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DEFINITIONS

A number of the form a + ib where a, b € R, the set of
real numbers, and i = J-1 , is called a complex number. A
complex number can also be defined as an ordered pair of
real numbers a and b, and may be written as (a, b), where
the first number denotes the real part and the second num-
ber denotes the imaginary part. If z = a + ib, then the real
part of z is denoted by Re(z) and the imaginary part of z is
denoted by Im(z).

A complex number z is said to be purely real if Im(z) =
0 and is said to be purely imaginary if Re(z) = 0. Note that
the complex number 0 = 0 + {0 is both purely real and purely
imaginary. It is the only complex number with this property.

We denote the set of all complex numbers by C. That
is, C = {a + ibl a, b € R}. Two complex numbers z; =
a, + ib, and z, = a, + ib, are said to be equal if a, = a, and
b, =b,.

v 4

Very Important

QO The main advantage of complex number is to use one
symbol z for an ordered pair (x, y) of real numbers. We
lose this advantage whenever we replace z by x + iy.

Q As far as possible do not write z = x + iy while solving the
problems. Putting z = x + iy should be the last resort rather
than the first option.

ALGEBRAIC OPERATIONS WITH
COMPLEX NUMBERS

1. Addition: (a+ib)+ (c+id)=(a+c)+i(b+d)
2. Subtraction: (a+ib)—(c+id)=(a-c)+i(b-d)
3. Multiplication: (a + ib) (c + id)
= (ac - bd) + i(ad + bc)

4. Reciprocal: If at least one of 4, b is non-zero then the

reciprocal of a + ib is given by

I a—ib __a . b
atib  (@a+ib)a—ib) &+0 @+

5. Quotient: If at least one of ¢, d is non-zero, then quo-
tient of a + ib and ¢ + id is given by

a+ib _ (a+ib)(c—id)  (ac+bd)+i(bc—ad)

c+id  (c+id)(c—id) c +d?
_ ac+ bd ibc—ad
+d? +d?

CONJUGATE OF COMPLEX NUMBER

Let z = a + ib be a complex number. We define conjugate of
z, denoted by z to be the complex number a — ib. That is,
ifz=a+ib,then z =a—ib.

Properties of Conjugate of a Complex Number
D=7 =7
(i) (z) =z

=2Re(z)

(iv) z— zZ =2iIm(z)

Il

(iii) z +
(V) z= 7 & zis purely real

(vi) z+ 7 =0 & zis purely imaginary

(vii) zZ = [Re(@)]* + [Im()]’

(Vlll) 3 +Z2 = 21 +22

(X)) 27— =23-2%
(X) Z1Z2 = ZIZZ
I 7 .
xi) [ L] =220f 2,20
%) 5]
(xil) fPz)=ay+a,z+a, z° +... +a, 7"
where ay, a,, ... a, and z are complex number, then
P(2) = @+ (@) +a,(2)" ++a,(2)"
= P(2)

n

where P(z) = @, +@z+ayz* +--+a,z
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P (2)
(xiii) If R(z) = ——— where P (2) and Q (z) are poly-
0(2)

nomials in z, and Q(z) # 0, then

P(?)
R = —
(2) o)

Illustration | 1 E

24327 7+37
z-1 z-1
a, a, a a, a, a,
(xiv) If z = |b; b, by|, thenz=|b, b, b,
4 & G a o G

where a;, b;, ¢; (i = 1, 2, 3) are complex numbers.

MODULUS OF A COMPLEX NUMBER

Let z = a + ib be a complex number. We define the modulus

or the absolute value of 7 to be the real number Va? + b>
and denote it by | zI.
Note that |z >0V ze C

Properties of Modulus
If z is a complex number, then
() Izl=0&=2z=0
(i) lzZl=1Z1=l-zl=1-71
(iii) —lzI<Re(z) <zl
(iv) —lzl £Im(z) LIzl

(v) zZ =1z

| _
In particular, note that if z # 0, then _:W so that
Z z
1 R 7
Re(—)z e(zz) and Im (l)z_lm(z).
)zl z 1z

If z,, z, are two complex numbers, then
(Vi) lz; 2ol = Izl Iz,

=m,if12¢0
|Zz

2 2 2 — —
(viil) lz; + 2l =z " + 121"+ Z 2, + 717,

(vii) |-

2y

=Iz,I* + Iz,/* + 2Re(2,Z,)
(IX) |Z1 - Z2|2 = |Z1|2 + |Zz|2 — 2122 - Z122
=Iz,* + Iz,* = 2Re(7,Z,)

(X) Iz + 2o + Iz) = 21> = 2(1z)1* + 12,%)

(xi) If a and b are real numbers and z;, z, are complex
numbers, then

laz, + bz* + bz, — az,l* = (a* + b (Iz;)* + 1z,

(xil) If z;, 2y # 0, then Iz, + z,I* = Iz,* + Iz, & z,/z, is
purely imaginary.

(xii1) Triangle Inequality. If z; and z, are two complex
numbers, then lz; + z,| < Izl + Iz,l.

The equality holds if and only if z,z, = 0.

In general, Iz, + z,+ ... + 2,I < Izl + Izl + ... + Izl and
the equality sign holds if and only if the ratio of any
two non-zero terms is positive.

(xiv) lz; — 2ol < Izyl + Iz,
xv) |z =z < 1zl + 1z,
(XVi) |Z1 - Zzl > ”le — |Z2“

(xvii) If a,, a,, a; and a, are four complex numbers, then
lz—al +1z—-a,l + 1z — a3l + 1z —a,l 2 max {la,
—ql +la, — a,): I, m, n are distinct integers lying
in {2, 3, 4} and m < n}.

GEOMETRICAL REPRESENTATION OF
COMPLEX NUMBERS

A complex number z = x + iy can be represented by a point
P whose Cartesian co-ordinates are (x, y) referred to rec-
tangular axes Ox and Oy, usually called the real and im-
aginary axes respectively. The plane is called the Argand
plane, complex plane or Gaussian plane. The point P (x, y)
is called the image of the complex number z and z is said to
be the affix or complex co-ordinate of point P.

B | i! !'i'l

All purely real numbers lie on the real axis and all purely
imaginary numbers lie on the imaginary axis. The complex
number 0 = 0 + 0 lies at the origin O.

We have OP = /x* + y2 =Izl. Thus, Izl is the length of OP.

ARGUMENT OF A COMPLEX NUMBER

If z is a non-zero complex numbers represented by point P
in the complex plane, then argument of z is the angle which
OP makes with the positive direction of the real axis. See
Fig. 2.1.



Y
P(x+iy)
OP =|z|
arg (z)=0
y
0 X
0 M X

Fig. 2.1
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[

Argument of a non-zero complex number is not unique,
since, if 0 is a value of the argument, then 2n7w + 6 where
n € I, the set of integers, are also values of the argument of
z. The value 6 of the argument which satisfies the inequality
— < 0 < mis called the principal value of the argument or
principal argument.

Principal Value of the Argument for Different Positions of z in the Complex Plane

1. When z lies in the first quadrant

Y

' z=x+1iy

0 X

arg (z) = tan”! (2)
X

Fig. 2.2 (i)

2. When z lies in the second quadrant

Y
z=x+1iy ]
g 0
p AN
x| 0
arg () =mw— tan™! (ﬁ)

X

Fig. 2.2 (ii)

3. When z lies in the third quadrant
Y

o J X X
0

[yl

z=x+iy
arg ()= —mw+ tan™! (HJ
X

Fig. 2.2 (iii)

4. When z lies in the fourth quadrant

Y
A

¥l

arg (z) = —tan”! (M)
X
Fig. 2.2 (iv)

Thus, if z = x + iy, then

tan™" (y/x) if x>0

tan”' (y/x)+m if x<0,y>0
arg () =1tan'(y/x) -7 if x<0,y<0
n/2 if x=0,y>0
—r/2 if x=0,y<0

e & "
[T
Common Mistake

A usual mistake committed by the students is to take the
argument of z = x + iy as tan”! (y/x) irrespective of the
values of x and y. Kindly remember that tan”! (y/x) lies
in the interval (— 7i/2, m/2) whereas the principal value of
argument of z lies in the interval (- 7, 7 ].
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POLAR FORM OF A COMPLEX NUMBER

Let z be a non-zero complex number, then we can write
z=r(cos @+ isin O)

where  r=Izl and 6 = arg (7).

Illustration | 2 E

-1+i= ﬁ(cos3—n+isin3—n)
4 4

it 1= o2 25

In fact, if z =r(cos 8 +isin 0), then zis also given by
z =r[cos Qkm+60) + i sin 2km +6)]
where k is any integer.

Euler’s Formula

The complex number cos 6 + i sin 6 is denoted by e or
cis 6. That is
i0

e'""=cis O=cos O+ isin O

Some Important Results Involving Argument
If z, z; and z, are non-zero complex numbers, then
(i) arg (z7) =—arg(2)
(ii) *arg (z; zp) = arg (z;) + arg (z,)
In fact,
arg (z, z,) = arg (z,) + arg (z,) + 2kx
where
0if —7w<arg(z) +arg(z,) <7
k=41if —-2r<arg(z)+arg(z,)<—7
-l if r<arg(z)+arg(z,)<2m

(iii) *arg (z; 7, ) = arg (z;) — arg (z,)

(iv) *arg (;—1} = arg (z;) — arg (z,)
2

In fact,

arg [Z—IJ =arg (z,) —arg (z,) + 2km
2

where k is defined as in (ii) with + sign between
arg (z,) and arg (z,) replaced by —
(V) lz; + 25l = lz; = 2,
& arg (7)) —arg (zy) = /2
(Vi) lz; + 2l =lz)l + Iz,
& arg (z)) = arg ()
If z;, =r, (cos 6, +isin 0))
and z, = r, (cos 6, + i sin 6,)

* L.H.S. and R.H.S. may differ by a multiple of 2.

where r| = lz/l, r, = Izl
and 0, = arg (z,), 6, = arg (2,), then
(Vi) Iz, + 2,1* = Iz, + 1zo* + 21z, Iz,] cos (8, — 6))
= r]2 + r22 +2nr, cos (6, —0,)
Iz, + 2> = Iz)1* + Iz* & cos (8, - 6,) = 0
& Oz, is at right angles to Oz,.
(vili) Iz, — zo* = Iz,* + Iz,I* = 2lz,1 Iz,| cos (6,— 6,)

rl2 + r22 —2nr, cos (6, —0,)

2 2 2
|Z1 - Zzl |le + |Z2|

& Oz, is perpendicular to Oz,.

VECTOR REPRESENTATION OF
COMPLEX NUMBERS

We can also represent the complex number z = x + iy by

using the vector OP joining the origin O of the complex
plane to the point P(x, y), instead of using point P itself.

The length of the vector OP | that is, |§’| is the modulus
of z. The angle between the positive real axis and the vector

OP , more exactly, the angle through which the positive real
axis must be rotated to cause it to have the same direction

as OP (considered positive if the rotation is counter-clock-
wise and negative otherwise) is the argument of the complex
number z.

GEOMETRICAL REPRESENTATION
OF ALGEBRAIC OPERATIONS ON
COMPLEX NUMBERS

Let z; and z, be two complex numbers represented by the
points P,(x;, y;) and P, (x,, y,) respectively.

Sum

By definition, z; + z, should be represented by the point
(x| + x,, ¥ +¥,). This point is nothing but the vertex P which
completes the parallelogram with the line segments joining
the origin with z; and z, as the adjacent sides. See Fig. 2.3

Y
J
P(x1 +x2,y1+12)
Py(x1,¥2) |
1V2 i
; Pi(x1,¥1) |
N iy
: V! : -y
ol » N L K
Fig. 2.3



Note that the addition of two complex numbers z; and z,
follows the same law of addition as that of vectors, repre-
sented both in magnitude and direction by the line segments
joining the origin and the points representing z, and z,, for

Difference

We first represent — z, by P’, so that P,P’, is bisected at O.
Complete the parallelogram OP; PP’,. Then, it can be eas-
ily seen that P represents the difference z; — z,. See Fig. 2.4.

As OP, PP’, is a parallelogram so P, P = OP",. Using vector
notation, we have

Y
A

Py(x2,¥2)

Py(x1, 1)

X

P(xy =x2,y1-y2)

Py (=x2,—12)
Fig. 2.4

Note the complex number z; — z, is represented by the vec-
tor P,P,, where the points P, and P, represent the complex
number z, and z; respectively.

Note that arg(z; — z,) is the angle through which OX must
be rotated in the anticlockwise direction so that it becomes
parallel to P,P,.

Product (Multiplication)

Letz, = ri(cos 8, +isin 0)) and z, = r, (cos 6, + i sin 6,).
Then

212y =F 1p(cosB; +isin 0)) (cos 6, + i sin 0,)
Thus |z, z,l =r, ryand arg(z;z,) = 6, + 6,

This shows that modulus of the product of two complex
numbers is the product of their moduli, and the argument
of the product of any two complex numbers is the sum of
their arguments. Using this, we shall derive a geometrical
interpretation of the product of two complex numbers.

Complex Numbers 2.5

Let E be a point on the x-axis such that OF = 1 unit. (See

Fig 2.5.) Complete the triangle OP,E. Now, taking OP, as

the base, construct a triangle OPP, similar to OP,E so that
OP : OP,=0P,: OE

ie., OP =OP, - OP,

Also ZP,OP = ZEOP,= LXOP, =0,

Thus ZXOP =0, + 0,

Hence P represents the complex number for which the mod-

ulus is r; 7, and the argument is 6, + 6,. That is, it represents

the complex number z, z,.

[- OE=1]

Y
A

Fig. 2.5

Quotient

Let z; = r; (cos 6, + i sin 0,) and z, = r, (cos 6, + i sin 6,).
We take z, # 0, so that r, # 0. Now

kel 1, (cos 8, +isin 6,)

2,  h (cosB, +isinb,)

1 fcos (6, - @) + i sin (6, —6))
p)

We shall use this to get a geometrical interpretation of
the quotient of a complex number by a non-zero complex
number.

Py
r

Fig. 2.6
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Let P, and P, represent z; and z, respectively. On OP, con-
struct the triangle OPP, similar to OEP,, where E lies on
the x-axis and OF = 1 unit. (See Fig. 2.6.)

n

= OP=—
n

Now, OP:0OE=r:r,

Also ZXOP =06,-06,

The point P thus represents the quotient z,/z,, since its mod-
ulus is r,/r, and its arguments is 6, — 0,.

| Renari §

Note that if 8, and 6, are the principal values of arg z; and
arg z, then 6, + 6, is not necessarily the principal value of
arg(z; z,), nor is 6; — 6, necessarily the principal value of
arg(z,/z,).

Interpretation of arg (_7‘3 —4 j
zz - zl

If z,, 25, z5 are the vertices of a triangle ABC described in the
counter-clockwise sense, then

43 %

(i) arg ( J = ZBAC =« (say), and

T4

... 43—XZ ..
(i) =2—1 = A (cos o+ i sin @)
L~ 4 B

See Fig. 2.7.

- C(zs)

0O(z3—1z1)

A(z1)

B(22)

o P(zy-z1)

Fig. 2.7

Corollary The points z;, z,, z3 will be collinear if and only

Z3_Z

L is purely real.
7Y

if angle v= 0 or 7, i.e., if and only if

Interpretation of arg [ﬁ]
Z3 - Z4

Let z;, 25, 23 and z, be four complex numbers. Then the line
joining z, and z5 is inclined to the line joining z, and z; at

arg
3 4

Fig. 2.8

Corollary The line joining z, and z5 is inclined at 90° to the
line joining z, and z; if

=<2 T
arg L 2=+ =
Z3_Z4 2

i.e., if z; — z, = + ik(z;— z,), where k is a non-zero real num-
ber. (Fig. 2.9).

z1 —zp s purely

73— 24 imaginary

Fig. 2.9

SOME IMPORTANT GEOMETRICAL
RESULTS AND EQUATIONS

1. Distance Formula
Distance between A(z;) and B(z,) is given by
AB =lz, -zl

B(z)

A(zy)
Fig. 2.10

2. Section Formula
The point P(z) which divides the join of the seg-
ment AB in the ratio m : n is given by



o= mz, +nz;
m+n
0 B(z,)
w P(z)
A(z)
Fig. 2.11

3. Mid-point Formula
Mid-point M(z) of the segment AB is given by
1
7= —(z;+z
2 ( 1 2)

\ B(z2)

A\ M(z)
A(zy)
Fig. 2.12

4. Condition(s) for four non-collinear A(z,), B(z,),
C(z3) and D(z,) to represent vertices of a
(i) Parallelogram
The diagonals AC and BD must bisect each other

1 1
= — (1 +Z3)= - (@ +2Z
2( 1 +23) 5 (zp +24)
(=4 1+t 3=2+t 2
D(z4) C(z3)
M
A(zy) B(z3)
Fig. 2.13

(ii) Rhombus
(a) the diagonals AC and BD bisect each other
= 21+ 23 =2, + 24, and
(b) apair of two adjacent sides are equal, for in-
stance, AD = AB
=3 lzg—zil =1z, — 7l

D(z4) C(z3)

A(zy) B(z)

Fig. 2.14

Complex Numbers 2.7

(iii) Square

(a) the diagonals AC and BD bisect each other
4 21+ =+

(b) a pair of adjacent sides are equal; for in-

stance, AD = AB

= lzg -zl =1z, — 7l

(c) the two diagonals are equal, that is,

AC=BD & lz3 -zl =lz4— 2,

D(z4) C(z3)

A=) B(z)
Fig. 2.15
(iv) Rectangle
(a) the diagonals AC and BD bisect each other

= 31t =ty
(b) the diagonals AC and BD are equal
D(z4) C(z3)
A(zy) B(z,)
Fig. 2.16

Showing that four points, no three of which are collinear,
form a Parallelogram/Rhombus/Square/Rectangle

Given four
points A, B, C
and D

Diagonals AC )
and BD bisect| <¢==p ABCD is a

each other Parallelogram
ABCD Diagonals Adjacent sides _
isa <= | AC and BD AB and BC | == ABCDisa
Rectangle are equal are equal Rhombus
ABCD
P iS 2

Square
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5. Centroid, Incentre, Orthocentre and Circumcen-
tre of a Triangle
Let ABC be a triangle with vertices A(z,), B(z,) and
C(z3),
(i) Centroid G (z) of the AABC is the point of con-
currence of medians of AABC and is given by

1
zZ= 3 (74 + 25+ 23)

A

Fig. 2.17

(ii) Incentre /(z) of the AABC is the point of con-
currence of internal bisectors of angles of AABC
and is given by

_ ClZl + bZz + CZ3
a+b+c

A(z1)

@\

C(z3)

B(Zz) D
Fig. 2.18

(iii) Circumcentre S(z) of the AABC is the point of
concurrence of perpendicular bisectors of sides
of AABC and is given by

2 2 2
@G- wal + @ )] + (@ - 2)|
Zl(Zz _Z3)+22(Z3 _Z1)+Z3(Z1 _Zz)

|Zl|2 z 1
|Zz|2 7 1

B |Z3|2 x|l
=g 1

22 re 1

z,(sin 2A) + z,(sin 2B) + z;(sin 2C)

Also z= - - -
sin 2A + sin 2B + sin 2C
A(zy)
S(z)
-
B(z,) C(z3)
Fig. 2.19

(iv) Orthocentre H(z) of the AABC is the point of con-
currence of altitudes of AABC and is given by

Z 7 1 |la Fog 1
Z% 5 1|+ |Zz|2 z 1
Z32 1 |Z3|2 i 1
z= =
Zl Zl 1
22 2y 1
3 oz |
(tan A) z; + (tan B) z, + (tan C)z,
or z=
tan A +tan B +tan C
(asec A) z;+ (b sec B)z, +(c sec C)z,
or z=
asec A+bsec B+csecC
A=)
>
5
B(2) C(z)
Fig. 2.20

In case circumcentre of AABC is at the origin, then
orthocentre of triangle is given by z; + z, + z3.

]

t Note

It is not necessary to remember formulae for circumcentre
and orthocentre of a triangle.




Euler’s Line

The centroid G of a triangle lies on the segment joining
the orthocentre H and the circumcentre S of the triangle. G
divides the join of H and S in the ratio 2 : 1.

H 2 G 1 S
(Orthocentre) (Centroid) (Circumcentre)
Fig. 2.21

Thus,
1
6= E(ZH +22zg)

6. Area of a Triangle
Area of AABC with vertices A(z;), B(z,) and C(z3) is

given by
1 o 1
A=1—lz, 7, 1l
4i* 2
3 L 1
1 _ _ _
= Elm(zlzz + 55 +57)
A(z1)
B(z) C(z3)
Fig. 2.22

7. Condition for Triangle to be Equilateral
Triangle ABC with vertices A(z,), B(z,) and C(z3) is
equilateral if and only if
1 1 1

+ + =0
G743 BT4 T4

2 2 2
= 1+ +233=2p23+2321 212
(=4 Z]Zzz Z233 = 2321
2 2
= Zl = Z2Z3 and Z2 = Z] Z3
1z z
= 1 Z3 Z] = O
1 1 2
LT BTY
= =
B~ 4%
1 1 1
=N + + =0

-7 2—2% I—1Z3

Complex Numbers 2.9

1
where z= 3 (2 +2+23)
A(ty)
/) AN
B(t2) C(t3)
Fig. 2.23

8. Equation of a Straight Line

(i) Non-parametric form
An equation of a straight line joining the two
points A(z,) and B(z,) is

z z |1
Z] Z] 1 =0
L o 1
-z -7

or
or 2z —2%)-2(z —)+4% —55 =0

P(2)
B(z)
A=)
Fig. 2.24
(ii) Parametric form
An equation of the straight line joining the points
A(z,) and B(z,) is
Z=1zy + (1 - t)Zz
where ¢ is a real parameter.
(iii) General Equation of a Straight Line
The general equation of a straight line is

az+az+b =0

where a is a non-zero complex number and b is
a real number.

