J solution of Triangle i

According to most accounts, geometry was first discovered among the Egyptians, taking its origin
from the measurement of areas. For they found it necessary by reason of the flooding of the Nile,
which wiped out everybody's proper boundaries. Nor is there anything surprising in that the
discovery both of this and of the other sciences should have had jts origin in a practical need, since
everything which is in process of becoming progresses from the imperfect to the perfect.

................... Proclus
Sine Rule :
In any triangle ABC, the sines of the angles are proportional to the opposite sides
. a b C
i.e. — =— =— .
sin A sin B sin C
A
c b
B a C
Example # 1 : How many triangles can be constructed with the data: a=5,b=7,sin A=3/4
. . b 5 7

Solution : Since =

= = =
SinA sinB 3/4 sinB
= sinB = 21 > 1 not possible
20

.. no triangle can be constructed.

sinA _ sin(A-B)
sinC ~ sin(B-C)
sinA _ sin(A-B)

sinC ~ sin(B—C)

= sin (B + C) sin (B-C) = sin (A + B) sin (A—B) = sin?B —sin? C = sin?A — sin’B
=>b2-c?=a?-b? = a? b? c?arein A.P.

, then show that a2, b?, c2 are in A.P.

Example # 2 : If in a triangle ABC,

Solution : We have

Self Practice Problems :

(1) In a AABC, the sides a, b and c are in A.P. , then prove that (tan%ﬂangj : cotg =2:3

(2) If the angles of AABC are in the ratio 1 : 2 : 3, then find the ratio of their corresponding sides

A B
tan— +tan—
2 2

(3) In a AABC prove that c . .
a— A B
tan——-tan—
2 2

Ans. (2)1:43 :2

Cosine Formula:

In any AABC

. b? + c? - a?

(i) cosA = ~ope or a2="0b?+c2-2bccosA =Db?+c?+2bc cos (B +C)s
2 2 |2 2 2 2

(i) cosp=S tE -0 (i) cosC= 2 P -C

2ca 2ab



Example # 3 : In atriangle ABC, A, B, C are in A.P. Show that 2cos(A_Cj = ate .
2 Ja? —ac +c?
Solution : A+C=2B=A+B+C=3B=B=60°
2 2 2
. c0sB0° = a+c-b a?—ac +c2=b?
2ac
. (A+C A-C
. . 2sin cos
- a+c _a+c _ {smAJrsmC} ~ 2 2
qéaz _ac+C2 b sinB sinB
_2c0s A=C (.~ A+C=2B)
Example #4 : Ina AABC, prove that a (bcos C — ¢ cosB) = b? — ¢?
2 2 2 2 2 42
Solution : Since cosC = a+b-c & cosB= a+c-b
2ab 2ac

a® +b? —c? a® +c? -b?
LHS. =asb —-C
{ ( 2ab j ( 2ac J}
_a®+b®-c®  (a®+c?-b%)

2 2
Hence L.H.S. = R.H.S. Proved

= (*- ) =RH.S.

Example #5 : The sides of AABC are AB = J1_30m, BC = 4\/?: cm and CA = 7 cm. Then find the value of
sin® where 6 is the smallest angle of the triangle.

Solution : Angle opposite to AB is smallest . Therefore,
Cosezwzﬁ jsin9=l
2.7.43 2 2
Self Practice Problems :
(4) If in a triangle ABC, 3 sinA =6 sinB = 2./3 sinC, Then find the angle A.
(5) If two sides a, b and angle A be such that two triangles are formed, then find the sum of two

values of the third side.
Ans. (4) 902 (5) 2b cosA

Projection Formula:

In any AABC
(i) a=bcosC + c cosB (i) b =c cosA + acosC (iii) c =acosB + b cosA

Example #6 : Ifina AABC, c coszg +a coszg = % then show that a, b, ¢ are in A.P.

Solution : c(1+cosA)+a(1+cosC)=3b
= a+c+ (ccosA +acosC) =3b
=a+c+b=3b
—>a+c=2b

Example #7 : Ina AABC, prove that (b +c)cosA+(c+a)cosB+(a+b)cosC=a+b+c.
Solution : LHS. =(b+c)cosA+(c+a)cosB+(a+b)cosC

=bcosA+ccosA+ccosB+acosB+acosC+bcosC
(bcos A+acosB)+(ccosA+acosC)+(ccosB +bcosC)
a+b+c

R.H.S.

R.H.S. Proved

Hence L.H.S.



Self Practice Problems :
(6) The roots of x? — 2\/§x + 2 = 0 represent two sides of a triangle. If the angle between them is

g, then find the perimeter of triangle.

(7) In a triangle ABC, if cos A + cosB + cos C = 3/2, then show that the triangle is an equilateral
triangle.
cosA cosB cosC a® +b? +¢c?
8 In a AABC, prove that = .
® P ccosB+bcosC ¥ acosC +ccosA ¥ acosB+bcosA 2abc
Ans. (6) 23 + 6
Napier’s Analogy - tangent rule :

In any AABC
(i) an2-C _Db-¢ A (ii) anC —A_c-a B

2 b+ c 2 2 cC +a 2
iy tanA=B_23=0.C

2 a+b 2

Example # 8 : Find the unknown elements of the AABC in which a = \E +1,b= \ﬁ -1, C =90°.

Solution : a=+3 +1,b=+3 -1,C=90°
A+B+C=180°
A+B=90° . (i)
From law of tangent, we know that tan A-B)_a=b ,C
a+b 2
= (B+1)-(B-1 cot 45° = —2_ ot 45° = tan(A_Bj I
(V3 +1)+(3 -1 23 2 ) B
A-B n
2 6
= A-B=Z . i
3 (if)
. , . 5n T
From equation (i) and (ii), we get A = T and B= T
Now, c=+a®+b® =22
5n T
=242, A= — B=— Ans.
¢ \/_ 12 12

Self Practice Problems :

(9) InaAABCifb=3,c=5andcos (B-C) = le , then find the value of sin % .

—C tanA,y=tan C-A) 1an8 and
2 2 2

z=tan(A;B] tan%,then showthat Xx+y+z=—xyz.

(10) If in a AABC, we define x = tan (B

Ans. (9)

1
N



Trigonometric Functions of Half Angles :

() sm— fsb s—c) sn— fsc s-a) S|n—= sa)és b)

. A —c)

(i) CoS — = cos— cos— =
2 ca ab

(iii) tanA = (s=b)(s=¢) _ = = (s=b)(s —¢) , Where s = arb+c is semi perimeter and
2 \[ s(s—a) s(s—a) A 2

A is the area of triangle.

. . 2
(iv)  sinA= E\i’s(s—a)(s—b)(s—c) = —

Area of Triangle (A)

A= %ab sinC = %bc SinA = %ca sinB = \/s(s—a) (s—b) (s—c)

Example #9 : If p,, p,, p, are the altitudes of a triangle ABC from the vertices A, B, C and A is the area of the

triangle, then show that p," +p,"—p,™ = %

Solution : We have
1 1 1 a b c

b, P, Ps 2A 2A 2A
_at+b-c 2(s-c) s-c

2A 2A A

Example#10 : Ina AABC if b sinC(b cosC + c cosB) = 64, then find the area of the AABC.

Solution : bsinC(bcosC+ccosB)y=64 ... (i) given

From projection rule, we know that
a=b cosC + c cosB putin (i), we get

absinC=64 .. (i)
A= %ab sinC from equation (ii), we get
A =32 sq. unit

Example#11 : If A,B,C are the angle of a triangle, then prove that cotg+cotg+cot% -5

Solution : coté+cotE+cot9
2 2 2

_ | s(s—a) ﬂ s(s—b) +i s(s—c)
“\(s—b)s—c) \ﬂ(s c)s—-a) \(s—a)s-b)

_ Js(s—a+s-b+s—c) _s (33—23) _ s?
J(s—a)(s—b)(s—c) A A

m -n Rule : In any triangle ABC if D be any point on the base BC, such that BD :
/BAD= o, /DAC =3, £ CDA =0, then
(m+n)cotd = mcota —n cotf

ncotB —mcotC

2

A

DC :m

:n and if



o \P

0

B - D o C

Example#12 : In a AABC . AD divides BC in the ratio 2 : 1 such that at Z/BAD = 90° then prove that
tanA + 3tanB =0
Solution : From the figure , we see that 6 = 90° + B (as 6 is external angle of AABD)

Now if we apply m-n rule in AABC, we get
(2 + 1) cot (902 + B) = 2. cot 90° — 1.cot (A — 90°)

= —3tan B = cot (90° — A)
= —3tanB=tan A
= tanA+3tanB=0 Hence proved.

Example#13 : The base of a A is divided into three equal parts . If a, B, y be the angles subtended by these
parts at the vertex, prove that :
(cota + cotp) (cotp+ coty) = 4cosec?3

Solution : Let point D and E divides the base BC into three equal parts i.e. BD = DE = EC = d (Let) and
let o, B and y be the angles subtended by BD, DE and EC respectively at their opposite vertex.
Now in AABC

BE:EC=2d:d=2:1

from m-n rule, we get
(2 + 1) cotd = 2 cot (o + B) — coty
= 3cotb =2cot (o +PB)—coty ... (i)
A

in AADC

DE:EC=d:d=1:1

if we apply m-n rule in AADC, we get

(1 +1)cotb=1. cotp —1 coty

2cotb =cotp—-coty Ll (ii)
3cotd  2cot(a +p)—coty
2coth  cotp—coty

= 3cotp — 3coty = 4cot (o + B) — 2 coty

from (i) and (i), we get




3cotp — coty = 4 cot (o + B)
cota.cotp—1
cotp+cota

3cot?p + 3cota cotp — cotp coty — cota coty = 4 cota cotp — 4
4 + 3cot?p = cota cotp + cotp coty + cota coty

4 + 4cot?p = cota cotp + cota coty + cotp coty + cot?p

4(1 + cot?p) = (cota + cotp) (cotp + coty)

(cota + cotp) (cotp+ coty) = 4cosec?p

U

U

3cotp — coty = 4{

uUdudu

Self Practice Problems :

(11) In a AABC, the median to the side BC is of length ;\F unit and it divides angle A into
11-64/3

the angles of 30° and 45°. Prove that the side BC is of length 2 unit.

Radius of Circumcirice :
a b c abc

2sinA _ 2sinB _ 2sinC _ 4A

If R be the circumradius of AABC, then R =

Example#14 : In a AABC, prove that sin2A + sin2B + sin2C = 2A/R?
a b ¢

sinA ~ sinB  sinC

and sin2A + sin2B + sin2C = 4sinAsinBsinC

_4abc  16AR  2A

- 8R®  8R® R?

Solution : In a AABC, we know that

Example#15: In a AABC if a =22 cm, b =28 cm and ¢ = 36 cm, then find its circumradius.

Solution: - Ro2c (i)
4A
A= |s(s—a)(s—b)(s—c)
S= a+t2)+c =43 cm

A= 43x21x15x7 = 214215
R 22x28x36 _ 264

= = cm
4x 21215 J215

Example#16 : In a AABC, if 8R? = a2 + b? + ¢?, show that the triangle is right angled.
Solution : We have : 8R? = a2 + b? + c2
= 8R? = [4R? sin?A + 4R? sin?B + 4R2?sinC] [~ a=2Rsin A etc.]
= 2 =sin?A + sin?B + sin?C = (1 — sin?A) —sin? B + (1 —sin®C) =0
= (cos? A —sin?B) + cos? C =0 = cos (A + B) cos (A—B) + cos?C =0
= -—cosCcos(A-B)+cos2C=0=-cosC{cos(A-B)—-cosC}=0
= —c0s C[cos (A—-B) + cos(A +B)]=0=-2cos AcosBcosC=0
=cosA=0orcosB=0orcosC=0

:>A=£orB=£orC=E
2 2

= AABC is a right angled triangle.

b2 —c?
2a

Example#17 : =R sin (B-C)

b*—c?  4R®*(sin?’B-sin’C) _ Rsin(B+C)sin(B—C)
2a 4RsinA sinA

Solution : =R sin (B-C)



Self Practice Problems :

(12)  InaAABC, prove that (a + b) = 4R cos(A;B]cos%

(13) InaAABC,ifb=150mandcosB=%,findR.

(14) In a triangle ABC if a, B, yare the distances of the vertices of triangle from the corresponding

points of contact with the incircle, then prove that _obr =r2
oa+B+y
Ans. (13) 12.5
Radius of The Incircle :
If ’r be the inradius of AABC, then
(i) r= A (ii) r=(s—a) tanA = (s—b) tanE =(s-c¢) ’[an9
] 2 2 2
asinEsin9
(iii) r=—2 2 andsoon (iv) r=4R sin% sin% sin%
cos—

2
Radius of The Ex-Circles :

Ifr, r,, r, are the radii of the ex-circles of AABC opposite to the vertex A, B, C respectively, then

(i) r——A ir, = A 'r——A ;
"'s-a’'? s-b’°® s-c¢’
" A B . C
(ii) r1=stan5;r2=stanE,rS=stanE
B cosC
(iii) r, = 8008, €052 and soon (iv) r,=4R sinA. cosE. cosg
cos4 2 2 2

Example#18 : cos A + cosB + cos C = (1 +%j

Solution : LHS = cosA + cosB + cosC
=2 cos A+B cos A-B +1—2sin29
2 2 2

. C A-B . C . C A-B A+B
=2 sin— {cos —sin—;+1 = 2sin — < cos —Ccos +1
2{ [ 2 ] 2} 2{ ( 2 ) ( 2 j}

=23in9 2sinAsinE +1 =1 +4sinA sinE sinE
2 2 2 2 2 2

=1+ 1 4Rsinésin§sin9 =1+
R 2 2 2

Example#19 : In a triangle ABC, find the value of br—c + cr—a + ar—b :

Solution : +




= % [sb-c+c—a+a—-b)-a(b-c)—b(c—-a)-c(a-b)]=0

Self Practice Problems :

(15) In a triangle ABC, r, , 1,, r, are in HP. If its area is 24 cm? and its perimeter is 24 cm. then find

lengths of its sides.

(16) In a triangle ABC, a:b:c=4:5:6. Find the ratio of the radius of the circumcircle to that of
the incircle.
(17)  InaAABC, prove that ' + 2= _ ¢
a b f
(18) It A, A, A, and A, are the areas of the inscribed and escribed circles respectively of a AABC,
then prove that I + 1 + 1
A A A A,

Ans. (15) 6,8,10 (16) 16:7

Length of Angle Bisectors, Medians & Altitudes :

2bc cos%
(i) Length of an angle bisector from the angle A =B, = “bic ;
+
(ii) Length of median from the angle A=m_ = % ,/2b2 +2¢% - a°

m“;’

& (ii)  Length of altitude from the angle A = A,

NOTE: m2 +m2 +m? = % (@2 +b% +c?)

Example#20 : In AABC, AD & BE are its two median . If AD = 4, Z/DAB = % and ZABE = g then find the

length of BE and area of AABC.

Solution : AP=E;AD=§;PD=i;LetPB=x
3 3 3
tan609=% or x=i
X 33
Areaof AABP = + « &, 8 _ 32
2 3 33 93
.. Area of AABC = 3 x 32 =£
93 338
3 4
Also,BE= —x= —
AN}

Self Practice Problem :

(19) Ina AABC if ZA=90° b=5cm, c=12cm. If ‘G’ is the centroid of triangle, then find
circumradius of AGAB.




(19) 13601

Ans. 601 cm
30

The Distances of The Special Points from Vertices and Sides of Triangle :

(i) Circumcentre (O) : OA=RandO,=Rcos A

. A

(i) Incentre (I) : 1A = rcosecE andI =r

(i) Excentre (I,) : LA=r, cosec% and I, =r,

(iv) Orthocentre (H) : HA=2R cos A and H,=2R cos Bcos C

(v) Centroid (G) ; GA = % J2b% +2¢? —a? and G, = 2—2

Example#21: If p,,p,, p, are respectively the lengths of perpendiculars from the vertices of a triangle ABC to

the opposite sides, prove that :

2 2 2
() cosA+cosB+cosC:l (i) %+%+% _a +b“ +c
o8 o)) Ps R c a b 2R
Solution:  (juse -2 1_B 1_2¢
p, 2Ap, 2A p; 2A

- LHS = i (a cosA + b cosB + ¢ cosC)

- B (sin2A +sin2B + sin2c) = ARSINA_sinB_sinC
oA oA

= ﬁ iii = 1 > abC Z%(4RA) Zl = RHS
oA 2R 2R2R 4AR 4AR R

a®+b*+c® 2bA+20_A+2aA _ 2A(@° +b® +c?)

(i) LHS = 2P1, P2, 3Py _

c a b 2R ac ab bc abc
_ 2A(@° +b*+c?)  a®+b*+c?
- 4AR - 2R

Self Practice Problems :

(20) If I be the incentre of AABC, then prove that IA . 1B . IC = abc tan% tang tan% .

(21) If x, y, z are respectively be the perpendiculars from the circumcentre to the sides of AABC,

then prove that a, b P abc .
X 'y z Axyz




Bl Exercise-1 |

= Marked questions are recommended for Revision.

SUBJECTIVE QUESTIONS

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule

A-1.  Ina AABC, prove that :
(i) asin(B-C)+bsin(C—A)+csin(A-B)=0
(i a’sin(B-C) . b?sin(C —A) .\ c?sin(A -B)
sinA sinB sinC
(iii) 2(bccos A +cacosB +abcosC)=a?+b?+c?

=0

(ivime (a-b)? coszg + (a + b)? sinzg =C?

(v) b? sin 2C + c? sin 2B = 2bc sin A
(vi) sinB _ c-acosB
sinC b-acosC

A-2.  Find the real value of x such that x + 2x, 2x + 3 and x2 + 3x + 8 are lengths of the sides of a triangle.
A-3.  The angles of a AABC are in A.P. (order being A, B, C) and it is being given thatb : ¢ = J3 1 V2, then
find ZA.

A-4.» IfcosA+cosB=4 sin{%j , prove that sides a, ¢, b of the triangle ABC are in A.P.

A5 IfinaaABc, SMA _ SINA=B) o brove that a2, b2, c? are in A.P.
sinC  sin(B-C)

A-6. Inatriangle ABC, prove that for any angle 6, b cos (A —6) + a cos (B + 06) = ¢ cos 6.

b+c c+a a-+b cosA cosB cosC
= = , then prove that = =

A-7.=. With usual notations, if in a A ABC,
11 12 13 7 19 25

A-8. Leta, b and c be the sides of a AABC. If a2, b? and ¢? are the roots of the equation
CcosA . cosB . cosC in

x®—Px2+ Qx — R =0, where P, Q & R are constants, then find the value of 5 s

terms of P, Q and R.

A-9.»= If in a triangle ABC, the altitude AM be the bisector of «BAD, where D is the mid point of side BC, then
prove that (b2 — ¢?) = a%/2.

A-10. Ifin atriangle ABC, ZC = 602, then prove that 1 + 1 = 3
a+c b+c a+b+c

A-11.=In a triangle ABC, ZC = 60° and ZA = 75° If D is a point on AC such that the area of the AABD is
/3 times the area of the ABCD, find the ZABD.

A-12.»= In a scalene triangle ABC, D is a point on the side AB such that CD? = AD. DB, if sinA. sinB = sin2%
then prove that CD is internal bisector of ZC.

A-13.» In triangle ABC,D is on AC such that AD = BC , BD = DC, ZDBC = 2x, and ZBAD = 3x, all angles are in
degrees, then find the value of x.



Section (B) Trigonometric ratios of Half Angles, Area of triangle and
circumradius

B-1. In a AABC, prove that

(i) 2[asin2%+csinzg} =c+a-bh.

cos2A 0032§ 00329
(i 2 2 2 _ ¢

+ + =
a b c abc

(iii) 4(bc.coszg+ca.cos2 % +ab.cos? gj =(a+b+c)?

(ivim (b-c) cot% +(c—a) cotg +(a—Db) cot% =0

(v) 4A (cot A +cotB +cot C) =a2 + b? +c?

. 2abc A B C
(vi) .COS— .COS—.C0S— =A
a+b+c 2 2 2

B-2. If the sides a, b, ¢ of a triangle are in A.P., then find the value of tan%+ tan% in terms of
cot (B/2).
B-3. IfinaAABC,a=6,b=23andcos(A-B)=4/5, then find its area.

J3 a2

4

B-4.= |If in a triangle ABC, ZA = 30° and the area of triangle is , then prove that either

B=4CorC=4B.
Section (C) Inradius and Exradius

C-1.  Inany AABC, prove that
(i) Rr(sinA +sinB +sinC)=A

(i) acosBcosC+bcochosA+ccosAcosB=%

1 1
+— = —.

1
() bc  ca 2Rr

— +
ab

C r
iv)m C€0S? — +C0S2 — +C0S2 — =2 + —
(V) p TS TS S e oR

(V) acotA+bcotB+ccotC=2(R+r)

C-2. Inany AABC, prove that
(iyr.or .r,.ry=A2

(iym. 1, +r,—r,+r=4RcosC. (iii) —+l2+i2 =

2
W) (1+l+l+l) _4 (l+l+lj Vs be-rr, _ca-rn _ab-nr
rr rin rh r, r, fy



C-3.

