Inverse
Trigonometric
Functions
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Architects and construction engineers often use Inverse Trigonometric
Functions to find the height and length of structures like a bridge by finding
the angle using the inverse of sine. With this method, they also calculate

the safest angle of the bridge where it will be most resilient to hold the load.

Topic Notes

& Basic Concepts



BASIC CONCEPTS _

| TOPIC 1]
INVERSE OF A FUNCTION

As we already know that the inverse of a function
exists, now we shall go into the depths of it, trying to
understand and study about the various restrictions
that exist on domains and ranges of trigonometric
functions. These restrictions, in fact, help to ensure
that the inverse of various trigonometric functions
exist and thereby, help us observe their behaviour
through graphical representations

In Chapter 1, we have studied that the inverse of a
function f, denoted by £, exists if f is one-one and
onto.

Let f: X = Y such that fix) = y be a one-one and
onto function. Then, we can define a unigque function
g:Y = X such that g{y) = x, where x e X and y = f{x),
yel.

Here, domain of g = range of £, and range of
g = domain of f, g is called the inverse of f and is
denoted by f1. Further, g is also one-one and onto
and inverse of g s f.

Thus, gl=(FYyl=f

Similarly, y = sin™* x is called the inverse of sine
function and we read as sine inverse of x.

| ToPIC 2 |
DOMAIN AND RANGE OF TRIGONOMETRIC FUNCTIONS

Here, we will talk of the inverse of those functions
which are neot cne-one, onto or both. In particular,
trigonometric functions are not cne-one and onto
on their natural domains and ranges. Here, are
the domains and ranges of various trigonometric
functions;

Function

Domain Range ‘
sin x R -1,1)
cos x R 4.4
tan x R-fx:x=(2n+1) g.ns Z} R
cotx R-{x:x=nmne i} R
sec x R-{x:x=(2n+1) g.ne Z} R-(-1,1)
cosec x R-{x:x=nm,nelj R-(-1,1)

Example 1.1: Simplify the following and write
the domain and range of the result obtained:

2
y= secxsin2x
\ 2
Ans. Given, ys ———
secxsin2x
2cosx
p

2sinxcosXx

cosX
= -
sinxcosx
= y 1
sinx
= y =cosecx

.. DomainiR-{x:x=nm,neZ}
and Range: R - (-1, 1)

A Caution

= [t such types of questions, do not try to find domain and
range of the given function, always simplify until you get a
single trigonometric term or any algebraic term, then only
you will be able to find its domain and range.

Principal and General Values

| Condition ‘ Principal Value General Value

If sin 8 = r # B=pm+(-1)"qa,

= —-—<ot<—
sina 2 2 nel
IfcosB = 8=aq,0<ax<n 0=2nxa,nel
cosa
Iftan 8 = 8 T n

=0——<0<— -

P 2 2 O=nr+a.nel



| ToPIC 3 |
INVERSE OF TRIGONOMETRIC FUNCTIONS

All trigonometric functions are periodic functions
so all trigonometric functions are many-one
functions. If we restrict their domains, we can reduce
a trigonometric function into one-one and onto
functions. For instance, if we restrict the domain of

sine function, from R to ["g g—] then it becomes

one-cne and onto function with range [-1, 1].

Actually, sine function restricted to any of the

intervals [— 3_11'_ E]. [—E. 3—“][E 3—“] and so on,
2 2 22 2 2

then it becomes one-one and onto function with range

[-1, 1]

Thus, the inverse of sine function, denoted by sin‘énig
a function with domain [-1, 1] and range could be

3 = nn]l[nx 3n
L) | o) ) e B d
of the intervals [ = 2][ e 2] [2 2] an .
on.

Corresponding to each such interval, we get a branch

of the function sin™1. The branch with range [—gg]

is called the principal value branch, whereas other
intervals give different branches of the sine function.

Thus, sin™ : [-1,1 [- 2 E]
us, sin : [-1,1] = 33
This definition gives

(1) sinsintx)=xif-1sx<1

2) sinl(sinx) = x,f —Z<x< 2
(2) sin (sinx)= x 7 X 2
In other words, if y = sin"1x, then siny = x.