9. Complex Slope of a Line

If A(z;) and B(z,) are two points in the complex
plane, then complex slope of AB is defined to be

Q7%
-5
Two lines with complex slopes W, and u, are
(i) parallel, if u, =,
(i1) perpendicular, if u; +, =0
The complex slope of the line

az+az +b=0 is given by —(a/a)
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10. Length of Perpendicular
from a Point to a Line

Length of perpendicular
of point A(w) from the line
az+az +b=0

(ae C-{0},be R)is given
by

_ |aw+aw+b|
2|
11. Some Results on Circle
(i) Equation of a circle

An equation of a circle with centre at z;, and
radius ris

lz—zol =71
or z=2z5+ re’® 0<0<2r (parametric form)

- - = - 2
or 2Z7—292—-32+tz 7 —r =0

Fig. 2.26

(ii) General equation of a circle
General equation of a circle is

zz+az+az+b=0 (1)
where a is a complex number and b is a real
number such that aa —b=0

Centre of (1) is — @ and its radius is Vaa —b .

(iii) Diameter form of a circle
An equation of the circle one of whose diame-
ter is the line segment joining A(z,) and B(z,) is

(z2-zP)(Z =) +(Z - 7)(z-2)=0

P(z)

A(z1) B(z2)

Fig. 2.27

(iv) An equation of circle through two points
An equation of the circle passing through two
points A (z;) and B (z,) is

(z-z2) (T =) +(Z7 - 7) (@-2)

or

v)

(vi)

z z |1
+iklzy 7z 1 =0
Z, Zp 1

where k is real a parameter.

Equation of a circle passing through three
non-collinear points.

Let three non-collinear points be A(z,), B(z,) and
C(z3). Let P(z) be any point on the circle. Then
either

ZACB = ZAPB

[when angles are in the same segment]
ZACB+ ZAPB=1

[when angles are in the opposite segment]

P(z)
<\
) N\
A(zy)
P(z)
B(zp)
Fig. 2.28
i3 =2 1=
arg| =——= |—ar =0
: Z3_Zl) g[z_zlj
or

arg —Z3_Z2)+arg[z_zlj T
i3 =% =2
L\ %3 =% =2
((Z_ZIJ(Z3_sz:|
arg|| —L || =—=||=71
L\E™ 2 /\&B ™4

3l

0

[using arg ( J = arg (z)) — arg (z,) and

2
arg (z; 7p) = arg (z;) + arg (2,)]
(z—27) (23— 2,)

In any case, we get
Y ¢ (z2=2)(z3—7)

real.

is purely

(2_21)(13 _Zz) _ (Z_Zl)(% _22)

(-2 (H-7) @T-2)(E&G-7)

Condition for four points to be concyclic.

Four points z,, z,, z3 and z, will lie on the same
(24 —2) (23— 25)
(24 = 2) (23— %)

circle if and only if
real.

is purely

(21 —23) (25 —24)
(71 —24) (2 — 23)

is purely real.



RECOGNIZING SOME LOCI BY
INSPECTION

() arg(m)=a (—r<ax<n
arg (z) = o represents a ray starting at the origin
(excluding the origin) and making an angle o
with the positive direction of the real axis. See

Fig. 2.29.
Y
z
o
- X
0
Fig. 2.29

(i) arg(z-zp) = (-T< <7
arg (z — zo) = O represents a ray starting at the
fixed point z; (excluding the point z;;) and mak-
ing an angle o with the positive direction of the
real axis.

YA
/Z/
X
e |°
o

20

Fig. 2.30

(iii) If z; and z, are two fixed points, then
Iz —Z1| =lz— Zzl
represents the perpendicular bisector of the
segment joining A(z,) and B(z,).

z

N =N

\
Q(\'

N

A(z)) B(z3)

Fig. 2.31

(iv) If z; and z, are two fixed points, and k> 0, k # 1
is a real number, then

|Z_Z1| =k
|Z_Zz|

represents a circle.

Complex Numbers 2.11

For k = 1, it represents perpendicular bisector of
the segment joining A(z;) and B(z,).
W) lz—zl+lz—-2l =k

Let z; and z, be two fixed points and k be a

positive real number.

(a) If k>lz; —z,l, then
|z =z, + 1z — z,| = k represents an ellipse with
foci at A(z;) and B(z,) and length of major
axis = k. See Fig. 2.32

Az) B Jopo

N

Fig. 2.32

(b) If k=lz; — z,l, then
lz—z)l+1z—2zl=k
represents the segment joining z; and z,.
(c) If k<lz; —z,l, then
lz—zl+1z-21=k
does not represent any curve in the Argand
plane.
Vi) lz—zl=lz—2zl=k
Let z; and z, be two fixed points, k be a positive
real number.
(a) If k <lz; — z,l, then
lz—z)l—lz—zll=k
represents a hyperbola with foci at A(z;) and
B(z,). See Fig 2.33

y

Fig. 2.33

(b) Ifk =1z, —z,l, then llz — z;l - lz =z, = k
represents the straight line joining A(z;) and
B(z,) but excluding the segment AB. See

Fig. 2.34.
-~ - ————- — >
Azy) B(z5)

Fig. 2.34

B |
Y

If k > |z; — z,l, then
llz—zl-lz—zll=k
does not represent any curve in the Argand plane.
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(vii) If z; and z, are two fixed points, then
lz -z, +lz- 2, = lz;— 2,
represent a circle with z, and z, as the extremities
of a diameter. See Fig. 2.35.

7 B(z)
A(z))
Fig. 2.35
(viii) arg(z_zl]zoc
=2

Let z, and z, be two fixed points, and o be a real
number such 0 < ¢ < .

(a) fO<o < mand o # /2, then

(Z_ZlJ
arg| —— |= A
=2

represents a segment of the circle passing through
A(z,) and B(z,). See Fig. 2.36.

B(z2) A(z1)

Fig. 2.36
(b) If o= /2, then

arg(—z_Zl —a(—zj

=2 2

represents a circle with diameter as the segment
joining A(z,) and B(z,). See Fig. 2.37.

P(z)

/2

A(zy) B(z)

/2

P(z)

Fig. 2.37

(¢) If a =, then

arg(z_zl)za(zn')
Z_Zz

represents the straight line joining A(z;) and
B(z,) but excluding the segment AB. See

Fig. 2.38
- ———— — o>
A(zy) B(z)
Fig. 2.38

(d) If =0, then

arg(z_zl}oe(:m

l— Z2

represents the segment joining A(z;) and B(z,)
see Fig. 2.39.

A(zy) B(zp)

Fig. 2.39

GEOMETRIC INTERPRETATION OF

MULTIPLYING A COMPLEX NUMBER

BY €'

Let z be a non-zero complex number. We can write z in the

polar form as follows: A
z = r(cos 0+ i sin 6) = re'’

where r = Izl and arg (z) = 0

We have

0% = re'% ¢! = re

0+ a)

Thus, ze'* represents the complex number whose modulus is
r and argument is 6 + . Geometrically, ze'* can be obtained
by rotating the segment joining O and P(z) through an angle

a in the anticlockwise direction. See Fig. 2.40

4

O(ze')

P(2)

7

Fig. 2.40

In particular iz is obtained by rotating OP through an angle
of /2 in the anticlockwise direction.

Corollary If A(z;) and B(z,) are two complex number such
that angle ZAOB = 6, then we can write

= ||Z_2| Zleie



Suppose z=r €% and z, = r, €P,
where Izl =rp, 1zl = 1y
ip
2, he T i
then 2-2_ — =2 (f®
a4 he n
Note that
B-a=06
Thus,
B2 _"n o
a4 h
< 0
= 2 = M 2] '
2]
' B
(22)
Alzy)
0
B
o
5 >
Fig. 2.41

Square Roots of a Complex Number

Let z=x+iy. If a + ib is a square root of z, then
(a+ ib)2 =x+iy
= az—b2=x,2ab=y

Also, a2+l)2:\/)c2+y2

1 752 2
T—=\Vx +y +x
V2

I [[2 >
T—\\Jx +ty —x
V2

If y > 0, then @ and b both have the same signs.
If y < 0, then a and b have opposite signs.

Thus,

b

| Illustration | 3 E

Gidi =+ W r22 3+ (e e a2 3)i)

2
1

- 1—2[2\/§+\/§i] =+ (241

Alternatively we can use De Moivre’s Theorem.

DE MOIVRE’S THEOREM AND ITS
APPLICATIONS

(a) De Moivre’s Theorem for integral index.
If n is an integer, then

(cos O+ i sin 6)" = cos (n) + i sin (n0)

S

Complex Numbers 2.13

(b) De Moivre’s Theorem for rational index.
If »n is a rational number, then value of or one of the
values of (cosO + isin@)" is cos (n6) + isin (n6). In
fact, if n = p/q where p, g € I,g > 0 and p,q have
no factors in common, then (cos 6 + i sin 6)" has ¢
distinct values, one of which is cos (n6) + i sin (n6).

2 | i! !'i'l

The values of (cos 6 + i sin 6)”" where p.gel g>0,
hef (p,g) =1 are given by

cos F(zkn n e)} +i sin[ﬁ(zkn n 9)}
q q

where k=0,1,2,...,¢-1.

nth Roots of Unity

By an nth root of unity we mean any complex number z
which satisfies the equation

Z"=1 (1)
Since, an equation of degree n has n roots, there are n values
of z which satisfy the equation (1). To obtain these n values
of z, we write

1 = cos (2km) + i sin (2k7w)

where k € T and

(an’) . (Zkirj
= Z= COS| — |+1SsIn
n n

[using the De Moivre’s Theorem]
k=0,1,2,...,n-1.

2 | i! !'i'l

We may use any n consecutive integral values to k. For
instance, in case of 3, we may take — 1, 0 and 1 and in case of
4, we may take — 1,0, 1 and2 or—2,—1,0 and 1.

where

2 2
Notation Let w= COS(—n)+i sin(—ﬂj
n n

By using the De Moivre’s theorem, we can write the nth
roots of unity as

Lo o ... o
Sum of the Roots of Unity is Zero
We have

n-1

_ l-w
l+o+..+0" "=

But " =1 as wis anth root of unity.
- l+o+...+0" '=0
Also, note that
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Writing nth Roots of Unity When #n is Odd

If n =2m + 1, then nth roots of unity are also given by

(an') . (an'j
7= cos| — |+isin| ——
n n

where k=-m,-(m-1),...,—1,0, 1,2, ...m.
. ( 2k7r) (an)
Since cos| ——— [=cos| ——
n n
. ( an') . (21{71}
and sin| ——— |=—sin| —
n n

we may take the roots as

1, cos(zk—n) +isin (2](—”)
n n

where k=1,2,..., m.

In terms, @ we may take nth roots of unity to be 1, &',

hy
o, ... 0"

Writing nth Roots of Unity When n is Even
If n = 2m, then nth roots of unity are given

m—1

=+ Lt +0. 10

(3 rism (5 )=eos (5 ) 15m (5]
where w=cos| — |+isin| — |=cos| — |[+isin| —

2m 2m m m

Cube Roots of Unity

Cube roots of unity are given by 1, ®, @, where

(m) (2;:) —1++3i , —1-+3i
w=cos| — |+isin| — |=——and ®* =———
3 3 2 2

Some Results Involving Complex Cube Root of Unity (w)

_ 1
() @ =1, ®=w® and — = w?
0]

()l + 0+ @& =0
(i)’ -1=@x-1 (x- 0 x -
(iv) o and @’ are roots of x> + x + 1 = 0
V) a® - b= (a-b)(a-bw (a-ba
= (a - b) (aw — ba?) (ae’® — bw)
(Vi)a2+b2+cz—bc—ca—ab
=(a+ba)+cw2)(a+bw2+ca))
(vii) @ + b + ¢ - 3abc
=(@+b+c)(a+bo+ced) @+ b+ co)
(viil) P+l = (x + 1) (x + ©) (x + @)
(x) @® + b° = (a + b) (a + bw) (a + bad)

3
(x) Cube roots of real number a are a'”, a' o,

a1/3 602.

. . 3
To obtain cube roots of a real number a, we write x” = a as

y3 =1 where y = x/a'’.

y3 =1larel, o .

x=al/3’al/3 w’al/fi 0)2.

Solution of

Illustration | 4 E

3
To obtain cube roots of =27, we write (%) =1

= x=-3,-30,-30
nth Roots of a Complex Number

Let z # 0 be a complex number. We can write z in the polar

form as follows:
z=r(cos 6+ isin 6)
where r=Izland 6=arg (7). Recall—-r< < 7.

The nth root of z has n values one of which is equal to

Z0=Vlzl [cos (%) +isin (%ﬂ and is called as the

n n

principal value of ¥/|z|. To obtain other values of %/|z],
we write z as

z=r[cos (0+ 2km) + i sin (0 + 2km)]

n 1,,,[ (9+2k7r) . (6+2k7tﬂ
= z =r COS +1SIn
n n

=2 a)kwherekzo, 1,2,...,n-1.

2r . . 2m . .
and @ = cos— +i sin— is a complex nth root of unity.
n n

Thus, all the nth roots of z can be obtained by multiplying the
principal value of ¥/| z| by different roots of unity.

Rational Power of a Complex Number

If z is a complex number and m/n is a rational num-
ber such that m and n are relatively prime integers and
n > 0. We define

Zm/n — ((l/g)m
Thus, z™" has n distinct values which are given by
m
Zmin (rym ) [cos(ﬂ(e + 2k7r)) + isin(ﬂ(e + 2k7r)ﬂ
n n

where k=0,1,2, ..., n—1.
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® Example 1: Ifa +ib= Zik , then (a, b) equals
k=1

(@ (0, 1) (b) (0,0)
(¢) (0,-1) (d (1, 1)
Ans. (a)

Solution: Write
a+ib=i+@+P+it+ D)+ +i ++ )

F o @O+ 4100 4 10
TIP Use
i im0V mel
to obtain
a+ib=0+i = a=0,b=1
S\ N
@® Example 2: If (ﬂj =—1, n eN, then least value of
. —i
nis
() 1 (b) 2
(©3 d 4
Ans. (b)

Solution: Write 1 = —i” in the numerator, to obtain
1+i —i*+i i(l-i)
_— = = =1
1-i 1-1i 1—-i

1= (i) _n
1—-i

The least value of n is 2.

® Example 3: The conjugate of a complex number z is

2
I Then Re (z) equals

—1

(a) -1 (b 0
(© 1 (d) 2
Ans. (¢)
2
Solution: E=% = 11—1' =1+i
—i _i

Now, Re (z)= Re (Z) =1.

® Example 4: The number of complex numbers z such
thatlz—il=lz+il=lz+ 1lis

(@0 (b) 1
(c) 2 (d) infinite
Ans. (b)

Complex Numbers 2.15

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

Solution:

TIP
Note z is circum-centre of the circle passing through three
non-collinear points A (0 + i), B (0 — i) and C(-1 + 0i)

Thus, there is only one value of z.

® Example 5: If z + 2 Izl = 7w+ 44, then Im (z) equals

(@) 7 (b) 4
©) Vr% +16 (d) none of these
Ans. (b)
Solution: The given equation can be written as
z=(m-2lzl) + 4i
As m-2lzl is real, we get
Im (z) =4
® Example 6: If Izl = 7 + 3 — 2, then z equals
(a) 7/6 + i (b) —7/6 +2i
(¢c) —5/6 +2i (d) 5/6 +i
Ans. (c)
Solution:
z=lzl -3 +2i
= lz? = (Izl - 3)* + 4
=1z* — 6zl +9 + 4
= Izl =13/6
Thus, z=-5/6+2i

® Example 7: If © (# 1) is a cube root of unity and
(1+ (02)11 =a+bw+ ca)z, then (a, b, c) equals

(@) (1, 1,0) () (0,1, 1)
(¢) (1,0, 1) (d (1,1, 1)
Ans. (a)

Solution:
a+bo+car=>1+)"=Cw)

=— (@) =1+ [1+0+c*=0]

= a=1,b=1,c=0
® Example 8: If x> + y> = 1 and x # —1 then 1+J’+l.x
1+y—ix
equals
(@1 (b) x+iy
(©) 2 (d) y+ix

Ans. (d)
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Solution:

TIP
Sometimes, it is helpful to write X+ y2 =2z

where z=x+iy or y+ix

Put z=y+ix,then1:x2+y2=z2
Now,
I+y+ix zz+z _ 2Z+]1)
l+y—ix 147  1+2
=z=y+Iix
® Example 9: If z is a non-zero complex number, then
arg () + arg (z) equals
(@0 (b) @
(c) 2m (d) None of these
Ans. (d)

Solution: If z € R and z < 0, then
arg () =arg (1) =7
= arg (z) +arg (7) =27
Suppose z € C, z#0 and z is not a negative real number.
Let arg (z) = o, where —w< o< rx
In this case arg (7) = — «, so that
arg (z) + arg(z) =0

@® Example 10: If z € C and 2z =1zl + i, then z equals

NEE NCEE
(a) 6 2l ( ) 6 3l
(c) £+li (d) £+li
6 4 6 6
Ans. (a)
Solution:
1227 =1z1* + 1
= 327 =1= Iz = 1/3
Thus, 7= £+li
6 2
@® Example 11: If z = (Ljuljy +(L_li)7 then
' V32 B2 )
(@) Re (2)=0
(b) Im () =0

() Re(2)>0,Im (z) <0
(d) Re (2) <0,Im () >0
Ans. (b)

Solution:

(oY (1Y
Lt ) -
= zis purely real.
Im(z)=0

@® Example 12: If o (# 1) is a complex cube root of unity
and (1 + 0" = (1 + @®)", then the least positive integral
value of n is

(a) 2 (b) 3
(c) 6 d 12
Ans. (b)
Solution:
As o' =0, o®= o, we get
1+ o'=1+ )"
=  o)=(Co
= o'=1
n=3
® Example 13: If z = 1 <00Fisin0 o o 21
sin@ +i(1+cos @)
then Izl equals
(a) 2 Isin 6| (b) 2lcos 01
() 1 (d) Icot (6/2)!
Ans. (c)
Solution: Using |-} = ] if z, # 0, we get
5| |zl

22 = (1+cosB)? +sin’ 0 _
sin® 0 + (1 + cos 6)*
= lzl=1

@® Example 14: All the roots of (z + 1)4 =7*lie on
(a) a straight line parallel to x-axis
(b) a straight line parallel to y-axis
(¢) acircle with centre at —1 + 0f
(d) acircle with centre at 1 + i
Ans. (b)

Solution:

TIP

It is unnecessary to find roots of (z + 1)4 =7

If zis a root of (z + 1)* = z*, then I(z + 1)* = I

= Iz + 1l =zl

= lz-DlI=Iz-0l

= zlies on the perpendicular bisector of the segment join-
ing —1 + 0i and O i.e. z lies on the line Re (z) = - 1/2.

® Example 15: If o (# 1) is a fifth root of unity and S (= 1)

is a fourth root of unity then

=+ 1+ A+ A+ A+ 1+ )

equals
@ «a ) B
(c) of o
Ans. (d)

Solution: As f# 1 is a fourth root of unity,
Br=1=1-P+p+p+p)=0



As B, 1+B+B*(1+P=0
= (1+B)A+pH=0
: z=0

® Example 16: Suppose z,, z,, 23 are vertices of an equi-
lateral triangle whose circumcentre -3 + 4i, then lz; + z, +
z3l is equal to

(@) 5 (b) 1043
(c) 15 @) 153
Ans. (c)

Solution: As triangle is equilateral, circumcentre and
centroid of the triangle coincides, therefore,

1
g(z1 +2,+z3) =-3+4i

= |z) + 25 + 231 = 34/(=3)* +4% =15

® Example 17: If z # 0 lies on the circle Iz — 11 =1 and @
= 5/z, then @ lies on

(a) acircle

(c) astraight line
Ans. (¢)

Solution: z=5/wand Iz-11=1

(b) an ellipse
(d) a parabola

= ‘2—1‘=1=>Ia)—5l=la)|
0}

that is, @ lies on the perpendicular bisector of the segment
joining 0 and 5 + 0i.
Therefore w lies on the straight line Re (w) = 5/2

_ 25
@® Example 18: Ifz7=3i + —3 , then Izl cannot exceed

Z+ 31
(@) 3 (b) 8
(c) 16 (d) 18

® Example21: Ifze€C,z¢ R anda=z"+3z+5, thena
cannot take value

(a) =2/5 (b) 5/2
(c) 11/4 (d) -11/5
Ans. (c)

11
Solution: a = (z+§)z .|.Z

Asz ¢ R,z;r&—é,thus,a;zr&E
2 4
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Ans. (b)

Solution: (z - 3i) (z + 3i) =25

= 1z-3i*=25o0rlz-3il=5

Izl =1(z — 3i) + 3il
<lz-3il+13il=5+3=8

Now,

® Example 19: If Iz — 11 = Iz + 1l = Iz — 2il, then value of
|zl is

(a1 (b) 2

(c) 5/4 (d) 3/4
Ans. (d)
Solution: zis centre of the circle passing through 1 + 04,
—1 + 0i and 0 + 2i. Clearly centre lies y

. A
on the y-axis. 5

1
If z = 0 + ai the centre, then

V1+d® =la+2l ai

= l+ad*=d’>+4a+4 -1 1
= a=3/4
Izl = 3/4 Fig. 2.42

® Example 20: The number of complex numbers
satisfying 7 = iz’ is

(a) 1 (b) 2
(c) 3 (d) 4
Ans. (d)
Solution: [zl = liz2l = Izl = Iz
= lzl=0 or Izl=1.
Iflzl=0, then z=0.

If Izl =1, we get 7 = 1/z, so that the equation becomes
l/z=1iz
or D=—i=P=z=ii0i0

where o (#1) is a cube root of unity.