C-4.

C-5.

Show that the radii of the three escribed circles of a triangle are roots of the equation
X3—x2(4R+r) +xs2-rs?2=0.

The radii ry, r,, r5 of escribed circles of a triangle ABC are in harmonic progression. If its area is 24 sq.
cm and its perimeter is 24 cm, find the lengths of its sides.

If the area of a triangle is 100 sg.cm, r, = 10 cm and r, = 50 cm, then find the value of (b — a).

Section (D) Miscellaneous

D-1.

D-2.x

D-3.»

D-4.»=

Bl Exercise-2 |

If o, B, v are the respective altitudes of a triangle ABC, prove that

. 1 1 1 cotA+cot B+cot C
(l) — + Y + — =
o} B Y A
. 1 11 2ab ,C
(i) —+——— = cos” —
a By (@+b+c) A 2

If in an acute angled AABC, line joining the circumcentre and orthocentre is parallel to side AC, then
find the value of tan A.tan C.

A regular hexagon & a regular dodecagon are inscribed in the same circle. If the side of the dodecagon
is (\E - 1) , if the side of the hexagon is {‘/T , then find value of k.

If D is the mid point of CA in triangle ABC and A is the area of triangle, then show that
4A

tan (/ADB) = ———.
a“-c

w. Marked questions are recommended for Revision.

PART-l (OBJECTIVE QUESTIONS)

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule

A-1.

A-2%,

A-5n

InaAABC,A:B:C=3:5:4.Thena+b+c 2 is equal to
(A) 2b (B) 2¢ (C) 3b (D) 3a

In a triangle ABC, the altitude from A is not less than BC and the altitude from B is not less than AC.
The triangle is
(A) right angled (B) isosceles (C) obtuse angled (D) equilateral

cosA cosB cosC

Ifina A ABC, , then the triangle is :

a b
(A) right angled (B) isosceles (C) equilateral (D) obtuse angled
2
In a AABC besin” A is equal to
cosA +cosBcosC
(A) b2 +c? (B) bc (C) a2 (D) a2 + bc

2(tanA +tanC).tan’B s

Given a triangle AABC such that sin?A + sin?C = 1001.sin2B. Then the value of
tanA +tanB+tanC

1 1 1 1

(A Sa0m
2000 1000 500 250



A-8.n.

A-9%,

If in a triangle ABC, (a+b +c) (b +c—-a)=k.bc,then:
(AVk<0 (B)k>6 (C)0<k<4 (D) k>4

In a triangle ABC, a: b: ¢ =4:5: 6. Then 3A + B equals to :
(A) 4C (B) 2n C)n-C (D) n

The distance between the middle point of BC and the foot of the perpendicular from Ais (b >c) :

—a% +b%+c? b?—c? b? +c? b? +c?
A) ———— (B) (C) (D)
2a 2a «/bc 2a

If in a triangle ABC, cos A cos B + sin A sin B sin C = 1, then the triangle is
(A) isosceles (B) right angled (C) equilateral (D) None of these

A-10.aTriangle ABC is right angle at A. The points P and Q are on hypotenuse BC such that BP = PQ = QC.

A-11.

If AP = 3 and AQ = 4, then length BC is equal to
(A) 345 (B) 543 (C) 45 (D)7

In AABC, bc = 2b? cosA + 2¢? cosA — 4bc cos? A, then AABC is
(A) isosceles but not necessarily equilaterial

(B) equilateral

(C) right angled but not neccessarily isosceles

(D) right angled isosceles

Section (B) Trigonometric ratios of Half Angles, Area of triangle and

B-1.

B-2.

B-3.=

B-4.

B-6.*

circumradius

If in a triangle ABC, right angle at B,s —a=3 ands - c =2, then

(A)a=2,c=3 (Bya=3,c=4 (C)a=4,c=3 (D)a=6,c=8
. . A B 3

If in a triangle ABC, b cosZE +a cosZE = EC’ thena,c,bare:

(A) in A.P. (B) in G.P. (C)inH.P. (D) None

If H is the orthocentre of a triangle ABC, then the radii of the circle circumscribing the triangles BHC,
CHA and AHB are respectively equal to :

(AR, R, R (B) V2R, V2R, V2R (C) 2R, 2R, 2R (D)%,g,g
InaAABCifb +c = 3a, then cotg : cot% has the value equal to:

(A) 4 (B)3 €)2 (D) 1

Ina AABC, A = 23—“ b-c=3 J§ cm and area (AABC) = %cm% Then ‘@’ is

(A) 6 /3 cm (B) 9 cm (C) 18 cm (D) 7 cm

The diagonals of a parallelogram are inclined to each other at an angle of 45°, while its sides a and

b (a > b) are inclined to each other at an angle of 302, then the value of % is

B) 3+\/§ (C) 3+\/§ (D) \/§+1

(A) 2cos36°
4 4 2



B-7.

B-8*.

B-10*.

B-11.

B-12.

B-13*.

Ifin a AABC, A = a2 — (b — c)?, then tan A is equal to

(A) 15/16 (B) 8/15 (C) 8/17 (D) 172
Ifina AABC,a=5,b=4andcos (A-B) = g—;,then
(A)c=6 (B) sinA = ﬂ
16
(C) area of AABC = @ (D)c=8
b® —c?
If R denotes circumradius, then in AABC, 22 R is equal to
(A) cos (B-C) (B) sin (B —C) (C)cosB—-cos C (D) sin(B + C)
Which of the following holds good for any triangle ABC?
cosA cosB cosC a®+b®+c? sinA  sinB  sinC 3
(A) + + = (B) + + = —
a b c 2abc a b C 2R
cosA cosB cosC sin2A  sin2B  sin2C
(C) = = D) —F—=—F"=—>
a b C a b C

A triangle is inscribed in a circle. The vertices of the triangle divide the circle into three arcs of length 3,
4 and 5 units. Then area of the triangle is equal to:
943 (1+3) 93 (V3 -1) 9 3 (1+\3) 9 3 (\3-1)
A —————— B) ———— C)——F— O ——F>—
T b1 2 2
In a AABC, a = 1 and the perimeter is six times the arithmetic mean of the sines of the angles. Then
measure of L A'is

A) = B) = c) = D) =
(A) 3 (B) 5 (C) 5 (D) 2
Three equal circles of radius unity touches one another. Radius of the circle touching all the three
circles is :
2-\3 B -2 2+3 3 ++2
(A) —=— B) —=— (€) (D) —=—
N 2 B 2

B-14.= Triangle ABC is isosceles with AB = AC and BC = 65 cm. P is a point on BC such that the

C-1.

perpendicular distances from P to AB and AC are 24 cm and 36 cm, respectively. The area of triangle
ABC (in sg. cm is)

(A) 1254 (B) 1950 (C) 2535 (D) 5070
Section (C) Inradius and Exradius
In a A ABC, the value of acosA +bcosB+ccosC is equal to:
a+b+c
r R R 2r
A) — B) — - D) =
(A) = (B) o (C) ; (D) R

C-2.

C-3~.

In a triangle ABC,ifa:b:c=3:7:8,then R :ris equalto
A)2:7 B)7:2 ©)3:7 (D)7:3

Ifr, =2r,=3r,, then

(A) - =2 (B) =% (C)%:% (D)%=g

o
o
oo



C-4*,

C-5.

C-6.

C-7.n

C-9.

C-10.

C-11*.

C-.12~,

C-13.

In a AABC, following relations hold good. In which case(s) the triangle is a right angled triangle?

(A)r,+ry=r —r (B)ya2+b?+c2=8R* (C)r,=s (D)2R=r, —r
The perimeter of a triangle ABC right angled at C is 70, and the inradius is 6, then |a — b| equals
(A)1 (B)2 (C)8 (D)9
In a triangle ABC, if 2— b _ 522 then [, Ty I are in:
b — -

(A) A.P. (B) G.P. (C) H.P. (D) none of these

If the incircle of the A ABC touches its sides at L, M and N as shown in the figure and if x, y, z be the
circumradii of the triangles MIN, NIL and LIM respectively, where 1 is the incentre, then the product xyz

is equal to :
A
NS N\
B

(A) Rr2 (B) rR2 (C) %Rr2 (D) %rR2
If in a AABC, LI l then the value of tanA (tanEHangj is equal to :

n o2 2 2 2

1
(A)2 (B) > (C)1 (D)3
. T C .
Ifina AABC, ZA = 5 then tan 5 is equal to
a-c a-b a-c a-b
A —— B) —— C) — D) —
(A) % (B) % (C) 5 (D) S
In any AABC, (et re) (r; :rS)(rs +h) is always equal to
)

(A) 8 (B) 27 (C) 16 (D) 4
In a triangle ABC, right angled at B, then
(A)r = AB+BC-AC (B)r= AB+AC-BC

2 2
(C)r= AB+BC+AC (D) R = s—r

2 2
With usual notations, in a A ABC the value of IT (r, — r) can be simplified as:

A (abc)2
(A) abc IT tan — (B) 4 rRe? —_— (D)4 R

2 R (a+b+c)

STATEMENT-1 : In a triangle ABC, the harmonic mean of the three exradii is three times the inradius.
STATEMENT-2 : In any triangle ABC, r, +r, + r, = 4R.

(A) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1
(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct explanation
for STATEMENT-1
(©) STATEMENT-1 is true, STATEMENT-2 is false
) STATEMENT-1 is false, STATEMENT-2 is true
(E) Both STATEMENTS are false



Section (D) Miscellaneous

D-1.= If in a triangle ABC, the line joining the circumcentre and incentre is parallel to BC, then
cos B + cos Cis equal to :

(A)O (B) 1 G2 (D) 1/2
D-2.=. In aAABC, if AB =5 cm, BC = 13 cm and CA = 12 cm, then the distance of vertex ‘A’ from the side BC
is (in cm)
25 60 65 144
A — B) — C) — D) —
()13 ()13 ()12 ()13
D-3.= If AD, BE and CF are the medians of a AABC, then (AD? + BE? + CF?) : (BC? + CA? + AB?) is equal to
(A)4:3 (B)3:2 (C)3:4 (D)y2:3
D-4*.w In a triangle ABC, with usual notations the length of the bisector of internal angle A is :
A
2bc cos A 2bc sinA abc cosec
A — 2 B) — 2 C) — 2 (D) Z_A.COSGCA
b+c b+c 2R (b+c) b+c 2
D-5.= Letf, g, h be the lengths of the perpendiculars from the circumcentre of the A ABC on the sides BC, CA
and AB respectively. If a +9+E 22 be , then the value of "\' is:
f g h fgh
(A) 1/4 (B) 1/2 )1 (D) 2

D-6.= In an acute angled triangle ABC, AP is the altitude. Circle drawn with AP as its diameter cuts the sides
AB and AC at D and E respectively, then length DE is equal to
A A A A
(A)

R ® 35 ©) 1R ©) =

D-7.= AA,, BB, and CC, are the medians of triangle ABC whose centroid is G. If points A, C,, G and B, are

concyclic, then
(A)2b2=2a?+c? (B) 2c?=a% + b? (C) 2a2 =b? + c? (D) 3a% =b2? + c?

D-8. If'¢"is the length of median from the vertex A to the side BC of a AABC, then

(A) 4¢2=b? + 4ac cos B (B) 4¢2 = a2 + 4bc cos A
(C)4r2=c?+4abcos C (D) 4¢2 = b? + 2¢2 - 222
D-9*. The product of the distances of the incentre from the angular points of a A ABC is:
(abc)R (abc)r
(A) 4 Rer (B) 4 Rr? (C) —— (D) ——
s s
D-10.= In a triangle ABC, B = 60° and C = 45°. Let D divides BC internally in the ratio 1 : 3,
then value of w is
sinZCAD
2 1 1 1
A5 (B) —= ©) = D) 5
(A) |3 5 NG 3

D-11*.=lIn a triangle ABC, points D and E are taken on side BC such that BD = DE = EC. If angle
ADE = angle AED = 6, then:
(A)tanb =3 tanB (B) 3 tan6 = tanC

6tan0
(©)

————— =tanA D) angle B = angle C
tan6-9 (D)ang 9



D-12.

STATEMENT-1 : If R be the circumradius of a AABC, then circumradius of its excentral AL L, is 2R.

STATEMENT-2 : If circumradius of a triangle be R, then circumradius of its pedal triangle is g .

(A) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1
(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct explanation
for STATEMENT-1
(C)  STATEMENT-1 is true, STATEMENT-2 is false
(D)  STATEMENT-1 is false, STATEMENT-2 is true
(E) Both STATEMENTS are false

PART-Il (COMPREHENSION)

Comprehension # 1 (Q. No. 1 to 4)

1=

PARN

3=

4*.x

The triangle DEF which is formed by joining the feet of the altitudes of triangle ABC is called the Pedal

Triangle.
Answer The Following Questions :
A
F E
B D C
Angle of triangle DEF are
(A)r—2A, n—2Band t—-2C (B) n+2A, n+2B and t+ 2C
(C)n—-A,r-Bandn-C (D)2r—A,2r-Band2x-C
Sides of triangle DEF are
(A) b cosA, a cosB, c cosC (B) a cosA, b cosB, c cosC
(C) Rsin 2A, R sin 2B, R sin 2C (D) a cotA, b cotB, ¢ cotC

Circumraii of the triangle PBC, PCA and PAB are respectively
(A)R,R,R (B) 2R, 2R, 2R (C) R/2, R/2, R/2 (D) 3R, 3R, 3R

Which of the following is/are correct
(A) Perimeter of ADEF _r
Perimeter of AABC R

(C) Area of AAEF = A cos?A (D) Circum-radius of ADEF =

(B) Area of ADEF =2 A cosA cosB cosC

Comprehension # 2 (Q. 5 to 8)

5.x»

6.=

The triangle formed by joining the three excentres I,, I, and I, of A ABC is called the excentral or

excentric triangle and in this case internal angle bisector of triangle ABC are the altitudes of triangles
LLI

Incentre I of A ABC is the ......... of the excentral A1 LI

17278

(A) Circumcentre (B) Orthocentre (C) Centroid (D) None of these

Angles of the A I, L1, are
A
2

and —+—
2 2

(A) and (B)

O

A B o 58
2 272 2

a pnla

B
2
B

(©) and

H

T
2
% -C (D) None of these

o N3

N



7.= Sides of the A1 LI, are

17278

(A) Rc:osA , RcosE Rcos9 (B) 4R cosA , 4R cosE 4R cos9
2 2 2 2 2 2
A B C

(C) 2Rcos > 2Rcos 3 2Rcos 5 (D) None of these
8x=  Valueof 12+ LI2=12+LI2=12+[]12=

(A) 4R? (B) 16R? (C) 32R? (D) 64R?

PART-llIl (MATCH THE COLUMN)

1. Match the column

Column-1 Column-II

(A) Ina AABC, 2B =A + Cand b? = ac. (p) 8

2
Then the value of a(a+b+c) is equal to
3abc
, . a® +b® +c?
(B) In any right angled triangle ABC, the value of — R (q) 1

is always equal to (where R is the circumradius of AABC)

(C) Ina AABC if a = 2, bc = 9, then the value of 2RA is equal to (r) 5

(D) Ina AABC, a=5,b=3andc =7, then the value of (s) 9

3 cos C + 7 cos Bis equal to
2. Match the column

Column -1 Column -TI

(A) In a AABC, a = 4, b = 3 and the medians AA, and BB, are (p) 27
mutually perpendicular, then square of area of the AABC
is equal to

(B)»  Inany AABC, minimum value of r‘;+r3 is equal to (Q) 7

C 7 H 3 b

(C) Ina AABC, a=>5,b=4andtan 5 =\g° then side ‘c (r) 6
is equal to

(D)= In a AABC, 2a? + 4b? + ¢ = 4ab + 2ac, then value of (8 cos B) (s) 11
is equal to

N
-
J

w Marked Questions may have for Revision Questions.
* Marked Questions may have more than one correct option.

PART -1 : JEE (ADVANCED) / IIT-JEE PROBLEMS (PREVIOUS YEARS)

1. If the angle A, B and C of a triangle are in arithmetic progression and if a, b and ¢ denote the lengths of
the sides opposite to A, B and C respectively, then the value of the expression %sin 2C + %sin 2Ais

[IT-JEE 2010, Paper-1, (3, 1), 84]

(B) = (C) 1 (D) 3

(A >

| —



2.m

3=

7.

8*.

Let ABC be a triangle such that Z/ACB = % and let a, b and ¢ denote the lengths of the sides opposite

to A, B and C respectively. The value(s) of x for whicha=x2+x+1,b=x2-1andc=2x + 1 is (are)
[IT-JEE 2010, Paper-1, (3, 0), 84]

(A) -(2+13) (B)1+ 3 (C)2+ 3 (D) 443

Consider a triangle ABC and let a, b and ¢ denote the lengths of the sides opposite to vertices A, B and
C respectively. Suppose a = 6, b = 10 and the area of the triangle is 1543 . If Z/ACB is obtuse and if r

denotes the radius of the incircle of the triangle, then r2 is equal to
[IT-JEE 2010, Paper-2, (3, 0), 79]

Let PQR be a triangle of area Awitha =2,b = % andc = g where a, b and c are the lengths of the
sides of the triangle opposite to the angles at P, Q and R respectively. Then M equals
2sinP +sin2P
[IT-JEE 2012, Paper-2, (3, —1), 66]
3 45 3 Y 45 Y’
A) — B) — C)|— D) | —
o] o)

In a triangle PQR, P is the largest angle and cosP = —. Further the incircle of the triangle touches the

w| =

sides PQ, QR and RP at N, L and M respectively, such that the lengths of PN, QL and RM are
consecutive even integers. Then possible length(s) of the side(s) of the triangle is (are)

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]
(A) 16 (B) 18 (C) 24 (D) 22

In a triangle the sum of two sides is x and the product of the same two sides is y. If x2 — ¢c? =y, where ¢
is the third side of the triangle, then the ratio of the in-radius to the circum-radius of the triangle is
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]

3y B®) (©) (D)

(A) 52— ) 5t T 2
X(X+C) 2c(x+c) 4x(x +c) 4c(x +¢)

In a triangle XYZ, let x, y, z be the lengths of sides opposite to the angles X, Y, Z, respectively, and

Ss=x+y+z If =X _57Y _S°
4 3

2 and area of incircle of the triangle XYZ is 83—” , then

[JEE (Advanced) 2016, Paper-1, (4, —2)/62]
(A) area of the triangle XYZ is 6 /6

(B) the radius of circumcircle of the triangle XYZ is % J6

(C) sin ﬁsini sinz — i
2 2 2 35
(D) sinZ(XJ”Yj =%

In a triangle PQR, let Z/PQR = 30° and the sides PQ and QR have lengths 10+/3 and 10, respectively.
Then, which of the following statement(s) is (are) TRUE?

(A) ZQPR = 45° [JEE(Advanced) 2018, Paper-1,(4, —2)/60]
(B) The area of the triangle PQR is 2543 and ZQRP = 120°

(C) The radius of the incircle of the triangle PQR is 1043 - 15

(D) The area of the circumcircle of the triangle PQR is 100n



9. In a non-right-angled triangle APQR, Let p, g, r denote the lengths of the sies opposite to the angles at
P, Q, R respectively. The median form R meets the side PQ at S, the perpendicualr4 from P meets the
side QR at E, and RS and PE intersect at O. If p = J3, q = 1, and the radius of the circumcircle of the
APQR equals 1, then which of the following options is/are correct ?

[JEE(Advanced) 2019, Paper-1,(4, —1)/62]
(A) Length of RS = g (B) Area of ASOE = %
o J3 1
(C) Radius of incircle of APQR = == (2 - J3) (D) Length of OE = 5
PART - Il : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)
1. For a regular polygon, let r and R be the radii of the inscribed and the circumscribed circles. A false
statement among the following is [AIEEE - 2010 (4, —1), 144]
r 1 r 2
1) There is a regular polygon with —=—. 2) There is a regular polygon with —=—".
(1) g polyg R 2 2 g polyg R 3
. N «E . L1
(3) There is a regular polygon with R- 2" (4) There is a regular polygon with =3

2= ABCD is a trapezium such that AB and CD are parallel and BC L CD. If Z/ADB=6,BC =pandCD =q,

then AB is equal to : [AIEEE - 2013, (4, —1),120]
(P® +o°)sind 5 p® + o coso 3 P+ 4 (p® +f)sind
pcos6+qsin® pcos6+qsin® p®cosO+qg°sind (pcos6 +qsin®)?

