi Vooda (JEE 2009, AIR 71)
a—X ) dy
Illustration 8: If y = /(a—x)(x—b) —(a—b) tan*! Y—b | find O (JEE ADVANCED)

X

Sol: Use Substitution to simplify the given expression and then differentiate.

Let x = a cos?0 + b sin%0

S.a—X=a-—acos?0-bsin?0 = (a— b) sin%0 (D)
Xx—b =acos?0 + bsin?0-b = (a—b) cos?0 (1))
-y = (a—Db) sind cosb — (a — b) tan™* (tano)
y= @D G _a-bye
)
Then, d_y = do = (a—b)cosZQ—(a—b) = 1__C0529 = tan 6= a-x [From (i) and (ii)]
dx (dxj (b —a)sin20 sin20 x—b
do

7. LOGARITHMIC DIFFERENTIATION

If differentiation of an expression is done after taking log on both the sides, then it is known as logarithmic
differentiation. This method is used when a given expression is in one of the following forms:

(@) (f0))9®
Lety = (f(x))9®
Taking logarithm of both the sides, we get log y = g(x) log f(x)

Differentiating with respect to x, we get

1dy _ 1o ' dy _ (90, .
J dx g(x) . 0 f'(x) + log f(x).g'x) = Ix y{f(x) f'(x) +logf(x).g (X)J

= Lo (%f'(x) + Iogf(x)g'(x)]
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Short method: The derivative of [f(x)]9¥can be directly written as:
d ) a0 [ d
—(f())% = f(x)7* | —{g(x)logf(x)}
dx dx

(b) Product of three or more functions

_ - f'00 . g'(x) , h'(x)
Ify = f(x).g(x).h(x), then y f(x).g(x).h(x).[ ™ + 9 + h(x)}

100
Illustration 9: If f(x) = [ (x—n)"**™" find f'(101)/f(101). (JEE ADVANCED)
n=1

Sol: Use logarithms followed by differentiation.

100

f(X) — H(X_ n)n(101—n)
n=1

100 fI(X) 100 n(].Ol _ n)
In f(x) = » n(A01-n)In(x—n) = =
n; f(x) n; X—n
' 100 _
f'(101) _ Zn(101 n) _ 100x101 - 5050
f(101) = 101-n 2
Illustration 10: Find the derivative of (sin x)©. (JEE MAIN)

Sol: Take logarithms on both sides and differentiate.

q A oenlons
™ (sin X)©sx = (sin x)cosx &{COSX 0g(sinx)} | = (sin x)©* [cos X . cot X — sin X . log sin x]
X

Illustration 11: Find the derivative of x*with respect to x. (JEE MAIN)
Sol: Use logarithms to find the derivative.
Lety = x* or y=x

logy = x log X = exinx

d
ldy _ X (lj + log x (or)j—y - d et = exn o (x In x)
X X

y dx dx
dy =x(1 +logx) (or) = ex'”x{x.lﬂnxl}
dx X

&XX = x (1+|°9e x) (or) =x1 + Inx)

Hence i(xx) =x(1 +Inx)
dx

sinx

Illustration 12: Differentiate x> with respect to x. (JEE MAIN)

Sol: Similar to the previous illustration.

sinx

First method: Lety = x



- logy = log x™ = sinx log x

Differentiating we get, 1dy_ sinx
y dx X

+ cos x log x

dy (sinx ] ,
s == = | ——+cosxlogx | x5
dx X

Second Method: y = xsinx = gsinxlogx

d . sinx sinx .
Therefore,ol—y=es'”x"’gX » +cosxlogx |- | 222 4 cosxlogx |xi
X

X

cosfl(x+1)

Illustration 13: Differentiate e with respect to x.

Sol: Similar to the previous illustration.

Lety = €05 4 Then, d ecosil(”l).ﬂ[cos*l(x+1)]
dx dx

c057l (

= e x+1) -1 ) i(X + 1) — -1 cosfl(x+1)

Illustration 14: Differentiate x™, x > 0, with respect to x.

Sol: Let y = xsinx
Taking logarithm on both the sides, we get logy = sin xlog x
dy

Therefore, l =sin xi(log X) + Iogxi(sin X)
y dx dx dx

1 dy Nt dy sinx s
—.—= =(sinx)= + |OgXCOS X— =Yy _+COSX|OgX = xsinx
dx X X

X
+cosxlog x}
y dx X

Illustration 15: Find f'(x), if f(x) = (sin x)*"*, for all 0 < x <m.

Sol: Similar to the previous illustration.

log y = log(sin x)s"* = sin x log (sin x)

Then,l d_y = i(sin x log (sin x)) = cos x log (sin x) + sin x.. Li (sin x)
y dx  dx sinx dx

= cos x log (sin x) + cos x = (1 + log (sin x)) cos x
= j—y = y((1 + log (sinx)) cos x) = (1 + log (sinx)) sin x*™ cosx
X

1
Illustration 16: Differentiate x“°* * with respect to x.

1
Sol: (i) Lety = x° %

s Lyin x

Then,y = e

Differentiating both the sides with respect to x, we get
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(JEE ADVANCED)

(JEE ADVANCED)

(JEE ADVANCED)

(JEE MAIN)
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o c;j_x (cosx . log x) :j—i = x“’s_:L X {Iog x.%(cos‘1 X) + cos x.%(log x)}

d -1
_y: gcos x.logx

dy s 1y —logx costx
=2 =X +
dx /1 2 X
-1
(i) Let (sinx)®® ¥

s1 x.log sinx

Then,y = e
Differentiating both the sides with respect to x, we get

d -1 iy d .
GY _ geos™ xlogsinx ™ (cos™x . log sin x)
X

dx

:>d—y = (sinx)cos_l" cos™t x.i(log sin x)+log sinxi(cos‘l X)
dx dx X

b (sing  xd cos Lcosx+|og sin x| ——
dx “sinx /l—xz

::—y = (sin x)cosf1 X {cos:L X. COtx — Iogsmx}
X

\/1—x2

: ; dy ; ; sinxSInX ™
Illustration 17: Find I’ ify = (sinx) (JEE ADVANCED)
X
Sol: Write the given expression as y = (sin x)* and proceed.
We have y = (sin x)?, Therefore, log y = y log sin x

Differentiating both the sides with respect to x, we get

ld_y =yi(|og sin x) + (log sin x) d_y =y c?)ﬂ + log sin x d_y
y dx dx dx sinx dx
dy dy y? cotx _ y? cotx

= l—Iogsinx —— =ycotxor —= = -
y dx dx 1-ylogsinx 1-logy

8. DIFFERENTIATION OF IMPLICIT FUNCTION

If in an equation, both x and y occur together, i.e. f(x, y) = 0, and the equation cannot be solved for either x ory,
then x (ory) is called the implicit function of y (or x).

Eg.x®+y3+3axy + c =0, x + y* = a etc.
Working rule for finding the derivative
First method:
(a) Every term of f(x, y) = 0 should be differentiated with respect to x.
(b) The value of dy/dx should be obtained by rearranging the terms.
Second method:

dy = —of /ox of

If f(x, y) = constant, then —= = , where —and 6_f are the partial differential coefficients of f(x, y) with
dx  of /oy ox oy

respect to x and y, respectively.
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Note: Partial differential coefficient of f(x, y) with respect to x can be defined as the ordinary differential coefficient
of f(x, y) with respect to x keeping y constant.

0z OX

2 2
Eg. z=xy= 6y_X '6x_2Xy
Illustration 18: If y = >INX then prove that JY. = (Ly)cosx+ysinx. (JEE ADVANCED)
14 COSX dx  1+2y+cosx—sinx
1+ sinx
1, CosX
1+.tow

Sol: Write the R.H.S. in terms of x and y. Then differentiate the equation on both sides.

sinx _ (1+y)sinx
1+((cosx)/(1+y)) - 1+y+cosx
On differentiating both the sides with respect to x, we get

dy +2yﬂ + d—ycosx—ysinx: dy

dx dx dx dx

We have, y = :>y+y2+ycosx=(1+y)sinx

sinx + (1 +y) cos x

dy _ (1+y)cosx+ysinx
dx  1+2y+cosx—sinx

= cdj—y{l+2y+cosx—sinx}=(1+y)cosx+ysinx =
X

Illustration 19: If f(x) = x+ 1 1 , then compute the value of f (100) . f'(100). (JEE MAIN)
2X + 1
2X +
2X +......0
1
Sol: Same as abovey —x = 1
2X + 1
2X +
2X +.....00
= y-x= _ = Y-XKx+y)=1 = y*-x=1
2X+y—X

= ({fX)?2=1+x* = 2(f(x)) x f'(x) = 2x
= f(100) . f'(100) = 100

(lnx)(mx)oo

Illustration 20: If y = ((|nx)'“X) , then find j—y. (JEE MAIN)

X
Sol: Same as above

Iny =y In(Inx)

1—y|n(|nx)j Ly

1 _y \ 1 y (
= =2 + In(Inx). = —In(nx) | = 22— =
Xy n(Inx).y =y [y ( )] srindi "

y xInx y
=y = y2
Y= (nx)@ — In(nx)y)
y
Hllustration 21: If log ( + y?) = 2 tan~ [;j then prove that j—y =Xy (JEE ADVANCED)
X  X-y

Sol: Differentiating both the sides of the given relation with respect to x,
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We get, a log(x® + y?)] = 24 Jian (Y
dx dx X
dy

2 x—=-y.l
= 1 .i(x2+y2)=2.;.i(xj = 1 {2x+2yd—y}=2. X dx
x2+y2 dx 1+(y/x)2 dx | x x2+y2 dx x2+y2 X
dy dy dy dy dy dy  x+y
2. _— :2 _ + —_ = _— = _— —_ = — + _ =
- {X+ydx} {X dx y} - ydx X dx Y 2dx =) ey = dx x-y

9. DIFFERENTIATION OF PARAMETRIC FORM

x and y are sometimes given as functions of a single variable, E.g. x = ¢(t) and y = y(t) are two functions, where t
is a variable. Then in such cases, x and y are called parametric functions or parametric equations and t is called the

parameter. To find 3—y in parametric functions, the relationship between x and y should be obtained by eliminating
X
the parameter t and then it should be differentiated with respect to x. However, it is not convenient to eliminate the
dy dy dy/dt

parameter every time. Therefore, == can also be found by using the formula — .
dx dx  dx/dt

E.g.If x = a(0 + sinB) and y = a(1 - cos0), then find j—y
X

Sol: Given that % = a(l + cosh), d_y = a(sind)
do do

Therefore, x =0(0+sin0). y =a(l—cos 6)

dy
d_y:@ _ asin® :tang
dx  dx a(l +cos0) 2
do
dy

Note: It may be noted here that — can be expressed in terms of the parameter only without directly involving the
main variables x and y. dx

Illustration 22: Find j—y if x = a cosd and y = a sin®. (JEE MAIN)
X
Sol: Differentiate the two equations w.r.t. 6 and eliminate 6.

Given that x = a cos 6 and y = a sin0

Therefore, d—X = —asino, d_y = a coso.
do do

dy

Hence, dy_ do _ acgse = - cot0.
dx  dx —-asin®

do

Illustration 23: If x = a sec?0 and y = a tan®0, where ge R, find % ato = g (JEE MAIN)
X

Sol: Differentiation of Parametric form.

dy
2 2
dy _ do _ 3atan®x sec’® _ Etane; Atezﬁ,dy: E(\/E—l)
dx dx 2asecOxsecOtan® 2 8 dx 2

do
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d
Illustration 24: If x = cosecO - sinb and y = cosec"® — sin"6, then find d—i (JEE ADVANCED)
Sol: Differentiation of Parametric form.
X = cosec 0 —sind
= X2+ 4 = (cosec 0—-sin 0)? + 4 = (cosec 0 + sin 0)? . ()
and y? + 4 = (cosec"® —sin"0)?+ 4 = (cosec"® + sin"0)? ... (i)
dy
Now dy _ do) n(cosec"0)(—cosecOcot) —nsin™* Bcos
" dx dx —cosecOcotO—cosh
do
n(cosec"®cotd +sin" B cosO _ ncotB(cosec"®+sin"0) _ n(cosec"d+sin" 0)
(cosecOcot 6 + cos0) cotO(cosecO +sin0) (cosecO +sin0)
Illustration 25: Find j—y if x = at’and y = 2at. (JEE MAIN)
X
Sol: Given that x = at? y = 2at
Therefore, dx = 2at and d_y = 2a.
dt dt
dy
Hence,d—y: dt _ ﬁ = 1
dx  2at t
dt
Illustration 26: If x = cos®t and y = sin®t, then find j—y for [t € [Ogn (JEE MAIN)
X
dy
et 5
Sol: d—X = — 3 cos’t sint (# 0) :d_y =3sin’tcost :d—y - dt 3sin” tcost =—tant
dt x dx  _3cos’tsint
dt
4
Illustration 27: If y = sec 4x and t = tan x, then prove that dy_ 16t(1——t) (JEE ADVANCED)
dt  (1-6t? +t%)?
Sol: Write y in terms of t and differentiate.
2
2
1 l+tan’2x _ 1+(2t/(1_t ))
- - 25, 2
cos4x 1-—tan”2x 1_(2t/(1_t2))
-t 4 14tt-200 447 14t 4282 dy _ 16ta-t")
1-t9)2 -4t 1+t"-22-4t 1+t*-6t® dt  (1-6t2+1%)?
1+Int 3+ 2Int d dy Y
Illustration 28: If x = +2” andy = 272™ then show that yd—y - 2x(d—yj +1 (JEE MAIN).
t X X

Sol: Differentiation of Parametric form.

dy _ dy/dt
dx dx/dt
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dy _ t(0+21/1)-@B+2Int)l _ 2-3-2Int _ (1+2Int
dt 2 2 2

dx  t(0+1/0)-@+Int2t  t-_2t—2tint _1-2-2Int _ [1+2|ntJ

a - t4 t4 -t3 t3
d dy \’

= _y =t = 2X —y +1=2'1+|nt't2+1= 3+ 2nt =yt=yd—y
X dx t2 dx

10. DIFFERENTIATING WITH RESPECT TOANOTHER FUNCTION

Suppose u = f(x) and v = g(x) are two functions of x. To find the derivative of f(x) with respect to g(x), i.e. to find % the
v

du _ du/dx
formula — =

dv  dv/dx
respect to x and then the derivative of f(x) with respect to x is divided by the derivative of g(x) with respect to x. The

procedure is demonstrated in illustration 29.

is used. Thus, to find the derivative of f(x) with respect tog(x), both are differentiated with

Illustration 29: Differentiate sin?x with respect to e«. (JEE MAIN)

Sol: Differentiate both the functions with respect to the common variable and use parametric form.

Let u(x) = sin? and v(x) = e“**. We want to find the value of % = du/dx
dv dv / dx

Clearly, % = 2 sin x cos x and j—v = @ (—sin X) = — (sin X) e©
X X

du 2sinxcosx 2cosx
Hence, — = : = - .
dv (_Smx)ecosx @cosX

\/1+x2 —\/1—x2

Sol: Similar to the previous illustration.

2
VI+x2 +41-x _ (“1+X2+“1_X2) _ 1+x2+1-x% +241-x*

let u=

= {\/1+x2—\/1—x2J (L+x%)—(1-x°) 2%

x° (o + ((—4x3) /(21 -x* )D - (1 +1-x* ij
4

/ 2, 1.2
Illustration 30: Differentiate [ L+x+v1-x J with respect to V1-x*. (JEE ADVANCED)

1+41-x* du
_ - 9 _

= u-=
x° dx X
du ((—ZXS)/(\/1—X4))—2X(\/1—X4+1j du _ox x4+(\/1—x4)(1+\11—x4)
- a - X4 - &= 1_X4 X4

= —2 - (x“ +ﬂ+1—x4) %(WJJJ (i)

X'V1-x

Letv = V1-x*
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dv 1 dv -2x° .
= (4% =>— = (0]
dx  2y1-x* dx  y1-x*

du du, dv du -2X 2 V1-x* du  (@+v1-x%)
—=——:>—=—\/1—x+1—3:>—=—6

dv dx  dx dv. 4 /1—x4 2% dv X

11. DIFFERENTIATION OF DETERMINANTS

To differentiate a determinant, one row (or column) at a time should be differentiated, keeping others unchanged,
which is illustrated by the examples given below.

i irre < |0 900 o i |00 900 | f00 g
uix) v(x) dx uix)  v(x) u'(x) v'(x)
also 3 (Fog) = Fe0 g |, | fx) g'(x)
dx u'(x) v(x) uix) v'(x)
f g h
(iDIfFx)=[¢ m n| Wheref g, h ¢, mn,u, v ware functions of x and differentiable, then
u v w
f' g h g h| |f g h f' g h f g h f g h
Fx)=1¢ m n| + m nf{+/ ¢ m n| =>FX)=|¢ m n|+|/{ M n|{+ |/ m n
u v w u v w u' v w u v w u v' w u v w
secO tan’ 0 1
Illustration 31: If f(x) = | secO tanx x |, then find f'(0). (JEE MAIN)

1 tanx—tan® O

Sol: Above discussed method.

0
f'(x) = | secO
1
= f(0) =

1

secO tan’0 1

0 sec’® 1|+

0 0 secO tan® 0 1 sech tan’6 1
tanx X |+ 0 sec? x 1|+ |secO tanx x
tanx—tan® 0 1 tanx—-tan® O 0 sec?x O

secO tan’0 1
tan6 0

sec’0 0

secO = (tan?0 — sec?0) — sec?0 (0secO —secO)= — 1 — (sec®0) (0 - 1)

0 0

12. SUCCESSIVE DIFFERENTIATION

If the first derivative j—y of a function y = f(x) is also a differentiable function, then it can be further differentiated

with respect to x. The derivative thus obtained is called the second derivative of y with respect to x and is denoted

d2y

2
y I ¢ &Y
dx? dx?

n

d'y
dx"

Similarly,

d3y

is also differentiable, then its derivative is called the third derivative of y and is denoted by —

dx

denotes the n™ derivative of y. This process is known as successive differentiation and all these
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derivatives are called as successive derivatives of y.

The following symbols are also used to denote the successive derivatives of y = f(x):

Yo Yor Yar ceeeveene Yo

dy d?y d’ dy d
SRVARRV AR LN =2, —Z —Z ... - , = Dy, D?%y, D3, .......... D e where D =—
Yiyhy y I 3l dd " y, D%, D, y ( i
The following symbols are used to denote the value of the nt derivative at x = a.

n

y,(a), y"@), [d Z] , D"y(a) & f(a)
dx ea

PLANCESS CONCEPTS

n
Misconception: dy # (d_yJ
dx” Rohit Kumar (JEE 2012 AIR 79)

13. N*" DERIVAVES OF SOME STANDARD FUNCTIONS

(@) DYax + b)"=m(m-1) (m-2) ........ (m-n+1)a"(ax + b)y™n

!
a"(ax + b)™™; D"(x™) = M ymen

(b) Ifm e Nandm > n, thenD"(ax + b)™ =
(m—n)! (m—n)!

() D"ax + b)"=nla" D"(x") =nl!

1 n n 1 n
n _ (D'nla" | Jd21 - 1)'n!
(@) D [ax+bj RS D (Xj =3

(ax + b)™* '

X
n-1 n-1
© Dloglax + by = CH =Dl polog x = EH (=11
(ax+b)" X"

(f) Dn(eax) = ahed
(g) D"(@™) = m" (log a)" a™

(h) D"{sin (ax + b)} = a"sin (ax+b +n§); Dn(sin x) = sin(x+ngj
(i) D"{cos (ax + b)} = a"cos (ax +b+n§); D (cos X) = cos (x+ngj
. . . ab
(j) Dr{e*sin (bx + c)} = (@ + b?)"2 e**sin be +Cc+ntan —]
a

(k) D"{e*cos (bx + )} = (@ + b?)™2 e cos[bx +c+ntan’! 9]
a

1 X I B Lo P BN PR H a
o o (tan 1_] _ ()" (n-1)!sin" Bsinnd where 6 =tan‘1(;J

a a"

1
(m) Dr(tan™x) = (-1)"*(n - 1)! sin"0 sin B, where 6 = tan™ (;j
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14. LEIBNITZ THEOREM

If u and v are two functions such that their n" derivative exists, then the nt" derivative of their product can be found
by the following formula:

D"(uv) = (D"u)v + "C,D"™'u. Dv + "C,D™?u. D?v +....+...+"C_Du.D"'v + ....... + u.Dv

The nt" derivative of a product of two functions can be found out by using this theorem. While using this theorem,
the second function in the product is the function whose successive derivative starts to vanish (if it is possible) after
some stepsand the first function is a function whose n* derivative is easily known.

Illustration 32: If y = x° cos ¥, find Dy. (JEE MAIN)

Sol: Leibnitz theorem
Choose cos x as the first function and x? as the second function

D"(cos x, ¥°) = D*(cos x) (x°) + "C,D"*(cos x) (Dx’) +"C,D"*(cos x) . (D) + "C,D™¥(cos x) . (D*¢)

3 nm 2
= x3cos x+7 + N.3x°cos | X +

(n—l)n]+ (n-1)

6X.Ccos | X+
2 1.2

(n—2)nj ,nn-1n-2) (x +(n—3)nj
2 123 2

= x3cos [x +n?nJ + 3nx? sin(x +n?nJ_ 3n(n - 1)x cos(x +n?nj -nin-1) (n-2) sin(x +n?n]

APPLICATION OF DERIVATIVES

1. THE INTERPRETATION OF THE DERIVATIVE

If y = f(x) be a given function, then the derivative/differential coefficient f'(x) or :_y
X
trigonometric tangent of the angle v (say), which the positive direction of the tangent to the curve at P makes with

the positive direction of the x-axis. Therefore,j—y represents the slope of the tangent.
X

at the point P(x,, y,) is called the

Thus, f'(x) = dy =Y Ya
X(xq.y1)
Then,
dy
(a) The inclination of the tangent with x-axis = tan‘la

(b) Slope of the tangent = j—y
X

(c) Slope of the normal = - ax
dy

Figure 21.1

2. EQUATION OF TANGENT

(a) Equation of tangent to the curve y = f(x) at A(x,, y,) is given by y -y, = (:—yJ (x=x,)
X
(x1.y1)

If the tangent at P (x,, y,) of the curve y = f(x) is parallel to the x-axis (or perpendicular to the y-axis), then

Y =0, i.e its slop will be equal to zero.
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= m= [d_yj =0
dx
(x1.y1)

The converse also holds true. Thus, the tangent at (x,, y,) is parallel to the x-axis.

N
dx (
X1.¥1)

(b) If the tangent at P (x, y,) of the curve y = f(x) is parallel to the y-axis (or perpendicular to the x-axis), then ¥
=1/ 2 and its slope will be infinity, i.e.

m - (d_y] -
dx
(x1.y1)

The converse also holds true. Thus, the tangent at (x,, y,) is parallel to the y-axis.

- [d_yj -
dx
(x1.y1)

(c) If atany point P (x,, y,) of the curve y = f(x) the tangent makes equal angles with both the axes, then at the
point Py =x/4 or3n /4Thereforeat P tan ¥ =dy/dx =+ 1.

The converse of the result also holds true. Thus, at (x,, y,), the tangent line makes equal angles with both the axes.

