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CENTER OF MASS

L]

CENTER OF MASS

Every physical system has associated with it a certain point whose motion characterises the motion of

the whole system. When the system moves under some external forces, then this point moves as if the
entire mass of the system is concentrated at this point and also the external force is applied at this
point for translational motion. This point is called the center of mass of the system.

CENTER OF MASS OF A SYSTEM OF 'N' DISCRETE PARTICLES

Consider a system of N point masses m, m,, m_, ................ m_whose
position vectors from origin O are givenby 1, I, f3,.ccveenee. r, respectively.
Then the position vector of the center of mass C of the system is given by.

where, m; ¥, is called the moment of mass of the particle w.r.t O.

n
M ={Z miJ is the total mass of the system.
i=1

n
Note: If the origin is taken at the center of mass then ZmiFi =0. hence, the COM is the point about which the
i=1
sum of “mass moments” of the system is zero.

POSITION OF COM OF TWO PARTICLES

Center of mass of two particles of masses m, and m, separated by a distance r lies in between the
two particles. The distance of center of mass from any of the particle (r) is inversely proportional to
the mass of the particle (m)

*
vy

i.e. roc1/m com
® @ L ]
ry m, M m,
or r = m, r, r,

or mr,=m,r,
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m, m;
or n=|———lrandr,=|———|r
m, +m; m,+m,
Here, r, = distance of COM from m,
and r, = distance of COM from m,

From the above discussion, we see that

r,=r,=1/2ifm =m,i.e., COM lies midway between the two particles of equal masses.

Similarly, r, >r,ifm <m,andr <r,if m,<m,,i.e., COM is nearer to the particle having larger
mass.

— SoLveD EXAMPLE

Example 1.  Two particles of mass 1 kg and 2 kg are located at x = 0 and x = 3 m. Find the position of their
center of mass.

Solution :

Since, both the particles lies on x-axis, the COM will also lie on x-axis. Let the COM is
located at x = x, then

r, = distance of COM from the particle of mass 1 kg = x

m,=1kg COM m,=2kg
@ @ L J
x=0 X=X x=3
|

| |
| r1=X | r2:(3—X) |

and r, = distance of COM from the particle of mass 2 kg = (3 — x)

Using o M2 X _2 .,
sing , T m, or 3-x - 1 or x=2m
Thus, the COM of the two particles is located at x = 2 m. Ans.

Example 2.  The position vector of three particles of masses m, = 1 kg, m, = 2 kg and m, = 3 kg are
f,=(i+4j+k)m, t, =(i+j+k)m and F, = (2i - j— 2k)m respectively. Find the position vector
of their center of mass.

Solution :

The position vector of COM of the three particles will be given by

mqyr, +msyly, + Mgl

fcom =
my +m, +mjy

Substituting the values, we get

C o _()(i+4i+k)+ @) +] k) +(3) (21 -] -2k) _ 13
com ™ 1+2+3 2
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Example 3. Four particles of mass 1 kg, 2 kg, 3 kg and 4 kg are placed at the four vertices A, B, C and D
of a square of side 1 m. Find the position of center of mass of the particles.

Solution :
Assuming D as the origin, DC as x -axis and DA as y-axis, we have

m, =1Kkg, (x,,y,) =(0, Tm)

y
m,=2kg, (X, ¥,) = (1m, 1m
2 2 2 ) (0, 1) o m (1’ 1)
m, = 3 kg, (X,, y;) = (1m, 0) Al e QIZB
and m,=4kg, (x, Y, =(0,0) |
Co-ordinates of their COM are
0,000 o>
« = My X4 +MyXy +MgMg +MyX, 4 sC(1,0)
com My +m, +Mg +my,
_ (NO)+2(1)+3(H+4(0) S5 1 0.5
B 1+2+3+4 Tq0 " MTEem
.. _ m1y1+m2y2+m3y3 +m4y4
Similarly, y.ou = M7 My 4 My + My A : o
_ (M) +2(1)+3(0)+4(0) _ 3 _ osm oCoM.
= 14213 +4 “q0- UM 0.5m 0-3m
(Xcow Yeou) = (0.5 m, 0.3 m) Ans. D C

Thus, position of COM of the four particles is as shown in figure.

Example 4.  Consider a two-particle system with the particles having masses m, and m,. If the first particle
is pushed towards the center of mass through a distance d, by what distance should the
second particle be moved so as to keep the center of mass at the same position?

Solution :

Consider figure. Suppose the distance of m, from the center of mass C is x, and that of m, from
C is x,. Suppose the mass m, is moved through a distance d’ towards C so as to keep the
center of mass at C.

d

d
% §m,
I X .

Then, mx,=mx, L. (i)
and m (x,-d)=m, (x,-d). .. (i)
Subtracting (ii) from (i)

m.d=m,d’
or, d = - d,
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m

CENTER OF MASS OF A CONTINUOUS MASS DISTRIBUTION

For continuous mass distribution the center of mass can be located by replacing summation sign with an
integral sign. Proper limits for the integral are chosen according to the situation

cm J‘dm cm J‘dm cm J’dm

[dm = M (mass of the body)

[ =$ Ide_

Note: If an object has symmetric mass distribution about x axis then y coordinate of COM is zero and
vice-versa

CENTER OF MASS OF A UNIFORM ROD
Suppose a rod of mass M and length L is lying along the x-axis with its one end at x = 0 and the

M
other at x = L. Mass per unit length of the rod = T

M
Hence, dm, (the mass of the element dx situated at x = x is) = rdx

The coordinates of the element dx are (x, 0, 0). Therefore, x-coordinate of COM of the rod will be

L
'[0 x dm 0 _>|d)i<_ "
XCOM = '[dm X:O X=X X=L
L M
i '[0 (x) [dej
M
L
= lJ. X dx ZE
LJo 2

The y-coordinate of COM is

d
Yeom = '['[yd: =0

Similarly, z 0

CoM

L
i.e., the coordinates of COM of the rod are [EO 0] ,i.e. itlies at the center of the rod.
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— SOLVED EXAMPLE

Example 5. Arod of length L is placed along the x-axis between x = 0 and x = L. The linear density (mass/length)
A of the rod varies with the distance x from the origin as A = Rx. Here, Ris a positive constant. Find
the position of center of mass of this rod.

Solution :
Mass of element dx situated at x = x is
dm =XAdx =Rx dx y.‘
I
The COM of the element has coordinates (x, 0, 0). |
I
Therefore, x-coordinate of COM of the rod will be ! —>dxe
0 [] ----»
L x=0 x=x x=L X
'[ xdm
0
XCOM = J‘ dm
L X3 L
L 2
R | x“dx {}
'[O(x)(Rx)dx ! 3], a
,[0 (Rx)dx ijdx {X}
2
0 0
'[ ydm
The y-coordinate of COM of the rod is y_,, = '[— =0 (asy =0)
dm
Similarly, Z.ou =0
2
Hence, the center of mass of the rod lies at {?,0, 0} Ans.
L]

CENTER OF MASS OF A SEMICIRCULAR RING

Figure shows the object (semi circular ring). By observation we can say that the x-coordinate of
the center of mass of the ring is zero as the half ring is symmetrical about y-axis on both sides of
the origin. Only we are required to find the y-coordinate of the center of mass.

v
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1
Tofindy,, weuse vy, =+ Idmy (i)

Here for dm we consider an elemental arc of the ring at an angle 6 from the x-direction of angular
width d6. If radius of the ring is R then its y coordinate will be R sin6, here dm is given as

d —MXRdG
m_nR

So from equation ---(i), we have

1 M . R in 0do
= — | —Rd6 (R sin6 = — |Sin
Vo™ 3[R0 RS0) = J
2R .
Yom = 1 ... (i)

CENTER OF MASS OF SEMICIRCULAR DISC

Figure shows the half disc of mass M and radius R. Here, we are only required to find the y-
coordinate of the center of mass of this disc as center of mass will be located on its half vertical
diameter. Here to find y__, we consider a small elemental ring of mass dm of radius x on the disc

(disc can be considered to be made up such thin rings of increasing radii) which will be integrated
from 0 to R. Here dm is given as

_am
~ aR?

dm (7 x)dx

et

2x
Now the y-coordinate of the element is taken as o as in previous section, we have derived that

o L 2R
the center of mass of a semi circular ring is concentrated at T

R T am
1 2x 1 j 2
. . - dm =2 = — X~ dx
Herey_ isgivenas y_. M .([ n M OﬂRz
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CENTER OF MASS OF A SOLID HEMISPHERE
The hemisphere is of mass M and radius R. To find its center of mass (only y-coordinate), we

consider an element disc of width dy, mass dm at a distance y from the center of the hemisphere.
The radius of this elemental disc will be given as

Yem

The mass dm of this disc can be given as

3M
dm = oRe x w2 dy
3M ,
= ors (RE-y9)dy

Y., of the hemisphere is given as

1 p 1R 3M
= — |dmy - _ 2 _ 2
R
3 2 .2
= (R®—y%)ydy
3
2R -([
_ 3R
ycm_ 8

CENTER OF MASS OF A HOLLOW HEMISPHERE
A hollow hemisphere of mass M and radius R. Now we consider an elemental circular strip of
angular width d6 at an angular distance 6 from the base of the hemisphere. This strip will have an
area.

dS = 2nR cos 0 Rd0O
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Its mass dm is given as

M
dm = 27R? 27nR cos 6 Rd6

Here y-coordinate of this strip of mass dm can be taken as R sin6. Now we can obtain the center
of mass of the system as.

1 2 1 3 M ,
= — |dmRsind = — 2nR“cos0dO | R si
ycm M .([ M ![21'CR2 T ] sing
2
. _ R
= Rz[sme cos6 do = Y., = >

CENTER OF MASS OF A SOLID CONE

A solid cone has mass M, height H and base radius R. Obviously the center of mass of this cone
will lie somewhere on its axis, at a height less than H/2. To locate the center of mass we consider
an elemental disc of width dy and radius r, at a distance y from the apex of the cone. Let the mass
of this disc be dm, which can be given as

3M
dm = RH x qr? dy
here y__ can be given as o]
T 6
y = 1 Iydm
cm M 0 y
H
v I
H 2 1
1 3M Ry
= — 21 d dy
M ! {nRan[ H] ny
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SOLVED EXAMPLE

Example 6. Find out the center of mass of an isosceles triangle of base length a and altitude b. Assume that the
mass of the triangle is uniformly distributed over its area.

Solution :
To locate the center of mass of the triangle, we take a strip of width dx at a distance x from the vertex
of the triangle. Length of this strip can be evaluated by similar triangles as
¢ = x. (a/b)
2M
Mass of the stripis dm =E rdx
Distance of center of mass from the vertex of the triangle is
N
1
Xoy = M J xdm
b
b, 2
= IZLZdX dx
o P
B a cv
_2,
~ 3
Proceeding in the similar manner, we can find the COM of certain rigid bodies. Center of
mass of some well known rigid bodies are given below :
1. Center of mass of a uniform rectangular, square or circular plate lies at its center. Axis of symme-

try plane of symmetry.

\C\OKTJ’ com
/.\ .
com L7
// \\
2. For a laminar type (2-dimensional) body with uniform negligible thickness the formulae for finding
the position of center of mass are as follows :
F _m1E|+m2F2 +...._pA1tE|+pA2tF2 +....
com m1+m2+.... pA1t+pA2t+.... (... m = pAt)

= AL +ALL +.
COM =
or —A1 A, Here, A stands for the area,
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3. If some mass of area is removed from a rigid body, then the position of center of mass of the
remaining portion is obtained from the following formulae:

. i myf — Myl i Al —Agl
com = com =
® my —m; or Ai-A;
. X m4X4 —MaX3 X Axqy—AgXy
com = com =
(ii) m,—m, or A —A,
Yoou = mqy1 —Mayo Yoou = A1y1=AzY,
m; —m, or A -A,
5 mqz, —myz, 5 Az -Ayz,
coM="— COM =" &
and m,—m, or A —A,

Here,m ,A,, 1, x,,y, and z, are the values for the whole mass whilem_, A, 1,, X, , y,and z, are the values
for the mass which has been removed. Let us see two examples in support of the above theory.

Example 7. Find the position of center of mass of the uniform lamina shown in figure.
Y

A
1
1
1

Solution : Here,
A, = area of complete circle = na?

na®

2
: a
A, = area of small circle = n(—j =
2 4

(x,, y,) = coordinates of center of mass of large circle = (0, 0)

a
and (x,, y,) = coordinates of center of mass of small circle = [E,Oj

. Aixq—AjpX
Using X, = —1A11—Az z
_ma’(a _[1]
_ 4 \2) _ 8 _a
wegethOM—ﬁ— 3 a——g
ma —T [4J

and y.,, = 0asy, and y, both are zero.

Therefore, coordinates of COM of the lamina shown in figure are [—2, Oj Ans.
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Center of Mass
L]
CENTER OF MASS OF SOME COMMON SYSTEMS
SLINII I
. oL —f
= A system of two point masses m,r, =m,r, me—c———*m
l——rf———]
The center of mass lies closer to the heavier mass. ! m,L m,L
m,+m, m+m,
y<—b—>|
Rectangular plate (By symmetry) (
cm. |L
T \
y
X = E = E X
°= 2 .= 2

O x.—~1

A triangular plate (By qualitative argument)

| X
h O
at the centroid : y_= 3

A semi-circular ring

A semi-circular disc

_ 4R
yC_ T XC

0,

vt
A hemispherical shell Yom m
BT

OI

R
2

1
o

Yo =
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vt
= A solid hemisphere
-tEEE

Y.= g X, = 0
= A circular cone (solid) h
h v
- -r-=>
Y. = Z |
= A circular cone (hollow)
h
h v
Y.= 3 PG

MOTION OF CENTER OF MASS AND CONSERVATION OF MOMENTUM :

Velocity of center of mass of system

dr, dr, drg dr,
Mmy—4+MmMy—%+mMg—>............. +m,—1 - - - -
S dt dt dt dt _ mMyVy+myVy +Mg Vg, +m, Vv,
Vem ™ M = M

Here numerator of the right hand side term is the total momentum of the system i.e., summation
of momentum of the individual component (particle) of the system

Hence velocity of center of mass of the system is the ratio of momentum of the system to the mass of the
system.

IBSysh = M\—/cm
Acceleration of center of mass of system

dv, dviz.ymsdL .............. +mnﬁ
dt dt dt_= M
M

—

M@, + Mya, + Maas.......... +m,a,

cm

_ Netforceonsystem _ Net External Force+Netinternal Force _ Net External Force

M M - M

(-~ action and reaction both of an internal force must be within the system. Vector summation will
cancel all internal forces and hence netinternal force on system is zero)

F.« =Ma.,
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where lfext is the sum of the 'external' forces acting on the system. The internal forces which the
particles exert on one another play absolutely no role in the motion of the center of mass.

If no external force is acting on a system of particles, the acceleration of center of mass of the
system will be zero. If a_ = 0, it implies that v_ must be a constant and if v__is a constant, it
implies that the total momentum of the system must remain constant. It leads to the principal of
conservation of momentum in absence of external forces.

If Foy =0 then v, = constant

“If resultant external force is zero on the system, then the net momentum of the system
must remain constant”.

Motion of COM in a moving system of particles:

1

COM at rest :

IfF_,=0andV_ =0, then COM remains at rest. Individual components of the system may

ext

move and have non-zero momentum due to mutual forces (internal), but the net momentum of
the system remains zero.

(i) All the particles of the system are at rest.
(i) Particles are moving such that their net momentum is zero.
example:
(iii) A bomb at rest suddenly explodes into various smaller fragments, all moving in different directions

then, since the explosive forces are internal & there is no external force on the system for explo-
sion therefore, the COM of the bomb will remain at the original position and the fragment fly such
that their net momentum remains zero.

(iv) Two men standing on a frictionless platform, push each other, then also their net momentum
remains zero because the push forces are internal for the two men system.

v) A boat floating in a lake, also has net momentum zero if the people on it changes their position,
because the friction force required to move the people is internal of the boat system.

(vi) Objects initially at rest, if moving under mutual forces (electrostatic or gravitation)also have net
momentum zero.

(vii) A light spring of spring constant k kept compressed between two blocks of masses m, and
m, on a smooth horizontal surface. When released, the blocks acquire velocities in oppo-
site directions, such that the net momentum is zero.

(viii)  Inafan, all particles are moving but COM is at rest
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)

@)

COM moving with uniform velocity :

If F

= 0, then V__remains constant therefore, net momentum of the system also remains

conserved. Individual components of the system may have variable velocity and momentum due to
mutual forces (internal), but the net momentum of the system remains constant and COM contin-
ues to move with the initial velocity.

(i)

All the particles of the system are moving with same velocity.

e.g.: A car moving with uniform speed on a straight road, has its COM moving with a
constant velocity.

Internal explosions / breaking does not change the motion of COM and net momentum
remains conserved. A bomb moving in a straight line suddenly explodes into various smaller
fragments, all moving in different directions then, since the explosive forces are internal & there is
no external force on the system for explosion therefore, the COM of the bomb will continue the
original motion and the fragment fly such that their net momentum remains conserved.

Man jumping from cart or buggy also exert internal forces therefore net momentum of the
system and hence, Motion of COM remains conserved.

Two moving blocks connected by a light spring on a smooth horizontal surface. If the
acting forces is only due to spring then COM will remain in its motion and momentum will
remain conserved.

Particles colliding in absence of external impulsive forces also have their momentum con-
served.

COM moving with acceleration :

If an external force is present then COM continues its original /,X@\L}
motion as if the external force is acting on it, irrespective of —@
internal forces. /@ @{
Example: @TI H =
I \
Projectile motion : An axe thrown in air at an angle 6 with the @’\ C@\N
horizontal will perform a complicated motion of ! !
rotation as well as parabolic motion under the effect of < C?
gravitation . R .
The motion of axe is complicated
but the COM is moving in a
parabolic motion.
u?sin?0
Hcom - 29
u?sin20 2usin®
R = — T=

com g g
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Example:

Circular Motion : Arod hinged at an end, rotates, than its
COM performs circular motion. The centripetal force (F ) re-
quired in the circular motion is assumed to be acting on the
COM.

2

SOLVED EXAMPLE

Example 8. Aprojectile is fired at a speed of 100 m/s at an angle of 37° above the horizontal. At the highest point,
the projectile breaks into two parts of mass ratio 1 : 3, the lighter piece coming to rest. Find the
distance from the launching point to the point where the heavier piece lands.

Solution : Internal force do not effect the motion of the center of mass, the center of mass hits the ground at the
position where the original projectile would have landed. The range of the original projectile is,

3 4 4m
: 2x10% x Zx— <
. = 2u2sinbcosd _ <~ 55 " AN
com - m \
g 10 Kj com 3m
=960 m

The center of mass will hit the ground at this position. As the smaller block comes to rest
after breaking, it falls down vertically and hits the ground at half of the range, i.e., at x =
480 m. If the heavier block hits the ground at x,, then

MyX4 +MyX,

Xcom = my +m,

960 = (m)(480) +(3m)(x3)
- (m+3m)

X, =1120 m Ans.

Momentum Conservation :

The total linear momentum of a system of particles is equal to the product of the total mass of the

system and the velocity of its center of mass. P=M v

> _dP
Fou = ot
- P —
If Fu =0 :>£=0 ; P = constant

dt
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When the vector sum of the external forces acting on a system is zero, the total linear momentum of
the system remains constant.

Example 9.

Solution :

Example 10.

Solution :

SOLVED EXAMPLE

_\-UJ,

— — —
+ P2 + P3+ ............... + Pn = constant.

A shell is fired from a cannon with a speed of 100 m/s at an angle 60° with the horizontal (positive x-
direction). At the highest point of its trajectory, the shell explodes into two equal fragments. One of
the fragments moves along the negative x-direction with a speed of 50 m/s. What is the speed of the
other fragment at the time of explosion.

As we know in absence of external force the motion of center of mass of a body remains
unaffected. Thus, here the center of mass of the two fragments will continue to follow the
original projectile path. The velocity of the shell at the highest point of trajectory is

v,, = ucosb = 100 xcos60° = 50 m/s.

Let v, be the speed of the fragment which moves along the negative x-direction and the
other fragment has speed v,,. which must be along positive x-direction. Now from momen-
tum conservation, we have

-m
mv=—V +—V or 2v=v,-vV,

or v,=2v+v, =(2x50)+50=150m/s

A man of mass m is standing on a platform of mass M kept on smooth ice. If the man starts moving
on the platform with a speed v relative to the platform, with what velocity relative to the ice does the
platform recoil ?