3. With the usual notation, in AABC, if ZA + ZB =120°, a= \/§+ 1andb = \/§—1, then the ratio ZA : ZB,
is: [JEE(Main) 2019, Online (10-01-19),P-2 (4, — 1), 120]
(1)9:7 (2)7:1 (3)3:1 (4)5:3

4, In a triangle, the sum of lengths of two sides is x and the product of the lengths of the same two sides is

y. If X2 — ¢ =y, where ¢ is the length of the third side of the triangle, then the circumradius of the

triangle is [JEE(Main) 2019, Online (11-01-19),P-1 (4, — 1), 120]
C 3 c y

1) — 2) = 3) = 4) ——

()r3 ()2y ()3 ()r3



EXERCISE - 1
Section (A) :
P
A-2. 5 A-3. 75° A8 —— A-11. 30° A-13. 10°
X > 2\ﬁ

Section (B) :

B-2. gco’[E B-3. 9sq. unit
3 2
Section (C)

C-4. 6,8,10cm C-5. 8
Section (D)

D-2. 3 D-3. 2

EXERCISE - 2

PART -
Section (A) :

A1. (C) A2 (AB) A3. (C) A4 (C) A5 (D) A6 (C) A7. (D
A-8. (B) A9. (AB) A-10. (A) A-11. (A)
Section (B) :
B-1. (B) B-2. (A B-3. (A B-4 (C) B-5. (B) B-6. (AD) B-7. (B)
B-8. (ABC) B-9. (B) B-10. (AB) B-11. (A) B-12. (C) B-13. (AC) B-14. (C)
Section (C) :
ci. (A C2. (B C€3. (BD) C-4. (ABCD)C-5. (A) C-6. (A) C-7. (C)
c8 (B €9 (D) c-10. (D) C-11* (AD) C-.12*. (ACD) C-13. (C)
Section (D)
D-1. (B) D-2. (B) D-3. (C) D-4. (ACD) D-5. (A) D-6. (D) D-7. (C)
D-8. (B) D-9. (BD) D-10. (C) D-11. (ACD) D-12. (A)

PART -l
1. A 2 (BC) 3. A 4 (ABCD) 5. (B) 6. A T (B)
8 (B)

PART -l
1 (A) > (a) (B) = (p), (C) > (s), (D) > (r)
2 (A) > (s) (B) » (p), (C) > (), (D) - (q)

EXERCISE - 3

PART -
1. (D) 2. (B) 3. 3 4. (C) 5. (BD) 6. (B)
7. (A,C,D) 8. (BCD) 9. (ACD)

PART -l

1. 2 2 (1) 3. 2 4 1)



ElHLP Answers

SUBJECTIVE QUESTIONS

This questions paste Staright Line sheets

1.

10.

11.

12.

In AABC , P is an interior point such that Z/PAB = 10° ZPBA = 20°, ZPCA = 30°, ZPAC = 40° then
prove that AABC is isosceles

In a triangle ABC, ifatan A + btan B = (a + b) tan [%) , prove that triangle is isosceles.

In any triangle ABC, if 2Aa — b?c = ¢®, (where A is is the area of triangle), then prove that ZA is obtuse

cosA + 2cosC  sinB

If in a triangle ABC, =
g cosA + 2cosB  sinC

prove that the triangle ABC is either isosceles or

right angled.

Ina A ABC, 2 C =60°and £ A = 75° If D is a point on AC such that the area of the A BAD is /3
times the area of the A BCD, find the £ ABD.

In a AABC, if a, b and c are in A.P., prove that cos A.cot % cos B.cot g , and cos C.cot % are in A.P.
In a triangle ABC, prove that the area of the incircle is to the area of triangle itself is,
7 1 cot A . cot B . cot ¢ .
2 2 2
. A . B.C
In AABC, prove that a? (s —a) + b? (s —b) + c? (s —¢) = 4RA 1+4SIHESInESInE

In any AABC, prove that

(i) (rg+ 1) (rg+r1,)sinC=2r, ./rz f+0NL+0

. tan 4 tan & tan 1
(i) + + = —
(@a-b)y(a-c) ((b-2ab-c) (c-a)c-b) A

B-C C-A A-B

=0

(iii) (r+r,) tan +(r+r,) tan +(r+r,) tan

(iv)  rP+rf+rZ+r? =16R2—a?—b?—c2.
In an acute angled triangle ABC, r +r, =1, + r, and ZB > g then prove that b + 3c <3a<3b + 3c

If the inradius in a right angled triangle with integer sides is r. Prove that
(i) If r = 4, the greatest perimeter (in units) is 90
(ii) If r = 5, the greatest area (in sg. units) is 330

r1

If ( ——J [1—3] = 2, then prove that the triangle is right angled.
I’2 r3



13.

14.

15.

16.

5.

DEF is the triangle formed by joning the points of contact of the incircle with the sides of the triangle
ABC; prove that

(i) its sides are 2r cos%, 2r cosg and 2r cos% ,
T A n B n GC
ii its anglesare — - —, - -— and — - —
() ftsang 5 22 2 272
and
. . & 1 r
(iii) its area is e, — — Al
(abc)s 2 R

Three circles, whose radii are a, b and c, touch one another externally and the tangents at their points

of contact meet in a point, prove that the distance of this point from either of their points of contact is
1

abc 2
a+b+c)
OA and OB are the equal sides of an isoscles triangle lying in the first quadrant making angles 6 and ¢

respectively with x-axis. Show that the gradient of the bisector of acute angle AOB is cosec B — cot
where B = ¢ + 6. (Where O is origin)

The hypotenuse BC = a of a right-angled triangle ABC is divided into n equal segments where n is odd.
The segment containing the midpoint of BC subtends angle o at A. Also h is the altitude of the triangle
4nh

through A. Prove that tanao = —
a(n —1)

2 ABD = 30°



Bl Exercise-1 |

= Marked questions are recommended for Revision.

» e 799 M IFT 9 B

SUBJECTIVE QUESTIONS

fAyari® 999 (SUBJECTIVE QUESTIONS)

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule
gus (A) : 1 fE, s fFm, W 9| a1 AR gy, veag s
A-1.  Ina AABC, prove that :
24s ABC # Rig #Ifoe fas
(i) asin(B-C)+bsin(C-A)+csin(A-B)=0
a’sin(B-C) .\ b?sin(C —A) .\ c?sin(A -B)
sinA sinB sinC

=0

iii) 2(bccos A+cacosB +abcosC)=a?+b?+c?

V) b? sin 2C + ¢? sin 2B = 2bc sin A
sinB _ c-acosB

(

(

(v (a—Db)? coszg + (a + b)? sin2% =c?
(

( sinC  b-acosC

Sol. (i) LH.S.=asin (B-C) +bsin (C—-A) +csin (A-B)
=k sin Asin (B—C) + k sin B sin (C—A) + k sin C sin (A — B)
=k (sin?B — sin? C) + k (sinC — sin?A) + k (sin?A — sin? B)

=0=R.H.S.
2 i 2 o 2
(i) LHS. = a S|.n(B—C) N b SII.’I(C—A)+C SI!’I(A—B)
sin A sin B sin C
2 o 2 .2 .
first term = 2 S|In(B—C) _ k® sin A sin(B—-C)
sin A sin A
= k2sin (B + C) sin (B—-C)
= k2 (sin? B —sin?C)
2 .
similarly 23MC=A) _ e (gine ¢ — sinz A)
sinB
2 i _
and %ACB) — k2 (sin? A — sine B)
sin
L.H.S. = k? (sin? B — sin?C + sin?C — sin?A + sin A — sin? B)
=0=R.H.S.

(ii) L.H.S. = 2bc cos A + 2ca cos B + 2ab cos C
=b?+c?-af+a?+c?-b?+af+b?-c?

=a?+b?+c?
-RH.S
(iv) L.H.S. = a2 cosZE+sin29 +b? COSZE+Sin29 - 2ab coszE—sin29
2 2 2 2 2 2

=a?+b?-2abcos C

=a?+b2-(a%+b2-c?)

=c2 =R.H.S.

(v) -~ L.H.S. =b?sin 2C + c?sin 2B

= 2b? sin C cos C + 2¢? sin B cos B
= 2k2 sin? B cos C sin C + 2k? sin? C sin B cos B (. b =ksin B, ¢ = ksin C)
= 2k? sin B sin C [sin B cos C + cos B sin C]
= 2(k sin B) (k sin C) sin (B + C)



=2bcsin A
c—acosB

(vi) - RHS= ———— + c=acosB+bcosA,
b-acosC
b=ccosA+acosC
_ bcosA 9
ccosA ¢
_SnB | us.
sinC

Hindi. (i) a7 9y (L.H.S.) =asin (B—-C) + b sin (C—A) + ¢ sin (A—-B)
=k sin Asin (B-C) + k sin B sin (C - A) + k sin C sin (A —B)
=k (sin?B — sin2 C) + k (sin?C —sin?A) + k (sin?A — sin? B)
=0 =< u& (R.H.S.)

(i) ari 9 (LH.S) = a’sin(B-C) N bzsin(C—A)Jrczsin(A—B)

sin A sin B sin C
S— _a’sinB-C) _k’sin’A sin(B—C)
- sin A - sin A
= k?sin (B + C) sin (B -C)
= k2 (sin? B — sin2C)
2 .
st o, 2 SNC=A) e (sine c - sin? A)
sinB
2 .
e CSNMAZB) e sineA - sin B)
sinC

911 uel (L.H.S.) = k2 (sin2 B — sin?C + sin2C — sin2A + sin? A — sin2 B)
=0 =< u& (R.H.S.)
(iii) 91 g&t (L.H.S.) = 2bc cos A + 2ca cos B + 2ab cos C
=b?+c’-a*+a?+c?—-b*+a?+b2-c?
=a?+b?+c?
=R.H.S. g1 u& (R.H.S.)
(iv) 9 u&r (L.H.S.) = a2 coszg+sin29 +b? coszg+sin29 —2ab coszg—sin29
2 2 2 2 2 2
=az+b?-2abcosC
=a’+b?—(a?+ b?-c?)
=c? =Tl 9g (R.H.S))
(v) - 9/l u& (L.H.S.) =Db2sin 2C + c2sin 2B
= 2b? sin C cos C + 2¢? sin B cos B
= 2k2 sin? B cos C sin C + 2k? sin? C sin B cos B (*. b = ksin B, ¢ = ksin C)
= 2k? sin B sin C [sin B cos C + cos B sin C]
= 2(k sin B) (k sin C) sin (B + C)

=2bcsin A
(vi) - <TT 9 (RH.S) = % .- c=acosB+bcos A,
—acos
b=ccosA+acosC
_ bcosA 9
ccosA c
_ SB _ arri vt (LH.S)
sinC

A-2. Find the real value of x such that x2 + 2x, 2x + 3 and x? + 3x + 8 are lengths of the sides of a triangle.
X & 98 IRAfAP A T BITY FGfB  x2 + 2%, 2% + 3 AT X2 + 3x + 8 UH S &1 Yo 2 |

Ans. x>5
Sol.



¢ b
B a C
For AABC a+b>c, b+c>a, c+a>b
X +4Xx+3>x2+3x+ 8> x>5
X24+5x +11>x2+2x = x>%
2x2 +5x +8>2x+3 = 2x2+3x+5>0=> x e R
Common to all is x > 5.
Hindi.
A
c b
B a C

AABC @& folt  a+bs>c, b+c>a, c+as>b
X2+4x+3>x2+3x+8=> Xx>5
X2 +5x +11 >x2 + 2X = X>%

2x2 4+ 5x +8>2x+ 3
= 2x2+3x+5>0=> x e R

N & forg SwafTss x> 5.
A-3.  The angles of a AABC are in A.P. (order being A, B, C) and it is being given thatb : ¢ = J3 1 42, then

find ZA.
<1 ABC & 10T A, B, C 01 5 # WA S §# 2 @2 b:c= /3 : 2 B a1 ZA 5@ ARG
Ans. 75°
Sol. 2B=A+C,
= B = 602
from Sine-rule <A1 99 & TR
a _ b _ ¢ - b_sin B_43
sin A sin B sinC c sinC 2

1
sinC=— = C =45°
J2

A =75
A-4. = IfcosA+cosB=4 sinz(%j , prove that sides a, ¢, b of the triangle ABC are in A.P.

aﬁcosA+cosB=4sin2[%j g1, a1 fig @Iy & st ABC @1 Y&l a, ¢, b §9=R 16! # 2 |

Sol. cosA+cosB=4sin2% = 2cos[A;Bj cos[A;B]=4sin2%

A-B

= 2 cos A-B =4sinE = 2cos9 cos =4sinE cos9
2 2 2 2

B] cos(%} =2sinC = sinA+sinB=2sinC

= 2sin(A+



Sol.

Sol.

A-7.a

Sol.

Sol.

= a+b=2c = a, c,bareinA.P. a,c, bR A3 H B
If in a AABC, s!nA = s!n(A —-B) , then prove that a2, b2, ¢2 are in A.P.
sinC  sin(B-C)

afy fgw ABC #, SNA _ SINAB) o & Rrg @R f a2, b, 0@ R 851 & 2
sinC  sin(B-C)
sinA _ sin(A-B)
sinC  sin(B—C)
= sin2B—-sin2C =sin? A—sin2B = 2sin2B=sin?A +sin2C
= 2b? = a2 + c? = az, b?, c2 are in A.P. = az, b2, c2 AR A H B |

= sin(B + C) sin(B — C) = sin(A + B) sin(A - B)

In a triangle ABC, prove that for any angle 6, b cos (A —6) + a cos (B + 0) = ¢ cos 0.

951 ABC # ol ®1v1 0 % forg Rig $ITT f5 b cos (A - 0) + a cos (B + 0) = ¢ cos 6.
+ L.H.S. 9141 48T = b(cos A cos 6 + sin A sin 0) + a(cos B cos 6 — sin B sin 0)

=cos 0 (b cos A + a cos B) + sin 6 (b sin A—a sin B)

=ccos0+0 {- bsinA-asinB=0}

=ccos 0 = R.H.S. g1 u&

c c+a _a+b cosA cosB cosC

With usual notations, if in a A ABC, b + , then prove that

11 12 13 7 19 25
. b+c c+a a+b cosA cosB cosC
gfe 2y ABC ¥, = = g1, ol BT b = = .
kA 11 12 13 R 7 19 25
b+c=11k
b1+1° :°1+23:a1+3b=k cra=12 k! = a =7k, b =6k, c =5k
a+b=13 k
b’ +c*-a® 36+25-49 1
cos A= = = —
2bc 2x6x5 5
c?+a?-b? 25+49-36 19
cos B = = = —
2ca 2x5x7 35
05 C = a®+b’-c® 49+36-25 5 cosA cosB _ cosC
© 2ab  2x7x6 7 7 19 25

Let a, b and ¢ be the sides of a AABC. If a2, b? and ¢? are the roots of the equation
CosA . cosB  cosC in

+
b c

x®—Px2+ Qx — R =0, where P, Q & R are constants, then find the value of

terms of P, Q and R. _ .
AT a, b T21 ¢ Byt ABC &1 yoli¢ 2 | If a2, b2 Td ¢ FHiaxvl x° — Px?2 + Qx — R = 0, 5781 P, Q @2 R

SR 8, D e @ °°:A . COSB . °°§C & HEP, QU R & ue) # g |

Ans.

P

2R

x3—Px2+QX_R=o/ b*
\Cz

a2 +b2+c2=P

a’hb? + b’c? + c2a2=Q

a?b?c? = R = abc = VR

cosA ~cosB cosC _ 1 [@% + 12 + 7] = L
a b c 2abc 2R




A-9.»= If in a triangle ABC, the altitude AM be the bisector of «BAD, where D is the mid point of side BC, then
prove that (b2 — ¢?) = a%/2.
gfe gt ABC 4 ¥fider= AM @101 BAD &1 31t 81, S8l D 411 BC &1 #ed fag &, o Rig @Y f&
(b? - c?) = a%/2.

Sol.

A

br-c2= 2.
2
A-10. Ifin atriangle ABC, ZC = 60°, then prove that + 1 __ 3
a+c b+c a+b+c
afy ABC ¥ /C = 60° 9 Rig @Ry f5 — 41— 3
a+c b+c a+b+c
Sol. By the cosine formula, we ahve
c?=a?+b?—2ab cosC
or c?=a?+b2-2abcos60?=a2+b2-ab ... (i)
Now 1 N i3 _|(b+c)a+b+c)+(a+c)(a+b+c)—3(a +c)b +c)
' a+c b+c a+b+c (a+b)(b+c)a+b+c)
2 2 _R2
__(@+b-ab)-c [from eq. ()]
(a+b)(b+c)(a+b+c)
1 1 3
or +

a+c b+c a+b+c

A-11.= In a triangle ABC, ZC = 60° and £A = 75°. If D is a point on AC such that the area of the AABD is
3 times the area of the ABCD, find the ZABD.
341 ABC § £C = 60° T2 ZA = 752 3fe D, AC R g 9 UaR 2 f& AABD &1 &9%q,
ABCD & &3%al &1 /3 T & a9 <ABD ¥1d I |

Ans. 30°
Sol.  Let h be the length of perpendicular from B on AC



45°%—q,

ABAD
Gi that =4/3
iven that -~~~ 3

In ABAD, taking ZABD = o, we have
AD  BD
sino.  sin75°

CD _ BD
sin(45°—a)  sin60°
.. From (2) and (3), we get

ADsin(45°-a) _ sin60°
CDsino.  sin75°

~ J3 +1 [cosa—sinaj= ﬁ sing
242 J2 2

= 3+1003a=(3+ﬁ)sina

:>tana=1/\/§

= o = n/6 = 302
Hence £ ABD = 30¢

And in ABCD, we have

A-12.% In a scalene triangle ABC, D is a point on the side AB such that CD? = AD. DB, if sinA. sinB = sinQ%

then prove that CD is internal bisector of ZC.
Te fqwsarg 2ryst ABC # D 9ot AB WR T& fd=g D 39 UsR & CD2 = AD. DB, 3f< sinA. sinB=sin2%

a9 g ST fb CD, B C &1 <R Ieh 2 |
Sol. Let ZACD = o = ~DCB = (C - «)
Figuire

C




Applying the sine rule in AACD and in ADCB respectively, we get
AD CD and BD  CD N ADBD . CDp?
sina  sinA sin(C—a) sinB sinasin(C—a) sinA.sinB

= % [cos(2a — C) — cosC] = sin2%

= 1 [cos(2a.—C) -1 + 2sin29] = s.in29
2 2 2
= cos(2a—-C) =1

>o=—
2

Thus, CD is the internal angle bisector of angle C.

A-13.=In triangle ABC,D is on AC such that AD = BC , BD = DC, #DBC = 2x, and ZBAD = 3x, all angles are in
degrees, then find the value of x.
AABC # D ,AC &R 39 y&R ® f& AD = BC, BD = DC, ZDBC = 2%, 3R #BAD = 3x, @1 &1, it ¥

? T X B 71 S P |

Ans. 10°
Sol. In AABC ,
AC  BC a+p a
sin5x  sin3x sin5x  sin3x
A

In ABDN, cos2x = a2
2p

or a = 2p cos2x

2pcos2x+p _ 2pcos2x
sin5x "~ sin3x

or 2sin3x cos2x + sin3x = 2sin5x cos2x

or sin5x + sinx + sin3x = sin7x + sin3x

or sin7x — sinbx = sinx

or 2cosb6x sinx = sinx

From eq. (i),

Or CosbXx = % = x =102

Section (B) Trigonometric ratios of Half Angles, Area of triangle and

circumradius
gus (B) sigaiv, B o1 aawd iR aRfean #§ S wwww

B-1. In a AABC, prove that
2ryst ABC # g #Ifdie &5 —



Sol.

cosZA c032E coszg 2
(i) 2 asin29+csinZA =c+a-bh. (ii) 2 . 2 . 2 S
2 2 a b c abc
(iii) 4| bc.cos? A+ca.cos2 B +ab.cos? Cl. (@a+b+c)?
2 2 2
(ivim. (b-c¢) cot% +(c—a) cotg +(a-b) cot% =0
(v) 4A (cotA +cotB +cotC)=a?+b?+c?
. 2abc A B C
(vi) .COS— .COS—.C0S— =A
a+b+c 2 2 2

. : ., C . A
(i) L.H.S. (9131 U&1) = 2a sin? ) +2c¢C S|n25

=a(1—-cosc)+c(1—-cosA)

=a+c—(acosC+ccosA)

=a+c-b

=R.H.S. (31T Ue)

. cosZA cos2§ C0529
(ii) ~+ L.H.S. (@i uer) = 2 . 2 . 2
a b c
_ 1 s(s-a) N 1 s(s-b) . 1 s(s-¢)_ s@Bs—(a+b+c)) _ s?
a bc b~ ca c ab abc abc

(iii) L.H.S. (drai gef) = 2bc(1 + cos A) + 2ca(1 + cos B) + 2ab(1 + cos C)
=2bc + 2ca + 2ab + 2bc cos A + 2cacos B + 2 ab cos C
=22ab +a2+b?+c2=(a+b+c)2=R.H.S. (S &)

(iv) + L.H.S. (a1 u&l) = (b-c) cotg +(c—a) cotg +(a—b) cot%

A A
COS— COS—
. (b=c) cot = K(sin B —sin C)— 2 =2kcos(B+Cj sin[B_CJ 2
2 sinA 2 2 A

2

sin—
2
=2k sin(B;stin£B;Cj =k [cos C — cos B]

similarly (3 U®R) (c—a) cotg =k[cos A — cos C]

and (3iR) (a-b) cot% = k[cos B — cos A]

. L.H.S. (137 u&) = k[cos C — cos B + cos A — cos C + cos B — cos A]
=0
=R.H.S. (31T Ue)

(v) L.H.S. 911 u&T = 4A (cot A + cot B + cot C)

=4A[COS A, cosB , cos C] { A :% be sinA}

sin A sin B sin C

=2bccos A+2cacos B +2abcosC
=a2+b?2+c?=R.H.S. g Uy

2abc A B C
COS — .COS — .COS —
+b+c 2 2 2

(vi) L.H.S. 931 ueT = 3



= (s(s—a)(s—b) (s—c) =A=R.H.S. 30 u& .