5
dx B
(x1.y1)

(d) Concept of vertical tangent: y = f(x) has a vertical tangent at the point x = x, if Y
. f(x, +h)—f(x
Lim X #M =) _ or — oo, but not both.
h—0 h
E.g. The functions f(x) = x/* and f(x) = sin x both have a vertical tangentatx = 0 X
But f(x) = x3, f(x) = |x| and f(x) = 0 !f x<0 have no vertical tangents at x = 0.
1 if x>0
Fi 21.2
(e) If a curve passes through the origin, then the equation of the tangent at the fgure
origin can be directly written by equating the lowest degree terms present in the
equation of the curve to zero.
Y

E.g.
(i) x> +y>+2gx + 2fy =0

Equation of tangentis gx + fy = 0 \

(i) x* + y3=3x%y + 3xy? + x*—y? = 0

>X

Equation of tangent at the origin is x?—y? = 0

i) x® +y*-3xy =0

(iii) y Yy Figure 21.3
Equation of tangent is xy = 0

Note: This concept is valid only if the powers of x and y are natural numbers.

(f) Same line could be the tangent and normal to a given curve at a given point.

E.g. In x® + y3 — 3xy = 0O (folium of Descartes), the line pair xy = 0 is both the tangent and normal at x = 0.

Some common parametric coordinates on a curve that are useful for differentiation
(a) For x¥3 + y?® = a%3, take parametric coordinates x = a cos*qand y = a sin0.
(b) For \/; + \5 = \/gl take x = a cos*@ and y = a sin“6.
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n n
() X_n + Z—n = 1,where x = a (sin 0)¥"and y = b(cos 0)*".
a

(d) Forc?(x* + y?) = x%y? take x = csec O and y = ¢ cosec 0.
(e) Fory?=x3, takex=t*andy =t

Illustration 33: If the tangent to the curve 2y3 = ax? + x® at the point (a, a) cuts off intercepts a. and B on the
coordinate axes, where a? + b? = 61, the value of |a|is ___. (JEE MAIN)

(A) 16 (B) 28 (C) 30 (D) 31

Sol: (C) Write the equation of the tangent and find the value of o and B in terms of a. Then use a + b? = 61 to find

the value of a.
dy _ 2ax+3x?

—= The value of this slope at (a, a) is 5/6.
dx 6y2

The slope of the tangent is given by

X Y _;

+

-a/5 a/6

Hence, the equation of tangentisy —a = % (x—a)=>

Thus, the x-intercept a is —g, and the y-intercept B is 2.

2 2

Froma2+b2:61,weget;—5+§—6 =6l >a?=25x36 =|a]|=30

3. EQUATION OF NORMAL

Equation of normal at (x, y,) to the curve y = f(x) isgiven by the following formula:

-1 d
Y-y)=7——"K-%x) = (y—yl)(d—yj +(x=-x)=0
(dy] X (x1.y1)
(x1.y1)

Some facts regarding the normal

(a) Slope of the normal drawn at point P (x,,y,) to the curve y = f(x) = —(%J
(x1.y1)

(b) If the normal makes an angle of 6 with the positive direction of the x-axis, then — j_x = tan0 or 3_y = —cotO
y X
. . dx dy
(c) If the normal is parallel to the x-axis, then —=0or —= =
dy dx
. . dx dy
(d) If the normal is parallel to the y-axis, then & = o or ™ =0
y X

(e) If the normal is equally inclined from both the axes or cuts equal intercept, then —[j—xj =+1 or(j—yj ==+1
y X

d

2
1+ (dyJ
dx

(f) The length of the perpendicular from the origin to the normal is P’ =
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(9) The length of the intercept made by the normal on the x-axis is x, +y, [j—yjand the length of the intercept
X

on the y-axisis y,+ x; dx
dy

Illustration 34: Find out the distance between the origin and the normal to the curve y = e* + x? at the point

whose abscissa is 0. (JEE MAIN)
1 2 3 2

(A)—= B) = © —= D) —=
5 N3 N3 B

Sol: (B) Write the equation of the normal and find the distance of origin from the normal.

The point on the curve corresponding to x = 0 is (0, 1)
CI—y:2e2X+2x:>d—y =2
dx dx|, _,

Therefore, the equation of the normal at the point (0, 1) is

y-1=(-1/2) x-0)=2y +x-2=0

Hence, the distance of the point (0, 0) from this line is i

5
4. LENGTH OF TANGENT, NORMAL, SUBTANGENT AND SUBNORMAL

4.1 Tangent

dv
y 1+[dy]

X
PT = MP cosec ¥ = yy1+cot’y = | ———2

dy
dx

4.2 Subtangent

Figure 21.4

y
TM=MPcot¥ = | —2——
‘(dy/dX)

4.3 Normal

GP =MPsec¥ = yyl+tan’y =

2
dy
1 —_7

4.4 Subnormal

MG = MP tan y = ‘ y(d—yj
dx

Illustration 35: For the parabola y? = 16x, the ratio of the length of the subtangent to the abscissa is .
(A)2:1 (B)1:1 QX:Y (D) X2:Y (JEE MAIN)
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. y
Sol: (A) The length of subtangentis | ———
) ? 9 (dy / dx)
Differentiating, 2y d_y =16 Hence, d_y:§
dx dx vy
y2

Thus, the length of the subtangent is y% = — = 2X
y

8
Therefore, the ratio of the length of the subtangent to the abscissa = 2x:x =2 : 1.

_16x
8

Illustration 36: Find out the length of the normal to the curve x = a(0 + sin0), y = a (1 — cos 0) at 6 = ©/2.
(JEE MAIN)

2
Sol: Use differentiation of the Parametric form. Length of the normal = |1+ (j—yj
X

= = =tan —= | L =
dx (dx] a(1 + cos0) 2 dx 4

de

(dyj
do i
dy _ _asin® - t3 0 (dy} :tan[nj -1

Moreover, at 6 = g y = a{l—cosgj =a

{ 2
Therefore, the required length of the normal =y 1+{j—yj = afl+1 = 2a
X

Illustration 37: The length of the subtangent to the ellipse x =acost, y = bsintatt=mn/4is .

(A) A (B) B (C) B/ 2 (D) A/ N2 (JEE MAIN)

Sol: (D) Similar to the previous illustration.

% =—asintand d_y =bcost Therefore, d_y
dt dt

=—9cot(7t/4)=—E
X a

a

t=n/4

LT a a
bsm—x——‘ = —

V2

Therefore, the length of the subtangent = ‘y%

r=n/4

5. ANGLE OF INTERSECTION OF TWO CURVES

The angle of intersection between two intersecting curves C, and C, is defined G T
as the acute angle between their tangents (T, and T, or the normals) at the
point of intersection of the two curves.

m -m
1+mm,

tan y =

, where m and m, are the slopes of the tangents T, and T, =

at the intersection point (x,, y,)

Note: If the two curves intersect orthogonally, i.e at right angle, then ¢:E.
Hence, the condition will be Z

28

Figure 21.5
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Illustration 38: Which of the following options represents the tangent of the angle at which the curvesy = a*and
y = b¥(@ # b > 0)intersect? (JEE ADVANCED)

logab ) loga/b © logab

*) 1+logab 1+ (loga)(logb) 1+ (loga)(logb)

(D) None of these

Sol: (B) Differentiate the two curves and use the formula for angle between two lines.

Intersection of the two curves is given by a* = b, which implies that x = 0. If a is the angle at which the two curves

intersect, then

tang o MM _ a“loga-b*logb ~  (loga/b)
1+mm,  1+a*b*(loga)logb) 1+ (loga)(logb)

(Putting x = 0)

6. RATE MEASURE

Whenever a quantity y varies with another quantity x, satisfying the rule y = f(x), then (;I_y (or f'(x)) represents the
X

rate of change of y with respect to x and j—y (or f'(a)) represents the rate of change of y with respect to x at x = a.
X

X=a

Illustration 39: The volume of a cube increases at the rate of 9 cm®. How fast does the surface area increase when
the length of an E.g. is 10 cm? (JEE MAIN)

Sol: Rate measurer.
Let x be the length of the side, V be the volume and S be the surface area of the cube.

dx
Thus, (Zl_\t/ =9cm’/s = 3XZE =9cm’/s = d—X = icm/s :>d_S = %(6%) =12x [ 3

dt X2 dt X_Z

ds
dt

= } = 3.6 cm?/s
x=10cms

Illustration 40: A man of height 2 meters walks away from a 5-meter lamppost at a uniform speed of 6 meters per
minute. Find the rate at which the length of his shadow increases. (JEE MAIN)

Sol: Use similarity to establish the relation between the rate at which length of shadow increases and speed of the
man.

B
Let AB be the lamp-post. Let at any time t, the man CD be at a distance x metres from the
lamp-post and y metres be the length of his shadow CE.
D

Then, % = 6 meters / minute [given] ()
Clearly, the triangles ABE and CDE are similar X—>ley—>
A C E
ﬁ = ﬁ = E = u :>3y = 2Xx
Ch CE 2 y Figure 21.6

3 d_y =2 %:3d—y = 2(6) [Using (i)]= d_y = 4 meters / minute
dt dt dt dt

=

Illustration 41: An object has been moving in the clockwise direction along the unit circle x? + y? = 1. As it passes
through the point (1/2, \/5/2), its y-coordinate decreases at the rate of 3 units per second. The rate at which the
x-coordinate changes at this point is units per second.

(A) 2 (B) 33 ©) 3 D) 23 (JEE MAIN)
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Sol: (B) Differentiate and proceed.

We find that% when x = 1 andy = ﬁ given that dy __ 3 units/sand x? + y? = L.
dt 2 2 dt
Differentiating x* + y? =1, we get ZXQ + Zyd—y =
dt dt

PUttin9X=%,y= \/5/2 and dy = -3, we get l% \/5

pr > + - -3)=0 :% = 3\/§(increasing)

Illustration 42: A given right circular cone has a volume p.The largest right circular cylinder that can be inscribed
in the cone has a volume g. The ratio of p to g is ) (JEE MAIN)

(A)9:4 (B)8:3 7:2 (D) None of these

Sol: (A) Let H be the height of the cone and a is its semi-vertical angle.
Let x be the radius of the inscribed cylinder and h be its height.
h=QL=0OL-0Q=H-xcota

p = %n(H tan o)’ H . ()
V = volume of the cylinder = nx? (H — x cot o) 0
d—V = (2Hx — 3x% cot o) i\
dx X

|1
Hence,d—V:O =x=0 Q

dx
2
x:gHtana,d—V =-2nH <0, so
3 dx?| 2 ¢ p
x:gHtana
Figure 21.7

X

V is maximum when x = % Htanoaandq=V__ = TE%HZ tanzo% H= gp [using (i)]

Therefore,p:q=9:4

7. APPROXIMATION USING DIFFERENTIALS

To calculate the approximate value of a function, differentials may be used, wherein the differential of a function is
equal to its derivative multiplied by the differential of the independent variable.

dy = f'(x)dx or df(x) = f'(x) dx

PLANCESS CONCEPTS

For the independent variable ‘X, increment Ax and differential dx can be made equal, but the same
cannot be applied in case of the dependent variable 'y, i.e. Ay # dy.

Therefore, the approximate value of y when the increment A x is given to the independent variable x in
y = f(x) is

y+Ay=f(x+Ax):f(x)+3—y.Ax
X

= f(x + Ax) = f(x) + f'(x) Ax
Vaibhav Gupta (JEE 2009 AIR 54)
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Illustration 43: Find the approximate value of the square root of 25.2. (JEE MAIN)
Sol: Consider a function f(x) = Jx and differentiate to get the derivative. Then replace x by x+Dx and proceed.

Let f(x) = \/; so f'(x) = iWe can write 25.2 as 25 + 0.2

2x

By taking x = 25 and Ax = 0.2, now f(x + Ax) = f(x) + f'(x). Ax

= \/; + L.Ax:\/£+ L.O.Z

2x 225

= 5+£=5+0.02=5.02
10

Illustration 44: What is the approximate change in the volume V of a cube of side x meters caused by increasing
the side by 2%? (JEE MAIN)

Sol: Differentiate the equation V = x* and use the relation AV = j—vAx.
X

Let A(x) be the change in x and AV be the corresponding change in V

Given that X x 100 = 2
X

We know thatV = x3 .. j—v = 3x?
X

Therefore, AV = Y Ax =  AV= 3x2Ax = 3 x 25 = 0,06 'm?
dx 100

The approximate change in volume is 0.06 x>m?.

Illustration 45: What is the approximate value of cos 40°7? (JEE ANDANCED)

(A) 0.7688 (B) 0.7071 (C) 0.7117 (D) 0.7
Sol: (A) Take a function f(x) = cos x and proceed.
T Y T

Let f(x) = cos x. 40°=45°-5° = — - —_ x 5= — - radians
4 180 4 36

A differential is used to estimate the change in cos x

When x decreases from = to =~ — I
4 4 36
f'(x) = —sin x and df (x)= f'(x) h = = h sin x

Withx = = and h = — -, df is given by
4 36

df = —f(h = - (-lj sin [Ej n L _m2 g6

"3 72

cos 40 = cos 45 + 0.0617 =0.7071 + 0.0617 = 0.7688.

8. SHORTEST DISTANCE BETWEEN TWO CURVES

It has been found that the shortest distance between two non-intersecting curves is always along the common
normal (wherever defined).
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Illustration 46: Find out the shortest distance between the line y = x — 2 and the parabolay = x> + 3x + 2.

(JEE MAIN)
Sol: The distance would be minimum at the point on the parabola where y = X"+ 3x + 3y y
the slope of the tangent is equal to the slope of the given line. / )
y=X-
Let P(x,, y,) is the point closest to the liney = x - 2 P=(xy y1) /
dy X' NO X
Then,— = slope of the line 7/
dx
(x1.y1) /
= 2x+3=1= x =-landy =0 )
Therefore, point (-1, 0) is the closest and its perpendicular distance from the y
line y = x — 2 gives the shortest distance. Figure 21.8
= Shortest distance = 3 units
2
Illustration 47: Which of the following points of the curve y = x? is closest to (4, — ¥2)? (JEE MAIN)

(A) (1, 1) (B) (2.4 Q) (2/3,4/9) (D) (4/3,16/9)

Sol:(A) Using distance formula find the distance of the given point from the curve and find the minima.

Let the required point be (x, y) on the curve.

Hence, d = \/(x—4)2 +(y+1/2)* should be minimum, which is enough to consider.
D=(x-42+(y+1/2?=(x-4)2+ (x> + 1/2)?

D'=4x3+4x-8

Now for critical points

D=0sox*+x-2=0 =>x=1

Clearly D" at x = 1is 16 > 0.

Thus, D is minimum when x = 1. Hence the required point is (1, 1).

PROBLEM-SOLVING TACTICS

e Reduce any fractions to be as basic as possible.

e Recognise when we can use the chain rule. it enables us to differentiate functions that often seem impossible
to differentiate. Whenever you see a nested function, try to assess if the chain rule is needed (it usually is).

¢ We always want to start a long chain of differentiation by differentiating the last part of the function to touch
the input - in short, the outermost part of the function.
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FORMULAE SHEET

£ 0 i(cu) = c%
dx dx dx
i(uiv)—%id—v i(uv)zuﬂ +v%
dx dx dx d dx dx
du ud—v dy dy du
i u dx  dx - = 5 7
= dx du dx
dx (v v2
d n — n-1 d n — n-1 du
&X = Nnx &U nu dX
d du
a*=(na)a —a'=(na)a dx
d d %
&e =e ae =e dX
d 1 d 1 du
— |Og X = — |og u-= -
dx 7° (Ina)x dx ¢ (Ina)u dx
d d 1 du
—Inx= = — lnu==="2
dx X dx u dx
d . d . du
—sin X = cos X —sinu =cosu—
X dx dx
d . d . du
—COS X = —Sin X —Ccosu=-sinu—
dx dx dx

d
—tan x = sec? x
dx

d , du
—tanu = seccu—
dx dx

d 2
— cot x = — cosec® x

d , du
— cot u = — cosec ud—

dx dx X

d d du
—sec X = sec X tan x —secu=secutanu —

dx dx dx

d d du
—— COSec X = — Cosec x cot x — cosec u = —cosecu cotu —
dx dx dx
isin‘lx = ! isin‘lu = 1 %

dx 132 dx /1—u2 dx

itan’l X = 1 itan*l u= 1 E

dx 1+x? dx 1+u? dx




* Equation of tangent to the curve y = f(x) at A(x,, y,) isy

* Equation of normal at (x,, y,) to the curve y = f(x) is (y —
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(x=x,)
X1.¥1)

_y o= |9y
Vi (dxl

&)
dx (x1.¥1)

y) = (x=x,)

* Length of Tangent, Normal, Subtangent and Subnormal

&
Y. 1+ &
Tangent: PT = MP cosec ¥ = ym = .
ay
dx
y
Subtangent: TM = MP cot¥ = | ————
’ ‘wy/dm

Normal: GP = MP sec ¥ = y\1+tan’y =

2
dy
1 —_7

Subnormal: MG = MP tan ¥ = ‘ y[j—y]
X

* Angle of Intersection of Two Curves

m, —m
tany = | L 2

1

1+mm,

where m, and m, are the slopes of the tangents T, and
point (x, y,)-

/

T, at the intersection
Figure 21.10

JEE Main/Boards

Example 1: Show that the function f(x) = | x | is
continuous at x = 0, but not differentiable at x = 0.

Sol: Evaluate f'(0*) and f'(0").

We have f(x) = { X, x=0
-x, x<0
Since lim f(x) = lim f(x) = 0 = f(0)

x—0" x—0"

The function is continuous at x = 0
We also have
x—-0

lim — =
X

f(x)-1(0) _
- =

lim
x—0"

f(0") =

x—0

lim f0)-f(0) lim —(=x)-0 _
X ~ x=0 X -

f(0) = -1

x—0"

Since, f'(0*)#f'(07), the function is not differentiable at
x=0

Example 2: Find the derivative of the function f(x),
defined by f(x) = sin x by 1*tprinciple.

Sol: Use the first principle to find the derivative of the
given function.

Let dy be the increment in y corresponding to an
increment dx in x. We have

y =sin x

y +dy = sin (x + dx)
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Subtracting, we get

dy = sin(x + dx) —sin x = 2 cos (x + dx/2) sin (dx / 2)
Dividing by dx, we obtain

S_y _ cos(x +8x / 2)sin(dx / 2)

X b/ 2)

Taking limits on both side, we get

Y im Y2 i cosx + dx/2) lim SN/ 2)
dx 8x—0 OX 8x—0 =0  (dx/2)

=cosXx.1=cosx

Hence, we have d/dx(sin x) = cos x

Example 3: The derivative of log | x | is

Sol: Use the definition of the modulus to expand the
given function. Then evaluate L.H.D. and R.H.D. at the
critical point.

Lety = log | x | then

_ | logx, whenx>0
y log(—x), whenx <0
" d_yzl when x > 0
dx x
and d—yzi(—l) = 1 whenx <0
dx —x X
= d_yzi when x =0
dx X
Example 4: If y = 1+—X then dy equals
1-x dx

Sol: Differentiate using u/v rule.

Differentiating w.rt., we get

dy 1 [1-x 1-x1-(1+x)(-1)
dx 2 \V1+x 1-x)?

:>1—x 1 N 1 1
VI+x 1-x?  J1+x 1-x>2

il

Example 5: If x¥ = &, then dy/dx equals -

Sol: Take logarithms on both sides and differentiate.

Taking log on both sides, we get

Methods of Differentiation and Applications of Derivatives

ylogx=x-y =>y=

1+logx
) d_y _ (1+Iogx).1—x(1/x): logx
" dx 1 +logx)? (1 +logx)?

Example 6: If y = cotlvx? -1 + seclx, then dy/dx
equals

Sol: Use substitution to simplify the terms and then
differentiate.

[2
Put x = secO : cot! VX" —1 = cotv/sec?0—1

= cot(tan@) = I 9= _cectx
2 2

Q.

%Y -0

T -1 1
SoYy=|—sec " X| +seCc"x=
2 X

N3

Example 7: If x?%e¥ + 2xye* + 13 = 0, then j—y equals -
X

Sol: Use the formula for derivative of implicit function.

Using partial derivatives, we have

of
dy _ox
dx of
oy
dy _ 2xe’ +2ye” +2xye’
dx x2eY + 2xe*

2% 42y +2xy  2xe’ T +2y(x+1)

x(xe¥™ +2)

x2eY ™ + 2x

Example 8: 9 | an COSX 11 equals -
dx 1+sinx

Sol: Convert in terms of tan and proceed.

1+sinx

CosX sin(n/Z—x)
1+sinx 1+cos(n/2—X)

T X } COSX
= tan (Z—E] oo tan l(l-}-SinXJ

T X
= tan‘l{tan(Z_ED = T _ X Derivative = — 1
4 2 2

secx —tanx d
then —{equals

Example 9: Ify = ecxtanx’ d



Sol: Simplify the R.H.S. and differentiate.

secx —tanx secx—tanx

secx +tanx secx—tanx

y =(sec x — tan x)?

L :_y = 2(sec x — tan x)(sec x tan x — sec? x)
X

= — 2 sec x (sec x — tan x)?

L then dy equals

Example 10: If y = €+ 2t+1)’ dx

Sol: Use the partial fraction method to find the
derivative of given f

1 11
Y= 12+ t+l t+2
Ayt 1

dx t+1)?  (t+2)7

Example11:Ifx=6—%andy=9+ %

thend—y:?
dx
SoI:x=6—l:%=l+i
de 02
1 dy 1
=0+ - =—2=1- =
y 6 do 02
dy
dy_de_1-(/0%) _ 6-(1/6) _ x
Cdx o dx o 14(1/0%) 0+(1/0) y
do

Example 12: Derivative of sin! x w.r.t. cos™ \/ﬁ is -
Sol: Substitute sin 0 in place of x.
Lety =sin’xand z = cos*\/ﬁ
Put x = sin 6= z = cos™(cos 0)=0

dy
~y=zand 2L=1
y=zan iz

)
1 w.rt. v1+3x

e I P
Example 13: Derivative of sec [2x2 N

atx=_—1is
3

Sol: Differentiate the two functions and divide.

)andz= V1 +3x

Lety= secl[
2x°+1
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dy
.~.%=%=(2x2 +1) -
Z 2
o \/(1/(2x +1)) -1

( —4x ng/1+3x .-.[d—y) =0
2% +1) 3 dz ) -1

Example 14: Find d {sin2 [cot14/1+—XJ} =
dx 1-x

Sol: Use Substitution to simplify the inside the square
root and then differentiate.

1+x
- cot’11/—
Lety—sm{ 1_ }

Put x = cos 20.

1+cos26
oy =sinfcot™ )| 411 cos 29 |[ = Sin“cot™ (cot 6)

.o, 1-c0os20 1-x 1 x
Sy = sin%0= = =-_Z
2 2 2 2

Example 15: Find the equation of the normal to the
curvey =x + sinxcos x at x = g

Sol: Find a point on the curve slope of the normal at
that point.

T s T . . T T
= — = —+0 = =, so the given point = | —,— |.
X 2:>y 5 5 given poi (2 2}

Now from the given equation(;:—y =1 + cos’ —sin?x
X

:{%)[nnj =1+0-1=0

2'2

.. required equation of the normal is

Example 16: Find the point on the curve y = x? - 3x at
which tangent is parallel to x-axis.

Sol: Differentiate the given equation and put it equal to
zero and proceed.

Let the point at which tangent is parallel to x-axis be
P, y,)
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. . 3
Then it must be on curve ie.y, = X; — 3%;

Also differentiating w.r.t. x, we get, j_y =3x°-3
X

dx
(x1.y1)

since, the tangent is parallel to x-axis

.~.(d—y] =0=3x2 -3=0
dx
(x1.y1)

(D)}

=x, =%l

From (1) and (2);y, = xf - 3x,
When x, = 1whenx =-1
y,=1-3=-2,y =-1+3=2

. points at which tangent is parallel to x-axis are
(1,-2)and (-1, 2).

Example 17: Find the equation of normal to the curve
X + Yy = %, where it cuts x-axis.