Consider the situation shown in figure. Suppose the man moves at a speed w towards right and
the platform recoils at a speed V towards left, both relative to the ice. Hence, the speed of the
man relative to the platform is V + w. By the question,

V+w=v,orw=v-V ... (i)

Taking the platform and the man to be the system, there is no
external horizontal force on the system. The linear momentum
of the system remains constant. Initially both the man and the
platform were at rest. Thus,

0=MV -mw or, MV =m (v-V) [Using (i)]

. mv
M+m'

or,
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Example 11. A flat car of mass M is at rest on a frictionless floor with a child of mass m standing at its edge. If
child jumps off from the car towards right with an initial velocity u, with respect to the car, find the
velocity of the car after its jump.

Solution :

Let car attains a velocity v, and the net velocity of the child with respect to earth will be
u-—v, as uis its velocity with respect to car.

Py

L

p
lc

Initially, the system was at rest, thus according to momentum conservation, momentum
after jump must be zero, as

m(u-v)=Mv

mu
m+M

Example 12.  Aflat car of mass M with a child of mass m is moving with a velocity v ,on afriction less surface. The
child jumps in the direction of motion of car with a velocity u with respect to car. Find the final
velocities of the child and that of the car after jump.

Solution : This case is similar to the previous example, except now the car is moving before jump. Here also no
external force is acting on the system in horizontal direction, hence momentum remains conserved
in this direction. After jump car attains a velocity v, in the same direction, which is less than v, due
to backward push of the child for jumping. After jump child attains a velocity u + v, in the direction of
motion of car, with respect to ground.

m

|NI %IL oM pf{fu—>
7777777777%%777777777777%7%7777777777777777777777777777’

According to momentum conservation
(M+m)v, =Mv,+m (u+v,)
Velocity of car after jump is

v = (M+m)v,; —mu
2 M+m

(M+m)v, +(Mu

Velocity of child after jumpis u+v,= v
+m
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Example 13.

Solution :

Example 14.

Solution :

Each of the blocks shown in figure has mass 1 kg. The rear block moves with a speed of
2 m/s towards the front block kept at rest. The spring attached to the front block is light and
has a spring constant 50 N/m. Find the maximum compression of the spring. Assume, on a
friction less surface

—_—

k=50N/m
1kg —wsrroe— 1kg

T T T o IO

Maximum compression will take place when the blocks move with equal velocity. As no net
external horizontal force acts on the system of the two blocks, the total linear momentum will
remain constant. If V is the common speed at maximum compression, we have,

(1 kg) (2 m/s) = (1 kg)V + (1 kg)V

or, V =1m/s.

(1kg) (2m/s)?=2J.

N| =

Initial kinetic energy =

Final kinetic energy

= % (1 kg) (1m/s)? + % (1kg) (1 m/s)2 =1J

The kinetic energy lost is stored as the elastic energy in the spring.

1
Hence, 5(50 N/m)x2=2J-1J=1J

or, x=0.2m.

Figure shows two blocks of masses 5 kg and 2 kg placed on a frictionless surface and con-
nected with a spring. An external kick gives a velocity 14 m/s to the heavier block towards the
lighter one. Deduce (a) velocity gained by the center of mass and (b) the separate velocities of
the two blocks with respect to center of mass just after the kick.

TITHHTTTT T I T T O TITITIT
(@) Velocity of center of mass is
_ 5x14+2x0 10 m/
Ven™ "5 T IS
(b) Due to kick on 5 kg block, it starts moving with a velocity 14 m/s immediately, but

due to inertia 2 kg block remains at rest, at that moment. Thus, velocity of 5 kg
block with respect to the center of massisv, =14 — 10 =4 m/s and the velocity
of 2 kg block w.r.t. to center of massisv,=0-10=-10 m/s
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Example 15.

Solution :

Example 16.

Solution :

A light spring of spring constant k is kept compressed between two blocks of masses m and M
on a smooth horizontal surface. When released, the blocks acquire velocities in opposite di-
rections.

The spring loses contact with the blocks when it acquires natural length. If the spring was
initially compressed through a distance x, find the final speeds of the two blocks.

Consider the two blocks plus the spring to be the system. No external force acts on this
system in horizontal direction. Hence, the linear momentum will remain constant.
Suppose, the block of mass M moves with a speed v, and the other block with a
speed v, after losing contact with the spring. From conservation of linear momentum in
horizontal direction we have

m
Mv,—mv,=0 or V1=MV2’ ()]

1
Initially, the energy of the system = 2 kx?

1 1
Finally,the energy of the system = 5 mv,2 + 2 Mv 2

As there is no friction, mechanical energy will remain conserved.

1 1 1 .
Therefore, Emv22+ EMV12= Ekx2 ... (i)

Solving Egs. (i) and (ii), we get

) r kM —1/2X
or; V2T [ mM+m) |

_|__km
Vit IMM+m)| X

and Ans.

A block of mass m is connected to another block of mass M by a massless spring of spring
constant k. The blocks are kept on a smooth horizontal plane and are at rest. The spring is
unstretched when a constant force F starts acting on the block of mass M to pull it. Find the
maximum extension of the spring.

™ OO0 M

i

We solve the situation in the reference frame of center of mass. As only F is the external
force acting on the system, due to this force, the acceleration of the center of mass is F/
(M + m). Thus with respect to center of mass there is a Pseudo force on the two masses
in opposite direction, the free body diagram of m and M with respect to center of mass
(taking center of mass at rest) is shown in figure.
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4
3@
N

Taking center of mass at rest, if m moves maximum by a distance x, and M moves maximum
by a distance x,, then the work done by external forces (including Pseudo force) will be

mF [F MF j mF
+ |F-

m+M’ m+M 2" meM X))

This work is stored in the form of potential energy of the spring as
1 2
u-= 5 k(x, + x,)

Thus on equating we get the maximum extension in the spring, as after this instant the
spring starts contracting.

1 ”_ mF
2 k(x, + x,)* = M - (x, *+x,)
2mF
Xma)<=x1+x2= k(m+M)
L]
IMPULSE

Impulse of a force F acting on a body for the time interval t = t tot = t,is defined as :-

ty . - _
=] Fa N I_Jth_ m—dt_dev
I1=m(V,-v, )= A P = change in momentum due to force
- t, -
Also, I = ItZ Fres dt = AP (impulse - momentum theorem)
1

Note: Impulse applied to an object in a given time interval can also be
calculated from the area under force time (F-t) graph in the same
time interval.

Instantaneous Impulse :

There are many cases when a force acts for such a short time that the effect is instantaneous,
e.g., a bat striking a ball. In such cases, although the magnitude of the force and the time for
which it acts may each be unknown but the value of their product (i.e., impulse) can be known by
measuring the initial and final momenta. Thus, we can write.

- [Fat=aP=p R
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Important Points :

— SoLveD EXAMPLE

Example 17.

Solution :

M

It is a vector quantity.

Dimensions = [MLT-]

ST unit = kg m/s

Direction is along change in momentum.

Magnitude is equal to area under the F-t. graph.
i= [Fat = [dt = £, at

It is not a property of a particle, but it is a measure of the degree to which an external force
changes the momentum of the particle.

The hero of a stunt film fires 50 g bullets from a machine gun, each at a speed of 1.0 km/s. If
he fires 20 bullets in 4 seconds, what average force does he exert against the machine gun
during this period.

The momentum of each bullet
= (0.050 kg) (1000 m/s) = 50 kg-m/s.

The gun has been imparted this much amount of momentum by each bullet fired. Thus, the rate
of change of momentum of the gun

(50 kg—m/s)x 20

= 4s =250 N.

In order to hold the gun, the hero must exert a force of 250 N against the gun.

Impulsive force :

A force, of relatively higher magnitude and acting for relatively shorter time, is called impulsive force.

An impulsive force can change the momentum of a body in a finite magnitude in a very short time
interval. Impulsive force is a relative term. There is no clear boundary between an impulsive and Non-
Impulsive force.

Note: Usually colliding forces are impulsive in nature.

Since, the application time is very small, hence, very little motion of the particle takes place.

Important points :

1. Gravitational force and spring force are always non-Impulsive.

2. Normal, tension and friction are case dependent.

3. An impulsive force can only be balanced by another impulsive force.
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1. Impulsive Normal : In case of collision, normal forces at the surface of collision are always impulsive
—_ <«

m, [N N—| m;

eg. N. = Impulsive; N_ = Non-impulsive
ST T T (= Implsiver 1, =Horimp
N, mg N,,m.g

Both normals are Impulsive

N,, N, = Impulsive; N, = non-impulsive

Both normals are Impulsive

N,

2, Impulsive Friction : If the normal between the two objects is impulsive, then the friction between the
two will also be impulsive.

Friction at both surfaces is impulsive

Friction due to N, is non-impulsive and due to

N, and N, are impulsive
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3. Impulsive Tensions : When a string jerks, equal and opposite tension act suddenly at each
end. Consequently equal and opposite impulses act on the bodies attached with the string in the
direction of the string. There are two cases to be considered.

(a)

(b)

One end of the string is fixed :

The impulse which acts at the fixed end of the string cannot change the momentum of the
fixed object there. The object attached to the free end however will undergo a change in
momentum in the direction of the string. The momentum remains unchanged in a direction
perpendicular to the string where no impulsive forces act.

Both ends of the string attached to movable objects :

In this case equal and opposite impulses act on
the two objects, producing equal and opposite
changes in momentum. The total momentum of the Tis Impulsive
system therefore remains constant, although the
momentum of each individual object is changed in
the direction of the string. Perpendicular to the string
however, no impulse acts and the momentum of each

T is non-impulsive

T is non-impulsive
particle in this direction is unchanged.
All normal are impulsive but tension
T is impulsive only for the ball A

For this example:

In case of rod, Tension is always impulsive and in case of spring, Tension is always non-impulsive.

SOLVED EXAMPLE

Example 18. A block of mass m and a pan of equal mass are connected by a string

Solution :

going over a smooth light pulley. Initially the system is at rest when a

particle of mass m falls on the pan and sticks to it. If the particle strikes

the pan with a speed v, find the speed with which the system moves just “
after the collision. m

"
m)

Let the required speed is V.

Further, let J, = impulse between particle and pan

and J, = impulse imparted to the block and the pan by the string
Using, impulse = change in momentum

For particle J,=mv -mV ..(0)

For pan J,-Jd,=mv. . (i)

For block J,=mv.... . (iii)

Solving, these three equation, we get V = Ans.
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Alternative Solution :

Applying conservation of linear momentum along the string;
mv = 3mV

Ans.

t V—l
we get, =3

Example 19. Two identical block A and B, connected by a massless string are placed on a frictionless horizontal
plane. Abullet having same mass, moving with speed u strikes block B from behind as shown. If the
bullet gets embedded into the block B then find :

m m

A Ce—>|lpg

I T

a) The velocity of A,B,C after collision.

C

(

(b) Impulse on Adue to tension in the string

(c) Impulse on C due to normal force of collision.
(

)
)
)
)

d) Impulse on B due to normal force of collision.

Solution :
u
(@) By Conservation of linear momentum v = 3
mu
0  [Ta=TF
u —2mu
Ndt=m| =—-u| =
©  [Na-m{dou) o 2
mu
@  JN-Tydt = Ith—ITdt_T
Ith _2mu
3
L]

COLLISION OR IMPACT

Collision is an event in which an impulsive force acts between two or more bodies for a short time,
which results in change of their velocities.

Note : (a) In a collision, particles may or may not come in physical contact.

(b) The duration of collision, At is negligible as compared to the usual time intervals of observation
of motion.
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(c) In a collision the effect of external non impulsive forces such as gravity are not taken into a
account as due to small duration of collision (At) average impulsive force responsible for colli-
sion is much larger than external forces acting on the system.

The collision is infact a redistribution of total momentum of the particles. Thus, law of
conservation of linear momentum is indispensable in dealing with the phenomenon of collision
between particles.

Line of Impact

The line passing through the common normal to the surfaces in contact during impact is called line of
impact. The force during collision acts along this line on both the bodies.

Direction of Line of impact can be determined by:
(a) Geometry of colliding objects like spheres, discs, wedge etc.
(b) Direction of change of momentum.

If one particle is stationary before the collision then the line of impact will be along its motion after
collision.

Classification of collisions
(a) On the basis of line of impact

(i) Head-on collision : If the velocities of the colliding particles are along the same line before
and after the collision.

(ii) Oblique collision : If the velocities of the colliding particles are along different lines before
and after the collision.

(b) On the basis of energy :

(i) Elastic collision : In an elastic collision, the colliding particles regain their shape and size
completely after collision. i.e., no fraction of mechanical energy remains stored as defor-
mation potential energy in the bodies. Thus, kinetic energy of system after collision is equal
to kinetic energy of system before collision. Thus in addition to the linear momentum, ki-
netic energy also remains conserved before and after collision.

(ii) Inelastic collision : In an inelastic collision, the colliding particles do not regain their shape
and size completely after collision. Some fraction of mechanical energy is retained by the
colliding particles in the form of deformation potential energy. Thus, the kinetic energy of
the particles after collision is not equal to that of before collision. However, in the absence
of external forces, law of conservation of linear momentum still holds good.

(iii) Perfectly inelastic : If velocity of separation along the line of impact just after collision be-
comes zero then the collision is perfectly inelastic. Collision is said to be perfectly
inelastic if both the particles stick together after collision and move with same velocity,

Note : Actually collision between all real objects are neither perfectly elastic nor perfectly inelastic, its inelas-
tic in nature.
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Examples of line of impact and collisions based on line of impact

)] Two balls A and B are approaching each other such that their centers are moving along line CD.

Line of impact
and line of motion

AL
C \\A/\B/ D

Head on Collision

(i) Two balls A and B are approaching each other such that their center are moving along dotted lines as shown
in figure.

Line of motio_Q* o

Line of motion
of ball B

of ball A

- - - — - - -

Line of impact
Oblique Collision

(iii) Ball is falling on a stationary wedge.

Line of motion of ball
1

Line of impact

Oblique Collision

COEFFICIENT OF RESTITUTION (e)

The coefficient of restitution is defined as the ratio of the impulses of reformation and
deformation of either body.

Impulse of reformation IFr dt
© = Impulse of deformation ~ IFd dt

Velocity of seperation along line of impact
Velocity of approach along line of impact

The most general expression for coefficient of restitution is

velocity of separation of points of contact along line of impact
velocity of approach of point of contact along line of impact
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Example for calculation of e

Two smooth balls A and B approaching each other such that their centers are moving along line CD in
absence of external impulsive force. The velocities of Aand B just before collision be u, and u, respectively.
The velocities of Aand B just after collision be v, and v, respectively.

Just Before collision

Just After collision

[V U, V1 V2
— —> —_— —
Line of impact Line of impact
C D C D
A B A B
L‘|1 > UZ V1 < VZ
u, % v,
u — v — v —
1 . . 1 .
- A _J/
Y Y
Deformation Reformation
F.. =0 momentum is conserved for the system.
= mu, +m,u,=(m +my)v=my, +my,
mqU4 +MsyUy M4V +MyVy
= V= =——————— .. (1)
my +my mq +m,

Impulse of Deformation :
J, = change in momentum of any one body during deformation.
=m,(v-u,) form,
=m,(-v+u,) form,

Impulse of Reformation :
Ji = change in momentum of any one body during Reformation.

=m,(v,—V) form,
=m,(v-v,) form,
Impulse of Reformation (JR) Vo — V4 Velocity of separation along line of impact
" Impulse of Deformation (J;) Ui—Uz ~ Velocity of approach along line of impact

Note : eisindependent of shape and mass of object but depends on the material.

The coefficient of restitution is constant for a pair of materials.

(@) e=1 o Impulse of Reformation = Impulse of Deformation
« Velocity of separation = Velocity of approach
e Kinetic energy of particles after collision may be equal to that of before collision.
o Collision is elastic.

(b) e=0 o Impulse of Reformation =0
« Velocity of separation =0
o Kinetic energy of particles after collision is not equal to that of before collision.
o Collision is perfectly inelastic .
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(c) O<e<1 o Impulse of Reformation < Impulse of Deformation

« Velocity of separation < Velocity of approach
e Kinetic energy of particles after collision is not equal to that of before collision.

o Collision is Inelastic.

Note : In case of contact collisions e is always less than unity.

0<ex<1

Important Point :
In case of elastic collision, if rough surface is present then
k. <k, (because friction is impulsive)

Where, k is Kinetic Energy.

Rough

A particle ‘B’ moving along the dotted line collides with a rod also in state of motion as shown in the figure.
The particle B comes in contact with point C on the rod.

To write down the expression for coefficient of restitution e, we first draw the line of impact. Then we resolve
the components of velocities of points of contact of both the bodies along line of impact just before and just
after collision.

Just Before Collision Just After Collision
N v B
> B C B c
C Line of impact I Uy, U Line of impact | Vi Vau
Uy, Y v

Uy, 1y 2y
Vox —Vix
Then e=77—
Ugx — U2y

Collision in one dimension (Head on)

m, m, m, m,

au1

(a) (b)
Before Collision After Collision

u1>u2 V2>V1
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Vo — V4

e= = (u,—u)e=(v,—v,)

Uy —uz
By momentum conservation,
m1u1 + m2u2 = m1v1 + m2v2

v,=Vv, +e(u,—u,)

MUy +MyUy, —Mye(uy —Uy)

and v, =
m; +m,

_ Myuy +myuy +mye(uy —Uy)

2 mq +m,

Special Case :

(1) e=0

= V=V,

= for perfectly inelastic collision, both the bodies, move with same vel. after collision.
2) e=1

and m,=m,=m,

we get v, =u,andv,=u,

i.e., when two particles of equal mass collide elastically and the collision is head on, they ex-

change their velocities., e.g.

4m/s  3mls
— <

m m

Before Collision

Asfter Collision

v,=0
2m/s
m — m
Before Collision
(3) m,>>m,
m
m,+m, ~ m, and —2
my
= v,=u, Nochange

and v,=u,+e(u, —u,)

After Collision
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SOLVED EXAMPLE

Example 20. Two identical balls are approaching towards each other on a straight line with velocity 2 m/s
and 4 m/s respectively. Find the final velocities, after elastic collision between them.

2m/s 4m/s

The two velocities will be exchanged and the final motion is reverse of initial motion for both.

4m;mls

Example 21. Three balls A, B and C of same mass ‘m’ are placed on a frictionless horizontal plane in a
straight line as shown. Ball A is moved with velocity u towards the middle ball B. If all the
collisions are elastic then, find the final velocities of all the balls.

Solution :

m m m
Solution :

A collides elastically with B and comes to rest but B starts moving with velocity u

MO ©)

After a while B collides elastically with C and comes to rest but C starts moving with velocity u

m m m u
.. Final velocities

V,=0;
Vo=0andV_ =u Ans.

Example 22. Fouridentical balls A, B, C and D are placed in a line on a frictionless horizontal surface. A and
D are moved with same speed ‘u’ towards the middle as shown. Assuming elastic collisions,
find the final velocities.

A~ ® © (O
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Solution :

Example 23.

Solution :

A and D collides elastically with B and C respectively and come to rest but B and C starts
moving with velocity u towards each other as shown

(A)E)> <~CXD)

B and C collides elastically and exchange their velocities to move in opposite directions

u u
% GAG %
Now, B and C collides elastically with A and D respectively and come to rest but A and D starts

moving with velocity u away from each other as shown

u u

A AN
T T
. Final velocities V,=u («);V,=0;V_,=0and V =u(—) Ans.

Two particles of mass m and 2m moving in opposite directions on a frictionless surface collide
elastically with velocity v and 2v respectively. Find their velocities after collision, also find the
fraction of kinetic energy lost by the colliding particles.

2V Y
m —> <— 2m

Let the final velocities of m and 2m be v, and v, respectively as shown in the figure:

V, &
m —> 2m —>

By conservation of momentum:
m(2v) + 2m(-v) =m(v,) + 2m (v,)
or 0=mv, +2mv,
or v,+2v,=0 (1)
and since the collision is elastic:
V,—V, =2V —(-V)

or v,—-v,=3v (2)
Solving the above two equations, we get,
v,=vandv, =-2v Ans.

i.e., the mass 2m returns with velocity v while the mass m returns with velocity 2v in the
direction shown in figure:

2v v
<«— m 2m —

The collision was elastic therefore, no kinetic energy is lost, KE loss = KE, - KE,

o [3meev e Jemiev |- Gmean? +Jamyt | < o
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Example 24.