_ 2 abc \/s(s—a) s(s—b)  s(s—c)
T 2s bc °~ ca  ab

B-2. If the sides a, b, ¢ of a triangle are in A.P., then find the value of tan%+ tan% in terms of

cot (B/2).
afs &l Bgs a1 4ol a, b, ¢ IR &L H B, A tan%+tan% %1 94 cot (B/2) & Ual H G
BT |
Ans. EcotE
3 2
Sol. v 2b=a+c (i)
tanA +tan9 = I(S_b) (s=¢) + I(s—a) (s =b)
2 2 \J s(s—a) \I s(s—c)
_ s-b s—c+s-a | _ b s(s—b)
S (s—a)(s—c) s\(s—-a) (s-c)
2b s(s —b) 2b B 2 B
=—|————— =—cot — = —cot —.
2s\(s—a) (s-c¢) 3b 2 3 2

B-3. IfinaAABC,a=6,b=23andcos(A-B)=4/5, then find its area.
afs fst ABC #, a =6, b = 3 Td cos(A - B) = 4/5 81, Tl SHST &Fha @d DI |
Ans. 9 sq. unit

Sol. a=6,b=3 and Ter cos(A-B)=4/5
tan (A=B|_2-b C 0
2 a+b 2
g A=B) _ 1-cos(A-B) _ 1
2 1+cos(A-B) 9
A-B 1
tan = —
SR
from (i) ¥, we get 1. 1cot9 = C=90°
3 3 2
Area & %A = %ab:gsq. unit a7 SHTS

J3 a2

1 then prove that either

B-4.= If in a triangle ABC, ZA = 30° and the area of triangle is
B=4CorC=4B.

afs Brgst ABC 3, ZA = 30° qen %gam%aw@sﬁ,mmm%maﬁ B=4Ca1C=4B.

2
Sol. - /A=30° anddal A= J§4 a
1 bc sinA = ﬁ az = 1 bc sin30° = ﬁ a2 = bc = /3 a2
2 4 2 4
o . o J3 . 1
= sinB sinC = \ESWA = sinB sinC = T as 91 f&  sinA = >
= cos(B—C)—cos(B+C)=§ = cos(B—C)+cosA=§



~  cos(B-C)=0 (as 9 i 2 =30° = cos A= 2
= B-C=90° ora1 B-C=-90°
But wifd=1 B+C=150° as A=30° (Rife f&ar 8 A = 30°)

case (i) :ifaf¢ B-C =90°

anddaB + C=150° = B = 120° and T2 C = 30° = B=4C
case (i) : if afd B—C =—-90°
anddB+ C=150° = B =30°and denm C = 120° C=4B.
Section (C) Inradius and Exradius
@ug(C) srafarsar R
C-1. Inany AABC, prove that
2ryst ABC # g #IfdTe b —
(i) Rr(sinA +sinB +sinC)=A (i) acosBcosC+bcochosA+ccosAcosB=%
iy et (v)s  cos? 2 scos? B rcos & 2o L
ab bc ca 2Rr 2 2 2 2R

(Voo acotA+bcotB+ccotC=2R+r)
Sol. (i) -~ L.H.S. (sra1 4&f) = Rr(sin A + sin B + sin C)

_Rr a+b+c (e
2R

» | >

_ r(2s) Crsc A
2

(ii) - L.H.S. (a1 u&T) = a cos B cos C + cos A(b cos C + ¢ cos B)

= afcos B cos C + cos A]
= afcos B cos C — cos (B + C)]
=asinBsinC

b C abc 4RA A

=q. —, — = — = —— = —
R 2R 4RZ  4R® R
(i)~ LH.S. (ara wapy = S¥a*b 2 1 1
abc 4RA A 2Rr
oR2
S
(iv) L.H.S.EWTHE;[:%(1+COSA+1+COSB+1+COSC)
- s4114 sin A sin B ainSloos 1l o, &
2 2 2 72 2 R 2R
c

cos A cos B+Ccos
sin A sin B sin C

(v) L.H.S. 931 u&l = a

=2R 1+4sinésinEsin9 =2R+2r=2(R+r)
2 2 2

C-2. Inany AABC, prove that
fedl Bryst ABC ¥ g @iforg & —

(iyror .r,.ry=A2

(i)m r,+r,—r,+r=4Rcos C. (iii) lz+—2+—2 +t— =



Sol.

Sol.

(iv) [1+l+l+ 1} =i [14_14_1) (V)= bc—r,r, _ca-nn :ab—r1r2 _
[ A rln n orn r, r, fy
A4

" s(s—a)(s—b)(s —c)

(ii) r,+r,—r,+r=4R cosC L.H.S. =

A A A A
+ - +—=
s—a s-b s-c s

A{s—b+s—a}_A{L_l}=A{ c _c }: A { s(s—c)—(s—a)(s—b) }
(s—a)(s—b) s—Cc s (s—a) (s—b) s(s—c) s (s—a) (s=b) (s—c)

_ Ac [s°—sc—s® +s(a+b)—ab] _c [s(a+b-c)—ab] _ cl(a+b+c) (a+b-c)-2ab]

A* A 2A
e (@a+bf —-c®-2ab| c (a®+b®-c?)
2A oA
2 12 _ A2
cos C = a+b—c LHS. = ¢ (2abcosC)
_ abccosC _ 4 R AcosC _ 4RcosC
A A
(i) v LHS.= heta el = L [a(s—ap+(s—br+ (s—of]
. 1.0, r,2 r12 r22 r32 Az
2
= % [4s2—2s(a+b +¢) + Za?] = ZAf =R.H.S.
i 2
() LH.S. = 1+l+l+l =i2(S+S—a+s—b+s—c)2=4s—2=i2
rrornor A A p
RHS:i(l+l lj:i l(s—a+s—b+s—c)=i £=i2
ran n o r A r A r
2
be [1—%J bc(']— A ]
(v) be —ryr _ bc _ bc (s—b)(s—c)
g f #
be [1_3(3—a)j be [1-cos? A
_ bc ) _ 2
f stanA
2
.2 A A A A
bcsin EcosE ) bc.(2sin EcosE) be sinA 2_A y
s-sinA 2 s 2 s 2s
2
similarly we can show that $¥! T&R q@ifar o wwar & fs 20 _ ab-rr, .

r, I3

Show that the radii of the three escribed circles of a triangle are roots of the equation
X—x2(4R+r)+xs2-rs?2=0. _
yeRRia ST f Brgs @ W1 afdgal @ B, I feRT - x2(4R+1) +x 82— rs2=0% A © |
: D =r A,

r,+r,+r,—r=4R Zr1=4R+r

dorr, =2



3 3
Ir, = A =%=sA=rs2
(s—a)(s—b)(s-c) A
. equation having root r,, r,, r, is o Ty Ty, T el aTel FHIBROT B

x3— (4R + nNx2 + (s?)x —rs2 = 0.

C-4.  The radii ry, r,, ry Of escribed circles of a triangle ABC are in harmonic progression. If its area is 24 sq.
cm and its perimeter is 24 cm, find the lengths of its sides.

gfe fyst ABC @1 &3hal 24 a1 Q4. derr gRHema 24 |9 81 don | & afsgal o B ryory 1y 8 8L

# 1, A1 3HD! YA B TS A B |
Ans. 6,8, 10 cm !

Sol. - A=24sq.cm T I/ ... (i)
2s=24 = s=12 ... (ii)
X r,, I, Iy are in H.P. Iy, Iy BRICHD Gl H B
l, l lareinA.P. l l lwf_vr\’%?é’rﬁi‘l
oo oo
s-a. S_b, S~C arein AP. s-a. S_b, S7C FarR 9 ¥ ¥
A A A A A A
a,b,careinA.P. a, b, c IR I H B = 2b=a+c
2s =24
a+b+c=24
3b =24
b=8 = a+c=16
But ©fs A = \[s(s—a) (s—b)(s—c)
= A = Ji2(12-a)(12-8)(12—c) = 24x24=12x(12-a) x4 x (12—c)
=>2x6=144-12(a+cC) +ac = 12=144-192 + ac
ac=60and3R a+c=16 a=10,c=6 ord a=6,c=10 and3iRb=8

C-5.  If the area of a triangle is 100 sq.cm, r, = 10 cm and r, = 50 cm, then find the value of (b - a).

I U St &1 &%el 100 a1 I, r, = 10 390 Qd r, = 50 F4AT &1, @ (b — a) BT 919 = DI |
Ans. 8

Sol. D = 100 cm?
(=2 _10 ~  s-a=10 . (i)
sS—a
r2=Sf—b=5o = s—b=2 .. (il
(i) = (ii)
b-a=8

Section (D) Miscellaneous

gvus (D) fafde
D-1. If a, B, y are the respective altitudes of a triangle ABC, prove that
afe 34t ABC & el $HHSn o, B, y 81, O Rig diforg & —
. 1 1 1 cotA+cotB+cot C . 1 1 1 2ab ,C
(i) — +t 5t = (ii) —+—— = Ccos” —
o § Y A a By (@+b+c) A 2



Sol.

D-2.=

Ans.
Sol.

D-3.=

Sol.

, 2A 2A 2A 1 1 1 a+b’+c
(I).'. a=_5B=_;Y=_ = —2+—2+—2= 5
a b c o BTy 4 A
R.H.S.E‘I'Zl'it[&Tzcm A + cot B + cot C _ 1 (bc cos A , ca cos B+ab cos C
A A 2A 2A 2A
a® +b® +c?
T 4N

L.H.S. 91a1 u&l = R.H.S. T3l vl
(i) 1+1_1 _ a+b-c _ 2(s—c) _s-¢

a By 2A 2A A

RH.S. @i ge = — 230 02C __2ab  s(s=c)

(a+b+c)A 2 (2 s)A ab
_s-c¢
A

L.H.S. 931 98 = R.H.S. /i uet

If in an acute angled AABC, line joining the circumcentre and orthocentre is parallel to side AC, then
find the value of tan A.tan C.

e B =gADIT AABC H, URS=< T T I AT arell Y@ AC & |AR 8l dl tan A.tan C &1
A =T BT |

3

line joining the circumcentre and orthocentre is parallel to side AC

aRe= TN o9 d5 B A arell 3@, g1 AC & TR ¢,
= RcosB=2Rcos AcosC = —cos (A+C) =2 cos Acos C
= sin Asin C =3 cos Acos C = tanAtanC =3

A regular hexagon & a regular dodecagon are inscribed in the same circle. If the side of the dodecagon
is (\/5 - 1) , if the side of the hexagon is {‘/E , then find value of k.

T FYCHS AR TP FHARE 4ol Udh 8 g @ ofax MHd o, e dReYS & T Yol & owTg
(\/5—1)?[@%%37:{6%3@13%8@13‘ 4k 2 A k B AT -

Ans. 2

For dodecagon ~ A'OB'= 12—2 =30°

= Z/OAB'=/0B'A'=75° = R =‘E_1
sin75°  sin30°

L poWB-1 (B4 L R-

1
22 x —
2]



For hexagon

= A AOB is equilatecal = AB=R= 2

Hindi 99IRE 491 &g 4A'OB'=12—Z=30°:>AOA'B'=AOB'A'=75°

R__N8-1_ g_(B-1) (f3+1) - Ro 2

= H o H o 1
sin75 sin30 22 x
2
2n
yeqdl & forg £ AOB = r = 60°
= A AOB w#aTg et 2 = AB=R =2
D-4.= If D is the mid point of CA in triangle ABC and A is the area of triangle, then show that
tan (ZADB) = 22
a’-c
afs st ABC 3 CA &1 #eg fa=g D den 3« &1 &awdl A 81, A usRia sifsrg
tan (/ADB) = A
a’-c
B
c 6 A
Sol. D
Let AT < ADB =6
we have to prove that 84 Rig &% 8 f& tano = a24Ac2
if we aply m — n rule, then m —n T &1 TAN A W

(1 +1) coto = 1.cot C — 1.cotA.



cosC cosA  abcosC  bccosA 1 |b?+a?—-c® b?+c?-a?
sinC  sinA ~ 2A 2A 2A

1
= A [2(a® - c?)]
2 2
2cotg = 2 —© 4a

Bl Exercise-2 |

= Marked questions are recommended for Revision.

» e 799 M IFT 9 B

PART-l (OBJECTIVE QUESTIONS)

Section (A) : Sine rule, Cosine rule, Napier's Analogy, Projection rule

Gvs (A) : 51 9, dron AW, weisar fa| a1 AfR sy, e A

A-1. InaAABC,A:B:C=3:5:4.Thena+b+c\/5isequalto
YT ABCH A:B:C=3:5:48 Ma+b+c 2 T A9 8 —

(A) 2b (B) 2¢ (C*) 3b (D) 3a
Sol. A:B:C=3:5:4 A=45°,B=75°,C =60°
from Sine - rule <1 W & AR
a b c a b c ; .
= = =k —=——=-—1—1=k “+ sin 75° = sin(45° + 30°
sinA  sinB  sinC :>i 3+l 3 (sl In(45? +30%)
2 2 2
a=L,b= 3 +1 kandeﬁ‘%c:ﬁ
2 22 2
kK (B+1 ky3 k 3k(\/3 +1)
a+b+cy2 = — + K+ 2= ——[2+(\B+)+2B| =0 2 3p
2 7 (zﬁJ {2} 2\5[ (VB +1)+243 oo

A-2*. In a triangle ABC, the altitude from A is not less than BC and the altitude from B is not less than AC.
The triangle is

(A*) right angled (B*) isosceles (C) obtuse angled (D) equilateral

ABC 3 A ¥ ¥ider, BC ¥ & &1 ® do B ¥ e AC ¥ & 981 8, a9 By & —

(A) THHTT (B) wHfgarg (C) a1fdr® pIor (D) GHaTg
Sol. GivencsinB>a

= sinC sinB > sinA
and a sinC = b = sinC sinA > sinB
sinA

= sinC. sinA > sinB > —
sinC

s 8infC>1 =sinC=1= ~ZCis g

cosA cosB cosC

b
(A) right angled (B) isosceles (C™) equilateral (D) obtuse angled

Sy gt ABC #, co:A _ cosB _ cosC 2, A et & —

A-3. IfinaAABC, , then the triangle is :




Sol.

Sol.

A-5n

Sol.

Sol.

Sol.

(A) FFHTT st (B) wafgarg By (C) wwarg Byt (D) 31fd® ®Ivr s

given fxar 2 cosA cosB cosC

a b c
a=ksinA,b=ksinB,c=ksinC (i) becomes (i) § TART &RA W
cotA:cotB:cotC A-B-C
k k k

AABC is an equilateral triangle (<1 ABC T& w¥aTg <l 8 1)

bcsin® A

In a AABC is equal to
cosA +cosBcosC
(A) b2 + (B) bc (C*) a2 (D) a2 + bc
: bcsin® A
51 ABC #, TR B—
Rk cosA +cosBcosC
(A)b?2+c2 D (B) bc & (Caz & (D) a2 + bc ®
bcsin® A _ k?sinBsinCsin® A _ k®sinBsinCsin® A K sin? A< g?
cosA +cosBcosC ~ —cos(B+C)+cosBcosC sinBsinC - T

2
Given a triangle AABC such that sin?A + sin?C = 1001.sin?B. Then the value of 2tanA +tanC).tan' B ;
tanA +tanB+tanC

2
2(tanA +tanC).tan"B TR & —
tanA +tanB+tanC
1 1 1 o 1
(A) 2000 (B) 7000 (C) =00 (D7) 250
sin?A + sin?C = 1001 sin?B
= a2+ ¢? = 1001 b? (using sine rule)
(2tanA +tanC).tan’B _ 2(tanA +tanC).tan’B _ 2(cotA+cotCJ

fag g S ABC # sin2A + sin?C = 1001.sin?B. d9

Now

tanA+tanB+tanC ~ tanA.tanBtanC cotB
_ sinB 2(cosAsinC +sinAcosC) _ 2sin(z—B).sinB _ 2sin’B
sinA.sinC.cosB sinAsinCcosB sinAsinCcosB
2x2b? 2x2b? 2x 2b? 1

T 2ac.cosB  a®+c?i—b? 10000 250

If in a triangle ABC, (a+ b +c) (b+c—-a)=k.bc,then:

(A)k<0 (B k>6 (C0<k<4 (D)k>4
afs AYSIABCH (a+b+c) (b+c—a)=k bca, al —
(A) k<0 (B k>6 (C0<k<4 (D)k>4
*(@a+b+c)(b+c—a)=kbc = (b +c)2—a%=kbc
2 2,2 _
b2+ c2—a2 = (k- 2) be - brrc - k-2 _ oA
2bc
: k-2
- InaAABCH —1<cosA<1 -1< <1
O<k<4

In a triangle ABC, a: b: ¢ =4:5:6. Then 3A + B equals to :
341 ABC#, a:b:c=4:5:67% @ 3A+B& A 23—

(A) 4C (B) 2n (C)n-C (D*) n
a:b:c=4:5:6 . a=4k,b=5k,c=6k
c®+a’-b’ b*>+c®?-a® 25+36-16

cosB=—=i .+ cos A=
2ac 16 2bc 2x5x6




.+ co0s3A=4cos*A-3cos A

27 3 27 9 27-36 9
=4X——3X—=——— = —
64 4 16 4 16 16
cos 3A = —cos B = cos (- B)
3A+B=n

A-8.=. The distance between the middle point of BC and the foot of the perpendicular from Ais (b > ¢) :

-a® +b? +c? . b?—c? b? +¢? b? +c?
() 22T (8% (C) (D)
2a 2a «/bc 2a
ST BC & A& TG M AN ST W T D UG D A 7 (b>0)
4
-a® +b? +c? . b?—c? b? +¢? b? +c?
) 2212 (8% (C) (D)
2a 2a «/bc 2a
Sol. + ED = % —ccosB

_a_. a?+c?-b?
2 2ac

_a £a2+02—b2] _a’-a’-c?+b®  b®-cf
, -

2a 2a ~ 2a

A-9*. Ifin atriangle ABC, cos A cos B + sin A sin B sin C = 1, then the triangle is

(A*) isosceles (B*) right angled (C) equilateral (D) None of these
If& 3951 ABC H cos Acos B +sinAsinBsinC=17%, a B & —
(A) THfgarg Byt (B) I st (C) @warg st (D) S ¥ B T8l
Sol. - sinC= 1ZCOSACOSB _ 4 s (A—B)>1 —cos (A—B)=1
sinAsinB
2
—A-B=0 =A=B L sinc= 1S Ay = C = 90°
sin® A

A-10.-aTriangle ABC is right angle at A. The points P and Q are on hypotenuse BC such that BP = PQ = QC.
If AP = 3 and AQ = 4, then length BC is equal to
95T ABC 3% AR T5aivl 8 | fag P 3R Q % BC ™R 9 UaR 8 f& BP = PQ = QC.

Ife AP =3 3R AQ =49 BC & =TS8 & —

(A") 35 (B) 53 (C) 45 (D)7
Sol.
B
X
p
X c
Q
X
C - A

Let BP = PQ =QC = x
In AABP, using cosine rule
9 =c? + x2—2cx cosB



ButcosB= — (1)
3x

02

=>9=x2+ —
3

similarly using cosine rule in AACQ , we get
2

16 = x2 + % ....... @)
2 2
Adding (1) and (2), we get 25 = 2x2 + [b%cj

2
o5 = oxeq OX)
3

5. 25 = 2x2 + 3x2
. x2=5
~BC=3x =35

A-11. In AABC, bc = 2b? cosA + 2c? cosA — 4bc cos? A, then AABC is
(A*) isosceles but not necessarily equilaterial
(B) equilateral
(C) right angled but not neccessarily isosceles
(D) right angled isosceles
AABC # bc = 2b2 cosA + 2c2 cosA — 4bc cos? A, @@ AABC & —
(A) FRIEETg IR JMAeTS T8l b FHaTg (B) |HaTg
(C) gHoIv FFYs Ry a3y 81 fb gafgarg (D) wHalgarg FqH0 Hys
Sol.  bc =2b? cosA + 2¢? cosA — 4bc cos?A
= bc =2 cosA (b? + c2—2bc cosA)
= bc = (2cosA)a?
bc b® +c® —a®
= — =C0SA= ——
2a° 2bc
= b?c? = a?(b? + ¢ — @)
= (a®-b?) (a2-c?) =0
Thus, triangle is isosceles

Section (B) Trigonometric ratios of Half Angles, Area of triangle and

circumradius
gug (B) sigaiv, B o1 aa%d R aRean § S wwew

B-1. Ifin atriangle ABC, right angle at B,s —a=3 ands - c =2, then
<1 ABCSIBWR W& 8, H# s—a=3Tds—c=28l, al —

(A)a=2,c=3 (BYa=3,c=4(C)a=4,c=3 (D)a=6,c=8
Sol. s—a=3 ..(1) and s—c=2 ..(2)

by  (1)-(2), we get

c—a=1
(1) +(2),weget2s—a-c=5 = b=5

AABC is right angled at B

a?+c2=25 .-(3)

(c—a)*+2ac =25

ac=12 ..(4)

al+a)=12=a+a-12=0
=>((@+4)(@-3)=0
= a=3andc=4.



