Differentiation

7.01 Introduction

In the previous class, we have learnt the differentiation by using first principle and derived some formulae

given below:-
Standard Results
(i) %(X”) =nx"" (i) %(ex) =e
1
(i) %(ax) =a'log,a (@iv) %(loge x) ==
i(sin X)=CoS X i i(cos X)=-sinx
™ 7 = (vi) =
i i(tan x)=sec’ x i(cot x) =—cosec’x
(vii) Ir (viii) Ir
i i (secx) =secxtan x i (cosecx) =—cosecxcot x
(ix) — x) 7

By using the above formulae the derivative of various other functions can be found.
7.02 Derivative of composite functions

Theorem : If the functions f and g are differentiable at any point c in the interval then f + g, fg and
f/ g are also differentiable at point ¢ and

@ D(f*g)c)=f'(c)£g'(c)
@ D(fg)c)=[f'(c)g(e)+ f(c)g'(c)

(i) D{f/g}(c) _ g f'(c)-g'(c)f(c) , when g(c)#0
[g(0))

Proof : Since functions f and g are differentiable at point ¢ €[a, b] and limM =
X—>C x — C

')

and hmw
X—C x J— C

=g'(c)

@ D(f + g)(c) = lim YOI =/ £ 8)(©)

- X—C

i SO f@ gD -g(0)
X—>C x—c X—>C x—c

=f(0)tg'c).
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(fg)(X) (fg)(c)

(i D(fg)(e) = —
i S @@= f(©)8(0)
X—>C x —_ C

lim f(gx) = fle)gx)+ fc)g(x)— f(c)g(c)

X—C

g(X){f(X) f}+ flo{gx)—glo)}

X—>C x C

f() f()

+ f(c)lim g(x)—g(c)

X—>C x—c

= hm g(x). hm

=g f' )+ flo)g'(o).
(f/8)x)—(f/g)c)

X—C

(i) D(f/g)=lim

1/ D/ g0~ f(e)/g(e)

X—>C x C

_qim L 8@~ 8(0) f(©)
e g(x)gle)x—c)

im f()gle)-flo)glo)+ f(c)glc)—g(x) f(c)
e g(x)glc)(x—c)

_1im OV @ = flo} = flOfg() —g(0)}
e g(x)g(c)(x—c)

[g(c) i @ =© (e )hmg(X) g(C)}

X—C X—C

=lim
e 2(x)g(c)

_8©f (C)—fZ(C)g(C), 2(c) £ 0.
[g(c)]
7.03 Derivative of a function of funcitons or chain rule of derivative

Let ¥y = f(u) ie.yis a function of u and u = ¢(x) i.e. u itself is a function of x. Let there be small
increment o x, dy,ou corresponding to x, y and u then

oy Oy ou

Sx Su Ox
Now if 6x —> 0 then du — 0 therefore

lim Q = lim —= oy Jlim — ou

5x>0 §x  Su—0 Sy x50 Hx

b _dy du

or dx  du dx [149]



Ilustrative Examples
Example 1. Differentiate the following functions with respect to x

() log,log, x° (i) ™ (1) tan (loge Vi+x° )
Solution : (i) Let y=log, log, x’

Let log, x> =u, x*=v

then y=log, u, u=log,v, v=x’
dy_1 1 odv_,
du u dv v dx
dy dy du dv 11 1 1 _ 2
—_— :—‘—‘Zx —_ .—.2X—
Now dx du dv dx u v log, x* x’ xlog, x*
Alternate Method: Let y = log, log, x”
dy d 2 1 d 2
-] 1 = -—1lo e X
dx dx 08 108 ¥ logx® dx &
1 1 d 2x 2
= 2 ._‘_(xz) 2 2’ 2
logx™ x° dx x"-logx~ xlogx

(ii) Let y=e"

d d sinx?
e

= e L (sin ) = (cos )L {+)

2 2
=" (cos x*)(2x) = 2xcos x*.e™""

(iii) Let y = tan (loge V1+ X )
a _ i{tan(loge I+ x? )}
dx dx

=sec’(log, V1+ x* )di(loge V1+x?)
x

=sec’(log, V1+x%) ! i(\/1+x2)
J1+x* dx

1 2 2 1 d 2
= .sec”(log, V1+x° ). ——.—(1+x")
1+ 2 21+ dx
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Solution : (i) Let

. sin(ax+Db)

1 5 > 1
= .sec”(log, V14 x7).——=—=(0+2x)
V1+x? 241+ x°

-_* 5 sec’(log, vV1+x7).
pt

cos(cx+d)

1+
Example 2. Differentiate the following functions with respect to x
(ii) cosx’.sin’(x’) (iii) sec(tan v/x)
_ sin(ax +b)
cos(cx+d)
d_y_ i sin(ax +b)
dx dx |cos(cx+d)

(1) Let

(11) Let

cos(cx+d) a4 sin(ax +b) —sin(ax +b) 4 cos(cx+d)
dx dx

cos’(cx+d)

cos(cx+d).cos(ax +b)5x(ax +b)—sin(ax+ b){—sin(cx + d)}j(cx +d)
X

cos’(cx+d)

_ cos(cx +d)cos(ax+b)(a)+sin(ax +b)sin(cx+d)(c)
cos’(cx+d) '

y =cosx’ -sin’(x’)

dy d 3 . 2,5
—=—1C0S X -SIn (X
I dr { (x)}

=Cos X° isinz(xs) + sinz(xs)icos X
dx dx
3 . 5 d . 5 2 5 . 3 d 3
=cos x.2sin(x’)—sin(x”) +sin” (x” )(—sin x” ) —(x’)
dx dx

=cos x°.2sin(x’) cos(x’ ).di (x*)—sin*(x”)sin x’ (3x7)
X

=cos x>.2sin(x’) cos(x’).5x* —sin*(x”)sin x> (3x%)
=10x"* cos x’.sin(x’) cos(x’) —3x” sin(x°)sin x°.
y =sec(tan \/; )
dy

— = i sec(tan \/;)
dx

dx

[151]



=sec(tan \/;). tan(tan \/; ).di(tan \/;)
X
= sec(tan \/;). tan(tan \/;) sec’ \/;di (\/;)
X
= sec(tan v/x ) tan(tan +/x ) sec’ \/;% XM

= %sec(tan Jx) tan(tan v/x ) sec? \/;%

Example 3. Diferentiate the following functions with respect to x
@) 2, /cot(xz) (ii) COS(\/;)
Solution : (i) Let  y=2./cot(x’)
dy 2—(\/cot )

dx

— (cot x%)
2\/ cot x*

__ .{—cosecz(xz)}%(xz)

Jeot x*

cosec’(x%) (2x) —— 2xv/tan x*
v cot x? sin”(x?)