Solution :

Example 25.

Solution :

On africtionless surface, a ball of mass m moving at a speed v makes a head on collision with
an identical ball at rest. The kinetic energy of the balls after the collision is 3/4th of the original.
Find the coefficient of restitution.

As we have seen in the above discussion, that under the given conditions :

m m m m !

\% v, v,
—> — —>
Before Collision After Collision

By using conservation of linear momentum and equation of e, we get,

, (1+e , (1-e
V1=7V and V2=TV

3

Given that Kf = 4Ki
1 1 3(1 >
— 24 — 2= 2| —mv
or S mv, + 5 My, 2 [2 ]

Substituting the value, we get
1+e) 1-e)? 3
— | t || ==
2 2 4
1
or e= E Ans.

A block of mass 2 kg is pushed towards a very heavy object moving with 2 m/s closer to the
block (as shown). Assuming elastic collision and frictionless surfaces, find the final velocities
of the blocks.

2m/s very
10m/s heavy
2kg > object

I T T

Letv, and v, be the final velocities of 2kg block and heavy object respectively then,
v,=u,+1(u,—-u,)=2u, —u, =-14m/s

v, =-2m/s

2m/s

| very
14mls heavy
< 2kg object

T T

—

T
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Example 26. A ballis moving with velocity 2 m/s towards a heavy wall moving towards the ball with speed
1m/s as shown in fig. Assuming collision to be elastic, find the velocity of the ball immediately
after the collision.

Solution :

The speed of wall will not change after the collision. So, let v be the velocity of the ball
after collision in the direction shown in figure. Since collision is elastic (e = 1),

2m/s 1mls \% 1m/s
— <] <— <—
Before Collision After Collision

separation speed = approach speed
or v—1=2+1

or v=4m/s Ans.

Example 27. Two balls of masses 2 kg and 4 kg are moved towards each other with velocities 4 m/s and
2 m/s respectively on a frictionless surface. After colliding the 2 kg ball returns back with
velocity 2m/s.

Just before collision Just after collision

4m/s 2m/s 2m/s
(o) > ~{ug) () 0)o

Then find:
a) velocity of 4 kg ball after collision

b) coefficient of restitution e.

(

(

(c) Impulse of deformation J .

(d) Maximum potential energy of deformation.
(

e) Impulse of reformation J...



JEE (Adv.)-Physics Center of Mass

Solution :
(@) By momentum conservation,
2(4)-4(2) = 2(=2) + 4(v,) = v,=1mls
velocity of separation ~ 1-(-2) 3
(b) e= : = ===0.5
velocity of approach 4-(-2) 6
(c) At maximum deformed state, by conservation of momentum, common velocity is v = 0.
Jy=m(v-u)=my(v-u,)=2(0-4)=-8N-s
=4(0-2)=-8N-s
or =4(0-2)=-8N-s
(d) Potential energy at maximum deformed state U = loss in kinetic energy during deformation.
U= LIS S w]_ 1 + 2
or —211222—2(m1 m,)v
1 2 1 2 1
- [52<4> +2402) ] ~ 5 (2+4) (0F
or U =24 Joule
(e) Je=m(v,=v)=m,(v-v,) =2(-2-0)=-4N-s
or =4(0-1)=—4 N-s
Jr
or e = J
= J; =ed;, =(0.5)(-8) =—4 N-s

L]

Collision in two dimension (oblique)

1. A pair of equal and opposite impulses act along common normal direction. Hence, linear momen-
tum of individual particles do change along common normal direction. If mass of the colliding
particles remain constant during collision, then we can say that linear velocity of the individual
particles change during collision in this direction.

2. No component of impulse act along common tangent direction. Hence, linear momentum or linear
velocity of individual particles (if mass is constant) remain unchanged along this direction.

3. Net impulse on both the particles is zero during collision. Hence, net momentum of both the
particles remain conserved before and after collision in any direction.

4. Definition of coefficient of restitution can be applied along common normal direction, i.e., along

common normal direction we can apply

Relative speed of separation = e (relative speed of approach)
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SOLVED EXAMPLE

Example 28. A ball of mass m hits a floor with a speed v making an angle of incidence a with the normal.
The coefficient of restitution is e. Find the speed of the reflected ball and the angle of reflection
of the ball.

Solution :

The component of velocity v, along common tangential direction v sin o will remain un-
changed. Let v be the component along common normal direction after collision. Applying,
Relative speed of separation = e (Relative speed of approach)
along common normal direction, we get
vV =ev, cos a
. : Vv (= ev,cosa)
\\\ o : '
N X V
‘Hvosina B
o V,Sina
VO
V,COS0L
Thus, after collision components of velocity v’ are v sin a.and ev cos a
" 2 2
V'= \/(v0 sina)” + (ev, cosa) Ans. ev,cosa
Vg sina
and tan B = —evo oS O
tana
or tan B = Ans.
e
Note : For elastic collision, e = 1
V=V, and B=a

Example 29. A ball of mass m makes an elastic collision with another identical ball at rest. Show that if the
collision is oblique, the bodies go at right angles to each other after collision.

Solution :

In head on elastic collision between two particles, they exchange their velocities. In this
case, the component of ball 1 along common normal direction, v cos 6
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becomes zero after collision, while that of 2 becomes v cos 6. While the components
along common tangent direction of both the particles remain unchanged. Thus, the com-
ponents along common tangent and common normal direction of both the balls in tabular

form are given below.

V,Sin 6

@

Vv cos O

Before collision

V,Sin 6

Vv Ccos 0

After collision

Component along common

Component along common normal

Ball tangent direction direction
Before collision After collision Before collision After collision
1 vsin @ vsin @ vV CoS 0 0
2 0 0 0 VCOS 0

From the above table and figure, we see that both the balls move at right angle after
collision with velocities v sin 6 and v cos 0.

Note : When two identical bodies have an oblique elastic collision, with one body at rest before collision, then

the two bodies will go in L directions.

Example 30.

Two spheres are moving towards each other. Both

have same radius but their masses are 2 kg and 4
kg. If the velocities are 4 m/s and 2 m/s respec-

tively and coefficient of restitution is e = 1/3, find.

(@)

The common velocity along the line of impact.

Final velocities along line of impact.

Impulse of deformation.

impulse of reformation.

Maximum potential energy of deformation.

Loss in kinetic energy due to collision.
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Solution :
Line of motion
*+. Line of impact
BC R 1
In AABC sin0=—=—=— or0=30°
AB 2R 2
(@) By conservation of momentum along line of impact.
_LOI
: 4sin30°
2kg" 30° 4mis 4sin30°
4cos30° . ) .
" 2c0s30° v
30° N
2m/s ‘%{3‘?"9 2sin30°
2sin30°
Maximum Deformed State
Just Before Collision Along LOI
2(4 cos 30°) —4(2cos 30°) = (2 + 4)v
or v=0 (common velocity along LOI)
4sin30°
2kg™,!
4kg»B
V2
2sin30°

Just After Collision Along LOI

Letv, and v, be the final velocity of A and B respectively then, by conservation of momentum along line

of impact,
2(4cos 30°) — 4(2cos 30°) = 2(v,) + 4(v,)
or O=v,+2v,_......... (1)

By coefficient of restitution,



JEE (Adv.)-Physics Center of Mass

or

Example 31.

_ velocity of separation along LO I
velocity of approach along LO I

1 Vo — V4 _
3~ 4co0s30°+2cos30° or V,—V,= 3 (2)

from the above two equations,

—2 / d 1 m/s
v1=—m S an V2=T .
3

73

Jy=m(v—u,)=2(0-4cos30° = —43 N-s

1 4
J.=ed = 5(_4\/§)=_ﬁ N-s

Maximum potential energy of deformation is equal to loss in kinetic energy during deformation upto

maximum deformed state,

1

1 1
U= Em1(u1 cos )’ + Emz(u2 cos 0)*— E(m1 +m,)v?

1 1 1
= 52(4 cos 30°)2 + 54(—2003 30°)2 — 5 (2+4) () or U =18 Joule.

Loss in kinetic energy,

1 1 1 2 1
AKE = 3 m.(u, cos 0)* + 3 m_(u, cos 0)* — [EmM +Em2V§J

1 : 2] 1)
=5 2(4 cos 30°)* + 5 4(-2 cos 30°)* - | 5 J3 2 (3

AKE =16 Joule

Two point particles A and B are placed in line on a frictionless horizontal plane. If particle A
(mass 1 kg) is moved with velocity 10 m/s towards stationary particle B (mass 2 kg) and after
collision the two move at an angle of 45° with the initial direction of motion, then find :

A B
€)) Velocities of A and B just after collision.

(b) Coefficient of restitution.



JEE (Adv.)-Physics Center of Mass

Solution :

The very first step to solve such problemsiis to find the line of impact which is along the direction of
force applied by A on B, resulting the stationary B to move. Thus, by watching the direction of
motion of B, line of impact can be determined. In this case line of impact is along the direction of
motion of B. i.e. 45° with the initial direction of motion of A.

‘\‘ Va
T N y
45°
Ve
* X

I:ine of impact

(@ By conservation of momentum, along x direction: m, u, =m,v, cos 45° + m_v, cos 45°
or 1(10) = 1(v, cos 45°) + 2(v,, (cos 45°)
or VLRV = 1040200 (1)

alongy direction
0=m,v,sin45°+ m_v,_sin 45°
or 0 =1(v,sin 45°) —2(v, sin 45°)
or VT2V, (2)

solving the two equations,

10
v, = Em/s and Vg = E m/s.

_ velocity of separation along line of impect
veloctiy of approach alongline of impect

Va,
A \‘A
A ‘2450 B\ 90°
u,cos45° &, v,Ccos 90° Ve
Lor Lot
Before collision After collision
S
—=-0
_ Vg —V,cos90° B V2 _1 An
o T U, cos45° - 10 T2 S

N
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Example 32.

Solution :

Example 33.

A smooth sphere of mass m is moving on a horizontal plane with a velocity 3?+] when it

collides with a vertical wall which is parallel to the vector j. If the coefficient of restitution

1
between the sphere and the wall is o find

(a) the velocity of the sphere after impact,

(b) the loss in kinetic energy caused by the impact.

(c) the impulse J that acts on the sphere.

Let v be the velocity of the sphere after impact.

To find v we must separate the velocity components parallel and perpendicular to the
wall.

Using the law of restitution the component of velocity paral-
lel to the wall remains unchanged while component perpen-
dicular to the wall becomes e times in opposite direction.

Th V=—Ji4]
us, it

3 < “
(@) Therefore, the velocity of the sphere after impact is = _EI +] Ans.

3

2
; _ 1 2 1 2 = 1 2 2 1 U412 =£m
(b) The loss in K.E. = Emv —Emu = Em(3 +12) - Em 2 8 Ans.

- - - - 32 - A 9 -
(c) J =AP=P;-P =m(v)-m(u) = m [_E'“j - m(3i+j) = -—5mi  Ans.

Two smooth spheres, A and B, having equal radii, lie on a horizontal table. Ais of mass m and B

is of mass 3m. The spheres are projected towards each other with velocity vector 5i + 2] and

2i— ] respectively and when they collide the line joining their centers is parallel to the vector i .

1
If the coefficient of restitution between Aand Bis 3 find the velocities after impact and the loss in

kinetic energy caused by the collision. Find also the magnitude of the impulses that act at the
instant of impact.
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Solution :

The line of centers at impact, is parallel to the vector i, the velocity components of A and

B perpendicular to i are unchanged by the impact.

2 2
T T
-r—m Bm—s) J J ~—m Gm— x>
5 €«<— m 3m——> u
Applying conservation of linear momentum and the law of restitution, we have
in x direction 5m + (3m) (2) = mu + 3 mv )
1 .
and 5(5—2) =v—-u (i)

Solving these equations, we have u=2andv =3

The velocities of A and B after impact are therefore,
2i+2] and 3i-] respectively Ans.
Before impact the kinetic energy of Ais

1 29
_ 2 2y = =%
2m(5 + 22) 5 m

15

and of B is (3m)(22 + 12) = o m

N| =

After impact the kinetic energy of Ais

1
5 m(22 + 22) = 4m

(3m) (32+ 12) = 15 m

N| =

and of B is

Therefore, the loss in K.E. at impactis

29 15
7m+?m—4m—15m=3m Ans.

To find value of J, we consider the change in momentum along i for one sphere only.
For sphere B J=3m(3-2)

or J=3m Ans.
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Example 34.

Solution :

or

or

A small steel ball A is suspended by an inextensible thread of length

¢ =1.5from O. Another identical ball is thrown vertically downwards o
such that its surface remains just in contact with thread during B
downward motion and collides elastically with the suspended ball. If

the suspended ball just completes vertical circle after collision,

calculate the velocity of the falling ball just before collision. A

(g=10ms=32)

Velocity of ball A just after collision is /5gl

Let radius of each ball be r and the joining centers of the two balls makes an angle 6 with
the vertical at the instant of collision, then

D

B’°A
sin 6 = - = 1 or 6 = 30° 2r o "2 v, cos30°
2r 2 B ’
‘ v,sin30°

VO

Let velocity of ball B (just before collision) be v . This velocity can be resolved into two
components, (i) v, cos 30°, along the line joining the center of the two balls and (ii) v sin
30° normal to this line. Head -on collision takes place due to v, cos 30° and the compo-
nent v sin 30° of velocity of ball B remains unchanged.

Since, ball Ais suspended by an inextensible string, therefore, just after collision, it can
move along horizontal direction only. Hence, a vertically upward impulse is exerted by
thread on the ball A. This means that during collision two impulses act on ball A simulta-
neously. One is impulsive interaction J between the balls and the other is impulsive reac-
tion J’ of the thread.

Velocity v, of ball B along line of collision is given by

J —mv, cos 30°=mv,

J
v, = ™ v,cos 30° ............ (i)

Horizontal velocity v, of ball Ais given by J sin 30° =mv,

J e
Vo= oy e (ii)
mv, cos 30°
.. mv,
B Y
mv, sin 30° \ J
£ J \Z
mv, sin 30 V. Sin30°
2
small size A
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Since, the balls collide elastically, therefore, coefficient of restitutionise = 1.

_ V2sin30°~(-v4)
v, cos30°-0

S I (iif)

Hence,

Solving Egs. (i), (ii), and (iii), J =1.6 mv cos 30°

v,=0.6v,cos 30° and v,=0.8v cos 30°

Since, ball A just completes vertical circle, therefore v, = ,/5g/

0.8v,cos 30°= ,/5g¢ or v,=12.5ms” Ans.

L]

VARIABLE MASS SYSTEM :
If amass is added or ejected from a system, at rate u kg/s and relative velocity v, (w.r.t. the system),

then the force exerted by this mass on the system has magnitude u|\7,e|| .

Thrust Force (F,)

= . (dm
Ft:Vrel[Ej

Suppose at some moment t = t mass of a body is m and its velocity is v . After some time att =
t + dt its mass becomes (m — dm) and velocity becomes y +dv. The mass dm is ejected with

relative velocity v, . Absolute velocity of mass ‘dm’ is therefore (v + v, ). If no external forces are
acting on the system, the linear momentum of the system will remain conserved, or

P|:Pf
or my =(m-dm) (v +dyv)+dm (v + v,)
or my =my +mdv — (dm)y — (dm) (dv) + (dm)v + v, dm

The term (dm) (d Vv ) is too small and can be neglected.

md_\—/_\—/_d_m
or t) = "L dt

Here, m[——] = thrust force (ﬁt)
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m
and 4t " rate at which mass is ejecting
= _ (dm
F.=v|—
or t r[ dt]

Problems related to variable mass can be solved in following four steps

1. Make a list of all the forces acting on the main mass and apply them on it.
- -~ dm
2. Apply an additional thrust force F, on the mass, the magnitude of which is |Vr J—rﬁ and direc-
tion is given by the direction of v, in case the mass is increasing and otherwise the direction of
—v, if it is decreasing.
3. Find net force on the mass and apply
= dv . .
Fret = ma (m = mass at the particular instant)
4. Integrate it with proper limits to find velocity at any time t.
Note : Problems of one-dimensional motion (which are mostly asked in JEE) can be solved in easier

manner just by assigning positive and negative signs to all vector quantities. Here are few ex-
ample in support of the above theory.

SOLVED EXAMPLE

Example 35. A flat car of mass m  starts moving to the right due to a

constant horizontal force F. Sand spills on the flat car from
a stationary hopper. The rate of loading is constant and
equal to p kg/s. Find the time dependence of the

uo
velocity and the acceleration of the flat car in the process o
m, —F
of loading. The friction is negligibly small.
9 gligibly ©) o)
Solution : Initial velocity of the flat car is zero. Let v be its velocity at time t and m its mass at that

instant. Then

m, —>F F < V=V
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or

or

or

or

Example 36.

Att=0,v=0andm=mg att=t,v=vandm=m + ut

Here, v =v (backwards)
am _
t = H
dm
F.=v, T (backwards)

Net force on the flat car attime tisF _ =F —F,

dv .
at =F—-puv (1)

(m, + t)d—V=F— v
o MY T4t H

.[(:Fc—jvuv - j; mOthrpt

1 1
- E [/n (F - “V)]ov = E[/n (mo + Mt)]ot
F mO +Ht
/n Fouv) = /n M,
F Ft
- Mo +ut or v = Ans.
F—puv mg mg + ut
. dv ) .
From Eq. (i), a9t acceleration of flat car at time t
_ F—-nv
T 0m
_ Fut
mg + ut B Fmo
@ mg + ut or T (mg +ut)? Ans

A cart loaded with sand moves along a horizontal floor due to a constant force F coinciding in
direction with the cart’s velocity vector. In the process sand spills through a hole in the bottom
with a constant rate ukg/s. Find the acceleration and velocity of the cart at the moment t, if at
the initial moment t = 0 the cart with loaded sand had the mass m and its velocity was equal

to zero. Friction is to be neglected.
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Solution :

or

or

or

or

L]

In this problem the sand spills through a hole in the bottom of the cart. Hence, the relative
velocity of the sand v_will be zero because it will acquire the same velocity as that of the
cart at the moment.

v,=0

av
dm T—F
ey

Thus, F =0 [33 Fe=v,

and the net force will be F only.
Fnet = F

dv
m[a] =F (1)

But here m=m,— ut

H N _F
(mo_“) dt -

t Fdt
J‘(;Idv - '[Omo_Ht

v=L[m(m-ut)];
—u

_F Mo
v = “In Mg — it Ans.

From eq. (i), acceleration of the cart

_dv _F
a6 T m

F

a= Mo — it Ans.

Rocket propulsion :

Let m, be the mass of the rocket at time t = 0. m its mass at any time t and v its velocity at that
moment. Initially, let us suppose that the velocity of the rocket is u.

v
A F
At t=t
At t=0 m = Mt
v=u i' NELY,
m=m, WA

Exhaust velocity = v,
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Further, let [%} be the mass of the gas ejected per unit time and v_the exhaust velocity of the

. d
gases with respect to rocket. Usually [ dtm

] and v_are kept constant throughout the journey of

the rocket. Now, let us write few equations which can be used in the problems of rocket propul-

sion. Attime t = t,

1. Thrust force on the rocket
2. Weight of the rocket
3. Net force on the rocket

_ —dm
or Foot=V, _dt -mg

4. Net acceleration of the rocket

dv. v, (—-dm
or dt — m dt )79

_ Ve

or dv = (-dm) - g dt
v m —dm

R

—dm
F =V, [—dt ] (upwards)
W =mg (downwards)
F.=F-W (upwards)
F
a= —
m

..(i)

dt

dt

dm) | _ dm . .
Note: 1. F =v_|—-——| isupwards, as v is downwards and —— is negative.

2. If gravity is ignored and initial velocity of the rocket u =0, Eq. (i) reducestov =v In [?] .

My
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— SOLVED EXAMPLE

Example 37. Arocket, with an initial mass of 1000 kg, is launched vertically upwards from rest under gravity.
The rocket burns fuel at the rate of 10 kg per second. The burnt matter is ejected vertically
downwards with a speed of 2000 ms™ relative to the rocket. If burning stops after one minute.
Find the maximum velocity of the rocket. (Take g as at 10 ms2)

Solution :

Using the velocity equation
v=u-gt+v In (m]
m

Here u =0, t=60s,g=10m/s? v_=2000 m/s, m = 1000 kg

and m = 1000 — 10 x 60 = 400 kg
1000
We getv =0 -600 + 2000 In [4—00]

or v =2000In2.5-600

The maximum velocity of the rocket is 200(10 In 2.5 - 3) = 1232.6 ms™' Ans.

m

LINEAR MOMENTUM CONSERVATION IN PRESENCE OF EXTERNAL FORCE.