Hindi

B-2.

Sol.

B-3.»

Sol.

Hindi

s—a=3 (1) SR s—-c=2 ..(2)
JHHIOT (1) § A (2) B "ge™

c—a=1

JHHR (1) H (2) BT e IR

2s—-a-c=5 = b=5

AABC ¥4 B ®R FH®IV &, a?+c2=25 ..(3)
(c—a)+2ac=25

ac=12 ..(4)

al+a)=12=a?+a-12=0 = (a+4)(@a-3)=0 = a=33Rc=4.

If in a triangle ABC, b coszg +a cosZg = gc, thena,c,bare:
(A*) in A.P. (B) in G.P. (C) in H.P. (D) None

Ife fdr Byt ABC ¥, bcosZ% +acosZg = %c,%‘f, dla,c,bd —

(A) FATR 21T H (B) IR Sidl | (C) & gl H (D) 3 4 B3 8 |

b cos? A +a cos? B _ gc. = b s(s-a) +a s(s—b) _ gc.
2 2 2 bc ac 2
= E[s—a+s—b]=§c:> E><c=§c = a+b+c =3—C = a+b=2c
c 2 c P 2 2
= a,c, bareinA.P. a,c, baaR A3 H B

If H is the orthocentre of a triangle ABC, then the radii of the circle circumscribing the triangles BHC,
CHA and AHB are respectively equal to : _
Ifs st ABC &1 o< H &1, a1 3yl BHC, CHA Td AHB & IRd gt &1 f3rsamd woer: € —

(A)R, R, R (B) V2R, \2R, \2R (C)2R, 2R, 2R o558
A
clB
B C
In AHBC is we apply Sine-rule, then we get
_B5C¢___om
sin(B+C)
a

=2R"=>2R=2R"=>R=FR’

sin A
. circumradius of AHBC (i.e. R') = R
Similarly we can prove for AHCA and AHAB.

A




st HBC ¥ w1 foem & s &
BC

_ 5~ _om

sin(B+C)

8  _oR' = 2R=2R'=R=R'
sin A

-, AHBC & uRf3san (3T9ﬁ?[ R)=R
31 TBR AHCA 3R AHAB & ford ff Rig fham <1 et 21

B-4. InaAABCifb+c=3a,then cotg : cot% has the value equal to:

yst ABCH afdb + ¢ = 3a @l Fﬁcotg -cot% BT AN B —

(A) 4 (B)3 (C 2 (D)1
Sol. -+ cot B cot C_ \/ S(s—b) J ss—¢) __s __2s
2 2 (s—a)(s—c) \(s—a)(s—b) s—-a 2s-2a

_a+b+c E
b+c-a 2a

=2 (- b+c=3a)

B-5. InaAABC,A= 23—“ ,b—c=3 J§ cm and area (AABC) = %cm? Then ‘@’ is

(A) 6 /3 cm (B*) 9 cm (C) 18 cm (D) 7 cm
Pt ABCﬁA:%,b—c:S\EW@W (AABC)=§aﬁWgﬁ,aﬁ‘a’aﬂm§—
(A) 63 (B) 9 (C) 18 1+ (D) 7 B
Sol. - A= 23—n b-c=33 and @I Area (813%d) = ? cm?
A=lbc sin A :>@=lbcsin2—7c = bc=18
2 2 2 3
2n  b®+c?-a° 1 (b—c)? +2bc —a* 1
v C0S— =————=—— = =—— = a=9
3 2bc 2 2bc 2

B-6.* The diagonals of a parallelogram are inclined to each other at an angle of 45°, while its sides a and b (a
> b) are inclined to each other at an angle of 302, then the value of % is
AR IgYS ® AP0 T gAY Bl 452 R g gUY 8 Iaid sdD! Goll¥ a iR b (a > b) Tb g 4 309,
HIT W D! B 9 %?b"[ qH 8 —

(A*) 2c0536° ®) 378 ) 365 (o) Y51
4 4 2
Sol.
D C
b J45°
2
A a B

Let AC =d, and BD =d,



Hindi.

Sol.

B-8*.

Area of parallelogram is %d1d2 sin45° =2 (%absinSOQJ =dd, = V2ab (i)

where d,2 = a2 + b? — 2ab cos 150° = a2 + b? + /3 ab
and d,? = a? + b? — 2ab cos30° = a2 + b2 — /3 ab

= d,2d,?= (a2 + b?)?— 3a%b?

= 2a?h?= (a2 + b2)2— 3a%b?

= a*+ b*—3a%b? =

4
:[Ej —3( j+1—o:>(3j _3+5 (asa>b)
b b
2
- [3] (Bt a_ V5
b 4 b 2
D c
b L45°
2
A a B
AMTAC =d, @21 BD =d,
TR AGYST &% = %d1d2 sin45° = 2(%absin309] =dd, = V2ab (i)

S8l d.2 = a2 + b2 — 2ab cos 150° = a2 + b2 + /3 ab
3R d,2 = a2 + b2 — 2ab c0s30° = a? + b? —/3 ab

= d,2d,?= (a2 + b?)2— 3a%b?
= 2a2b2 (a2 + b?)?— 3a%b? = at+ b4 3a?%? =0

:[%) —3( j+1_o: %) - (A*Ha>b)

3[3)2 (/5 +1)? J5 +1
b 4 2

cr|m —_—

Ifin a AABC, A = a2 - (b — ¢)?, then tan A is equal to

afe el st ABCH, A =a?— (b—c)?8l, dltan A®I A § —

(A) 15/16 (B*) 8/15 (C) 8/17 (D) 1/2
A=(a+b-c)(a-b+c)

A=ds—c)(s-b) = A 1 Al
(s—=b) (s -c) 4 2 4

2’[anA 8

tanA_—zA = tanA:G
1—tan® =
2

Ifina AABC,a=5,b=4andcos (A-B)= g—;,then
(A)c=6 (B*) sinA = {%] (C*) area of AABC = g (D)c

Ifg f&d AABC & oI, a=5,b =4 3R cos(A—B)=§—;Eﬁ,€ﬁ

=8



4
Sol. (A) tan[ A=B) _ (2D cotg ......... (i)
2 a+b 2
1 31
,[A-B 1-cos(A -B) 32 1
tan = = =
2 1+cos(A-B) , 31 63
32
tan(A_BJ=L .+ a=5andqTb =4
2 3.7
from equation (i), we get ~ FHIHR (i) |
L [5_4j ot = 1l = cotS = 2
37 \5+4 2 37 9 2 PR
1—tan®C/2 1-7/9 2 1
cos C = 5 = = - =
1+tan°C/2 1+7/9 16 8
2 2 2
cos C= 28 =C = c2=a?+b?-2abcosC = c=6
2ab
(B), (C) . Aread e = LabsinC - cosC= + = sinC = f1—i = ﬂ
2 8 64 8
Area = l x5 x4 x Sﬁ
2 8
Area &%l = sq. unit. @ SHIY > From Sine rule <1 a8 & w9 9
.a _ .b _ .c ~ sinA < asinC _ 5x3\ﬁ SinA = Sﬁ
sinA  sinB  sinC c 6x8 16
2 2
B-9. If R denotes circumradius, then in AABC, is equal to
(A) cos (B-C) (B*) sin (B—-C) (C)cosB—-cos C (D) sin(B + C)
2 2
Ifq R uRfFsan &1 yefRia #=ar &1, @1 Bys ABC # bg_(; HTAF B —
a
(A) cos (B—-C) (B) sin (B —C) (C)cosB—-cos C (D) sin(B + C)
2_~2  4R?*(sin®B-sin’C i in(B —
Sol. b?-c* _ 4R . ) sinB+0)sinB-0) _ i 5_g)
2aR 2.2RsinAR sinA
B-10*. Which of the following holds good for any triangle ABC?
fosft Y AABC @ o, e & 9 91 & —
. CosA cosB cosC a’®+b®+c? « SINA  sinB sinC 3
(A% + + = (B + + = —
a b c 2abc a b C 2R
cosA cosB cosC sin2A  sin2B  sin2C
(C) = = D) —F—=—F"=—>
a b C a b C
cosA  cosB cosC b*+c?P-a® c*+a’-b® a’+b®-cf
Sol. (A - + + - N N
a b c 2abc 2abc 2abc
_a’+b®+c?
2abc
B) SinA . sinB  sinC a b c _ 3

(A" c=6 (B*) sinA = 57 (C*) AABC &1 8% = 157 (D)c=8
16

+ = + + =
a b C 2R.a 2Rb 2R.c 2R



B-11.

Sol.

B-12.

Sol.

(@) CosA = CObSB = cosC = cotA=cotB=cotC = A=B=C
a c

true for equilateral triangle only ®da \@aTg st & forg | 8
sin2A _ sin2B _ sin2C

a’ b? ¢

2sinAcosA  2sinBcosB ~ 2sinCcosC
k? sin® A k?sin’B k?sin?C

= cotA=cotB=cotC = A=B=C = true for equilateral triangle only

&Hael wAaTg B @ fog v ®

A triangle is inscribed in a circle. The vertices of the triangle divide the circle into three arcs of length 3,
4 and 5 units. Then area of the triangle is equal to:

&l g A e By s S §1 Brys & ¥ g9 #1 3 3PS, 4 318 T 5 @1z b A A A
faurféra #=a &, @1 Bryst &1 aa%a & —

T 2 ? 2 r?

A

arc I
angle= ——~ ... 1 BT =
g radius M ER2
v 4+5+3=27R = R =6/n
Cop= 2 0T
R 6
3 b1
2B= = = — and 3R
R 2
oc-2_ 28
R 3

Area of A ABC &T &13%hd = lF{2 sin&+sin5—n+sinE
2 3 6 2

R_z[ﬁgﬂ} ) R_Z[J&s} BRB+) 36 _ 98B +1)
4

2 2

2|2 2 2| 2 |~ - -

In a AABC, a = 1 and the perimeter is six times the arithmetic mean of the sines of the angles. Then
measure of L A'is

33yt ABC #, a = 1 3R gRATg, SN &1 RIRIT & FAMR AT BT B T[T &), a1 BT A HT 719 & —
T

T *
A 3 ®) 35 (€ (D)

ENg

r
6
a=



B-13*.

Sol.

2S=6[smA+smB+sij
3
25:2[a+b+cj
2R

R=1

8 _oR=sinA= o

sin A 2
A=T

6

Three equal circles of radius unity touches one another. Radius of the circle touching all the three
circles is :

SHE o & 9 99 99 U6 §ER B WE AR 2 | dE1 gl Bl W B arel g9 @l Bear § —
2-J3 3 -2 2+3 3 +42

A*) ——— B) ——— c* D) ————

(A%) N (B) N (CY) N (D) N

Let the radius of the inner circle be x

A A T A g B R B arel BT g9 (REAER) @ S x 2

- C0330°=L=£
X+1 2
X+1=i
NQ)
(o 273
NE]

. radius of other (shaded) circle

ﬁﬁ@ﬁqﬁﬁwﬁwﬁmﬁa@qa(ﬁaw)aﬁﬁw
=2+X=2+2_\/§=2+\/§

V3 V3

B-14.= Triangle ABC is isosceles with AB = AC and BC = 65 cm. P is a point on BC such that the

Sol.

perpendicular distances from P to AB and AC are 24 cm and 36 cm, respectively. The area of triangle
ABC (in sg. cm is)

341 ABC wafgarg s 8 f"ei AB=AC @21 BC=65cm© | fdg P,BC W 39 UaR 2 f& P4 AB
g AC TR AT 9 gRAT 24 FH 3R 36 |1 8 | sl ABC &1 &1%el (a1 941 H )

(A) 1254 (B) 1950 (C*) 2535 (D) 5070

X P 65

A= % b2 sin26 = b?sinO cosb

Now, X _ 65—-x
24 36
or 60x = (24) (65) or x = 26

(~ APMB = APNC)



;. sind = E and coso = i
13 13

. b 65
Again, — = —
sind sin20
orb = 65  (65)(13) _ 132

"~ 2cos®  (2)(5) 2
From eq. (i) we get
A 13" 12 5

x £« 2~ (169) (15) = 2535
4 13 13

Section (C) Inradius and Exradius

gug(C) safarsar uRf3san
C-1. Ina A ABC, the value of acosA +bcosB+ccosC is equal to:
a+b+c
Pyt ABC ¥ acosA +bcosB+ccosC 1 T —
a+b+c
r R R 2r
A*) — B) — C) — D) —
(A%) = (B) o (C) ; (D) R
Sol acosA+bcosB+ccosC  R(sin2A +sin2B +sin2C)
| a+b+c ~ 2R(sinA +sinB +sinC)
4sinAsinBsin C —4sinésinEsin9
A B c 2 2 2
8coscos—cos =
cos 2coszcos 5
-
=5
C-2. Inatriangle ABC,ifa:b:c=3:7:8,thenR :risequalto
afs fd st ABCH a:b:c=3:7:8% d R:ramm —
(A)2:7 (B)7:2 ©)3:7 (D)7:3
Sol. a=3k;b=7k;c=8k
s=9k.
A= JKBR KK =k 63 . R _B KK ®BK_7Kk
4A 4xk?x 63 NE)
2
r=é=%=& R:r=7:2
s 9 k 3
C-3*. Ifr,=2r,=3r,, then
e r = 2r,=3r,,
a 4 a b5 a 3 a b5
A - = — B - = = C)— == DY) - = =
()b5 ()b4 ()05 ()03
Sol. r,=2r,=3r,
A 2A 3A ! 2 3
= 2 s.b s = s-a =s-b=s-c
s-a s (i) @iy (i)
From (i) and (ii) we get a-b=c/3 (1)
From (i) and (iii), we get 2a—-b=2c ..(2)
From (ii) and (iii), we get a—-5b=-5c .-(3)
let ¢ = k, then from (1) and (2), we get
5k 4k a 5 _ a 5
a=— andb=— L= == ===
3 3 b 4 ¢ 3




Hindi.

Cc-4*.

Sol.

C-5.

Sol.

C-6.

r,=2r,=23r,
A 2A 3A L 2 3
= = . = s-a =s-b=s-c
s-a s-b s-¢ 0) i (i)
(i) a (i) & a-b=c/3 (1)
(i) @ (i) & 2a-b=2c .(2)
(i) @ (i) & a—-5b=-5¢c ..(3)
AMT c =k Td (1) TAT (2) BT T A W)
a=5_k3ﬁ?' b=4_k E=§,E=§
3 3 b 4’c 3

In a AABC, following relations hold good. In which case(s) the triangle is a right angled triangle?

ff Brgst ABC # fr=iferRaa wwg o 2| f Refa d gt g\t Byt & 2

(A ) ry+ry=r—r (B)a?+b?+c?=8R?
(C)r,=s (DY)2R=r,—r
A) A N A A A N 1 _ 1

s-b s-c s-a s (s—b)(s—-c) s(s-a)

:>tan2% =1=>A=90°

(B) 4Rz (sin®A + sin?B + sin?C) = 8R?
1 — (cos?A —sin’B) + sin’C =2
1 —cos(A + B) cos(A —B) + 1 —cos?C = 2.
cosC cos(A—B) —cos?C =0
cosC[cos(A—-B) —cosC] =0
cosC[cos(A—B) +cos (A +B)]=0
2 cosA cosB cosC =0
= A=90° orar B=90° ora C=90°
(C) r,=Ss.
stanA2=s = tan A/2 =1 = A =90°

(D) a __aA =~ 1 tanAR
sinA  s(s—a) sinA

= 2 sin?A/2 = 1

= 1-cosA=1 = cosA =0 = A=90°

The perimeter of a triangle ABC right angled at C is 70, and the inradius is 6, then |a — b| equals
BV C IR FHADIU st ABC &1 qRATT 70 2 TeI J=<Ifeal 6 8 a4 [a— b| SRR & —
(A*) 1 (B) 2 (C) 8 (D) 9
We known A =sr = (70/2) x 6 =210
= (1/2) ab =210 = ab = 420
Now (a + b)?2 = (70 — ¢)?
= a? + b? + 2ab = 4900 — 140c + c?
oo 4900-2x420 _ 29 [+ a2+ b?=cf
140

= (a—-b)2=a2+b>—2ab=c?-2ab=841-840=1

a-b s—a

In atriangle ABC, if —— = ,thenr,r, r,arein:
b-c s-c

(A*) A.P. (B) G.P. (C) H.P. (D) none of these

<1 ABC ¥, afx Z_: _s5-a B, Alr,r,r,8—

s—-C

(A) FAR ST A (B) ONR Sl H (C) &S I H (D) 3 & P &I |



A_A A
(s-b)-(s-a) s- o L _n (h=r) rr 1
Sol = = = L — 21 27 23 _ 3
(s—-c)—(s-b) s-c A A A nr(r, —r;) r,

r, I fa

=2r=r4+1,

=T, 1, r,arein A.P. =T, T, I, TR AG 8
C-7.»= If the incircle of the A ABC touches its sides at L, M and N as shown in

the figure and if X, y, z be the circumradii of the triangles MIN, NIL and

LIM respectively, where 1 is the incentre, then the

product xyz is equal to :

A
NZ— \\Mm

(A) Rr? (B) rR?
* 1 2 l 2
(C)ERI’ (D) 2I‘R

Ife st ABC &1 31<:-gd s Yorali @l L, M vad N R fRErgar el
PR & a1 Al Byst MIN, NIL Td LIM @1 aRfsam seer x, y U4 z
1, Ofef [ = 8, A1 OHHd xyz T 99 8 —

A

NZ— \\Mm

(A) Rr2 (B) rRe
* 1 2 l 2
(C*) ZRr (D) ;R

Sol.  MINA is a cyclic quadrilatral MINA U&% a1 adqsl ©

" ﬂ =Al = MN= rcosecA sin A = 2rcosA
sinA 2 2
IM=IN=r
A
(2rcos2j(r><r> orf cosg
S X = = >
4><1r><rsinA 2rsinA
2
A
r cos —
2 r
sin A 23inA
2
similarly ST UHR y = andaiR z= "

2sin— 2sin—
2 2



3

r r 1

3
. _ _ - 2
T 83in—sinEsin9 ) ol 2r "
2 2 2 R
C-8. Ifina AABC, L l, then the value of tanA (tan§+tan9] is equal to :
rho2 2 2 2
o 1
(A)2 (B 5 (€)1 (D)3

2
afE Brys ABC H, - = %Sﬁ ar tan%(tangﬂangj H A —
r

1

1
(A) 2 (B) 3 (©)1 (D)3
. A .B.C
4Rsin—sin—sin—
Sol. - == 1 = A2 é 20 = — :>tanEtan9 1 ZtanétanE =1
" 2 4R sin—cos—cos— 2 2 2 2 2 2
2 2 2
= tanA tan§+tanE + tanE tang =1 tanA tan§+tan9 = 1
2 2 2 2 2 2 2 2 2
C-9. If ina AABC, ZA = g then tan% is equal to
afg st ABC ¥, 4A=fg‘r,eﬁtan9aﬂw%—
e 2 2
a-c¢ a-b a-c6 a-
A — B) —— Cc) — D*) ——
(A) ™ (B) 2% (©) 5 (D7) S
Sol. v a2=Db%+c?
tan C = ¢
b
2tan9 c
tan C = 2C = —
1—tan? b
12tt2 = % where (ST&1) t = tan —
t2(c) + (2b)t—c =0
- —2bi\/4b2+4><02
o 2c
to -bta
c
=t= a-b =tan—
c
C-10. Inany AABC, (et re) (r; :rS)(rs +h) is always equal to
s
(A) 8 (B) 27 (C) 16 (D*) 4
el g1 ABC H, URaY) (rli{ :r3)(r3 ) g1 w e R IR ST 7
s
(A) 8@ (B) 27 & (C)16® (D) 4

Ac

Sol. v r+r=—=--——
(s—a)(s-b)



3
II(r +1y) = ATabe

A®%(abc)s?