Example 1.2: cas‘l[cos -'%:] =7

n Sn
(a) E (b) —6"
T n
() 3 (@ 5 [NCERT]
S
Ans. (b) "

Explanation: Since %E[O.ﬂ:], we cannot

conclude that ccs'l(cos zEE ] = %’t

s TR n
So, we write 5 =n+—

)

Thus, cus‘l(cos

ol 3

I

cos! {cos[ R }}
8
cos™! [- cos E]
6

- cos‘l[cos :—;-]

A Caution

== [n such type of questions, inverse trigonometric properties

are applicable only in its domain. In the abeve question, you

cannat write ms‘l[cosﬁj =% as % € [0, n]. So, first
& 5]

simplify using formula to make the domain defined, and
then apply inverse trigonometric property.

Example 1.3: sin[; % sin"'[% ]] =7

1 1
(@) 2 (b) =
1
(©) i (d) 1
Ans. (d) 1
Explanation:
sin[g + sin'l(% ]] = sin[g ¥ g]
. ®
= 5iNn—
2
=1

Graphs of Inverse Trigonometric Functions

The graph of an inverse trigonometric function can be
obtained from the graph of the trigonometric function
by Interchanging x and y axes, ie, if (a, b} is a point
on the graph of sine function, then (b, a) becomes the
corresponding peint on the graph of inverse of sine
functien.



Graphs of Inverse Trigonometric Functions in Principal Value Branch

Function Domain Principal Value Branch Graph
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Function Domain

Y= cosec™ ! x (-eo,-1)U(l,e0) [— ;.0]\.} (0,

:EJJ\]’ Important

= |n the graph of an inverse trigonometric function, If we
draw a vertical line, then it cuts the graph at many points
which shows that it is not a function. That's why we restrict
the domain for inverse trigonometric functions.

= Whenever no branch of an inverse trigonometric function
is mentioned, we mean the principal value branch of that
function.

Principal Value Branch

Graph
Y
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we The value of an inverse trigonometric function which lies
in the range of principal branch is called the principal value
of that inverse trigonometric function.

w sin*! x should not be confused with (sin x)"L. In fact,
(sinx) = 1fsin x.

Similar concept is applied on other trigonometric functions.

Domains and Ranges of the Principle Value Branches of the Inverse Trigonometric Functions

Function ‘ Domain
sin x (or arc sin x) [-1,1)
cos™ x (or arc cos X) [-1,1)
tan™! x (or arc tan x) R
cosec™! x (or arc cosec x) R-(-1,1)
sec™! x (or arc sec x) R-(-1,1)
cot™ x (or arc cot x) R

Range

[+
242
When x < 0,sin"x € [—g. 0]

0, ]

J n
When x <0, cos™ x e[——. ft

5

Whenx<0,tan x e (—325. 0]

53]

When x < 0, cosec !x € [—2.0]
n
0 r]-4=
10,] {2}
Whenx<0,seclxe [gn]

(0. m)

Whenx <0, cot™? x e (wgn]



Example 1.4: Find the principal value of the
following:

(A) cos_l[g] (B) cosec!2
af 2
© s’ ﬁ]
Ans. (A) Let Y= cos"l{%i-]
cosy = % = COSIGE
n
— ys= g

Principal value branch of costis [0, ).
Hence, principal value of cos‘l[g] is g .

(B) Let y = cosec™2

= cosecy =2 = cosec -g

(4
= y’=g

Principal value branch of cosec™ is
T

— 10}

|-3.2]-o
n

Hence, principal value of cosec™ is &

y= sec‘i[:%]

3

(C) Let

Example 1.5: Find the value of tan' 1 4

cost (%] . sin_l(-:-].

Ans. Let x=tan}1
n
= tanx=1= tan—
b1
== X=—
4

[Since. principal value branch of tan™! Is[—-g-.

[SHE1
)

-1f1

Let = e =

e Yy = cos [2]

i

= COSg:—:COS—
=5 y-E
"3

[Since, principal value branch of cos™ is [0, ]

Let z=sin‘1[1]
2
: 1 -
= sinz= = =sin=
2 6
= iu X
"6

[Since. principal value branch of tan™! is(—'—;. g )]

Now, tan 11+ cos™! (% ]+ sin_l(-l—]