LEVEL 1

Straight Objective Type Questions

@® Example 22: Suppose a, b, c €C, and lal = 1bl = Icl = 1
and abc =a + b + ¢, then bc + ca + ab is equal to

(@ o (b) -1
(© 1 (d) none of these
Ans. (¢)
Solution: lal* = b* = Icl* = 1
= aa=bb=cc=1
Now, abc=a+b+c
= abc=a+b+c
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1 1 1 1
= — = —4—+-

abc a b ¢
= bc+ca+ab=1

® Example 23: The number of complex numbers z which
satisfy 22 + 21z = 2 is

(@0 (b) 2
(c) 3 (d) 4
Ans. (d)

Solution: Asz>=2(1—Iz1%)is real, z is either purely real
or purely imaginary.
If z is purely real, then

2
z2=2(1—z2) = z=x\g

TIP
2

If z is purely imaginary, then Iz = —z%.

Inthiscase z2=2(1+7%) = z==++v2i
Thus, there are four complex numbers satisfying
2 2 _
2007 =2

® Example 24: Suppose a € R and the equation z + alzl +
2i = 0 has no solution in C, then a satisfies the relation.

(@) lal > 1 (b) lal 2 1
(c) lal > 2 (d) lal > 2
Ans. (b)
Solution: z=—alzl - 2i
= 12> =a® Iz1> + 4
= IZ>(1-a>) =4
This equation has no solution if 1 — a*<0 or lal>1
Forlal< 1, Izl = 2 and
1-da°
2a

=2i

Z:
V1-a?

® Example 25: Suppose z is a complex number and ne N
be such that 2" = (1 + z)" = 1, then the least value of n is

(@) 3 (b) 6
©9 (d) 18
Ans. (b)
Solution: IzI"=11+z"=1 = lzZ=Iz+ 1=l
= lzl=1 and z lies on the perpendicular bisector of the

segment joining 0 + Oi and —1 + 04, that z lies on the line
Re (z) =-1/2.

1
Let z= —E+iy ,thenlzl =1
1, V3
—+y =1 = =+—
4 YT

1
zZ= ——iiﬁ = W, o
2 2

where @ is complex cube root of unity.
Ifz=0 o' =(+0)"=(-1) o™
= n is even and multiple of 3. Thus, least value of n is 6.
Similarly, for z = .
® Example 26: Let z # +i be a complex number such that
z—1 . . . 1.
—— is purely imaginary number, then z+— is
Z+1 <
(a) a non-zero real number other than 1
(b) a purely imaginary number
(c) a non-zero real number

(d o0
Ans. ()
Solution: Let ﬂ = ik, where k € R.
Z+1

= z—i=ikz -k
= z(-ik)=-k+i
- . —k+i

1-ik

2
Note that Iz1> = k +21=1

1+k
= z=1 = z=1/z
Thus, z+ % =z + 7z, which is a real number.
Also, z+2z2=0
= 2Re(z) =0 = Re(z)=0
= z =ai for some a € R.

But in this case

Z—i .
—— is a real number
7+

Therefore, z + 7 # 0.

® Example 27: The points z,, z,, z3, z, in the complex
plane are the vertices of a parallelogram taken in order if
and only if

@ z1+24=2+72

b)) z1+zm=2+2

©z+n=23+2y

(d) None of these
Ans. (b)

Solution: See theory.

@® Example 28: If the complex numbers z;, z, and z;
represent the vertices of an equilateral triangle such that
|Z1|=|Z2|=|Z3|,then
@ 71+, +23=0
(© z1—-2,+23=0
Ans. (a)

(b) z,+2,-23=0
(d) zy+2,+z3#0



Solution: Letlz,1=1z,1=1z;1=k (say),

= 7, 2, 23 lie on a circle with centre at the origin and
radius k. As z;, 2,, z3 are vertices of an equilateral triangle,
the circumcentre and the centroid of the triangle coincide.
Therefore,

1
§(Z1+22+Z3):0 = Z1+Z2+Z3:0

6
© Example29: ThevalueofS= 3 (Sin 2k o %)

is k=1
(a) —1 )0
(c) —i d) i
Ans. (d)
Solution: sin(@j -1 cos(%)
7 7
_ [ (27rk) .. (an)]
=—1|COS| —— |+ 1SIn| —
7 7
=—io" [De Moivre’s Theorem]
where

= cos(zi) +1 sin(zlj.
7 7
Note that @’ = 1.

6 . 6
- 1—
R Y

k=1 l-o
—i(w-0') —i(w-1)
1-w 1-w

® Example 30: The complex numbers sin x + i cos 2x and
cos x — i sin 2x are conjugate to each other for

(b) x=(n+ljn,ne I
2

(d) no value of x.

(@ x=nm,nel
©)x=0

Ans. (d)

Solution: sinx +icos2x =cos x — i sin 2x

= sinx—icos2x=cos x—isin 2x

= sin x = cos x and cos 2x = sin 2x

= tanx=1andtan2x=1

These two equations cannot hold simultaneously.

@®@ Example 31: If z; and z, are two complex numbers and
a, b are two real numbers, then | az, — bz, I* + | bz, + az, I*
equals

(a) (@®+ b)) 1z, 2|
(b) (@ +b%) (2] +25)
© @+b) (17 P+lz, P
(d) 2ab 1z, 7|
Ans. ()

Complex Numbers 2.19

Solution: We have
laz, — bz,|? + lbz, + az,)*

a’lz)l* + b? Iz,)* — abz, 5,—ab7z,

+ b? Izll2 +a® I22I2+ bazZ,+baz |z,
(@ +b?) (Iz1* + 1z,

® Example 32: If ¢ and b are real numbers between 0 and
1 such that the points z;, =a + i, 2, = 1 + bi and z; = 0 form
an equilateral triangle, then

(a) a=b=2-/3 should look like this
() a=2-V3,b=3-1
©a=Y3-1,b=2-3

(d) none of these

Ans. (a)

Solution: By the hypothesis 0 < a, b < 1
and z) = 25l =7y — 23l = lz3 — 24!
= lla-=1)+i(1=b)l=I1+ibl=la+il
= (a-1?+(0-bl=1+b"=a"+1
= a*>-2a+1-2b=0and b*=d’

As0<a,b<1anda®=0b* we geta=b.
a?-2a+1-2a=0 = d*-4a+1=0
= a=2+3 As O<a<l, a=2-3.
® Example 33: If z # 0 is a complex number such that
arg(z) = m/4, then
(2) Re(z}) =0
(c) Re(z?) = Tm(z’)
Ans. (a)
Solution: As arg (7) = n/4, we can write

(b) Im(z*) =0
(d) none of these

T .. T
z= r(cosz + zsmz)where r=lzl

2_ 2 ( T . ﬂ:j
= Z"=r"|cos—+isin—
2 2
[Using De Moivre’s Theorem]
=r* (0 +i)=ir’
= Re(z) =0

@® Example 34: Let z and w be two non-zero complex
numbers such that | z | =1 w | and arg (z) + arg (w) = m. Then

z equal
(@ w () —w
() w (d) —w
Ans. (d)
Solution: Letlzl=Iwl=r and arg(w)= 6, so that
arg (z7) =7w— 0.
We have

z=r[cos(mr— 60) +isin(r— 6)]



2.20 Complete Mathematics—JEE Main

=r(-cosO+isinb)

= —r(cosO +isin@)=—w

-1
@® Example 35: Iflzl=1and w I (where z # - 1),
then Re(w) equals z+l

1
(@0 (b) - >
|z +1]
B2 @ V2
2+ 1z +17 2+
Ans. (a)
Solution: Izl=1 = z7 =1.
_ z-1 7z-1
IR WA m——
e(w)=w+ 1 741
_z-l, Wo-1
Tzl (/)41
S S Sk A
z+1 1+z

= Re(w) =0

@® Example 36: Let z and w be two complex numbers
suchthatlzl=lwl=1landlz+iwl=1z—iwl=2.Thenz

equals
(@) lori (b)ior—i
(¢c)lor-1 (d)ior-1
Ans. (c)
Solution: We have |—iwl=I-illwl=1
and iwl=1lil wi=1

= —iw and i W lie on the circle Izl = 1.
Aslz—(—iw)l=lz—iwl=2 we get z and — iw, as well
as z and i w are the end points of the same diameter, with
one end point at z.

—iw=iw = w+w=0
= wis purely imaginary.

Let w=ik where ke R.
As wl =1, we get likl = 1
= k=1 = k=+1.
R w=xi = —iw=iw==%1
Wheniw =1,thenz=-1 and
wheniw =—1thenz=1
® Example 37: The complex g
numbers z = x + iy which satisfy 5i
the equation bl =1, lie on
z+5i z
0 X

(a) the x — axis

(b) the straight line y =5 _s;

(c) acircle passing

through origin
(d) none of these Fig. 2.43

Ans. (a)

z—5i
z+5i

Solution: =1 = lz-5il=lz- (=5l

= zlies on the perpendicular bisector of the segment join-
ing 5i and — 5i, i.e., z lies on the x-axis.

® Example 38: The inequality | z — 4l < |z — 2 | represents
the region given by

(a) Re(z) 20 (b) Re(z) <3

(¢) Re(z) £0 (d) Rez>3
Ans. (d)
Y [
—
/’I’:
/ %
/
/
/o
v —
(0] 2 3‘54 X
—
—
——
——
 —
m—
Fig. 2.44

Solution: If z satisfies Iz — 4l =1z — 2, then z lies on the
perpendicular bisector of the segment joining z =2 and z = 4.
ie., lz—4l=1z-21 = Re(z)=3.
As z =0 does not satisfy Iz — 4| < |z — 2|, we get
Iz — 4l < Iz — 2| represents the region Re(z) > 3.

@® Example 39: If z, and z, are two complex numbers such

that [FL—%2| _ 1, then
Z1t2
(a) ZzszIakE R (b) Z2=ikzl,ke R
© z1=2 (d) none of these
Ans. (b)

Solution: Note that at least one of z;, z, is different
from 0. Suppose z, # 0. We can write

4%
Y]

ZI/Z2_1
/27, +1

b4
2=
2

z
).
2

=1, as =] oras

This shows that z,/z, lies on the perpendicular bisector of
the segment joining A (— 1 + i0) and B(1 + i0) [See Theory].
Thus, z,/z, lies on the imaginary axis.

. 1 —i
2 —jgforsomeae R. =2 _~ _"!

2 7z la a

= 2z, =ikz, for some k eR



® Example 40: For any complex number z, the minimum
value of Izl + 1z — 2il is

(@0 (b) 1
(c) 2 (d) none of these
Ans. (c)

Solution: We have, for z € C
Ril=lz+ QRi—)I <zl +12i — zl
= 2< zl + Iz - 2il
Thus, minimum value of Izl + Iz — 2il is 2 and it is attained
when z =1i.

® Example 41: If x = 2 + 5i, then the value of X =50+
33x—19is equal to

(@ -5 (b) -7
()7 (d) 10
Ans. (d)
Solution: x=2+5i = x-2=5i
= (x-2?=(5i) = xXP-dx+4=-25

= x> —4x + 29 = 0. We now divide
x* = 5x% 4+ 33x - 19 by x* — 4x + 29.

x—1
X2 4x+29)x3— 5x% +33x—19

x°— 4x* +29x
6 ® 6

—x*+4x-19

—x> +4x-29
@ 0 @

10
Thus, x> = 5x* + 33x = 19 = (x — 1) (*® — 4x + 29) + 10

=(x-=1)(0)+10=10

@ Example 42: If z = x + iy and w =% then Inl = 1
implies, that, in the complex plane <l
(a) z lies on the imaginary axis
(b) z lies on the real axis
(¢) z lies on the unit circle
(d) none of these
Ans. (b)
) 1-iz
Solution: Iwl =1 = “(=1
z—1i
=  i-id=lz-id = =) @+)l =il
= lz+il=lz-1l

= z lies on the perpendicular bisector of the segment join-
ing i and —i.
= z lies on the real axis.
1 .
S

® Example 43: Thereal partof 7=————————— i
P P ¢ 1—cos@+isin@

1
(a) (b) 5

1—cos@

Complex Numbers 2.21

(©) %tan@ (d) 2

Ans. (b)

Solution:

TIP

If z= l , then

w
Re(z) = Re(go)
lool
Re(z) = 1—cos@

(1—cos 6’)2 +sin’ 6

1—cos@

1—2cos0 +cos” 0 +sin> 0

_ l-cos® 1
2(1—cosB) 2
. . 2z+1 .
® Example 44: If the imaginary part of = is — 4, then
Z+

the locus of the point representing z in the complex plane is
(a) a straight line (b) a parabola
(c) acircle (d) an ellipse

Ans. (c)

Solution: Let z = x + iy, then
2z+1  2(x+iy)+1  Qx+D+2iy
Tix+iy)+l -y +ix
[+ D)+ 2iy][(1— y) —ix]
(1-y)* +x°

As Im(z.Z—H) =—4, we get
iz+1

iz+1

2y(1-y)—x2x+1)
RN
= 27+ 2y +x =2y =4 +407 -2y + 1)
= 270+ 2y —x—6y+4=0

which represents a circle.

® Example 45: The area of the triangle whose vertices
are the points represented by the complex number z, iz and
Z+iz1s

(a) 2 Izl (b) 2 Izl
() 5 Izl (d) 5 Izl
Ans. (¢)
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Solution: Area of the triangle is given by
| b4 z 1
A=—1| iz —-iz 1l
4 oo
z+iz z7-iz 1

Applying R; — R; — R — R,, we get

1 z z 1 | _
A=z —iT 1 |=Z|(—1),Z <
0 0 -1 e

L1 1, 1
——f2)==
[T @5k

= il(—l) (i)z Z|

® Example 46: If @is a complex cube root of unity, then
2

x+1 w (0]
aroot of the equation| @  x+ ®? 1 [=01is
o’ 1 x+o
(@) x=1 ) x=w
(©) x= o (d) x=0
Ans. (d)

Solution: Let us denote the given determinant by A.
Applying C;, = C, + C, + G5, we get

x+l+o+0® o o | |x o ?

A=lx+l+o+0> x+0°> 1 |=|x x+0> 1

X+

x+l+o+w? 1 X+ |* 1

Clearly A=0 for x=0.

@® Example 47: Let z; and z, be two non-zero complex
numbers such that Z—1+Z_2 =1, then the origin and points
4

represented by z; and z,

(a) lie on a straight line

(b) form a right triangle

(c) form an equilateral triangle

(d) none of these

Ans. (¢)
1
Solution: Letz=i,thenz+— =1 = 7 -z+1=0
2 z
_1+43i 5 1+43i
= zZ= = =
2 2 2

If z, and z, are represented by A and B respectively and O
be the origin, then

0A _[a] _[12V3i_ 13
OB 3| | 2 4 4
= OA= OB
Also, AB - |z — 2 &
OB || 2

=|1- liﬁl =l$£l= l+§:1
2 2 2 2 V4 4
= AB =0B
Thus, OA =0B =AB.

~. AOAB is an equilateral triangle.

® Example 48: If (1 + x +x)" = ay + ax + a,x* + ... +
a,, x*", then value of ay + a; + ag + ... is

(a1 (b) 2"
(C) 2n71 (d) 3n—l
Ans. (d)

Solution: Putting x = 1, @, ®* in

7 we get

(A+x+x)"=ag+ax+ax*+...+ay, x
(I+1+D'=ay+a,+ay+ay+ ... +a,,
(1+ 0+ @) =ay+a,0+ a0 + a,0 + ... + a,, ",
and (1 + @ + 0" = ay+ 4,0 + a,0" + ;0" + ... + a,, &
Adding the above three equations and using 1 + @ +
o = 0,w3zlweget
3"=3(ay+ay+ag+...)

= a0+a3+a6+ '”:3}1—1.

® Example 49: Let

1 1-2i 3+5i
z=[1+2i -5 107 |, then
3-5i -10i 11

(a) zis purely imaginary
(b) zis purely real

() z=0
(d) none of these
Ans. (b)

Solution: Conjugate of z equals the determinant ob-
tained by taking conjugate of each of its element. Therefore,

1 1+2i 3-5i 1 1-2i 3+5i
z =|1-2i -5 -10i|=|1+2i =5 10i | =z
3+5i 10i 11 3-5i -10i 11

Thus, z is purely real.

® Example 50: If (x + iy)" = a + ib, then X +% equals
a

(b) 2(a* - b?)

(d) none of these

(a) 4(a® - b%)
() 2(a* + b?)

Ans. (a)
Solution: (x +iy)* =a + ib
= x + iy =(a + ib)’ = @® + 3d*(ib) + 3a(ib)* + (ib)’

= x + iy =(a’ = 3ab®) + (3a*b — bY)i

Equating real and imaginary parts, we get



x=a’ - 3ab” and y= 3a*b - b°
= Lo 3prandd =342 b2
a b
Thus, > +% = 4a% — 4b% = 4d* - bY)
a

@® Example 51: If z € C, the minimum value of Izl + Iz — il
is attained at

(a) exactly one point

(b) exactly two points

(c) infinite number of points

(d) none of these
Ans. (¢)

Solution: We have
I=lil=lz+ (-2 <zl +1i -zl
= lzZl +1z—il>1

The minimum value 1 is attained at all points z = i t where
te [0, 1].

@® Example 52: For all complex numbers z,, z, satisfying
lz)l =12 and |z, — 3 — 4il = 5, the minimum value of |z, — z,| is

(@0 (b) 2
()7 @) 17
Ans. (b) Y

Solution: Iz;| = 12 implies
z
that z, lies on the circle with A 1
centre C, at the origin and ra- C

dius 12 whereas Iz, —3 —4il =5 G
implies z, lies on the circle with
centre at C, (3 + 4i) and radius

5. See Fig. 2.45. The quantity
lz; — z,| will be least if z; and z, Fig. 2.45
lie on the line joining C; and C, i.e. on the line z = (3 + 4i)t

12
In fact, when we take z, = 6 + 8i and z; =? (3 + 4i), we

obtain Iz, — 2l = %(3+4i)—(6+8i) =§ B+4i] =2.

-2

@® Example 53: If 7 lies on the circle Iz — 11 = 1, then £
equals <

(a) 0 Y

(b) 2 z

(©) -1

(d) none of these 5 X
Ans. (d) vz
Solution: Note that Iz — 1!

= 1 represents a circle with the

s _ _ Fig. 2.46
segment joining z =0 and z =2
+ 0i as a diameter. See Fig. 2.46. If z lies on the circle, then

is purely imaginary.
z—=0

Complex Numbers 2.23
® Example 54: If 1, o, ..., " are the nth roots of unity,

1
then value of +

+-t equals
2-0 2-@? 2—@"! a
1 n2" -1)
(a) b) ——
2" -1 2" +1
-2 2n—1
(© & (d) none of these
2" -1
Ans. (d)
Solution: We know that
1 1 1 1 n(x"")
+ + +oeet =
x-1 x—o x-—w? x—o"! x" =1
Putting x = 2, we get
n—1
1 1 ey 1 _ n2")

+ 2 1
2-0 2-w 2—w" 2" —1

@® Example 55: If o = cosz + 1 sinz, then value of
n n
l+o+o*+... +d s

(@) 1+i cot(l)
2

T

(b) 1 +itan (E)

n

© 1+i (d) none of these
Ans. (a)
Solution: We have
It ot+ @i+ +af =22
-0 1-w
" (nﬂ) . (nﬂ:) .
as @' =cos| — | +isin|— | =cosmw+isinwr=—-1
n n
) = =
Now. _ 2(1 a))_ _ 2(1 _a)) _
-0 (-w)(1-0) 1-(w+w)+on
2(1-w
o) [+ o®=lok=1]
2-2Re(w)
3 1-Re(w)+ilm(w) Im(w)
a 1 - Re(w) 1 - Re(w)
. (7 (7 T
sm(—) ZSln()cos()
=1+i B =1+i 2n 2n
1- cos(g) 2sin’ (1)
n 2n

=1+ 1icot (n/2n)
@® Example 56:

of

IflzI=1and z # % 1, then all the values

lie on:

1-z
(a) a line not passing through the origin.
(b)lzl=2
(¢) the x — axis
(d) the y — axis
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Ans. (d)

Solution: Aslz|=1, we getzz = 1.

Let w= 2,then
-z
S S S z _Z 1/z
1-22 1-2% 1-22 1-(1/7)?
Z Z
= —+ :0
1—z2 zz—l

= 2Re(w)=0 = Rew)=0
Thus, w lies on the y-axis.

Alternate Solution

- 22iIm()

= w is purely imaginary, that is, w lies on the y-axis.

® Example 57: The locus of the centre of a circle which
touches the circle Iz — z;| = a and Iz — z,| = b # a externally is

(a) an ellipse (b) a hyperbola

(c) acircle (d) a pair of straight lines.
Ans. (b)
Solution: Suppose Iz —wl=r

touches |z — z;1 = a and Iz — z,| = b externally.

Then lw-zl=a+rlw-z,l=b+r
= w—zl-lw—-2z,=a-b
= w lies on a hyperbola with focii at z; and z,

<>

Fig. 2.47

If IZ2 — 11 = IzI* + 1, then z lies on
(b) the imaginary axis
(d) an ellipse

@® Example 58:
(a) acircle
(c) the real axis
Ans. (b)

Solution:
=171+ - 1
2

= ] is a non-negative real number.

Iz2— 11=1z1% + 1 can be written as I7> + (= 1)

& isa non-positive real number.
< zlies on the imaginary axis.

® Example 59: If > + z + 1 = 0, where z is a complex
number, then values of

2 2 2 2
1 1 1
S=(z+l) +(zz+—2) +(Z3+—3) +—--+(z6+—6) is
Z Z Z Z

(a) 12 (b) 18

(c) 54 ) 6
Ans. (a)
Solution: z’+z+1=0 = z=0, &
Let z=wthen (w+ 0)?