(s—a)’(s—b)*(s—c)?

A4

(abc)s®  4RAS®
A

=4

= 4Rs?

IT (r,+r,)
Rs?

C-11*. In atriangle ABC, right angled at B, then
(A" r = AB+BZC—AC (B)r= AB+2C—BC (©)r= AB+820+AC
391 ABC # £ B 9@ &, I
(A" r = AB+BC-AC (B)r= AB+AC-BC (©)r= AB+BC+AC
2 2 2
Sol.
C

B C A
B
*r=(s—Db)tan—
( ) 5

r=s-b (-~ B=909
(o 2s-20  AB+BC+CA-2CA
2 2
._ AB+BC-CA
==

Again.

B
*r=(s—b)tan—
(s—b) 5
s—r
:r=(s—b):>r=s—2R:R=T

C-.12*. With usual notations, in a A ABC the value of II (r, — r) can be simplified as:
AT HHAGAR st ABC H I (r, — r) &1 Axelidhd A 8 —
(abc)2

(A*) abc IT tan% (B) 4rR? (G (D*)4Rr?

(D*) R

(D" R



C-13.

Sol.

S II(r =) = abc tan A tan§ tan9
2 2 2
=abc Il tanA
2
be smE smE smE ) (ab)r . (abe) r
cos? cosB cosC  4p (SiNA+sinB+sinC) rl[@,D0b ¢
2 2 2 4 2R 2R 2R

_ 2(abc)r  4RAr
T2 s

STATEMENT-1 : In a triangle ABC, the harmonic mean of the three exradii is three times the inradius.
STATEMENT-2 : In any triangle ABC, r, +r, + r, = 4R.

FUA -1 : TF 3y ABC ¥, 9189 Frownsii &1 swreta Aed, o e &1 = T g 2
HA -2 : A AABCH, 1, +1,+1,=4R

(A) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1
(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct
explanation for
STATEMENT-1
(C*)  STATEMENT-1 is true, STATEMENT-2 is false
(D) STATEMENT-1 is false, STATEMENT-2 is true
(E) Both STATEMENTS are false

= 4Rr2

(A) FHUA—1 T B, FIA-2 T T ; A2, HUA—1 HT Fal WLIHIT 2 |

(B) BT I ¥, PUT-2 I ¥ ; HUYA—2, BUT—1 BT A&l TLIH 78] 2 |
(C*  FUYT—1 I B, FUYT—2 3 ¢ |

(D) HUYT-1 IV B, FIT-2 T A T |

(E) At B3 R |
Statement-1 :

- H.M. of the three ex-radii= — > - 3a _3 gy
1. 1.1 s-a+s-b+s-c s

= 3 times the inradius

*. statement-1 is true
Statement-2: - LHS.=r;+r1,+135

A A A

+ +

s-a s-b s-c
_A (s—b)(s—c)+(s—a)(s—c)+(s—a)(s—-b)
- (s—a)(s—b)(s—c)

A{332 —2s(a+b+c)+ab+bc+ca}

AZ
SA [ab+bc +ca—sz]
AZ
s(ab+bc +ca—sz)

A

. RH.S.=4R = 2C
A

~ LHS.#R.H.S.




. Statement 2 is false.

Hindi %9-1:

o A 91y sl &1 sReIs e = 3 = 34 _3A g
1.1, 1 s-a+s-b+s-c s

r1 r2 r3
= a1 &1 9 A
. BYA-1 W B
BUF-2: 0 TN UET =1+, + T4
A . A N A
s-a s-b s-c
:A{(s—b)(s—c)ﬂs—a)(s—c)+(s—a)(s—b)}
(s—a)(s—b)(s—c)
A{352—23(a+b+c)+ab+bc+ca}
A2

sA [ab+bc+ca—sﬂ
AZ
s(ab+bc +ca—sz)

A

31'&1‘18-‘[:4R=%

. 917 9T = QIAT Ue
. PUT -2 T B |

Section (D) Miscellaneous

D-1.= If in a triangle ABC, the line joining the circumcentre and incentre is parallel to BC, then
cos B +cos Cisequalto:

(A) 0 (B*) 1 (C) 2 (D) 1/2

afe Y ABC 9 uRa=< T4 a:db= & el drell ¥&1 Yol BC & ¥HR 81, a1 cos B + cos C &1
A B

(A) 0 (B) 1 (C)2 (D) 1/2

Sol.

‘- RcosA=r

R cos A=4R sin AsinE sin9
2 2 2

cosA=cosA+cosB+cosC-1

cosB+cosC =1

D-2.». In aAABC, if AB=5cm, BC = 13 cm and CA = 12 cm, then the distance of vertex ‘A’ from the side BC
is (in cm)



fyst ABC # afe AB = 5 44, BC = 13 9. Td CA = 12 9. &1, a1 =¥ ‘A’ 31 Yol BC 4 =18 8

(F . #H) —
25 ) 80 & 144
(A) 13 (B%) 13 (©) 12 (D) 13
Sol. - required distance 3¥Ie X = %

A= \s(s—a)(s—b)(s—c)
a=13;b=12;c=5 = s=15

"~ A= +15x2x3x10 =5x3x2=30

. required distance 34T ¥ = 2:5’0 = %

D-3.= If AD, BE and CF are the medians of a AABC, then (AD? + BE? + CF?) : (BC? + CA? + AB?) is equal to
afs fd Bryst ABC @1 \Tfeaatd AD, BE T& CF @1, o1 (AD? + BE2 + CF?) : (BC? + CA? + AB?) &T #I1 & —
(A)4:3 (B)3:2 (C*3:4 (D)2:3

Sol. ~ AD? = % (2b? + 2¢? — @),

BE2? = % (2c? + 2a? — b?) and TOT

1 AD? +BE2 +CF? 3
CF2= L (2a2 4+ 20— 2 -2
i ) BC2+CAZ+AB: 4

D-4*.= In a triangle ABC, with usual notations the length of the bisector of internal angle A is :

95t ABC # |abdi & | ydferd a1ef 2, l 3= BT A& D bl oIS © —

2bc cos A 2bc sinA abc cos ecA oA
Ay ———2 B) — 2 Cc) — 2 (D*) 22 .cosecA
b+c b+c 2R (b+c) b+c 2
2bc A
Sol. = COoS —
pa b+c 2
(A) correct
(B) incorrect
A A A A
©) abccosecE ) abccosecE . bc 23m§cosE e cosé
2Rb+c) a8 40 sin™ (b +c) (b+ec) 2
sSinA 2
A bcsinA 1 2DESINSCOST 4 ope A
(D) - cosec > = . A - . A= 5 cosE
(b+c) (b+c) sinE (b+c) sinE +cC

D-5.= Letf, g, h be the lengths of the perpendiculars from the circumcentre of the A ABC on the sides BC, CA

and AB respectively. If $+%+% = ? b;: , then the value of "\' is:

ARG st ABC & uRas | qoTisii BC, CA T4 AB TR STl ¥ oWl &I orarsar s f, g, h 1 afk
E+9+E =7»ﬂ B, @'\ BT 94 B—

f g h fgh

(A*)1/4 (B) 1/2 (C) 1 (D) 2

Sol. f=RcosA,g=Rcos B, h=RcosC.
a b 2RsinA 2RsinB 2RsinC

-+ — + ¢ _ + +
f g h RcosA RcosB RcosC




D-6.=

Sol.

D-7.»a

Sol.

D-8.

Sol.

b ¢ abc
+§ o A = 2 tanA=k.8(HtanA) = k:z

In an acute angled triangle ABC, AP is the altitude. Circle drawn with AP as its diameter cuts the sides
AB and AC at D and E respectively, then length DE is equal to
T gAST st ABC # AP I¥er g | AP &1 &1 AMaR @iel 11 g Yonsli  AB Td AC &I H:
D Td E W Hlear 8, 9 DE &1 a8 8 —

A A A A
A) — B) — C) — D*) —
()2R ()SR ()4R ()R

[_)E =AP = DE=2—AsinA
sinA a

_ 2AsinA A

" 2RsinA R

AA,, BB, and CC, are the medians of triangle ABC whose centroid is G. If points A, C,, G and B, are
concyclic, then
(A) 2b%2=a?+c?(B) 2c? = a2 + b2 (C*) 2a2 = b? + ¢? (D) 3a2 = b? + ¢?
rgst ABC fSrae1 dwas G 8, @1 Aifegsid AA,, BB, Ud CC, 81 Ife fag A, C,, G Ud B, a1y &, dl
(A)2b%2=a?+c?(B) 2c?=a2 + b2 (C) 2a2 = b? + c?(D) 3a2 = b? + ¢?

A, C,, G and (3R) B, are cyclic (I513 )

BC,.BA =BG . BB,

% c= @581}.881
2
C 22,1 ooy ow-1)
2 3 4
= c? + b2 =2a?

If '¢"is the length of median from the vertex A to the side BC of a AABC, then
fdl AABC # ¥ A 9 IO arell A1fedaT & a1 ' Bl dl —
(A) 402 =Db? + 4ac cos B (B*) 402 = a2 + 4bc cos A
(C) 42 =c?+4abcos C (D) 402 = b? + 2¢? — 222
© 0= % 2b® +2c% - a°
402 =2b% + 2¢? — a?
=a?+2(b?+c2—a?)
=a?+ 2(2bc cos A)
4/? = a% + 4bc cos A



D-9*. The product of the distances of the incentre from the angular points of a A ABC is:

2ryst ABC & #iwf &1 arcias @1 gRAT &1 oHHd

(abc)R (abc)r
(A) 4 R2r (B*) 4 Rr? (C) —— (D)
s s
Sol. Product of distances of incenter from angular points
el & smad= @1 gRAT B A
r r abc , (abc)(r)  (abc)(r)
sin—sin—sin— r/4R A — S
2 2 2 r

D-10.x= In a triangle ABC, B = 60° and C = 45°. Let D divides BC internally in the ratio 1 : 3,

sinABADi

sin ZCAD

95T ABC ¥, /B =60°Td L C =45°2| Ife fg D YT BC &1 1 : 3 & 3gurd ¥ < fawifora daf
sin «BAD
sin ZCAD

then value of

BT AN & —

wW| =

1 . i
3 (B)% (C") 7%
Sol.

“IB
60°1 3 45°

B D ¢
if we apply Sine-Rule in A BAD, we get ABAD # 1 fRM &1 U $R WR

BD  AD 0

sino  Sin 60°
if we apply Sine-Rule in A CAD, we get. A CAD # =1 g9 &1 Y91 &9 W

CDh AD

. = — 5 --(2)
sin B sin 45°
divide (2) by (1) 2)F (1) BT AT A W
sin o CD sin 60°

sin B BD  sin 45°

sin ocx3_ \E
- 1
2x —

ﬁ

sin B 1

sin «a 1

sin B /6

D-11*.= In a triangle ABC, points D and E are taken on side BC such that BD = DE = EC. If angle
ADE = angle AED = 6, then:
(A*)tanb =3 tanB (B) 3 tan6 = tanC
(CM ta6nt2a—g_99 =tan A (D*) angle B = angle C
3ys ABC %, 4o BC w® fd§ D wd E 39 UsR fog & € f& BD = DE = EC. 3k
Z/ADE = Z/ AED =0 &I, dI —
(A) tanb = 3 tanB (B) 3tand =tan C

©) 280 _iana (D) BT B = 11 C
tan“6-9




Sol.

D-12.

if we apply m-n Rule in A ABE, we get A ABE # m-n I &1 YART &R W

(1+1) cot6=1.cotB—-1.cot6

2 cotb = cot B — cot6

3 cotb =cot B

tan6=3tanB ... (1)

Similarly, if we apply m-n Rule in A ACD, we get %! U®R, AACD # m-n I &1 YANT A W

(1+1) cot (r — 0) = 1.cotd — 1.cotC.
cotC=3coth =tan6=3tanC ....... (2)
form (1) and (2) we can say that JHEHR (1) T1 (2) |

tanB=tanC = B=C

A+B+C=nx
L A=n—-(B+0C)
=TC—ZB A B=C
tan A = —tan2B
2tan0
=_(2tan 2B]=‘ 32 tan A= 6t2ane
1-tan“B tan“ 0 tan©0-9

1-
9

STATEMENT-1 : If R be the circumradius of a AABC, then circumradius of its excentral ALLLI, is 2R.

17273
STATEMENT-2 : If circumradius of a triangle be R, then circumradius of its pedal triangle is g .

(A" STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is correct explanation for
STATEMENT-1
(B) STATEMENT-1 is true, STATEMENT-2 is true and STATEMENT-2 is not correct
explanation for
STATEMENT-1
(C) STATEMENT-1 is true, STATEMENT-2 is false
(D) STATEMENT-1 is false, STATEMENT-2 is true
(E) Both STATEMENTS are false

HUA-1 Ife g AABC &1 uRfsan R &, @ ae=g ALLL, & d18d &= &1 gRfErsar 2R 8l |



HYA-2 :

>
=

I T Brye B ORE R Y, A 50 uRe agmﬁqﬁwgam
U1 T B, A2 I ¥ ; FAT—2, HUA—1 HT A&l WLEIHIT 2 |

(
(B) BYT—1 T B, A2 I ¥ ; FUT—2, FAT—1 BT H& TG T8l 2 |
(C) U1 I 8, HAT-2 3N 2 |
(D)  HUYT-1 3T B, Y29 2 |
(E) T BUT I B |
Sol.

A Y 4

Y 4
Statement : 1 K /

A Y U4
\Y 4
Y 4
13 ‘\ l’A Iz
/2—A/2
A2
1
""""""" B / > L \c
/ ”/2\'5'/2 KN
4 .
I' ‘\
J B/2 N
I' ‘\
4 .
T,

LI,=4R cos% if we apply Sine-Rule in AL, I, I, then

2R

ex

AT L LY ST M &1 ganT - wR—

2737

C
4Rcos —
L I 2

- . (A B)Y . (A+B
sinf —+— Sin
(2 2J ( 2 )

4R cosg
_ 2

cosg
2

=4R R., =2R

A ABC is pedal triangle of AL, I, I,

A ABC, Byt AL L1, &1 ufesd 3 & |

statement - 1 and statement - 2 both are correct and statement -2 also explains Statement - 1
BT - 1 AT FAF - 2 I T © AT BAF -2, HIH- 1 Fel A1 A1 H_al & |

PART-Il (COMPREHENSION)

IS (COMPREHENSION)

Comprehension # 1 (Q. No. 1 to 4)



The triangle DEF which is formed by joining the feet of the altitudes
of triangle ABC is called the Pedal Triangle.

Answer The Following Questions :

A

@
O
(@)

IR #1
st ABC ¥fiv ot urel @1 fae™ & a1 3 DEF Ry ¢ By &1 ufids 3rysr dearna 2,

/1 vel @ SR dIfvTe
A

B

1= Angle of triangle DEF are

Sol.

2*

Sol.

3=

(A*) t—2A, n— 2B and = — 2C
(C)n-A,n-Bandn-C
391 DEF & &0 @

(A) t—2A, 1 - 2B 3R n-2C
(C)n—A,n-B3R=n-C

(B) n+ 2A, n + 2B and 1 + 2C
(D)2n— A, 2n-Band 2n—C

(B) m+2A, n+ 2B 3R n+2C
(D)2n- A, 2n-B3iR 2n-C

/EDF=90-A+90-A
=180-A

Sides of triangle DEF are
s DEF @1 4oy 8—
(A) b cosA, a cosB, ¢ cosC
(C*) R sin 2A, R sin 2B, R sin 2C
AAEF : AF = bcosA, AE = ccosA
b® cos® A + C? cos® A —EF?
2bcosAccosA
= (EF)2 = (b? + ¢ — 2bccosA) cos?A
(EF)? = a2 cos?A
EF = a.cosA
Circumraii of the triangle PBC, PCA and PAB are respectively
91 PBC, PCA @21 PAB &1 uR<ay sl 5—
(AYR,R,R (B) 2R, 2R, 2R (C) R/2, R/2, R/2

(B*) a cosA, b cosB, ¢ cosC
(D) a cotA, b cotB, c cotC

CcOosA =

(D) 3R, 3R, 3R



Sol.

4*.x

Sol.

Circumraii of the triangle PBC = L
2.sin(B+C)
a a

" 2sin(n—-A) _ 2sinA

Which of the following is/are correct
A* Perimeter of ADEF r

Perimeter of AABC R

(C*) Area of AAEF = A cos?A (D*) Circum-radius of ADEF =
1§ | P W@ B—

(A) :ﬂa DEF &1 ! =é (B) f31¥<1 DEF &1 &/57%dl = 2 A cos A cos B cos C
5T ABC &1 g

(C) 1 AEF &1 &% = A cos2A (D) st DEF @1 uRf3rsan = 2

- FE=acos A=Rsin 2A

DE=ccosC=Rsin2C
FD =bcos B=Rsin2B

(B*) Area of ADEF =2 A cosA cosB cosC

R(Xsin2A)
(A)= —————
a+b+c
A A
R(4sinAsinBsinC) 8(1_[5'”2) (Hcoszj .
2R 4cosécos§cos9 2cosécos§0039 R
2 2 2 27727772

(B) "+ Area of ADEF &1 &1F%d

%FD x DE sin (m — 2A) = %b cos B.c cos C.sin 2A

%bc cos B.cos C.2sin A.cosA=2 [%bc sin Aj cos A.cos B.cos C

=2A cos A.cos B. cos C

(C) Area of AAEF &1 &9%d = %AE xAF sin A

= % (ccos A) (b cos A) sin A= [%bc sin A) c0s?A = A cos?A

_ FExDExFD ~ abc cosA cos B cosC abc _4RA R

4Apr  4x2A cos A cos B cos C  8A 8A 2

O R

DEF

Comprehension # 2 (Q. 5 to 8)

TS #2

5.n

The triangle formed by joining the three excentres 1,, I, and I, of A ABC is called the excentral or
excentric triangle and in this case internal angle bisector of triangle ABC are the altitudes of triangles
LLI

17273

st ABC & i a1 1, L, 921 [, &1 e 9 &1 e aRss=ia ysr deamar @ den 39 Reifa
§ AABC @& 3<iR® PV Agd sl LLL, & Y o 8 |

Incentre I of A ABC is the ......... of the excentral AL 11

17278"
(A) Circumcentre (B*) Orthocentre (C) Centroid (D) None of these
2yyst ABC 1 arda 1, afesb= Bya [ L1 & ......... , B

(A) aRDd= (B) TTd=® (C) B=d (D) 37° & PIg &I



Sol.

6.

Sol.

7.5

Sol.

8.»n

Sol

Clearly

Angles of the AT, 1,1, are

(A%) E_A, m_B i n_C
2 2 2 2 2 2

(C)%—A,%—B andg—C
S 11,1, & BT 3—

17273
(A*)E_A,E_E(—[QT[E_E
2 22 2 2 2
CcZ-aAZ_Banl-c
2 2 2

Let ZLLL =0

37172

Then angle of pedal trinagle 9fe® 1 & H0=1n— 20 = A

T A

T2 2
Sides of the AT, LI, are

(A) Rcosé, F{cosE SR F{cosE
2 2 2

B

(C) 2Rcos A , 2Rcos — TIm 2Rcos ¢
2 2 2

et 1,11, @ gemd 23—

(A) Rcosé, F{cosE and F{cosE
2 2 2

(C) 2Rcos % , 2Rcos g and 2Rcos %

(B*) 4R cos%, 4R cosg gar 4R cos%

(B*) 4R cosA, 4R cosE and 4R cos—
2 2 2

(D) None of these

(D) T & I T

Side of pedal triangle ufe® 2Ysi # Y& = LI,cosd = BC

LI =

273
COS(

n_A
272

A
LI, = 4Rcos {Ej

Value of 11,2 + LI2 = 1,2 + L,12 = I[2+ [,[,2 =
M2+ L2 =112+ 12 =112+ 112= & A9 38—

(A) 4R? (B*) 16R?

II1=4F§sinA
2

A
II.= 4R cos —
2'3 2

12+ 1,12 = 16R?

(C) 32R?

C

(D) 64R?

PART-lll (MATCH THE COLUMN)

AR Il (@fem @ gaferd ST (MATCH THE COLUMN )

1.

Match the column

Column-1

Column-II



Sol.