= secy = % = SECE 2
T T om
> y=2 "3737%
6
Principal value branch of sec? is [0, n] - _ 3n+é4n+2n
Gl S
’ _ 9% _3n
;o 1 2 ). =& 1 4
Hence, principal value of sec (ﬁ] is 5
(OBIECTIVE Type Questions )
[ 1 mark ]
Multiple Choice Questions
1. TI;e value of the expression sec™® (2) + sin™? @ % ®) %
[5] +tant (-V3) Is:
-n "
i d) —
(c) > (d) -

[Delhi Gov. 2022)



Ans. (d) %
Explanation:

sec™l(2) +sin? [;] +tan”! (-3)

=£+
3

mA
wlAa
m|A

2. @cos[g e [-:-]] is equal to:

(@) 0 () 1
(© -1 (d) 2

3. @ If tan™! x = y, then:
(@) -1<y<1 b Sy

@ vef73]

[CBSE Term-1 SQP 2021]
4. The domain of the function cos™* (2x — 1) is:

() %w%

(a) [0, 1] () [-1,1]
© (-1,1) {d) [0, n]
[NCERT Exemplar]

Ans. (a) [0, 1]
Explanation: We know that, the domain of
cos™! function is [-1, 1]

L -1<(2x-1)<1
= “1+1<(2x-1)+1<1+1
= 0<2x<2=>0=<x <1

So, domain of cos™}(2x - 1) is [0, 1].

5. The principal value of tan” YH-V3) is

X n
(a) 3 (b) =
T T
(c) s (d) 5
Ans. (a —g

Explanation: Let
tan™*(-+3) =90

—] tan B = -Ji

= tan B = —tanE
3

= tan B = tnn(-§]

The range of the principal value of tan™ ! is

(55 )erd {5 )

. The principal value of tan™*(-3) is —-g— -

6. mepdndpalvuh.leaf'[mn‘" J3—eot (-3 )]

is:
H1
() = ® -3
(©0 (d) 243
[CBSE Term-1 2021]
Ans. (b)) —=

2
Explanation: |:tt:|n'1 3 -cot™? (— 3 ]]

= tun'I\E - (1': - cot™? \E}

-+

ST -]

%

3

7. Which of the following i
branch of cos™ ! x?

m Mla

the principal value

@) [__ 5] () (0, 7)
() [0,7] (@ (©,m)- {%}
[NCERT Exemplar]
Ans. () [0, 7]
Explanatlon: [0, n] is the principal value branch
of cos™?

8. A man was quite fascinated to see so many
high rise buildings around him. The distance
between the man standing at A and the top
of the building C is 80 m and the height of

the tall building BCis 4043 m.

1( 3
The principal value of sin” LT Is:



Ans.

9.

T 2
(a) 3 (b) el
© % @ 7
(@) g

Explanation: Let

V3

siny = —
4 2

sin'l[if-J =y, then

= siny = sinZ
3

The range of the principal value of sin™ 1 is

(CASE BASED Questions (CBQSD

[ 4 & 5 marks]

Read the following passages and answer the
questions that follow:

All the trigonometric functions are periodic (ie,
they repeat their values after fixed intervals).
So they are neither one-one nor onto and
hence are not bijections. But restricting their
domains and co-domains they can be made
bijections. Having made the trigonometric
function one-one and onto, the inverse
trigonometric functions exist.

(A) The function f: D — [- 1, 1] defined by
f(x) = cos x is one-one and onto if D is

(@) [0, 7] ® [-5.2]

o] @[3

(B8) @ The domain of the function tan™ 1xis

e ('5 z]

(C) [' 1: 1] (d) R
(C) The range of the function cosec”

@ [-33]

© [—— —] -0} @r

(b) (0, )

1y, is

k) R-(-1,1)

D) @ Forx e [- 1, 1), sin™ s (- x) is equal to

() sin~(x) (b) - sin"1x

(€ — - {0} (d) cos™* (%)

sin‘l(x}

(E) @cos (cos™ 1 x) = x for
(@) xe[-1,1] (b) x e R
x

() xeR-(-1,1) (d) xe [-g E]

Ans. (A) (@ [0, 7]

Explanation: As for fix) = cos x
Atx—0,cosxisl
Atx—meosxis—1

So, in [0, ] the function is one-one and
onto.

© @[5 1]

10. All the trigonometric functions are periodic (i.e.

they repeat their values after fixed intervals).
So they oare neither one-one onto. But
restricting their domains and co-domains they
ean made one-one and onto. For example, f: D
- [~ 1, 1] given by f{x) = sin x is one-one and
onto, where D can be any one of the intervals

xe|-Z 1':]I: E.E], I:EE_“] and so on.
22 22 22
So,f1:[-1, 1] = D exists.