= (0% + 0" = (&' + 0°)?
= (0@ + ') =1

and (a)3+w6)2 = (a)6 + colz)2 =4,

Thus, S=12.

® Example 60: If | z + 4] < 3, then maximum value of
lz+1lis

(a) 4 (b) 10
(c) 6 o
Ans. (c)

Solution: |z+4|<3represents the interior and boundary
of the circle with center at — 4 and radius equal to 3. As — 1
is an end point of a diameter of the circle, maximum pos-

sible value of | z + 1l is 6 which is attained when z = — 7.
See Fig. 2.48
Y
7\ 4 1 |o X
Fig. 2.48

® Example 61: Let z, w be two complex numbers such
that 7 +iw =0 and arg (zw) = 7, then arg z equals

3 T
T Sn
© 7 (d) "
Ans. (a)

© Solution: 7+iw=0 = z-iw=0

2

Now, arg(zw)=7m = arg (Z_) =7
i

= 2arg(z) —arg(i) =1

T 3rn RY4
2 = —_= — = —
= arg(z) = w+ > > = arg(2) 4



® Example 62: If 7, + 2, + z3 =0 and Iz} = Iz, = Iz3] = 1,

2, 2,2
then value of z; + 25 + 23 equals

(@) —1 (b) 0
(©) 1 d 3
Ans. (b)

Solution: z{ +2; + 23
=2 +5+2) =225+ +2 %)

1 1 1}

= O - 2Z] Zz Z3
21 2y 23

=-22,2,2 (21 +2 +23)
[zl =1zl =1zl =1]
- 2Z1 2, 13(0)
=0
@® Example 63: If z satisfies the relation
lz—il z1l = |z + il 211, (1)
then
(@ Im(z)=0
(c) Re(z) =0
Ans. (a)
Solution: z =0 clearly satisfies (1).
For z # 0, (1) can be written as

®d) lzZl=1
(d) none of these

A

K

z .
— +1
2

= £| is equidistant from i and — i
b4

= Z lies on the real axis.

2l
= zisreal.
Thus, Im(z) =0
® Example 64: If ¢, § are distinct complex numbers with
|81 = 1, then value of 1ﬁ — | equals
-
(a) 1 (b) lad
(c) 2 (d) none of these
Ans. (a)
Solution: 1Bl =1= ff =
ﬂ_a — ﬁ_a| | )|_|ﬁ| |
t-ap| l1-apl | p-a | T |p-d
=1BI(1)=1. [ Il = [2]]
1-z+7°
@® Example 65: Supposeze C,andz¢ R.Ifw= >
+z7+2

is a real number, then Izl equals

Complex Numbers 2.25

(a1 (b) 2
© V3 d 243
Ans. (a)
2
Solution: Note that z7#0and 1 —w= — = ~€R.
1+z+z
z 1 1
= —* eR= ——eR=z7z+-€R
1+z+z 1+z+1/z z
1 _ 1 _ 1 1 z-Z
= +—=7+= = -I=---="3
Z Z zZ z |zl

As z¢R, z#7 therefore IzP =1 or lz=1
4
® Example 66: If |z — —| =2, then the maximum value of
| zI is equal to <
(a) 1 (b) 2+2
© V3+1 @ V5+1
Ans. (d)
. 4 4
© Solution: lz| - — < |lzl-—|<|z——] =2
| | lzI z
= |z| —2|7]-4<0
- (Iz1-1 <5=1z1<1+ 5.

The maximum value /5 +1 is attained when z= J5+1.

® Example 67: If ol = 2, then the set of points x +iy =
- l lie on
w

(a) circle (b) ellipse

(c) parabola (d) hyperbola
Ans. (b)
Solution: lwl=2 = w=2¢"%=2(cos 6+ i sin 6)
= x+iy=a)—l=26i9—le_i0

0] 2
2 2
= x:icose y—§s1n0:>— Y
2 2 9/4 25/ 4

which represents an ellipse.

1
® Example 68: If |zl =1, z # 1, then value of arg (1_)
cannot exceed ¢
(a) /2
(c) 3m/2
Ans (a)

Solution: Aslzl=1,z#1,z=cos O+isin 6,—- 1<,
<m 6+#0. Now

(b) &
(d) 2m

1 1
u=—=——-
1-z 1—cos@—isin@
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_ (I—cosB) +isinf
(1-cos@)* +sin® 6

1 i (9) 1 (n 9)
=—+—cot| — | = —+—tan| ———
2 2 2 2 2 2 2
This shows that o lies on the line x = 1/2 and —m/2

<arg (w) < n/2, Arg (w) # 0, The maximum value of Arg(w)
is never attained.

_ (I—cosO)+isinf
2(1-cos8)

2
® Example69: Ifz#1, Z_l
7—
by the complex number z lies
(a) on circle with centre at the origin.
(b) either on the real axis or on a circle not passing
through the origin.
(c) on the imaginary axis.
(d) either on the real axis or on a circle passing through
the origin

is real, then point represented

Ans (b)

2

Solution: As Z_l is real, we get
—

2

I\
|

[l

z—1
AT -1D)=27@-1
22(z-72)-(2z-2)@+z)=0
(z-72)@zZ -z-7)=0
z—7 =0o0orzz —z—-7 =0

SR

i3

z lies on the real axis
or z lies on a circle through the origin.

NI
® Example 70: If 3* (x + iy) = G+é\/§) ,ve€ N, and

x = ky, then value of & is
(a) =1/3

©) £1/\3
Ans (b)

Solution: We have
3% 1x + iyl = 13/2 + 3i/21'%

39 X2 +y? = (94 + 3/4)°
Ji2+y? =3 = () J1+k2 =3

JI+k* =3,3/2, 1,asye N

k==x2J2,++5/2,0
Out of the given values, we have k = + 2.

® Example 71: If (4 +i) (z+Z)-GB+i)(z—7)+26i=
0, then the value of IzI* is

(b) +2v2
@ +1/\3

L U

(a) 13 (b) 17
(© 19 @) 11
Ans (b)

Solution: Let z = x + iy, then
24 +i)x— (3 +i) 2y +26i=0
= 4x+y=0,x-3y+13=0
= x=-1,y=4
Iz =17

® Example 72: Let z=a (cos %+ isin %), ae R, la<1,

2015 2016 2017

then S=z""+z""+27" "+ ...equals
2015 2015
a a
a b
@ ®) S
2015 2015
Z Z
() (d)
l—a a-1
Ans (a)

Solution: We have Izl = lal <1, thus
2015

§==
1-z
But 2295 = 4?5 [c0s(4037) +i sin (4037)] = — a*°P°
G- a2015
z—1

® Example 73: If z = /20i—21 +/20i+21, than one of
the possible value of larg (z)| equals

(a) m/4 (b) 72
(c) 37/8 ) 7
Ans (a)

Solution: 20i + 21 = (5 + 2i)*

and 20i—21=(2 - 5i)*

z=x(5+20) Q2+ 50

= z=T7(1 +1i),3(1 =i),3(-=1+1i),7(-1 i)

= arg (z) = /4, —n/4, 3n/4, -3 1/4

Thus, one of the possible value of larg(z)! is 7/4.

® Example 74: If (a + bi)11 =x+ iy, where a, b, x, y € R,
then (b + ai)11 equals

(a) y+ix (b) -y —ix
() =x—1iy (d) x+1iy

Ans (b)

Solution: (a+bi)'' = x+iy

= (a—bi)”=x—iy

= (=) (b +ia)]" = =i (v + ix)

= )b ria)' =i (y+ix)

As )" =) 1) P =i,

(b+ia)'=—(y+ix)=—y—ix



® Example 75: If a, b, x, y € R, ® # 1, is a cube root of

unity and (a + bw) =x+ y, then (b + aw)’ equals

(@) y+xo (b) —y—xw
©) x+yw (d) -x-yo
Ans (a)

® Example 76: Suppose z,, z, are two distinct complex

numbers and a, b are real numbers.

Statement-1: If z;, + z, = a, z; 2, = b, then arg (z; z,) =0

Statement-2: If z; + 2, =a,z, z, = b, thenz; =z,

Ans. ()

Solution: Statement-2 is false. This can be seen by tak-

ing z; and z, to be distinct real numbers.

For statement-1, take z; = o, + if3;, 2, = &, + if3,. We have
Bi+B,=0, 048, + o, =0

If B, =0, then 3, = 0, and statement-1 is true.

If B, # 0, then B, =3, and (¢t — 0,)3, =0

= o —-0,=0 or o =0
Thus, o, +if3,= o —iffy, = z,=7
In this case also arg (z; z,) = arg (z; 7;)

=arg (I7,/°) =0

@® Example 77: Suppose z; and z, are two distinct non-
zero complex numbers.

1 1
Statement-1: |z, — z,/= |———
I %
1 1
Statement-2: Iz, — z,/= |———
3y %

then both of z;, z, have modulus 1
Ans (¢)
1 1

a4 2
Asz #z,, wegetlz; zl=1

Solution: Iz, — z,l= — |22 — |

|Zz Zl|

= zyl 1zol =1
Statement-1 is true.

Statement-2 is false. For example take z; = 3, z, = 1/3.

® Example 78: Suppose a, b, c € R.

Statement-1: If z=a + (b + ic)2017 + (b —ic)®® then z is
real.

Statement-2: If 7 = 7, then z is real

Ans (a)

Complex Numbers 2.27

Solution: Taking conjugate, we get
(a+bo?) =x+y 0> = (a0’ + ba?*) = x& + yo

0" (aw+b) =& xo+y)

= (aa)+b)7=xa)+y

Assertion-Reason Type Questions

Solution: Statement-2 is true. See theory
We have
Z=a+ b+ i) + (b —ic)*"

—a+ (b _ iC)2017 2017

+ (b +ic)
=z
= zisreal

Statement-1 is true and statement-2 is correct explana-
tion for it.

® Example 79: Let o # 1, be a cube root of unity, and
a,be R.

Statement-1: @’ + b° = (a + b) (a® + b&?) (a®’ + bw)
Statement-2: x> — 1 = (x — 1) (x@* — ©) (x0 — &)
for each x € R.
Ans (a)
Solution: We have
(xo* — ) (x0 — @)
=0 - x0’ - x0* + @
=x2—(a)2+ w)x + 1
=x>+x+1
(x—1) (x* - ) (x0— &)
=(x-D (P +x+1)=x—-1
Thus, Statement-2 is true.
Replacing x by —x, we get
(—x)° =1 = (~=x -1) (—x & - @) (~x0 — &)

= L+l=@x+1D (x o+ 0 xo+ o)

[ @+ w=-1]

Taking conjugate of both the sides, we get
CHl=@+1) (x 0+ o) (o + ©)
[ 0= @]
If b =0, statement-1 is clearly true. Suppose b # 0.
Replacing x by a/b we get

RN R

= @ + b’ =(a+b) (aw + bw?) (aw® + bw)

Thus, statement-1 is also true and statement-2 is a correct
explanation for it.
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@® Example 80: Let A, B, C be three set of complex
numbers as defined below:
A={z:Imz>1}
B={z:1z-2-il=3}
C={z:Re((1-)2)}=+2)
Statement-1: Iz + 1 —il> + 17— 5 —il> =37

VzeAnBnC
Statement-2: A N B N C consists of exactly one point.

Ans (d)

Solution: The set A consists of all points in the half
plane Im (z) > 1, that is, all the points above and including
the line through S and parallel to the real axis. The set B
is the set of all points on the circle with centre at 2 + i and
radius 3, and the set C consists of all the points on the line
xX+y= J2 . The regions in A, B and C intersect in exactly
one point viz. R. see Fig. 2.49.

AY
R
\2
S
P 1 2+i 0

- > X

0 \2
Fig. 2.49

Statement-2 is true. Points P (-1 + i) and Q(5 + i) are
the end points of diameter of the circle Iz — (2 + i)l = 3
Now, Iz + 1 —il* + 1z =5 —il?
=PR?> + QR* = PO’ =36
Statement-1 is false.

® Example 81: Let z;, z,, z3 be three distinct non-zero
complex numbers such that a = Iz;1, b = Iz,l, ¢ = Iz;. and

a b c
A=|b ¢ a =0
c a b

Statement-1: If z, + z, + z3 = 0, then triangle with vertices
21, 2, and z3 is an equilateral triangle.

Statement-2: Area of triangle with vertices z;, z,, and z; is

V3
4
Ans (c)

Solution: Applying C; — C; + C, + C;,

2
|Z1 _Z2|

we get
A=(a+b+c)A, where

1 b c
A=l ¢ a
1 a b
Applying R, > R, - R|, R; = R;— R|, we get
1 b c
A=10 ¢c=b a-c
0 a-b b-c

=—(b-c)~a-b)(a-c)

—[a2+b2+c2—bc—ca—ab]

- %[(b—c)2+(c—a)2+(a—b)2]

Now, A=0
= (a+b+c)[(b-c)+(c—a) +(a-b)]
As a+b+c>0,weget
a=b=c
= z(l =z, = Izl

= Z, Zp, 23 lie on a circle with centre at the origin and
radius equal to a.

If we take z;, z, as opposite vertices of a diameter, then
triangle is a right triangle with right angle at z;, and its area

.1
18 E |Z3_ le |Z3 - Z2|

Statement-2 is false.
If 7, + 2, + 73 = 0, then Iz, — 2,1 + Iz
2 2
=lz;— 2" + -z, — 2l

=2Iz,* + 2Iz,1* = 4a*
= |Z1 — Zzl = \/561

Similarly, Iz, — z3l = lz3 — zy| = 3a
Thus, triangle is an equilateral triangle.
@® Example 82: Statement-1: If z,, z,, z; are such that Iz, =
Izl = Izl = 1, then maximum value of Iz, — z3l* + lz; — z,1* +
Iz, — 2,1* is 9.
Statement-2: If z,, z,, 73 are such that Iz;| = Iz,l = Iz;l = 1,
then

RC(ZQZ:), + Z3Zl + ZIZZ) >-3/2

Ans. (a)

Solution: 0 <z, + z, + z3/*

= 0 <z, + Iz, + Iz31% + 2Re (2,5 + 235 +2,%,)
= Re (2,73 + 237 + 12,) =—-3/2

['.' |Z1| = |Z2| = |Z3| = 1]
Therefore, statement-2 is true.

Next, Iz, — 3> + Iz; — 2,12 + Iz, — 2,/



=2(Iz,* + Iz,/* + 1z3%) = 2Re (2,5 + 25 + 2,%)
<2(1+1+1)+23/2)=9
Maximum value is obtained when z;, = 1, z, = @, z; = @°,
where @ is a cube root of unity.
Statement-1 is also true and statement-2 is correct
explanation for it.

® Example 83: Statement-1: If @ # 1 is a cube root of
unity and z is a complex number such that Izl = 1, then

2430 +47 w°

- - I=1.
40 +30* 7+ 27

Statement-2: If z;, z, are two complex numbers, then
Izl =zl & z=7,

Ans. (¢)

| 243w +470°

1 2+30+40% |
40+ 30 7+ 22

Solution: 5 ;
2243w +4wz |

1

<

2430w +40° 7

L
2+3@+4@°7

lz]

[ @ =, 7 =1/7]

Thus, Statement-1 is true.

Statement-2 is false as Iz;| = Iz,] does not imply z; = 2.
However, z; = Z2 = lz;l = Iz,

@® Example 84: Statement-1: If z is a root of the equation
x"+2x+3=0, then 1 <zl <3/2.

Statement-2: If z lies in the annular region 1 < Izl < 3/2,

then z satisfies the
1 1 1

+ + 5
z-1 z-0 z-w

=1

where @ # 1 is a cube root of unity.

Ans. (c)

Solution: Suppose Izl < 1 and z’ + 2z + 3 = 0, then
3=1-3l=lz" + 22 <1271 + 2Lzl

= 3<lzl + 20z < 1 +2(1) = 3.

A contradiction.

Next, suppose that Izl > 3/2 and z’ + 2z + 3 = 0, then
o = 1/z satisfies the equation 1 + 20° + 30" = 0. Now,
1=-11=126°+ 301 <210l + 31|

Complex Numbers 2.29

6 7 6 8
- 1sz(gj +3(3) :(gj 2+2]= 2 <1
3 3 3 36

A contradiction.

Thus, if z satisfies the equation 2 +2z+3=0,then 1 <zl
<3/2.

Thus, Statement-1 is true.

Statement-2 is false, as the given relation implies z° — 3z% +
1 = 0 which is satisfied by just 3 values of z where as 1 < Izl
< 3/2 contains infinite number of points.

@® Example 85: Statement-1 If @ # 1, is a cube root of

unity, then A’ = O, where

1 o o

A=l o o 1
1

2

(0] (0]

Statement-2 If w# 1, is a cube root of unity, then
2

x+1 0] w
A=| o x+o° 1 =x
w* 1 x+w
Ans. (b)
Solution: It is easy to show
y yy
A’=ly y y|=0
y yy

where y=1+w+w2=0.
.. Statement-1 is true.

Using C; = C; + C, + C;5, we get

1 o * 1 ® *
A=x|1 x+° 1 |=x[0 x+0’ -0 1-?
1 x+to 0 l-0 x+0-°

=x[(x+ @ - (x+ 0- ) - (1 - o) (1 -]
=x[x - (-0 -{l-0o-”+1}]=x

.. Statement-2 is also true but is not the correct reason for
the statement-1.
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@® Example 86: Let z = cos 6 + isin 6. Then the value of
15
2 Im(zzm_l) at 0=2°1s

m=1

1 1
b
@ sin2° ®) 3sin2°
1 1
d
© Gnze @ e
Ans. (d) 15 s
Solution: Zlm(zzm_l) =Im (sz—l)
m=1 m=1
r 15
I z(l—(z) ) 1= 7%
1-2z 72
= Im| —— {1—cos(309)—isin(309)}}
| —2isin @
1
= 1-cos(300)| = 1—cos(60°
ZSinG[ ( )] 2sin2°[ ( )]
: 1
"~ 4sin2°

® Example 87: Let z = x + iy be a complex number where
x and y are integers. Then the area of the rectangle whose
vertices are the roots of the equation zZ°> +Zz° =350 is

(a) 48 (b) 32
(c) 40 (d) 80
Ans. (a)

Solution: zZ° +7z° =350 = zE(ZZ n Zz) =350
= (x2 + yz)[(x — iy +(x+ iy)z:l =350
= («* +y7)(2x" = 2y%) =350
=x'-y*=175
=x*'>175 =2 x> 256
Letustryx=+4
Thus, y*=256-175=81=y==+3
. roots of zZ° +7z° =350 are z =+ 4 + 3i
Area of rectangle whose vertices are + 4 + 3i is (8) (6) = 48.

@® Example 88: Let z; and z, be two distinct complex
numbers and let z = (1 — ¢) z; + tz, for some real number ¢

LEVEL 2
Straight Objective Type Questions

with 0 < ¢ < 1. If Arg (w) denotes the principal argument of
a nonzero complex number w, then which of the following
is not true?

A

/

0 > X
Fig. 2.50
@ |z=z|+z - 2| =]z — 2|
(b) Arg(z—z)) =Arg(z-2)
© * T80
L= LTy
(d) Arg(z-z))=Arg(z-2)
Ans. (b)
Solution: z-z,=1(z,—z)
= lz -zl =tlzy — 7yl =1tlz; — 25| (D)
[~ t>0]
and 72-2=(1-1)(z, - 2)
= lz—2l=(1-0lzy—2l=0 -1z, -zl (2)
[ 1-£t>0]
From (1) and (2), we get
lz -zl + 1z =25l =z — 24l
Next,
-y ITh | Hn-7) t(H-7)|_
L=y BTy B LTy (z-7) -

[~ R, and R, are identical]
Also, Arg (z — z;) = Arg (z, — z;) since z;, z and z, lie on the
same straight line and on the same side of z,.

@® Example 89: For complex numbers z; = x, + iy, and z,
=X, + iy,, we write z; Nz, if x; <x, and y; <y, Let zbe a
complex number such that 1 M z, then

(a) I__Zm_l' (b) 1ml—_z
1+z 1+z¢
1-z2 1+z2

() —no0 (d) ——n0
1+z2 1-z2

Ans. (¢)



Solution:
I-z (d-x)—iy
1+z (A+x)+iy

Letz=x+iy.Aslnz,wegetl <xand0<y

_ [a=0—iy][d+x) —iy]
(1+x)* +y°

Now,

=X -y —iy(l+x+1-x)
(1+x)* +y°
1=+ YY) = 2iy
(1+x)* +y?

Asx=1,and y >0, we get

2 2
1204 < and — =2 <0
(I+x)" +y +x)"+y
Thus, I_—ZﬁO

1+z

@® Example 90: The complex number z,, z,, z; are the
vertices of an equilateral triangle. If z, is the circumcentre of
the triangle, then z] + z3 + 23 is equal to

(a) z (b) 372
© z (d) 3z
Ans. (b)

Solution: As the triangle with vertices z,, z, and z5 is
an equilateral triangle, the circumcentre and the centroid of
the triangle coincides. Thus,

1
=3 (z1+ 22+ 23)

= (320)2=z2,+222+z§+2(z2 3+ 237+ 212p) (1)

As the triangle is an equilateral triangle,

Lt LU+ B=0+vs 4 )
From (1) and (2) we get

2 2.,.2,.2 2,.2,.3
975 =z +25 +253 +2(z{ +2, +23)
2 2,2, .2
= 3Z0:Z1 +22+Z3.