—2x+/sin x* —2x
sin”(x*)vcos x> sm(x )Wsin x° cos x°

—2\2x 2o

sin(x*)/2sin x* cos x sin(xz)\/sin(sz) .

(ii) Let y =cos(Vx)

dy_d — gin 5 () S
dx_dx(COS\/;)_ Sm\/;dx(\/;)_ Wx
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Exercise 7.1

Differentiate the following functions with respect to x

1. sinx’ 2. tan(2x+3) 3. Sin{cos(xz)} 4, secx—1
secx+1

5 VI+x—+1-x 6. sin x° 7 1o 1—cosx 3
S+ x+-x ' gty '

- I+ a? 4+ x+1
1+sin x 10. log, {u} 11. IOge{L}

9. lo
& 1—sinx a X —x+1
12. tan{loge \/1+x2} 13. ™ 14. log,(secx+tanx) 15. sin’ x.sin3x

7.04 Derivatives of inverse trigonometrical functions
We know that inverse trigonometric functions are continuous in their domains. To differentiate these

functions, we shall use the chain rule.
Illustrative Examples

Example 4. Differentiate the function sin ' x for all x €(-1,1)

Solution : Let y =sin" x

= x=siny
Differentiate both sides with respect to x
dy
I=cosy—
Y dx
dy 1
= dx cosy
dy 1
= dx  cos(sin” x) -

d
here d_z’ exists only when cos y # 0

= cos(sin”' x) 0

.o —7T T
— smlxiT or = x#-1,1 = xe(-11)

1 1

dy )
—= = wsiny=x
dx \/l—sinzy \/l—x2 Y

from (1)
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Note : Derivatives of remaining inverse trigonometric functions can be derived in the similar manner.

d o 1 d
: —(cos™ x)=- g =
0 geleosx) = W
d o 1 d
2ot x) = — : d
(i) dx ( x) 1+ x? @) dx (
d -1
\2 —(cosec'x) = ———=
dx( ) |)c|\/)c2 -1
E le 5. Find ﬂ :
xample 5. Find - :
) . 2x . .
(i) y =sin . (i) y=sin"'y/cosx
+Xx

(iii) y =+/cos™ Vx

Solution : (i) Given

Here putting

Given

(ii)

Let

2x j
1+ x?

y= sin‘[

x=tan@

~in! 2tan @
Y 1+tan’ @

=sin"'(sin260) =20 = 2tan"' x

dy 2
dx  1+x°

y =sin"" (\/cosx)
VCOSX =u, then

y=sin"u
ﬂ_ 1
du 1-u’
u =+/cos x
u_ 1 i(cosx)
dx 2\cosx dx

dy _dy du _

3x
. =tan'
@iv) Y [ 1—

—sin

24/ cos x

—sin x

1
dx _EE - \/l—u2 {
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X

}

[~ x=tanO = 0 =tan"' x]

[using (1) and (2)]



putting the value of i,

d_y_ 1 { —sin x }_ —sin x
dx  J1-cosx | 2+/cos x 21— cos x+/cos x

Gy y=+cot ™ Vx
Let Jx=u and cot'x=cot"u=1¢, then

y=+t,t=cot"u and u=+/x

dy _ 1 dt -1 du_ 1
dt 2t du 1+u® dx 2Jx

dy _dydt du
= dx dt du’ dx
(o i o
e U+ u® )\ odx 4\/;\/;(1+u2)
B -1
4\/(cot*1u)(\/;)(1+u2)
ﬂ_ -1
dx 4\/;(1+x)\/cot*1\/;
: : =tan"' 3x=x°
(iv)  Given that y -3
Let x=tan@
[ 3tanf-tan’e)
y=tan 1 3enlo J:tan (tan30)
xe[_i Lj
3°3
—L<x<L —L<tan6’<L
= 3 3 = 3 3
/s /s 3 3
——<0<— —— <30 <—
= 6 6 = 6 6
ps T
= ——<39<5
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o T
= y = tan”'(tan 30) . _5<39 <E

= y=30 = y=3tan'x
dy__3
= dx 1+x°

Example 6. Differentiate the following with respect to x

() tan”(sine) Gy sin” (Vsin ' (i) sin”’ [MJ

b+acosx
Solution : (i) Let y =tan'(sin e*)

Here putting sine* =u, e’ =v

X

y=tan'(u), u=sinv, v=e

H__1 sy, P,
= du 1+u®’ dv T dx

X

dy _dy dudv_ 1
now dx du dvdx 1+u’

putting the values of u and v

.cosv.e’

d 1 e’ cose”’
—y =T.COS(€X).€X =T
dx 1l+sin“e 1+sin“ e

(1) Let y =sin"' (+/sin x*)
Here Vsinx? =u, sinx*=v, xX’=w
y=sin'u, u=+v, v=sinow, o=x

dy _ 1 du _ 1 dv
= du 12 dv 2y’ do dx

dy _dy du dv da) 1

—_——— .COS®.2x
now, dc du'dv do dv  Jl_i* 2[
Putting the values of u, v and @
2
dy 1 1 (cos x)(2x) = XCOS X

dx \/1 sin x* 2\/smx

\/(sin xz)(l—sin xz)

(i) Let J=sin” [a +bcos x]
b+acosx
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a+bcosx
here put = u
b+acosx

. u_a+bcosx
=sin" u =
Y ’ b+acosx

d d
dy 1 du (b+acosx)a(a+bcosx)—(a+bcosx)a(b+acosx)

du  \1—u® " dx (b+acosx)’
dy b+acosx
= P
du \/(b+acosx)2—(a+bcosx)2
du _ (b+acosx)(=bsinx)—(a+bcosx)(-asinx) (a’—b*)sinx
dx (b+acosx)’ B (b+acos x)’
du _ (a® =b*)sinx
= dx  (b+acosx)’
dy_ay
dx du dx