(A) InaAABC,2B=A + Cand b? = ac.
2
Then the value of a(a+b+c) is equal to
3abc
a® +b® +c?
(B) In any right angled triangle ABC, the value of — R
is always equal to (where R is the circumradius of AABC)
(©) Ina AABC if a = 2, bc = 9, then the value of 2RA is equal to
(D) Ina AABC, a=5,b=23andc =7, then the value of
3cos C +7cosBisequalto
Ans. (A) > (a), (B) = (p), (C) = (s), (D) > (n)
[ERISECIIvIY
-1
(A) el st ABC#H,2B=A + C 3R b2=ac @, a
2
a“(a+b+c) 7 7 BT
3abc
. a®+b®+c?
(B) WWWABC%?WWW@W%—
(sTef R, DABC @1 uRf3rar @)
(C) fdl AABC #H, af< a =2, bc =9 &1, dl 2RA &1 911 &—
(D)  f&f AABC #,a=5,b=33Rc=7% a4
3cos C +7cos B & A9 &R—
Ans. (A)—(q), (B) = (p), (C) —> (s), (D) —> ()
(A) - 2B=A+C=B-= g and A+ C = 23—”
~ b?=ac = sinPB=sinAsinC =sinAsinC-= %
3 2n
:cos(A—C)—cos(A+C)=E ~ A+C=—
— cos(A—C) =1 :>A=C=%=B —a=b=c
2 2 2 2
(B) - @=b?+c?and 3R 2R=a atbre _2a g
R R
C
a
b
A c B
(C) - A= lbcsinA:>A=l.9.sinA=gxi a=2
2 2 2 2R
~ 2RA=9
(D) - a=5b=3and 3R c=7

and because we know that IR B9 WA © fh

a’(a+b+c)
3abc

W -1



Sol.

bcosC+ccosB=a
.. 3cosC+7cosB=5

Match the column

Column -1

(A) Ina AABC, a = 4, b = 3 and the medians AA, and BB, are

mutually perpendicular, then square of area of the AABC
is equal to

(B)=.  Inany AABC, minimum value of %
r

(©) Ina AABC,a=5,b=4andtan

is equal to

is equal to
Ans. (A) > (s),

e #ifsg
w4 -1

(A) & Byt AABC ¥, a =4, b = 3 a1 ATiRFHIY AA, 3R BB, IRER

(B) = (p),

f3

O

(C) > ),

is equal to

= F then side ‘¢’
9

In a AABC, 2a? + 4b? + ¢? = 4ab + 2ac, then value of (8 cos B)

(D) = (a)

I & 99 AABC & &F%hel & a3 &1 A9 8N —

(B)  fadl st ABC ¥, %WWW?—

(C)  uf Byt AABCH, a=5,b <4 3R tang=\ggw,aw

ST ¢ BT A9 BT —

Column -1I

(s)

(D) 31991 AABC ¥, 2a2 + 4b? + ¢2 = 4ab + 2ac, 9 8 cos B &1 A1 81—
Ans. (A) > (s),

(B) = (p),

c? =

cos C =

A1

Match the column &i# fAe= SIfSTY

(A) AA, and BB, are perpendicular
AA, T2I BB, IR¥R oWaq 2,
a? + b2 = 5¢2

a’+b®

5

5

2ab

sinC =

|5
—

2x4x3

a’+b?’-c®> 16+9-5 5

6

(C) > ),

&

(D) = (a)

()

27

™ -1
27

11



N
-
J

INNC

A=%absinC=ﬁ

A2 =11

" G.M.> H.M. o TOIRR W1 > GHTRR A1Ed

3
(r, r2r3)‘/324| T

r1 r2 r3
= (r, r, 1) > 3r

:Qzﬂ
r3
ane C _ (s=a)s-b)
2 s(s—c)
_ (9+c-10)9+c—-8) _ c*-1
(9+c)9-c) 81-c?
2_
roe-t = =36
9 81-c

2a2 + 4b? + ¢? = 4ab + 2ac.
(a—2b)>+(a—-c)?=0
a=2b=c
cosBo & rC b 7
2ac 8

8cosB=7

a=5b=4 2s=9+c

= Marked Questions may have for Revision Questions.

= fafed o9 M IR 9 B

PART - | : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

T - | : JEE (ADVANCED) / IIT-JEE (fi5el auf) @& yeq

* Marked Questions may have more than one correct option.

* fufeed uvd o 9 s OE) e I yeA & -

1.

If the angle A, B and C of a triangle are in arithmetic progression and if a, b and ¢ denote the lengths of

the sides opposite to A, B and C respectively, then the value of the expression %sin 2C + %sin 2Ais

I ff Bgs & 3197 A, BTd C AR <1 # © T 310 A, B Td C &1 I=[Q qolell &l =gt
F: a, b c ¥, A FIF 2sin2C + Ssin 2AHT W 8= [IIT-JEE 2010, Paper-1, (3, 1), 84]

(A) 5

C

C a
3

®) <

2gin2c + Ssin2A = 2 (acos C +ccosA)
a 2R

(C) 1 (D*) 3

%=25inB=Zsin60‘-’=\E



2.m

Sol.

3=

Ans.

Sol.

Let ABC be a triangle such that Z/ACB = % and let a, b and ¢ denote the lengths of the sides opposite
to A, B and C respectively. The value(s) of x for whicha=x2+x+1,b=x2—1andc=2x + 1 is (are)
a1 ABC T f3iyst & R ZACB = % qel A, B Al C &) wwjd Yoiisil &) erarsadl B a, b de
celx® g8 99 ® fg a=x2+x+1,b=x2-1Td c=2x+ 1%, =1 &

(A) -(2+3) (8)1+ 3 (©)2+3 (D) 443

[IT-JEE 2010, Paper-1, (3, 0), 84]

A
2x+ 1 x°—1
/6
R
° X+ x+1 c
2 2 2 2 2
cos ™ = (X =1+ (X" +x+1)° = (2x+1)

2(x® + x+1)(x2 =1)
B (=12 + (6 +8x+2)(x* —X)

2 2(x2 + X +1)(x? 1)
N3O 1)+ (x+ (X + 2)x(x - 1)
2 2(x2 + x +1)(x2 = 1)
2
o B XX B eaxa1) =24 2x—1
X+ X+1

- (V3 -2)x+ (3 -2)x+ (3 +1)=0
on solving & HRA W

x2+x—(3\E+5) =0 we get

x=+3 +1,- (2++3)

At x = — (2++/3), Side ¢ becomes negative. TR YTl ¢ FITHS & &

X = /3 +1

Consider a triangle ABC and let a, b and ¢ denote the lengths of the sides opposite to vertices A, B and
C respectively. Suppose a = 6, b = 10 and the area of the triangle is 1543 . If ZACB is obtuse and if r
denotes the radius of the incircle of the triangle, then r2 is equal to [IIT-JEE 2010, Paper-2, (3, 0), 79]
fom 2 &% & Brgs ABC & @it A, B Ud C @1 9=[@ qoTiall &l orarsdl A a, b wd c 8| A &
a=6b=10d s &1 &ama 153 B A LACB afdd &0 (obtuse angle) & @ st &
Fgd B 3 r 2, A R H AN A DI |

3

Area of triangle < &1 &3%d = % absinC=1543

= %.6.10sinC=15\/§ = sin0=§
= C= 23—“ (C is obtuse angle 31fd@ ToT)
2 2 2 2
NowdIT Cosc=m = _l=w = c=14
2ab 2 2.6.10



A 15\/5 _ \E

- - = 2 —
= s T 6+10+14 = re=3
2
4, Let PQR be a triangle of area A witha =2,b = % and ¢ = g where a, b and c are the lengths of the
sides of the triangle opposite to the angles at P, Q and R respectively. Then Mequals
2sinP +sin2P

(SOT)
< PQR &1 &5%d A B Rrwdnf?rrqa=2,b=g ﬁ?c:%%,aﬁa,baﬁ?c HHI: PIT P, Q IR R

DI GRRI NISN DI A=A § | 9 28inP=siN2P - o1 o forey 21— [IT-JEE 2012, Paper-2, (3, —

2sinP +sin2P
1), 66]
3 45 3Y 45 Y’
A — B) — CH | — D) | —
@@ e
Sol. Ans. (C)
a=2=QR
b= -PR
2
5
c=—=PQ
2
S = M = § =4
2 4
. . . 2sinZE
2sinP —2sinPcosP  2sinP(1-cosP)  1-cosP 2 —tanZE
2sinP +2sinPcosP ~ 2sinP(1+cosP)  1+cosP 2c0s2 N 2
2

N
_ (s=b)(s—c) _ (s=by(s—c)* _ 2 2 =(3j

s(s—a) A® A® 4A
Hindi. a=2=QR
b=. -PR
2
5
c=—=PQ
2
S = M = § =4
2 4
osinz P
2sinP—2sinPcosP _ 2sinP(1—cosP) _ 1—cosP _ <5 5 -
2sinP +2sinPcosP ~ 2sinP(1+cosP) ~ 1+cosP 2c0s2 N 2
2

_(s=b)(s—c) (s—-b)(s—c) _ 2 2) (3
© s(s—a) A? - A2 - (4Aj

5. In atriangle PQR, P is the largest angle and cosP = — . Further the incircle of the triangle touches the

w| =

sides PQ, QR and RP at N, L and M respectively, such that the lengths of PN, QL and RM are
consecutive even integers. Then possible length(s) of the side(s) of the triangle is (are)



Sol.

Ans.
Sol.

ST PQR #, P &< 197 § A cosP=% | 39 faRad st &1 era:ga yaieli PQ, QR @1 RP

B HA: N, L T2T MR 39 a8 W &al & f& PN, QL 921 RM &) Sai$at shArTd 99 goi He&m 7 |
a9 Bryet & o (JoTel) B g awrg (e § () [JEE (Advanced) 2013, Paper-2, (3,

-1)/60]
(A) 16 (B%) 18 (C) 24 (D*) 22
(B, D)
P
2n+2/ \ 2n+4
N M
n+2 n+4

Q n+2 L n+a R

S

~

2n +6

(2n+2)° +(2n+4) —(2n+6)° 1
2 (2n+2) (2n+4) 3
4n® - 16 1

~ 8 (n+1) (n+2) 3

_ n® -4 1 N n-2
~ 2 (n+1) (n+2) 3 2 (n+1)
=3n-6=2n+2

=n=8

=2n+2=18

= 2n+4 =720

=2n+6=22

cos P =

W=

In a triangle the sum of two sides is x and the product of the same two sides is y. If x2 — ¢c? =y, where ¢
is the third side of the triangle, then the ratio of the in-radius to the circum-radius of the triangle is
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]
3 3 3 3
) o (B) = ©€) 21— (D) -~
2x(x +c¢) 2c(x+c) 4x(x +c) 4c(x +¢)
U S B &1 GSTel BT AN x & T Il GoT3ll b1 UG y 8 | AR x2 — 2 = y, STal ¢ FYS &l
e o 8, 99 s @1 a3 (in-radius) vd uRga—f<am (circum-radius) &1 31UTd (ratio) &—
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]

" 5L ®) 5 ©) 72— D) 4
X(X+¢C) 2c(x+c) 4x(x +c) 4c(x +¢)
(B)
A
C b
B 3 C
a+b=x

ab=y



7.

Ans.

Sol.

X2_02=y
(a+b)2—-c?=ab

a2+ b2+ ab=c? a2+b2—-c?=-ab
a®+b®-c? 7
2ab T2
cosC = —
2
c-2t
3
1 20 .0
I Ax4A 4><Zab sin“C . 3ab
R sxabc  (a+b+c)abc — 4c(x+c)
_ 3y
4c(x+c)

In a triangle XYZ, let x, y, z be the lengths of sides opposite to the angles X, Y, Z, respectively, and

Ss=x+y+z If =X _S5°Y 8572
4 3

and area of incircle of the triangle XYZ is i—n , then

[JEE (Advanced) 2016, Paper-1, (4, —2)/62]
(A) area of the triangle XYZ is 6 /6
(B) the radius of circumcircle of the triangle XYZ is % J6

(C) sin ésini sinz = i
2 2 2 35
(D) sinz(ﬂj = 3
2 5

A & Byst XYZ #§ @100 X, Y, ZF A @l Yol @ rw=rgdt BEE X, y, 2B iR 2s = x+y + z2 B |

af S;X - s;y - S;Z,sﬁq st XYZ @& &iqdd (incircle) @1 &=pa 83—“ 3 @

(A) Brgst XYZ &1 &5t 646 ©
(B) st XYZ & uRa (circumcircle) @ e % J6 2

(C) sin ésini sinz = i

2 2 2 35
(D) sinZ(XJrYj = g

5
(A,C,D)
X
z y

Y ~ 7
2S=X+Yy+2z = S—X=S—y S-z s



S—-y=3A

S-z=2\

S=9)

Adding all we get 1 @1 SiIe< W, &H U 8—
S=9\, x=5\y=6A,=z2=7A

nre = & = r2= 8
3
A= S(S-x)(S-y)S-2) = A= JOr4r312)n =6 \f6 A2
_xyz _ 5.6ML7L _ 35 L p_8_4A 2180 24, 8., 8
47 464622 4J’ 3 s smn? 9 3 3
we get & U B A =1
35 35
A) A =66 B)R= == 2L
NN
(C)r=4R sin5 sini sinZ = 242 =4. 35 sm—smlsmE
2 2 2 f YN 2
4 X .y .z
— =sin=sin<sin—=
35 2 2 2
(D) sin? X+Y =c032E _S(8-2) _92 _3
2 2 Xy 5. 5
8*. In a triangle PQR, let Z/PQR = 30° and the sides PQ and QR have lengths 10 /3 and 10, respectively.
Then, which of the following statement(s) is (are) TRUE?
(A) £QPR = 45° [JEE(Advanced) 2018, Paper-1,(4, —2)/60]

(B) The area of the triangle PQR is 2543 and ZQRP = 120°

(C) The radius of the incircle of the triangle PQR is 1043 - 15

(D) The area of the circumcircle of the triangle PQR is 100n

T 3ot (triangle) PQR &, #91f /PQR =300 3R yoTait PQ 3k QR &1 orwarsal saer: 104/3 3R 10
2| a9 fF=fiRad & 9 S99 () B 9 8 (B) ?

(A) ZQPR = 45°

(B) gt PQR &7 &9l (area) 2543 & 3R ZQRP = 120°

(C) 3yt PQR & 3iada (incircle) 3 o1 (radius) 1043 — 15 7|

(D) st PQR & uRqd (circumcircle) &1 &3%e 1007 2 |

Ans. (BCD)
2 2
Sol.  cosQ . 100+300- (PR} ﬁ: 100 +300 - (PR)
2.10.104/3 2 2.10.104/3
300 = 400 — (PR)2 = PR=10

= %(PO)(QR) sinQ = %10.10\/_ x % =253
_A_ 253x2 503 _ 5Y3 2-3_ 5243 - 3) =103 15

S (20+1043) 20+10y3 243 2-3

by sine rule 1 g4 19f: ,10 = /R =30°
sinR  sinQ
PR _ 10 . .
2(circumradiusuRf<aT) = = circumradiusTRE<AT =
sinQ  1/2

Hence area of circumcircle = nR2 = 100

3fct: uRgT &1 &=bel = nR? = 100



Ans.

Sol.

In a non-right-angled triangle APQR, Let p, q, r denote the lengths of the sies opposite to the angles at
P, Q, R respectively. The median form R meets the side PQ at S, the perpendicualr4 from P meets the

side QR at E, and RS and PE intersect at O. If p = \/5 q = 1, and the radius of the circumcircle of the
APQR equals 1, then which of the following options is/are correct ?

{Solution of Triangle [ST-RA]-T-305}
[JEE(Advanced) 2019, Paper-1,(4, —1)/62]

V7 V3
2

(A) Length of RS = (B) Area of ASOE = —

1
¥3
2
TE FFHONT S (non-right-angled) APQR & faq, 1 & p, g, r A @101 P, Q, R & AW aTefl
Tl @1 orargdl SR 5| R ¥ Widl WY AfeFdT (median) Yo PQ ¥ S R AR 8, P ¥ @iEn

e (perpendicular) YT QR ¥ E W fieiar & @2 RS @R PE T& &R &1 O W dledl 2| If p =

1

(C) Radius of incircle of APQR = (2- \/5) (D) Length of OE = 5

J3,q=13R APQR & uRqa (circumcircle) @ f3r=am (radius) 1 8, @@ et § & B w1 () Rbey T
2 (8)?
J7

2

&

(A) RS @ @IS = (B) ASOE &1 &=Ihel (area) =

1

N

(C) APQR & 3idqd (incircle) @ frean =§(2—\/§) (D) OE & &= = %

(ACD)

_L:_L:ZU) = sinP=£,sinQ=l
snP  sinQ 2 2

= /P =60° or 120° and 31X ~£Q = 30° or 150°

because /P + #Q must be less than 180° but not equal to 90°

FNfH /P + Z/QHT A9 180° |/ HH B U] 90° & IRTER & 2 |

/P =120°and 3R #/Q=30°and 3R Z/R=30° —— =2=r=1
Sl



Now length of median #ifeaadT @ o+=1E RS = %w/2p2 +29° -r? = —\/6+2 —%
= option fd®ea (A) is correct &I B |

2pqr

Inradius 3fa:rear = 24 _ _4x(® 1 1x1xJ3 \/— 2- \/— = option (C) is correct

P+g+r p+q+r 2 1+1+4/3 I
=S —x\/_ PE= Z(q1) (equal area of A & &FHA & TR )
L oppo VB 2 1

4 J3 2
11 .
2x — .1.\/§sn30°j
2(Areaof AOQR) 3L2

= OE = = =—

QR J3 6

PART - Il : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

AT - Il : JEE (MAIN) / AIEEE (el auf) @& yeq

Ans.

Sol.

Hindi.

For a regular polygon, let r and R be the radii of the inscribed and the circumscribed circles. A false

statement among the following is [AIEEE - 2010 (4, —-1), 144]
r 1 r 2

1) There is a regular polygon with —=—. 2%) There is a regular polygon with — =—".

(1) I guiar polygon wi R 2 (2%) g polyg R 3

(3) There is a regular polygon with % = g . (4) There is a regular polygon with % = %

UH FHIGYS @ foTg, A1 o9 qen uRgd &1 Breamd s r 2 R 2| Fr=falad 3 | diaar gees
ez g 2

r 1 . r_g
(ﬂ‘i’fﬁﬂﬂagﬂx_ﬂt’w%wwﬁ:%_ (2)WW§%W%WWE_3.
(3) U wHagys v ® R fog %zg_ (4) T THagyS Y & Rrd g %:%_

(2)

r T
— =cos | —
a0

Let cos % =§ forsomen=>3,neN

1 P 1 T o T
As — < — < — = cos§ <COS— <COS— =
n n

273 2
= 3 < n < 4, which is not possible
so option (2) is the false statement
so it will be the right choice
Hence correct option is (2)

r T
— =cos | —
it

Wcos%:% fFiin>3,ne No fou

w3



%1%1<E<L = cos X <cost <cost = r,ILI
2 3 3 n n 3 n n
= 3<n<4,< 9vg TE 2|
faped (2), T HUF B ra: e fAdwew (2) B
2.»  ABCD is a trapezium such that AB and CD are parallel and BC L CD. If Z/ADB=6,BC =pand CD =q,
then AB is equal to : [AIEEE - 2013, (4, —-1),120]
ABCD T& Va1 ¥Heid agyal & forad AB de CD ®HiR 8 T2 BC L CD 2| afd ZADB =0, BC = p @1
CD=q,8 o ABERTR 2 : [AIEEE - 2013, (4, —4),360]
1+ (% +°)sind 5 p® + ¢ coso 3 p® +¢° 4 (p® +f)sind
pcos6+qsin® pcos6+qsin® p®cosO+qg°sind (pcos6 +qsin®)?
Sol. (1)
q
D C
N o ]
0:
(P +a
v i
T—(0+0) § o
A x-q M q B
Let (A1) AB = x
tan (t—0-a) = P tan 6+a)= P
X—q g-x
= g-x=pcot(6+a)
= x=q-pcot(0+a)
_q-p cot cota—1
cota +coto
5 ooto 1 coto cos0 —psind
—q-p| 2 —— =q—p[uj=q— (q.—pj
q +coth q+pcoto gsin®-+pcos6
p
2 H 2 ol 2 2 H
N y = q S|n9+pqcose—pq.cose+p sin® . AB - (p°+q )S|r.19 _
pcos6+qsind pcos6+Qqsind
Alternative

From Sine Rule a1 f=7 &

n—~(0+0) o

AB  pP+¢f A B

sin® sin(t—(0+a))

AB _ Jp?+q° sin®

sSin® cosa +cosO sina

2 2 H
_ (P +q) sinb [ cosa = —— J

gsin 6+pcos6 /p2 + P



Ans.

Sol.

Ans.

Sol.