@
dt

!
o
=

|

= d|5 = I—:eXt )impulsive dt

If FeXt )impulsive =
= dP =0
or P is constant

Note: Momentum is conserved if the external force present is non-impulsive. eg. gravitation or spring force
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— SOLVED EXAMPLE

Example 38.

Solution :

Example 39.

Solution :

Two balls are moving towards each other on a vertical line collides with each other as shown.
Find their velocities just after collision.

3m/s

4m/s

Let the final velocity of 4 kg ball just after collision be v. Since,

4m/
external force is gravitational which is non - impulsive, hence, s
linear momentum will be conserved.
Applying linear momentum conservation: @
2(=3) + 4(4)=2(4) + 4(v)
v

1

or V= Em/s @

A bullet of mass 50g is fired from below into the bob of mass
4509 of along simple pendulum as shown in figure. The bullet
remains inside the bob and the bob rises through a height of
1.8 m. Find the speed of the bullet. Take g = 10 m/s2.

tv

Let the speed of the bullet be v. Let the common velocity of the bullet and the bob, after the
bullet is embedded into the bob, is V. By the principle of conservation of the linear momentum,

(0.05kg) v
V'= 0.45 kg +0.05 kg

-V
10
The string becomes loose and the bob will go up with a deceleration of g = 10 m/s2. As it comes

to rest at a height of 1.8 m, using the equation v2 = u? + 2ax,

(v/10)?
T 2x10m/s?
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Example 40. A small ball of mass m collides with a rough wall having coefficient of friction 1 at an angle 6 with
the normal to the wall. If after collision the ball moves with angle o with the normal to the wall and
the coefficient of restitution is e then find the reflected velocity v of the ball just after collision.

Rough wall

\"
\\m ()
___________ &

U
m/
Solution : mv cos a.— (m (-u cos 0)) = _[th
mv sin oo —mu sin 6 = —p Ith

vV CcoSso
V COS o = eu cos 0

and e= =
ucoso
or mv sin o, —mu sin 6 = —p(mv cos o + mu cos 0)
= — in 0 0(e+1 A
or V= dna [sin 6 —pcos 6 (e +1)] ns.

— MISCELLANEOUS SOLVED EXAMPLE

Problem 1. Three particles of mass 1 kg, 2 kg and 3 kg are placed at the corners A, B and C respectively of an
equilateral triangle ABC of edge 1 m. Find the distance of their centre of mass from A.

Ans. @m
6
Solution :
_ 1x0+2x1+3x1c0s60 7
Xom = 1+2+3 “12
_ 1x0+2x0+3x1sin60 _3v3 _ V3
Yom = 6 12 4

144 16 V144 12

_ (7)2 [ﬁ]z_ 49 3 [76 219 19
r= + = + 2 ~ e M
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Problem 2.

Solution :

Problem 3.

Solution :

The linear mass density of a straight rod of length L varies as p = A + Bx where x is the distance

from the left end. Locate the center of mass from left end.

|Je—— X ———»]
[ || |
0 dx

Let take a strip of width "dx" at distance x from one end.

dm = mass of "dx’ strip = f dx
dm=(A+Bx)ax ... (1)

By definition X =

L
j x(A +Bx)dx j (Ax +Bx2)dx
(6]

fromeq (1)=X__ =T =L
J‘(A +Bx)dx J‘(A+Bx)dx
O

o

A% BL®

2 T3 3AL+2BL?
BL2 =~ 3(2A+BL)
2

AL +

Half of the rectangular plate shown in figure is made of a material of density p, and the other half
of density p,. The length of the plate is L. Locate the center of mass of the plate.

|
>

3L/4

Replacing half of rectangular plate by a point mass at its center of mass as shown in figure.

_P1|-
M1—Tb M, =

LL (o L)
m 4 +m, 3L (P27 )4 p22 4
b

om T my+m,
P1-

L from point O.
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Problem 4. In a boat of mass 4 M and length ¢ on a frictionless water surface. Two men A (mass = M) and
B (mass 2M) are standing on the two opposite ends. Now A travels a distance ¢/4 relative to
boat towards its center and B moves a distance 3//4 relative to boat and meet A. Find the
distance travelled by the boat on water till A and B meet.

Solution : Let x is distance travelled by boat.

. . M 2M
Initial position of center of mass % aMm %/
7 initially
_ Msgoat XBoat + MaXa +MgXp M oM
Mgoat +Ma +Mg
< >\<—;%<%1‘M finally
x 4 3¢/4
_ 4M§+M.0+2M.£ _4Me 4 ’
© 4AM+M+2M M 7
Final position of center of mass
_ 4M{g + x}+ M{x + §}+ 2M{x + %}
- ™
_2Me+ M M7 Mx
- ™
1M/ :
_ ML+ 7 Mx _ TIME+ 7x
™ 7
since there is no horizontal force, position of center of mass remains unchanged.
center of mass initially = center of mass finally
4 L4 7x
—/ = 4
-7 7
5¢
— 11 = 2t
4= E+7x = X= g
Problem 5. A block A (mass = 4M) is placed on the top of a wedge B of base length | (mass = 20 M) as

shown in figure. When the system is released from rest. Find the distance moved by the wedge

B till the block A reaches at lowest end of wedge. Assume all surfaces are frictionless.

2
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Solution :

Problem 6.

Solution :

Problem 7.

Solution :

Initial position of center of mass

y
_ XgMg + X,M, Xg.20M+/7.4M  5Xg + 4 initiall
T Me+M, | 2aM 6 . e
B .
Final position of center of mass TT777 T 77777>%
>
_ (Xg +X)20M+4Mx _ 5(Xg +X) + X e
- 24M - 6
since there is no horizontal force on system finally
center of mass initially = center of mass finally. 5!
5X, + (= 5X,+5x +Xx 777777 77777777777 X
( = 6X X Xp !
!
X==
6

An isolated particle of mass m is moving in a horizontal xy plane, along x-axis. At a certain
height above ground, it suddenly explodes into two fragments of masses m/4 and 3m/4. An
instant later, the smaller fragmentis aty = + 15 cm. Find the position of heavier fragment at this
instant.

As particle is moving along x-axis, so, y-coordinate of COM is zero.

M 3M M 3M

A shell is fired from a cannon with a speed of 100 m/s at an angle 30° with the vertical
(y-direction). At the highest point of its trajectory, the shell explodes into two fragments of
masses in the ratio 1 : 2. The lighter fragment moves vertically upwards with an initial speed of
200 m/s. What is the speed of the heavier fragment at the time of explosion.

Velocity at highest point = u cos6 = 100 cos 60 = 50m/s.

X
'r
|

u cos 60°
u .
W
60° ;

___>y

taking, x and y axes as shown in figure,

Velocity of m =50j m/ sec

. m 2m . m -
m explodes into 3 and =3 velocity of 3 = 200 j m/sec
. 2m
Let, velocity of 3 TV
Applying law of conservation of momentum
..M .~ 2m . 200 . 2
M= 20 v = Vit ity

so y =757-100]

speed = || = /(75)* +(100)°> = 25 \/9+16 =125 m/sec Ans.
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Problem 8.

Solution :

Problem 9.

Solution :

A shell at rest at origin explodes into three fragments of masses 1 kg, 2 kg and m kg. The
fragments of masses 1 kg and 2 kg fly off with speeds 12 m/s along x-axis and 8 m/s along y-
axis respectively. If m kg flies off with speed 40 m/s then find the total mass of the shell.

As initial velocity =0, Initial momentum =(1+2+m)x0=0

Finally, let velocity of M = \_} . Weknow | \_} | =40 m/s. A
Initial momentum = final momentum . 81
e 2 kg
. R N R 12i+16] :
0=1x12j+2x8 j+my = V=—% 12 m/s

ME “z)mﬁ =% J12)? +(16)? =40 {given}

_ (122 +(16)°
m = a0 =0.5kg

Total mass=1+2+0.5=3.5kg

A block moving horizontally on a smooth surface with a speed of 20 m/s bursts into two equal
parts continuing in the same direction. If one of the parts moves at 30 m/s, with what speed
does the second part move and what is the fractional change in the kinetic energy of the
system.

initialy finaly

m/2 —> 30

m — 20 m2 —>V

Applying momentum conservation ;

x20= 2 v+ D x30 20=Y 415
m*ev=75 2 = "2
So, V=10m/s

1
initial kinetic energy = 5 m x (20)2=200m

1
.%.(10)2+ Ex%(30)2 =25m + 225m = 250 m

N =

final kinetic energy =

(final K. E) — (initial K.E) _ 250m —200m
initial K.E - 200m

Ao

fractional change in kinetic energy =
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Problem 10.

Solution :

Problem 11.

Solution :

A block at rest explodes into three equal parts. Two parts starts moving along X and Y axes
respectively with equal speeds of 10 m/s. Find the initial velocity of the third part.

Let total mass = 3 m, initial linear momentum = 3m x 0 ,;10 m/s
. me
Let velocity of third part = v :
i 10 m/s
Using conservation of linear momentum: g ................ @ Do

mx10;+mx10j+my =0

-

So, vy

(=10 § =10 j) m/sec.

|v = +(10)?+(10)> =102, makingangle 135° below x-axis

Two persons A and B, each of mass m are standing at the two ends of rail-road car of mass
M. The person A jumps to the left with a horizontal speed u with respect to the car. There-
after, the person B jumps to the right, again with the same horizontal speed u with respect
to the car. Find the velocity of the car after both the persons have jumped off.

i

When person A jumps, let car achieve velocity V in forward direction. So, velocity of ‘A’ w.r.t.

ground = (u-v)inbackward direction.

(u-v) < m m
f )
| M |

(@) O —>vV

Applying momentum conservation.
(M+m)v—m(u-v)=0
(M+m)v+mv=mu

_ m
-~ M+2m

When person B jumps, let velocity of car becomes V' in forward direction.

m ’
$ —> (u+V’) w.rt. ground

|
@) O -V
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Problem 12.

Solution :

So velocity of ‘B’ w.r.t ground =u+v’
Applying momentum conservation :

(m+M)V=MV +m(u+V’)

M
% =(m+ M)V +mu
___-mu
" (M+m)(M+2m)
-m?u
V' = m ‘ backward’ {—ve sign signifies direction}
m?u
(M+2m)(M+m) Ans.

Blocks A and B have masses 40 kg and 60 kg respectively. They are placed on a smooth
surface and the spring connected between them is stretched by 1.5m. If they are released
from rest, determine the speeds of both blocks at the instant the spring becomes
unstretched.

k=600N/m
40kg ~WWWWWWA\~ 60kg

Vi vV,
ﬁ %
A B

40kg /WA B0kg

Let, both block start moving with velocity V, and V, as shown in figure

Since no horizontal force on system so, applying momentum conservation

0=40V,-60V, 2V, =3V, | (1)

Now applying energy conservation, Loss in potential energy = gain in kinetic energy

1 1 1
EKX2 = EI’T11V12 + 5 m,V,?

%X600><(1.5)2=%><40><V12+%><60><V22 ....... (2)

Solving equation (1) and (2) we get,
V,=45m/s, V,=3 m/s.
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Problem 13.

Solution :

A block of mass 1.2 kg moving at a speed of 20 cm/s collides head-on with a similar block kept
at rest. The coefficient of restitution is 3/5. Find the loss of the kinetic energy during the collision

Before collision :

A B
0.2 m/s rest
12 | — 1.2

After collision : let final velocity of ‘A’ and ‘B’ be u and V respectively

A B

12 —u 1.2 vV

Applying momentum conservation :
1.2x02=12u+1.2V
024=12@u+V) ... (1)

coefficient of restitution

3
T (2)

applying momentum conservation :
1.24+1.2V =0.2u u+tv-02m/s ... (2)

Solving equation (1) and (2) we have,

4 1
V= 25 m/sec and u = 25 m/sec

Loss of kinetic energy = (initial kinetic energy) — (final kinetic energy)
2 2
1 1 4 1 1
:E X12X(02)2_{EX12X[2—5J +EX(12)X(2—5

16 1
- 0.04——° 1
0.6 { 625 625}

0.6 {0.04 x 0.0256 = 0.0016}

0.6 {0.0128} =0.00768 J=7.7 x 102 J
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Problem 14. The sphere of mass m, travels with an initial velocity u, directed as shown and strikes the
stationary sphere of mass m, head on. For a given coefficient of restitution e, what condi-

m
tion on the mass ratio m_1 ensures that the final velocity of m, is greater than u,?
2

_—
m, m,
Solution : Let velocity of m, & m, after collision be u & V respectively.

velocity of separation V —u
velocity of approch ~ u;,

Coefficient of restitution = e =

applying momentum conservation,
initial momentum = final momentum
mu=mu+mN»N (2)

mu, =m, (V-eu)+myV

Vo m(1+e) _ (1+e)

- - m
u, m,+m, 1+m—f

(1+e) v
14m = > 1 {given}
1

mq

m 1

m, e Ans.

Problem 15. Find the mass of the rocket as a function of time, if it moves with a constant acceleration
a, in absence of external forces. The gas escapes with a constant velocity u relative to the
rocket and its initial mass was m,.

. . —dm
Solution : Using, F =V at
F = dm 1
= TUTGE e (1)
F,=ma ... (2)
Solving equation (1) and (2)
__,9m
ma=-—u -,
Td_m j—adt PRI
Mo m [e] u mo u
m _at
o= e m=mye v | Ans.
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Problem 16. If the chain is lowered at a constant speed v = 1.2 m/s, determine the normal reaction
exerted on the floor as a function of time. The chain has a mass of 80 kg and a total length

of 6 m.
l v=1.2 m/s
6m
Solution : aftertime ‘t’
1.2t
. , , 80 40
Linear mass density of chain = 5 "~ 3 kg/m =2
- , oo 40 40
Weight of portion of chain lying on ground = mg = 3 x1.2t 3 x 1.2t =161, N
Thrust f =F =Vx am
rust force =F = at
=12xAv =1.2\v
=1.2x e x 1.2
- - 3 .

=1.2x40x%x0.4=19.2N
Normal reaction exerted on floor

=W +F,  =(16t + 19.2) N vertically downward

Problem 17. A ball is approaching to ground with speed u. If the coefficient of restitution is e then find out:

7

u

(a) the velocity just after collision.

(b) the impulse exerted by the normal due to ground on the ball.
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Solution :

before after
7 g
\Y
JTTTTTTITTT 77ITITTIIT

_ velocity of separtion _ v
velocity of approach u

(@) velocity after collision=V=eu ... (1)

(b) Impulse exerted by the normal due to ground on the ball = change in momentum of ball.
= {final momentum} — {initial momentum}

={mv}-{-mu}

=mv+mu

=m {u + eu}

=mu{1+e} Ans.
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I xcrcise + 1 N

PART -1 : SUBJECTIVE QUESTIONS

Section (A) : Calculation of center of mass

A1. Three particles of masses 0.5 kg, 1.0 kg and 1.5 kg are placed at the three corners of a right angled
triangle of sides 3.0 cm, 4.0 cm and 5.0 cm as shown in figure. Locate the center of mass of the
system.

1.5 kg

3.0cm 5.0cm

0.50 kg 4.0cm 1.0kg

A 2. A man has constructed a toy as shown in figure. If density of the material of the sphere is 12 times of the
cone compute the position of the centre of mass. [Centre of mass of a cone of height h is at height of h/4
from its base.]

+2R-»

A 3. Find the position of centre of mass of the uniform planner sheet shown in figure with respect to the origin (O)

2a L - -

!

S
21

A 4. Five homogeneous bricks, each of length L, are arranged as shown in figure. Each brick is displaced
with respect to the one in contact by L/5. Find the x-coordinate of the centre of mass relative to the

origin O shown.
0
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A 5. Auniform disc of radius R is put over another uniform disc of radius 2R made of same material having
same thickness. The peripheries of the two discs touches each other. Locate the centre of mass of the
system taking center of large disc at origin.

A 6.= A thin uniform sheet of metal of uniform thickness is cut into the shape bounded by the line x =a and
y = + kx?, as shown. Find the coordinates of the centre of mass.

y
y=h’

<
11
7|\_
Z
Q
X

A 7. Adiscofradius R is cut out from a larger uniform disc of radius 2R in such a way that the edge of the
hole touches the edge of the disc. Locate the centre of mass of remaining part.

A 8.= Find the centre of mass of an annular half disc shown in figure.

Section (B) : Motion of center of mass

B 1. Calculate the velocity of the centre of mass of the system of particle shown in figure.

2.5kg 2.5m/s

37 1.0kg o375

2.0m/s 2.0kg 5.0m/s

1.0m/s
0 500k—>10.0m/s N
o9 A‘W 5.0kg

B 2. Two blocks of masses 10 kg and 30 kg are placed along a vertical line. The first block is raised through

a height of 7 cm. By what distance should the second mass be moved to raise the centre of mass by 1
cm ?

B 3. A projectile is fired from a gun at an angle of 45° with the horizontal and with a speed of 20 m/s relative to
ground. At the highest point in its flight the projectile explodes into two fragments of equal mass. One
fragment comes at rest just after explosion. How far from the gun does the other fragment land, assuming a
horizontal ground ? Take g = 10 m/s??

B4. Two men'A'and 'B' are standing on opposite edge of a 6m long platform which is further kept on a
smooth floor. They start moving towards each other and finally meet at the midpoint of platform. Find
the displacement of platform if mass of A, B and platform are 40kg, 60kg and 50kg respectively.
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B5. A man of mass M hanging with a light rope which is connected with a
balloon of mass m. The system is at rest in air. When man rises a distance
h with respect to balloon Find.

(a) The distance raised by man

(b) The distance descended by balloon M

Section (C) : Conservation of linear momentum

C1. Anucleus (mass no. 238) initially at rest decay into another nucleus (mass no 234) emitting an o particle
(mass no - 4) with the speed of 1.17 x 10” m/sec. Find the recoil speed of the remaining nucleus.

C2. In a process a neutron which is initially at rest, decays into a proton, an electron and an antineutrino.
The ejected electron has a momentum of p, = 2.4 x 107*° kg-m/s and the antineutrino has
p,=7.0 x 10 kg-m/s. Find the recoil speed of the proton if the electron and the antineutrino are
ejected (a) along the same direction. (b) in mutually perpendicular directions. (Mass of the proton
m,=1.67 x 10?"kg.)

C3. Three particles of mass 20 g, 30 g and 40 g are initially moving along the positive direction of the three
coordinate axes respectively with the same velocity of 20 cm/s. If due to their mutual interaction, the first

particle comes to rest, the second acquires a velocity 10i + 20k - What is the velocity (in cm/s) of the third
particle?

C4. Atruck of mass M is at rest on a frictionless road. When a monkey of mass m starts moving on the
truck in forward direction, the truck recoils with a speed v backward on the road, with what velocity is
the monkey moving with respect to truck?

C5. A(trolley + child) of total mass 200 kg is moving with a uniform speed of 36 km/h on a frictionless track.
The child of mass 20 kg starts running on the trolley from one end to the other (10 m away) with a speed
of 10 m s relative to the trolley in the direction of the trolley’s motion and jumps out of the trolley with
the same relative velocity. What is the final speed of the trolley? How much has the trolley moved from
the time the child begins to run and just before jump?

C 6.= Abullet of mass 0.01kg and travelling at a speed of 500 m/s strikes and passes horizontally through a
block of mass 2kg which is suspended by a string of length 5m. The centre of gravity of the block is
found to raise a vertical distance of 0.1 m. What is the speed of the bullet after it emerges from the
block. [ g = 9.8m/s?] (time of passing of bullet is negligible)

C 7.= A small cube of mass ‘m’ slides down a circular path of radius ‘R’ formed from a large block of mass ‘M’
as shown in figure ‘M’ rests on a table and both blocks move without friction. The blocks are initially at
rest and ‘m’ starts from the top of the path. Find the velocity ‘v’ of the cube as it leaves the block.
Initially the line joining m and the centre is horizontal.
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C8.xa

A small block of mass m moving with speed 'V' on a smooth horizontal part of a bigger block of mass
M which is further kept on smooth floor. The curved part of the surface shown is one fourth of a circle.
Find the speed of the bigger block when the smaller block reaches the point A of the surface.

Section (D) : Spring - mass system

D1.