2 2 .
b+acosx (a -b )smx

\/(b+acos x)2 —(a +bcosx)2 ' (b+acos X)2

_ —(b* —a*)sin x _ —J(* —a®)
(b+acos x)J(b* —a*)sin®>x (b+acosx)

Example 7. Differentiate the following functions with respect to x

2 fa- (Viea-1)
(i) tan”'(sec x + tan x) (i) Sinlﬁ+i2] (1) tanl{ %J (iv) tanilk 1+;C 1J
a+x

Solution : (i) Let y = tan”' (sec x + tan x)

y=(m/4)+(x/2).
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Differentiating with respect to x

L (1=x%)
(i) Let y=sin”| a

here putting x=tan6

]
»
5
~
o
°
”
o
S
-
]
»
5
——
»
5
Vo
Ml 3
I+
o
S
~—
R

:%i 20 =Z+2tan" x

Differentiating with respect to x

B 2,2
dx 1+x 1+x
([a—x)
(iii) Let yztan’lL a XJ
a+x
here putting X =acos260
,1( a—acos20) ,1( 1-cos20 )
y = tan ,/— = tan ‘/—
L a+acos20 L 1+cos29J
( 2sin29\

=tan"' L e HJ =tan"'(tan 0) =0
cos

:%cosl(x/a) ['.'x:acos29:9:lcos*1(x/a)]

Differentiating with respect to x

oy_ 1 1 1 1
dx 2 l—xz/az'a 2\/a2—x2'
(1/1 2_1\
(iv) Let y=tan1L+—x J
X

here putting x=tan6

- (Vi+tan?6-1) - [sec@— lj
Y= L tan @ J tan @
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Differentiating with respect to x

Example 8. Differentiate the following functions with respect to x

o ( 3a’x—x° )

[afe-32))

(@) tan

(ii1) tan

S e 1m)

l(l—cosﬁj 4, 2sin*(0/2)
= tan - = tan -
sin@ 2sin(0/2)cos(0/2)
1 e 1.
= tan (tan(0/2)):E:§tan x [ x =tan 0]
1
dx 2(1+x2)'
. 1+x+\/1 x\
(i) tan” L J
Vi+x—+1-x
) » \/1+smx+\/1 smx\
(iv) tan

Solution : (i) Let

Here putting

(1) Let

Here put

L\/1+x2 —\/1—sz

L\/l+smx \/1 sin x

y—tanl( 3a°x—x )
La(a2—3x2)J
x=atan0
_ 3
y=tan"' M =tan” (tan30) =360 =3tan"' (fj
1-3tan~ 0 a
dy _ 1 (lj_ 3a
dx 1+x*/a*\a 2+ar
,1(\/1+x+\/1 x)
L\/1+x—\/1 xJ
x=cosf

\/1+0039 +\/1—c:039
\/1+0039 —x/l—cosﬁ

y:tan{ J

— tan”! \/5003(9/2)+x/§sin(9/2) _tanl(l+tan(9/2)J
J2 cos(0/2)—/2sin(0/2) 1-tan(6/2)
=tan"' tan(£+g) —£+Q—£+l~coslx
47 2)) a2 a2 [ cos® =x]
Differentiating with respect to x
dy_ 1 L )
dx 20 J1-x*) 241-%7
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- )
L\/1+x2 —\/1—sz

(iii) Let y =tan

Here put x* =cos 6

y _tan,lf\/1+c030+\/1—cos(9\
L\/1+COSQ—\/1—COSQ

ﬁCOS(Q/Z)—\/ESin(Q/Z)
1(1+tan6’/2) O [7[ 0) V4
=tan | ——  |=tan |tan| —+—||(=—+
I-tan6/2 4 2 4

Diferentiating with respect to x

1 _
Dol 2xf=—
dx 2 1-x* 1-x*

y= tan1{\/1+sinx+\/1—sinx}

x/1+sinx—x/1—sinx

— tan”! {\/5005(0 /12)+ ﬁsin(@ / Z)J

e »~ 1
—=—+—cos X
2 4 2

[ x* =cos 6]

(iv) Let
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Exercise 7.2
Differentiate the following functions with respect to x

. (a) sin”'{2xvV1-x"}, (b) sin1(3x—4x3)xe(—%, %J

BV A

2. (a) cos’ [2—)62] ,xe(=L1) (b) cos” x e(0,1)
1-x L J
3 (a) cos™' (4x’ —3x), x€ (l lj (b) cosl(,/“_—x\ (Hint : x=cos0)
* ’ 2 B L 2 J .

2

4 1 _ 1 g 1T=x -
4. (a) sec (m),xe(o, Ej (b) COS [—1—{—)(2}, XG(O, )

5. } (b) cos™ (2x)+ 2003*1(\/1—4x2)

1-x?

(Hint : sin"'@+cos"' @=7/2) (Hint: 2x=cos )

x+1

j (Hint : x=tan@, a=tana) (b) tan*IL1 4)‘J (Hint : 2" =tan0)

6. (a) tan‘[l‘” al

—ax

=

() sin{Ztan‘{,/:—x}} (Hint : x=cos0) (b) cot™ (\/1+x2 +x) (Hint : x =tan @)
X

7.05 Derivative of implicit functions
When a relationship between x and y is expressed in such a way that it is easy to solve for y and write
y =f(x), we say that y is given as an explicit function of x. Whereas if x cannot be expressed in terms of y (or

y in terms of x) then it is called as Implicit function.
For example :

1
)] Equation x—2y—4 =0 can be expressed as (y = 5 (x— 4)} . Thus this function is Explicit function.

(i) Equation x’ + y° +3axy = ¢ cannot be expressed independently as x in terms of y or y in terms of x,

so this function is Implicit function.