@® Example 91: If o is an imaginary cube root of unity,
then value of the expression
I2-0)2-0)+2B3-0) 3 - o) + ...
+(n—-1) (-0 [0-ao)is

(a) inz(lﬁ—l)z—n (b) inz(n+1)2+n
(c) ln2(n+1)—n
4

(d) in(n+1)2—n

Ans. (a)

Complex Numbers 2.31

Solution: rth term of the given expression is
rr+1-o) (r+1-o%
=r+1-D@+l-w)(+1-0d
=r+1Y°-1
[ (x-1D)(x-0) (x-a))=x"—1]

n—1

S= nz_][(r+l)3—1] =Y [r+1)°-1]
r=1

r=0

< 1
= Zr3 -n=—-n*(n+1)?-n
r=0 4
® Example 92: The number of complex numbers z such

that Izl < 1/3,and ) a, 7" =1 where la,l <2, is

(@ 0 (b) 1
(c) 4 (d) infinite
Ans. (a)

Solution: We have

n n
2 a7 (< Y lallel
r=1 r=1

< 2(1)<22(1)= 2/3 =1
\3)  Z\3 1-2/3

r=

1=

A contradiction.

® Example 93: If a, b, ¢ are integers, not all equal and
w(#1) is a cube root of unity, then minimum value of
la + bo + co’l is

@) V3 (b) 1
©) 2 ) 3
Ans. (b)

Solution: |a+ bo + ca)2|2

= (a+bw + co?) (a+ bd + cd*)
=(a+bo+cw?) (a+bw*+ cw)
=a2+b2+c2+(bc+ca+ab) (0+ a)z)
=a’+b>+c*—bc—ca—ab

=%[(b—6)2+(6—a)2+(a—b)2]

As a, b, c are integers not all equal, at least two of b —c,
c—aand a - b are of different from zero. Therefore mini-
mum value of (b —c¢)> + (c—a)? + (a —b?) is 2.

2
Thus, [a+bw +co?| 21 = la+bo+co’l21.

® Example 94: The region of the argand plane defined by
lz—il+lz+il<4is

(a) interior of an ellipse

(b) exterior of a circle

(c) interior and boundary of an ellipse

(d) none of these
Ans. (c)
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Solution: Let A and B be the point O + i and 0 — i and
P(z) be any point satisfying Iz — il + 1z + il < 4.

= PA+PB<4
Thus, P lies in the interior or on the boundary on the ellipse
with foci A and B and length of major axis = 4. See Fig. 2.51

Y
oA
P
X
0 /
B /pa+PB=4
Fig. 2.51

@® Example 95: If z; and z, are two non-zero complex
numbers such that |z; + z,| = Izl + Iz,|, then arg (z;) — arg (z,)
is equal to

GV (b) — /2
(c) m2 d o
Ans. (d)

Solution: Let z; = ry(cos 6, + i sin 6,) and
Z, = 1r5(cos 8, + i sin 6,) where r; = lzl, r, = 1z,l, 8, =
arg (z;) and 6, = arg (z,).
We have
Iz, + z2|2 = r% + rz2 + 2r,r, cos (6, — 6,)
=(r, +ry)* + 2r,r, {cos (6, — 6,) — 1}

Now, lz; + 2,/ = Iz, + Iz,

<:>COS(01_02)=1@91_92:0<:>OI=92.

@® Example 96: If Iz — 25il < 15, then
Imaximum arg (z) — minimum arg (z)| equals

(a) 2 cos™! (3/5) (b) 2 cos™" (4/5)
(c) @2 +cos' (3/5) (d) sin! (3/5) —cos™! (3/5)

Ans. (b)

Solution: If Iz — 25i] < 15, then z lies either in the

interior and or on the boundary of the circle with centre at

C (25i) and radius equal to 15.

From Fig. 2.52 it is clear that least argument is for point A

and the greatest argument is for point B.

From right AOAC, cos (E - 0) = oA = 20
2 oc 25

= w2 - @=cos (4/5)

Now, for Iz —25il < 15

Imaximum (arg z) — minimum (arg z)|

= larg (B) — arg (A)|
= /ZBOA = ZBOX — LZAOX
=2+ (n2-60)-0=1-20
=2 cos ™' (4/5)

Y

25

o
Fig. 2.52
® Example 97: If Izl = 3, the area of the triangle whose

sides are z, wz and z + @z (where @ is a complex cube root
of unity) is

(a) 93 /4 by 3312
(c) 512 @) 8v373
Ans. (a)
Solution: We have Izl =3, lozl = lawl Izl = (1) (3) =3

and

Iz + wzl = I(1 + @)zl = I(- &)zl
=l- @l = (1) 3)=3.
.. The given triangle is equilateral and its area is

I

= 72 =
4 4

@® Example 98: The greatest and the least value of Iz, +
z,l if z; =24 + 7i and Iz, = 6 are respectively

(a) 31,19 (b) 25,19
(c) 31,25 (d) none of these
Ans. (a)

Solution: Note that Izl = 6 represents a circle. As Iz,
=0, Iz; + 25l =1z, — (= 24 — 7i)| represent distance between a
point on the circle Izl = 6 and the point (— 24 — 7i).

lz; + z,| will be greatest and least at points B and A which
are the end points of the diameter of the circle through C.
AsOC=25,CA=0C-0A=25-6=19and CB=0C +
OB =25+ 6 =31. See Fig. 2.53



_—

Fig. 2.53

C(-24 - 7i)

Alternate Solution
lz,l = 6 = z, = 6¢'® where 6 e R.
|z, + 2,/* = 124 + 7i + 6 (cos O + i sin O)I*
= (24 + 6 cos 0)* + (7 + 6 sin 6)*

=576 + 36 cos’ 0+ 288 cos O+ 49 +
36 sin® O + 84 sin O

=625 +36+ 12 (24 cos 6+ 7 sin 6)
=661 + 12 (25) sin (0 + )

[put 7 = r cos xand 24 = r sin ]
=661 + 300 sin (0 + )

Thus, greatest possible value of Iz, + z,I* is 661 + 300 =
961 and the least possible value of Iz, + z,I* is 361.

... greatest and least possible values of Iz, + z,| are 31 and
19 respectively.

® Example 99: If ¢, Sare the roots of K+ px+¢g=0,and @
is a cube root of unity, then value of (w0 + &’ B) (0’ + wP) is
(@) p’ (b) 3q
(©) p*-2q d) p*-3q
Ans. (d)
Solution: We have o+ S=—p, aff=¢
(wor+ 0°B) (ot + of)
=0+ o' af+ o of+ &’ B
=’ + [+ (0+ ) off= o + - of
=(a+ B’ -3af=p*-3q
® Example 100: Maximum distance from the origin of the
points z satisfying the relation Iz + 1/zl = 1 is
@ (V5 +1)12 ®) (V5 —1)r2
(c) 3- Js
Ans. (a)

Now

@ 3+ V5)2

. 1 .
Solution: We may assume Izl 2 n for otherwise, we
z
may interchange z and 1/z in the given equation.

We have
1
A
z

1
< + =

-t
|2

1 ‘ 1
R
& |z|‘ z

Complex Numbers 2.33

Thus,lzl—li <1=l—ld-1<0
Z

= Izl lies between the roots of Iz1> =1zl = 1 =0

o LaoVvsy<sms<d asvs
2 2
1
As z#0, Izl > 0, therefore, 0 < Izl < 5(\/5 +1).

Taking z = é (\/g + 1), we get = 1. Thus, maximum

1
Z+-
z
possible value of Izl is (\/g + 1)/2.

® Example 101: If Izl =zl =lz;l=1and z; + 2, + 23 =0,
then area of the triangle whose vertices are z;, z,, z3 1S

(a) 33 /4 (b) V3 /4
(© 1 d) 2
Ans. (a)

Solution: Iz, — 23> + Iz, + z31° = 2Iz,1* + 2Iz*
= g —zlP+ -z P =2(1) +2(1)
[ zi+2+23=0]

= lzp — 23l = J3
lzz3 -zl =lz; — 2l = V3
Thus, area of triangle with vertices z;, z,, 23 1S

NG 2 33

By =22

4 4

@® Example 102: An equation of straight line joining the
complex numbers a and ib (where a, b € R and a, b # 0) is

| | I
(a) z (;—Z) +Z (;4‘3) =2
(b) za—ib) + Z (a + ib) = 2(a” + b?)
(c) z(a+ib) + 7 (a—ib) =2ab
(d) none of these
Ans. (a)
Solution: An equation of straight line joining @ and ib is

Similarly,

z z 1
a a 1[=0
ib —-ib 1

= z(a+1ib)—- 7 (a—ib)—-2iab=0

e3) ()
=Sz|——|+Z|—*+—|=2
a b a b

@® Example 103: Two non-parallel lines meet the circle
Izl = r in the points a, b and c, d respectively. The point of
intersection of these lines is



2.34 Complete Mathematics—JEE Main

al+b et g
a'b g
ab+cd

a+b+c+d

(a)

(b)

al+pt—ct—g!
a'lp =g
(d) none of these
Ans. (c)

(c)

Solution: An equation of straight line passing through

A(a) and B(b) is

2 2
2 h—ay+7 b—a)=*—ad) =
ba ab

= w@'b'+ = =at b (2

Fig. 2.54
z 1
4 7 1l =0 Similarly, equation of straight line joining ¢ and d is
b b1 zeltaty S =ctvad )
r
= 2@ -b)y-7Z(a-b) + ab-ab =0 (1)

As a, b lie on Izl = r, we get
lal = 1bl = r = a@ = bb =r?,
Equation (1), now can be written as

2 2 2 2
z(r——%J—z(a—bHﬂ—bL:o

a b a

o
L

1. The number of complex numbers z such that (1+ i)z

=1ilzl
(@ 0 (b) 1
(c) 2 (d) infinite

2. Suppose a, b, c € Rand C< 0. Letz=a + (b +

i)™ + (b — ic)*™", then
(a) Re()=0
(b) Im(z)=0
(c) Re (z)>0,Im (z) <0
(d) Re(2)<0,Im(z)>0

3. The number of solutions of z> + Izl = 0 is

(@) 1 (b) 2
(c) 3 (d) infinite
(I+i)z-2

4. The equation

(I+i)z+4

does not represent a circle when k is

(a) 2 b) ©
() e @1

Subtracting (3) from (2), we get

a' b -ctay=at+b - -a!

at+p -t —gq!

ab =gt

= z=

EXERCISE

Concept-based
Straight Objective Type Questions
5. If Izl = 5, then least value of z—l is
Z
(@) 5 (b) 24/5
(c) 8 @) 83
i—1

6. Principal argument of z =

T R4
il b) 2=
(a) >3 (b) >3
17m 197
aliad 4 ==
(© >3 (d >3
. +ib 2, 22,2 . P
7. If x + iy = ,[——, then (x" + y°)” (¢” + d°) equals
c+1
(a) a” + b ®) Ji21p2
© a’ +b? ) a’ +b?
c? +d? c? +d?



10.

11.

12.

13.

14.

22.

g
‘N

21.

. Suppose z;, z,, 23 are three complex numbers, and

11 7 q
A=—|l z, 7|,
4| 072
1 2 23

then
(@) Re (A)=0
(c) Re(A) =0

() Im (A)=0
(d) Im (A)<0

.Ifx,y,a,be R,a#0 and

(a+ib) (x+iy)=(@* + b i,

then (x, y) equals

(a) (a,b) (b) (a,0)
(c) (0,b) (d) (b, a)

If o (# 1) is a cube root of unity, then the value
of tan [(@™" + w**) 1 — /3]

1 1
(a) _ﬁ (b) ﬁ
) -3 @ V3

If z is purely imaginary and Im (z) < 0, then
arg (iz) + arg (z) is equal to

(a) m (b) 0
(c) m2 (d) —m2

The inequality a + ib > ¢ + id is true when
@ a>c,b>d>0 (b) a>c,b=d=0
(c) a>c,b=d>0 (d) none of these

Let z € C be such that Re(zz) = 0, then

(a) IRe(z)l+Im (z) =0

(b) IRe(z)l = Im ()l

(¢) Re(z) +IIm (z)I =0

(d) Re(z)=0orIm(z)=0

If 7, z, and z3, z, are two pairs of conjugate com-
plex numbers, then

ol

If w# 1 is a cube root of unity, then 1, @, o’

(a) are vertices of an equilateral triangle
(b) lie on a straight line

(c) lie on a circle of radius \/%

(d) none of these

If o, B, y are the cube roots of p, p < 0, then for
any x, y and z which does not make denominator
xa+yB+zy

equals
xB+ yy + zo a

zero, the expression

15.

16.

17.

18.

19.

20.

LEVEL 1

23.

Complex Numbers 2.35

arg (Z—lj +arg (Z_zj equals
2y 13

(@ 0, r (b) & -1
T 3m
© E’? (d 0,2m

-4
Ifz=x+1iy and 0 < sin”! (Z—)SE then
2i 2
(b) 0£x<4,0<y<2

(d) none of these

(a) x=4,0<y<2
(c) x=0,0<y<2
If a >0 and zlzl + az + 3i = 0, then z is
(a) 0

(b) purely imaginary

(c) a positive real number

(d) anegative real number

If z # 0 is a complex number such that Re(z) = 0,
then

(a) Re(z9)=0

(©) Re (z*)=Im (%)

() Im (z5) =0
(d) Im(z5) <0

krY .. (km _
If z; = cos 0 +isin 0 , then z; 7,73 74 is equal

to

(a) -1 (b) 2
() -2 @ 1
+
If Izl = lzpl = 1, zjz, # -1 and z = S92 then
1+Z1Z2

(a) zis a purely real number

(b) zis a purely imaginary number

(c) lzI=1

(d) none of these

If z € C, then Re(z®) = k% k > 0, represents

(a) an ellipse
(c) acircle

(b) a parabola
(d) ahyperbola

Straight Objective Type Questions

() ol b)) o, &
() @’ 1 @ 1, o, &

ABCD is a thombus, its diagonal AC and BD inter-
sect at the point M and satisfy BD = 2AC. If the
points D and M are the complex numbers 1 + i and
2 — i respectively, then A represent the complex
number.
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24.

25.

26.

27.

28.

29.

30.

31.

1 3 1 3
3——i,1+—i b) 3+—i,1+—i
(a) 21 21 (b) 21 21

1 3 1 3
¢) 3-=i1-=i d) 3+—i,1-=i
© 21 2l @ 2l 21

Let o and B be the roots of the equation x4+ x+

1 = 0. The equation whose roots are a, [57 is

(@ x*-x-1=0 b) ¥*-x+1=0
() x>+x-1=0 d P+x+1=0

If @ is an imaginary cube root of unity, then the
value of

Sin{(wlo +w23)”_%}

18

w -2 () —

2 V2
© = @ 3

V2 2

If w(# 1) is a cube root of unity and (1 + oo)2017 =
A + Bw. Then A and B are respectively the numbers
(a) 0,1 ® 1,1
(© 1,0 @ -1,1
If (= 1) is a cube root of unity, then

1 1+i+0° 0}

1—i -1 o’ -1
-i —-ito-1 -1
equals
(@) 0 (b) 1
(c) i d) w
If w (# 1), is a cube root of unity, then value of
1+ w- a)z)7 equals
(a) 128w (b) — 128w
(c) 1280’ (d) - 128"
6i -3i 1
If A=| 4 3i -1|=x+iy, then
20 3 i

(@ x=3,y=1 (b) x=1,y=3
(c) x=0,y=3 (d x=0,y=0
If arg(z) < 0, then arg (-z) — arg (z) equals
(a) & (b) —m

T /4
(c) —5 (d E
If z,, z,, 23 are complex numbers such that

1 1 1
al =kl =kl <[ -+ =+ 2|1,

32.

33.

34.

35.

36.

37.

38.

39.

40.

then lz; + z, + z3l is

(a) equalto 1 (b) less than 1

(c) greater than 3 (d) equal to 3

Let z; and z, be nth roots of unity which subtend
a right angle at the origin. Then n must be of the
form

(a) 4k+1 (b) 4k+2

(c) 4k+3 (d) 4k

The complex numbers z;, z, and z; satisfying
azs l(1_\/51') are vertices of a triangle
2~ 2

which is

(a) of area zero
(c) equilateral

(b) right-angled isosceles
(d) obtuse-angle isosceles

Let w = —% + 731' . Then the value of the determi-

nant
1 1 1
A=|1 -1-0* *]is
1 o’ o*
(a) 3w (b) 3w(w-1)
(c) 30’ d) 30 - o)

The inequality Iz — il < Iz + il represents the region

(a) Re(z)>0 (b) Re(z) <0
(¢) Im(z) >0 (d) Im(z) <0

Ifiz> + 22—z + i =0, then

(@) Rez=0 (b) Imz=0
(©) lzZl=1 (d) none of these.
Ifx+iy= ! ,0#2nm, n e I, then

1—cosO +2isinf
maximum value of x is

(a) 1

1
(©) )

(b) 2
1
(d 3

The equation z° = 7 has

(a) no solution

(b) two solutions

(c) five solutions

(d) infinite number of solutions

fz=5+r+ i\/25—t2 , (=5 <t <5), then locus
of z is a curve which passes through
(a) 5+0i (b) —2+3i
(c) 2+4i (d -2-3i
If w# 1 is a cube root of unity and satisfies
1 1 1
+ +
a+w b+w c+o

=2w?




41.

42.

43.

44.

45.

46.

47.

48.

1 1 1

and >+ >+ > =20,

a+ o b+w c+w
then the value of + ! + ! is

a+1 b+1 c+1

(a) 2 (b) -2
(c) -1+ o’ (d) none of these
If Iz — i Re(z)l = Iz — Im(z)l, then z lies on
(@) Re(z)=2 (b) Im(z) =2,

(¢) Re(z) +Im(z) =2 (d) none of these

If @ is a complex cube root of unity, then value of
expression

cos [{(1 —o) (1 -+ ... +

(12 = w) (12 - wz)}i}

370
(@) -1 (b) 0
(©) 1 @ 3/2

If roots of the equation z° + az + b = 0 are purely
imaginary then

(@ (b—b)Y +(@+a)y(@b+ab)=0

(b) (b—b) +(a—a)=0

(©) b+ b)Y —(a-ay=0

(d) none of these

The system of equations Iz + 1 — il = V2 and Izl
= 3 has

(a) no solution

(b) one solution

(c) two solutions

(d) infinite number of solutions

If 8i 72 + 127° — 18z + 27i = 0, then

(a) lzl = % d) lzl=

(©) lzZI=1 (d) lzl=

AW W[

If the complex number z lies on the boundary of the
circle of radius 5 and centre at 4, then the greatest
value of Iz + 1l

(a) 4 (b) 5

(c) 10 d 9

If x+iy= 3. ,then4x—x2—y2
cosO+isinf+2

reduces to

(a) 2 (b) 3

(c) 4 d 5

Suppose z,, z,, z;3 represent the vertices A, B, and
C respectively of a AABC with centroid at G. If the
mid point of AG is the origin, then

49.

50.

51.

52.

53.

54.

55.

56.

57.

Complex Numbers 2.37

(a) Z1+Z2+Z3:O
(C) Z1+Z2+4Z3:0

(b) 221 +Z2+Z3:O

(d) 421 +Z2+Z3:0
Suppose that three points z;, z,, z3 are connected
by the relation az; + bz, + cz3 = 0, where a + b +
¢ = 0, then the points are

(a) vertices of a right triangle

(b) vertices of an isosceles triangle

(c) vertices of an equilateral triangle

(d) collinear .

If the complex number s purely imaginary,
then z+1

(a) lzl=1 b) lzd<1

(c) lzI>1 (d) lzZ1=22

If z is a complex number such that —m/2 <
arg z < m/2, then which of the following inequality
is true.

(@) lz—7ZI<lzllarg (z) —arg (z)I
(b) lz—ZI<larg (z) —arg ()l

() lz=zZl>lzllarg (z)—arg (Z)l
(d) none of these

If lol = 1, then the set of points

1. .
z= o+ — 1s satisfies
0}

(a) Re (z)I <2 (b) lzZI<1

(c) lzl=1 (d) Im (z)l =2

Number of complex numbers satisfying Izl = 1 and
é+£ =1, 1is

zZ z

(A 0 (b) 2

(c) 4 (d) 8

If z;, z, are two complex numbers such that Izl =
z,l = V2 and lz) + 25l = 3, then lz; — z,! equals:

@ 242 (b) V5

(c) 3 d 2-2

Let z;, z,, 23 be three non-zero complex numbers
such that %12 = 223 = 237, then z;, 25, 23

(a) are vertices of an equilateral triangle

(b) are vertices of an isosceles triangle

(c) lie on a straight line
(d) none of these

If Iz)l = Izl = Iz3l = 1, then value of Iz, — z;/* +
lz3 — z1I2 + 1z, - z2I2 cannot exceed

() 3 (b) 6

) 9 (d) 12

Let z;, z,, z3 be three complex number such that
2y + 2+ z3 = 0 and Izl = Iz, = Iz3l = 1, then
|z12 + 2z§ + z§| equals
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(a) 1 (b) 2
()3 d) 4
58. Let z;, z,, z3 be three complex numbers such that
Izl = lz5l = Iz5 = 1 and
1 1 1
z = (g +2z,+z7) —+—+— |, then Izl cannot
4 L B
exceed
(a) 1 (b) 3
(c) 6 d 9
59. Suppose z is a complex number such that z # -1,
1=
Izl = 1, and arg (z) = 6. Let @ = i( 2) , then
Z(1+2)

Re (w) is equal to

(@) 1+ cos (6/2)
(c) -2 sin’ (6/2)

(b) 1—sin (6/2)
(d) 2 cos®(6/2)

1+z2

60. Leta = Im[ j where z is any non-zero com-

2iz

plex number. Then the set
A={a:lzl=1 and z#=zx1}

is equal to

(@ 1, D () [-1,1]

(©) [0, 1) (d) (-1,0]

61. Number of complex numbers such that

zZl=1and z=1 - 27 is

(@) 0 (b) 1
(c) 2 (d) infinite
62. Let z;, z, be two complex numbers such that z; # 0
. 2iZ1 + 522 .
and z,/z; is purely real, then |——— is equal to
2lZ1 - 5Z2
(a) 3 (b) 2
(c) 1 (@ 0
63. If z =i(1++/3), then z* + 22° + 42% + 5 is equal to
(@ 5 (b) -5
© 2V3i @ -23i

64. Suppose a < 0 and z;, z,, 23, 24 be the fourth roots
of a. Then le +Z§ +Z§ +Zi is equal

(a) —a* ) lal—a
(c) a+lal (d) o

65. Suppose arg (z) = —57/13, then arg

Z+Zj.
is
1+z77
(a) =5m/13 (b) 57/13
() m (o
66. The number of values of 8 € (0, 7], such that (cos 6 +
isin ) (cos360 + isin36) (cos56 + isin56) (cos76
+ isin76) (cos96 + isin90) = —1 is
(a) 11 (b) 13
(c) 14 (d) 16

67.