Sol: Given curveisx +y =x (i)
atx-axisy =0,

2X+0=x =>x=1

. Point is A(1, 0)

Now to differentiation x + y = x

take log on both sides

= log (x +y) =y log x

L {1+d—y}:y.i+(log X) d_y
X+y dx X dx

Puttingx =1,y =0, {1+d—y} =0
dx

= dy =-1 .. slope of normal =1
dx .0)

y-0
x—1

Equation of normal is, =1 = y=x-1

Example 18: If the curve y? = 6x, 9x> + by? = 16, cut
each other at right angles then the value of b is

Sol: Equate the product of dy from the two equations
to -1. dx

The intersection of the two curves is given by 9x? + 6bx
=16 ()

d 3

. o dy _3

Differentiating y? = 6x, We have ax Ty
Differentiating 9x* + 6y? = 16

Methods of Differentiation and Applications of Derivatives

We have dy __ x

dx by
For curves to intersect at right angles, we must have at
the point of intersection.

E(_—%j =-1=27x=hy%

y\ by

Thus we must have

9%+ by?’=16 =29 + 27x-16 =0

(i) and (ii) must be identical so 27 = 6b = b = 9/2.

(D)}

Example 19: If the tangent at (1, 1) on y? = x(2 — x)?
meets the curve again at P, then P is

Sol: Solve the equation of the tangent with the equation
of the curve.

ZyQ =2-x2-2x2-%)
dx
=3x2—8x+4.50ﬂ S
Xl 2

An equation of tangent at (1, 1)is Y -1 = (-1/2) (X -1).

i.e. Y = (<1/2)x + 3/2. The intersection of this line with
the given curve is given by ((- x/2) + 3/2)? = x(2 - x)?

= Xx?—-6x + 9 = 16x + 4x3 — 16x2% So,
A3 -17x>+ 22x-9=0
=>X-1)(@x-99x+1)=0

Thus x = 1, 9/4, -1. But x = — 1 cannot lie on the given
curve so required point is (9/4, 3/8).

JEE Advanced/Boards

Example 1: Examine differentiability of f(x) at

1-cosx
xsinx

x = 0 for f(x)=

=, x=0
2

Sol: Find the left and right hand derivative of the
function f(x) about the point x = 0.

First we obtain L.f '(0)

i [feh-fo] [ 1)f1-cosh 1
hl_rg —h _hm_ h/)| hsinh 2

im "hsinh+2(1 - cosh) | ;(ingfromj
h—0 2h%sinh 0




=lim

h—0 3
2h2(h—h+ ..... j
3!
(BRI
. 12 3! 51 6!
= lim
h—0 h2
2h3[h—+ ..... J
3!

= lim

h h
h—0 2
2[1—h+ ..... j
3!

f(0+h)—1(0)
h

I 1(1-cosh 1
= IIm — _ = OI
h-0 |h{ hsinh 2

similarly as above i.e. L.f'(0) = Rf'(0)

RF(0) = lim [

= f(x) is differentiable at x = 0

Example 2: Examine differentiability of the function f(x)

=sin? (cos x) atx = np + g wheren e L.

Sol: Similar to the previous example.

first, we obtain Lf’ [nx + gj

h—0 —h

i [f(nx+(n/2)—h)—f(nx+(n/2))]

) “m—Si“_l{COS(nX+(TE/2)—h)}—sin‘l{cos(nx+(n/2))}
h-0 _h
[ sin! {(—1)n cos((n/2)~ h)} —sin? {(—1)" cos(n/ 2)}
= lim
h—0 —h
_ i sin’t {sin(—l)n h} —sin0
h—0 —h
—lim (-1)"sintsinh—sin0
h—0 —h
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1[40

_lim {f(nx+(n/2)+h)—f(nx+(n/2))}

h—0 h

) m sint [{cos(nx +(n/2)+ h)i— sin’! {cos(nn +(n/ 2))}}

sin™{(-1)"cos((x/ 2)+ )| ~sin™ {(-1)"cos(x / 2
= lim

h—0 h
- lim Sihfl {(_1)n+1 sin h} - lim Sin*]- {Sin(_l)n+l h}_
h—0 h h—0 h
(-1)"*sintsinh ﬁ

= lim = lim
h—0 h h—0 h

(Which is equal to (- 1)™?)

= (_ 1)n+1

Thus we find Lf’(nx+gj = Rf’ (nx+§}

. f(x) is differentiable at (nx + n/2)

Example 3:Ifx\/(1 +y) + y\/(l +x) =0, then j_y equals
X

Sol: Simplify the equation given and then differentiate
it.

We have

x\/(1+y)+y\/(l+x):0 (i)

:x\/(1+y) = —y\/(1+x)

On squaring both sides x*(1+y) = y*(1+X)
S>xX -y +xy-xy?=0
S>X-y)yx+y+xy)=0

x—y #0 [Fory = x does not satisfy (1)]

SX+Yy+xy =0y =— X
(1+x)
~dy _ 1+x).1-x1 _ 1
" dx (1 + x)2 (L+x)7°

Example 4: If x’y* = 1, then j—yequals -
X

Sol: Use logarithms on both sides and then differentiate

Taking log on both sides, we have y log x + xlogy = 0
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Now using partial derivatives, we have

dy _ y/x+logy  y(y+xlogy)

dx  logx+x/y X(x +ylogx)

Example 5: If V1-x? +41-y? = a(x — y) then —*
dx

equals —

Sol: Use substitution for x and y.

Putting x = a sin A, y = a sin B, then given relation
becomes

cos A + cos B = a(sin A—sin B)

A+B A-B
= 2a cos cos
2 2
A+B) . (A-B
= 2a cos sin
2 2

Divide and multiply by COS[A

2
-l fn{ 2]

= A-B=2cot'a = sintx-sinly = 2 cot?a

_2
S\ e

2 dx dx 1—x2

=
[Ey
Q.

<

Example6:Ifx2+y2=t—%,x4+y“=t2+ lz then

t
dy
—Z equals
dx 9

Sol: Eliminate t from the first and the second equation
and then find the derivative.

Squaring the first equation, we have

x4+y4+2x2y2=t2+ %_2
t

= t?+ lz + 22Xy =12 + %—2 (from second equation)

t t
22 2 1
=>xy=-loy=-—
2
d 1
.2yd—y:£:>—y:—
X X3 X Xy

Example 7: The derivation of

X 1-x°
sin™t ? w.rt. cos™® m is

Methods of Differentiation and Applications of Derivatives

Sol: Differentiation w.r.t another function.

Putting x = tan®
. X - tan®
y = sin” —W =sin*| geco = O

) 1-x? 1 1-tan’0
8z =cos™| 2 |= cos 1+tan®0 =20

". Required derivative = %2

dy
dy do 6 1
dz dz 20 2
do

Example 8: If y = sin‘l(\/sinx) then j—y equals—
X

Sol: Differentiation of function

dy 1
dx \/1—sinx .2\/sinx

\/ sinx 1
= — /1 +cosecx
2+/sinx 2

Example 9: If \/7 \/7 = 6then — =7

Sol: Square the given equation and proceed.

\/z+\/g =6 >~ +2i2=-36
0 v TR

=u? +Vv2 =34 uv

.COSX

Differentiating both sides w.r.t. © we have

2p+2vd—v =34v+34ud—v
du du

o7u-n X copazn 9 o BRIV
du du  17p-v

2
Example 10: If x = exp. tant| Y =X |, then &Y dy equals
x2 dx

Sol: Simplify the given equation and differentiate.
Taking log on both sides, we get

2
y —X
— 1| ———
log x = tan ( 2 ]
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= tan(logx) = (y-x3) /x> =y =x*+x*tan (log x)

j—y = 2x + 2x tan (log x) + x sec?(log x)
X
= 2x [1 + tan (log x)] + x sec?(log x)

d 43
Example 11: Flndd—cos-1 >7 —— X

4x3 ) «
Sol: Lety = cos?| 57~ >7 —X =c05714g __:;§

X X
=~ = cos0=0 = cos™ §
3

2.y = cos™ (4 cos0 -3 cos ) = cos™ (cos 30) = 30

X
-y = 3cos™ (5)

- d dy _ 1 -3
dx \/1 62/9) 3 Jo_y2
32 _yz] q
E le 12: If cos = log athen &Y =
xample cos (xz ry? og a then A

Sol: Take cosine on both sides and then apply
componendo and dividendo.

2 —y?
cos™ 2 +y2 =loga

2 2
X 7Y = cos (log a) =
x+y2

=

k (say)

by componendo and dividends,

k+1
k-1

-y + 0 +yh)
02—y -2 +y?)
2% k+1 X

= =— ==
-2y? k-1 y

Differentiating both sides w.r.t. ‘X" we get
l —_ iz d_y = O : d_y = X
y y° dx dx x

Example 13: If y? = p(x) is a polynomial of degree 3,

2
then 2i y3d—y is equal to
dx d)(2

Sol: Find first order, second order and third order
derivative of p(x).

pl(X) - 2yyl :> plI(X) - 2yyll + 2y12 :> pIII(X) 2yy + 4yl yll
d d’y d

Also 2 — 2—
ix {y dsz Ix (yy")

= 2[yly" + 3y?yy" 1=y [2yy" + 6y'y'] = p(x) p"(x)

Example 14: If the tangent at the point P(at? at®) on
the curve ay? = x3 intersects the curve again at the point
Q find the point Q.

Sol: Solve the equation of the tangent and the equation
of the curve.

ay? = X*= 2 ay dy/dx = 3x?

2.4
Slope of tangent at P is 3X LI it
2ay ), S22
Let Q be (at,? at ?). Slope of I|ne
pQ = at —at’ _ t7+tt, +t7
at} —at’ t, +t

which must be the slope of tangent at P. Hence,

2 2
t1 +tt1 +t 3t

== =2¢ -tt,-t=0
t, +t 2

=t -t @2t +1) = :tlz—%

2 3
Thus, Q has coordinates (%,—%J

Example 15: Show that the curves ax? + by?=1 and cx?

+ dy? = 1 cut orthogonally |f - ===

Sol: Equate the product of d_y from the two equations
to -1 dx

Let the two curves cut each other at the point (x, y,);
then

ax’+by?=1 . ()
& cx? +dy? = ... (i)
From (i) and (ii), we get

=@-9x?+((b-dy?=0 .. (iii)
Slope of the tangent to the curve

ax’ + by’ = 1, at (x,, y,) is given by, {d—} =- by,
Slope of the tangent to the curve bay1) "

o + dy? = 1, at (x,, y,) is given by,
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2,3
dx (x1.¥1) dyl

If the two curves cut orthogonally, we must have,
by, dy,
= acx? + bdy,? =0 ... (iv)

From (iii) and (iv), we have

Example 16: Find the acute angle between the curvesy
=|x?-1]andy = | x?— 3] at their points of intersection
when x > 0.

Sol: Solve the two curves and find the slope for the
two tangents. Proceed to find the angle between the
two lines.

For the intersection of the given curves
[%*=1|—]%=3|= ®—1)7 = (x*-3)?

= x-1P2-(x*-3)%=0

= [¢-1)-0=-3)][x-1)+x-3)]=0
S[2¢-41=0 >2¢=4 =x=+2

neglecting x = ~V2 asx>0

We have point of intersection as x = — 2

Herey = | x*— 1| = (x* = 1) in the neighbouring of

x = \2and y = — (x*—3) in the neighbouring of x = 2

:[d_yJ =2x=2+2 and (j—yj =—2x=—2\/5
a a

dx X

Hence, if 0 is angle between them,

[2V2-(-22)| _|av2| _ [4@]
1+2v2(-2v2)] |7 (7

5
o0 =tan™ A

Example 17: At

=tan 6 =

what points on the curve
2 1 .
= §x3 +§x2, then tangent make equals angles with

coordinate axes.
Sol.: Find dy/dx and equate it to + 1.

Given curveisy = §x3 + %xz .. ()

Methods of Differentiation and Applications of Derivatives

Differentiating both sides w.rt. x, then dy _ 2x% + X

dx
-+ Tangents make equal angles with coordinate axes.
" dy =t+lor2x*+x=+1lor
dx

2% +x+1#0and 2x* +x-1=0
or2x? +2x-x-1=0

(If 2x> + x + 1 = 0 then x is imaginary)

Or(2X—l)(x+1).’.x=%,—1
From (1), x=l,y:z, 1 +l.l:i
2 38 24 24
andforx=—1,y=—g+l__l
3 2 6

hence point are li and —1,—l
224 6

Example 18: The side of the rectangle of the greatest
area, that can be inscribed in the ellipse x* + 2y? = 8,
are given by

(A) 4+2, 4
©2 V2

Sol: (B) Consider a point on the ellipse and write the
expression for the area of the rectangle. Then find the
maximum area using first and second order derivative.

2 2

Any point on the ellipse % +yT =1is

() 4,22
(D) 2+/2, 2

2 \/5 cos 0, 2 sin 0) [see figure]

Aky

(2V2 cosh, 2 sind)

0 X

A = area of the inscribed rectangle

= 422 cos 0) (2 sin 0) = 8~/2 sin20

9A 1642 cos20=0=0 = ~

do 4
2

Also d—A = —32\/5 sin20< 0 for® = =~
do? 2

Hence, the inscribed rectangle is of largest area if the

sides are 4\/§cos % and 4 sin(%] i.e.4 and 2\/5.
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Exercise 1

Methods of Differentiation

Q.1 Find the derivative of e*/;Jf3 , with respect to x.
Q.2 Differentiate, sin(log x), with the respect to x.
Q.3 If x = sin0, y = — tano, find dy/dx.

Q.4 Differentiate, cos‘l(\/;), with the respect to x.

-1
Q.5 Differentiate, ™" " *, with the respect to x.

Q.6 Differentiate, sin {log(x® — 1)}, with the respect to x.

Q.7 Differentiate, cos x, with the respect to e*.
Q.8 Differentiate the following w.r.t,, x : log,(sin x).
Q.9 Differentiate the following w.rt,, x : y = 5'logtinx,

Q.10 Findg—y,when Jx +\Jy =5 at (4, 9).
X

1+x
Q.11y = cot*! (Ej

1+tanx
1-tanx

Q.13 y =sin [m}

(e
Q.14 y = tan- 1_\/;)(

Ql2y =

Q.15 y =(sin x)c°s‘_:LX

Q.16 y =cos™* [(2 cos x+3 sinx)\/ﬁ}

2
Ql7y = seC‘l[1 * X2 ]

1-x

Q18 = sins| X FVL=X
2

Q19y = Sin-l[Zaxxll —a2x2}
Q.20y = ya++a+x

ax—b
Q.21ly = tan™ {m}

Q22y = Iog(x+m)
Q.23y = log (sin\/ﬁ)

Application of Derivatives

Q.1 Find the point on the curve y = x> — 4x + 5, where
tangent to the curve is parallel to x-axis.

Q.2 If two curves cut orthogonally, then what can we
say about the angle between tangents at the point of
intersection of the curves.

Q.3 Find the slopes of tangent and normal to the curve

f(x)=3x>-5 atx = %

Q4 If the tangent of the curve y = f(x)
at point (x, y) on the curve is parallel to y- axis, then

what is the value of d_y
dx

Q.5 Find a point on the curve y = 2x?> — 6x — 4 at which

the tangent is parallel to x-axis.

Q.6 Find a point on the curve y = x? — 4x — 32 at which
the tangent is parallel to x-axis.

Q.7 Find the equations of tangent and normal to the

curvey = 3J5-x at 3, 2).

Q.8 Find equations of tangent to the curvey = v4x -3,
if parallel to x-axis.
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Q.9 Verify that the point (1, 1) is a point of intersection
of the curves x? =y and x* +6y= 7 and show that these
curves cut orthogonally at this point.

Q.10 Find the equation of tangent to the parabola y? =
8x which is parallel to line 4x —y + 3 = 0.

Q.11 Find the equation of tangent to the curve y = — 5x2
+ 6x + 7 at the point 3,3—5 .
2 4

Q.12 Find the equation of tangent to the curve xy = 2
at the point [E,ck} on it.

Q.13 Prove that the tangents to the curvey = x* + 6 at
the points (-1, 5) and (1, 7) are parallel.

Q.14 At what point on the curve y = x> does the tangent
make an angle of 45° with x-axis?

2 2
Q.15 Find the point (s) on the curve LR A 1
parallel to y-axis. 9 4

Q.16 Find the slope of the normal to the curve x =

1
y=2tatt=2. t

Q.17 Show that equation of the tangent to the curve

Q.18 Find the equation of the normal lines to the curve y
= 4x*>- 3x + 5 which are parallel to the line 9y + x + 3 = 0.

Q.19 Find the equation of normal line to the curve y(x —
2) (x—3)—x =7 = 0 at the point where it meets x-axis.

Q.20 Find the equation of tangent to the curve Ix o+
\/7 = x/; at the point (x,, y,) and show that the sum of

its intercepts on axis is constant.

Q.21 Find the equation of the normals to the curve
3x? + y?= 8 parallel to the line x +3y= 4.

Q.22 Find the equation of the tangents to the curve

a® a?
\/; + \/7 = \/5 at the point [Z'ZJ

Methods of Differentiation and Applications of Derivatives

Q.23 Find the points on the curve y = x*— 2x? — 2x at
which the tangent lines are parallel to the liney = 2x - 3.

Q.24 Find the angle between the parabolas y? = 4ax
and x? = 4by at their point of intersection other than
the origin.

Exercise 2

Methods of Differentiation

Single Correct Choice Type

Qllfy=f 3x+4 & f'(x) = tanx? then d_y =
5x +6 dx
(A) tan x3
3x+4 ? 1
B)-2 tan{ } . >
5x+6 (SX + 6)
2
of w tan x?
S5tanx” +6
(D) None
10
Q.2 Let g is the inverse function of f & f'(x) = -
If g(2) = a then g'(2) is equal to 1+x7%)
5 1+a? a® 1+a%
(A) ZW B) 10 © 1+ a2 (D) 2
1 1
Q.3Ify= +
T4+xX" M4 xP™ T4 x™ " 4 xP™"
1
+ _—
1+x™P 4x"P
P
Then d—yat e™ s equal to :
dx
(A) €™ (B) e™P (€ e™™ (D) None

Q.4 Let f is differentiable in (0, 6) & f'(4) = 5 then lim
(4)~02) _ "

2-x
(A)S5 (B) 5/4

(0 10 (D) 20

Q.5 Let ¢ = Lirrg x™(Inx)" where m, neN then
X—>

(A) ¢ is independent of m and n

(B) ¢ is independent of m and depend on m
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(C) ¢ is independent of n and depend on m

(D) ¢ is dependent on both m and n

cosx x 1
. - f(x)
_ 2 [ _
Q.6 Let f(x) =|2sinx x* 2x| then a'g(‘) vl

tanx x 1

(A) 2 (B)-2 Q- (D)1

cosx  sinx CcosX
Q.7 Let f(x) |cos2x sin2x 2cos2x| then f' (g} =
cos3x sin3x 3cos3x

(A0 (B) - Q4 D1

2x
Q.8Ify = sin- {1+ 2j,then dy/dx at x = /2 is

-8
(A) (B)
+4 2 +4
© 28 2 (D) Does not exists
e+
Q9Iff(4) =g@4) =2;,f(4) =9;g'(4) = 6 then
lm \/f(T “g( is equal to :
A) 3 JE (B) E ©) 0 (D) None
2
Q.10 Ify = x + e*then 37)2( is :
(A) e (B) - 3
(1 +eX)
Q- —< (D) —2
1+e*)? 1+e)?

Q.11 If f is twice differentiable such that f"(x) = — f(x),
f'(x) = gx) h'(x) = [f(x)]?> + [g(x)]? and h(0) = 2, h(1) =4,
then the equation y = h(x) represents :

(A) A curve of degree 2

(B) A curve passing through the origin

(C) A straight line with slope 2

(D) A straight line with y intercept equal to— 2

Q.12 Let f(x) = x + 3 In(x-2) & g(x) = x + 5 nx - 1),
then the set of x satisfying the inequality f'(x) < g'(x) is

7
]

B) (1 2 —Zoo
®) (1,2 0| -5

QO (2 D Z o0
(©) (2, ) (D) >
Q.13 Let f(x) = sin x; g(x) = X*& h(x) =

df(x)
h[g(f())] then ——~
[9(f(0)] then e

log, x & f(x) =
is equal to :

(A) 2 cosec3x (B) 2 cost (x?) — 4x? cosec? (x?)

(C) 2x cot x? (D) — 2cosec? x

Q.14 Let f(x) = x", n being a non-negative integer. The
b

ab + 2ay

number of value of n for which f' (p + q) = f'
(p) + f'(q) is valid for all p, g > O is :

(A) O B)1 2 (D) None of these
100 f(101)
15 If f( Ao - th =
Q. (x) = H(x n) en ———~ T
(A) 5050 (B) 1 (C) 10010 (D) 1
5050 10010
32 +2x-1 1
— for x ;t =
Q.16 Let f(x)= | 6X° —5x+1 thenf( J
1
-4 for x==

(A) is equal to -9
(C) is equal to 27

(B) is equal to — 27

(D) does not exist

Q.17 Let f(x) be a quadratic expression which is positive
for all real x. If g(x) = f(x) + f'(x) + f"(x), then for any real
X, which one is correct.

(Agk) <0 (B)gx) >0 (Ogx)=0 (D)gx) =0

4
Q18Ify = ithen d_y} is:
X2 —2X+2 dx x=1/2

(A 3 (B) - () 4 (D) None

Q.19 A function f, defined for all positive real numbers,
satisfies the equation f(x?) = x3 for every x > 0. Then the
value of f'(4)

(A)12 (B)3 (©)3/2 (D) Cannot be determined
Q.20 If x = sin t and y = sin 3t, then the value of ‘K’ for

dy _ dy
dx? dx
(B) 6

which (1 - x?)

(A)3 € 12 (D)9
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Q2lIfx=Int&y=t"-1theny'(l)att=1Iis

(A) 2 (B) 4 © 3 (D) None

Application of Derivatives

Single Correct Choice Type

Q.1 The angle at which the curve y = ke* intersects the
y-axis is
(A) tan~k?

Q) seC‘l( V1+k* j

(B) cot™(k?)