Illustrative Examples

E le 9. Evaluat &
xample 9. Evaluate —

() X +x°y+xy>+y =81 (ii) sin® y+cosxy =7

(iii) sin® x+cos’ x =1 (iv) 2x+3y =sinx
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Solution : (i) Given X 4+xy+xy’ +y =81

Differentiating with respect to x

3x° +x2ﬂ+ y(2x)+x[2yﬂj +y° +3yzﬂ=0
dx dx dx

dy

X2+ 2xy+3y° )= =—(3x> +2xy + y’
= ( y+3y7) = y+?)
ﬂ__(3x2+2xy+y2)
= dx x*+2xy+3y°
(i) sin® y+cos xy =7

Differentiating with respect to x

2sin yi(sin y)+ (—sin xy)i(xy) =0
dx dx

) dy . dy }
2sin ycos y——sin(xy)sx—+y =0
= yEoRy dx Y { dx Y
) ) dy )
— (251nycosy—xsmxy)azysmxy
=
dy _ ysin xy _ ysin xy

dx 2sin YCOS y— xsin xy - sin2y—xsinxy
@ - sin® x+cos” y =1

Differentiating with respect to x

2sin xdi(sin Xx)+2cos ydi(cos y)=0

X X
. . dy
— 2sin xcos x+ 2 cos y(—sin y)d—:0
X
— sin2x—sin2yd—y=0
dx
d_y_ sin 2x
= dx sin2y
(iv) 2x+3y=sinx

Differentiating with respect to x

2+3d—y:cosx
dx
d_y_ cosx—2
= dx 3
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E llOF'dﬂ'
xample 10. Find — - :

() Xxy+y’ =tanx+y (ii) ax+by* =cosy
Solution : (i) - xy+y’ =tanx+y

Differentiating with respect to x

xﬂ+y+2yd—y:seczx+d—y
dx dx dx
— (x+2y—l)ﬂ:sec:2x—y
dx
dy sec’x—y
= dx x+2y-1

7.06 Logarithimic Differentiation

When the function is of the form [f(x)]*"”, where f(x), g(x) > 0, then to find its derivative we take
logarithm both the sides and get the results. This method is called as logarithmic differentiation. This method is

applicable even if the function is algebraic.

Working method : Let y =", where u and v, are the function of x

taking log both the sides log, y=log, u’

= log, y=vlog, u

Differentiating with respect to x

1 dy 1 du dv
——=v.——+log, u.—
y dx u dx
dy v du d
—=y{——+log,u—
= dx {u dx = }
dy v du d
—=u'{——+log, u—
= dx {u dx ‘ }

Illustrative Examples

Example 11. Differentiate the following functions with respect to x

(l) x" (11) (Sin X)X (lll) xlogex
Solution : (i) Let y=x*
taking log both the sides

log, y=1log,(x")

= log, y =xlog, x
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Differentiating with respect to x

Ldy _ xl +log, x
y dx X
dy x x
— E:y{lﬂogex}:x {1+log, x} = x"log, ex
(i) Let y =(sin x)*
taking log both the sides log, y = xlog, sin x
Differentiating with respect to x
1ldy =x.——.cosx+1.log, sinx
y dx sin x
dy )
—=y{xcotx+log, sinx
= Ix )’{ g. }
— 2 (sin x)* {xcotx+loge sin x}
dx
(111) Let y= xlogex
taking log both the sides

log, y =log, x.log, x
Differentiating with respect to x

1 1 1
_d_y =—.log, x+—.log, x
ydx x X
2 log, x -~
N d—y=ﬁlogEX= al .logex=2x(1 g U.logex
dx x
(iv) Let y=x"
taking log both the sides
log, y =sinxlog, x
Differentiating with respect to x
lﬂ =sin x.l+ (cos x)log, x
y dx X
v y{sinx +cos x.log x}
= dx X o
snx | SINX
=X’ {— +cosx.log, x}
X
= x""sin x+ x""*.cos x.log, x.
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Example 12. Differentiate the following functions with respect to x

: ) 3 . ‘ (x—D(x-2)
(i) cos x.cos2x.cos3x (i) (log x) (1) (x—3)(x—4)(x-5)
Solution : (i) Let Y = COS X.COS 2x.C0s 3x
taking log both sides

log y =log(cos x) + log(cos 2x) + log(cos 3x)

Differentiating with respect to x

Ldy = ! (—sinx)+ ! (=2sin2x) + !
ydx cosx cos2x cos

—3sin3x
. ( )

Z_y:—y{tanx+2tan2x+3tan3x}
X

=—cos x.cos 2x.cos 3x{tan x + 2 tan 2x + 3tan 3x}
(11) L,et y — (log x)cosx
taking log both sides
log y = cos xlog(log x)

Differentiating with respect to x

1 dy d d
——=cosx— log(log x){ + log(log x) — (cos x
S dx{g(g)} gllogx)—(cos x)
|
= COS X. .——sin x.log(log x)
logx x
@ =y CO3Y _sin x.log(log x)
dx xlog x

= (log x)“** {ﬂ —sin xlog(log x)}
xlog x

- (x=D(x-2)
(iiil) Let (x—3)(x—4)(x-5)

taking log both the sides
log y = %{log(x —1) +log(x —2) —log(x—3) - log(x—4) —log(x - 5)}

Differentiating with respect to x

lay_1f 1 1 1 1 1
yde 2| (x=1) (x=2) (x=3) (x-4) (x-5)
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dy_y[ 1 1 1 11
dx 2| (x=1) (x=2) (x=3) (x—4) (x-5)

1 (x-Dx-2) [ R R B }
2 x=3)(x-DHx-5|(x-D) x-2) x=-3) (x-4) (-5

. dy
Example 13. Determine ——

dx
@ * =y (i y=\/X+ Vx+x+....0 (i) (cos x)” = (sin y)* (iv) X*.y" =K
Solution : (i) Here x'=y*
taking log both the sides

ylogx=xlogy

Differentiating with respect to x

1
y.l+ log x.ﬂ = x.—ﬂ+ log y.1
X y dx

dx

dy X y
—qlogx——¢=logy—=
= dx{ & y} &y X

dy _ y(xlogy—y)
= dx x(ylogx—x)

(i) Here y:\/x+ X+Nx+....0

y=q/xtYy

= yi=x+y

Differentiating with respect to x

2yﬂzl+ﬂ
dx dx

dy
2v—-D)—=<=1
2y )dx

dy__1
= de  2y-1
(iii) Here (cos x)” =(sin y)*

taking log both the sides
ylog(cos x) = xlog(sin y)