Ifwe choose D = [_5 5] then inverse functior:

sin"1(x): [-11] - [--’25 g]

is called the principal value branch of the
inverse sine function,

Similarly, principal value branch of other invese
trigonometric functions are defined.

(A) Find the principal value of
{ton"1 (1) - cot™ ! (- 1)},
(B) Find the principal value of sec?{tan™1(2)}.



Ans. (A) ftan" 1 (1) - cot™ L (- 1)} = tan Y1) - [r -
cot™ (1)}

(8) sec? {tan™(2)} = 1 + tan? {tan™1(2)}
=1+ {tan (tan™1 (2)}2
=1+22=5

( VERY SHORT ANSWER Type Questions (VSA))

[ 1 mark]

a ~1v3
11. Write the value of tan 1[2Siﬂ[=05 1-\;:]] .

[CBSE 2013]

o o)

tan1 {2 X l]
2

Ans. tan~} [2 sin[cos'l %_3— ]]

=tanl1=1

an 2
12. What is the principal value of
cos‘i{%] 2 sin"t [-%] ? [DIKSHA]

Ans. cos™! [l)— 2 sin~! —l
2 2

cos! l + 2sin7! 1
2 2

[~ sin™! (~0) = —sin~2 @)

= % o B 21(-;-
[ COSll(%)=gﬂﬂnd sin‘l(%)=g.]
oy B
"33
2
"3

13, @ Write the value of cus"[- % ]+ Zsin"'(%].

[CBSE 2014]

-1 2n
14. Find the value of tan W“T A
[NCERT Exemplar]

Ans. Since, E E[-E-.E]
3 22

tan~t [tan 2—“] =tan! [tan[n —ED
3 3

)

[+ tan{r-x) =-tan x]

=tan? {tun[— %D

o

3

15, Write cot'l[ ].x > 1 inthe simplest

1
vx? -1

form.

Ans. Letx=sec6,then »sz -1= Jseczﬂ— 1 =tanB

cot'l{\[:'_ ]= cot ™ {coth) =0 = sec” x
x“=-1

16. Evaluate: sin [g = sin-i(_ %]] ;

Ans. sin[E—sin‘1 —l ]
3 2

-

= sin §+ sin‘l(% ]] [+ sin! (-0) =- sing]

o] e

= sin E:|=1

17. Find the value of cat[g- -2cot ! ﬁ]

Ans. r:nt[E —2cot™? -fi] = cat[E —-2x E]
2 2 6




( SHORT ANSWER Type-I Questions (SA-1) )

[ 2 marks ]

18. Prove that:

sin2(2xy1 - x2) = 2cos‘1x,% <x<1l.

[CBSE 2020]

Ans. lLetx=cos 0

= 0=cos 1 x

LHS. = sin"(2cos81 - cos?8)

=sin"1 (2 sin @ cos B)
= sin™ ! (sin 26) = 20
=2cos 1x=RHS

Hence, Proved.
19. @ Which is greater, tan 1 or tan™ ! 17

20. @Prove that 3 sin~ ! x = sin" 1 (3x - 4x3),
11
=8 f CBSE 2018
xe[-3.3] [ ]

21. Find the value of:
Sn 13x
tan™? (tan ?] + cos (cus ?]

[NCERT Exemplar]

5m) +ms1[ 1:::)

Ltﬂn —J

i 5n n o 13
Since, = g{-a 5] and ?E[U.TE]

ool ]
o cetr (] o (]
gl
o]
= = tan? (tanZ) + os' [{E}]

[+ tan™}=x) = — tan"1x|

Ans. Let x =tan™?

Thus, tan™! [ Sn J +cos! [ s 130 =0
tan 6 LCGS EJ

Caution

- |n such types of questions, do not directly cancel
trigonometric function with its inverse. First check
whether the domain of trigonometric term is in
principal range or nat, if not, simplify the trigonometric
term and change its domain using formulae, then do
cancellation of function and its inverse.

22. @ Write the value of:

tan'l[isin[ZCQs'l % ]] .