68.

69.

70.

71.

72.

73.

74.

75.

If z e C - {0, -2} is such that
log(/7) Iz = 21 > log 5, Izl

then

(a) Re(z)>1
(c) Im(z)>1

2z+1
Im( _Z ): 5 represents
iz+1

(b) Re(z) <1
(d Im(x) <1

(a) acircle (b) a straight line

(c) aparabola (d) anellipse

Let z;, z, be two complex numbers such that Im (z;
+ Zz) =0 and Im (Zl Z2) = (0 then

(@ z;= —Zg (b) 21=2

©) z1=2 (d) none of these

If n € N, then (1+—l)nz is equal to
(="

(a) l-n+1 (b) _Zin+1

(C) i" +2 (d) —2in+2

Let w # 1, be a cube root of unity, and f: I —» C
be defined by
fin) =1 + ©" + ©>", then range of f is

(a) {0} () {0, 3}

(c) {0, 1,3} (@ {0, 1}

If z+l =2 cosh, z € C then 7" — 27" cos (n6)
b4

is equal to

(@ 1 (b) 0

() -1 (d) -n

If w# 1 is a cube root of unity, then
60 30
z= Za)k —Ha)k is equal to
k=1 k=1

(@ 0 (b)

© o’ d) -1

Let g(x) and h(x) be two polynomials with real
coefficients. If P(x) = g(x) + xh(x’) is divisible by
2+ x+ 1, then

(@) g(1)=0,h(1)=1

(b) g(H)=1,A1)=0

(c) g(1)=0,h(1)=0

(d) g()=1,A(1)=0

If x* — x + 1 divides the polynomial x
then n must be of the form

(a) 3k+1 (b) 6k + 1
(c) 6k—1 (d) 3k-1

n+1_xn+ 1,



7.

78.

79.

80.

g
'n

76.

gt
‘N

86.

- |

Statement-1: 7> + z Iz - 1l + Iz - 17 =0,z¢e C
has no solution in C.

Statement-2: 7> + az + =0, z € C, a > 0 has
no solution in C.

Let z € C satisfy the relations
lzl=landz=2i+72

Statement-1: 7z is purely imaginary.

Statement-2: larg (z)| < 7/6.

(8%) . (37r)
Let oo = cos|— Hisin|—
11 11

Statement-1: Re (a + o + o + o' + o) = _%

10
Statement-2: 2 ak =0
k=0

Let z=cos @+ isin 6. 6 (0, m), a = n/60

15
and  f(6) = Y sin[(2k—1)6].

k=1

Statement-1: fla) =

2sino

1— 30

Statement-2: z + 7> + ... + 72 = _Z(l Zz )
-z

Let w # 1 be a cube root of unity and S be the set
of all non-singular matrices of the form

1 a b

o 1 c

o o 1

where each of a, b and c is either w or .

Statement-1: S contains exactly two distinct
matrices.

ol

If the complex numbers z;, z,, z3, are the vertices
of a parallelogram ABCD, then the fourth vertex is

1 1
(a) ) (z; + 2p) (b) 1 (z1+2— 23— 24)

1
(©) 3 (1 +2+23) (D z1+23-2,

81.

82.

83.

LEVEL 2

87.

Complex Numbers 2.39

Assertion-Reason Type Questions

Statement-2: A square matrix A with complex
entries is non-singular if and only if 1Al # 0

Statement-1: If Iz|| Iz,| = 1, then
1 1

4 %
Statement-2: 1z| = 1ZI V z € C.

Let f(z) be a polynomial in z with complex coef-
ficients. Suppose, when f(z) is divided by z — i, the
remainder is i and when f(z) is divided by z + i,
the remainder is 1 + i.

|Z1 — Z2| =

Statement-1: The remainder when f(z) is divided
by 22 + 1 is %(iz+1)+]
Statement-2: If r(z) is remainder when f(z) is di-

vided by p(z), then
rz) =0 or deg (r(2) < deg (p(2)).

Let a, b € C, a # 0. Suppose z,, z,, 23 are the roots
of the equation (z + aby’ = d’.

Statement-1: Length of a side of the triangle with ver-
tices z;, z, and z3 is Vlal

Statement-2: Roots of z° = &’ lie on a circle of
radius lal.

. Statement-1: The equation z> — z + 7 = 0.

has no solution in the unit disc Izl < 1.

Statement-2: Iz, + z,| < lz)| + Iz, V z,, z, € C.

. Let 7, = rye'®, z, = r,e’? where 6, ¢ € (-, 7.

Statement-1: Iz, — z2I2 < (n —"2)2 + (60— ¢))2
Statement-2: Isin 6l < 161 V 6 € R.

Straight Objective Type Questions

If a, b and c are three integers such that at least
two of them are unequal and @ (# 1) is a cube root
of unity, then the least value of the expression la +
bo + co?l is

(@ 0
A

3
(© -

(b) 1

1
(d) 3
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88. The shaded region in Fig. 2.55 is given by

0(2-142)

(©)

g 2

b ”}
(b) %|z+ﬂ <<
T

{ |z —1> 2, [arg( z—1|<z}

(d) {z:|z+ 1]>2, |arg(z+1)|<%}

w—Wwz

8. Let w=oa+ i, B#0and z # 1. If is

purely real, then the set of value of z is

(@ {z:lz0=1} ) {z:7 =z}
(c) {z:lzl#1} d {z:lzl=1,z#1}

90. If z and w are non-zero complex numbers such that
w = Iz then Iz — ZI + lw + wl = 4 represents a
(a) rectangle (b) square
(c) rhombus (d) trapezium

91. Let z be a complex number such that z =1 - +

iNt* +1+2 , where 1 € R, then locus of z on the
Argand plane is

(a) a parabola (b) an ellipse

(c) ahyperbola (d) a pair of straight line.

92. Let z;, 25, € C and a, b > 0 be such that

alz;l = blz,l, then w =

(a) in the 1st quadrant (b) in the 3rd quadrant
(c) on the real axis (d) on the imaginary axis

93. If z € C, then least value of the expression Izl +
1 -zl +1z-2l1is

(a 1 (b) 372
(c) 2 (d) cannot be determined
94. 1t k>0, k# 1, and z,, 2, € C, then |—2| =k
-2

represents

(a) acircle
(c) aparabola

(b) an ellipse
(d) a hyperbola

95.

96.

97.

98.

99.

100.

101.

102.

103.

If z;, 25, z3 € C are distinct and are such that Izl
= lzyl = lz5l and z; + z, + z3 = 0, then zy, 25, 23

(a) are vertices of a right triangle
(b) an equilateral triangle

(c) an obtuse angled triangle

(d) none of these

If w = cos(n/n) + isin(7/n), then value of 1 + w +
w+ 4w s

(@) 1+1i

(b) 1 + itan(7/2n)
(c) 1+ icot(m/2n)
(d) none of these

Let z;, z, be two non-zero complex numbers such

that |z, + z,| = lz; — 2|, then 4,5 equals
a o

(@) 0 (b) 1

(c) -1 (d) none of these

If Iz =2 and (1 — i)z, + (1 + i)z, = 82, then

(a) minimum value of Iz; — z,l is 1
(b) minimum value of Iz; — z,l is 2
(c) maximum value of Iz; — z,l is 8
(d) maximum value of Iz, — z,l is 4

If z; lies on Izl = r, then equation of tangent at z;
is

(@ “+2=2 b) Z4i=y
43 3

© Z+Z=2 @ t+i=;
Kl 3 3 4

If z € C, then minimum value of Iz — 2 + 3il +
lz =1 +ilis

@ 5 (b) 2v/5
) V13-2 ) 0

If a >0 and Iz — a’l + Iz — 2al = 3 represents an
ellipse then a lies in

(a) (0,3) (b) (0, =)

(¢) (1,3) (d) (3, )

If the points A(z), B(-z) and C(1 — z) are the vertices
of an equilateral triangle, then value of z is

(a) 1+i (b) %(1ii)
1 1
() Z(liﬁi) (d) 5(11\/51')
If Iz + 11 + Iz — 31 < 10, then the range of values
of Iz — 7l is
(a) [0, 10] (b) [3, 13]
(© [2,12] @ [7,9]



104.

fw#lisa cubleoot of unity and Iz — 11* + 2Iz
~ 1% =3Iz — ® then z lies on

(a) a straight line

(b) a parabola

(c) anellipse

(d) arectangular hyperbola

. z and w are two non-zero complex numbers such
that Izl = Iwl and Arg z + Arg w = &, then z equals
(@ W (b 7
() w (d —-w [2002]

If |z — 4] < 1z — 21, then
(a) Re(z) >0 (b) Re(z) <0
(c) Re(z)>3 (d) Re(z)>2 [2002]

. The locus of the centre of a circle which touches the

circles Iz — z;l = a and Iz — 2, = b, a # b, externally
is

(a) an ellipse
(c) acircle

(b) ahyperbola
(d) a pair of straight lines
[2002]

It (li) =1, then

1-i
(a) x =2n, where n is any positive integer
(b) x=4n+ 1, where n is any positive integer
(¢) x=2n+ 1, where n is any positive integer
(d) x=4n, where n is any positive integer
[2003]

. If z and w are two non-zero complex numbers such

that lzwl = 1, and Arg(z) — Arg(w) = -, then Zw
is equal to 2

(a) —1 (b) i
(c) —i @ 1 [2003]
. Let z; and z, be two roots of the equation z* + az

+ b = 0, z being complex. If the origin, z, and z,
form an equilateral triangle, then

(a) a*=2b (b) a*=3b
(c) a®=4b d) a*=b [2003]
.Let z, w be two complex numbers such that

z+iw=0 and arg(zw) = 7, then arg(z) equals

3 T
(a) T (b) 5

Complex Numbers 2.41

105. If x > 0, the least value of n € N such that

10.

11.

12.

13.

1+iY" 2y .
1] -2 ) s
I—i T 2x

(a) 2 (b) 4
(c) 8 (d) 32

V3 R/
z d = 2004
() 1 (d) 2 [ 1
.Ifz:x—iyandzl/3:p+iq, then
Lz
p-+q \p ¢4
is equal to
(a) 2 (b) -1
(c) 1 (d) -2 [2004]

CIf 1z2 = 11 = 1z1> + 1, then z lies on

(a) acircle (b) the imaginary axis

[2004]
If the cube roots of unity 1, o, a)z, then the roots
of the equation (x — 1)3 + 8 =0, are

(@ -1,1-2m,1-2a"

b) -1,1420, 1 +2a°

) —-1,-1+20,-1 -2

(c) the real axis (d) an ellipse

d -1,-1,-1 [2005]
Ifw= Zl and lwl = 1, then z lies on
Z——1
3
(a) straight line (b) a parabola
(c) an ellipse (d) acircle [2005]

If z; and z, are two non-zero complex numbers such
that Iz, + z,| = Iz;l + Iz,l, then arg z; — arg z, is
equal to

b4
(@) 0 (b) )
(c) % d [2005]
10
The value of 2 (sin%—ﬂwLicoszk—ﬂ) is
Py 11 11
(@) —i (b) i
© 1 d -1 [2006]
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14.

15.

16.

17.

18.

19.

20.

21.
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If 22+ z + 1 = 0, where z is a complex number,
then value of

12 1 2 1 2
(z+—) +(zz+—2j +(z3+—3) +o
Z Z Z
1)2.
6
z +— 1S
( Z6

(a) 12 (b) 18

(c) 54 (d 6 [2006]
If Iz + 41 < 3, then the maximum value of Iz + 1l
is

(a) 4 (b) 10

() 6 (d 0 [2007]

1

The conjugate of a complex number is ——. Then
that number is L=

-1 1
a) — b) —
@) i—1 ®) i+1

-1 1
() — (d) — [2008]

i+1 i—

4 . .
If |z——| = 2, then the maximum value of Izl is
Z

equal to
(@) 1 (b) 2+ 2
© 3 +1 @ V5 +1 [2009]
The number of complex numbers z such that
lz— 1l =lz+ 1l =1z — il equals
(a) 2 (b) oo
() 0 @1 [2010]
If w(#1) is a cube root of unity and (1 + a))7
= A + Bw, there (A, B)
(@ -1, D (b) (0,1)
(© (1, D (d) (1,0) [2011]
Let o, 3 be real and z be a complex number. If

2+ oz + B = 0 has two distinct roots on the line
Re (z) = 1, then it is necessary that

(a) Be (1,) (b) Be (0, 1)
(©) B(-1,0) d 1p=1 [2011]
2
Ifz#1 and 1 is real, then the point represented
7—

by the complex number z lies:

(a) on a circle with centre at the origin.

(b) either on the real axis or on a circle not passing
through the origin.

(c) on the imaginary-axis.

22.

23.

24.

25",

26.

27.

28.

29°.

(d) either on the real axis or on a circle passing

through the origin. [2012]
If z is a complex number of unit modulus and argu-
ment 6, then arg(H—Z) equals

1+7

@ Z-0 (b)

2
(c) -6 (d) -0 [2013]
If z; # 0 and z, be two complex numbers such that

2z, +32
Z,/7; 1s purely imaginary number, then ST
is equal to: 22 =35
(a) 2 (b) 5
(c) 3 1 [2013, online]
1+7° .
Let a = Im )’ where z is any non-zero com-
iz

plex number. The set A = {a : Izl = 1 and z # £1}
is equal to:
(@) (-1, 1) () [-1,1]
(c) [0,1) (d) (-1,0] [2013, online]

Letze Csatisfy IzZl=1and z =1 - Z.
Statement-1: 7 is a real number

Statement-2: Principal argument of z is + 7/3.
[2013, online]

If a complex number z satisfies z + 2 Iz + 11 + i
= 0, then Izl is equal to:

(a) 2 ) V3
) s @ 1 [2013, online]

If z is a complex number such that Izl > 2, then

minimum value of

1
i+
2

(a) is strictly greater than 5/2

(b) is strictly greater that 3/2 but less than 5/2

(c) isequal to 5/2

(d) lies in the interval (1, 2) [2014]

Let w (Im w # 0) be a complex number. Then the
set of all complex numbers z satisfying the equation
w —wz = k (1 — z), for some real number k, is:

(@ {z:lz=1} (b) {z:z2=72}
(¢) {z:z#1} @ {z:lzd=1,z=1}
[2014, online]

If z;, z, and z3, 7, are 2 pairs of complex conjugate
numbers and z;, z; € R, then

arg (Z—lj + arg(z—zj equals:
Z4 Z3

t Slightly modified version.



30.

31.

32.

33.

b4
a) 0 b) —
(a) (b) 5
(©) 37” d r [2014, online]
Let z # —i be any complex number such that Z—_l
z+1
1
is a purely imaginary number. Then z+— is:
Z
(@ 0
(b) any non-zero real number other than 1
(c) any non-zero real number
(d) a purely imaginary number [2014, online]

For all complex numbers z of the form 1 + ic,
o e Rifz2=x+iy, then
(@) y'-4x+2=0  (b) Y’ +4x-4=0
() Y —4x+4=0 (d) y*+4x+2=0
[2014, online]

A complex number z is said to be unimodular if Izl
= 1. Suppose z; and z, are complex numbers such

z1—2z, . . . .
that % is unimodular and z, is not unimodu-
—ZyZz
122

lar. Then the point z; lies on a:

(a) straight line parallel to the x-axis.
(b) straight line parallel to the y-axis.
(c) circle of radius 2.

(d) circle of radius V2. [2015]

The largest value of r for which the region rep-
resented by the set {w € C:lw —4 — il <r} is
contained in the region represented by the set {z
eC: Iz — 11 £ Iz + il}, is equal to:

34.

35.

36.

37.

Complex Numbers 2.43
@ V17 (b) 2
5
(©) %\/5 (d) 5\/5 [2015, online]
If z is a non-real complex number, then the mini-
Imz° |
mum value of = 1s:
mz)
(a) -1 (b) -2
(c) -4 (d -5 [2015, online]
. 2+3isinf .
A value of 8 for which z = ——————— is purely
1-2isin@

imaginary, is

@ =
3
(3 a1

¢) sin | = d) sin!'| — 201
(©) s (4] (d) s (\B) [2016]
The point represented by 2 + i in the Argand plane
moves 1 unit eastwards, then 2 units northwards and
finally from there 2 2 units in the south-westwards
direction. Then its new position in the Argand plane
is at the point represented by:

(@ 1+i (b) 2 +2i
(c) 2-2i (d) -1-i [2016, online]

Let z =1 + ai be a complex number, a > 0, such
that z° is a real number. Then the sum 1 + z + 72
+ ...+ 2" is equal to:

(a) 1365+/3i
(c) —1250+/3 i

) *
6

(b) —1365+/3i

(d) 12503
[2016, online]

Previous Years’' B-Architecture Entrance

Examination Questions

S5+isin@
—————1is a real number when
5-3isin0
(a) O0=ml4 (b) 6=-=x
(c) O0=-m/2 (d) 6=m/2 [2006]
. Two points P and Q in the Argand diagram rep-

resent complex numbers z and 3z + 2 + i. If P
moves arround the circle with centre at the origin
and radius 2, then Q moves on the circle, whose
centre and radius are

(a) 2-1i,6 (b) 2-14,3
() 2+1i,6 (d) 2+14,3 [2007]
. Let z be a complex number such that Izl = 2, then
. . 2| .
maximum possible value of [z+—| is
Z

(@ 1 (b) 2
(© 3 (d) 4 [2008]
127 124
Cfi= \/—_l,then4+3(—1+i\/§j +5(—1+'\/§)
22 2

is equal to

(a) 43i (b) 23i

) 1-+3i d) 1++3i [2009]

. The real part of a complex number z having minimum

principal argument and satisfying Iz — 5il < 1 is

(a) %JE (b) 0
(c) 2 (d) N [2010]
J5 5
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6.

10.

11.

Area of a triangle with vertices given by z, iz,
Z + iz, where z is a complex number, is

(@) 0 (b) 212
2
(© Izl (d) 21z [2011]
. Two circles in the complex plane are
Ci:lz—il=2
Cyilz—-1-2il=4
then

(a) C, and C, touch each other
(b) C, and C, intersect at two distinct points
(c) C, lies within C,

(d) C, lies within C, [2012]

Lfz = i(i+\/§), then value of z* + 42> + 62° + 4z

1S

(@ -5 (b) 3
(c) 6 @ -9 [2013]
. Suppose z is a complex number such that z # —1,
Izl =1 and arg(z) = 6. Let w = i(l —%) , then Re(w)
. z(1+2)
is equal to
6 6
tecos(?) by 1-sin(?)
(a) cos 5 (b) sin 5
(c) —2sin’ (g) (d) 2cos? (g) [2014]

If lz)l = lz5l = Izl = 1

and z; + 2, + z3 = /2 + i, then the number
21+t 3+ 37 is:

(a) apositive real number

(b) a negative real number

(c) always zero

(d) a purely imaginary number [2015]
Let S={ze C:zizy - 1) =z, + 1, [z] < 1}. Then,
for all z € S, which one of the following is always true?
(@) Rez+Imz<0 (b) Rez<0

(c) Rez—Imz>1 (d) Rez—Imz<0 [2016]

)
P Answers
Concept-based

1. (b) 2. (b) 3. (0) 4. (d)
5. (b) 6. (c) 7. (a) 8. (b)
9. (d) 10. (¢) 11. (c) 12. (b)

13. (b) 14. (d) 15. (a) 16. (b)

17. (b) 18. (a) 19. (a) 20. (d)

Level 1

21. (a) 22. (b) 23. (¢) 24. (d)
25. (¢) 26. (b) 27. (a) 28. (d)
29. (d) 30. (a) 31. (a) 32. (d)
33. (¢) 34. (b) 35. (¢) 36. (¢)
37. (¢) 38. (¢) 39. (¢ 40. (a)
41. (d) 42. (¢ 43. (a) 44. (a)
45. (a) 46. (c) 47. (b) 48. (d)
49. (d) 50. (a) 51. (a) 52. (a)
53. (d) 54. (b) 55. (a) 56. (c)
57. (a) 58. (d) 59. (c) 60. (a)
61. (a) 62. (¢) 63. (a) 64. (¢)
65. (¢) 66. (b) 67. (a) 68. (a)
69. (d) 70. (b) 71. (b) 72. (¢)
73. (d) 74. (c) 75. (b) 76. (c)
77. (¢) 78. (a) 79. (a) 80. (a)
81. (b) 82. (a) 83. (b) 84. (a)
85. (a)
Level 2

86. (d) 87. (b) 88. (d) 89. (d)
90. (b) 91. (c) 92. (d) 93. (c)
94. (a) 95. (b) 96. (c) 97. (a)
98. (b) 99. (a) 100. (a) 101. (a)
102. (c) 103. (b) 104. (a) 105. (b)
Previous Years’ AIEEE/JEE Main Questions

1. (b) 2. () 3. (b) 4. (d)

5. (c) 6. (b) 7. (a) 8. (d)

9. (b) 10. (a) 11. (a) 12. (a)
13. (2) 14. (a) 15. (¢) 16. (¢)
17. (d) 18. (d) 19. (c) 20. (2)
21. (d) 22. (b) 23. (d) 24. (a)
25. (d) 26. (¢) 27. (d) 28. (d)
29. (a) 30. (no answer) 31. (b)
32. (c) 33. (d) 34. (c) 35. (d)
36. (a) 37. (a)
Previous Years’ B-Architecture Entrance
Examination Questions