(D) None

Q.2 The angle between the tangent lines to the graph
of the function f(x)= j(2t —5)dt at the point where the
2

graph cuts the x-axis is -

(A) n/6 (B) m/4 Q) n/3 (D) m/2

Q.3 If a variable tangent to the curve x?%y = ¢ makes
intercepts a, b on x and y axis respectively then the
value of a’b is

4 27 4
A) 27¢3 B) —¢3 Q) —c D) —¢c
(A) (B) 77 © 7] (D) 5
. T
Q.4 Consider the function f(x) = xsm; for x>0

0 for x=0

then the number of points in (0, 1) where the derivative

f'(x) vanishes, is

(A)O (B)1 G 2 (D) infinite

Q.5 The tangent to the graph of the function y = f(x)
at the point with abscissa x = a forms with the x-axis
an angle of ©/3 and at the point with abscissa x = b
%t an angle of /4, then the value of the integral,

jf'(x).f"(x)dx is equal to

(B) 0 Q-3

[assume f"(x) to be continuous]

(A1 (D)-1

Q.6 Let C be the curve y = x* (where x takes all real
values). The tangent at A meets the curve again at B. If
the gradient at B is K times the gradient at A then K is
equal to

(A) 4 (B) 2 -2 (D) Ya

Methods of Differentiation and Applications of Derivatives

Q.7 The subnormal at any point on the curve xy" = a"*!
is constant for :

A)n=0
QA n=-=2

(B)yn=1

(D) No value of n

Q.8 Equation of the line through the point (1/2, 2) and
2
tangent to the parabolay = % +2 and secant to the

curve y=v4-x> is
(A)2x+2y-5=0
Qy-2=0

(B)2x +2y-3=0
(D) None of these

Q9 TwocurvesC:y=x*-3and C,:y = kx>, k e R
intersect each other at two different point. The tangent
drawn to C, at one of the point of intersection A = (a,
y,). (@ > 0) meets C, again at B(1, y,) (y,# y,). The value
of ‘a'is

(A) 4 (B) 3 Q2 D1

Q.10 Number of roots of the equation x2.e*™ =1 is:

(A) 2 (B) 4 (€6 (D) Zero

Q.11 The x-intercept of the tangent at any arbitrary

point of the curve 2 +£ = 1is proportional to
2y

(A) Square of the abscissa of the point of tangency

(B) Square root of the abscissa of the point of tangency
(C) Cube of the abscissa of the point of tangency

(D) Cube root of the abscissa of the point of tangency

Q.12 The line which is parallel to x-axis and crosses the
curve y= Jx atan angle of % is

Wy=-12 @x=% ©Qy=14 ©Oy=Y

Q.13 The lines tangent to the curves y® — x%y + 5y — 2x
=0 and x* — x®y? + 5x + 2y = 0 at the origin intersect at
an angle 0 equal to

(A) n/6 (B) m/4 (C) n/3 (D) n/2

Q.14 Consider f(x) = J'(H%]dt and g(x) = f for
0

X €|:l,3:|
2



If P is a point on the curve y = g(x) such that the
tangent to this curve at P is parallel to a chord joining

the points (% g(%D and (3, g(3)) of the curve, then

the coordinates of the point P

(A) can't be found out (B) Z %
4" 28

(83

Q.15 The co-ordinates of the point on the curve 9y? = x3
where the normal to the curve makes equal intercepts
with the axes is

1 8 6 2 |6
(A) (1, 5) (B) (3, \/5) © (4, gj (D) [E’E E]

Previous Years' Questions

Q12

Q.1 The normal to the curve x = a (cos 6 + Bsin 0),y =
a (sin 6 — 6 cos 0) at any / point "0" is such that (1983)

(A) It makes a constant angle with the x-axis
(B) It passes through the origin
(C) It is at a constant distance from the origin

(D) None of the above

Q.2 The slope of tangent to a curve y = f(x) at [x, f(x)] is
2x + 1. If the curve passes through the point (1, 2),then
the area bounded by the curve, the x-axis and the line
x=1is (1995)

(A) 5/6 (B) 6/5 @ 1/6 (D)6

Q.3If the normal to the curve y = f(x) at the point (3, 4)
makes an angle %Tn with the positive x-axis, then f'(3) is

(2000)
D) 1

equal to

(A)-1 (B) =3/4 Q473

Q.4 The point(s) on the curve y? + 3x? = 12y where the

tangent is vertical, is (are) (2002)
11
B)| +,/—,0
: >[ e ]

ol
ol

(@ (.0
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Q.5 The equation of the common tangent to the curves

y’=8xandxy =-1is (2002)
(A)3y =9% + 2 B)y=2x+1
Q) 2y=x+38 D)y=x+2

Q.6 Tangents are drawn to the ellipse x* + 2y? = 2, then
the locus of the mid point of the intercept made by the

tangents between the coordinate axes is (2004)
w L.l oo S

2x? 4y2 4x° 2y2

2 2 2 2
(C) X_+y_ =1 (D) X_+y_:1

2 4 4 2

Q.7 The angle between the tangent drawn from the
point (1, 4) to the parabola y? = 4x is (2004)

T I T T
(A) 5 (B) 2 © 3 (D) 5

Q.8 The tangent at (1, 7) to the curve x> —y — 6 touches
the circle x? + y? + 16 x + 12y + ¢ = 0 at (2005)

(A) (6,7) B 6,7 (©O® -7 (D)(6-7)

Q.9 The tangent to the curve y = e* drawn at the point
(¢, €°) intersects the line joining the point (c -1, e“!) and
(c+1, e (2007)

(A) On the left of x = ¢ (B) On the right of x = ¢
(C) At no point (D) At all points

X_
0, if x=1

(1 .
Q.10 Let f(x) = (X_l)sm[—lj, if x= 1-

(2008)
(A) f is neither differentiable at x = 0O notatx =1

(B) f is differentiable atx =0 and atx =1

(C) fis differentiable at x = O but notatx =1

(D) fis differentiable at x = 1 but notatx =0

Then which one of the following is true ?

Q.11 The area of the plane region bounded by the
curves x+2y? =0 and x+3y? =1 isequal to (2008)

1 2
(B) = © 3

5
W3 3

4
(D) 3
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Exercise 1
Methods of Differentiation

Q.1 Let y = x sin kx. Find the possible value of k for
&y
dx?

which the differential equation +y= 2k cos kx holds

true for all x € R.

Q.2 Find a polynomial function f(x) such that f(2x) =
f(x) f"(x).

Q.3 Let f and g be two real-valued differentiable

function on R If f'(x) = g(x) and g'(x) = f(x) “x € R and

f(3) = 5, (3) = 4 then find the value of (fz(n) —gz(n)).
d’y

Q.4 Find the value of the expression y3§ on the

ellipse 3x? + 4y? = 12.

Q.5 The function f : R — R satisfies f(x?) . f"(x) = f'(x) .
f'(x?) for all real x. Given that f(1) = 1 and (1) = 8,
compute the value of f'(1) + f(1).

1 1
Q.6If 2x = y> + y > then (x*-1)

2
gy + xj—y = ky, then find the value of k.

dx? X

Q.7 If the dependent variable y is changed to 'z’ by the
substitution y = tan z then the differential equation

2 2 2
dy —1+M [j—yj is changed to d—i = cos’z + k
X

dx

dx? 1+y?

2
(%J , then find the value of k.
X

Q.8 Show that the substitution z = In [taan changes
the equation 2
2

dy + cotxd—y +4ycosec’x =0
dx2 dx
2
to dy +4y =0
dz?
sinx . .
Q.9 Let f(x) = —— if x # 0 and f(0) = 1. Define the

function f'(x) for all x and find f"(0) if it exist.

213/2
Q.10 Show that R = [1+(c21y/dx)2] can be reduced
to the form d%y /dx

1 1

23 =

+
(dZy dX2)2/3 (d2X dy2)2/3

Q.11 Suppose f and g are two functions such that f, g:
R > R, f(x) = In(x+ V1 +x° ) then find the value of xes®

f1 | :
x +g'(x)atx =1.

Q.12 Let f(x) be a derivative functionatx =0 &f[XJrTyj

_ () +f(y)
k
zero or an odd linear function.

(k € R, k # 0, 2). Show that f(x) is either a

(x— a)4 (x— a)3 1
Q.13 Iff(x) = |(x=b)* (x-b)®> 1] then

x-o* (x-c? 1

(x-a)t (x-a)P 1
(x-b)* (x—b)? 1|.

(x—c)4 (x—c)2 1

f(x) = .

Find the value of A.

Q.14 Let P(x) be a polynomial of degree 4 such that
P(1) = P(3) = P(5) = P'(7) = 0. If the real number x
# 1,3, 5is such that P (x) = 0 can be expressed as
x = p/q where ‘p’ and 'q" are relatively prime, then find

(p + ).

Q15 If f R — R is a function such that
f(x)=x3+x2f"(1)+xf"(2)+f"'(3) for all x € R, then prove
that f(2) = f(1) — f(0).

cos(x+x%) sin(x+x%) —cos(x +x%)

. 5 5 . )

Q.16 1f f(x) = |SNX ~X7) coslx=x7)  sin(x—x7)
sin2x 0 sin2x2

then find f'(x)
a+x b+x c+x

Q.17 Letf(x) = | /+x m+x n+x|.Showthatf'(x) =0
P+X gq+X r+x



and that f(x) = f(0) + kx where k denotes the sum of all
the co-factors of the elements in f(0)

.18 If y = tan™! + tan? + tan?
Q y X2 +x+1 X% +3x+3
1 1
_1 =
2 +5x 17 + tan 2+ 7x+13 + o to n terms.

Find dy/dx, expressing your answer in 2 terms.

Q.191fY = sX and Z = tX, where all the letter denotes the
functions of x and suffixes denotes the differentiation

X Y Z st
w.rt. then prove that | X, Y, Z | =X 51 tl
2 L
X, Y2 2,
20 If —— &
.20 If y = tan™
Q y L2

x—sec*lLUG 0E U L1
u-1" 9 Nl

prove that 2d_y +1=0
dx

X /1—x
.21 If y = tan™ +sin | 2tant,|=—= |,
Q y 1+V1-%° { 1+x]

The find d_y forx e (-1, 1)
dx

\/1+sinx +\/1—sinx
x/l+sinx —x/l—sinx '

find Wiexel0,E ol E xl.
dx 2 2

Q.23 Prove that the second order derivative of a
single valued function parametrically represented by x
= ¢(t) and y = P(t), a< t <B where ¢(t) and ¥(t) are
differentiable functions and ¢'(t) # 0 is given

e
2 dt 2 2\ dt
by d_y dt dt

Q.22 Ify = cot™*

dx? B dx 3
dt
Q.24 (a) If y = y(x) and it follows the relation e¥ + y cos
x = 2, then find (i) y'(0) and (ii) y"(0).

(b) A twice differentiable function f(x) is defined for all
real numbers and satisfies the following conditions f(0)
= 2;f'(0) =-5and f"(0) = 3
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The function g(x) is defined by g(x) = e™ + f(x) V x € R,
where ‘a’ is any constant. If g'(0) + g“(0) = 0. Find the
value(s) of ‘a’.

Application of derivatives

Q.1 Find the equations of the tangents drawn to the
curves y? — 2x3 — 4y + 8 = 0 from the point (1, 2).

Q.2 The tangenttoy = ax? + bx + % at (1,2) is parallel

to the normal at the point (- 2, 2) on the curvey = x? +
6x +10. Find the value of a and b.

Q.3 Find the point of intersection of the tangents
drawn to the curve x?%y = 1 —y at the points where it is
intersected by the curvexy = 1-y.

Q.4 Find the equation of the normal to the curve y =
1+ x)Y + sin"t(sin?*x) at x = 0.

Q.5 A function is defined parametrically by the equation

2t +t2 sinl ift#0
t a

f(t) =x = nd
0 ift=0
1. 5 .
gt =y = ¥smt ift0
0 ift=0

Find the equation of the tangent and normal at the
point for t = 0 is exist.

o 41x3
Q.6 Aline is tangent to the curve f(x)=

at the point
P in the first quadrant, and has a slope of 2009. This line

intersects the y-axis at(0, b). Find the value of ‘b".

Q.7 Find all the tangents to the curve y = cos (x +y), -

2n< x < 2x, that are parallel to the line x + 2y = 0

Q.8 There is a point (p, q) on the graph of f(x) = x* and

a point (r, s) on the graph of g(x) = -8 where p > 0 and
X

r > 0. If the line through (p,q) and (r, s) is also tangent to
both the curves at these points respectively, then find
the value of (p + 1)

Q.9 (i) Use differentials to approximate the values of; (a)

V36,6 and (b) 326 .
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(i) If the radius of a sphere is measured as 9 cm with
an error of 0.03 cm, then find the approximate error in
calculating its volume.

Q.10 The chord of the parabola y=— a’? +5ax — 4
touches the curve y = %at the point x = 2 and is
—X

bisected by that point. Find ‘a".

Q.11 Tangent at a point P, [other than (0, 0)] on the
curve y = x* meets the curve again at P,. The tangent
at P, meets the curve at P,& so on. Show that the
abscissae of P, P, P, ....... P, form a GP. Also find the

area(P,P,P,)

area(P,P,P,)
Q.12 Determine a differentiable function y = f(x) which
satisfies f'(x) = [f(x)]> and f(0) = —%. Find also the

equation of the tangent at the point where the curve
crosses the y-axis.

Q.13 The curve y = ax® + bx? + cx + 5, touches the
x-axis at P(—2, 0) & cuts the y-axis at a point Q where its
gradient is 3. Find a, b, ¢

Q.14 Find the gradient of the line passing through the
point (2, 8) and touching the curve y = x°

Q.15 Let f: {0, ) — R be a continuous, strictly increasing

function such thatf3(x) = thz(t)dt .If a normal is drawn
0 _

to the curve y=f(x) with gradient7l, then find the

intercept made by it on the y-axis.

Q.16 The graph of a certain function f contains the point
(0, 2) and has the property that for each number'p the
line tangent to y = f(x) at (p, f(p)) intersect the x-axis at
p + 2. Find f(x)

Q.17 (a) Find the value of n so that the subnormal at
any point on the curve xy" = a"*! may be constant(b)
Show that in the curve y = a.In (x> — a?)sum of the length
of tangent & subtangent varies as the product of the
coordinates of the point of contact

(c) If the two curve C 1 x = y?and C, : xy = k cut at right
angles find the value of k.

Methods of Differentiation and Applications of Derivatives

Q.18 Let the function f: [- 4, 4] — [-1, 1] be defined
implicitly by the equation x=5y —y*=0.

Find the area of triangle formed by tangent and normal
to f(x) at x = 0 and the liney = 5.

Q.19 The normal at the point P(Z,%) on the curve
xy =1, meets the curve again at Q. If m is the slope of

the curve at Q then find [ m |.

Q.20 Let C be the curve f(x) = In’ + 2Inx and A(a, f(a),
B(b, (f(b)) where (a < b) are the points of tangency of
two tangents drawn from origin to the curve C.

(i) Find the value of the product ab.

(ii) Find the number of values of x satisfying the equation
5x f'(x) =xIn10-10 = 0.

Q.21 A particle moves along the curve 6y = x* + 2. Find
the points on the curve at which the y coordinate is
changing 8 times as fast as the x coordinate

Q.22 A man 1.5 m tall walks away from a lamp post 4.5
m high at the rate of 4 km/hr.

(i) How fast is the father end of the shadow moving on
the pavement?

(i) How fast is his shadow lengthening?

Q.23 A water tank has the shape of a right circular cone
with its vertex down. Its altitude is 10 cm and the radius
of the base is 15 cm. Water leaks out of the bottom at a
constant rate of 1 cu. cm/sec. Water is poured into the
tank at a constant rate of C cu. cm/sec. Compute C so
that the water level will be rising at the rate of 4 cm/sec
at the instant when the water is 2 cm deep.

Q.24 Water is dripping out from a conical funnel of
semi vertical angle % at the uniform rate of 2 cm?3/sec

through a tiny hole at the vertex at the bottom. When
the slant height of the water is 4 cm, find the rate of
decrease of the slant height of the water.

Q.25 Sand is pouring from a pipe at the rate of 12 cc/
sec. The falling sand forms a cone on the ground in
such a way that the height of the cone is always 1/6%
of the radius of the base. How fast is the height of the
sand cone increasing when the height is 4 cm?



Q.26 A circular ink blot grows at the rate of 2 cm? per
second. Find the rate at which the radius is increasing

after 2 iseconds. Usen = 2
11 7

Q.27 A variable AABC in the xy plane has its orthocentre
at vertex 'B’, a fixed vertex ‘A" at the origin and the third
2
vertex 'C’ restricted to lie on the parabolay =1 + 73%
The point B starts at the point (0, 1) at time t = 0 and
moves upward along the y axis at a constant velocity of
2 cm/sec. How fast is the area of the triangle increasing

when t = %sec.

Q.28 At time t > 0, the volume of a sphere is increasing
at a rate proportional to the reciprocal of its radius. At
t = 0, the radius of the sphere is 1 unit and at t = 15 the
radius is 2 units.

(a) Find the radius of the sphere as a function of time t

(b) At what time t will the volume of the sphere be 27
times its volume att = 0

Q.29 Water is flowing out at the rate of 6 m3/min from
a reservoir shaped like a hemispherical bowl of radius R
= 13 m. The volume of water in the hemispherical bowl

is given by V = T, y? (3R —y) when the water is y meter
deep . Find

(a) At what rate is the water level changing when the
water is 8 m deep?

(b) At what rate is the radius of the water surface
changing when the water is 8 m deep?

Exercise 2

Methods of Differentiation

Single Correct Choice Type

Qllfy= X X X X X X then
a+ b+ a+ b+ a+ b+ dx
a b
(A) B) ———
ab +2ay ab + 2by
a b
Q ——— (D)
ab + 2by ab + 2ay
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Q.2 The function f(x) = e* + x, being differentiable and
one to one to one, has a differentiable inverse f1(x). The

value of di (f1) at the point f(In2) is
X

1 1 1
(A) ] (B) 3 © 2 (D) None

Q.3 f'(x) = g(x) and g'(x) = —f(x) for all real xand f(5) = 2 = f
'(5) then f2(10) + g#(10) is-

(A) 2 (B) 4 8 (D) None

Q.4 Differential coefficient of

1 1 1
/+m \n—¢ m+n \/—m n+/ \m-n
xm-n .| xn-t .| xt-m w.rt. is

(A)1 (B)O -1 (D) xlmn

Q.5 Let f(=(x)*and gx)=x"" then:
A)fQ)=1landgl) =2 B)FQ) =2andg(l) =1
©Ff1)=1landg1)=0 O)Ff@L)=1landg(l)=1

L Sl (% =1)y"+xy'
Q.6 If ym + y m=2x, then the value of Ll
is equal to value equal to y
(A) 4 m? (B) 2 m? (C) m? (D) = m?

Q.7 If y> = P(x), is a polynomial of degree 3, then 2(ij

X
2

(yg’.j%] equals:

(A) p"(x) + P'(x)

(©) P(x).P"(x)

(B) P"(x).P"(x)

(D) a constant

.3
Q.8 Given f(x) = %+ x?sinl5a-xsina.sin2a-5

are sin (a>- 8a + 17) then:

(A) f(x) is not defined at x = sin 8
(B)f' (sin8) >0

(O) ' (x) is not defined at x = sin 8
(D) f'(sin8) <0

QoIfy - Ccosb6x +6cos4x+15cos2x +10 then d_y _
cos5x+5cos3x +10cosx dx

(A) 2 ain x + cos x (B) — 2 sin x

(C) cos 2x (D) sin 2x
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Q.10 A curve is parametrically represented by y = R(1 -
2

cos 0) & x = R(0 - sin0), then d_y at0=mis -
dx?

1 1 1 1

A) —— B) — Q) — D) ——

()ZR ()4R ()2R ()4R

Q.11 If f(x) = (1 + x)" then the value of f(0) + f' (0) + ....
f7(0) .
+ — js—
n!
(A)n (B) 2

(C) 2~ (D) None

Q.12 If the function y = e* + 2e™ is a solution of the

3
dy ;3dy
. . . dX3 dx
differential equation =2———— =K. then the value of K
y
(A)4 (B) 6 9 (D) 12

2
Q.13 x* + 3x%y? + 7xy3 + 4x%y — 15y* = 0, then d_)z’ at
1 Dis- dx

(A) 2 (B)1 7 (D)0

Q.14 If f(x) = e | Let g(x) be it's inverse then g’ (x) at
X=2is-
/n2 1

(A) EN B ==

(C) 2/n2
2/n2

(D) e?

1-2/n|x| 3+20n|x|
Q.15 y=tan‘1[mj+tan‘{mj, then
&y
dx?
(A) 2

equals

(B)1 Q0 (D) -1

Q.16 lim (x)‘X —-x*) equals -

x—0*"

(A1 (B) -1 o (D) None of these

Q.17 Iin?){(cot X)* + (1 — cos x)«°**} is equal to -
X—>

(A) 2 (B) +1

©o (D) None of these

Multiple Correct Choice Type

1+x% -1
, then

Q.18 Let f(x) = tan‘l{ »

(A) f(x) = 112 tan*x A xeR - {0}

B f" (x) = ¢ xeR - {0}

21 +x%)
(©) f(x) is an odd function

(D) f(x) + f=x) = p

Q.19 If y = tan x tan 2x tan 3x then j_y has the value to:
X

(A) 3 sec? 3x tan x tan 2x + sec? x tan 2x tan 3x + 2 sec?

2x tan 3x tan x

(B) 2y (cosec 2x + 2 cosec 4x + 3 cosec 6x)

(C) 3 sec? 3x — 2 sec?2x — sec?x

(D) sec? x + 2 sec? 2x + 3 sec? 3x

1 X 1 y

A) —— (B) (@] (D)
2y -1 X=2y V1+4x 2x+y
Q.21If 2* + 2¥ = 2¢*Y then j—y has the value equal to
X

2 1 X1 -2y
w-= @ ©1-2 @i=2)

2x 1-2" (25 1)

Q.221If \Jy+x +4y—-x =c then j—y is equal to
X
2x X
A — B) ——
c y+yy? =X
2_ 2 2
-y  —x o
(oA © 3

X

Application of Derivatives

Single Correct Choice Type

Q.1 Theliney = - %x andy = - %x intersect the curve
3x? + 4xy + 5y? — 4 = 0 at the 0.2
point P and O respectively. "N575
The tangent drawn to the N}

curve at Pand Q

P(x;, y1)

Q[ (% y,)

2
V3
(A) Intersect each other at angle P

of 45° 6 %)




(B) Are parallel to each other
(C) Are perpendicular to each other

(D) None of these

Q.2 A curve is represented by the equations x = sec? t
and y = cot t where t is a parameter. If the tangent at
the point P on the curve where t = /4 meets the curve
again at the point Q then | PQ | is equal to

SJ_ SJ_

(A) — B) —
© i ) i
2
x> if x<1
Q.3 Let f(x) = then the number of
—(x=2)® ifx>1

critical points on the graph of the function is

(A1 (B) 2 @3 (D) 4

Q4 At any two points of the curve represented
parametrically by x = a(2 cos t—cos 2t), y = a(2 sin t—sin 2t)
the tangents are parallel to the axis of x corresponding
to the values of the parameter t differeing from each
other by

(A) 21t/3 (B) 3n/4 (C) /2 (D) n/3

Q.5 At the point P (a, a") on the graph of y = x"(n e
N) in the first quadrant a normal is drawn. The normal

intersects the y-axis at the point (0, b). If I|m b=
then n equal 2

A1 (B)3 @2 (D)4

—x%  forx>0
x> +8 forx>0

the line that is tangent to the graph of f(x) is
(A) zero (B)-1 Q) -2 (D) -

Q.6 Let f (x) = . Then x intercept of

Q.7 The ordinate of all points on the curve

= 1 where the tangent is horizontal, is -

2sin? x + 3cos® x
(A) Always equal to 1/2

(B) Always equal to 1/3

(C) 1/2 or 1/3 according as n is an even or an odd
integer

(D) 1/2 or 1/3 according as nis an odd or an odd integer
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n
Q.8 The equation of the tangent to the curve (ij +
a

n
[lj = 2 (n € N) at the point with abscissa equal to

o@g @Y
o [2){2)

X y
A) |2 =|=2
@ (<)Y
Multiple Correct Choice Type

| X

o[eH)-

o | X

Q91f—+E = lis atangent to the curve x = Kt, y = %
K > 0 then

(A)a>0,b>0 B)a>0,b<0
(©a<0b>0 (D)a<0,b<0

Q.10 The abscissa of the point on the curve dy _ a+x

X
the tangent at which cuts off equal intersects from the
co-ordinate axes is (a > 0)

n -+ B)- -~ (©av2 (D-av2

V2 V2

Q.11 The parabolay = x? + px + q cuts the straight line y
= 2x— 3 at a point with adscissa 1. If the distance between
the vertex of the parabola and the x-axis is least then

Ap=08&qg=-2
B p=-28&q=0
(C) least distance between the parabola and x—axis is 2

(D) least distance between the parabola and x—axis is 1

Q.12 The co-ordinates of the point(s) on the graph ......

x> 5x?