D2=w

D3=

Two masses m, and m, are connected by a spring of spring constant k and are placed on a smooth
horizontal surface. Initially the spring is stretched through a distance 'd' when the system is released
from rest. Find the distance moved by the two masses when spring is compressed by a distance 'd'.

Two block of masses m, and m, are connected with the help of a spring of spring constant k initially the
spring in its natural length as shown. A sharp impulse is given to mass m, so that it acquires a velocity
v, towards right. If the system is kept an smooth floor then find

V,
c Y

(a) the velocity of the centre of mass,
(b) the maximum elongation that the spring will suffer ?
Two blocks A and B of mass m, and m are connected together by means of a spring and are resting on a

horizontal frictionless table. The blocks are then pulled apart so as to stretch the spring and then released.
Show that the ratio of their kinetic energies at any instant is in the inverse ratio of their masses.

Section (E) : Impulse

E1.

E 2.

E3.x

E4.xn

Velocity of a particle of mass 2 kg varies with time t according to the equation v = (2ti + 4j)m/s . Here tisin
seconds. Find the impulse imparted to the particle in the time interval fromt=0tot=2s.

A ball of mass 100 g moving with a speed of 4 m/sec strikes a horizontal surface at an angle of 30° from
the surface. The ball is reflected back with same speed and same angle of reflection find (a) The
impulse imparted to the ball (b) change in magnitude of momentum of the ball.

During a heavy rain, hailstones of average size 1.0 cm in diameter fall with an average speed of 20 m/
s. Suppose 2000 hailstones strike every square meter of a 10 m x 10 m roof perpendicularly in one
second and assume that the hailstones do not rebound. Calculate the average force exerted by the
falling hailstones on the roof. Density of hailstones is 900 kg/m3, take (n = 3.14)

A steel ball of mass 0.5 kg is dropped from a height of 4 m on to a horizontal heavy steel slab. The ball
strike the slab and rebounds to its original height. (take g = 10 m/sec?)

(a) Calculate the impulse delivered to the ball during impact.

(b) If the ball is in contact with the slab for 0.002s, find the average reaction force on the ball
during impact.
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Section (F) : Collision

F1.

F2=»n

F 3.

F 4.

F 5.

F 6.

A particle moving with kinetic energy K makes a head on elastic collision with an identical particle at rest.
Find the maximum elastic potential energy of the system during collision.

Three balls A, B and C are placed on a smooth horizontal surface. Given that m, = m. = 4m_. Ball B collides
with ball C with an initial velocity v as shown in figure. Find the total number of collisions between the balls.
All collisions are elastic.

Aball of mass m moving at a speed v makes a head on collision with an identical ball at rest. The kinetic energy
of the balls after the collision is 3/4 of the original kinetic energy. Calculate the coefficient of restitution.

A particle of mass m moving with a speed v hits elastically another stationary particle of mass 2m in a fixed
smooth horizontal circular tube of radius r. Find the time when the next collision will take place?

A block of mass 1 kg moving at a speed of 2.5 m/s collides with another block of mass 0.5 kg. If both
the blocks come to rest after collision what was the velocity of the 0.5 kg block before the collision?

A 3kg block ‘A ‘ moving with 4 m/sec on a smooth table collides inelastically and head on with an 8kg
block ‘B’ moving with speed 1.5 m/sec towards ‘A ‘. Given e = 1/2.

(a) What is final velocities of both the blocks
(b) Find out the impulse of reformation and deformation
(c) Find out the maximum potential energy of deformation

(d) Find out loss in kinetic energy of system.

Section (G) : Variable mass

G 1. Arocket of mass m = 20 kg has M = 180kg fuel. The uniform exhaust velocity of the fuel is v, = 1.6 km/s.

G2

(i) Calculate the minimum rate of consumption of fuel so that the rocket may rise from the ground.
(ii) Also calculate the maximum vertical speed gained by the rocket when the rate of consumption of fuel
u is (g =10m/s?) & (/n 10 = 2.30)

(@) 2 kgls (b) 20 kg/s

Sand drops from a stationary hopper at the rate of 5 kg/s falling on a conveyor belt moving with a constant
speed of 2 m/s. What is the force required to keep the belt moving and what is the power delivered by the
motor moving the belt?
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PART - Il : OBJECTIVE QUESTIONS

*Marked Questions may have more than one correct option.
Section (A) : Calculation of center of mass
A-1.  The centre of mass of a body :

(A) Lies always at the geometrical centre

(B) Lies always inside the body

(C) Lies always outside the body

(D) Lies within or outside the body

A-2.w The centre of mass of the shaded portion of the disc is : (The mass is uniformly distributed in the
shaded portion) :

R R

(A) 20 to the left of A (B) Eto the left of A
R i R .

(C) Eto the right of A (D) 12 tothe right of A

A-3.= A thin uniform wire is bent to form the two equal sides AB and AC of triangle ABC, where
AB =AC =5 cm. The third side BC, of length 6¢cm, is made from uniform wire of twice the density of the
first. The distance of centre of mass from Aiis :

e B) - o2 D) ¥
(A) 77 cm (B) 34 cm (C) § cm (D) 45 cm

A-4. A semicircular portion of radius ‘r’ is cut from a uniform rectangular plate as shown in figure. The
distance of centre of mass 'C' of remaining plate, from point ‘O’ is :

2r & O
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A-5.x2

A uniform solid cone of height 40 cm is shown in figure. The distance of centre of mass of the cone from
point B (centre of the base) is :

A

(A) 20 cm (B) 10/3 cm (C)20/3cm (D) 10 cm

All the particles of a system are situated at a distance r from the origin. The distance of the centre of
mass of the system from the origin is

(A)=r (B)<r (C)>r (D)=r

Section (B) : Motion of center of mass

B-1.

B-2.=

B-4.

Two particles of mass 1 kg and 0.5 kg are moving in the same direction with speed of 2m/s and 6m/s
respectively on a smooth horizontal surface. The speed of centre of mass of the system is :

10 10 11 12
(A) 3 m/s (B) - m/s (C) > m/s (D) 3 m/s

Two particles of equal mass have initial velocities 2§ ms=! and 2] ms~". First particle has a constant

acceleration (T+]) ms—2 while the acceleration of the second particle is always zero. The centre of
mass of the two particles moves in

(A) Circle (B) Parabola (C) Ellipse (D) Straight line

Two particles having mass ratio n : 1 are interconnected by a light inextensible string that passes over
a smooth pulley. If the system is released, then the acceleration of the centre of mass of the system is:

n+1 2 n-1 2 n+1
(A) (n-1)2g (B) [—j 9 (©) [—j 9 (D) [m] 9

n-1 n+1

A bomb travelling in a parabolic path under the effect of gravity, explodes in mid air. The centre of mass
of fragments will:

(A) Move vertically upwards and then downwards
(B) Move vertically downwards
(C)Moveinirregular path

(D) Move in the parabolic path which the unexploded bomb would have travelled.
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B-5.». Two particles of equal mass m are projected from the ground with speed v, and v, at angle 6, and 6,

(6, , 0, =0, 180°) as shown in figure. The centre of mass of the two particles

Vi V,
m m

(A) will move in a parabolic path for any values of v, v,, 6, and 6,

(B) can move in a vertical line

(C) can move in a horizontal line

(D) will move in a straight line for any value of v, v,, 6, and 6,
Internal forces in a system can change

(A) Linear momentum only

(B) Kinetic energy only

(C) Both kinetic energy and linear momentum

(D) Neither the linear momentum nor the kinetic energy of the system.

Two balls of different masses are thrown in air with different velocities. While they are in air acceleration
of centre of mass of the system. (neglect air resistance)

(A) Depends on the direction of the motion of two balls

(B) Depends on the masses of the two balls

(C) Depends on the magnitude of velocities of the two balls
(D) Isequaltog

There are two particles of same mass. If one of the particles is at rest always and the other has an
acceleration a . Acceleration of centre of mass is

1.
(A) zero (B) 3 a
(C) a (D) centre of mass for such a system can not be defined.

1
A body of mass 1 kg moving in the x-direction, suddenly explodes into two fragments of mass 8 kg and

7
8 kg. An instant later, the smaller fragment is 0.14 m above the x-axis. The position of the heavier

fragment is - [REE - 1995]

1 ) 1 :
(A) 5 M above x-axis (B) 50 M below x-axis

7 , 7 .
(C) 5 M below x-axis (D) 50 M above x-axis
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Section (C) : Conservation of linear momentum

C-1.

C-4.

C-5.

Two particles A and B initially at rest move towards each other under a mutual force of attraction. The
speed of centre of mass at the instant when the speed of Ais v and the speed of B is 2v is : [JEE - 1989]

(A)v (B) Zero (C)2v (D)3v/2

If the KE of a particle becomes four times its initial value, then the new momentum will be more than its
initial momentum by;

(A) 50% (B) 100% (C) 125% (D) 150%

A particle of mass 4m which is at rest explodes into three fragments. Two of the fragments each of
mass m are found to move with a speed 'v' each in mutually perpendicular directions. The minimum
energy released in the process of explosion is :

(A) (2/3) mv2 (B) (3/2) mv2 (C) (4/3) mv2 (D) (3/4) mv?

A 500 kg boat has an initial speed of 10 ms~" as it passes under a bridge. At that instant a 50 kg man
jumps straight down into the boat from the bridge. The speed of the boat after the man and boat attaing
a common speed is

100 10 50 5

b 2~ et Y e > e
(A) 11ms (B)Mms (C)11ms (D)11ms
A man of mass 'm' climbs on a rope of length L suspended below a balloon of mass M. The balloon is
stationary with respect to ground. If the man begins to climb up the rope at a speed v, (relative to rope).
In what direction and with what speed (relative to ground) will the balloon move?

mv Vool

(A) downwards, M (B) upwards, Y
M+m

(C) downwards, ml\\//lre' (D) downwards, Mrm)Vra +M)Vre'

Ashell is fired from a canon with a velocity V at an angle 6 with the horizontal direction. At the highest
point in its path, it explodes into two pieces of equal masses. One of the pieces come to rest. The
speed of the other piece immediately after the explosion is

3
(A) 3V cosb (B) 2V cos6 (C) 5 V cos6 (D) V cosb

A particle of mass m is moving along the x-axis with speed v when it collides with a particle of mass 2m
initially at rest. After the collision, the first particle has come to rest, and the second particle has split
into two equal-mass pieces that are shown in the figure. Which of the following statements correctly
describes the speeds of the two pieces ? (6 > 0)

\" X-axis
m

2m

Before collision After collision
A) Each piece moves with speed v.

(

(B) Each piece moves with speed v/2.

(C) One of the pieces moves with speed v/2, the other moves with speed greater than v/2
(

D) Each piece moves with speed greater than v/2.
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C-8.= The spacecraft of mass M moves with velocity V in free space at first, then it explodes breaking into

two pieces. If after explosion a piece of mass m comes to rest, the other piece of space craft will have
a velocity:

(A) MV/(M = m) (B) MV/(M + m) (C) mV/(M = m) (D) mV/(M + m)

Two particles approach each other with different velocities. After collision, one of the particles has a
momentum p in their center of mass frame. In the same frame, the momentum of the other particle is
[REE - 1998]

(A)O (B)-p (C)-p/2 (D)-2p

Section (D) : Spring - mass system

D-1.

D-3.=

Two blocks of masses m and M are moving with speeds v, and v, (v, > v,) in the same direction on the
frictionless surface respectively, M being ahead of m. An ideal spring of force constant k is attached to
the backside of M (as shown). The maximum compression of the spring when the block collides is :

Va
v, K —_
| m| — 000000 — M
m M
(A)v1\/; (B)vz\/%
mM
(C)(vy=Vy) W (D) None of above is correct.

Two masses are connected by a spring as shown in the figure. One of the masses was given velocity v = 2
k as shown in figure where 'k’ is the spring constant. Then maximum extension in the spring will be

\'
m PPYWWWWWWW— m [——

T

N~
N~

LIy

Smooth
(A)2m (B)m (C) V2mk (D) V3mk

Mass A hits B inelastically (e = 0) while moving horizontally with some velocity along the common line
of centres of the three equal masses each of same mass. Initially mass B and C are stationary and the
spring is unstretched. Then which is incorrect.

AY., B . G
m m —wWw— m Smooth

[T rfd iy’

(A) compression will be maximum when blocks have same velocity
(B) velocity of C is maximum when (A + B) is at rest

(C) velocity of C is maximum when spring is undeformed.

(

D) velocity of C is minimum when spring is undeformed.
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Section (E) : Impulse

E-1.

E-2.

A ball of mass 50 gm is dropped from a height h = 10 m. It rebounds losing 75 percent of its kinetic
energy. If it remains in contact with the ground for At = 0.01 sec., the impulse of the impact force is :
(take g = 10 m/s?)

(A) 1.3 N-s (B) 1.06 N-s (C) 1300 N—s (D) 105 N—s

The area of F-t curve is A, where 'F' is the force acting on one mass due to the other. If one of the
colliding bodies of mass M is at rest initially, its speed just after the collision is :

(A)A/M (B) M/A (C)AM (D) \/%

E-3.w= A bullet of mass m moving vertically upwards instantaneously with a velocity 'u' hits the hanging block

of mass 'm' and gets embedded in it, as shown in the figure. The height through which the block rises
after the collision. (assume sufficient space above block) is :

L

[m]
u
m

(A) u?/2g (B) u?/g (C) u¥8g (D) u?4g

Section (F) : Collision

F-1.

F-2.

A bullet of mass m = 50 gm strikes (At ~ 0)a sand bag of mass M = 5 kg hanging from a fixed point,
with a horizontal velocity v, . If bullet sticks to the sand bag then just after collision the ratio of final &
initial kinetic energy of the bullet is:

(A) 102 (B) 103 (C)10° (D)10+*

In the arrangement shown, the pendulum on the left is pulled aside. It is then released and allowed to
collide with other pendulum which is at rest. A perfectly inelastic collision occurs and the system rises
to a height h/4 . The ratio of the masses (m, / m,) of the pendulum is :

(A)1 (B)2 (D)4

There are hundred identical sliders equally spaced on a frictionless track as shown in the figure. Initially
all the sliders are at rest. Slider 1 is pushed with velocity v towards slider 2. In a collision the sliders
stick together. The final velocity of the set of hundred stucked sliders will be :

1> 2] [e] i ool
IS/

(A) == (B) m== (C) zero (D)v
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F-4.

F-8.

A solid iron ball A of radius r collides head on with another stationary solid iron ball B of radius 2r. The
ratio of their speeds just after the collision (e = 0.5) is :

(A)3 (B) 4 (C)2 (D)1

Aball of mass 1kg strikes a heavy platform, elastically, moving upwards with a velocity of 5m/s. The speed of
the ball just before the collision is 10m/s downwards. Then the impulse imparted by the platform on the ball is:-

10mv/s
l STm/s
L 1
(A)15N —s (B)10N —s (C)20N—s (D)30N—s

Two perfectly elastic balls of same mass m are moving with velocities u, and u,. They collide head on
elastically n times. The kinetic energy of the system finally is :

1 m 1 m
(A)EFWZ (B)EF(WZ‘“U%)

1 2 2 1 2 2
(C)Em(u1+uz) (D)Emn(w + u3)

A sphere of mass m moving with a constant velocity hits another stationary sphere of the same mass.
If e is the coefficient of restitution, then ratio of speed of the first sphere to the speed of the second
sphere after head on collision will be :

1-e 1+e e+1 e—1
‘A’[we] B’(%e) ©) [ﬁj (©) [mj
A ball strikes a smooth horizontal ground at an angle of 45° with the vertical. What cannot be the possible
angle of its velocity with the vertical after the collision. (Assume e <1).
(A)45° (B)30° (C)53° (D) 60°

Ball 1 collides head on with an another identical ball 2 at rest. Velocity of ball 2 after collision becomes two
times to that of ball 1 after collision. The coefficient of restitution between the two balls is :

(A)e=1/3 (B)ye=1/2 (C)e=1/4 (D)e =2/3

F-10.= A ball of mass 'm', moving with uniform speed, collides elastically with another stationary ball. The
incident ball will lose maximum kinetic energy when the mass of the stationary ball is [REE - 1996]
(A)m (B) 2m (C)4m (D) infinity

F-11.

AB is an L shaped obstacle fixed on a horizontal smooth table. A ball strikes it at A, gets deflected and

restrikes it at B. If the velocity vector before collision is v and coefficient of restitution of each collision is 'e’,
then the velocity of ball after its second collision at B is

(D) data insufficient
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Section (G) : Variable mass

G-1.

If the thrust force on a rocket which is ejecting gases with a relative velocity of 300 m/s, is 210 N. Then the
rate of combustion of the fuel will be :

(A) 10.7 kg/sec (B) 0.07 kg/sec (C) 1.4 kg/sec (D) 0.7 kg/sec

PART -l : MATCH THE COLUMN

1.2

2.x

Two blocks A and B of mass 2m and m respectively are connected by a massless spring of spring
constant K. This system lies over a smooth horizontal surface. At t = 0 the block A has velocity u towards
right as shown while the speed of block B is zero, and the length of spring is equal to its natural length at
that instant. In each situation of column I, certain statements are given and corresponding results are
given in column II. Match the statements in column I corresponding to results in column 11 .

B K A
m 000000 H 2m —>u
A I e 121 Lchen T e

smooth horizontal surface

ColumnlI Column II
(A) The velocity of block A (p) can never be zero
(B) The velocity of block B (q) may be zero at certain instants of time
(C) The kinetic energy of system of two blocks (r) is minimum at maximum compression of spring
(D) The potential energy of spring (s) is maximum at maximum extension of spring

In each situation of column-I, a system involving two bodies is given. All strings and pulleys are light
and friction is absent everywhere. Initially each body of every system is at rest. Consider the system in
all situation of column I from rest till any collision occurs. Then match the statements in column-I with
the corresponding results in column-II

Column-I Column-II
(A) The block plus wedge system is placed (p) Shifts towards right
over smooth horizontal surface. After
the system is released from rest, the

centre of mass of system.
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Center of Mass

(B)

The string connecting both the blocks of
mass m is horizontal. Left block is placed
over smooth horizontal table as shown.
After the two block system is released

from rest, the centre of mass of system

[m o {m]

%

The block and monkey have same mass.

The monkey starts climbing up the rope.

After the monkey starts climbing up, the

centre of mass of monkey + block system.

Both block of mass m are initially at rest.
The left block is given initial velocity u
downwards. Then, the centre of mass of

two block system afterwards.

(q) Shifts downwards

(r) Shifts upwards

(s) Does not shift

(t) shifts towards left
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I £xercise + 2 N

PART -1 : ONLY ONE OPTION CORRECCT TYPE QUESTIONS

2. =

.=

5.n

A ball moves horizontally in a closed box making several collisions with the walls. The box is kept on
a smooth horizontal surface. During the motion of the ball, the velocity of the centre of mass:-

(A) of the box remains constant

(B) of the box plus the ball system remains constant
(C) depends on value of e

(D) of the ball relative to the box remains constant

A block of mass M with a semicircular track of radius R rests on a horizontal frictionless surface. A
uniform cylinder of radius r and mass m is released from rest from the top point A. The cylinder slips on
the semicircular frictionless track. The distance travelled by the block when the cylinder reaches the
point B is : [JEE - 1983]

MR -r) m(R-r) (M+m)R

(A) M+m (B) M+m (©) M

(D) none
In the above question, the velocity of the block when the cylinder reaches point (B) is: [JEE - 1983]

29(R-r) m 2g(R-r) m 2g9(R-r) M 2g(R+r)
M(M+ m) m(M-+m) M(M+ m) M(M+m)

A railway flat car has an artillery gun installed on it and contains shells for firing The combined system
excluding shell has a mass M and moves with a velocity v,. The barrel of the gun makes an angle o with
the horizontal. A shell of mass m leaves the barrel at a speed 'u’ relative to initial state of barrel in the
forward direction. The speed of the flat car so that it may stop after the firing is: (neglect friction)

mu Mu
M+m M+m

mu
(A) jcos o (C) [VJ cos o (D) (M + m)ucosa

A uniform thin rod of mass M and Length L is standing vertically along the y-axis on a smooth horizontal
surface, with its lower end at the origin (0,0). A slight disturbance at t = 0 causes the lower end to slip
on the smooth surface along the positive x-axis, and the rod starts falling. The acceleration vector of
centre of mass of the rod during its fall is : [JEE - 1993]

- Mg-R
(A) acy = M (B) acu = gM

(C) gy =Mg-R (D) None of these
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6.