1. (b) 2. () 3. (¢) 4. (a)

5. (a) 6. (b) 7. () 8. (b)

9. (c) 10. (¢) 11. (*)
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) . .
*}j:i Hints and Solutions P ) [008(3_”_2)+,-5in(3_”_£)}
’ 2sinl 4 7 4 17
Concept-based s
LI + Dzl = lilzll 2 l: (17”) (177.[)}
= cos| — |+isin| —
= V2=l = (V2-D)ld=0 2sin(5) 28 )7 28
= lZd=0 = z=0 7
2.2=a+ (b+ic) + (b=ic)*™ Thus, arg (2) = 17n
=a+ (b-ic)°P + (b+ic)P = ¢ 28
z is real and thus, Im(z) = 0 7. (x + iy)2 (c+id)=a+ib
301 = 1=zl = 12> =1 = I(x + iy) lc + idl = la + ibl
= ld=0orll=1 = Ix + iyl Ic + idl = la + ibl
Iflzl =0, we get z=0. If Izl =1,
¢ 2W get ¢ :>(x2+y2) \/c2+a'2:\/az+b2
wegetz =-1=z==+1i
| =
4. We can write the equation as —_ 1 a4
8. A:—l 22 Z2 ZA
2 —4i | 7
z= 3z
(1+i) >
— | =k D = A is purely real = Im(A) = 0
+
RN 9. (a+ib) (x +iy) = (a+ib) (a—ib) i
2 12 =42 Asa#0
But — = =1-i . g ;
1+ 1+ x+iy=(@-ib)i=b+ia = (x,y) = (b, a)
4 2017 _ (231672 0 _
and — =2(1 — i) 10. @ ()" 0=0
1+ . and 022 = (a)3)741 o = @2
Therefore, (1) can be written as . tan [(wzon + w2225)7r _ 3]
(-0} _ ?) = tan [(0 + 0> — 73]
z+2(1-1i)
= tan (- — 7/3) = — tan(w + 7/3)
This will not represent a circle if k = 1. When k=1, - 3y = _ 3
(2) represents perpendicular bisector of the segment = —tan (/3) = -
joining -2(1 — i) and 1 - i. 11. Let z =—i t where ¢t > 0, then
i) =t
5. As Izl =5, lSl.Now lZ _l(l )
z oarg(iz) + arg(z) = m— w2 = /2
1 1 1 1 24 i i 1 id i i
a3l =~ = |-t >5-1 =T 12. The inequality a + ib < ¢ + id is true if and only
z |zl Izl 5 5 if b=d=0and a > c.
The least value is attained when z = 5. 13. Let z = x + iy, then 2= y2 + 2ixy
. 2 _ 2 2
6. i(l—cosz—n)+sin2—ﬂ S Re(@) =0 = x -y =0
7 7 = IRe(z)l = lIm(2)l
= 2isin2£+231n£cosz Z 2
7 7 7 14. arg| — |+arg| =
24 Z
(T T .. T
= 2sm(7){cos7+zsm7} | |2
| ) = arg(ﬁ]+ 2k7r=arg(z1—2j+2k7r = 2kr
. i y< z
Also,z—l:x/z(——Jr—) 43 3
V2 2 where k = 0 or 1
- oo isn 7 (¢ 52 =20 = b g amve 21
4 4 and z; = z3 = 1, gives answer 0]
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z—4 x—4+z

15. =
2i 2i 2
(z—-4\_ =«
For 0 < sin — | < —, we must
i 2
x-4=0, 0<2 <1
2
= X = 4, O S y S 2
-3i . . .
16. z = = z is purely imaginary.
lzl+a

17. Let z = bi, b € R,
Then 7> = —b* € R,
Therefore Im(z%) = 0

18. We have z;, = @' where

(5 )+en(55)
@ = cos| — |+isin| —
10 10

(1077:) .. [107r)
= COS| — |+iIisIn| ——
10 10

[by the De Movire’s Theorem]

b #0,

=cos mw+ isin w=-1.
2+, Uz+llz, z+2z
1+z,2, 1+1/zz, 1+2z 2
Thus, z is purely real.

19.z =

20. Let z = x + iy, then Z=x- y2 — 2ixy
Re@) =k = -y =k
which represents a hyperbola.

Level 1
21. 1 - ol = lo — @* = & - 1l

Alternatively plot the points on an argand diagram.

1 1 1
2.x=p= (p_%)3 = x=p', pPPo, p o

1 1 1
Let a=p',B=p o y=p o

xo+yB+zy x+yo+w’z 1 o
xB+yy +zo

X0+ Yyt +7 O
1 1 1
If o= pw B= p’, y= p’ @’ then

xa+yﬁ+zj/_L

= = .
xﬁ+yj/+z06 a)2

‘ Zf(Z—i). _AM iny z—(2—i):l(ii)
1+i-(2-i) MD

-1+2i 2

:>Z=(2—i)+é(—1+2i)

orz=(2—i)—é(—1+2i)

A(2)

D (1+i)

Fig. 2.56

3 1
=>z=1-—i or z=3-——i
2 2

24. Let o= B=o’sothat o' = wand f = &’

‘. equation whose roots are o, [37 is x> +x+1
=0.

25. Using 0" = 0, 0* = o, we get

T 1
sin{ (¢p'© 23 ﬂ—£}=sin(—ﬂ—£)=sin—=—
{(“’ roB)T-7 4 PN
26. (1 + 07 = (- 027 = _ " = _ o2
A+Bo=1+w = A=1, B=1.
27.Use R, > R, — R, — R;
28. 1+ 0w-0) =@ o*-0?) =-2"0"=-128¢"
29. Use C, = C, + 3i Cs.
30. Let o = arg z < 0, then arg(—z) = 7 + «,

—Z

RN

(04
z
Fig. 2.57
= lel = ZQZZ = 2323 = 1
1 1 1 1 1 1
s |Z1+Z2+Z3|: ?+__+_—:—+—+—:1
a L Bl 1 B

32. nth roots of unity are given by

2 2 i
COS( mﬂ:)-}-isin( mﬂ'):eZmﬂt/nform:O’ 1’2’...’;/1—1_
n n

62’”17”/” 2m,miln

Letz, = andz, = e
where 0 < m,, m, <n, m; # m,.

As the join of z; and z, subtend a right angle at the
origin z,/z, is purely imaginary we get



33.

34.

35.

36.

37.

eZmln'i/n ) "
———— =il forsomereal /= e (m=ma)miln _ oy
e mymiln
2 - 2 —
= cos [M} i sin [M} il
n n
2 - 2 —
— coS { (my mz)”} -0 = (my mz)nzz
n n 2

= n=4(m; —m,)
Thus, n must be of the form 4k.

A Z1‘23|_ﬂ‘
|ZZ_Z3| Zz_Z3| 2
1
= ,/—=(1+3) =1
(30+3)
= lz) — 25l =z — 74l
Also, 278 _y o123
2 — 23 2
1—2 _l_l.\/g
et =
2 — 43 2
lz,—2, |
= [ = l(1+3) =1
=2 4
= lz) — 25l =1z, — z4l

Thus, lz; — z31 = lz5— 23l = Iz, — 7l
Hence, z;, z, and z5 are the vertices of an equilateral

triangle.
Using 1 + @* = — o, ®" = o and applying
C,—>C-C, C; > Cy—-C, we get
1 0 0
A=|1 w-1 o -1
1 -1 o-1

(- 12— (0?-1)
=(w+@-2)(0-1-a"+1)
=-3)(w-0)=30(@-1)

Iz — il = Iz + il represents the real axis.

As z = i satisfies Iz — il < Iz + il, we get

Iz — il < Iz + il, represents Im (z) > 0

i+ —z+i=0 =>iz3—i2z2—(z—i)=0

= iZ?z-i)-(@-i)=0

= (-1 @E-)=0

= ’=1lliorz=1i

In any case Izl = 1.

2(1 —cosB)

(1-cosB)* + 4sin* @

2x=(x +iy) + (x —iy) =

1
xX= ——
5+3cosO

Thus, maximum value of x is 1/2. It is attained at
0=r.

=

38.

39.

40.

41.

42.

43.

44.

45.
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3 =

P=7=212=1ZI=121=17|
= lzZl=0orlzl=1=z=0o0r 7 =1/z
_ 1
P2=7=2=-=z=1
Z
= z=1,-1, i, —i.
Thus, solutions of 2= 7 are 0,1, -1, —i
Let Z=Xx + iy so that

x=5+1t y= \/25—t2
= (x-352%+y" =25,
This clearly passes through 2 + 4i
Note that @, @’ are roots of
1 1 1 2
+ + =
b+x

a+x c+x X

= x[bc+ca+ab+2(a+b+c)x+3x2]

:2[abc+(bc+ca+ab)x+(a+b+c)x2+x3]

= x3—(bc+ca+ab)x—2abc:0.

If «a is the third root of this equation, then
a+o0+*=0 = a=1.

z=x+1y, Iz - iRe(z)l = 1z — Im(2)I

:>Ix+iy—ix|2=Ix+iy—y|2

S+ G- =G@-y"+)

= x =ty

We have
r—-o)r-)=r-(w+ao)r+1

Par+l=0+1)7—r

12

2[4y -]

r=1

12
2 (r-0)(r-o)
r=1

1 1
= 6(13)(13+1)(26+1)_1_ 5(12)(13) =740

Let ix (x € R) be root of 22 + az + b = 0, then
—x*+aix+b=0 (1)

= —x>_—adix+b =0

Subtracting we get _

(a+a)ix+b-b =0

b-b i(b-b)

= x= - =
i(la+a) a+a

Putting this in (1), we get
(b-B) a(b-b)
a+a

+b=0

(a+a)
=b-b)Y—ab-b)@+a)+ba+ay=0
2(b_l;)2—(a+ a) {ab—ag —ab—-ab} =0
= Gb-b)Y +@+a)(@b +ab)=0

The circle Iz — (= 1 + i)l = V2 completely lies
inside the circle Izl = 3.

8iz> + 1222 = 182 + 27i=0
=  8iz  — 12— 182 +27i=0
= 4i7(2z-3)) -9 2z -30)=0
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= (4iz* - 9) 2z - 3i)=0
. 52.
= 2= orz= 2
4 2

In any case Izl = 3/2.

46. As — 1 lies on the circle |z — 4] = 5, the real number 53.

Iz + 11 is maximum when z is the other end point
of the diameter.

y

AN
{7

Fig. 2.58

47, 1 _ cosf+2 + iSine

X+ 1y

xX—1i
. y

3

cosf +2 .sin@
= + 1

X2 +y?

3 3

X cosf+2
X+ y2 - 3
2 9 _ 9
- (2+cos0)* +sin’ 6  5+4cos0
sodx — (x2 + yz)
_ (4(cos9+2)

922 1) (12 +y2)

=

Also, X +y

4cos€+5. B
3 5+4cos®

48. Affix of G is %(zl +2, +25).

As origin is the mid-point of AG,

2
=4z, + 2, +23=0.

11
O = _|:§(Z1 +Z2 +Z3)+Z1:|

9 54.

55.

1 az; + bz

49. z;= ——(az, + bz,) = —1—2

= (g +bry) =

z—1 . 7-1 .
50. —— =itwherete R.=> —— =—it

z+1 z+1

N Sk SRSl SN

z+1 Z+1

>c-D(z+DH+(z-DHE+1)=0

=2(zz-1)=0 = =1

Z

51.
Izl Iz

< larg (2) — arg(7)|

=z— 7| <] |arg (2) - arg(zZ)|

1

Aslol=1=l0P=12 00 =1 — =0@.
10}

Thus, z=0+1l/o=w+ ® =2 Re(w)
Now, IRe(z)l = 12 Re(w)l = 12 Re(w)l < 2l =2
lzl=1= z=cos 8+ isin 8 for some 6 € [0, 27)
Now, lzl=1=lP=1= 7 =1.
Thus, §+£=Z2+L2

7 z 7

=(cos O+ isin 6) + (cos 6—i sin 9)2
=2(cos’0 + i sin’6) = 2 (cos 26)

arg (z)
arg (2)
z
Fig. 2.59
Z Z 1
—+—-|=1=lcos260l = —
Z z 2

= cos20 =x1/2

= 20=n/3,2n/3, 4n/3, 57/3, Tn/3, 8n/3, 107/3, 117/3
= 0=n/6, n/3,2n/3. 516, Tn/6, 4n/3, 57/3, 117/6
Hence, there are 8 values of z

Iz, + 2,1 + Iz; — 2,1 = 2Iz,1* + 2lz,

= 341z -z =2(2) +2(2)

= lzj—5f=5=lz-2l= V5.

1o 2| =12 Bl =z 7l

= lzyllzyl = lzyl lz4l = Iz5l 24l = Iz4] = Izl = Iz5] = r(say)
[z, 25, 23 20]

Thus, U4 = 0h = B4
Now, UH = LB = 4By
z Z zZ
= a -2 -3
2 23 4
2 2 2
= 21 =23, 2y =331, L3 =12

2., 2,2
Hence, zj +2) + 23 = 2,23 + 232 + 212
= 7, 2, 23 are vertices of an equilateral triangle.

. |Z1+Z2+Z3|20

2 2 2 - =

= lzl” + Iz + Iz51° + 2Re (5,2, + 2,23 + 237) 20
_ _ _ 3

= Re(z5 + 5,5 +535)2 -5

2 2 2
NOW, IZZ_Z:;I + |Z3_Z1| + IZI _Z2|
=6—-2Re (ZIEZ + Z223 + 1321)



57.

58.

< 6-(3)=9

Z1+Z2+Z3=O:>21+22+Z3=0
1 1 1

= —+—4+—=0 ['.' zlfl=1etc.]
4 2 4

2_ 2, 2,2
Now, 0= (g, + 5, + %) =277 + 25 + 23+ 2 (53 + 232 + 312)

1 1 1
= 0=z +25 +53+2322 | —+— +—
a4 2 0By

2 2 2
=7 +Z2 +Z3

2 2 2 2 2 2 2
Thus, 7 +2z2+z3| =|z1+z2 +23 +Z2|

o+ 2=l =1

1
Note that — =7, etc. Thus,
4

=@+ 5+ (G+5+3%)
=lz; + 2 + 23 < (I + Izl + 1z5)* =9
The maximum value is obtained when z; =z, =z; = 1.

z—-zZ _z—1 (z—-Dz

59. o= = = el =1
Z+z7z Vz+1  z+1 [ 1z ]
z2—1 z—1 1-z

= ——zz— —_—
z+1 z+1 1+z
1_
Re(w) = Re(z)—1+Re(—Z)
1+z
But Re(l_zjzl(l_erl_Z)
1+z 2\1+z 1+7
1(1- -
_ _(_Z+Z_1):0
2\1+z z+1
Re(w) = cos —1 = -2 sin*(6/2)
1+ 72 1 _
60. Let 0= —°  Im(a) = ~(0-d)
2iz 2
=2 2
For Izl = 1, a_)=1+Z =1+(1/Z)
—2iz  2i(l/z)
zz+1
= = -
—2iz

1
Thus, Im(@w) = — (0 + ®) =—iw
i

et

= —%(2cos€) = —cos 6

[vlzl=1= z=-cos 0+ isin 0]

Asz#1, 60 and asz#-1, 6=,

61.

62.

63.

64.

65.

66.

67.

68.

Complex Numbers 2.49

A=(1,1)
Izl =1 = zz = 1. Therefore z =1 - 27
= z=1-2/z = 22-2z+2=0

Z_liﬁi
2

, but then Izl # 1.

Suppose z,/z; = a, where a € R.

21'21+522|_|2i+5(zz/zl)|_|2i+5a|_1
" 20z, 52, |2i-5(z,/7)| 12i-5al
2= i(1+3)=-1+V3i=20

where @ # 1 is a cube root of unity.

Now

d 422 +472+5
=(2a))4+2(2a))3+4(2a))2+5
=160" + 160° + 160* + 5
=16 (w+1+0)+5=160)+5=5

Let a = — b* where b > 0.

Then z* = a = b*(-1)

=z = b(icosziisinz)
4 4

2 2 2 2
45+ +

25 o sn( % Joos( =i

=0=a + lal [+ a < 0]
As it Z_ is a positive real number,

1+2z7
arg( Z+Z_j = 0.

1+ 277
Using (cos o + i sin &) (cos B + i sin fB)
= cos (ot + B) + i sin (o + P),
we get
cos 2560 =-1, sin (256) =0
= 250=2k+ Dm, ke L
Now, 0 < MS T

25

= 1< 2k+1)<25
= k=0,1,2,..,12
log i mlz = 21 > log 7zl
= lz-2l<I (1)
But Iz — 2| = Izl represents perpendicular bisector

of the segment joining 0 and 2, that is, Iz -2| = Izl
represents the line Re(z) =1. As 0 does not satisfy
(1), we get (1) represents Re(z) > 1.

112z+1 27 +1 _s

2i| iz+1 —iz+1
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= Q2z+ 1) @Gz-1)+QRz+ 1) (iz+]D
=10iGiz+ 1) (iz-1)

= 4izz+ (2 +Dz+2+10)z
=10i(—zz—-iz+iz—1)

= 14izz+@+dz+(-8+i)z-10i=0

1 1 5
= zz+—1-8)z+—1+8)z-==0
< 14( e 14( e 7

This represents a circle.

69. Take z; and z, as two real numbers.
7 \n—2 2 n—2

0. —(1“)2:(1’_) (1+i)2=( : H) (2i)

(1=i)" 1—i 1—i
=l~n—2(2i)=2in—l=_2in+1

71.Ifn=3k,ke Lthenfin)=1+1+1=3
Ifn=3k+1, ke Ltenfinn=1+w+a& =0
Ifn=3k+2keLthenfin)=1+& +0=0
Thus, range of fis {0, 3}.

1
72.2+ -~ =2cos @ =72-2zcos O+1=0
z

= z=cos B+ isin @
Now, 22" — 2 7" cos (n6)
=7"[" -2 cos (nb)]
=7"[cos(nB) + i sin(nB) — 2 cos(nh)]
=—"7"=-1
73. Using & + o' + o> =0V keI

60
we get Za)k =0
k=1

30
Next, Hwk = @" = where
k=1
1
m=1+2+..+30= 5(30)(31) = 465

30
Hwk — 60465 =1
k=1
4. +x+1=@x-0) (x - o)
Therefore, o, @’ are zeros of P(x)
0 = g(1) + wh(1) and 0 = g(1) + &’h(1)
= g(1) =0, k(1) = 0.
5.8 -x+1=(x+ o x + 0

Therefore, —@, —@* must be zeros of x"*'— x"

Now,
o™= o)+ 1= D)™ @ (@+ 1)+ 1
= (- @' (-0) + 1

+1.

:(_1)n+2 afl+2+1
=0ifn=6k+1

76. Clearly z # 0, 1. We can write the given equation
as ¥ + 1+ 1 = 0 where

t=2z/lz -1l
= = o where ®# 1 is a cube root of unity.

Z
=
lz—1]
= lzZd=Iz-1lwl =z -11

Thus,

= z lies on the perpendicular bisector of the
segment joining z = 0 and z = 1, that is, z lies on
Re(z) = 1/2. Let z = 1/2 + ai where a € R.

Note that a # 0 since z = 1/2 does not satisfy z* +
dz =1+ 1z =17 =0

Putting z = 1/2 + ai in 2% + zlz =11 + Iz =11> = 0
and equating imaginary parts of both sides, we get

a+az-1l=0=lz-1=-1.

A contradiction.

Thus 72> + z Iz — 11 — Iz + 1I* = 0 has no solution in C,
that is, statement-1 is true.

Statement-2 is false as a, aw’ are solutions of
z2 + az + a* = 0.

77.z2=2i+7 = z-7=2i
= 2ilm(z) =2i = Im(z) =1
Aslzl =1, wegetz==1i
Thus, statement-1 is true.
As arg(i) = m/2 and arg (-i) = —-m/2,
Statement-2 is false.
78. Note that

(8%) . ( 877:)
o = CcOS|— Hism|mw——
11 11
(87:] .. (87:]
= cos|— Hisin|—
11 11

. o' = cos(8m) + i sin(87) = 1
[De Moivre’s Theorem]
10

-«
Now, 2 ak = =0
k=0 I-o
Statement-2 is true
_ oo 1
We have a=—=— = o/'%etc.
o o

Thus,
Re (+ & + o + o + o)



1 _ _ 1 _ _
= §(a+a2 +ad+at +’+a+at + o’ +at + @)

[Use statement-2]

19,1 1
= — o :——1 = ——
2% 2( ) 2

Statement-1 is also correct and Statement-2 is
a correct explanation for it.

Statement-2 is true as it is formula for sun of a G.P.
79. 25 = cos (k6) + i sin(k 6)

15
f0) =Y Im**™

k=1

15
_ Im(z sz—1]
k=1
(Z(l—zmj
= Im - -
1- 27

But 7°° = cos (30 6) + i sin (30 6)

When 0= o= 60, 2°=0+i=i
1,30
- fla) = ((—12))
- (1/1 zj
- ( 2i sm(x)
= Im(1+i)=—
" 2sina 2sino

80. Statement-2 is true. See theory of chapter 5 on

matrices.
1 a b
LetA=|w 1 c],
o o 1
1 o c o 1
=1 “|-a +b
o 1 0 1 0’ o

l—ca)—a(a)—ca)z)

(1 - aw) (1- cw)

Note that 1Al = 0 if a = @’ or ¢ = @
Thus, [Al #0ifa=c=wand b = @ or &

S contains exactly two distinct elements.

81. |Z1 - Zzl_ __i
4 %
TR

[l

=lz; -2l -z, -z =0

Complex Numbers 2.51

Statement-1 is true.