function, f(x) = 3 + 7x — 4 where the tangent

drawn cut off intercepts from the co-ordinate axes
which are equal in magnitude but opposite in sign, is

(A) (2, 8/3) (B) (3,7/2)
(C) (1, 5/6) (D) None of these

Q.13 Equation of a tangent to the curve y cot x = y* tan

x at the point where the abscissa is % is

(A)4x +2y =m + 2
O x=0

(B)4x -2y =m + 2
D)y=0
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Q.14 The angle made by the tangent of the curve x =
a(t + sintcost);y = a(l + sin t)? with the x-axis at any
point on it is -

1+sint
cos2t

1-sint
cost

@) %(n +2) (B) © %(Zt ) (D)

Q.15 Consider the curve represented parametrically by the
equation x = 2 —4t2—3tand y = 2t?+ 3t—5wheret e R

If H denotes the number of point on the curve where
the tangent is horizontal and V the number of point
where the tangent is vertical then

(A)H=2andV =1 (ByH=1andV =2
QOH=2andV =2 D)H=1andV =1

Previous Years' Questions

Q.1 If the line ax + bx + ¢ = 0 is a normal to the curve

xy = 1, then (1986)
Aa>0,b>0 Bya>0,b<0
©a<0b>0 (D)a<0,b<0

Q.2 On the ellipse 4x? + 9y? = 1, the point at which the
tangents are parallel to the line 8x = 9y, are (1999)

21 21 2 1 2 1
*) [5'5] ®) [_E'Ej © (‘E"Ej ©) (5"5}

Q.3 Let C be the curve y* —3xy + 2 = 0. If H is the set of
points on the curve C where the tangent is horizontal
and V is the set of points on the curve C where the
tangent is vertical, then H = .......... andV = ....... [1997]

Q.4 A swimmer S is in the sea at a distance d km from
the closest point A on a straight shore. The house of the
swimmer is on the shore at a distance L km from A. He can
swim at a speed of u km/h and walk at a speed of v km/h

Methods of Differentiation and Applications of Derivatives

(v > u). At what point on the shore should be land so that
he reaches his house in the shortest possible time? (1983)

Q.5 Find the coordinates of the point on the curvey =

, where the tangent to the curve has the greatest
1+x

slope. (1997)

Q.6 Find all the tangents to the curvey = cos (x + ), —
2n< x 2m, that are parallel to the line x + 2y = 0 (1997)

Q.7 Find the point on the curve 4x? + a%y? = 4a% 4 < a?<
8 that is farthest from the point (0, -2). (1987)

Q.8 Three normals are drawn from the point (c, 0) to the
curve y? = x. Show that ¢ must be greater than =. One
normal is always the x-axis. Find c for which thé other
two normals are perpendicular to each other  (1991)

Q.9 What normal to the curve y = x? forms the shortest
chord? (1992)

Q.10 Find the equation of the normal to the curvey =
1 + x)Y + sin"}(sin’x) atx = 0 (1993)

Q.11 Tangent at a point P {other than (0, 0)} on the
curve y = x* meets the curve again at P,. The tangent
at P, meets the curve at P,, and so on. Show that the
abscissae of P, P, P, ... < P_ form a GP. Also find the
ratio. [Area (dP,P.P.)] / [area (dP,P.P,)] (1993)

123 23 4

Q.12 A rectangular sheet of fixed perimeter with sides
having their lengths in the ratio 8 : 15 is converted
an open rectangular box by folding after removing
square of equal area from all four corners. If the total
area of removed squares is 100, the resulting box has
maximum volume. Then the lengths of the sides of the

rectangular sheet are (2013)
(A) 24 (B) 32 (©) 45 (D) 60
Q.13 Match List I with List Il and select the correct answer using the code given below the lists : (2013)
List - I List — II
P 1/2 1
1 cos(tanty) + ysin(tan y) Lyt 15
y? | cot(sinty) +tan(sin y) 213
Q 2. \/E

If cosx + cosy + cosz =0 =sinx + siny + sin z then possible value of cos — is

Xy
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R 3.
T . . . T l
If cos[z—xjc052x+sm XSIN2X seCx = COS XSin 2x sec x+cos[z+x]c052x cos 2 x 2
then possible value of sec x is
S 4. 1
If co'c(sin‘l V1-x° ) = sin(tan‘l(x\/g)) , X # 0, then possible value of x is

A)P—>4,Q—>3;R>1;S>2
QOOP—-3,Q—-4;,R>2;S>1

B)P—>4;,Q—>3;R>2;S—>1

D)P—>3;Q—-4;R—>1;S>2
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JEE Main/Boards

Exercise 1

Methods of Differentiation

1 Jas3
Ql ——e
24Ux+3
-1
Q4 ——
2xy1-x
Q.7 —e™*sinx
3
.10 —=
Q 2
Q13 —C0Ss+/Ccos xsin\/;
’ 4\/;\/COS\/;

-1
Q.15 (sinx)*> X {cos'1 X.COtx - ——=-

oA 1oy
Q21 1
1+x

Application of Derivatives
Q1(2,1)

Q4 dy is not defined
dx

Q7x+12y-21=0;12x-y +38=0

Q108x-2y+1=0

Q133

Q.2 l cos (log x)
X

-1
mem tan ~x

Q5

1+x°

Q.8 cotx. log,e

-1
1+x

1( 1
24~
Q 2&(1“2}

Q11

2

Q161

Q.2 90°

3 -17
e [E'Tj
Q.8 V2 bx + \/an—ab

Q.114x-4y +33=0

P
Q 2'4

Q.161/818.x + 9y -55=0;x+9-35=0 Q.17 -1

Q1920x+y-140=0

Q.22 2x + 2y = a?

X

Q.20 K +

Q.23 (2, -4); (

Q

%“ <
=
I

N
N
\||">

1

wl

Q.3 —sec®0

3x? cos{log(x3 -1)}
X -1

Q.6

Q.9 5= (cot x) (In 5)

Q12 sec? x /1—tanx
’ (1—tanx)® V1+tanx

2
1+x°

1>< 1 N 1
.20 4
Q 4 \/a+\/a+x Va+x

xcot(\/1+x2)
V1+x°

Q17

Q23

Q3- %

Q.6 (2-36)
QIMM,=-1
Q12k*x +y—-2ck=0
Q.15 (£3, 0)

Q.18 55

Q21lx+3y=8x+3y=-38
3al/3pl/3

Q.24 tan’l 2(32/3 4 b2/3)



Exercise 2

Methods of Differentiation

Single Correct Choice Type

Q1B Q2B Q3D Q4D
Q7C Q8A Q9A Q108
Q13D Q14D Q15B Q16 B
Q198 Q20D Q218

Application of Derivatives

Single Correct Choice Type

Q1B Q2D Q3cC Q4D
Q7C Q8A Q9D Q108
Q13D Q14D Q15C

Previous Years' Questions

Ql1C Q2A Q3D Q4D
Q7C Q8D QI A Q10 A

JEE Advanced/Boards

XCOSX —SinXx

Exercise 1
Methods of Differentiation
3
Qlk=1-10r0 Q.Z%
-9
4 — .56
Q 2 Q
Q7k=2 QI9f'(x) =
Q.11 Zero Q133
Q.156 Q.16 2(1 + 2x) . cos2(x + x?)

1 1

.18 -
Q 1+(x+n)2 1+%x°
1-2x
Q.200 Q21 ——
2V1-x2
Q.23 LH.S =RH.S Q.24 (a) () y'(0) =

Application of Derivatives
Q123x-y=2(3-1) or2s3x+y=2(3+1)

Q30 1) Q4x=y-1=0

Q19 = X[S;t,X* =S, t,X°]+ X,

if x=0

if x=0
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Q5A Q.6 8B
Ql1C Q12D
Q17C Q.18 A
Q5D Q.6 A
Ql1C Q12D
Q5D Q6 A
Q11D
Q39
Q.6 25
1
£0)=-=
) 3
Q.14 100
Q.17 f(0) + kx
t
t
1
.22 — or— =
Q225 or-7

-1;(i)y"(0)=2,(b)a=1-2

-5

Q2a=1b=—

2

Q5T:x-2y=0;N:2x+y=0
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82.7°
3

Q.6 -

Q.9 (i) (a) 6.05, (b) %; (ii) 9.72 mecm?

Q.12- S i Xx—4y =2
X+2

Q159

Q.18 65

Q.21 (4, 11) & (- 4,-31/3)
Q.24 4£i cm/sec

66
.27 —
Q 7

Q7x+2y=n/28&8x+ 2y =-31/2
Ql0a=1
Ql3a=-1/2,b=-3%;c=3

—X

Q.16 22

Q.19 64
Q.22 (i) 6 km/h; (ii) 2 km/hr
Q.25 1/48 = cm/s

Q.28 (a)r=(1 +t)¥4 (b)t =80

1 . 5 .
Q.29 (a) - ~am m/min, (b) — ﬁm/mm

Exercise 2

Methods of Differentiation

Single Correct Choice Type

Q1D Q28
Q7C Q8D
Q13C Q14C

Multiple Correct Choice Type
Q.18 B, C Q.19A,8B,C

Application of Derivatives

Single Correct Choice Type
Ql1lC Q2D
Q7D Q.8 A

Multiple Correct Choice Type
Q9A,D Ql0A B
Q.15B,D

Previous Years' Questions

Q18B,C Q2B,D

Q.6x+2y:gandx+2y:—3?TI

Q10dy/dx =1

Q3cC Q4B
Q9B Q10D
Q15C Q168

Q.20 ACD Q21A B,C D
Q3C Q4 A
Q118,D Q12A B

Q3H=0¢,V={L1

Q70 2) Q.8 3/4

Q111/16 Q12AC

Q85
Q111/16
Q143,12
Q.17 (a) n = -2,
Q.20 (i) 1, (ii) 2

(C) +L
"2

Q.23 1 + 36 cu.cm/ sec

Q.26 % cm/sec

Q5D
Q11B
Q17B

Q22A,B,C

Q5C

Q13 A B D

ud

V2 —U2

Q4

Q6C
Q12D

Q6B

Q14 A,B

Q.5 (0, 0)

Q9V2x-2y+2=0

Q138
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JEE Main/Boards
Exercise 1
Methods of Differentiation

Soll:y = em

d_y:de*/m dvx+3 d(x+3)
dx  x+3 dx = dx

Jx+3 1 1= 1 ex/ﬁ
2\x+3 2NX+3

[Chain Rule]

=€

Sol 2: y = sin(logx)

d_y _ dsin(logx) dlogx
dx d(logx) dx

= cos(logx) (%) =

Sol 3: y = —tan6, x = sin0

[Chain rule]

cos(logx)

X |

d(-tan0)
dy dy/d6_  do _
dx dx/de  d(sin6)
do

Sol 4:y = cos/x

—sec’0
coso

= —sec0

dy deosiVx dvx -1 1 1
dx d\/; dx \/l =X 2\/; 2\/)( — X2

mtanL x

Sol5:y=¢e

m'can_:L X

d_y _de d(mtan~ x)
dx dmtan™t x). dx

-1
B emtan_lx [m 1 ]_ memtan X
1+%° 1+%°

Sol 6: y = sin{log(x® - 1)}

dy dsin{log(x3 —1)} d{log(x3 —1)} ) 4o —1)
dx d{log(x3 —1)} " d{x’ -1} dx

3x? cos{log(x3 - 1)}

= cos{log(x® - 1)}. 3x? =
{log( )} Z 1 Z 1
Sol 7: dcosx - dcosx‘ 1 _ —sinx - _(sinx)e™
de* dx  de* e*
dx

Sol 8: y = log,(sinx)

d_y_ 1 dlog(sinx) d(sinx) _ cosx

= . —"log, e = (cotx)logS
dx log2 d(sinx) dx sinx % %

Sol 9: y = 5logting
logy = (log5) log(sinx)

3 d.log(sinx) d(sinx)
y dx dsinx) = dx

=(log5) <>
sinx

. 9dY _ clogGsinx
- _:5 g(sinx t | 5
o ((co x)log )

Sol 10: Vx +.fy =5

Differentiate w.r.t x
1 1dy o .dy_

—+—=-2=0 L=
24x 2\/;dx dx

For (4, 9)

d_y__\ﬁ__i
dx 4 2

Sol 11: y = cot™ Gﬂj = tan? [11}
—X

A=

1+x

Take x = tan0

tanE—tanG
sy =tan™
1+tanEtan9
4

= tan!| tan 5—9 = E—G:
4 4

'd_y_dtan‘lx__ 1
T dx dx

—tanx

NP

1+x?
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5 N2
_1 /l—tanx 1+tan®x
2( V1+tanx || (1-tanx)?
_ sec? x /l—tanx
(1-tanx)? V1+tanx

—C0oSy/CcosVX sinx/;
4\/;\/COS\/;

2
x(Iogxz)Iog(Iog x?)

Sol 13:

Sol 14:

Sol 15: y = (sinx)cosf1X
Taking log both sides

Log y = cosxlog(sinx)
Differentiate both side w.rt. x

ldy dcos* xlog(sinx)

y dx dx
[ -1
= COS’lxw + |Og(5inx)m
X
_ cotx cosx — 1296inx)

V1-x?
dy

. -1 _
B (sinx)®°s "X {cotxcos L
X

3 Iog(sinx)}

V1-%2
Sol 16: y = cos* [(2 Cos X +3 sinx)\/ﬁJ

| 2 3 .
=C0S ~ | ——=CO0S X +——— Sin X

Vi3 13

2
where —— =cos 0 an

3
d —=—
V13 V13

=sin0

=cost [cose COs X +5sinO sin x} =cos! [cos (x - 6)]
wwcost(cos x)=x . y=x-6

:>_y:1
dx

2 2
Sol 17:y = sec! 1+X2 = cos™ L X2
1-x 1+x

Take x = tan0@

a2
Ly = coslﬁtizeJ = cos(cos20)
+tan“ 0

=y=20 . y=2tanx
dy 2
dx  1+4x2

Sol 18:y = sinll

2

Put x = cos20

L y= sin_l{x/1+c0526+\/1—c0526}
o 2

= sin?

2

_\/2cosz 0 +\/25in2 9}

=sin™® icose+isin€)

V2 V2

= sin|sin| 0+ 2 ||=0+ = ny
4 4

L 1

1 T
—cosix + —
2 4

dy 1

dx 1oy
Sol19:y = sin‘l[ZaX\/l - azxz}

2
Put x = l cosO .. y = Sin_1|:2c059 l_az(cosz 9]]
a

a
= sin‘l[Zcose 1-cos? 9}

= sin7[2cos0sin0]= sin~![sin20] = 20 = 2costax

" d—y =-2x ! = 2
dx \/1 _ 222 \/1 _ 23
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A 1 dd+x?%)
Sol 20:y =+va++va+x N 1 (cos /1+x2)>< y

- dx
sin \/l+x2j 2\/1+X2
d_y:d/a+ /a+xxd(a+ a+x) (
dx d(@a++a+x) dx xcot(\/1+x2)

1 1 ( 1 j V1+x2
= —X X ><1
2 \/a+\/a+x 2Ja+x

1 y 1 y 1 Sol 24:y = tan™ [—&}ﬁJ
4 \/a+\/a+x VJa+x Lovax
x—E Put \/; = tant
Sol 21:y = tan™ ax=b| _ tant| —2- Ja = tana
a+bx b
1+—x
a tant+tana
: = - - - - = = -1 =
Let tana = %, X = tant y=tan {1—tanttana) tan“tan(t + o) =t+a
y = tantx + o

tant—tan
y=t {Wata:t} or y=tan?tan(t—a)

dy d(tan’l\/;) d\/;+d_0(

=t—-a,ais constant S = .
dx dx dx  dx

dy dy/dt _
L=t =—"— ory=t-oa=tanix-

dx dx/dt y ¢ * - 1_1=1{1j
dy 1 1+(&)2 20x  2x 1+ %2
Cdx 14x2
Sol 22: y = log (X+ [2 +a2j Application of Derivatives

Soll:y=x2-4x+5
dy dIog(x+\/x2+a2j d(x+\/x2+a2) y g
= . . y
: Tangent is parallel to x axis =>—=-=0=2x-4
dx d(x+\/x2 +a2) dx 2 dx
=>x=2,y=4-8+5=1
[2, 2
1 d( x+a ) dx? +a%) Point A (2, 1)

= 1+

(x+\/x2+a2) dod +a?)  dx

Sol 2: If two curves cut orthogonally, then the tangents

at point of intersection are perpendicular.
1 1

_ —{u XZX}
(x+\/x2 +a2) W2 12 Sol 3: f(x) = 3x2 -5

1 3
1 Ix2 +a% +x ) 1 Tangent at |:X:§,y:[z_5):|
2 ) \/32 + X2 \[az + X2 (dy

dx ]xl/z =bx=3= (m)tangent

Sol 23:y=|og(sin\/l+x2) _dx __;_<m)
dy normal
dy dlog(sin\/1+x2) d(sin\/1+x2) d\/ﬁ

3

= X X
dx d(sin\/1+x2) d(\/1+x2) dx

i (x+\/x2+a

Sol 4:y = f (x), j—y = oo i.e. not defined
X
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Sol 5:y =2x*-6x-4

d—y:4x—6:0:x:E
dx 2

y=2x%—6><§—4 = 2—9—4=—1—7

2 2 4
ey
2" 2
Sol 6:y = x> —4x—-32
d—y=2x—4=0
dx

x=2,y=4-8-32=-36
Point (2, — 36)

Sol 7:y = (5 - x)'3

AtP (-3, 2)
y = (8)1/3 = 2

dyj 1( -2/3 -1 -1
(dX xe3 3 3(8)2/3 12

y-2 -1 _ _
3 _E:>12y—24——(x+3):>x+12y—21

Equation of normal is Y=2_ 1)
X+3

=y-12x =38

4

Sol 8y = (4x — 3)2 d_y_

can never be parallel to x axis.

Sol 9: x> =y &x3+6y=7
X3 +6x2=7

x> +7x+7)(x=-1)=0
=x=1

Point of intersection (1, 1)
P, (x> =y)P, (¢ + 6y =7)

d—y=2x 3x° +6d—y:0
dx dx

dy| _,(dy} _-1
dx el dx w2

M M,= -1 i.e, tangents are orthogonal at (1, 1)

2
= = 0,
dx  24x-3 4x-3

Sol 10: y° = 8x

d
dx dx 2y
Thisgivey =1; x = 1
8
St NG At S SR WP S WO |
1 8x-1 2

=>8x-2y+1=0

Sol11:y = —5x> + 6x + 7

y' =-10x+6=(y) 1=-5+6=1
2

35 1
—_—— = X——
4 2

4y —35 =4x-2=4x -4y +33 =0

2

Sol12:y= &
X
2
dy _ =< _[dy) _ 2
dx )(2 dx <

k
Equation: -y — ck

=_ kz[x—Ej:y+k2x=2x

Sol13:y =3 + 6= _ 3,2
dx

(y,)x:—lyZS = 3' (y’)x:—ly:7 =3

So the tangents are parallel

Sol 14: y:x2 :[d—yj=2x:1
dx

1 1 11
x==; y=—; P~
2 4 2'4

2 2
Sol15: = +¥ 1
9 4

3+2_yy'20:>y'=_ﬂ
9 4 9y

This will be parallel to y axis ify = 0
Xx=%3

P(+3,0), (=30



Sol 16: x = %;y:Zt =>xy =2

Att=2ie. x:l
2

y =-8
1
Slope of normal = 3
22
sol17: X +Y —1
a’ b?

2
2_;<+2y3/ =0=y ——b—
a b a’y

’ b2x0
At Xy Yo ¥ ===
a‘y,
Y=Yo _ _b2x0
X=X azyo

a’yy, —a’yg =b?x5 —b’xy,

2 2 2202 1202 _ 22
XX,b” +yy,a® =a‘yy +b°xf =a'b

X Wo
a’ b?

=1

Sol18:y =4x*-3x + 5

9y + x + 3 = 0 [Given]
-1

normal — 9

y=12x*-3=9=x=+1,y=6,4

y-4_-1y-6__1

x+1 9'x-1 9
X+ 9y =35x + 9y = 55

Sol19:y (x-2) (x-3)=x-7

x—7

=0=>x=7

dy _(x2)(x=3)-[x-7)(2¢-5)

2

o (x=2)"(x- 3)2
(x-

[dxj B (X 2
(=7)(2x-5)- (
XZ7=—20220x+y=140

Sol 20: Vx +.fy =+a
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L-i-LyI:O :y’:_\/z:_\/i
2V 2\/§ X X;

1

X=X

S
R

Sol 21: 3x2+y2 =8 = 6x+2yy'=0 =y = -7

(m) =Y_—L
normal 3x 3
y =-X
x=x+2 y=72
y_ﬁ=—3:>3y+x=2x/§
23
er\/Ez_—1:>3y+x=—2
23
Sol 22 v§¥+vr' Ja
af 2J_
y=—L=1=-1
X

22

y_i

a
X_i
4

Sol 23:y = x> — 2x° — 2x
y' =3x2-4x-2=2

3x—6x+2x-4=0
(Bx+2)(x-2) =

A;:l = y+X=
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Therefore, the points are = f(g(x) = x
4 - F(ge)g'(x) =
n(33) o
327 =
IW = T
2
SOI 24: X2 =4 by 91(2) _ 1 1 — 1 - 1+a

f! (9(2)) f'(a) atf atf

y? = 4axx? = 16b (a? b)Y = 16b*3a%?

1+a°
y* = 16a% 4byx = 4 (b%a)Y? )
X Sol3: (D) y = o o
y3=64a2by’:& 1+x7 +x 1+x" +x
2a
— 1
y LS ——
(ajm 1+xXMP 4 x"P
N 1/3 XM X" xP
y = 4(atb) ) _1fa T T T e .
2a 2\b XPExT+x" X" +xT X" P x4+ x
NV mon Lo
4(a b) _ xm+xn+xp=1
1/3 1/3 1/3 XOAXTHX
o 2 _1fa 3(a ) d_Y_O
b) 2lb 2\b vl
tand = 2/3 = 23 2
. (aJ . [aj d(f@) - f0?)
+| - -z 2 T —
b b Sol 4: (D) lim {A=fOD _ i dx
x—»2 2-X x—2 d(2-x)
3a1/3 bl/3 T
= 0 1 2
2(b2/3 +a2/3) _ Iimf (x7)[2x] _ £(22).22 = 4f(4) =
X—2 +
Exercise 2 Sol 5: (A) ¢ = limx™(Inx)" mne N
0
X—>! !
Methods of Differentiation (Inx)" n(Inx)"*
(= Iirrg) — = Iim—mﬁ
Single Correct Choice Type (1 x>0 1
X X
3x+4) ,,
Sol1: (B) y = f[ +6J f0q) = tanx? (using L-Hospital rule)
3x+4 3x+4
5x+6 5x+6 i n (Inx) — lim -n(n—1)(n-2).....1Inx

x_ 3x+4 20 M " 0 OS] 1)
5x+6 X X

_ tan[3x+4j (5% +6)3— (3% + 4)5 it |
5x+6 (5x + 6)° = lim——X*_ = lim _(n)'(x)m =
x—0 n[l m+1 x=>0 m"
m J—
X

2
=—2tan(3x+4J . 1
5x+6 ) (5x+6)°

Sol 2: (B) f'(x) = g(x) = F(x)

~.Independent of n and m

cosx x 1
Sol 6: (B) f(x) = | 2sinx x*> 2x
10 tanx x 1

1+x°)



-sinx 1 O cosx x 1
f'(x)= | 2sinx x* 2x| + |2cosx 2x 2
tanx x 1 tanx x 1

cosx x 1
+|2sinx x* 2x

sec’x 1 0

f'(x) = [x?sinx (2xtanx — 2sinx)]

+ X[2tanx — 2cosx] + [2xcosx — 2xtanx] + (—2xcosx) +
2x%sec®x + 2sinx — x*sec’x

= x2sinx + x2sec?x + 2xtanx — 2Xcosx

. 2 2
Iimf (x) _ Iimx (sinx +sec” x)(2x(tanx — cosx)

x—>0 X x—0 X

= lim x(sinx + sec®) + 2(tanx — cosx)= —2
x—0

—sinx +CcosX —sinx
Sol 7: (C) f'(x) =| cos2x sin2x 2cos2x
cos3x  sin3x  3cos3x
cosX sinx cosx
+ | =2sin2x 2cos2x —4sin2x
cos3x sin3x  3cos3x
cosX sinx cosX
+ | cos2x sin2x 2c0s2x
—3sin3x +3cos3x -9sin3x
-1 0 -1 0 1 0
f'(ﬁ} -1 0 -2|+|0 =2 0
2 0 -1 0 0 -1 0
0 1 0
+|-1 0 =2|=2-1)+0)+(3)=4
3 0 9

2X
Sol8:(A)y = sin‘l( )
1+%°

Put x = tan6
2tan0

Sy =sin?
1+tan®0
y = sin7sin26

“Io 29££:>—£:>9$£
2 2 4 4

T
asx = —
2

-0 =tant X
2
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220 =2tant s T
272

-y = sinTsin(n — 26)

y=mn-20

y = n—2tan™x
Ay =2
dx  1+x°
N
”dXX:g 2 + 42

Sol 9: (A) |ime(_X); Vgx)
—4 \/;_2

o (o)

= |lim dx
x—4 d(\/;—Z)
dx
1 1
f'(x) - g'(x)
20 2g00
v i
2Vx
1 . LR 9 6
——ft4)-——9'4) L _ 2>
_ 2w 2 B
1 1

24 2
= 32

Sol 10:(B)y=x+eX:>j—y= 1+ e
X
dx 1
— _

@_lJreX

d_zx: d@1 +e¥)? L1

dy2 dx (1+e")

_ 1 dl+e9)t d1+e)
1+e*) dd+e) dx

_ 1 (_ 1 Jex: —e*
1+l 1+e)? (1+e*)?