23. Find the value of tun"'[— ! ] +cot! ( - ]
V. \B.

[NCERT Exemplar]

[CBSE 2013)

n
+tan? [Siﬂ =

Ans. We have,
Af 1 a1 1 =T P
tan [- :EJ +cot [7;] +tan [SH’I[ 2]-

e -1 -1 -s'n[EJ-
tan (ﬁ)‘ﬂcn 3 +tan [ i 2),

tan‘l{—x) =-tan! X, cot™! x=tan 12
X

sin(—x)=—sinx

L -1
Z+Z2 +tan(-1)
6 3

£
G

e
Thus, tan™! [ 71-) +cot™! (71.] +

tan™! [sin(—i)] .
2 12
A Caution

= In such types of questions, first simplify each term
Independently and always try to convert all given
Inverse trigonomaetric functions to tan™! or sin”! or

cos™ to apply formula.

£lA



( SHORT ANSWER Type-Il Questions (SA-11) )

24. Prove  that: tﬂﬂ_l[ =2

[ 3 marks ]

]-E_i
1+sinx) 4 2'

b 4
—_—— - CBSE 2012
xe(-33) [ ]
Ans. LHS. = tan'l( cc-s'x ]
1+ sinx
2 X 2%
cos< = —sin‘ =
= tan" 2 2 —
cos?X = sin? 5 Ly 2c°s§5in5
f'[ x xI X x]
cos— — sin— | cos— + sin—
o 2 2 22 2
X x
cos— + sin=
k ( 52 snz]
( X X
cos= - sin=
- 2 2
cu:usiﬂsini
2 2
2
1-tanx
= tan~
1+ tan—

[Dividing numerator and denominator

X
b i
gcosE]

tan™ —tun%

= tan"!

1+ ttJnI:-tf.:m£
4 2

=RHS.
Hence, proved.

25. @ Show that: tan[%—sin'l % ]

26. Prove that:

cot‘l[‘h + sinx + Ji - sinx] _Xx
V1 + sinx — 1 - sinx 2’

X e [O,E)
4

[CBSE 2014, 11]

Ans. Consider c:at‘l["{1 +sinx +y1- Siﬁx}
V1 + sinx = 1 - sinx

[Fnrx € [0,%}1i sinx = ccszg + sinig

-
t?sin%cas% = [cos% + sini] -

]

=cot”

H
r
;E:—'._._\—-—-%

(2] (p]

o o

w [74]

|

+ +

o, t

3
M3 |[M3] %
—thi—

| +
——

mn (9]

o o

W w
M X ([M] X

|
o | @
=

NI-‘-: N | %
\__.{_,k_._.—,{_,

-

;T X X
oS = +sin= + cos= —sin=
2 2 2

= cot”™’ X X X 3
CoS= + sin= - cos= + sin=
L 2 2
[ X
. 2cos—
= cot™ 3
2sin—
2

-

1cct£]=£
. 24 2

Hence, proved.

A Caution

w [n such types of questions do not apply any inverse
trigonometric farmulae, first simplify the terms then
apply the formulae.

= cot

27. @prove that:

1.‘1+x +«J1— £+1 it
‘Jl-r- x —\"1 x? 4 2
[NCERT Exemplar]
28. @ Prove that:
1+ x?
cos[tan™?! {sin{cot™ ! x)}] = 24 iz '
[CBSE 2010]



(VERY SHORT ANSWER Type Questions (VSA) )

[T mark]

1. Find the value of tan™t /3 —cot™*(—/3).
Ans.

-.'I'Mf'ﬁ =
don' 3 -

st -dB)

(- unt'V3)

dantvh - 4 ust™V3

At e Wy Hal iy
paate popte = ﬂ!-‘l

dan'Vy + st B~
Ir-ir

[CBSE Topper 2018]

(SHORT ANSWER Type-l Questions (SA—ID

[ 2 marks ]
2. Prove that: 3 sin"! x = sin™? (3x - 4x%), x ¢ [:2—1-.-%-
Ans. — = —

St et Gr=yd) o eq t)

| s et edeee s &

- — - e@imb ¢ _|_

- _.ﬁu-_':L J'ﬁn .'r__6 B~ (S

o Am?( 208- yah’s)

o &attatmie) nifd) £ 6 cain]) |
ig /] _lL_Ja ..JI;___Y
15my

= RHS= LKC = —E— ]-*—E—-u-] - [CBSE Topper 2018

M hm.u.P ‘}