Statement-2 is also true but a correct explanation
for truth of statement-1.

82. Statement-2 is a true statement.

Suppose f(z) = (z2 + 1) g2 + r(2).
If r(z) 20, then r(z) =az + b
where a, b € C.
We have
i=fi)=*+10) q(i)+ai+b

= ai+b=1i
Also, 1 +i=f(—)= (i) +1) g (i) —ai+b
= —ai+b=1+1i

1 1

b= —+i, a=—i
2 2

1
Thus, az + b = —(iz+1)+i

83. Statement-2 is true, as z° = @° = IzI° = lal®
= lzl = lal
Next,
(z+ab)y =a
= z+ab=a, aw, aw

3

2

Let z; =a - ab, z, = aw — ab
and z; = aw® — ab

We gave Iz, — z/l = lallw 11 = Va,

lzz3 — 2l = V3a, lz; — 73l = V3a

Thus, statement-1 is also true, but statement-2 is
not a correct explanation of statement-1.

84. Statement-2 is true. See Theory. Let o be a root of
Z-z+m=0and suppose lad < 1. We have

=ld=lo— A <lod+lod* <2
A contradiction.

Thus, statement-1 is also true and statement-2 is a
correct explanation for it.

85. We know that Isin@8l <68 V 62=>0.
If 6 <0, then Isin (-0) < -0 = Isin 6| < 16|
Thus, Isin 61 <161 ¥V 6 € R and statement-2 is true.

Now, lz; — z,I* = (r, cos 8 — r, cose)*
+ (r; sin8@ —r, sing)?

rlz + r22 —2nr, cos(0 — @)

(rn—n )2 +4nr, sin’ (—6 ; (pj

< (ry = ) + 4(1) (1) ( 2¢j

Thus, Statement-1 is also true and Statement-2 is
a correct explanation for it.
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Level 2 d
2
86. As ABCD is a parallelogram,
mid point of AC = mid point of BD
1 1 2N\_ 0 2
= _(Zl +Z3) = _(Z2 +Z4)
2 2 /s
=S =1+ -2
2 _ _
87. la + b+ ca’P=(@+bo+c®) (a+b@ + cw) Fig. 2:60

=a®>+ b+~ bc—ca-ab

= o-cp +(c-a) +(a-b)]
2

As a, b, ¢ are integers and at least two of them are
unequal, we get,

b-0c)+(-a’+(@a-b)=2.

Thus, la + bo + c@® P> 1 = la + bo + ca’l > 1

This represents a square. See Fig. 2.60.

91. Let z = x + iy, then
x=1-t,y= N2 +1+2
=St=1-xand Y = +1+2=(+1/2)7° +7/4
=y = (x - 3/2)* + 7/4.

LeaSt Value 1 iS attained When a = 2, b = 1, Cc = 1 Thls represents a hyperbola.

88.

We have AP = AB = AQ =2

Thus, for the shaded region Iz + 11 > 2
2

V2 -1+ 1}

-1 T
Also, ZBAQ = tan = Z
and ZBAP = —-n/4
Hence, for the shaded region
lz+ 11 > 2 and larg (z + 1)l < /4

w—wz
As

92.

az; —bz, az —-bz,

W= —1 242
azy + bZ2 az; + bZz

(aZl - bZz) (azl + b22) + (azl - bZZ) (aZl + bZz)

|aZl + bZzlz

2 = 2 =
_a lel_b 2 2 _0[
= 5 = .
laz, + bz, |

alzl = b gl

= w lies on the imaginary axis.

89. =, s purely real, 93. 1zl + 11 — 2l + Iz — 2l
w—Wwz _ W—wZ > max {Iz, (1 —2) + z =2l Iz + (1 — 2l +
-z  1-% lz-2L11 -zl +lz-(-2I} =2

90.

=>{0-zZ)w-wz)=(0-29 (W — wz)
=>w-w)(l-2z2z7)=0

Asw# w, we get zZ7 =1

Thus, set of values of z is
{z:lzl=1,z#1}.

w=lF = w=27 2 w=7

Thus, Iz - ZI+lw+ wl=4
=lz-7I1+17 +z1=4

94.
95.

The value 2 is attained when z = 1

See Theory.

2 2 2 2
lz, — 23" + lzyI” = lzp — z3I" + | =z, — z3l
=z, — 5 + 1= 2z, + 1237 = 4
Similarly, Iz; — 1 = Iz, — 2,l = V3

Thus, z;, z,, z3 are vertices of an equilateral
triangle.

= iyl + 12x1 = 4 96. 1+ w+w>+ ... +w' !
=Sxl+=2 _ 1-w" _ l1—-cosm +isinm
l-w 1—cos(m/n)—isin (7 /n)
~ 2
 25sin® (7/2n) — 2 isin (7r/2n) cos (7/2n)
2

T —2isin(x/2n) [cos (n/2n) + isin (x/2n)]



_ cos (m/2n) —isin (7/2n) _ 1+icot (ij

—isin (7/2n) n

2 2
97. lzy + 21" = Iz; — 25l

2 2 - -
=gl + 1"+ 215 + 712

2 2 — -
= |Z1| + |Zz| -4 Z2 — Z1Z2

— _ 2 Z
=205 + 50)=0= Z+2=0
a4 %
98. z; lies on the circle Izl = 2 and z, lies on the line
X+y= 4\/5
Distance of x + y = 42 from (0,0)is 4

Thus, minimum distance between z; and z, is 2.

22

/ >
N

Fig. 2.61

Alternative Solution

Distance of z; = 2(cos@ + isin6) from x + y = 4\/5,
is

|2cos9 +2sin6 — 4J§|
2

= V2 (2v2 - (cos6 + sin6))

Maximum possible value of cos@ + sin0 is V2.

99. Let z; = r (cosO + isin6).

Equation of tanget to x> + y* = r* at (rcos6, rsin6)
is x cos@ + y sinf = r

R DR C
2 2 2i 2i

-, = 2
= z7+tz77=2r

zZ z
= —+?=2.
S

100. Using Iz;l + lz,l = Iz; — z,l, we get

lz—2+3il +1lz—1+i>I-1+2il=+/5

101.

102.

103.

104.

105.

Complex Numbers 2.53

lz — a*l + 1z — 2al = 3 will represent an ellipse if
la* — 2al < 3

& 3<d-2a<3

o 2<@-1Y<4
Sa-1DV<4oe-1<a<3 o ae(0,3)

As AB = BC = CA, we get

2z =11 =11 -2z

l andlz—llzl

2
= z is the point of intersection of circles

= lzl =

lzl = 1/2 and Iz — 1/21 = 12
1

—(1iJ§i)

4

lz + 1I + Iz — 31 < 10 represents the ellipse with
focii at (-1, 0), and (3, 0) and length of major axis
10. Its centre is (1, 0), and its equation is

—_ 2 2
(Gl N

25 21
Any point on the ellipse is P (1 + 5 cos0, V21sin 0).
Its distance from A (7, 0) is given by

=z=

=1

AP? = (5c0s6 + 8)* + 21 sin’6

= (2cos 6 + 20)* — 20* + 85

= 182 — 20% + 85 < AP? < 22% - 207 + 85
= 9 < AP? < 169

= 3 <AP< 13

lz — 117 + 21 7 — wl*> = 3lz — w?

=P+ 1-z-7 +2[P+1-2zw — Zw]
:3[|zl2+1—zv712— sz]
S0Cw-2w-Dz+GBw -2w-1Z =0

which represents a straight line.

As R.H.S is real, L.H.S must be real.

. .2\
Also, (F] = (l] l. ] =1{"is real when n is even.
—i —i

As x > 0 and =—
2x 2

Thus, we get only possible value of x is 1.

1+x*> 1 1
s (x+—) > 1 for x # 1.
X

.. RHS = 1, thus, least value of n is 4.
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1. Let |z| = |[w| = » and Arg (w) = 6,
so that Arg (z) = w— 6. We have
z=r[ cos (mr— 6)+isin(w— 6)]
= y[- cos O+ isin 0]
=—r(cos@—isin@)=—w
2. g

LI

QS
N
w—
_U

TR

If z satisfies 1z — 4l = Iz — 2I, then z lies on
the perpendicular bisector of the segment joining
z=2and z =4.

ie,lz-4l =1z -2l = Re(z) =3.

As z = 0 does not satisfy 1z — 4] < Iz — 2I, we get
Iz — 4l < Iz — 2| represents the region Re(z) > 3.

3. Suppose Iz — wl = r touches Iz — z;1 = a and Iz — 2,
= b externally.

Thenlw —zl=a+r,lw—-zl=b+r

= w-zgl-lw-2zl=a->
= w lies on a hyperbola with foci at z; and z,

<)

4. As 1 = - i,

L (ﬂjx_ —i% i x_(i(l—i))x_ix
=) L= ) Ui-i )

= x = 4n for some n € N.

5. lzw|=1Z||w]= Izllwl = Izwl = 1

Arg (zw) = arg (w) + arg (2)
=arg (w)—arg (z) =— /2
. zw=|zw|[cos(— m/2) +isin (-/2)]=—1i

6.2/ +2=-a,z12,=b

As 0, z,, z, for an equilateral triangle,

0%+ 22+ 5= 0(z,) + 0(z,) + 2,2,
= (2% 29)* =32z, = a* =3b.
7.z+iw=0 = z4+jw=0 =z—-iw=0

Now, arg(zw)=rm

= arg | — | =7
1

= arg () —arg () =7
= 2arg(z)—m2=nxn
= arg (z) = 3n/4

8. 713 = p+iq
= x—iy =(p+igq)°
= =p* +3p*(iq) + 3p (iq)’ + (iq)’
= x=p3—3pq2and—y=3pzq—q3
= £=p2—3q2 and_—yzl%pz—q2
p q
= 2+ 2= 2(p +¢?)
P 4q
(oo
P 4q
9.1z2 — 11 = 1z> + 1 can be written as Iz +(=1)I
= 122 + -1
2
z .
S 3 is a non-negative real number.

o Zisa non-positive real number.

<z lies on the imaginary axis.
Alternative solution

Let z = x + iy then |22 — 1| = |z* + 1, we get
|(x2—y2— 1) + 2ixy| =x2+y2+ 1

= \/(x2 — 212 +4x%)y? =2+ +1
= (x2 - y2)2 +1-2 (x2 - yz) + 4)c2y2
=+ y2+ 1)?
= )+ 1-260 - =P+ +
267+ 57
= —4’=0=>x=0
*. z lies on the imaginary axis.

10. (x 1)’ =-38



11.

12.

13.

14.

15.

= x=-1,1-2m, 1- 2

w=1=lz =

1,
z——i
3

. 1 1.
= z is equidistant from z = 0 and z=—i. Thus, z

lies on the perpendicular bisector of the segment
joining z = 0 and z = i/3. Therefore, z lies on a
straight line.

lzy + 25| = |zy] + |z,

&z, z, lie on a ray through the origin O and
same side of the origin

& arg () = arg ()

km . 2km
sin——+icos——
11 11
( /4 an)
=i| cos—— —isin——
11
= iaf
2 .. 2w
where ®W=cos— —isin—
11 11
10
Thus, S=3 (sinzk—”+ icoszk—ﬂ:)
ol 11 11
10 _ il
=i2wk=i(a) @ j
k=1 1—(0
But o' = cos 27w —isin 2w =1
S=—-1i

Z+z+1=0 =>z=owor &
where  is complex cube root of unity.

1
Let z = m, so that — = o

z
Thus,

1V (5, 1YV (5 1YV e 1Y
- | T | HTHF | Tt
z Z z Z
=D ED @ D) )2
= 12.
|z + 4| £ 3 represents the interior and boundary of
the circle with centre at (—4, 0) and radius = 3. See

Figure.
YA

Nl

16.

17.

18.

19.

20.

22.

23.

24,

Complex Numbers 2.55

As — 1 is an end point of a diameter of the circle,
maximum possible value of |z + 1| is 6 which is
attained when z = — 7

__ 1 1 1 -1

= = = — = = —

i—1 SRR R

|z| _ 4 <|lzl - i‘ < z—i=2
|z| |z| z

= -2 -4<0
= (z-17<5 = |z7<V5+1
z is equidistant from A(1 + 0i), B(-1 + 0i) and C(0
+ 7). Thus, z is circumcentre of A4BC, that is, there
is exaclty one such z.
1+ =) =()C0)=- o
=l+tow
L A=1,B=1
As a, B € R, the roots of 2> + oz + B = 0 are of
the form
1 +ia, 1 — ia, where a € R, a # 0.
Now, B=(1 +ia)(1 —ia)=1+d*>1

= fe (1, )
2
. As is real, we get
z—
2 =2
z _ z
z—1 z-1

o 2Ez-D=z}z-1)
o zz(z-2)—-(z—-Z)(z+Z)=0
< (z-z)(zz-z-2)=0
& z—z=0or zz—-z-2z=0
= z lies on the real axis

or z lies on a circle through the origin.

zZl=1 = zZ=1
arg (H—Z) = arg ( 1+2 )
1+z 1+1/z
=arg (z) =0

Let z,/z; = ik where k is a real number.

22 +32)| _[2/3+2,/7|_[2/3+ik|_
122, -3z, [2/3-2,/7| |2/3—-ikl

1422 1 _
.Im(@)=—(w-w
2iz m (@) 2( )

Let o=

1+22  1+(1/z)
2iz  -2i(l/2)

For |z|=1, o=

B 22 +1 _
—2iz
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25.

26.

27.

28.

1
Thus, Im(w) = ;(w +w)=-iw
1

1 Lo
= —§(z+z)——§(z+z)

= —%(20050) =—cosf

[** ]zl =1 = z=cos 6+ isin 6]
Asz#1,0#0andasz#-1,0=#m
ae (-1, 1)
ZZI_E = Z+E=1
1 T
= 2Re(z) =1 = Re(2) =5=cos§
As |z| = 1, Re(z) = cos(7/3),
Im (z) = £ sin (7/3)
Thus, arg (z) = = /3
.. statement-1 is false and statement-2 is true .
Im(z) + 1 =0 Im(z) = -1
Letz=a-1i
Now, z+\/5|z+1|+i:0
= a—i+V2\J(@a+1?+1+i=0
=a =2+ 2a+2)
Sd+4a+4=0 = (@+2*=0

a=-2
Thus,z=-2-i= |7= /5
e+ tsr-1s3

2 2 2

Minimum value 3/2 of |z + 1/2| is attained when

z=-2,and 32 € (1, 2).

~
N

2\ -12

‘\
v

w—wz = k(1 — 2)
= w—k= z(w=k)
= woK=|z| Wkl

= lzllw — &l
AsIm (w)#0, |w—kl#0

29.

30.

31.

32.

Szl =1
Also, z # 1 for otherwise w=1w

— Im(w) =0
arg (i) + arg (Z—Zj
Z4 23

2
=arg | 4% | = arg [all) =0
U443 |23\2

Let 270 _j, where k € R.
z+i
= z—i=ikz—k

= -k =-k+i

—k+i
= z=
1-ik
k* +1
Note that |z = 5=
1+k
= z=1 = z=l/z

1 C
Thus, z+—=z+7z, which is a real number.

zZ
Also, z+7=0

= 2Re(z) =0 = Re(z)=0
= z = qai for some a € R.
But in this case

z—1i .
—— is a real number
z+1

Therefore, z+z #0.

(+ oi)? = x + iy
1—052+206i=x+iy
1- 0o =rx, 0=y

4 — y* = 4x

=

=

= 1-(y/2*=x
=

= Y4 -4=0

2 —2z,
2— 2122

=1

2 —_—

&l =25, 1" =12-z7, |
2 2 o -
(= lle +4|Z2| _22122_22122
=4+ 1z Pz P

|22 - 2Z122 - 22112

22 2 2 _
Sz 7zl = |z = 4lz)" + 4 =0

e (-9 (@zf-D=0
As |zl 2 1, Iz —4=0= |z| =2



33.

34.

35.

= z, lies on a circle of radius 2.

e 1 =]+
= z is equidistant from A4(1) and B(-i)
= z lies on the line y = — x

YA

4+

A(1) /x

B(=1)

As z = 1 satisfies the inequality
lz—-1] < |z + 1,

we get Iz — 11 < Iz + il represents the region lying
above the line x + y =0

Largest value of r is length of perpendicular from
(4, 1) to the line x + y = 0, that is,

[4+1] 5 5
largest » = =—==\2.

s Jivl V202

Let z = r (cos 6 + isin 6), so that

= As z is non-real complex number, Im (z) # 0
2= 1’ [cos (50) + isin (560)]
= (Im(z))5= P cos 0

and Im (z°)= > cos(56)

Im(z’)  cos(56)
(Im(z))>  cos’6
But cos (56) = 16 cos® 6 — 20 cos® 6 + 5 cos 6

Thus,

cos(50)

cos’ 0
= 5(sec4 0 — 4sec® 0 + 4) -4

=16 — 20 sec’ O + 5 sec* 0

=5(sec’ -2 —4>—4

Thus, least value of

COS(;SO) is — 4 which is attained when 0 = /4.
cos” 6
24 3isi
As z = 2+3isinf is purely imaginary, Re(z) = 0

1—2isin@
thatis, z +z =20
2+ 3isin @ N 2—3isinf ~ 0
1—2isin@ 1+2isin6
= (2 + 3isinB)(1 + 2isinB) + (2 — 3isinB)(1 — 2isinH)

36.

37.

1.

Complex Numbers 2.57

=0

. . 1
=22 - 6sin’0) =0 = sinf=+ —

3

Thus, a value of 6 for which z is purely imaginary

o

Refer figure

Coordinates of A are (2, 1) that of B are (3, 1) and
C are (3, 3).

Coordinates of D are (3 + 22 cos (5m/4), 3 +
22 sin (57/4))

=3-2,3-2)=(1, 1)

Thus, D is represented by 1 + i

VA
343
c
12
B
D™ o 34
> X
0

23:(1—1—011')3

=1+ 3ai — 3d* - ia’
As 2> is real 3a — a® = 0
S a3 -a)@a+3)=0
=a=3

Thus, z = 1 + 3i = 2(cos§+isin§j

We have S=1+z+ 2> + ... + 2!
1— 12
1-z
But z'2 = 2'% (cos (47) + i sin (47))
=2'2(1 + i0) = 212
and 1 —z = — f3i

4095

7 i=13653i

Previous Years’ B-Architecture Entrance
Examination Questions

5+isin@
5—3isinf
5+isin@ _ 5—isin@
5-3isin@ 5+3isinf

is a real number
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< (5 +isin0)(5 + 3isin 6) 6. Area of triangle is
= (5 — 3 isin 6)(5 — i sin ) z z 1
A= lI iz -1z 1l
4 o
z+iz 7-iz 1

& 25 + 20 isind — 3sin’0
= 25 — 20 isinf — 3sin’0

Using Ry, > R;— R, — R,, we get
S 40isin 0=0<sin =0 g1 3 1 2 g

| z 7z 1
A=—lliz =iz 1l
TIP Amongst the choices given, — 7 is the only 4 0 0 -1

value which makes imaginary part of the numerator
and denominator 0.

This is possible when 0 = — .

=l|—izz—izz|=l|z|2
) 4 2

-z T As|i—(1+2i)=+2 <|4-2|=2,
Let w =3z +2 + i, then z = (w — (2 + 1))/3 C, lies inside C,

Z=2 = w-Q+ =6
by

= w lies on a circle with centre at (2 + i) and

radius 6. .
3. Let z = 2(cos 0 + i sin 6). Now H

2
z+—= 2(cos O + isin ) + (cosO — isin B) o
z

=3 cos O + isin O
2

z+% =9 cos’6 + sin’0

z

=1+4(1 +cos20)<9

=

8.z=i@+v5):—1+-J§i

= @+1)P=2 =7+22+3=0

: mgximum possible value of z+g is 3 which We now divide
is attained when z = 1 z
NG A+42 46z +4zby 2+ 2243,
4. Let @ =- —+i— then @ =1 5 : 5
2 2 PZ+2+3 (A a6t +47]2 4201
4 3 2
_ 127 124 2T+ 277432
z=4+30"" +50 o o o
=4 + 3(0) o + 5(0’) o 223 +322+4z
=4+3w+50=4+8w @22354225&
= 4-4+43i=43i _Z22_2Z
. —-z-2z-3
5. Principal argument YA / ® @ @
is least at point P. 3
| AP siel )/ T
sm(ﬂ:/2—9)=0—A 7 p(2) zt+ 4z + 6z + 4z
= cos 8=1/5 49 SEAEEHEru-D
/ > =0+3=3
. _ 0
= sing =V24/5 9. 2| = 1, arg(z) = 6
Now, z=\/ﬁ(cos9+isin9) = z=co0s 0+ isin 6
= Re(z) =@=%\/€ Now, W=i(l_z)=z_zi
5 5 z(+z2) z4+2zZ



_z—-1

z+1

_ z-1

w=

z+1
-1 z-1
Now, 2Re(w)= W= i
z+1 z+1

P -1+27 -1
(z+D)(Zz +))
_2c0s20 -2
zZZ+z+ZzZ+1
_ 2(cos20-1)
2(cosO+1)
_ —2sin*(0)
2co0s%(0/2)

= Re(w) =-2 sin’ (g)

—4sin2(0

2

]

Complex Numbers

10. |‘/5"‘i|2 =g +2+z

11.

2.59

=3 =z + kol + |z + 2Re (215 + 273+ 237)

= 3=1+1+1+2Re(zz; +2,Z3+237)

= Re (2,2, + 2,2y + 237,) =0
z(zy - 1) =z +1

=ziz-1)=1+z

1+z
= AT iz—1

1+z

; =z <1
iz —

=1 +zP <]l —izf
=>1l+z+z+zZz<l-iz+iz+zz
= 2 Re(z) < — i(2i Im(z))

= Re(z) — Im(z) < 0
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