Differentiating with respect to x
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y. ! (—sin x) +log(cos )c)ﬂ = x.C?ﬂd—y +log(sin y).1
COS X dx siny dx

dy _log(sin y)+ ytanx
dx log(cosx)—xcoty

(iv) Here Xy =k
taking log both the sides
log x” +log y* =logk
= ylogx+xlogy=1logk
Differentiating with respect to x

y.l+10gxﬂ+x.lﬂ+log y.1=0
X

dx y dx
( x) dy [ y]
logx+—|—=~—|logy+=—
= L 8 yJ dx &7 X
dy _—y(xlogy+y)
= dx  x(ylogx+x)
E le 14. Find d
xample 14. Find — - :
@) x“.y" = (x+ )" (i) x*+y* =log(x* - y*)
(i) x4/1+y +yv1+x=0 (iv) \/1—x2+\/1—y2:a(x—y)
Solution : (i) Here x4y = (x4 y)?
taking log both the sides
log x* +log y* = (a+b)log(x+ y)
= alogx+blogy=(a+b)log(x+y)
Differentiating with respect to x
1
a.l+b.ld—y= (a+Db). [1+d—yj
X y dx (x+y) dx
b a+bldy a+b a
= y x+y)dx x+y x
b(x+y)—yla+b)|dy _x(a+b)—a(x+y)
= y(x+y) dx x(x+y)
dy_y
= dx x
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(ii) Here VX +y? =log(x® —y?)

Differentiating with respect to x

el G B G
LS ) PP, IV P S T
2 x2+y2 ydx (XZ_yZ) ydx

y . 2y |dy__2x  x
dy 2x\ X"+ y° —x(x2 —yz)
dx—y(xz—y2)+2y«/x2+y2'
(i) Here xyl+y+yJl+x =0
= X1+ y =—yJl+x

squaring both the sides

x2(1+ y) = y2(1+ X)

= X =y +x’y—xy> =0
= (x=y(x+y)+xy(x—-y)=0
= (x=y)(x+y+xy)=0

If x—y=0 or x =y, which does not satisfy the given equation, x—y # 0
T x+y+xy=0

Differentiating with respect to x

1+ﬂ+1.y+xd—y:0
dx dx
d
= 1+ =—(1+y)
dx
R
= dx I+x
(v)  Here VI-x* +4J1-y* =a(x—-y)
Here putting x=sinf, y=sing

J1-sin’6 +\/1—sin2 ¢ = a(sin @ —sin ¢)

= cos 0+ cos ¢ = a(sin O —sin @)
. 20059+¢.0059_¢:2acos?sin9_¢
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0-¢

= cot > =a
— % =cot'(a)
= 0—¢=2cot” (a)
= sin”' x—sin”' y=2cot ' a
Differentiating with respect to x
1 1 dy
Ji- iy dx
dy 1=y’
= dx V1=

E llSF'dﬂ‘
xample 15. Find — - -

X+...00
A

@) y= \/log X+ \/log x +flog x+...00 (i) y=(sinx)*""" (iii) y ="'

Solution : (1) Here y= \/log X+ \/log x+4/log x+...0
or y=+/logx+y

Squaring both the sides y>=logx+y
Differentiating both the sides with respect to x
yy 1 dy
dx x dx
dy 1
- Qy-N=2=—
dx x
y__ 1
= dx  x(2y-1)
(i) Here y = (sin x)“""

= (sin x)”
taking log both the sides
log y = ylog(sin x)
Differentiating with respect to x
1 dy
}E - sin x

.cos x +log(sin x).ﬂ
dx
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{l —log(sin )c)}ﬂ
Yy dx

dy _
dx

(iii)) Here
taking log both the sides
log y
= log y
Differentiating with respect to x
Ldy
y dx
1.,1%
y dx
a4
= dx
. dy
Find I
I. (a) 2x+3y=siny
2. @ Vx+y=va
3. (a) sinx+2cos’ y+xy=0
4. @ (P +y) =ay
5. (@) ¥’ +y’ =3axy
6. (a) y=x’
7. (a) y=e' +e° +..4¢"
08 X
=/ x>0
8. (@) Y log x
9. (a) yvl-x* =sin'x
10. (a) y= \/sinx+\/sinx+\/sinx+...oo

= ycotx

__yeotx
1- ylog(sinx)

y:ex+ez+ex+..'w:ex+y

=(x+y)loge

=x+y

Exercise 7.3

() x* + xy + y* =200
(b) tan(x+ y)+tan(x—y) =4

(b) X\/;+y\/;:1
(b) sin(xy)+~=x*—y
y

(b) x’+ yx = ab
(b) xa'yb — (x_y)aer

(0) y=\e®, x>0
-
b yVi+x=+1-x
®) y'+x' +x" =d"
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7.07 Derivative of parametric functions

When x and y are represented in terms of other variable like x = f(¢), y = ¢(¢) then variable ¢ is said
to be parameter and equations of such type are known as parametric equations. The below given formula is

dy
also used to find ——,
dx

dy dyldt dx
—= , —#0.
dx desar Ve g

Ilustrative Examples

. dy
Example 16. Find —— , when

dx
(i) x=2at’, y = at* (i) x =sint, y =cos2t (ii) x=4t,y:%
Solution : (i) Here x=2at> = % = 4at
and y=at' = @ _ 4at’
dt

d_y_dy/dt_4at3_t2
dx dx/dr Adat '