Sol 11: (C) h'(x) = [f(x)]? + [g(x)]?
h"(x) = 2f(x)f'(x) + 29(x)g'(x)

Also f'(x) = g(x)

s (%) = g'(x) = —f(x)

= h'(x) = 2f(x)g(x) + 29(x)(-f(x)) = 0
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L hx)=ax+b ~fx) =1
hO)=b=2h(1)=a+b=4 ~fpe+q) =0=~f(p) +f
La=2b=2 .n =0, 2 (two values)
. h(x) is a straight line with slope 2 and y intercept 2 100
Sol 15: (B) f(x) = [ [ (x—n)"***™"
Sol 12: (D) f(x) = x + 3In(x - 2) w
Inf(x) = » n(L01-n)In(x — n)
F(x)=1+ 3 nz;i
(x=2)
1, Wn101-x)
g(x) = x + 5In(x - 1) :>ﬁf () = EW
5
=1 .

gx) =1+ =T . faon _ 102‘:) n(101-n) _ "i"n _100x101 _ oo
P00 < g f101) 4~ (101-n =
L3 5 3(x-1)-5(x-2) . faoy 1

(x-2) (x-1) (x-2)(x-1) f'(101) 5050

7 —2x 7 . . . .

—————————<0=xe (1, 2) | =, Sol 16: (B) f(x) is continuous and differentiableat

(x=2)(x-1) 2 1
Alsox—-2>0andx-1>0 X=§

3% +2x-1 x+1

_ 7 fx) = — =
X > 2DX e E'OO 6x° —5x+1 2x-1
Sol 13: (D) g(x) = X2 f(x) = sinx, h(x) = log x a (2x 1) (2x 1)
~.g(f(x)) = (sinx)? _

9 f' [l] = —3 =27
h(g(f(x)) = log,(sinx)? = F(x) 3 Hlj 1j2
~.F(x) = 2logsinx 3
Sl = 2cot
T dx sing COX T ecotx Sol 17: (C) f(x) = ax? + bx + ¢
d_z’;  —Jcosecix For x € R f(x) is always positive

dx sa>0andb?-4ac <0

Sol 14: (D) f(x) = x" ~g(x) = f(x) + F(x) + F'(x)

f'(p+q) = n(p+q)™* =ax’+bx+c+2ax+b+2a
f'(p) = n(p)™*

f(q) = n(g)™*

for f'(p+q) = f'(p) + f'(q)

P+ =[P+ (@ In=0

zax*+(2a+b)x+(2a+b+c
D=(2a+b)?-42a+b+c)a

= 4a? + b? + 4ab — 8a? - 4ab - 4ac
= b?-4a? - 4ac = (b?> - 4ac) — 4a°
Qb?—-4ac <0

q n-1 n-1
:>l+—j —1=|4 ~D<0.:gx=0
. ., . L X4 +4
This condition satisfies of n —1 =1 Sol18: (A)y = ——
X2 —2x+2
=>n=2
Also ifn = 0 dy (¢ =2x+2)(4x°) - (<" + 4)(2x-2)

dx (x2 —2X+ 2)2
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d_y_ 4x° —8x% +8x3 —2x° +2x* —8x + 8
dx (x? = 2x+2)°

dy _ 2x° +8x’ —8x+8-6x"

dx (x° = 2x +2)°
5 3
2x 1 +8 1 —8><l+8—6><l
dy 2 2 2 16
dx| . 2
1/2 (1_1+2J
4
114188 86

_ 16 16 _ 16 16 _ 75/16 _,

52 25 25/16
8 16
Sol 19: (B) f(¢) = x°

o) = %372

. 3 10
L= 2
(x) 2><

f'(4) = }4”2 =3

Sol 20: (D) x = sint, y = sin3t
d_y_ 3cos3t _ 3(4cos’ t—3cost)

dx cost cost
= 12cos’t -9
2 _ .
d_y: 24 cost(-sint) = dsint
dx? cost

o (1 = sin?t)(=24sint) — (sint)(12cos?t —9) + k(sin3t) = 0

= —24sint + 24sin3t — 12sint(1 — sin?t) + 9sint + k(3sint
—4sint) =0

= (3k = 36)sint + (36 — 4k)sin3t = 0
. 3k=27 =0 and 36 = 4k
=k=9

Sol 21: (B) x = Int, y = t?-1
dy _ dy/dt _ 2t

=—_ =2t
dx dx/dt 1/t
dy
dl =*
&)
5 T
d_y: dt :i:4t2
dx* dx 1/t
dt
Sy'Q) =4

Application of Derivatives

Single Correct Choice Type

Sol1: (B)y = ke®* = y' =k?* =y=k x=0
y =k

1
= tane=k—2 = cot0 =k?

= 0 =cottk?
X

Sol 2: (D) f(x):j(zt—s)zt2 —5t|; =x% -5x—4+10
2

=x* =5x+6 =(x-2)(x-3)
f*(x)=2x-5

[x=2f(x)=0] f(x)=-1
[x=3f(x)=0] f(x)=1

Angle between the 2 tangents is 90°

(as mm, =-1)

Sol 3: (€) xzy =c3

C 93
Y=—> = y'= 2
X X3
3 3 3
C 2c C
y_t_zz_t_a(x_t){xzty:t_z}

X intercept = %: ay intercept

3 ., 9t 3¢ 27
=2 —b=ab="—x" =
t? 4 ¢ 4

Sol 4: (D) f(x) =

f'(x) = xcos[EJ[_—?j +sint=0 L= tan(ﬁj
x )\ x X X X

X e [0,1] infinite solution
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b
Sol 5: (D) y = f (0 = [f(x)f'(x)
b b 3 I i
= 1= ([ f"00 - [f/(x) F(x)

a a
=2 = [f’(x)}2
= 2= [fb]’[fa]’
=2=-2=1I=-1

Sol 6: (A) y=x°

- (y—t3):3t2(x—t) [at x=t]
=>x-t =3t (x-1t

= ¥ +t? +xt =3t

= (%) +(xs%a) =2(xa)

= kxi + x/Exi = ZXi

2

:>2—k=ir\/E
=k=4

Sol 7: (C) Subnormal =y %
X

xny™ ty’ +y" =0
Y
nx

dy
y dx

y

2 2+n
y

an+1n

-y it is constant for =
nx

Constantforn =-2

X2
Sol 8: (A) y:—7+2

=x+2mx-m=0

B —2m++/4m? + 4m _

= 0
=X 5

ForD=0
=4m?+4m =0 =>m=0,-1

:>y—2=—x+%

=>X+y=

N |

Sol 9: (D) ¢,y = x* -3 and Y= kx?

= kx> =x> -3

= X== __§__ =a =y ::__§____3 = _fﬂi_
1-k 1-k 1-k
= YNy, = y-y, =2ka(x-a)
X—a
=x*-3-y, =2ka(x-a)
=-2-y =2ka(l-a)
yz =-2
y, = ka?
= — 2 — ka? = 2ka — 2ka?
=ka?-2ka-2=0
3 3 5k -2
= k| —|-2=2k,]— = —==2kv3
[Pk} -k J1-k b
= 5k -2 =2k+3-3k
kzg,azl
3
Sol 10: (B) x? = &/
No. of roots are 4
a b , .
Sol 11: (C) ———-—y'=0at any general point
3 y3
b
1t
3
., a
y=-2
bx
3/2
b —at3( b J
y—t =—— (x—1)
t?-a b t\t?-a

= xintercept ———= —=
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Sol 12: (D) m = 0 ' Previous Years’ Questions
y=c N
y = \/; Sol 1: (C) Given, x = a (cos 0 + 0 sin 0) and
1 1 1 y =a(sin 6 -0 cos 0)
y1 =—=1; X=—y===¢C
2\/; 4 2 .'.%za(—sin9+sin9+9cose)
do
Sol 13: (D) y* - x?%y + 5y =2x =0 =a0cosO and % = a (cos 0 — cos O + 0 sin 0)
=>x-x3y? +5x+2y=0
d_y =ab sinO:d—y:tanG
=3y —xy' -2xy +5y'-2=0 do dx
Thus, equation of normal is
, 2+ 2x , 2 ,
:>y=%:)/(olo)=_ .
3y —x° +5 5 y —a(sin® —6cos0) _ —cos6
X —a(cos0+0sin0) sin@

=>4 -3y -2y +5+2y =0 )
=—Xcos0 +a0sinOcosO + acos’0

3 2,22
= w y'(O,O)z—E =ysin® + 0asin 6 cosO—asin’d
2+ 2%y 2 )
5 s =xcosO+ysinB=a
cto=® Whose distance from origin is,
— tanf=2-2 L e== ?
1-1 2 |[0+0-a] .
. \cos? 0 +5sin’ O
Sol 14: (D) f(x)= (H—]dt
( ) 'c[ Sol 2: (A) Given, d_y= 2x + 1
dx
g(x) - f’(x) = x+1 on integrating both sides
X
1
g(a)_g(zj i1, 55 v}
m = = _2 3_ = — y=X(X+1)
3_1 5 5 6x1 3 g
2 2 2 i
1 1 < p >
y = 1——:— ! - O =
X = X= éy—i 4
27" /s y
jdy = I(ZX +1)dx
372
| 15: =—
Sol 15: (C) y 3 =y = x? + x + ¢ which passes through (1, 2)
2 n2=1+1 =
18yy’=3x2:>y'=x— +1+c=>c=0
by Ly =X+ X
| -1]_ -6y 4 Thus, the required area bounded by x axis, the curve
Mnormal = y_1 _X_z__ andx =1
1
2 1 X x?
6y = +x° - X = 2 4x)dx = | v
y=5C 5y= [,0¢ +x)dx 777

4
:>9x)3(—6:x3:>x=4andy= sq unit

w | 0o

1
= — +
3

N
o |un
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Sol 3: (D) Slope of tangent y = f(x) is
dy

= =f'(x
I (x)
Therefore, slope of normal

(34)

1 1

R RTE)

But — L = tan[?’—n] (given)

f'(3) 4
:—L:tan LA . |
f'(3) 2 4
f3)=1
Sol 4: (D) Given y® + 3x? = 12y (i)
:>3y2d—y +6x =12 dy
dx dx
dy _  6x :% _12-3y?
dx 12_3y2 dy 6X

For vertical tangent, L =0
dy

=12-3y’=0=>y=1%2
On puttingy = 2 in Eq. (i), we get x = J_r% and again
3

putting y = — 2 in Eq. (i), we get 3x? = — 16, no real
solution

.. The required point [ii,Zj

NG

Sol 5: (D) Tangent to the curve y? = 8x is,
2

y=mx+ —.
m

So it must satisfy xy = -1

[me2)
=SXmx+—| =-1
m

2
=>mx’+ —x+1=0,
m

Since it has equal roots, therefore D = 0

:i—4m:03m3:1:m=1
m2

So equation of common tangentisy = x + 2

Sol 6: (A) Let the point be P(\/Ecos 0, sin 0)

2 2
onX + ¥ =1
2 1

Methods of Differentiation and Applications of Derivatives

N
B(0, cosec 0)
Mk(mid point of AB)
P (V2 cos 9, sin)

AN
(V2 sec 6, 0)

a4

Equation of tangent is,

xv2

Tcose+ysin6=1

whose intercept on coordinate axes are A (\/5 sec 6, 0)
and B (0, cosec 0)

Mid point of its intercept between axes

(%secﬁ%cosec@} = (h, k)

:cos&)=iandsine:i
2k

J2h

Thus, locus of mid point M is

(COSZG + Sin26) = L.F L
2h?  4k?
:% + i =1, is required locus
2x 4y2

Sol 7: (C) We know, tangent to parabola y? = 4ax is 'y

a
=mx + —
m

. Tangentto y? = 4xisy = mx + 1
m
Since, tangent passes through (1, 4)

.'.4=m+i
m

>m’-4m+1=0
(Whose roots are m, and m,)

~m +m,=4and mm, =1

- 2
and | m-m,|= \/(ml +m,)” —4mm,

-J12 =23

Thus, angle between tangents

tan9=|m2_mll _ 23] -\3=0-=

T
|1+m1m2| - |1+1| 3

Sol 8: (D) The tangent at (1, 7) to the parabola x? =
y—6is
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1 Sol 10: (A)
X(1)=E(y+7)—6 fL b1
f(1) = fim (AN =D
(replacing x*— x x, and 2y —»>y +y,) n—0 h
=>2x=y+7-12 (1+h-1)sin 1 -0
=2x+5 = f'@)=Ilim 1+h-1
=Y E e T 0 h
Which is also tangent to the circle
x2+y?+16x+ 12y +c=0 - Iim—sin(—j
e, Xt + (2x + 5) + 16x oh h
+122x+5)+c=0 .o (1
= f'd) =lim sin| =
must have equal roots i.e, o = b n—0
2 —
=X+ 60x+ 85+ c=0 .. fis not differentiable at x = 1.
=o+fp=- @
> Similarly, £'(0) = lim (W =©)
—Sa=-6=>x=-6 h-0  h
andy =2x+5=-7 (h—1)5in[h 1 1J—sin(l)
.. Point of contact is (- 6, — 7) = f'(0)=Ilim
h—0 h

Sol 9: (A) Slope of the line joining the point
ec+1 _ec—l
(c-1,eYand (c + 1, el is equal to — > ec

= Tangent to the curve y = e* will intersect the given ~ = fis also not differentiable at x = 0.
line to the left of the line x = c.

Alternate Solution Sol 11: (D)

Solving the equation we get the points of intersection
(-2,1) and (-2, -1)

0 The bounded region is shown as shaded region.

The equation of the tangent to the curve y = e at
(c, e9is

y—e“=e{x-cq)

Equation of the line joining the given points is The required area = 2} (1-3y2)— (-2y?)
0

C -1
y-et= S (-1 i
1 3 1
Eliminating y from equation (i) and (ii), we get = 2,[ (1—y2)dy = z{y_y?} = 2x§ :%
x—(c-1D][2-(e-eN] =2e? 0 0
e+el-2
=>X-c=——<0=x<c

2-(e—e™)



21.64 | Methods of Differentiation and Applications of Derivatives

JEE Advanced/Boards

Exercise 1
Methods of Differentiation

Sol 1: y = x sin kx

d_y= sin kx + xk cos kx
dx
2
d_y = k cos kx + k cos kx — xk?sinkx
dx?
L dy

i) +y=2k cos kx—xk?sin kx+x sin kx = 2k cos kx
X

= xsinkx(1-k?) =0
~k=1-1whenl-k*=0

and k = 0 when sinkx = 0

Sol 2: Let f(x) = ax® + bx? + cx + d
f(2x) = f'(x)f"(x)
a(2x)® + b(2x)? + c(2x) + d

= (3ax? + 2bx + ¢) (bax + 2b)
8ax3 + 4bx? + 2cx + d

= 18a%3 + (bab + 12ab)x?

+ 4b%x + 6acx + 2bc
~8a=18a’=a =0, g
.f(x) should be a cubic equation
saz0anda = 4

9

also 18ab = 4b
b(18a-4)=0= b(18x§—4j =8b =0=b=0
and 4b? + bac = 2¢
=c6a-2)=0=c=0

oof(x) = gxa andd =2bc=0

Sol 3: f'(x) = g(x) ; g'(x) = f(x)
Let h(x) = f2(x) — g*(x)
h'(x) = 2f(x)f'(x) = 2g(x)g'(x)

= 2f(x) g() ~ 29()f(x) = 0

. h(x) is a constant function whose value is constant

for every value of x
© h)=PB) - g3)=(5r - [f3)] = 52-42 = 9
- P -g’m) =9

So|4:3x2+4y2=12:>y2=3—%x2

Differentiating both sides, we get

2yd_y:—ix d_y:_?’l

dx 2 :>dx Ty
2 2
2 d_y =+ 2yd_§l=—§
dx dx 2
2 2
or 2(_3£j + Zyd_yz_i
4y dx? 2
8, dy_ 3

2
18¢ + 28 x 169Y = 242
dx?
sd’y 24y’ -18¢°
dx2 32

= —(3X2+ 4y2) X i = —12x6 = 9
32 32 4

Sol 5: f(x3)f"(x) = f'(x) f'(x?)

f1)=1@1Q)=8

Find f'(1) + (1)

Differentiate the given equation

f(xA)f"'(x) + f'(xA)f"(x)2x = f"(X)f'(x?) + f'(x)f"(x?)2x
Put x = 1 in equation (1)

= f(1) f"(1) = (L) = (1) = [fD)]?

Put x = 1 in equation (2)

f(1) (1) + f'(Of"(1)x2 = f"@O)f' (1) + f'(D)f"(1)2
= f(L)f (1) =8

From equation (3) and (4)

[f)r =28

~fQ)=2andf'1) =(2?*=4

O+ Q) =2+4=6

()

... (i)

... (iii)

.. (iv)
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1
Sol 6: 2x = y5 + yl/

Take yY* =t
-2xt+1=0 dz _ 1 02X 19 hsecx dx = simx Y Y
dy X 2 2dy dy dx dz
2

Sol 8:z = In[tanij
2

2x+\/4x - L2 tany

2
d {COSle+SInXdJ1 dx

Sy =x+ VX -1 d22 X dx? |dz
1 _45dy X x+vx2 -1 y? d’y dy d’y dz dy
= —=1+ = = S —=+COtX—= = COsecX —= x—— = COSeCc’Xx —
> dx N N x? -1 dx? dx dz?  dx dz
d 5 2
d—y - coseczxd—y + 4ycosec’x = 0
X Ux?-1 dx?
2
51/X2_1d7y_ oYX :>d—y+4y 0
d2y ~ dx 21 dx?
dx? B x° -1 i
=D Sol 9: f(x) = X, x 0, f(0) = 1
dy X
5| (¢ —1)— - 2
~ {(X )dx xy} (x° —1)d—)2/+xﬂ XCOSX —sinx 20
-1 o dx fo) = 2
0 , x=0
d 5yx 5x
= 5V’ - y L = 25y hcosh-sinh
N N heosh=sinh_
k= f0) = lim—ou
k=25 ©) = lim
. [ hcosh-sinh o
Sol 7: j )2/ 14 2(1+y)[(c:ljyj = Lm(h—gj (L-Hospital's rule)
X 1+y X
y = tanz _ Iim(cosh—hsinh—cosh) B “m__[smh] 1
-  h0 3h2 “hso 30 h 3
dy = seczzd— :% = cos zd—y
dx dx  dx dx S f0) = -
2 2
B dz_ = cos’ zd—y— 2coszsmzd—y % 3/2
dx? dx dx 2
dx
- cosz{l 2(1“23”2)[ H Sol10:R=b— "4 —Re= 1 T 1 —
dz dx dx? dy2
— 2coszsinzsec? z[d—]
X
5 Let Y _ t % = 1
dz dx dy
= cos?z + [2(1 + tanz) — 2tanz] [—]
dx 1 1
R23 = +

2 - 2/3 2/3
:coszz+2% =k=2 ﬁ d(l/t)
dx dx dy
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= +
ﬁ 2/3 dt 2/3 [dtJZ/S {_1(14(}2/3
dx 1l dx dx 3 dx

2 , P32
[1{0'3’} } 1+(dyj
dx dx
R2/3 — —2/3: R =
d’y
dx?
Sol 11: f(x) = gn(um)
g = fn(x+mj:>eg<x) - (XJFWJ

f(%}: /n [1+\/1+€]=4n(x+mj— nx
(i
- xed { %] g(x)]

(s 1}{F] :

X\/1+X \/1+x2

dy B 1 1 ~ 1 2
e (dtjm {“1/8} ) [dtjw[l” ]

2 2
_ X (1+X)+ 1 -0

\/1+x2 \/1+x2

..For every x, given function is zero

Sol 12: f Xty |_ f(x) +f(y)
Lk k

Putx,y=0

2f(0)
k

= f(0) {k;—z}zo k=20

f(0) =

f(x) + f(=x)
k
~f(x) = —f(=x) or f(=x) = —f(x)

~. If above function is satisfying the given condition
then the function should be odd or f(x) =

f(0) = =0

(x-a)? (x-a) 1
Sol 13: f'(x)=4| (x-b)> (x-b)® 1
(x—cP (x-c® 1
x-a)?t (x-a)? 1 (x-a)t (x-a?® 0
+3|(x-b)* (x=b)® 1|+ |(x-b* (x-b) 0
(x-c) (x-c? 1 x-o* (x-¢® 0
(x—a)4 (x—a)2 1
~f) = 3| (x=b)* (x-b)? 1
(x—c)4 (x—c)2 1

sA=3

Sol14: P(x) = ax* + bx® + cx2 + dx + e

Pl)=a+b+c+d+e=0 (i)
PB)=8la+27b+9c+3d+e=0 - (i)
P(5) = 625a + 125b + 25c + 5d + ¢ =0 ... (iii)
P'(7) = 4a(7)® + 3b(7)> + 2c(7) +d =0
=1372a + 147b + 14c+d =0 e (iv)
(2)-(1)=80a + 26b + 8c +2d =0
=40a+13b+4c+d=0 o (V)
(3)-(1)=624a + 124b + 24c +4d =0
= 156a + 31lb+6c+d =0 ()
(6) — (5)=116a + 18b + 2c = 0 woe (Vi)
(4) - (6)=1216a + 116b + 8c =0
=304a +29% + 2c =0 .. (viii)
(8)—(7)=>188a + 11lb =0
._b_188

a 11
aIso_—b=1+3+5+x= 188 (sum of roots)

a 11

)

" {x —%} is a root of 4 degree polynomial

~p=89qg=11
~p+q=100



Alternate:
Take P(x) = (x—1) (x - 3) (x=5) (gx—p)
Now apply condition that P'(7) = 0

Sol 15: f(x) = x3 + x2f(1) + xf"(2) + f(3)

TP f(2) = f(1) - f(0)

f'(x) = 3x? + 2x f'(1) + f"(2)

f'(1) = 3 + 2f'(1) + f"(2)

AfL)+fQ)+3=0 . ()
f"(x) = 6x + 2f'(1)

f"(2) = 12 + 2f'(1)

f"x) =6

~f"B)=6

f(2) = 8 + 4f'(1) + 2f"(2) + f"'(3)

From (1), (2) and (3)

f'(1) = -5, f'(2) = 2

f"(3) =6

fH=1+f1)+f Q) +f"'(B3)=1-5+2+6=4
f2)=8-20+4+6=-2

f(0) =f"(3) =6

~.f(2) = f(1) - f(0) Hence proved

- (i)

... (iii)

Sol 16: f(x) = sin2x[sin(x + x?)sin(x— x?) + cos(x + X?)
cos(x — x3)] + sin2x?[cos(x + Xx2) cos(x — x3) —sin(x + x?)
sin(x — x?)]