7.3

In a vertical plane inside a smooth hollow thin tube a block of same mass as that of tube is released as
shown in figure. When it is slightly disturbed it moves towards right. By the time the block reaches the
right end of the tube, displacement of the tube will be (where ‘R’ is mean radius of tube). Assume that
the tube remains in vertical plane.

2R 4R R
(A~ (B) ©)

(D)R

Two men ‘A’ and ‘B’ are standing on a plank. ‘B’ is at the middle of the plank and ‘A’ is at the left end of
the plank. Bottom surface of the plank is smooth. System is initially at rest and masses are as shown
in figure. ‘A’ and ‘B’ start moving such that the position of ‘B’ remains fixed with respect to ground and
‘A’ meets ‘B’. Then the point where A meets B is located at :

40 kg 60 kg
A B

smooth
[ 20 kg P
: 120 cm :
(A) the middle of the plank (B) 30 cm from the left end of the plank
(C) the right end of the plank (D) None of these

A small sphere of radius R is held against the inner surface of a larger sphere of radius 6R. The masses
of large and small spheres are 4M and M respectively. This arrangement is placed on a horizontal table
as shown. There is no friction between any surfaces of contact. The small sphere is now released. The
coordinates of the centre of the large sphere when the smaller sphere reaches the other extreme

position is : [JEE - 1996]
Y
6R o
I . O)\§ "X
4M
(A) (L-2R, 0) (B) (L + 2R, 0) (C) (2R, 0) (D) (2R -L, 0)

An isolated particle of mass m is moving in a horizontal (x — y) plane along the x-axis, at a certain height

. m _ 3m .
above the ground. It suddenly explodes into two fragments of masses " & e An instant later, the

smaller fragmentis at y = +15 cm. The larger fragment at this instant is at - [JEE- 1997,1]

(A)y=-5cm (B)y = +20 cm (C)y =+5cm (D)y = -20 cm
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10.

M. =

12.

13.

14.

The diagram shows the velocity - time graph for two masses R and S that collided head on elastically.
Which of the following statements is true?

V(ms')4
1.2

0.8

0.4

i 2 3 4 t(us)

l. R and S moved in the same direction after the collision.

Il The velocities of R and S were equal at the mid time of the collision.

M. The mass of R was greater than mass of S.

(A) I only (B) Il only (C)land Il only (D)1, lland I

A ball of mass = 100 gm is released from a height h, = 2.5 m from the ground level and then rebounds
to a height h, = 0.625 m. The time of contact of the ball and the ground is At = 0.01 sec. The impulsive
(impact) force offered by the ball on the ground is :

(A) 105N (B) 1.05 N (C)2.08 N (D) 208 N

A system of two blocks A and B are connected by an inextensible massless strings as shown. The
pulley is massless and frictionless. Initially the system is at rest when, a bullet of mass 'm' moving with
a velocity 'u' as shown hits the block 'B' and gets embedded into it. The impulse imparted by tension
force to the block of mass 3m is :

A stationary body explodes into four identical fragments such that three of them fly off
mutually perpendicular to each other, each with same K.E., E; . The minimum energy of explosion will be:

(A) 6E, (B) —2 (C) 4E, (D) 8E,

A super-ball is to bounce elastically back and forth between two rigid walls at a distance d from each
other. Neglecting gravity and assuming the velocity of super-ball to be v, horizontally, the average force
(in large time interval) being exerted by the super-ball on one wall is :

lmvg
2 d

2 2 2
mvg 2mvy 4dmvg
S © =4~ (0) =4~

(A)

(B)
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15.=

16.

17.

18.=

19.=

20.n

A ball collides with a smooth and fixed inclined plane of inclination 6 after falling vertically through a
distance h. If it moves horizontally just after the impact, the coefficient of restitution is :

(A) tan20 (B) cot20 (C)tano (D) cot 6

Aball of mass m strikes the fixed inclined plane after falling through a height h. If it rebounds elastically,
the impulse on the ball is :

smooth

2m.2gh
(A)2mcos® J2gh  (B)2mcos0,gh  (C) ng (D) 2m2gh

A small ball on a frictionless horizontal surface moves towards right with a velocity V. It collides with
the wall and returns back and continues to and fro motion. If the average speed for first to and fro motion

2
of the ball is [EJV, then the coefficient of restitution of impact is :

O

A\//////////\B

(A)0.5 (B) 0.8 (C)0.25 (D)0.75

A sphere of mass m, = 2kg collides with a sphere of mass m, = 3kg which is at rest. Mass m, will move
atright angle to the line joining centres at the time of collision, if the coefficient of restitution is :

2
(€) 3 (D) 3

N =

4
(A) g (B)

Two identical billiard balls are in contact on a smooth table. A third identical ball strikes them symmetrically
and comes to rest after impact. The coefficient of restitution is :

(A) o2

wW|N

1 1
(B) 3 (C) 5

A particle of mass m strikes elastically with a disc of radius R, with a velocity v as shown in the figure.
If the mass of the disc is equal to that of the particle and the surface of the contact is smooth, then the
velocity of the disc just after the collision is :
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21.

22,

23

24,

25.

A wagon filled with sand has a hole so that sand leaks through the bottom at a constant rate 1. An
external force F acts on the wagon in the direction of motion. Assuming instantaneous velocity of the

wagon to be v and initial mass of system to be m, the force equation governing the motion of the
wagon is :

AVE=m, 2 4 ag B)F =m, & _ v
(A)F =mo g +Av (B)F =mo g —2v

dv
dt

- ~ dv

(C) F =(my—1t) (D) F =(m0—M)a + AV
Aballoon having mass'm' is filled with gas and is held in hands of a boy. Then suddenly it get released and
gas starts coming out of it with a constant rate. The velocity of the gjected gases is also constant 2 m/s with
respect to the balloon. Find out the velocity of the balloon when the mass of gas is reduced to half. (Neglect
gravity & Bouyant force),

(A)¢n2 (B)2/n4 (C)2/n2 (D) none of these

A skater of mass m standing on ice throws a stone of mass M with a velocity v in a horizontal direction.

The distance, skater will move back is (the coefficient of friction between the skater and the ice is p):
M?v? Mv? M2y? M?3v2

™ Zmg (B) Zmng (©) (D)

2m?ug 2m®p®g

A ball of mass m hits directly another ball of mass M at rest and is bourght to rest by the impact. One third
of the kinetic energy of the ball is lost due to collision. The coefficient of restitution is:

[Olympiad (Stage -1) 2017]

2
©73 ©) 5

YR

1
A 5 ®)

Two particles Aand B of equal masses have velocities V, = 2i+j and V, = —i + 2] . The particles move with

accelerations a, = —4i—j and &, = —2i +3] respectively. The centre of mass of the two particles move
along [Olympiad (Stage -1) 2017]

(A) a straight line (B) a parabola (C)acircle (D) an ellipse.

PART -1l : INTEGER TYPE QUESTIONS

A man of mass 60 kg start falling from building of height 80 m with a bag of 2 kg in his hand. After falling
through a distance 20 m he throw the bag horizontally with respect to him so that he fall in a pond 2m
away from the vertical lines of fall. Calculate horizontal distance of bag from the vertical line of fall where
it lands. (take g = 10 m/s?)
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2,

4.5

5.n

7.3

8.n

A car with a gun mounted on it is kept on horizontal friction less surface. Total mass of car, gun and
shell is 50 kg. Mass of each shell is 1 kg. If shell is fired horizontally with relative velocity 100 m/sec
with respect to gun. what is the recoil speed of car after second shot in nearest integer.

M
A large stone of mass 78 is released when centre of mass of the stone is at a height h (h <<R ). Find

h 3
speed of stone when it is at a height of 5 M_and R_are mass and radius of earth. Given h= 20 M

The inclined surfaces of two moveable wedges of the same mass M = 2kg are smoothly placed just in
contact with each other and placed on the horizontal plane as shown in the figure. A small block of
mass m = 1kg slides down the left wedge from a height h = 9 m. To what maximum height will the block
rise along the right wedge? Neglect the friction and both wedges can move independently.

T

h

Ablock A having a mass m,= 3kg is released from rest at the position P shown and slides freely down
the smooth fixed inclined ramp. When it reaches the bottom of the ramp it slides horizontally onto the
surface of a cart of mass m_= 2kg for which the coefficient of friction between the cart and the block
is = 2/5.1f h =6 m be the initial height of A, determine the position ‘x’( with respect to cart) of the box
on the cart after it comes to rest relative to cart. (The cart moves on smooth horizontal surface.)

P

LTI T T T TTTTT

A small ring A of mass m = 1/2 kg is attached at an end of a light string the other end of which is
tied to a block B of mass 2m. The ring is free to move on a fixed smooth horizontal rod as shown.
Find tension in the string when it becomes vertical.

= E

I B
=

A symmetric block of mass m, = 1 kg with a groove of hemispherical shape of radius r = 5 m rests on
a smooth horizontal surface in contact with the wall as shown in the figure. A small block of mass
m, = 1 kg slides without friction from the initial position. Find the maximum velocity of the block m..

i

A bullet fired horizontally with a speed of 400 m/sec. It strikes a wooden block of mass 2 kg hanging vertically
with the help of long string. After striking with bullet, block rises a height of 20 cm. If speed with which bullet
emerges out from block is 10 A then find 1. Mass of bullet is 20 g. (take g = 10 m/s?)
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9.

10.=

1.

12.=

13.

14.=

15.

A particle A of mass 2kg lies on the edge of a table of height 1m. It is connected by a light inelastic
string of length 0.7m to a second particle B of mass 3kg which is lying on the table 0.25m from the edge
(line joining A & B is perpendicular to the edge). If Ais pushed gently so that it starts falling from table.
After some time string becomes tight. If the impulse of the tension in the string at that moment is
3M\/5 then find . Assume all contacts are smooth. g = 10 m/s?

B A
3Kg 2Kg
N~~~ o~

T 025m
1im

A particle of mass 2m is projected at an angle of 45° with horizontal with a velocity of 20./2 m/s. After 1's

explosion takes place and the particle is broken into two equal pieces. As a result of explosion one part
comes to rest. Find the maximum height attained from the ground by the other part. Take g = 10 m/s2.

A projectile of mass m is fired with a speed v = 20 m/s at an angle 6 = 45° from a smooth horizontal
field. The coefficient of restitution of collision between the projectile and the field is e = 1/2. How far
from the starting point, does the projectile make its third collision with the field?

Two blocks of equal masses are placed on a horizontal surface. The surface of Ais smooth but that of
B has a friction coefficient of 0.2 with the floor. Block A is given a speed of 5 m/s, towards B which is

5
kept at rest. If the distance travelled by B is Zk then find A if the collision is perfectly elastic
Take g = 10 m/s2.
5m/s

— B8]
/ !

A block of mass 2 kg moving at 2.0 m/s collides head on with another block of equal mass kept at rest.
If the loss in kinetic energy of system is half of the maximum possible loss of kinetic energy of system,

/

A
if the coefficient of restitution is E Then find A.

A body of mass 5kg moves along the x-axis with a velocity 2m/s. A second body of mass 10kg moves
along the y-axis with a velocity of V3 m/s. They collide at the origin and stick together. If the amount of

A
heat liberated in the collision is 3 then find A? [REE - 1996]

Aball of mass ‘m’is suspended by a massless string of length ‘¢’ from a fixed point. A ball of mass 2m
strikes in the direction of 6 = 45° from horizontal & sticks to it. If the initial velocity of 2m is x\/& so
that system deflects by ¢ = g and if string is cut at ¢ = 60°, and the velocity at highest point of

g/
trajectory is T , then find x +y.
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16.» A wedge (free to move) of mass ‘M’ has one face making an angle a with horizontal and is resting on a

17.

18.

19.

20.

smooth rigid floor. A particle of mass ‘m’ hits the inclined face of the wedge with a horizontal velocity v .
It is observed that the particle rebounds in vertical direction after impact. Assume that the inclined face
of the wedge is sufficiently long so that the particle hits the same face once more during its downward
motion. Calculate the time elapsed between the two impacts. Neglect friction between particle and the
wedge & take M =2m, v, =10m/s, tana = 2, g = 10m/s?.

V,
—>
o M

A hemisphere S and a particle P are of same mass m = /2 kg. P is dropped from a height ‘h’. S is kept

on a smooth horizontal surface. The friction between P and S is also absent. P collides elastically with
S at the point shown in the figure. After collision the velocity of the particle becomes horizontal. Find
ratio of impulse of ground on hemisphere to speed of hemisphere after collision?

2
Two blocks initially at rest having masses m, and m, are connected by spring of spring constant k = 3

N/m (as shown in the figure). The block of mass m is pulled by a constant force F, = 4N and the other
block is pulled by a constant force F,= 2N. Find the maximum elongation of the spring (the spring is
initially relaxed) Assuming m, = 2m,

- -

Two particles A and B each of mass m are attached by a light inextensible string of length 2/. The whole
system lies on a smooth horizontal table with B initially at a distance ¢ from A. The particle at end B is

projected across the table with speed u = 4./3 m/s perpendicular to AB. Find velocity of ball Ajust after the
jerk ?

~

B
u

A neutron is scattered through (= deviation from its original direction) 6 degree in an elastic collision with an

2
initially stationary deutron. If the neutron loses 3 of itsinitial K.E. to the deutron then find the value of 6. (In

atomic mass unit, the mass of a neutron is 1u and mass of a deutron is 2u).
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21, A plate of mass M is moved with constant velocity v = 40 m/s against powder of dust particles moving with
constant velocity u = 40 m/s in opposite direction stick to plate as shown. The density of the dust is
p = 103 kg/m3 and plate area is A= 10 m2. Find the force F required to keep the plate moving uniformly.

v
N
—fpin
Plate dust particle
(M)

22.»  Two smooth spheres of the same radius, but which have different masses m, & m, collide inelastically.
Their velocities before collision are 13 m/s & 5 m/s respectively along the directions shown in the figure

5
in which cot 6 =12 An observer S’ moving parallel to the positive y - axis with a constant speed of 5m/s

observes this collision. He finds the final velocity of m, to be 5m/s along the y - direction and the total

1 m A
loss in the kinetic energy of the system to be 7 of its initial value. If the ratio of m_1 is 13 then find X;
2
y 5m/s
A
Sl
; X
m, ®Om,
23. A uniform chain of mass m = 1 kg and length ¢ = 1m hangs on a thread and touches the surface

of a table by its lower end. Find the force exerted by the table on the chain when x = 0.5 m length
of chain has fallen on the table. The fallen part does not form heap.

PART - Ill : ONE OR MORE THAN ONE OPTION CORRECT

1. A system of particles has its centre of mass at the origin. The x-coordinates of all the particles
(A) may be positive (B) may be negative
(C) may be non-negative (D) may be non-positive

2.w= In which of the following cases the centre of mass of a system is certainly not at its centre ?
(A) A rod whose density continuously increases from left to right
(B) Arod whose density continuously decreases from left to right

(C) Arod whose density decreases from left to right upto the centre and then increases

(D) Arod whose density increases from left to right upto the centre and then decreases
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.=

5.n

6.=

If the net external force acting on a system is zero, then the centre of mass

(A) must not move (B) must not accelerate

(C) may move (D) may accelerate

In an elastic collision in absence of external force, which of the following is/are correct: [REE -1995]
(A) The linear momentum is conserved

(B) The potential energy is conserved in collision

(C) The final kinetic energy is less than the initial kinetic energy

(D) The final kinetic energy is equal to the initial kinetic energy

A small ball collides with a heavy ball initially at rest. In the absence of any external impulsive force, it
is possible that

(A) Both the balls come to rest

(B) Both the balls move after collision

(C) The moving ball comes to rest and the stationary ball starts moving

(D) The stationary ball remains stationary, the moving ball changes its velocity.
Two bodies of same mass collide head on elastically then

(A) Their velocities are interchanged

(B) Their speeds are interchanged

(C) Their momenta are interchanged

(D) The faster body slows down and the slower body speeds up.

A bag of mass M hangs by a long thread and a bullet (mass m) comes horizontally with velocity v and
gets caught in the bag. Then for the combined system (bag + bullet) :

(A) Momentum is mMv/(M + m) (B) KE is (1/2) Mv?
(C) Momentum is mv (D) KE is m?v2/2(M + m)

A set of n-identical cubical blocks lie at rest along a line on a smooth horizontal surface. The separa-
tion between any two adjacent blocks is L. The block at one end is given a speed V towards the next
one at time t = 0. All collisions are completely inelastic, then [JEE - 1995]

L
(A) The last block starts moving att=n(n—-1) 5/

<|r

(B) The last block starts moving att=(n—1)

(C) The centre of mass of the system will have a final speed v/n

(D) The centre of mass of the system will have a final speed v
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9.

10.

M. =

12.

A particle strikes a horizontal smooth floor with a velocity u making an angle 6 with the floor and
rebounds with velocity v making an angle ¢ with the floor. If the coefficient of restitution between the
particle and the floor is e, then :

(A) the impulse delivered by the floor to the body is mu(1 + €) sin 6.
(B)tan ¢ = e tan 6.

(C)v=u1-(1-€?)sin?0 .

(D) the ratio of the final kinetic energy to the initial kinetic energy is (cos? 0 + e sin? 0)

A ball moving with a velocity v hits a massive wall moving towards the ball with a velocity u. An elastic
impact lasts for a time At.
m(u + V)

(A) The average elastic force acting on the ball is At

2m(u+v)

(B) The average elastic force acting on the ball is At

(C) The kinetic energy of the ball increases by 2mu (u + v)
(D) The kinetic energy of the ball remains the same after the collision.

Two blocks A and B each of mass ‘m’ are connected by a massless spring of natural length L and
spring constant k. The blocks are initially resting on a smooth horizontal plane. A third block C also of
mass m moves on the plane with a speed ‘v’ along the line joining A and B and collides elastically with
A then which of the following is/are correct :

(A) KE of the AB system at maximum compression of the spring is zero

(B) The KE of AB system at maximum compression is (1/4) mv?
(C) The maximum compression of spring is viVm/k

(D) The maximum compression of spring is v4/m/2k

The fig. shows a string of equally spaced beads of mass m, separated by distance d. The beads are
free to slide without friction on a thin wire. A constant force F acts on the first bead initially at rest till it
makes collision with the second bead. The second bead then collides with the third and so on. Suppose
all collisions are elastic, then :

E d

—
°® ® ® °
1 2 3 4

(A) speed of the first bead immediately before and immediately after its collision with the second bead

. |2Fd .
is ™ and zero respectively.

(B) speed of the first bead immediately before and immediately after its collision with the second bead

is @ and l @ respectivel
m 2\ m P y-

(C) speed of the second bead immediately after its collision with third bead is zero.

1 |2Fd
(D) the average speed of the first bead is 2\ m
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13.

14.

15. =

A shell explodes in a region of negligible gravitational field, giving out n fragments of equal mass m.
Then its total [REE - 1997]

(A) Kinetic energy is smaller than that before the explosion
(B) Kinetic energy is greater than that before the explosion
(C) Momentum and kinetic energy depend on n

(D) Momentum is equal to that before the explosion.

Aman of mass m is at rest on a stationary flat car. The car can move without friction along horizontal rails.
The man starts walking with velocity v relative to the car, work done by him

1
(A)is less than 5 mv? if he walks along the rails

1
(B) is equal to 2 mv? if he walks normal to the rails

1
(C) can never be less than > mv?

1
(D) is greater than 5 mv? if he walks along the rails

A striker is shot from a square carrom board from a point A exactly at midpoint of one of the walls with a
speed 2 m/sec at an angle of 45° with the x-axis as shown. The collisions of the striker with the walls of the
fixed carrom are perfectly elastic. The coefficient of kinetic friction between the striker and board is 0.2.

Y
[ 1 R
\6
4
1 45° 17 X
o A

=12

(A) x coordinate of the striker when it stops (taking point O to be the origin and neglect friction between wall
d striker) i "
and striker) is 22
(B) y coordinate of the striker when it stops (taking point O to be the origin and neglect friction between wall
d striker) i L
and striker) is NS
(C) x coordinate of the striker when it stops (taking point O to be the origin and neglect friction between wall
d striker) i L
and striker) is N
(D) y coordinate of the striker when it stops (taking point O to be the origin and neglect friction between wall

1
and striker) is 22
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16.

17.