. . dx
(i1) Here Xx=sint = — =cCost
dt
and y =cos 2t = ﬂ =-2sin 2t
dt
d_y: dy/dt :_231n2t _ —2.2sintcost _ dsins
dx dx/dt cost cost
dx
iii) H x=4t=>—=4
(i) Here o
; 4 dy_ 4
an Y T t

dy _dyldi -4/ 1

dx dxldt 4 £
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d
Example 17. Find o , when
dx
. 2t 1-¢ . 3at 3at?
= in’! = -1 nm) x= s =
@ x=sin (1+t2j’ Y= eos [1+t2j ®) 1+ 2T 14r
1 1
x:eS 0+_J, — 9(9__}
(iit) 0 y 0
Solution: (i) x=sin"' 2t =cos™' 1-r
olution: (i) 52 ) y v
Here putting ¢ = tan 0
x=sin™ (ﬂ} = Sjnfl(sjn 20) =20 = ﬂ =2
1+tan” @ do
(1—tan’0) d
=cos”' | ———| =cos ' (cos26) =26 =Y s
and ¥ L1+tan29J ( ) do

d_y_dy/d@_g_l
dx dx/do 2

_ 3at _3at2
1+ 0 T 1er

(i1) Here X

differentiating with respect to ¢

de (147°)(3a)=3at(0+3*) 34— 6ar’

dt (1+t3)2 (1+t3)2

dy (1+7)(6ar) =3a* (0+3¢°)  6at —3ar’
and dr (1+0°) (140

dy dyldt 6at-3ar* t(2-1)

dx dx/dt 3a—6at’ 1-2¢

1 _ 1
(i)  Here X=€9(9+5j, )’269(9——}

differentiating with respect to 6

2 3
ﬂ:eg.(6’+lj+e67 (1—%j=ea w
do 0 0 0




2 N3
do 0 0 0

dy dyldo e’ (6’2+1—6?3 +0)
dx dx/do &° (62 -1+0"+0)

1 1 d
Example 18. If x* + y* :t—; and x* +y* :t2+t_2’ then prove that Xd—z‘i‘yzo

. . 1 2 2 2 1 4 4
Solution : Given ;_;:x +Yy and ? +t_2:x +y
2
1 1
(r——} =1’ +—-2
t t
= Py =xt+y' -2
= oyt 2yt =xtyt -2
x2y2:_1

differentiating with respect to x

x2.2yﬂ+ 2x.y> =0
dx

= 2xy[xﬂ+ y]zO
dx
dy
x—+y=0.
= dx Y

Exercise 7.4

o dy
Find ——, when
dx
1. (a) x=asect, y=htant (b) x=1logt+sint, y=e' +cost
2. (a) x=logt, y=¢'+cost (b) x=acos@, y=>bsin6
3. (a) x=cosf~—cos20, y=sinf—sin20 (b) x=0-sinb, y=a(l+cosh)
sin’ ¢ cos’ t t .
4. (a) x= (b) x:a[cost+logtan—],y:asmt
Jeos2t” \/cos2 2
5. (a) x=+/sin20, y =+/cos26 (b) x=acos’t, y=asin’t

42dy

1 1
6. If x3+y3:t—; and x6+y6:t2+t , then prove that x*y y =1
x

[173]



7.08 Second Order Derivative
Let y=f(x)

then LA (1)
dx

Now if f'(x) is derivable then we can differentiate equation (1) with respect to x. Then left hand side

2

becomes di[?j which is known as second order derivative of f (x) and is written as KZ’ or f"(x).
x\ dx
Derivatives of higher orders can also be found like this
Illustrative Examples

Example 19. Find the second order derivative of the following functions

(i x* (i) x’ log x (iii) €®*.cos3x
(iv) log(log x) (v) sin(log x) (vi) tan”' x.
Solution : (i) Let y=x"
dy 19
— =20x
= dx
dzy 18 18
= ~=20.19x" =380x".
dx
(i) Let y=x"logx
— d—y:x3.l+logx.3x2 =x" +3x’log x
dx X
2 1
d 2) = 2x+3{x2.—+10g x.2x}
dx X
=2x+3(x+2xlogx) =5x+6xlog x = x(5+6log x).
(iii) Let y =e% cos3x
dy _ 6bx : 6x
- — =e¢""(—sin3x).3+cos3x.e”".6
dx
= 6e"*.cos3x —3e*".sin 3x
dzy 6x . 6x 6x : 6x
e =6{e’" (—sin3x).3+cos3x.e”".6}-3{e’".cos3x.3+sin3x.e" .6}
X
=—18¢"" sin 3x +36e"* cos 3x —9¢** cos 3x —18¢** sin3x
=9¢° (3cos 3x —4sin 3x).
(iv) Let y =log(log x)
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dy 11

= dx logx;
£y (1)1
dx*> logx\ x*) xdx\logx
1 0)-1 !
o 1 og x.(0) - . o +l_ 1
x’logx x (log x)* x*logx x| x(logx)’
1 1 1 1
= — 2 et > ) = — ) 1+ .
x“logx x"(logx) x"log x log x
(v) Let y =sin(log x)
— d _ cos(log x).l

dx X

d’y 1y 1, . 1
—-=cos(logx)| —— [+—{-—sin(logx)}.—

dx X X X

cos(logx) sin(log x) 1 .
=— > — > = ——{cos(log x) +sin(log x) }.
X X X
(vi) Let y=tan"' x
@ __1
= dx 1+x°

d’y _ (1+ x*)(0)—1.(0+2x) _ 2
dx’ (1+x*)? (1+x*)?

Example 20. If y = (x++/x* —1)", then prove that

2
(xz—l)fl Z+x%—m2y=0.
X X

Solution : Given y=(x+ [ — 1y"
Differentiating with respect to x

dy ( \/2—)1{ 2x
—=m(x+vx" -1 I+ —/—
dx pNES|

= m(x+x* ~ 1" W =1+ _max+a?=1)" _ my
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squaring both the sides

2]

X

again differentiating with respect to x

2 2
(x2 —1)-2(ﬂj.d—z+ Zx(d—yj = mzZyﬂ
dx ) dx dx dx

dy
. . . 2 -
dividing by I

(xz—l)d—zy+xﬂ—m2y =0.

dx* dx
Example 21. If x* + y’ +3ax> =0
2 2.2
d—f+ 2 Sx =0.
dx y
Solution : Here X+ 3y +3ax* =0 )]

Differentiating with respect to x

3x’ +3y2ﬂ+3a.2x =0
dx

dy X%+ 2ax
= e )2 )

Again differentiating with respect to x

dzy o y2(2x+2a) —()c2 +2ax)2yi2;

dx2 (y2)2

d
Substituting the value of d_z from (2)

de y3 2

Iy L%Y(ZH 2a) +(x2 + ZaX)Z.—(xz J;zax)}

2
= ——5{y3(x+ a)+x* +4a’x’ +4ax3}
y
from equation (1) putting y =- (3ax2 + x3)
2
2
d Z = ——5{—(3ax2 + x3)(x+ a)+x*+4a’x’ + 4ax3}
dx y

= ——5{—3a)c3 —x*=3a’x" —ax® + x* + 4a*x? +4ax3}
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d’y N 2a°x* B
= dx’ y’

0

Example 22. If y =sin ( asin™' x) , then prove that
(1—)c2)y2 —xy,+a’y=0
Solution : Here y =sin(asin™ x)
Differentiating with respect to x
a

NI

x)=a*{l1-sin’*(asin™" x)}

y, = Cos (a sin”' x).