_(p? +9°)sinb
pcosO+qsin®

With the usual notation, in AABC, if ZA + ZB =120°, a = /3 + 1 and b = /3 -1, then the ratio ZA : /B,
is:
H=T Hadl § AABC H afd /A + /B=120°,a= 3+ 17ab=+/3-18, a1 1gurd LA : /B RN &
[JEE(Main) 2019, Online (10-01-19),P-2 (4, — 1), 120]
19:7 (2)7:1 (3)3:1 (4)5:3
(2)

\/§+1 B \E—1

sin(120—x) ~ sinx

J3+1  sin(120° - x)

J3-1 sinx

cotx = /3 +2
tanx = 2 —/3
x=15°
120 — x = 105¢
<A % (7:1)

" /B

In a triangle, the sum of lengths of two sides is x and the product of the lengths of the same two sides is
y. If x2 — ¢ =y, where c is the length of the third side of the triangle, then the circumradius of the
triangle is
T BYe @1 a1 Yol B TW=Ig BT AN X § 3R g0l Al Yol Bl wls b1 PPHGA y 2| AT x2—c2=y
Siel ¢ Byt @1 TR Yon @ s 2, 99 By @ aRga @ B 8 -
[JEE(Main) 2019, Online (11-01-19),P-1 (4, — 1), 120]
C 3 c y
1) —= 2 5y Q) 7 4) =
V3 2 3 V3
(1)
Let a, b, ¢ be the three sides, given
st & gl a, b, ¢

a+b=xab=y,(a+b2-c?=ab




o a2 +b?—c? 1 1
heredg] —————— =—— = cosC=——
2ab 2 2

C _oR= 2 _2r=R-C

sinG N B



ElHLP Answers
SUBJECTIVE QUESTIONS

fAyari® 9¥H (SUBJECTIVE QUESTIONS)

This questions paste Staright Line sheets

1. In AABC , P is an interior point such that ZPAB = 102 ZPBA = 20°, ZPCA = 30°, ZPAC = 40° then
prove that AABC is isosceles
AABC ¥ P a<iRa fa5 P 39 &R & f& Z/PAB = 10° Z/PBA = 20°, /PCA = 30°, Z/PAC = 40° 79 fig
HIFY & AABC FAfEATg B |

Sol.

From AAPB, APBC and APCA , using sine rule
AP BP

sin20 - sin10

BP _ PC
sin(80—x)  sinx
PC AP

sind0  sin30

AP BP cP AP BP CP
sin ZABP sin /PCB  /PAC ~ sinZPCA sin Z/PBC 'sin /PAB
= sin30° . sinx.sin10? = sin20°.sin(802 — x) sin40°®
= X = 60°

.. Z/BCA = ZCAB = 50°
So, AABC is an isosceles triangle.

Sol.

AAPB, APBC 3R APCA , 51 s 9

AP  BP
sin20  sin10
BP PC

sin(80—x) _ sinx



PC AP
sind0  sin30

AP BP cP AP BP CP
sin ZABP sin/PCB  /PAC ~ sinZPCA sin Z/PBC 'sin /PAB
= sin30° . sinx.sin102 = sin20°.sin(80° — x) sin40°
= X = 60°
- /BCA = ZCAB = 50°

9 AABC dHfgarg Bge 2 |

2,

Sol.

Sol.

In a triangle ABC, ifatan A + btan B = (a + b) tan (%) , prove that triangle is isosceles.

A+B

%lﬂGrABCﬁ,H‘Pq’atanA+btanB=(a+b)tan( jﬁ,ﬁ%aﬁmﬁ?ﬁﬁﬁﬂ?@ﬂﬁﬁl

: atanA+btanB=(a+b)tan(

A+B A+B
= a|tanA -tan =b|tan | —— [-tanB
2 2
. A+B . (A+B . (A+B
sinAcos —sin cosA sin -B
2 2 2
=a =Db
A+B A+B
cosAcos 5 cosBcos 5

a sin[A—AJrBj b sin(A_Bj
2 2

- =

cosAcos(AJrB) cosBcos(A;Bj

. (A-B a b
= sin - =0
2 cosA cosB

A+Bj

= sin A-B =0 or T a __b _
2 cosA cosB
=A=8B or Il 2R (tanA—-tanB) =0
=tanA=tan B
=A=8B

In any triangle ABC, if 2Aa — b?c = ¢®, (where A is is the area of triangle), then prove that ZA is obtuse
fe st ABC 3 3 2Aa — bee = ¢2, (W& A IS &1 &9%d B) 79 Rig dIRvig ZA 31fds 311 2|
2Aa - b%c =c?

= 2Aa%b = abc (b%+ ¢?)

2
- M = abc(b® +c?)
2R

a’b

= — =b2+c?
2R
= a?sinB =b? + ¢
If sinB = 1, then a2 = b? + ¢?, which is not possible

.. sinB =1

- cosA = b®+c®-a® _ a’sinB-a’
2bc 2bc

<0

.. A'is obtuse



Sol.

Sol.

Sol.

2Aa—-bc=c?
= 2Aa%b = abc (b%+ ¢?)
2
_, (@b)Abe _e? +c?)
2R

a’b

= — =b?+c?
2R

= a?sinB=b? +c?

e sinB =1,d9 a2 =b2+c2, W1 b G9a 781 2 |

oo sinB =1
b?+c?-a® a’sinB-a?
.. COSA = =
2bc 2bc
<0
- A 3% BT B |

cosA + 2cosC _sinB
cosA + 2cosB  sinC

If in a triangle ABC, prove that the triangle ABC is either isosceles or

right angled.
afe g ABC & COSA * 200G _SiB o o pre iR R et ABC a1 wefzarg B &

cosA + 2cosB  sinC

DI 3T B |
cos A(sin B—sin C) + (sin 2B —sin 2C) =0
= cos A.(sinB—-sinC)+2cos(B+C)sin(B-C)=0 ~w B+C=n-A
= cos A.(sinB—-sinC)—-2cos Asin(B-C)=0
= cos A[(sin B — sin C) — 2(sin B cos C—cos Bsin C)] =0
= either a1 @ cos A=0= A=90° = right angled |qHBIV s B
or a1 (sin B—-sin C) —2(sinBcos C—cos BsinC) =0

a®+b’-c® a®+c*-b’
. —C. =0

2ab 2ac

=alb-c)-2(b?-c?) =0
(b-c)[a-2(b+c)]=0
~b-c=0 = b=c = isosceles 3 ot wwfgarg Byt e |

:>(b—c)—2[b

Ina AABC, 2 C =60°and £ A = 75° If D is a point on AC such that the area of the A BAD is /3
times the area of the A BCD, find the £ ABD.

st ABC % £C = 60° Td ZA =75° 2| If g AC R & fI5 D 59 USR & f& ABAD &1 &%, st
BCD & &/3%d &1 /3 T | LABD &1 A9 €T HIOT |

Ans. [/ ABDB= 30°

0
AR
60° 75°,
C D A
Area of ABAD = /3 x Area of ABCD ABAD &1 &3%d = /3 x ABCD &1 &5%d

= %BDxBAsine=\Ex%BCxBDsin(459—9)



BA _ 5 sin(45°—0)

BC sin®
From Sine-Rule ST fF BT 9T B W
BC AB

sin75¢  sin60?

BA _sin60® 342

BC sin75° 3 +1
From equation (1) I (1) |

Y32 { 1 1 }
(\/§+1) = \E —\/Ecote —,_2
2 =cot 6 -1 2(\5_1) =cotO—1
= m = CO = T = CO -

= cotd =43 = 0=302 = /ABD=230°

6. In a AABC, if a, b and ¢ are in A.P., prove that cos A.cot % cos B.cot % and cos C.cot % are in A.P.
Ife fHAr ryst ABC 9 a, b Td ¢ G99k Sig! 4 81, A fag @ifoy & cosA%.cot,cos B.cotg g

cos C.cot % TR ST A B

A
COoS —
Sol. CosAcotA = 1—23in2A 2 =cotA —sin A
2 2 A 2

sin—
2

Similarly cos B cotg = cotg —sin B

and cos C cot% = cot% -sinC

*a,b,carein A.P.
. sin A, sin B, sin C are also in A.P.
*a,b,carein AP,

A

. cot—, cotE, cotE are also in A.P.
2 2 2

" cot% —sin A, cotg —sin B, cot% —sin C are also in A.P.

A
COoS —
Hindi. - cosAcotA = 1—23in2A 2 =c:otA —sin A
2 2 . A 2
sin—
2
B B .
T UBR cosBcot§=cotE—smB
3R cochot% =cot% —sinC

- a, b, c AR A F B
. sin A, sin B, sin C ¥l {H=R $1d1 § 819 |



Sol.

Sol.

©a, b, cHEFR A H B

g cotg,cot%,cot% ) AR A H B |

. cot% —sin A, cotg —sin B, cot% —sin C ¥ 99O} &1d1 | B |

In a triangle ABC, prove that the area of the incircle is to the area of triangle itself is,

() 2] §]

2r4s ABC # g @IfSTY & o191 & &9%ha AR @I 39 Yol & &F%d &l gurd

oot &) o (2] om () 8

Area of incircle 3% gq &I 8o nr?

Area of AABC AABC &1 8o %bc sinA
nx16R?2 ><sin2ésin2 Esin29 4rcsinésin2§sin29
2 2 2 2 2 2

1(2RsinB) (2RsinC) 23inA cosA 23inEcos§ 23ingcos9 cosA
2 2 2 2 2 2 2 2

nsinésingsin9
_ 27 272 _ T .. A B C
= A B c - A B C_rr.cot2cot200t2
COS—COS—COS — cot—cot—cot —
2 2 2 2 2 2

In AABC, prove that a2 (s —a) + b2 (s —b) + ¢c? (s — c) = 4RA (1 +4singsingsingj

AABC, # Rig #IRTT a2 (s —a) + b? (s — b) + ¢2 (s — ¢) = 4RA [1+4sin%sin25in%}

L.HS. = l[a2(b+c—a)+b2(c+a—b)+cz(a+b—c)]

N

— N =

[a(b? + c2—a?) + b(c? + a2 — b?) + ¢ (a2 + b? — ¢?)]

2 (2abc cosA + 2abc cosB + 2abc cosC)

= abc 1+4sinésin§sin9

2 2 2
=4RA 1+4sinésinEsin9

2 2 2
In any AABC, prove that
2rqs1 ABC # g @Ifoie fb —
(i) (rg+ 1) (rs+r1,)sinC=2r, ./rz f+0NL+0

tan £ tan & tan S 1

(i) + + -
(@a-b)(a-c) (b-ab-c) (c—-a)(c-b) A

B-C C-A A-B

(iii) (r+r,) tan +(r+r,) tan +(r+r,) tan =0




(iv) r?+r2+rf+r; = 16R2—a2 b2 —c2

(i) LH.S.9ra 98 = (r,+r,) (r,+71,) sin C
Ab Aa .
= sin C
(s—a)(s—c) (s—c)(s—b)
abA®

inC

" (s—a)(s-b)(s—c)s—C) ~

_ ab s(s—a)(s—b)(s—c) sinC
(s—a)(s—b)(s—c)(s—c)

abs sinC

(s-¢)
2As
= =2 sr, Jrzrg + 10+ 1

(s—c)
R.H.S. Tmam wet = 2r,

= 2r, \/s_2 =2sr,

L.H.S. 991 98 = R.H.S. g1 u&

(ii) L.H.S. 9131 gt = —

1 |(s=b)(s=c)  (s—a)s—c) (s—a)s—b)
A | (a=-b)(c—a) (a-b)b-c) (c—-a)b-c)

__1 [(S—b)(S—C)(b—c)+(s—a)(s—c)(c—a)+(s—a)(s—b)(a—b)
A

(a—b)(b—c)(c—-a)

= R.H.S. g1 w&T

> =

B-C

(iii) First term (929 U<g) = (r +r,) tan

(A A J (b—cj A
—+— cot—
s s-a b+c 2

_ A(2s-a) (b—c] [ s(s-a)

~ s(s—a) \b+c) \(s-b)s-c)

=b-c
similarly second term (31 ¥&R fgdia ug)=c—a
& third term (3R T ug) =a—-b

LHS.qmusf =b-c+c—-a+a—-b=0=R.H.S. 3™ &

(iv) o +r+r,—r=4R
(=2 =r24r 24 r2+r2=20(r 41, +1,) +2(rr, + 1, +1,r,)
r(r, +r,+r;) =ab+bc+ca-s?
and (37) [l + [l + 1,1, = 82
from equation (i) F¥H®HROT (i) &
16R2=r2+r2+r2+r2—2(ab+bc +ca—s? +2s2
r+r2+r2+r2=16R2-4s2+2(ab + bc + ca)
=16R? —(a+b +c)>+2 (ab + bc + ca)
=16R2 - a2 - Db? - c?

|



10.

Sol.

11.

Sol.

Sol.

12.

Sol.

In an acute angled triangle ABC, r +r, =r, +r,and ZB > g then prove that b + 3c <3a < 3b + 3¢

<D Byt ABCﬁr+r1=r2+r36ﬁ'\’AB>g,ﬂ's{ﬁla’W b+3c<3a<3b+3c

A A A A
r=r,=r—r= —-— = -
s s-b s-c s-a
-b c—a

a s(s—b) - (s—c)(s—a)

or

oray (8=als—¢c) _a-c :taan _a-=¢
s(s—b) b 2 b

But Ix=] € (%gj . Therefore gaferg,
taane 1,1 :>l<a_c<1
2 3 3 b

ordib<3a—-3c<3b
b+3c<3a<3b+3c

N | T

If the inradius in a right angled triangle with integer sides is r. Prove that

(i) If r = 4, the greatest perimeter (in units) is 90

(i) If r = 5, the greatest area (in sq. units) is 330

I FHPIT et e goid quiie 2 o o r @ a9 fag 3 &

(i) IS r = 4, 79 31fdHaw gR¥™ 90 EH1E H) T

(ii) Ifg r=52 a1 AfHTH aa%a (s a7 H) 330 B |

(iand ii) Let a, b and ¢ (a < b < ¢) be the sides of given triangle.

Also,2r=a+b-c

When r = 4 then, (a, b) = (9, 40), (10, 24), (12,16)

.. Greatest perimeter =9 + 40 + 41 = 90 units

when r =5 then (a, b) = (11, 60) (12,35) (15,20)

11x60
2

.. Greatest area = = 330 sq. unit

(i 3R i) AT &, b 3R ¢ (a < b < ¢) B @1 yaIW
qAa, 2r=a+b-c

S9r =414, (a, b) = (9, 40), (10, 24), (12,16)

. 3iferead aRATT = 9 + 40 + 41 = 90 units

S8l r=5d4d (a, b) = (11, 60) (12,35) (15,20)

.-.a@waﬁm:@:SBOaﬁmﬁ

If [ —r—‘] [1—r—1J = 2, then prove that the triangle is right angled.
r‘2 r3

afe { _EJ [1_r_1] =28, a1 Rig HRY 6 By, aHeror Byt 2|

ra fy

(| R (=) (= I

- bra) ma) 5, opec—ab-ac+a?) = (25— 2ap
(s—a)
= 2bc — 2ab — 2ca + 2a? = (b + c2 + @ — 2ab + 2bc — 2ca)

a?=b?+c?



= triangle is right angled. a1, |gAdIon s 86 |

13. DEF is the triangle formed by joning the points of contact of the incircle with the sides of the triangle

ABC; prove that
: L A B C
(i) its sides are 2r cosE, 2r cosE and 2r cosE ,

n A n B n GC
i it lesare — - —, - —-— and — - —
(i) its angles a 5 2% 2 5 >
and
: : S I ¢
(iii) its area is e, — — Al

(abc)s 2 R
s ABC @t qomell &1 sra:gd o fageil w® Wl o_a1 & S9&1 fram @ s DEF fAfifa grar 21
fag @IfTg f6 —
: o A B C s
(i) SHD! oY 2r cos -, 2r cos and 2r cos = =
. A n B n C 4
D DI T2 2 2 and 2 - 2%
U 2 2 2 2 2 2
IR
2A° 1
i BT ATHA — — AB|
() (abc)s "2 R
Sol. (i) EIFA is a cyclic quadrilateral
EF _a
sinA

Al =r cosec A/2

EF =r cosec A/2.sin A
=2rcos A2
similarly DF =2rcos B/2
and DE = 2r cos C/2.

(i) IECD is a cyclic quadrilateral

/ICE = ~ IDE =%
- B
similarly £ IDF = £ IBF = >
JFDE- B,C _m-A
2 2 2
_T_A
T2 2

(iii) area of ADEF = % FD . DE sin £FDE

1 B C). n A
=—|2r cos —||2r cos —|sin | ———
2 2 2 2 2



, A_B_C
= 2r2 cOS— COS—COS—

2 2 2
=2r2(smA+smB+smCJ

4

r2(2 A 2A 2Aj
= —| —4+—+=—
2\ bc ca ab
E{ZA (a+b+c)}_ r’A . 2s

2 abc abc
2 1. A 2A (r s)?
(abc)s ~ (abc)s
2A° 1A
(abc)s 2 R’
Hindi (i) EIFA T ab1d agysl 8
EF
sinA
Al =r cosec A/2

EF =r cosec A/2 sin A
=2rcos A2
3 UBR, DF = 2 r cos B/2

3R DE = 2r cos C/2.

=Al

(ii) IECD U% a1d ag4ys ©

Z ICE = / IDE =%
g?ﬂWR’LIDF:LIBF:%
sFDE- 2,8 _T-A
2 2 2
_nt_A
T2 2

(iii) ADEF &1 & F%d = % FD . DE sin ZFDE

1 B C). r A
=—|2r cos —||2r cos —|sin | ———
2 2 2 2 2

A B C
= 2r2 cOS— C0S—COS—
2 2 2
_ o2 sinA +sinB+sinC
- 4
r’(2 A 2A 2A
2\ bc ca ab
r’l2A (a+b+c)| _r’A . 2s
2 abc ~ abc
2 r’. As® 2A (r s)
(abc)s ~ (abc)s




14.

Sol.

15.

Sol.

Three circles, whose radii are a, b and c, touch one another externally and the tangents at their points

of contact meet in a point, prove that the distance of this point from either of their points of contact is
1

abc )2
a+b+c) '

I ga e B a, b, ¢ 8, T8 AR @1 98T WY FRA T qN ST W el w wet Y@ e

ﬁgwﬁaﬁ%|maﬁmﬁswﬁgaﬁwwmﬁga@( abe j2§|

at+b+c

required distance = inradius of A ABC e g = A ABC 1 a3
w28 =a+b+b+c+c+a
=2(@a+b+c¢)
s=a+b+c
A = s(s—(a+b))(s—(b+c)) (s—(c+a)) = y(a+b-+c)(abc)

. required distance 3rTe g¥1
;

A J(@+b+c)(abc) =J abc =[ abc j2

s  (at+b+c) a+b+c a+b+c

OA and OB are the equal sides of an isoscles triangle lying in the first quadrant making angles 6 and ¢
respectively with x-axis. Show that the gradient of the bisector of acute angle AOB is cosec B — cot
where = ¢ + 6. (Where O is origin)

OA 3R OB |Afgdrg s @1 &1 aR1eR YOIy 8 I UoR aqgAiel § HHS: X & A1 0 AR ¢ BT g7 2 |
qurigd &5 ~gAHT AOB @ 31efd a1 UgurdT cosec f —cot B &l B = ¢ + 0. (W&l O ga fag )

From the fig.
ZAOD = a. = «DOB d=0=2a
or, a=u or, 4DOX=9+a=e+¢
2 2
B
D
A
o \X
0+ sine+¢
The gradient of OD = tan =
2 0+0¢
cos ——
2
L, 0+ 0
2sin?
= 07 0 2 070 =1+_COZ(9+ 9) = cosec B — cot B.
2cos > sin — sin(0 + ¢)



16. The hypotenuse BC = a of a right-angled triangle ABC is divided into n equal segments where n is odd.
The segment containing the midpoint of BC subtends angle a at A. Also h is the altitude of the triangle
4nh

a(n2—1)'

TP 39St ABC & &vf BC = a &1 N R wusi § fawifora fean sirar @ <@t n fawq g1 BC & #=w

g @1 @ are @S, A R PV o AR & a1 h, A A S dren e B a9 g sy
4nh

a(n2—1)

through A. Prove that tana =

tana =

a
Sol. Let LN be the segment of the side BC containing its midpoint M. We have BM =MC = AM = > Let
AH be the altitude from A on BC, with AH = h. Also ZLAN = o. Let /NAH =0 = Z/HAL = « - 6.

2
From AAMH, we have MH = a: —h? . Also LM=MN = Zi
\J n

LH+NH
t —-0)+tano h
Now tano =tan(o.—6+6) = an(o —0) +tan __h h

1-tan0tan(a—-0) , LH NH
h h
h(LH+NH) h-a
= 2 =
h —LH-NH e[, é—hz a i_hZ
2n 4 2n 4
B ha _ 4nh
n h2_i+£_h2 a(n2—1)
an® 4

Hindi &M LN ysi1 BC &1 @vs 2 Sl s9a #&g fag M &1 3@ 2 |
aﬁBM:MC:AM:%.
A9 AH, A 9 BC W 3o, AH = h. 921 ZLAN = o. 991 /NAH =0 = /HAL = o - 0.
2
a

AAMH & I8! MH = %—hZ g LM =MN =
n



LH _ NH
t —-0)+tan6 w T h
a9 tano =tan(a—-0+0) = an(o~6)+tan —_h h

1-tan6tan(o—6) pﬁ.ﬁ
h h
_h(LH+NH)_ h-a
" h2—LH-NH 2 >
n|lh® — a i_hZ a _ i_hz
2n 4 2n 4
ha 4nh
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