Three identical balls of mass m and radius R are placed on frictionless horizontal x-y plane. Ball A at (0, 0),

Ball B at (4R, —v/2 R) and ball C at (8R, — 2y/2 R). Ball Ais suddenly given an impulse P = /2 mV i. If collision
between balls A and B is perfectly elastic while between B and C is perfectly inelastic, then

3v
(A) The y componant of relative velocity of ball A with respect to ball C after along time is ﬁ

v
(B) The y componant of relative velocity of ball A with respect to ball C after along time is ﬁ

v
(C) The x componant of relative velocity of ball A with respect to ball C after a long time is ﬁ

3v
(D) The x componant of relative velocity of ball A with respect to ball C after a long time is ﬁ

Two balls Aand B moving in the same direction collide. The mass of B is p times that of A. Before the collision
the velocity of Awas g times that of B. After the collision A comes to rest. If e be the coefficient of restitution

then which of the following conclusion/s is/are correct? [Olympaid (Stage-1)2017]
p+q pP+q q

A)e=—"— B)e=—" Cyp=z D)p =1

(A e=1.", ®) =i © P25 (0)p

PART - IV : COMPREHENSIONS

Comprehension—1

Two blocks of equal mass m are connected by an unstretched spring and the system is kept at
rest on a frictionless horizontal surface. A constant force F is applied on the first block pulling it
away from the other as shown in figure.

k
m MWW\ m —>F

Then the displacement of the centre of mass at time tis

Ft? Ft? Ft2 Ft?
A) om B) 3m (C) am (D) o

If the extension of the spring is x, at time t, then the displacement of the right block at this instant
is :

1 [ Ft? 1 [ Ft? 1 [ Ft? Ft2
(A) 5 | 2m "0 (B) -5 2m 70 €) 5 |2m © (D) | 5 X0

If the extension of the spring is x, at time t, then the displacement of the left block at this instant
is :

Ft? 1 [Ft? 1 [ 2Ft? 1 [Ft?
(A) |om X0 (B) 5 | 2m " X ©C) 5 | "m o (D) 5 |2m Yo
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Comprehension-2

Two smooth balls A and B, each of mass m and radius
R, have their centres at (0, 0, R) and at (5R, - R, R)

y
respectively, in a coordinate system as shown. Ball \
A, moving along positive x axis, collides with ball B. j

x(m)
Just before the collision, speed of ball Ais 4 m/s and

ball B is stationary. The collision between the balls
is elastic.

w

4. Velocity of the ball A just after the collision is :

(A) (i + V3j ) m/s (B) (i — v/3j ) m/s (C)(2i ++/3j)mis (D) (2i +2j)m/s

5. Impulse of the force exerted by A on B during the collision, is equal to

(A) (x/gmi+3mj)kgTm (B) (gmi_\/gmj)kng
kgm . _ kgm

1
6. Coefficient of restitution during the collision is changed to o keeping all other parameters unchanged.

What is the velocity of the ball B after the collision ?
1 1
(A) 5(3\/§i+9j)m/3 (B) Z(Qi—3\/§j)m/3

(C) (6i + 3~/3 j) m/s (D) (6i—3+/3 j) m/s
Comprehension-3

A small block of mass M moves on a frictionless surface of an inclined plane, as shown in figure. The
angle of the incline suddenly changes from 60° to 30° at point B. The block is initially at rest at A.
Assume that collisions between the block and the incline are totally inelastic (g = 10 m/s?)

Figure : [JEE-2008, 12/163]

7.=  The speed of the block at point B immediately after it strikes the second incline is

(A) J60 m/s (B) /45 m/s (C) /30 m/s (D) 15 mIs
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8. The speed of the block at point C, immediately before it leaves the second incline is
(A) {120 m/s (B) 105 m/s (C) Yoo m/s (D) {75 mis

9.w  If collision between the block and the incline is completely elastic, then the vertical (upward) component
of the velocity of the block at point B, immediately after it strikes the second incline is

(A) {30 m/s B) J15 m/s (C) 0 (D) —415 m/s

_ Exercise 3 S

PART -1 : JEE (ADVANCED) / IIT-JEE PROBLEMS (PREVIOUS YEARS)

* Marked Questions may have more than one correct option.

1% A point mass of 1kg collides elastically with a stationary point mass of 5 kg. After their collision, the 1 kg
mass reverses its direction and moves with a speed of 2 ms~!. Which of the following statement(s) is/are
correct for the system of these two masses ? [JEE-2010, 3/163]

A) Total momentum of the system is 3 kg ms™"
) Momentum of 5 kg mass after collision is 4 kg ms~!

C) Kinetic energy of the centre of mass is 0.75 J

(
(B
(
(D) Total kinetic energy of the system is4 J

—_———

2, Aball of mass 0.2 kg rests on a vertical post of height 5 m. \ﬂi 0
Abullet of mass 0.01 kg, traveling with a velocity V m/sin
a horizontal direction, hits the centre of the ball. After the | \ N
collision, the ball and bullet travel independently. The ball \
hits the ground at a distance of 20 m and the bullet at a \ \
distance of 100 m from the foot of the post. The initial
velocity V of the bullet is [JEE-2011, 3/160. -1]

(A) 250 m/s (B)250 /2 m/s

(C)400 m/s (D) 500 m/s

3.m  Ablock of mass 0.18 kg is attached to a spring of force-constant

2 N/m. The coefficient of friction between the block and the
floor is 0.1. Initially the block is at rest and the spring is ::> _W_
un-stretched. An impulse is given to the block as shown in

the figure. The block slides a distance of 0.06 m and comes

to rest for the first time. The initial velocity of the block in m/s
is V=N/10. Then N is: [JEE-2011, 4/160]

ATV

4, A bob of mass m, suspended by a string of length /,, is given a minimum velocity required to complete a full
circle in the vertical plane, At the highest point, it collides elastically with another bob of mass m suspended
by a string of length /,, which is initially at rest. Both the strings are mass-less and inextensible. If the second
bob, after collision acquires the minimum speed required to complete a full circle in the vertical plane, the

|
ratio 1 is [JEE-2013, 4/160]
2
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5.

6.

Aparticle of mass m is projected from the ground with an initial speed u, at an angle o with the horizontal. At
the highest point of its trajectory, it makes a completely inelastic collision with another identical particle,
which was thrown vertically upward from the ground with the same initial speed u,. The angle that the

composite system makes with the horizontal immediately after the collision is : [JEE-2013, 3/160, —1]
T T T T
— —+a —-a -

(M) 5 B) 4 ©) 5 (0)-7

A tennis ball is dropped on a horizontal smooth surface. It bounces back to its original position after hitting
the surface. The force on the ball during the collision is proportional to the length of compression of the ball.
Which one of the following sketches describes the variation of its kinetic energy K with time t most appropriately?

The figures are only illustrative and not to the scale. [JEE (Advanced)-2014, 3/60, —1]
A A
K K
2 AN ®
" > n S
A A
K K
(®) (D)
t g t g
A block of mass M has a circular cut with a frictionless i R :
surface as shown. The block rests on the horizontal i i

frictionless surface of a fixed table. Initially the right edge !
of the block is at x = 0, in a co-ordinate system fixedto the Y R

table. Apoint mass m is released from rest at the topmost ‘ M I :
point of the path as shown and it slides down. When the 3

mass loses contact with the block, its position is x and

the velocity is v. At that instant, which of the following options 'x=0
is/are correct ? [JEE Advanced 2017]
. ] mR
(A) The x component of displacement of the centre of mass of the block Mis: — M+ m
mR
B) The position of the point massis: X = —\/E

(B) The p p Mam
(C) The velocity of the pointmassmis: v = @

m

1+ —
M

m
(D) The velocity of the block Mis: V = —M\/29R



JEE (Adv.)-Physics Center of Mass

8.

10.

Aflat plate is moving normal to its plane through a gas under the action of a constant force F. The gas is kept
at very low pressure. The speed of the plate v is much less than the average speed u of the gas molecules.
Which of the following options is/are true? [JEE Advanced 2017, P-1; 4/61, -2]

(A) The pressure difference between the leading and trailling faces of the plate is proportional to uv.
(B) At a later time the external force F balances the resistive force.

(C) The resistive force experienced by the plate is proportional to v.

(D) The plate will continue to move with constant non-zero acceleration, at all times.

A solid horizontal surface is covered with a thin layer of oil. A rectangular block of mass m = 0.4kg is at rest
on this surface. An impulse of 1.0 N s is applied to the block at time to t = 0 so that it starts moving along the

x-axis with a velocity v(t) = Voe’w, where v is a constant and T = 4 s. The displacement of the block, in
metres, att=Tis......cccccnnnnen. Take e =0.37 ? [JEE Advanced 2018]

A small particle of mass m moving inside a heavy, hollow and straight tube along the tube axis undergoes
elastic collision at two ends. The tube has no friction and it is closed at one end by a flat surface while
the other end is fitted with a heavy movable flat piston as shown in figure. When the distance of the
piston from closed end is L = L the particle speed is v = v,. The piston is moved inward at a very low

d
speed V such that V << TVO , where dL is the infinitesimal displacement of the piston. Which of the

following statement(s) is/are correct? [JEE Advanced 2019, P-2; 4/62, —1]

o—>v h

al
1€ >l

L

(A) The rate at which the particle strikes the piston is v/L

(B) After each collision with the piston, the particle speed increases by 2V

1
(C) The particle's kinetic energy increases by a factor of 4 when the piston is moved inward from L to ELO

(D) If the piston moves inward by dL, the particle speed increases by ZVT

PART - Il : JEE(MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

Statement-1 : Two particles moving in the same direction do not lose all their energy in a completely
inelastic collision.

Statement-2 : Principle of conservation of momentum holds true for all kinds of collisions.

[AIEEE 2010; 4/144]
(1) Statement-1 is true, Statement-2 is true; Statement-2 is the correct explanation of Statement-1.
(2) Statement-1 is true, Statement-2 is true; Statement-2 is not the correct explanation of Statement-1
(3) Statement-1 is false, Statement-2 is true.
(

4) Statement-1 is true, Statement-2 is false.
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2.1

This question has statement I and Statement I1. Of the four choices given after the Statements, choose the
one that best describes the two Statements.

Statement - I : A point particle of mass m moving with speed v collides with stationary point particle of mass
1 2 m
M. If the maximum energy loss possible is given as f EmU then f = Mm ) [JEE Main 2013, 4/120]

Statement - II : Maximum energy loss occurs when the particles get stuck together as a result of the
collision.

1) Statement -1 is true, Statment -1l is true, Statement -1 is the correct explanation of Statement -I.

2) Statement -1 is true, Statment - Il is true, Statement - 1T is not the correct explanation of Statement - 1.

(
(
(3) Statement -1 is true, Statment - 11 is false.
(4) Statement -1 is false, Statment - T is true.

A particle of mass m moving in the x direction with speed 2v is hit by another particle of mass 2m moving in
the y direction with speed v. If the collisions perfectly inelastic , the percentage loss in the energy during the

collision is close to : [JEE Main 2015; 4/120]

(1)56 % (2) 62% (3)44% (4)50%

Distance of the centre of mass of a solid uniform cone from its vertex is z;. If the radius of its base is R and
its height is h then z, is equal to :- [JEE Main 2015; 4/120]
.50 » 3 o gl

(™) g 2 R ®) 4r @

It is found that if a neutron suffers an elastic collinear collision with deuterium at rest, fractional loss of its
energy is p, ; while for its similar collision with carbon nucleus at rest, fractional loss of energy is p_. The
values of p, and p_are respectively : [JEE Main 2018; 4/120]

(1)(-28, -89) (2)(0,0) (3)(0,1) (4) (-89, -28)

In a collinear collision, a particle with an initial speed v, strikes a stationary particle of the same mass. If the
final total kinetic energy is 50 % greater than the original kinetic energy, the magnitude of the relative velocity

between the two particles, after collision, is : [JEE Main 2018; 4/120]
Vo Vo Vo
(1) 2y, @ -, ®) 75 O

The mass of a hydrogen molecule is 3.32 x 10-27 kg. If 1023 hydrogen molecules strike, per second, a fixed
wall of area 2 cm2 at an angle of 45° to the normal, and rebound elastically with a speed of 103 m/s, then the

pressure on the wall is nearly : [JEE Main 2018; 4/120]
(1)4.70 x 103 N/m?2 (2)2.35 x 102 N/m2 (3)4.70 x 102 N/m2 (4)2.35 x 103 N/m2

A body of mass 2 kg makes an eleastic collision with a second body at rest and continues to move in the
original direction but with one fourth of its original speed. What is the mass of the second body?

[JEE Main 2019; 4/120]
(1) 1.8 kg (2)1.2 kg (3) 1.5 kg (4) 1.0 kg
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9.

10.

1.

12.

13.a

14. =

Three blocks A, B and C are lying on a smooth horizontal surface, as shown in the figure.
A and B have equal masses, m while C has mass M. Block A is given an brutal speed v towards B due to
which it collides with B perfectly inelastically. The combined mass collides with C, also perfectly inelastically

5
g th of the initial kinetic energy is lost in whole process. What is value of M/m ? [JEE Main 2019; 4/120]

A B C
[m] [m] [
(1)4 (2)5 (3)3 (4)2

A piece of wood of mass 0.03 kg is dropped from the top of a 100 m height building. At the same time, a bullet
of mass 0.02 kg is fired vertically upward, with a velocity 100 ms~, from the ground. The bullet gets embedded
in the wood. Then the maximum height to which the combined system reaches above the top of the building
before falling below s : (g =10ms2)

[JEE Main 2019; 4/120]

(1)30 m (2) 10 m (3)40 m (4)20 m

A simple pendulum, made of a string of length / and a bob of mass m, is released from a small angle 0.
It strikes a block of mass M, kept on a horizontal surface at its lowest point of oscillations, elastically. It
bounces back and goes up to an angle 0,. Then M is given by : [JEE Main 2019; 4/120]

m( 6, -6, m( 6, +6, 6, +6, 6, -6,
(1210, +o, (220, —e, 3 M o, o, @ M o, To,

Abody A, of mass m = 0.1 kg has an initial velocity of 3i ms™". It collides elastically with another body, B of

the same mass which has an initial velocity of 5] ms™". After collision, Amoves with a velocity V = 4(i + j).

X
The energy of B after collision is written as EJ . The value of xis . [JEE Main 2020; 4/100]
As shown in figure, when a spherical cavity (centred at O) of radius 1 is cut out /éh\

of a uniform sphere of radius R (centred at C), the centre of mass of remaining E”T\
(shaded) part of sphereis at G, i.e, on the surface of the cavity. R can be detemined G o

by the equation : [JEE Main 2020; 4/100] %
(1) (R2—R+1) (2-R) =1 2)(R2+R-1)(2-R) =1
3)(R2+R+1)(2-R) =1 4)(R2—R-1)(2=R) = 1

2
X
Arod of length L has non-uniform linear mass density givenby p(x)=a+b [E] , Wwhere a and b are constants

and 0 < x < L. The value of x for the centre of mass of the rod is at : [JEE Main 2020; 4/120]

f[ a+b jL §£a+bjL §£2a+bjL §£28+bjL
(13 2a+ 30 @) 2 2a+b ) 2| 3a+b ) 4 3a+Db
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Exercise # 1

2
P4 +p2
PART - | (b) m, =15.0 m/sec
Section (A) :
- “ " M
A1. 1.33cmrightand 1.5 cm above particle A. C3. 25i+15j+5k. C4. [”Fj v
A 2. 4RfromO C5. 9m/s, 9m C6. 220m/s
A 3. 5al6,5al6
2gR
mv
C7. v=4/4, m C 8.
33L M M+m
A4, 50
A 5. AtR/5from the centre of the bigger disc towards Section (D) :
the centre of the smaller disk.
2m, d 2m,;d
D1. ,
3 m1 + m2 m1 + m2
A6. [— a, Oj
4
1/2
My Vg mq mo
A7. AtR/3from the centre of the original disc away § D2- (a) 1y "y (b) VO{(rn1 +my) k}
from the centre of the hole.
Section (E) :
A8 (¥e) = 2 Bn E1. 8im/s.

Section (B) : E2. (a)0.4kg-m/s  (b)zero

4 d°
B1. 1—? m/s at an angle tan' (2) above the direction | E 3- P(g“gJVNA =1884N

towards right.

B 2. 1cmdownward. B3. 60m. E4. (a)4\/§ Ns (b) 2000\/5 N
mh Mh Section (F) :
B4. 04m B5. (a) (b)
m+M m+M ¥ F1. K2
Section (C) : F 2. number of collisions = 2
C1. 2.0x10°m/
i F3 = L F4. t= 2rr
. €e= x/E . = v
P1+P
C2. (a) —= =18.6m/s;
m, F 5. 5 m/s opposite to the direction of motion of the

first ball.
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3 Section (E) :
F6. (a)V,=2m/s, V,= Zm/S’
E-1. (B) E-2. (A) E-3. (C)
99
(b) 6Ns, 12 Ns;  (c) 33J; (d)TJ Section (F) :
Section (G) : F-1. (D) F2. (A) F-3. (B)
(m+M)g F-4. (C) F-5. (D) F-6. (C)
G1. (i) = 1.25 kg/s,
' F-7. (A) F8. (B) F9. (A)
. [m+Mj (M] F-10. (A) F-11. (C)
(ii)yv=v,in -g|—
m H
Section (G) :
(a) 2.8 km/s, (b) 3.6 km/s. G1. (D)
G2 F_,=10N; P =20 watt.
PART - lll
PART - i 1. (A)p—>B)—>q (C)>p,r (D)—>q,s
Section (A) : 22 (A)»qB)->pg (C)>r(D)—>s
A1. (D) A2. (A) A3. (A) Exercise # 2
A-4. (D) A-5. (D) A-6. (B) PART -1
Section (B) : 1. (B) 2, (B) 3. (C)
B-1. (A) B-2. (D) B-3. (C) 4. (C) 5 (A 6. (O
B-4. (D) B-5. (B) B-6. (B) 7. (©) 8. (B) 92 (A
10. (D) 1. (A) 12. (D)
B-7. (D) B-8. (B) B-9. (B)
13. (A) 14. (B) 15. (A)
Section (C) : 16. (A) 17. (A 18. (C)
c-1. (B) c-2. (B) c-3. (B) 19. (A 20. (©) 2. (©)
c4. (A C-5. (A) c-6. (B) 2. © 23. (©) 2. ()
c-7. (D) C-8. (A) c9. (B) 5. @®)
Section (D) : PART - I
D-1. (C) D-2. (C) D-3. (B)

1. 60 2. 4 3. 1
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4. 4 5 6 6. 70 PART - IV
7. 10 8. 20 9. 6

1. (©) 2. (A 3. O
10. 35 1. 70 12. 5

4. (A 5 (C) 6. (B)
13. 1 14. 35 15. 5

7. (B) 8. (B) 9. (©
16. 3 17. 2 18. 10 Exercise # 3
19. 3 20. 90 21. 64 PART - |
22. 9 23. 15 1. (A), (C) 2. (D) 3. 4

PART - lll 4 5 5 W & ®

L (©).0) 2. (A).®B) 7. (A),(C) 8. (A.B)(C)
3 ©®)(C) 4 (A)(BRD) 9. 6.3[6.29,6.311 10. (B),(C)
5 (B)(C) 6.  (A).(B).(C)&(D) PART - I
7. (C), (D) 8.  (A).(C) 1. Q) 2. @) 3. ()
9. (A)(B)(C)&D) 10. (B),(C) 4 @4 5 (@) 6. (1)
1. (B), (D) 12.  (A),(C)&(D) 7. @ 8. 9. (1)
13. (B), (D) 14.  (A). (B) 10. (3) 1. @ 12.  01.00
15.  (A), (B) 16.  (A).(C) 13. (3) 14. (@)

17.  (A), (C) & (D)
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] RANKER PROBLEMS e

SUBJECTIVE QUESTIONS

1. Two blocks of mass 3 kg and 6 kg respectively are placed on a smooth horizontal surface. They are con-
nected by a light spring of force constant k = 200 N/m. Initially the spring is unstretched and the indicated
velocities are imparted to the blocks. Find the maximum extension of the spring.

1.0 m/s 2.0 m/s

AR

2. A uniform rope of linear mass density A and length ¢ is coiled on a smooth horizontal surface. One end is
pulled up with constant velocity v. Then the average power applied by the external agent in pulling the entire

rope just off the ground?

3. In the above question the maximum power delivered by the agent in pulling up the rope is

4, A train of mass M is moving on a circular track of radius ' R" with constant speed V. The length of the
train is half of the perimeter of the track. Find the linear momentum of the train.