Squaring both the sides (1-x*)y;} = a” cos’(asin™
= (I=x")y/ =a’(1-y?)
Again differentiating with respect to x
(1=x")2y,y, = 2xy; =a*(0-2yy,)
Dividing by 2y,,
(1-x)y,—xy, +a’y=0.
Exercise 7.5

L Find 22 wn
) in , when
dx*
(a) y=x"+tanx (b) y=x"+3x+2 (c) y=xcosx
(d) y=2sinx+3cosx (e) y=e "cosx (f) y=asinx—bcosx

2. If y=asinx+bcosx, then prove that

2

3. If y=secx+tanx, then prove that

d’y  cosx
dx*  (1-sinx)®

4. If y=acosnx+bsinnx, then prove that

2
C:;Z+n2y20.
X
d? /s
5. If x=acos’, y=asin’@, then find de at 9:2

6. If x’+y’—3axy =0, then prove that

d’y B 2a’xy
dx*  (ax—y*)?
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7. If y=sin"'x, th that : (1—x —x—=
y en prove tha ( ) o
. d’y _ dy
8. If y=(sin"' x)* ,then prove that : (l—xz) e —xa—2=0.

7.09 Rolle's theorem

If a real valued function f'is defined in the interval [a, b], such that

(1) f is continuous in the closed interval in [a, b]

(i1) f is derivable in the open interval in (a, b)

@)  f(a)=f(b)

then in the open interval (a, b) there exists a point ¢ such that f'(c)=0
7.10 Geometrical meaning of Rolle's Theorem

‘We can define Rolle's Theorem under two conditions:
Case I: when the function f is constant then

f(x)=c, Vxela,b]
The graph of the function will be paralel to x-axis. Thus for every point in the open interval (a, b)
f'(x)=0 (see fig : 7.01)

Case II: When function fis not constant then

Y
as per Rolle's theorem let f be continuous in a A
closed interval [a, b] and derivable in the open interval f)=c
(a, D), then f is derivable.That means tangents can be :
drawn at x € (a,b) to the curve y=f(x) .Also f (a) = f(b), f@ 10

it is clear from this that the value of the function f (x) will
either increase or decrease (see fig 7.02), under both the X’ 0 > X
conditions there exists a point which will always be parallel

A

&
<

to x-axis i.e. at that point f'(x) =0, i.e. at these points

the slope of the line will be zero Fig.7.01

(a) (b)
Fig 7.02
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7.11 Lagrange's mean value theorem

If a real valued function f'is defined in the closed interval [a, b] such that
() fis continuous in [a, b]
(i) fis differentiable in (a, b)

then there exists a point ¢ in (a, b) such that f'(c) = w
—a
Note : Mean value yheorem is the extension of Rolle's theorem.

7.12 Geometrical meaning of Lagrange's mean value theorem (LMVT)

Y
A

Also f'(c) istheslope of y= f(x) atpoint (c, f(c)). Itis (b, f (b))

fb)—f(a)
b—a

line drawn from the points (a, f(a)) and (b, f(b)). According

to the LMVT there exists a point ¢ in (a,b) such that the

The graph of function y = f(x) is shown in fig. 7.03.

clear from the fig 7.03 that is the slope of the

S
N (e.f @)
o

a c b
v Fig. 7.03
from the points (a, f(a)) and (b, f(b)). Y

7.13 Other form of Lagrange's mean value theorem
If we take b=a+h, h>0,c=a+0h, 0<0<1 and ¢ e(a,b)= a+6h e(a,a+h), in Lagrange's

tangent drawn at point (¢, f(c)) is parallel to the line drawn

mean value theorem then it takes the form as shown below-
If the real valued function f is defined in the interval [a, a + h]
(1  fis continuous in the closed interval [a, a + h]
(i)  fis differentiable in the open interval (a, a + h) then there exists a real number @ in the interval (0,
1) such that f(a+h)= f(a)+hf'(a+06h)
Note: For this theorem f'(a) = f(b) isnot necessary. If f(a) = f(b) then this theorem changes into Rolle’s theorem.
Illustrative Examples

Example 23. Verify the Rolle's theorem for the following functions

) fx)=va-x*; xel-2,2] (i) f(x)=e"sinx; xel0, 7]
Solution : (i) Clearly the function f(x)=+/4—x” is continuous in the interval [-2, 2] and f' (x) = 4—x =,
—-X
which is defined at every point of the interval (-2, 2) i.e. f (x), is derivable in the interval (-2, 2)
f(=2)=0=f(2)
= f(=2)=71(2)
function f (x), satisfies all the three conditions
—c
fle)=0= =0
Hence m
= c=0 ce(-2,2)
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Thus Rolle's theorem is verified

(ii) f(x)=e"sinx, x €0, x]

Clearly the function f (x), is continuous in the interval [0, 7] and f'(x)=e" cos x+e"sin x, which is
defined at every point of the interval (0, 7) i.e. f(x), is derivable in the interval (0, )

: f0)=0=f(n)
function f (x), satisfies all the three conditions

Hence f'(c)=0=e“cosc+e‘sinc=0
= e“(cosc+sinc)=0
= cosc+sinc=0
3
= c=— o ce(0,m)
4
Thus Rolle's theorem is verified
Example 24. Verify Rolle's theorem for the following functions
) .. !
() f(x)=3+(x-2)""; xe[l,3] (i) f(x)=sin—; xe[-1,1]
X
Solution : (i) f(x)=3+(x-2)""; xe[l,3]
Clearly f (x), is continuous in the interval at [1, 3]
. 2
fi= Wa is infinite in the interval at x=2¢€(1,3), f(x)is not derivable.