= SiN2XCos(X+X? + X2 — X) + Sin2x%[cos(X+X? + X — X?)]
= 5in2xcos2x? + sin2x2cos2x = sin(2x + 2x?)

~f'(x) = 2(2x+1)cos2(x? + x)

a b c
Sol17:f0)=|¢ m n
p g r
1 b+x c+x a+x 1 c+x
FX)=|1 m+x n+x| +|£+x 1 n+x
1 g+x r+x p+x 1 r+x

a+x b+x 1

+ | /+x m+x 1

p+x q+x 1
f'(x) =(m-=b)r-c)-(n-c) (q-b)
+(ED (L -a)(r-9—-(h-¢)(p-a)l
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~f'x)=0

a+x b+x c+x
f—a x-b n-c
p-a q-b r-c

f(x) =

(@+x) [(m=b)(r-c) — (9-b) (n—c)]

+ (b+x) [(£-a) (r—¢) - (n—=¢) (p-a)

+ (c+x) [(£-a) (g-b) — (m-b) (p-a)]
= a[(m-b)(r—c) - (g-b)(n-0)]

+ b[(¢-a)(r - ¢) - (n—¢) (p-a)]

+ c[(¢ -a) (g-b) — (m-b) (p-a)]

+ X[{(m = b(r—) - (g-b)(n—<)]
+{(£-a) (r=¢) - (n—c) (p-a)}

+{(£-a) (a, 0) = (m - b) (p-a)}]
= f(0) + kx

k= sum of all the co-factor of elements of f(0)

1
X2 +(2n—=1x +{(N)(n—-1) +1}
1
x+n)(x+n=1)+1

Sol18:y = > tan™

= Ztan’1

_ Ztan’l (x+n)—(x+n-1)
x+n)(x+n=1)+1

Let tano. = x + n

tanf=x+n-1

~y = Y tan" tan(o —P) = So. - SP

n n
y= Ztan’l(x+n)— Ztan’l(x+n—l)
n=1 n=1

-y =tan}(x + n) — tanx

, 1 1
y' =

B 1+(x+n)2 X2 +1

x° —(x+n)2

L+x)1+(x+n)?)

1+x% —1—(x+n)* _

L +x%)(1 + (x +n)?

Sol 19: Y = SX

Z=1tX

Y, =SX +SX

Z =tX +tX

Y, = SX, + SX, + SX+SX
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=SX, + 25 X, + S,X
Z,=tX, + 2t X, + t,X =5X, + 25 X, + S X
22 = tX2 + 2t1X1 + t2X

X Y Z
XL Y 4
X, Y, 2
X SX tX
=1 X SX; +5;X X +t, X
X, SX, +25,X; +S,x X, + 2t X, +t,X

R,— R, - SX,, R, R, - tX,

X 0 0
X, S, X t, X
X, 25 X; +S, X 2t X, +t,X

S, t
2 2
= XIS;HX =S+ X[

Sol 20:y = tan™! , X =sect
1-u? 2u? -1
1 1
M=]0—=]|u —,1]
{ ﬁj {ﬁ
dy

To prove 2d— +1=0, take u = cosf
X

-y =tan?tan6 = 0 = cosu

1
X =sect!———— =sec!sec20 = 1 — 20 = n — 2cos™u

2cos’ -1
Cdy —dcos'u -1

dx 2dcostu 2

= 2d_y +1=0

dx
Sol 21: sin(Ztanl( 1_XD

1+x
2tantan™t 1-x 2 1-x

_ 1+x _ 1+x _ 132
- 1 ;= —ths

1+[tantan‘14/1;§J L+x)

oy =tan? (;]
V1-x% +1

.. Put x = sin®
X sin® 0

Ly = %sin’l X+V1—x2

I S 1%
Wi-x2 21-%

X 1-2x

— 1 _ -
Wi-x2 N1-x  2y1-x

y

\/1+sinx +\/1—sinx

Sol 22: y = cot™
V1 +sinx —+/1—sinx

(x/1+sinx +\/1—sinx)2

_ -1
= cot 1+sinx—(1—sinx))

= cot

(2+2 1—sin2xj 1+ cosx
-1 - = cotl(—, j
2sinx sinx

=c05‘1cot5,xe 0, . i,xe 0, I
2 2 2 2

d—y:lorcot‘lcot T X=X Xye E,n
dx 2 2 2 2 2 2

Ldy 1

dx 2

Sol 23: x = ¢(t), y = y(t)
X _ i Iy
dy—¢(t) il AL

2 2
X _ g Y~y

dt? dt?
dy
d =7

dy _w')_d’y "t
dx 00 dx?  dx

dt
qv'®
o'(t)
dy _dt 9w = v
dx  dx [0'(1)¢'(1)]

dt



o0y |_(ex)dy
dt )| dt? dt? | dt
%3
dt

Sol 24: (a) e¥ + ycosx = 2

Differentiate the equation w.rt. x

ey y+xd—y +cosxd—y —ysinx =0
dx dx

j—i(xe"y +cos x) = ysinx — yev

. dy _ ysinx—ye¥
Cdx xe¥ 4+ cosx

d

2

Xx=0

atx=0;y=1

(1) d_y =-1
dxX:O

also

dx

= yCOSX + dysinx—yeXy y+xd—y
d dx

X
d d

YT

2
d—y(xexy+cosx) + Wl yew y+xd—y —sinx
2 dx dx

oy
(1) 0+1)

_1-1-CD-¢D)
= : =

2

(b)g(x) = e + f(x)
g'(x) = ae* + f'(x)

9"(x) = a’e™ + "(x)

g'(x) + g"(x) = (a + a)e + f'(x) + f'(x)
g’(O) + g"(O) =a+ a2 + f'(o) + f"(O) =0

=a+a’-5+3=0=a’+a-2=0=a=1,-2

Application of Derivatives

Soll:y-2=m(x-1)
curve (y—2)? =2x3-4

dy 2
tangent 2(y-2)—==6
gent 2(y )dx X
dy| _ 3w
dxhk k-2
k-2 3n?
h-1 k-2

= 2h3®-4 = 3h3 - 3h?
=3h2-4=h*=>h>-3h?+4=0
= (h+1)(h?=4h+4)=0
h=-1,2

h=2 =k=2+12

Eq. of tangent

V12

y—-2=+¢ 1 (x—l)

Sol 2:y = ax? + bx + % at (1, 2)
Now at (1, 2), we will get
2=a+b+ U

2

The tangent will be
y' =2ax+b
y=x2+6x+ 10

y(l_zlz) =2(-2)+6=2

-1

Mhormal = 7

2a(1)+b=_71:>4a+2b=—1

:>a+b=_—3
2
=2a=2a=1
b=-2
2
Sol3:xy=1-y

Xy =xy =>yx*-x)=0
y=0|x=0|x=1

1
A, 1),B (13}
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2xy

2.1 ’ ’
XY +2xy=-y' =>y =-
y y=-y x> +1

=07

Equation of tangents

y_L
2 =_—1:>y=——+1
x-1 2

This givesy =1, x =0 or (0,1)

Sol 4:

ify:(+x)y
y=y@+xp?*Iny=ylnl+y

y2
"=yy'In(l+x)+—=——
y=y ( ) 1+x
2

, (1+x) ’ 2sinxcosx
y= +

(1+x)[l—(1+ x)y In(1+x)} \/l+sin4 X

atx=0,y'=1+0=1

m -1

normal

Equation of normal = y_—(l) =-1=x+y=1
X_

Sol 5: x = 2t + t? sin (%j t#0

=0 t=0
-,

:smt t£0
t
=0 t=0

X' =2 + t? cos (lj(_—lj+2tsin(£)
t )\ t2 t

2 —cos E+2tsinF}
t t

242 2 g2 o p2
y = tcost2 sint :2cost2—5m2t

t t
y 2t% cost? —sint?

X t2 (2—cosi+2tsinﬂ

2t% cost? —sint?

Slope at (t=0) =

t2 1+2tsin}+25in2 i
t 2t

Does not exist

Sol 6: y' = 41x? = 2009

= 2009 2 49
41
A =2009(x -t}
y =3
3
b- MY _ 5000t
3
b= 5000t = %(41t2 ~20093)

=7 x[ 41;49 —2oo9j =-937533

Sol 7: y° = —sin(x+y)[1+y’]

- sin(x+y) 1
y = l+sin(x+y)_ 2

sin(x+y)=1,cos(x+y)=0

ie.y=0 4
T 3rx P,
X=—=——
2" 2
y _ 1.y 1
x-n/2 2 3n 2

T 3n
2y +X= =2y + X =—- —
y 2 2

Sol8:q=p?> P>0

s=—§ r>0,s<0
r

y—t? =2t (x—1) —tangent to curve (1) atx =t
y+ 8 = %(x —z) —tangent to curve (2) atx -z
Z z

Both pass through (p, q) (r, s)
y=2tx-t2t=p

Same tangent

tz2 = 4tz = 16
t’z* = 16
z=1,t=4

z+t=p+r=5
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Sol 9: (a) y =V36.6 X1 =% =a
1 - g 843
yZ&:y'=2J_ Xy = 20.= P, (~20,-8a’ |
X
20, 4. f P
X =36 Ax=06 (oc, o, 4a ) orms a G
:>f(x+Ax) = f(x)+f’x AX Tangent at P,
3
y +8a 3 P
— £(36.6) = £(36)+——x06 = 6+ 22 — 605 i 1o
2436 120 , ,
" y = 120°x +16a
(b)(26) a, +o,+o; =0
_ (X)1/3 0y +(12 =-2a
oy =4aP, = (4a,640®
y'zéx*2/3x=27Ax=—1 | )
3
1
1x(-1) 1 180 D
f(26)=f(27)+ T = 3—3X9 =TT 57 Area of P.P.P, :E—Zoc -8a° 1
4o, 640> 1
(iyr =9+0.03
20 -8 1
v _4 rs 1 3
=3 Area of PP.P. = =|+4a  64a 1
3 PAELEY 2
—8a -5120° 1
dv _ 4mr’dr _ 3dr _ 3x003 _ 1
v v R 9 100 PPP, ‘ o -720%) - o (~6a) +1(-128 +32) " ‘
4 5 B 3 4
3 4 P,P,P, ‘—2&(576)+8(x (120) +1(~2048 +512) ‘

dv x9x9x9 =972 =

100 ~ 300 _ 72+6-96 162 1

~ 96-1536-1152 2592 16

Sol 10: Mid point was (2, -1)

c ol (f)2
Y+l 1 - y = 3 (equation of tangent) Sol 12: f'x = (fx)
X—2 dy 1
X—3=-a2+ 5ax—4 I—Z:Idx——:x+c
y y
2y2 - = —
=axi+x(l-53)+1=0 Forf(0)=—1,Wehavec=2
1-5a) 5a-1 2
+B =
~a’ a’ _ 1
> y=
X+2
o+B_p 5271l e sasi1-0 1
2 232 y+§ 1
1 x 4
a‘l’+Z 4y +2=x
. 3
Sol 11: Pl(oc,a ) Sol13:y =ax’ + bx> + cx + 5 ‘ \j
y—a3 =3a? (X—oc) y—3a2x—2a3 y' = 3ax? + 2bx + (-2, 0)
_/ ;
X3—3(12X+2(X,3=0 ; ; Yy (—2)2123—4b+C:0

\ -8a+4b-2c+5=0
X, +X, +X3 =0
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c=3[y'x=0)=3)]
12a-4b+3=0

-8a+4b=1
4a=—2:a=—% and bz_Ts

Sol 14: y—t> = 3t (x—t)

= 8-t’=3t’(2-t) = 8-t =6t° -3¢’
=28 -62+8=0

t=-1,22

m = 3t2, (m)_ =3, (m), = 12

Sol 15: £ (x) = [t £ (t)dt
0
3f2 (x) =f'x = xfx

fzx(3f'x - x) =0
Either f(x) = 0 (not possible)

or fix=2>M = _—3—E:x:6
3 norma 2
2
7x = X—+c
6

Equation of normal
-1
-6-c= — (x-6
y 5 ( )

Intercept on y axis

y=9+c
2

2 x(\2 X2
—+cC :I —+C|X = | —+C +— X
6 oL 6 36 3

X5 2 X3X
= | —+CX+—

36 3

x° ;5 3% e x® A x*

+C = + +—=
6.36 6 36 636 2 12

Interceptis 9
Sol 16: [y —f(p)] = f’(p)(x - p)

~f(p)=F(p)2

1
=N f’p:—%f(p) = ===

Infpz_?xﬂ; =>fp=ce*

Passes through (0, 2)
flo)=c=2
f(p) = 2e>”2

Sol 17: (a) Similar to exercise (3) q.7
(b)y =aln (x?-a?

2
M+l‘
y' y'
, 2ax
T2
2, .2
1+(y')2 :zzi;
lzln(xz—az)(xz—az)
P
x° —a’ x> +a°
= 2x In(xz—az)LZ_a2+l}
2 2\ _ Xy .
:>x|n(x -a )_ 3 ie.
X =y2xy =k
S S
Y _2)/ )= x?

y? = k intersection is (k2/3,k1/3)

y1xy; =-1
—k
2x2y
k = 2x?%y = 2y°
k = 2k*3
k#=2=k?=8
1

22

Sol 18: x + 5y —y5 = 0(0, 0) (0, 57%)
1+5y -5y =0
1

syt 5

=-1

k==

y

M

Equation of tangent

|k

:y 5
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Equation of normal y = 5x

Coordinates are (0, 0) (25, 5), (1, 5) y=+ 0442 =62 44

6 6

Area = lx5><26=65 -31
2 Hence (4, 11) _4'T

_1
. 2 _
Sol 19: S =4 Sol 22:
45
y:4x-£:>£:4x_E ]_i,
2 X 2 X y 4 km/hr
=8x-15x-2=0 =>8x°-16x+x-2=0
1 15 45
:(8x+1)(x—2)=0:>x:—§ _y+x = 3y = 1.5x
= e dy 1dx _dy 1dx d
y X2_ :i_y:__x j_y:__X:_yzz
|| 2 dx 2dt dt  2dt dt
y'| =64
%_Fd_y:E:G
dt dt 2
Sol 20: f(x) = In?x + 2Inx dy
hcc shadow is lightening at rate — i.e. 2 km/ hr
y = m.x dt
2Inx+2
yt= sol 23: &V _ 1o / sec
X dt
y - (In*t + 2Int) L 15cm,
=%(Int+1)[x—t] ) /,( 10 21
It passes through (0, 0) 10 em
-Int-2Int=-21+Int) ]
Int = 2
Int = \/5
t=eﬁ,e_ﬁab=1 d—vzccms/secc, tanezézL
dt 2 h
.. 2Inx +2
(i) 5x -xIn10-10=0 ﬂ:4ﬂ:§@:6
X dt  dt 2dt
10Inx+10-xIn10-10=0 1,
V= §nr h
10Inx =xIn10 d_v_Erzdh+n_h( r)ﬁ
2 solution from graph dt 3 dt 3 dt
2
lisx =10 1= ™4, 2, dr
3 3 dt
Sol 21: Given that 6y = x> + 2 and also dy = 8dx h=2r=3
6dy = 3xdx (Differentiating the given equation) c-1= g><9><4+2?n>< 6.6 =121+ 24n =36n
2
:%=8:x=¢4 c=1+36n
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So|24:d—V:—2
dt
v=lnr2h
3
/
r=h=—
2
VvV = Ei
322
d_vz_n 3(2%
dt g2 dt
o Tc><16%
242 dt
dr 1 P2

dt w2 4n
Sol 25: h:lr
6

= Idv:énrzh = v:%n 36h3

jdv =127h?

dv_ 36mh? dh
dt dt

= 12 = 367h? x—

1 dh 1
= =—=——cm/sec
3rx16 dt 48=n

Sol 26: d—A =2cm? / sec
dt

A=nmr
d—A=2nr£32—2rﬂ
dt dt
g=i rdr=ﬂ
dt =r o
2 128 728
> —=——=—-=
2 nw 11.11
14
=r=—
T
dr 7x11 1
—=———="— cm/sec
dt 22x14 4

/4

Sol 27: A (0, 0)

2
C t,l+l
36

B (0, 1) initially

Co-ordinate of B at time (0, 1 + 2t)

Co-ordinate of C at time

2
1+ l:1+2t
36

X=6 E
7

BC=x=6 é
7

AB =1+ 2t

1 2t 2t |2t
Area = =(AB)(BC) = 3(1+2t)\/; = 3\/;+6t\/;

dA_ 3 3 g2
dt  J7t 2 7
Al 30249
dt|_
Sol 28:
dv_k
dt r
v:iw:r3

3

B(0, 1)

A(0, 0)

Cx1+7x)

2 15
- 7tr4‘1 =kt],’ = n15=15k

=k=n
t t

0

= 7r

4‘ =n|

1

= n(r4 —l)nt

=r= (1+t)1/4

dv k

—

36
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odve n(1+t)71/4 dt Also f(f1(x)) = x

(1)) (F ) =1
27v t (1)) = 1

= v -1t . ) P[]
~f(In2) =y

= 26V = %[(1“)3/4 —1} ~fiy) = 1n2
Qf(In2)=1+eln2=1+2=3

:>v=%:>27:(1+t)3/4 [Fy)] = 1 1 _1
B f'[f—l(y)J f'un2) 3

)1/4=3 =1t =80 sec

= (1 +t
Sol 3: (C) y(x) = £2(x) + g2(x)
Sol 29: f'j_: —6m? /min y'() = 2f(x) g(x) + 29(x) g'(¥)

= 2f(x) g(x) - 2f(x)g(x)= 0

~TV2(3R-
v=3v'(R-y) LY00 = a = 00 + g
5) =a=f45) + g’(5)= (2)* + (2)?
dv =« dy > dy 27 y(
= =Zl6Ry—2 -3y L |-6 =m| Ry —
dt 3{ at Y dt} "[Ry-y )y na=8
_ — . - £ 2 —
Fory =8, y' = 6 _ 6 __ 1 m / min ~y(10) = f2(10) + g*(10) = 8
8n(2R-y) 8n(18)  24n
r Lm) 1 fmen) 1 fn+e) 1
tan6 = ; Sol 4: (B) y(x) = X[[m—n]n—f{ n—zjé‘—m{l—m]m—J
dr dy -1x5 5
= = tano = =— 1\ )1
dt dt Ddnx12 288z ) X(ﬁ][m*mrffm“m]m
(i] 72 _m? +m2—n? L0 1
Exercise 2 . n—¢ )l (m-n)(¢-m) | (£=m)" (m-n)
Methods of Differentiation ) (e
= x (M=n)(l=m) (t=m)(m-n) _ yo — 7
Single Correct Choice Type
2 Yo
Sol1: (D)y= — > — dx
at
b+y Sol 5: (D) f(x) = () g(x) = x*"
Xy _
—ay + bty X logf(x) = xlogx*= x2logx
1 L}
aby + ay? + xy = xb + xy ﬁf (x) = 2xlogx + x
~.aby + ay? = xb f'(x) = (x)[2xclogx + Xx]
:ab%+ 2ayd—y =b log(x) = xlogx
X X 1 x* dx*
dy b ——9g'(x) = —+logx
b ) X dx
dx 2ay+ab

= x1 + (logx) (x*(logx+1))
Sol 2: (B) f(x) = e* + x

f) =1+ e g = X(XX) [xx‘l +xx(logx+1)long



21.76 | Methods of Differentiation and Applications of Derivatives

f'(1) =[21logl + 1] (1) =1

g = O™ [+ + 1(logl+Dlogl] = 1

Sol 6: (C) yVm + y¥/m = 2 x
Lety¥m = a

ca+ l =2x=a’-2ax+1=0
a

—a=x+ Vyx’ -1

yum = x + \x* -1

Ly = (x+\/ﬂ)m

)

m-1
:>y'=m(x+\/x2—1j {1+ 2 Jz
N

=y'Vx?-1=my

=y"y' XX -1+ Yy X 2 =my’

=y'(x2-1) + xy' = my' Vx> -1

ny,2 '
LY -Daxyt [ Y
y y
= mvx° -1 x m =m?
X2 -1

Sol 7: (C) y? = P(x)
dy
2y—=> =P’
Y ix (x)
=2yy" + 2(y')? = P"(x)
Multiply this equation by y?
= 2y’y" + 2(yy')* = P"(x)y* = P"(x) P(x)

df 3 d2y " N1
2— —_— = —_ 2
dx (y dsz [P“(x) PG — 2(yy')’]

2 |
= [P"00 POOY - 2{—“’ o }

= P"(x) P9 + P"0OP'() = P'(0) P"()= P (P(x)

3
Sol 8: (D) f(x) = —X? + x%sinl.5a — x.sina.sin2a

\/x2—1

—5sin"'(a?-8a + 17)

f'(x) = —x? + 2xsinl.5a — sinasin2a

f'(sin8) = —sin?8 + 2sin8sinl.5a — sinasin2a
Also-1<a?-8a+17<1
-1<(@a-4y2+1<1

-2<(@-4)2<0

—a=4

. f'(sin8) = — sin?8 + 2sin8sin6

—sin4sin8

f'(sin8) = —sin?8 + sin8(2sin6 — sin4)
|25in6| < |sin4|n< 4<6<2p
and sin8 < 0

~.f'(sin8) < 0

Ccosbx+6cos4x+15cos2x+10

Sol9: (B)y =
2 cos5x+5cos3x +10cosx

cosbx + cos4x + 5cosdx + 5cos2x
+ 10(cos2x + 1)

10x 2X
= 2C0S——COS—
2 2

(4 +2)x

+2x5cos cosg + 10 x 2cos*x

= 2cosx[cos5x + 5cos3x + 10cosx]
Sy = 2C0osX

dy
X

=-2sinXx

Sol 10: (D) y = R(1 — cos6)

x = R(O - sin0)

dy dy/dé_  sin6

dx dx/do (1-cos0)

_ 1+cos0
sin®

it
dx
d’y _ de
dx2 dx
do
—cosechcotd — cosec?d
R(1 - cos0)

= cosecO + cotO

(1+cos0) " (1+cosH)

1
= —cosecH - —
sin® R sin?e




N (1+cos0)’ (L
sin 0 R

_ 1(1+cos6) -1 1 Y
Rl sino R \1-cosO
N (0 W R
’ Rl1-(-1) 4R

dx? o
Sol 11: (B) f(x) = (1 + x)"
f(x) =n + x)?!
f'(x) = n (n =1)(1 + x)™?
f"x) = n(n-=1) ....... 2.1 (1+x)°
f(0) = 1, f(0) = n, f(0) = n(n - 1)

f70)
n!

f(0) + f'(0) + ...+

c1+ns M0-1)  nin-1)..2Q)
T -

= "Cu+"C +"C +-+C = 20

Sol 12: (D) y = e* + 2e™

dy_ 4et - 2e
dx
&y
dx?