5. A particle is projected from point O on the ground with velocity u = 5 /5 m/s at angle o. = tan-' (0.5). It strikes
at a point C on a fixed smooth plane AB having inclination of 37° with horizontal as shown in figure. If the
particle does not rebound, calculate.

Y

55 m/s B

(10/3) m
(a) coordinates of point C in reference to coordinate system as shown in the figure.

(b) maximum height from the ground to which the particle rises. (g = 10 m/s?)
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6.

10.

1.

12.

13.

14.

Two blocks A & B of mass ‘m’ & 2m respectively are joined to the ends of an undeformed massless
spring of spring constant 'k'. They can move on a horizontal smooth surface. Initially A & B have
velocities 'u' towards left and "2 u' towards right respectively. Constant forces of magnitudes F and 2F
are always acting on A and B respectively in the directions shown. Find the maximum extension in the
spring during the motion.

m 2m
F k 2F
uq—A | AW B —PZU

T T T IO I I ITIOIT

A ball released from rest collide elastically to a fixed inclined plane of inclination o after falling through
a height h Find the distance between the points along the incline where it strike the incline.

Two identical buggies 1 and 2 with one man in each move without friction due to inertia along the parallel rails
toward each other. When the buggies got opposite to each other, the men exchange their places by jumping
in the direction perpendicular to the direction of motion. As a consequence, buggy 1 stops and buggy 2 keeps
moving in the same direction, with its velocity becoming equal to v. Find the initial velocities of the buggies v,

and v, if the mass of each buggy (without a man) equals M and the mass of each man is m.

Two identical buggies move one after the other due to inertia (without friction) with the same velocity v,. Aman
of mass m rides the rear buggy. At a certain moment the man jumps into the front buggy with a velocity u
relative to his buggy. Knowing that the mass of each buggy is equal to M, find the velocities with which the
buggies will move after that.

Two men, each of mass m, stand on the edge of a stationary buggy of mass M. Assuming the friction to be
negligible, find the velocity of the buggy after both men jump off with the same horizontal velocity u relative to
the buggy: (i) simultaneously; (ii) one after the other. In what case will the velocity of the buggy be greater and
how many times?

A stationary pulley carries a rope whose one end supports a ladder with a man and the other end the
counterweight of mass M. The man of mass m climbs up a distance ¢ with respect to the ladder and then

stops. Neglecting the mass of the rope and the friction in the pulley axle, find the displacement ¢ of the centre

of inertia of this system.

A particle of mass m, experienced a perfectly elastic collision with a stationary particle of mass m,. What
fraction of the kinetic energy does the striking particle lose, if

(a) it recoils at right angles to its original motion direction;

(b) the collision is a head-on one?

Body 1 experiences a perfectly elastic collision with a stationary Body 2. Determine their mass ratio, if
(a) after a head-on collision the particles fly apart in the opposite directions with equal, velocities;

(b) the particles fly apart symmetrically relative to the initial motion direction of particle 1 with the angle of
divergence 6 =60°.

Aball moving transitionally collides with another stationary ball of the same mass. At the moment of impact
the angle between the straight line passing through the centres of the balls and the direction of the initial
motion of the striking ball is equal to o = 45°. Assuming the balls to be smooth, find the fraction n of the

kinetic energy of the striking ball that turned into potential energy at the moment of the maximum deformation.
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15.

16.

17.

18.

19.

20.

21.

Particle 1 moving with velocity v = 10 m/s experienced a head-on collision with a stationary particle 2 of the
same mass. As a result of the collision, the. kinetic energy of the system decreased by n = 1.0%. Find the
magnitude and direction of the velocity of particle 1 after the collision.

A particle of mass m having collided with a stationary particle of mass M deviated by an angle /2 whereas
the particle M start moving at an angle g = 30° to the direction of the initial motion of the particle m. How

much (in percent) and in what way has the kinetic energy of this system changed after the collision, if M/ m
=5.0?

A closed system consists of two particles of masses m, and m, which move at right angles to each other
with velocities v, and v, Find:

(a) the momentum of each particle and
(b) the total kinetic energy of the two particles in the reference frame fixed to their centre of inertia.

A particle of mass m, collides elastically with a stationary particle of mass m, (m, > m,). Find the maximum
angle through which the striking particle may deviate as a result of the collision.

Three identical discs A, B, and C as shown in figure rest on a smooth horizontal plane. The disc Ais setin
motion with velocity v after which it experiences an elastic collision simultaneously with discs B and C. The
distance between the centres of the latter discs prior to the collision is 1 times the diameter of each disc

Find the velocity of the disc A after the collision. At what value of n will the disc A recoil after the collision;
stop; move on?

P
/
/

B .

4

A
Bo. O

e,

")

7

A spaceship of mass m moves in the absence of external ' forces with a constant velocity v,. To change the
motion direction a jet engine is switched on. It starts ejecting a gas jet with velocity u, which is constant
relative to the spaceship and directed at right angles to the spaceship motion. The engine is shut down when
the mass of the spaceship decreases to m. Through what angle o did the motion direction of the spaceship

deviate due to the jet engine operation?
A cart of total mass M/ is at rest on a rough horizontal road. It ejects bullets at rate of

A kg/s at an angle 6 with the horizontal and at velocity ‘U’ (constant) relative to the cart. The coefficient
of friction between the cart and the ground is p. Find the velocity of the cart in terms of time ‘t". The cart

moves with sliding.
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22, Abullet of mass M is fired with a velocity 50 m/s at an angle with the horizontal. At the highest point of

10
its trajectory, it collides head on with a bob of mass 3M suspended by a massless rod of length ?m

and gets embedded in the bob. After the collision the rod moves through an angle 120°. Find:

(a) The angle of projection. [JEE - 1998]

(b) The vertical and horizontal coordinates of the initial position of the bob with respect to the point of
firing of the bullet. (g = 10m/s?)

23. A steel ball falling vertically strikes a fixed rigid plate A with velocity v and rebounds horizontally. The ball
then strikes a second fixed rigid plate B and rebounds vertically as shown. Assuming smooth surface and
the effect of gravity on motion of ball is to be neglected. Determine

(@) The required angles o and B.
(b) The magnitude of the velocity v, & v,. Consider coefficient of restitution for both plates as e.

24, Two skaters (A and B), each of mass 70 kg, are approaching each another on a frictionless surface, each
with a speed of 1 ms~'. Skater A carries a ball of mass 10 kg. Both skaters can toss the ball at 5 ms"relative
to themselves such that when A tosses the ball at t = 0 s to B then the ball leaves at 6ms-1 with respect to
the ground. Further, they start (t = 0s) tossing the ball back and forth when they are 10m apart (see Fig. (1)).
Assume that the motion is one dimensional, all collisions are completely inelastic and that the time delay
between receiving the ball and tossing it back is 1s.

1!
3
= || I N

|
o —
(6]
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(a) State initial momenta of skaters (just before t =0 s).

PA= ; PB =

(b) Att = 0 s skater A tosses the ball to skater B. State momenta of both the skaters immediately after B
catches the ball.

PA= ; PB =

(c) Indicates the minimum number of tosses by each skater required to avoid collision.

Number of tosses by A = ; Number of tosses by B =

(d) Indicate motion of each skater on the following x—t plot if no tosses are made. [Note : For this and next
part you must select the scale on the time axis approximately. You may use a pencil for sketching].

x(in meters)
A

5

0 »t(in seconds)

(e) Indicate motion of each skater on the following x—t plot from t = 0 s ill just after one round trip by the ball
(from A to B and back to A).

x(in meters)

Of 5 f f S >t(in seconds)
. - i O
25. A shell flying with velocity v = 500 m/s bursts into three identical fragments so that the kinetic energy of the

system increases n = 1.5 times. What maximum velocity can one of the fragments obtain?
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26.

27.

A particle moves along a closed trajectory in a central field of force where the particle’s potential energy
U = kr?(k is positive constant, r is the distance of the particle from the centre O of the field). Find the mass
of the particle if its minimum distance; from the point O equals r, and its velocity at the point farthest from O
equalsv,—

This problem is designed to illustrate the advantage that can be obtained by the use of multiple-staged
instead of single-staged rockets as launching vehicles. Suppose that the payload (e.g., a space capsule)
has mass m and is mounted on a two-stage rocket (see figure). The total mass (both rockets fully fuelled,
plus the payload) is Nm. [Physics Olympiad (STAGE-2) - 2016]

1st Stage 2nd Stage | Pay
load

L 111——-

nim

Nm

The mass of the second-stage rocket plus the payload, after first-stage burnout and separation, is nm. In
each stage the ratio of container mass to initial mass (container plus fuel) is r, and the exhaust speed is V,
constant relative to the engine. Note that at the end of each state when the fuel is completely exhausted, the
container drops off immediately without affecting the velocity of rocket. Ignore gravity.

(a) Obtain the velocity v of the rocket gained from the first-stage burn, starting from rest in terms of {V,N,n,r}
(b) Obtain a corresponding expression for the additional velocity u gained from the second stage burn.

(c)Adding v and u, you have the payload velocity win terms of N, n, and r. Taking N and r as constants, find
the value of n for which wis a maximum. For this maximum condition obtain u/v.

(d) Find an expression for the payload velocity ws of a single-stage rocket with the same values of N, r, and V

(e) Suppose that it is desired to obtain a payload velocity of 10 km/s, using rockets which V = 2.5km/s and
r =0.1. Using the maximum condition of part (c) obtain the value of N if the job is to be done with a two-
stage rocket.
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10.

1.

13.

15.

16.

17.

18.

19.

20.

22,

A 2MV
30 2 TV9+XV3 3. LGV + V3 4, .
4F + /16 F2+ 54 mu’k
(@) (5m, 1.25m) (b) 4.45m. 6. X = K
8 h sin a along the incline 8. v,=—mv/(M-m),v,=Mv/(M-m)
m mMu

Vrear = VO_ M+m u; Vform = VO+ (M+m)2

_2mu _ u 2M +3m
(iyv,= —2mu_ (ii)v,= m(2M+3m) u V>V, byafactorofg

(M+2m) (M+m)(M+ 2m) (2M +2m)

/2M 12 2m./ b Am; M,
- 1 - + . -—
V4 m/ . (a)n m1 (m1 m2)1 ( )n (m1+m2)2
m m "

(@) m, =1/3; (b) m, =1+ 2cos6 = 2.0 14. n= 7 cos’a = 0.25

Will continue moving in the same direction, although this time with the velocity v’ = (1 — /1-2n )v/2.

For n << 1 the velocity v’ =nv/2 =5 cm/s.

AT/T=(1+m/M)tan?0 + m/M—-1=-40%

@p=uyvi+v,>; (D) T=1/2u( V12 + v22 ). Herep=mm,/(m, +m,)]
Sinemax= m2/m1

V' =-v (2—1?)/ (6 —n?). Respectively at smaller n, equal, or greater than /2
(Mg =2t

. M
a = (u/u,) In (m,/m) 21, v= (ucose—uusme)/fn(—‘))}ugt

(a)37° (b)x=120mandy =45m 23. tana=\/g, v, = \/gvo, cotp = Je, v, = ev,
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24. (@) P, =80 i kg. msor P, =70 | kg.m.s™'; P, =—70 | kg.m.s”

(b) P, =20 i kg.m.s™; P, =—10 | kg.m.s"ora1 P, =—70/8 | kg.m.s™
(C)A=1,B =1

(d) See Fig.

x (in meters)

Motion of skater B 5

» (in seconds)

Motion of skater A

-5

x (in meters)

-

Coordinates (x,t)
P, =(3.6,1.4)
P,=(3.5,2.4)

P, =(=3.9,3.8)

Motion of 5
skater B R

IR S SN SRS O DRI SUNPUIPE DU SRR SO

R S SN S N DU DN AU SN SO

s (in seconds)

0 1 2 i i3 4 5

R SRR S NN DU SU - S A S S

R I T (N DU U A S I

Motion of ==
skater A _g

25. Vo = V(1 + 42(n-1)) = 1.0 km per second
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26.

27.

m = 2kr ?/v 2.

(@ V= Vlnﬂ
f

(b) u:Vlnnr+1—r
Nn
(©) ©=Vin= [Nr+n(1=r)][nr +1-r]
VIn f(n)

Maximizing o is equivalent to maximizing f(n). Differentiating and setting equal to zero, we obtain

n=\/ﬁ32= In[«/ﬁ/{r«/ﬁ+(1—r)}] 1
V. In[N/Nr+~+N@=1)}]

where we have used equation (1 and 4)

N

n

In
[Nr+n(1=r)] [nr +1-r]

o=V

Vinf(n)

u=|n[JN/{rm+(1—r)}]=1

=N = =
" fjv In[N/Nr +~N(1=r)}]

(d) Here m = Nmand m.= m + r(Nm — m). Using equation

N

W, =VIn———
Nr+1-r

Payload velocit —+—2VIL
(e) Payload velocityw=u+ v = nr\/ﬁ+1—r

For the desired value of w, N = 649.4. Answer should be an integer number for the number of state.

Hence N = 650.
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I sELF ASSESSMENT PAPER

JEE (ADVANCED) PAPER

SECTION-1 : ONE OPTION CORRECT TYPE (Maximum Marks - 12)

1. A uniform sphere is placed on a smooth horizontal surface and a horizontal force F is applied onit at a
distance h above the centre. The acceleration of the centre of mass of the sphere

(A) is maximum whenh =0 (B) is maximum when h =R
(C) is maximum when h = R/2 (D) isindependent of h
2, A stationary body explodes into two fragments of masses m, and m,. If momentum of one fragment is

p, the minimum energy of explosion is

2 2 2 2
p P p~(my +my) p
(A) 2(my+my) () 2,/mm, () 2mim, (®) 2(my—m,)
3. A ball is bouncing down a set of stairs. The coefficient of restitution is e. The height of each step is d

and the ball bounces one step at each bounce. After each bounce the ball rebounds to a height h above
the next lower step. Neglect width of each step in comparison to h and assume the impacts to be
effectively head on. Which of the following relation is correct ? (given that h>d)

h h h h 1
(A) g=1-¢? (B) g =1-e (C) 4 = 71 &2 D) 4 =1 s

1-e

4, A bullet of mass m strikes a block of mass M connected to a light spring of stiffness k, with a speed V,.
If the bullet gets embedded in the block then, the maximum compression in the springis :

v, k

= | M

1777, 1777777777 1777/

m2v02 1/2 vag 1/2 MV02 1/2 mV2 1/2
(A) ((M+m)k] (B) (2(M+m)k} (C) (2(M+m)k] ) ((M+m)k}

SECTION-2 : ONE OR MORE THAN ONE CORRECT TYPE (Maximum Marks - 32)

5. A block moving in air explodes in two parts then just after explosion (neglect change in momentum duet
to gravity)

(A) The total momentum of two parts must be equal to the momentum of the block before explosion.
(B) The total kinetic energy of two parts must be equal as that of block before explosion.
(C) The total momentum must change

(D) The total kinetic energy must increase
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6.

10.

An external force E(E = 0) acts on a system of particles. The velocity and the acceleration of the centre
of mass are found to be v__and a__at an instant, then it is possible that

(A)v,=0,a,_ =0 (B)v,=0,a_ =0 (C)v,,#0,a,_ =0 (D)v,,#0,a,_ #0

A projectile is thrown horizontally from top of a tower of height 20 m with a velocity 10 m/sec. It strikes
the smooth ground whose co-efficient of restitution is 0.5. (neglect friction): [g = 10 m/s?]

(A) The time elapsed (in seconds) affter projection when it strikes the ground 1%t time will be 4sec.
(B) The time elapsed (in seconds) affter projection when it strikes the ground 1%t time will be 2sec.
(C) The time elapsed (in seconds) affter projection when it strikes the ground 2™ time will be 3sec.
)

(D) The time elapsed (in seconds) affter projection when it strikes the ground 2™ time will be 4sec.

Two balls, having linear momenta p, = pi and P, = —pi , undergo a collision in free space. There is no

external force acting on the balls. Let p'; and p', be their final momenta. Which of the following option(s)
is(are) NOT ALLOWED for any non-zero value of p, a,, a,, b,, b,, ¢, and c,.

(A) pi=a,i+b,j+ck (B) p'1=cqk
Pa=ayi+b,] P2 = ok

€  py=a,i+b,j+ck D)  Py=ayi+by]
B,=a,i+b,]—ck Po=ayi+by]

Aring of mass m and a particle of same mass are fixed on a disc of same mass such that centre of mass of
the system lies at centre of the disc. The system rotates such that centre of mass of the disc moves in a
circle of radius R with a constant angular velocity o. Which of the following option/options are incorrect:

(A) An external force mw?R must be applied to central particle

(B) An external force mw?R must be applied to the ring

(C) An external force 3mw?R must be applied to central particle

(D) An external force 3m®?R must be applied any where on the system

In the figure shown the system is at rest initially. Two persons ‘A’ and ‘B’ of masses 40 kg each move with
speeds v, and v, respectively towards each other on a plank lying on a smooth horizontal surface as shown
in figure. Plank travels a distance of 20 m towards right direction in 5 sec. (Here v, and v, are given with
respect to the plank). Then the possible condition(s) can be

M Vo

(A)v,=0m/s,v,=10m/s (B)v,=5m/s, v,=15m/s

(C)v,=10m/s,v,=20m/s (D)v,=2m/s,v,=12m/s
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11.  In the arrangement shown, horizontal surface is smooth, but friction is present between the block and the
surface of the wedge. Block is given velocity v att = 0. After achieving height ‘h’ on the wedge, block comes
to rest with respect to wedge att =t. Thenfromt=0tot=t_ :-

rest
V()

—>

" Th

' Initial ” Final
(A) Work done by friction on the block is negative
(B) Work done by friction on the wedge is negative
(C) Work done by block on the wedge is positive
(D) Work done by wedge on the block is positive

12.  Figure shows a wedge on which a small block is released from rest. All the surfaces are smooth system
comprises of wedge and blocks. Mark the correct statement(s) regarding motion of block on wedge till block
attains maximum height on wedge.

m
M
(A) Acceleration of centre of mass of system is initially vertically down then vertically up.
(B) Initially centre of mass moves down and then up.
(C) At the maximum height block and wedge move with common velocity.
(D) Centre of mass of wedge moves towards left then right
SECTION-3 : NUMERICAL VALUE TYPE (Maximum Marks - 18)
13. A particle of mass m moves with velocity v, = 20 m/sec towards a large wall that is moving with velocity v =5 m/

sec. towards the particle as shown . If the particle collides with the wall elastically, the speed of the particle just
after the collision is :

Ovo
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14.

15.

16.

17.

18.

Two smooth spheres made of identical material having masses ‘m’ and 2m undergoes an oblique impact
as shown in figure. The initial velocities of the masses are also shown. The impact force is along the

5
line joining their centres. The coefficient of restitution is 9 Find the approximate percentage loss in

kinetic energy.
y-axis
A

v=10m/s
2m

,A=sin"(4/5) .
(% » x-axis
y/l) m

v=5m/s

A bullet fired horizontally with a speed of 400 m/sec. It strikes a wooden block of mass 5 kg initially at rest
placed on a horizontal floor as shown in the figure. It emerges with a speed of 200 m/sec and the block slides
a distance 20 cm before coming to rest. Find the coefficient of friction between block and the surface. Mass
of bulletis 20 g. (take g = 10 m/s?)

400 m/s

—_—

il

Two small particles of equal masses start moving in opposite directions from a point Ain a horizontal circular
orbit. Their tangential velocities are v and 2v, respectively, as shown in the figure. Between collisions, the
particles move with constant speeds. After making how many elastic collisions, other than that at A, these
two particles will again reach the point A?

Vv A 2v

Three objects A,B and C are kept in a straight line on a frictionless horizontal surface. These have masses m,
2m and m, respectively. The object A moves towards B with a speed 9 m/s and makes an elastic collision
with it. Thereafter, B makes completely inelastic collision with C. All motions occur on the same straight line.
Find the final speed (in m/s) of the object C.

[m] J2m] [m]
A B C

A block of mass 0.50 kg is moving with a speed of 2.00 ms~'on a smooth surface. It strikes another mass of
1.00 kg and then they move together as a single body. The energy loss during the collision is :
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B Answers [
1. (D) 2. (©)

3. (0 4. (A 5. (A)(D)
6. (B), (D) 7. (B),(D) 8.  (A),(D) 9. (A,(B)(C) 10. (AB,CD)
1.  (A),(C) 12.  (B),(C) 13.  30.00 14.  25.00 15.  00.16

16. 02.00 17. 04.00 18. 00.67