3
9Y _ gaen - 2e
dx3

3
d_y_l3d_y = 64e*— 2e™>—13(4e™- 2e™)
d)(3 dx

= 12e%™ + 24e>= 12y

~K=12

= 16e* + 2e~

Sol 13: (C) x* + 3x%y? + 7xy? + 4x3%y —15y* = 0
= (X—-y)(¢ + 5x%y + 8xy? + 5y°) =0

Sol 14: (C) f(x) = €% g(x) = F1(x), f(g(¥) = x
flgx) g'x) =1

90 = 900

gR)=>2= e =x=In (In2)

2.9 =InlIn2
1 1
5.g'(2) = =
9@ f'(g(2) f'(Inln2)
fx) = e*.e®
~f'(Inln2) = e .eelnlnz = 2In2
Sol 15: (C)

. 1-2In|x| 1 3-2In|x|
y =tan 1+2In|x]| + tan- 1-6In]|x|
Let 3 = tanq, 2In|x| = tanP

Ly = tan‘{tan{%—BD + tan™(tan(o + )

Y
=——B+a+
7] pra+p
y:E+a=£+tan’13
4 4
A
X

Sol 16: (B) lim (x* —x¥)
x—0"
XX = exlnx e

5
o limx*= limed™ = lime'
x—0 x—0 x>0

w
- el

_i]
= Iime[ )= lime™*=1

This is in the form f(x, y) g(x, y) = 0 where f(x, y) = 0 and

gx, y) # 0 at P(x,, y,)

= f'(x y) gx, Y)+f(x, y) g'(x, y) = 0=F'(x,, y,)=0
Also

f'(x, y) gx, y)+2 f'(x, y) g'(x, y)+f(x, y)g"(x, y)=0

2
=f'x,y)=0= d_y =0at(1,1)

dx? B

x—0 x—0 x—0

. XX _ . X) _ . 1 _
lim x* = lim (X)(X )= lim (x) =0
x—0" x—0" x—0"
. 1 XX X . —_—

Cdlim | X0 =x*|=0-1=-1

x—071

Sol 17: (B) lim {(cotx)* + (1 - cosx)***|
x—0
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In(1-cosx)
|imexlncotx+ lime sinx
x—0 x—0

Incotx

lime [;] + “mecosecxln(l—cosx)
x—0 x—0

lim e€oseXIn=cosx) 4nacn't exist as LHL # RHL
x—0

Multiple Correct Choice Type

Sol 18: (B, C)

1+x% -1
tan0

Put x = tan6

f(x) = tan‘l[

- (0 = tan™ 1+tan?0 -1
N tan

tan0= 0
- tanl secO-1) tan L 1-cosb
tano sin®

-1
= tan~'tan 9 = Qz tan " x
2 2 2

tan"l(x) __ tan™t x _

oof(=x) = —f
(=x) 5 > ()
. f(x) is a odd function
also f'(x) = (ltan‘:l xj = ; x € R-{0}
2 21+ x2)

Sol 19: (A, B, C)

y = tanx tan2xtan3x

x+2x=3x =0

= tanx+tan2x-tan3x = tanxtan2xtan3x = y

=y = 3sec?3x — sec’ — 2sec?2x

ory' = (tan3x)'tanxtan2x + (tanx)'tan2xtan3x
+ (tan2x)'tanxtan3x

= 3sec?3x tanx tan2x + sec®x tan2xtan3x

+ 2sec?2xtanxtan3x

_ 3tanxtan2xtan3x+ tanxtan2xtan3x
sin3xcos 3x

SinXcosx

Methods of Differentiation and Applications of Derivatives

. 2tanxtan2xtan3x
sin2xcos 2x

= 2tanxtan2xtan3x x

3 1

- +—
2sin3xcos3x  2sinXcosx
2

—
2sin2xcos 2x

= 2y[2cosecbx + 2cosecdx + cosec2x]

Sol 20: (A, C, D)
Y = AXVX+VX+....00

DY = AX+Y

:>y2—y:x:>(y—1):§

.'.2yd—y—d—y=
dx dx
.d_y_ 1 1 : 1 oy
dx 2y-1 2(y-1)+1 2 X1 2x+y
141+ 4x Y
alsoy = ———
2
'd_y: 1 - 1
dx (1iﬁ) 1+ 4x
2~—~-1
2
Sol 21: (A, B, C, D)
2X 4+ Y = 2

2*1n2 + 2y1n2d—y = 22Y1n2 (1
dx

(27— 2:%) dy = DxHy _ X
dx

dy 2 -1 _ 2'a-2")

dx  2y@-2%) 2Y2*-1)

Also 2y =2y = 2¥(2x - 1) = 2¥

or 2 = 2= X~ 1) =
X Y (X _
dy 20 21

1

Tdx 2y 2%
d Xy _
B I -
dx 2y
.d_y_ 1 1

Tdx o o0-1) 1-2¢

Ly
d

1

X



Sol 22: (A, B, €)

JY+X + 4 y-x=c
;(d_ul} ;(d_v_l]: 0
2,Jy +x | dx 2,y —x L dx

d_y[\/y—x+\/y+xJ:\/y+x—\/y—x

dx \/yz 32 \/yz 2

Application of Derivatives

Single Correct Choice Type

Sol 1: (C) 3x? + 4xy + 5y -4 =0

(3x + 2y)
(2x +5y)

y'=0wheny =—§x
2
and y'=o wheny = —%x

So angle is 90°.

Sol 2: (D) x = sec?t,y = cot t

:x:1+i2
y
I
Att=—,x=2y=1
2 y
P2 1)
= y_1:y’:_—1 = 2y-2=2-x =>x+2y=4
X—2 2
y? +1
=4-2y= putting the value of x in first equation

y2
= 4y? -2y =y’ +1 = 2y> -3y’ +1=0
=>y-D@y-y-D)=0=y-)Q+1y-1

1 1
=——:x=515-=
y=-gin=s (s3]

2
P Jor o [45_ 35
4 4 2

x>/ x<1

Sol 3: (C) f(x) =
ol 3: (Q 11 [—(X—2)3 x>1
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%x‘a/S x<1
f'(x) =
) , \
—3(x—2) x>1 i i
1 \
lei‘,%
5

x = 1 is critical point

-9 -85
fl)=125" *=F
—6(x—2) x>1

o} . .
critical point
atx = 2, " (2) changes its sign

Sol 4: (A) x = a (2 cos t — cos 2t)
y =a (2sint-sin 2t)

dy _ a(2cost—2c052t)
dt

dx

ot = a(—2$int+2$in2t)

dy cost—cos2t _ cost—2cos?t+1 _0
dx sin2t—sint  2sintcost—sint

= 2cos’t—-cost-1=0
= 2 cos’t-2 cost + cost—1=0

= (2cost+1)(cost-1)

cost=1,cost=—
2

t=0,2'[,t=2—‘[c,ﬂ
3 3

t = 0is not possible as j—y is not defined
X

_4n 2n 2n

3 3 3

Sol 5: (C)

W,
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yl _ an—l
y=a+ —
na
1-n 2-n 2n 2
aa n a na" +a
b=a"+ a'+ =
n n nan

limb =

2n2a2n71 +2a 2n2 (2n — 1)azn_2 +2

a0 n%a"? n’ (n - l) a"?

value of b exist & equal to %

only if (n = 2)

2
Sol 6: (B) f(x):{ — X<O}

x2+8 x>0
For points (a, —a?)
ﬁ=—2a

X—a

=y + a? = 2a% - 2ax
Sy=a-2ax=x*+8
=x2+2ax—-a2+8=4a2=-4(8-a)
Ata=-2

= er4=+4
X+2

Therefore x intercept = - 1

1

2

Sol7: (D) y =
2+cos® X

oy [2cosxsinx}

(2+cos2 x)2
X = E|O|7t For x=0 or x= r
2 2

=>y= %(if X = O), %[ifx = gj

Sol 8: (A) At P (a, b), the equation will be

y-b
X—a

n n-1 n n-1
SNLLI ) L 4 y'=0
ala blb

n n
= —+-y'=0
a a

=M where M is the slope

= ’—_—b

Y =3

— y-b_-b
X—a a

X

_+X=2
a b

Multiple Correct Choice Type

Sol 9: (A, D) We can write

xy =k
§+X:1
a b

Solving these two equations, we get
x?b + abx + ka =0

For D = 0, (ab)?—4abk = 0

ab (@ab-4k) =0

= ab + 4k

=ab>0

Hencea>0,b>00ra<0,b<0

Sol 10: (A, B) \/xy =a+x

(' +y)
2,/xy
y’ — Z\/TL

X

(a+t) 2\5(3” (ot)

A
Xx—t t
(a+t)2 (a+t)t (a+t)(a+t)
A t
x—t t

x intercept will be

:>t_(t+a)2t2 _ t—(t+a)t z_zat
t(tZ_az) (t—a) t—a

- (1)
- (i)



y intercept will be

(a+t)2 (tz _az) _ 2a’ + 2at _ 2at

t t t

=a’-t? =1t =a? =2t

t= [A, B]

5
Sol11: (B, D) 2x-3 =x*+ px + q
p+gq+1l=-1
p+q=-

Therefore

Least distance is

X3

Sol 12: (A, B) Given that f(x) = ——7+7X 4

f'(x)zx —-5x+7

Equation of triangle will be

3
y-— t——5L+7t+4
3 2 5
=t"-5t+7

X—t

x intercept will be

3
L—SLJJt 4
3 2

t* —5t+7

3 2
LAEL S P
372

= X=- +t
t? —5t+7

X—t=

y intercept will be

3 2
y=—t(t2—5t+7)+(%—3%+7t—4j

0 —%‘ =1 Dis correct

.. (i)
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Equating (i) and (ii) and keeping them opposite in sign

3
[t—5t+7t 4

=% vmeal
+t—t( 5t+7) B, 5t ~Tt+4
372

t? —5t+7
Solving above, we get t = 2,3

8 7
Therefore, co-ordinates are (2§j£35j

Sol 13: (A, B, D)
y cot x = y? tan x
y? = cot

= y = cotx,—cotx

S

y+1 _ll:>y+1:—2x—5:>4x+2y 2+7
X+— =
2
y-1 1
—=y-1l= 2x+ = = 4x— 2y=2+m
1 2
X+— =
4 2

Sol 14: (A, B)
x=a(t+sintcost)
y =a(l +sint)?

2a(1+sint)cost

y' =
a(l—sin2t+cos2 t)

~ 2(1 + sint)cost

2cos’ t
tan0 = 1+sint
cost
0 = tan! 1+sint _ T+ 2t
cost 4

Sol 15: (B, D) y =t — 4t - 3t
y=2t?+3-5

d—y:4t+3

dt

X 32 g 3
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dy  4t+3
dt  3t° -8t-3

d—y:O,t:_—3,H=1
dx 4

d_y = not defined at 3t?-8t-3 =0
dx
34°-9t+t-3=0
Bt+1)(t-3)=0
t=3 %

3
v=2

Previous Years’ Questions

Sol 1: (B, C)

Given,xy=1=y= i:j_y :_iz
X X X

Thus, slope of normal = x? (Which is always positive)
and f—} is given ax + by + ¢ = 0 is normal whose slope

b
:>—E>Oori<0,
b b

. aand b are of opposite sign.

Sol 2: (B, D) Given, 4x?+ 9y? = 1

On differentiating w.r.t. x, we get
8x + 18 yd—y =0
dx

dy __ 8 __ &

dx 18y 9y
The tangent at point (h, k) will be parallel to 8x = 9y,
then — 4h _8

9% 9

=h =-2k
Point (h, k) also lies on the ellipse
LA4h?+9k2=1 ()
On putting value of h in Eq. (ii), we get
4(-2k)>+9k2=1

=16k? +9%k?* =1

Thus, the point where the tangents are parallel to 8x =

9y are —gl and E_E
55 5 5

Therefore, (b) and (d) are true answers.

Sol 3: Given, y*-3xy +2=0

dy dy
=3y2—2-3x ==~ -3y =0
y dx dx y
:>d—y(3y2—3x) = 3y
dx

_dy_ 3y
dx 3y -3x

Thus, the point where tangent is horizontal. The slope
of tangent is 0

P S

dx 3y2 - 3%
=y =0 buty = 0 does not satisfy the given equation of
the curve therefore y cannot lie on the curve.

So, H = ¢(null set)

For the point where tangent is vertical, then j—y =
X

y

:>2
Yy —X

= o

=y -x=0=y?=x

On putting this value in the given equation of the curve,
we have

Sol 4: Let the house of the swimmer be at B
S AB =L km
Let the swimmer land at C, on the shore and let

AC = x km

S
d X +d
|
A X C (L-x) B
L
~SC=+x?+d* andCB = (L-X)
- Time = Distance
M = e eed

Time from S to B = time from S to C + time from C to B.



Vx? +d? . L-x

A T=
u \%

letfo)=T= L Jx2+ 2 +5-%

u vV VvV

=f'(x) = 1 1.2x 1

R
U oJx? +d° v

For maximum or minimum,

Putf’' (x) =0
= v = ud(x* + d?)
5 u’d?
=>x= ——
Ve —u

L' =0
atx == ud ,(v>u)

vi-u
But x = —ud

v —u?
. We consider x = _ud

Vv? —u?
2
Now, f"(x)= 1 d > 0 for all x
u \/x2 +d?(x% +d?)
- fhas minimum at x = L
v —u?
. X
Sol 5: Giveny =
1+x°

:>d_y _ (1+x°).1-x(2x) _ 1-x°
dx 1 +x%)? 1 +x%)?

Let j_y = g(x) (i.e. slope of tangent)

X
1-%°
~g(x) =
J (L+x%)?
272 9y (12 2
:g,(x)=(1+x 2 .(=2x)- (1 2); ).2(1 + x?).2x
1 +x9)
_ 2L +x2) [ - x2)+2(1 - x2)] _ -2x(3-x?)
1 +x%)* 1+x%)

For greatest or least values of m we should have
gx) =0 :>X=O,X=J_r\/§

Now,

(1+x%)°(6x% — 6) — (2x° —6x).3(1 +x?)%.2x

"(x) =
9 (1+x%)®
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Atx=0,9"x) =-6 <0
. g'(x) has maximum value at x = 0

= (x = 0,y = 0) is the required point at which tangent
to the curve has the greatest slope.

Sol 6: Given, y = cos (x +Y)

dy . dy .
—= |=- J1+==
= (dxj sin(x +y) ( + dxj (1)
Since, tangent is parallel to x + 2y = 0,
Then slope dy .1
dx 2
.. From Eq.(i),
1 . 1
-= == | 1-=
> sin(x +y) ( 2}

=sinx+y) =1

Which shows cos (x +y) =0

~y=0
s 3n
=>X+y=—-o0r— —
2 2
T 3n
SX= = or— —
2 2

Thus, required points are

(E,OJ and (—3—n,0j
2 2

.. Equation of tangents are

y-0 _ 1 4 ¥y-0 _ 1

X—m/2 2 X+3n/2 2

T 3n

=2y =—-X+ — and 2y = —x - —

y 2 y 2
—x+2y == and x + 2 =—3—n
y 2 y 2

are the required equation of tangents

Sol 7: Let P(a cos 6, 2 sin 0) be a point on the ellipse

2 2

4x2+a2y2=4a2ie, X_ + y_ =1
a? 4

Let A(O, — 2) be the given point. Then,
(AP)? = a%cos?0 + 4(1 + sin 0)?

:>die(AP)2 =-a?sin?220 + 8 (1 + sin 0) . cos O
d .
= % (AP)? = [(8 —2a%) sin 0+ 8] cos 6

For maximum or minimum, we put % (AP =0
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= [(8-2a?) sin0+8] cos0 =0

=cos0=0orsin0 =

a’—4

(“4<a’<8=>

> >1=sin 0> 1, whichisimpossible)
a- -4
d2
Now, d—z(AP)2 =—{(8-2a?) sin0+8} sin0+(8-2a? . cos?0
0

For 0 = g we have

d2
d_2 (AP)2 =- (16 - 2a2) <0
0

Thus, AP? ie, AP is maximum when 0 = g The point on

the curve 4x? + a%y? = 4a? that is farthest from the point
A0, -2)is

acosE,ZsinE =(0,2)
2 2

Sol 8: Since, equation of normal to y? = 4ax is
y =mx—-2am-am?

Equation of normal for y? = x is

y =mx-— %—% m3 which passes through (c, 0)

Which gives a normal as x-axis and for other two
normals

1 1
c——=>0=c>=
2 2

Now, if normals are perpendicular

Methods of Differentiation and Applications of Derivatives

Any point on the parabola y = x? is of the form (t, t?).

dy _

Now,
dx

2X :{d_y} =2t
dx —t

Which is the slope of the tangent. So, the slope of the

normal to y = x? at A(t, t?) is — 1/2t.

Therefore, the equation of the normal to y = x? at A(t,

t?) is

EPCRN U P
Y-t [th(x 1)

(D)

Suppose eq. (1) meets the curve again at B(t,, ti)

1

2 —

Then, t] —t? = - > (t, -1
1

j(tl—t) (t1+t)——z(t1—t)

1
>t +t)=-=—
t,+1) 2t

_1
2t
Therefore, length of chord,

L= AB? = (t—t)? + (t—t2)?
= (t-t) + (t-t)(t + 1)’
=({t-t)[1+ (t+1t)]

ftffteet]

>t =-t

2 3
=L = 2t+l 1+L =412 1+i
2t 4t2 4t2
=
4¢3

.. On differentiating w.r.t., we get

3 2
i:8t l+L + 122 1+i
dt 4t? 4¢?

2 2
= 1+L 4t—g = 1+L 2t—1
4t2 t 4t? t
For maxima or minima, we must have — =0
=>2t-=- =0t = l:t=J_ri
2 2
Next,

|
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2 2
:{d—lz'} =O+4[1+%j (2+2) >0
dt t=+1/\2
Therefore, L is minimum, when t = J_ri, point A is
11 V2 1
—,=| and point B is (—\/5, 2) whent = —= ,Ais
[\/5 ZJ V2
11 .
T = IBIS (+\/512)
&)
Again, when t = i the equation of AB is
2
y—-2 _ x+\/§
1 1
.2 42
2 V2
=(y-2) (i+\/§] =(x+ ﬁ)(l—2j
2 2
=>-2y+4= 2%+ 2
—\2x+2y-2=0
And when t = —i, the equation of AB is y-2
V2 1,
2
_ x-\2
L)
——= -2
&)

=y -2) [—%—ﬁ} = (x- ﬁ)[%—zl
=2y -4 =2 (x-2)

=>V2x-2y+2=0

Sol 10: Given, y = (1 + x)Y + sin“}(sin?)x)
Lety =u +v,

where u = (1 + x)%, v = sin"}(sin? x)

On differentiating, we get

dy _du, dv

dx dx  dx

Now, u = (1 + x)¥

Take logarithm on both sides, we get
Log, u =y log (1 + x)

jl d_u:L

dy
=2 1
u dx 1+x+dx{098( +

. (i)

:>d—u= 1+ x)y
dx

y . dy
— 4+ 2 1

1+xJr dx °9. +X)}
Again, v = sin (sin? x)
=sinv = sin? x

dv .
=Cos Vv ™ = 2 sin X cos X
X

dv
- =

— (2 sin x cos Xx)
dx cosv

dv  2sinxcosx 2sinxcosx
> — = =
dx \/1—sin2v \/1—sin4x

.. From Eq. (i)

dy y dy 2sinxcosx
—= = (1 + xy —| 1 +
dx ( ) l+x+dx 09 (1 +x)

dy  y(@+x)’*+2sinxcosx/+1-sin?x

- — =
dx 1-(1+x) log, (1 +Xx)

Atx =0,
y = (1 +0) +sinsin(0) =1

Sdy _ 1(1+0)** +2sin0.cos0 / /(1 —sin* 0)

7 dx 1-(1+0) log,(1+0)
= % =1
Again, the slope of the normal is
1
- dy / dx -

Hence, the required equation of the normal is
y-1=(1)x-0)
ieey+x-1=0

Sol 11: Let any point P, on'y = x* be (h, h’)
Then tangent at P, is

y —h3 = 3h? (x - h)....(i)

It meetsy = x* at P,.

On putting the value of y in Eq. (i)

x> —h®=3h%x-h)

= (x—h)(x? + xh + h?) = 3h¥(x — h)

= Xx?+ xh + h? = 3h?

1.85

... (i)

.. (i)

V1-sin*x
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orx=nh

=>x+xh+2h?=0 = (x-h)(x+2h)=0

=x=horx=-2h

Therefore, x = - 2h is the point P,,

Which implies y = — 8h?

Hence, point P,= (- 2h, —8h?)

Again, tangent at P, is

y + 8 h® = 3(- 2h)? (x + 2h)
It meets y = x° at P,

=x3 + 8h3 = 12h?(x + 2h)
=x3-2hx-8h?=0

= + 2h) (x—-4h) =0

=X = 4h =y = 64h3
Therefore, P.= (4h, 64 h?)

Similarly, we get P,= (- 8h, -8° h?)

Hence, the abscissae are

h, —=2h, 4h, =8h, .... which form a GP
Let D' = AP,P,P,and D" = AP,P.P,

h K 1
%—Zh -8h’ 1
D' APPP, 4h 64h° 1
D" AI32'”3'”4 2h -8h® 1
% 4h  64h° 1
—8h -512h° 1
h K 1
1 3
“|2h -8h° 1
2
4h  64h° 1
B h B 1
%x(—Z)x(—S) oh -8h 1
4h  64h° 1
-1
16

which is the required ratio.

Sol 12: (A, C)

Let the sides of rectangle be 15k and 8k and side of
square be x then (15k — 2x)(8k — 2x)x is volume.

v = 2(2x% = 23kx? + 60k>x)

o
dx|, ¢

6x2 — 46kx +60k2 | _.=0
6k? —23k +15=0

5 . ..
k=3, k= r Only k = 3 is permissible

So, the sides are 45 and 24.

Sol 13: (B)

-1 . -1
P cos(tan™" y)+ysin(tan™"y)

cot(sint y) +tan(sin"t y)
2

1 y
Sy iy ey
1+ + +
/1_y2+ y 1
y o fioy WIY
2
1 [ cos(tan™ y)+ysin(tan" y) oy
y? | cot(sinty) +tan(sin y)

=yi2(y2(l—y4))+y4 =1—y4+y4 =1

Q—> cosx+cosy+cosz=0

sinx +siny +sinz=0

COS X + COSY = —COS Z ()
sinx +siny =-sinz .. (i)
1)+ 2y

1+1+2(cosxcosy+sinxsiny)=1
2+2cos(x-y) =1
2cos(x—-y)=-1

T . .
R—> cos(z—x]c052x+smxsm 2X secx

. T
= COS X Sin 2x sec X+COS(Z+XJCOS 2x

T T
COS| ——X |—cos| —+ X | |cos 2x



=(cos x sin 2x —sin x sin 2x)sec x
T sin x cos 2x = (cos x — sin X) sin 2x sec X
2

\/5 sin X cos 2x = (cos X —sin x) 2 sin x
T

:—.:
J2  cos x+sinx 4

Sec X = sec % =2
S cot(sin‘1 V1 —xzj

cot a =

1-x°

tan ! (xv/6) = ¢

sin(l) =i
V6x? +1
X X\/g
=

\/1—x2 ) \/6x2+1

6x° +1=6-6x°
12x%> =5

et
X=,—=—,|—
12 2\3

Mathematics | 21.87