Thus Rolle's theorem is not verified for f (x) in the interval [1, 3]

.1
(ii) f(x)=sin—; xe[-11]
X
Function f (x) = sin 1— is not continuous at x =0 0 e[-1,1] thus f(x),[-1,1] is not
X

continuous, Rolle's theorem is not verified for f(x) = sin l in the interval [—1,1].
X
Example 25. Examine the applicability of Lagrange's mean value theorem for following functions:

1
O f=[x]; xe[-11] (i) f(X)Z? xe[-L1]

1
(i) f(x)=x——; xe€[l,3] (v) f(x)=x-2sinx; xe[-x, 7]
X
Solution : (i) .- f(x) =| x| is continuous everywhere hence it is continuous in the interval [-1, 1] also f(x) =| x|

is not derivable at x = 0 therefore function f (x), is not derivable in the interval (-1, 1). Thus LMVT is not
verified for f (x) in the interval [-1, 1]
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@@ - f(x)= l; x=0¢€[-1,1] is not continuous so f (x) is also not continuous in the interval [-1, 1], thus
x
LMVT is not verified.
1
(i1) Here f(x)=x —l; x €[1, 3], which is continuous at [1, 3] and f'(x) =1+—, which exists and finite
x x

in the interval (1, 3) thus f (x) is derivable in the interval (1, 3). Hence function f (x), satisfies the conditions of
Lagrange's MVT

, -7
Now f(C)Z—f() 4G,
3-1
1 3_1_(1_3
= 1+_2:3—
c 2
1 4
= T
1
= 773
= czi\/§
= x=+3¢€(,3)
Thus LMVT is verified.

(iv) Here f(x)=x-2sinx; xe[-nx, ] clearly f (x), is continuous and derivable in the interval [—7, 7] thus
f (x) satisifes both the conditions of MVT in the interval [, 7] , hence their exists a point ¢ in the interval

(-, ) such that

e L@ =L
T—(-m)
T—(-n) 2=x
= o8¢ 27 27
= cosc=0
= c:i%,i% '.'c:i%e(—ﬂ,ﬂ)

Thus LMVT is satisfied.
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Exercise 7.6
1. Verify Rolle's theorem for the functions given below:

(@) f(x)=¢"(sinx—cosx); xe[n/4, 5x/4] () f(x)=(x—a)"(x—b)"; xela,bl,mneN
© fx)=|x}; xel-11] d f(x)=x*+2x-8 xe[-4,2]

241 ; 0<x<1
© f(X)={);+ sxe  f)=[x]; xe[-2,2]

—-x ; I<x<Z£2

2. Verify Rolle's theorem for the functions given below :

(@ f(x)=x"+5x+6; xe[-3,-2] (b) f(x)=e*sinx; x€l0, ]
© f(x)=+x0-x); xe[0,1] (d f(x)=cos2x; xel0,r]
3. Verify Lagrange's mean value theorem for the functions given below:
2 p—

(a) f(x):x+l; x e[l 3] (b) f(x)=x 4; x €[0, 2]

X x—1

1

© f(x)=x*-3x+2; xe[-23] (d) f(X)=m; xel[l, 4]

Miscellaneous Examples
Example 26. Find the differential coefficient of the function with respect to x

(a) cosx’ (b) sinlog(l+ x°) (c) logtan [% + %j
(d log(x++x*+a’) (e) log,(log x)
Solution : (a) Let y=cos x’

180° = 7 radian

xO—Lx d
180 radian

Y 130

dy . (nx\d ([ nx - . [ 7wx - .,
— =—sin — = sin = sin x°.
dx 180 )dx\180) 180 180 ) 180

differentiating with respect ot x

(b) Let y =sinlog(1+ x)
— z—y:coslog(1+x2)di{log(l+x2)}
x x
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= cos(log(1+ xz)).(

T _coslog(l+x?)

cos(log(1+ xz))(0+2x) =T

1
(1+x2)
(c) Let y=logtan(z/4+x/2)

dy__ v d
= dx tan(m/4+x/2) dx

{tan(w /4 +x/2)}

1
_tan(ﬂ/4+x/2)

secz(ﬂ/4+x/2)di(7z/4+x/2)
x

1
 2sin(z/4+x/2)cos(/4+x/2)

1 1
sin2(z/4+x/2) sin(z/2+x) cosx

(d) Let y=log(x+x*+a®)

dy 1 d 2
—=—————(x+Vx +a’)
= dx  (x++x*+a*)dx

=SeC X.

~ 1 (1+ 2x j
(x+x*+a*) VX +ad?
1 Nxi+a® +x 1

(x+\/x2+a2) (x2+a2) X +a*

1
log, 7

e

(e) Let y=log,(logx)= {log,(log x)}, (Base change formula)
defined for x > 1,

d 1 d
2 = {log(log x)}
dx (log7) dx

1 1
. —(logx) =————.
log, logx dx xlog7.log x
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Example 27. Differentiate the following functions with respect to x

x+1 1/3 1/3
(a) sin” [12 4xj (b) tan™! [%} (©) sin” (xv1—x —x N1-x2).
+ —(ax
x+1
P =sin""'
Solution : (a) y (1 N 4xJ
P | 2X '2 .1 2tan0
=sin 1+(2°) =sin 1+ an’o [let 2° =tan @ ]

=sin ' (sin 20) =20 =2tan "' (2%)

d_p 1 dpg 2 ,_2"'log2

= dx  1+(2%) dx 149~ % 1+4
_tan,l xl/3 +al/3
(b) Let y 1—(ax)”

A+B
(Using formula, tan™' [;j =tan' A+tan"' B)
1- AB

1/3 1/3
)

y=tan"'(x"’)+tan"'(a

&y 1 d

- X2/3 +O
= dx 1+(x”3)dx( )

/3 1
1+x2/3 3x2/3(1+x2/3)'

(c) Let y=sin" (xv1-x —Jx -1-x7)

(Using sin™ A—sin™' B =sin™'(A1-B* - BJ1-A?))

y= sin”'(x) — sin’l(\/;)

dy 1 1 d
== - (%)
= dx \/1_xz \/1_(\/;)2 dx X

1 11 1

~ 1
RV Jiex 2Vx NN
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. dy a t+1/t .
Example 28. Find I when X = (l +1/¢ ) and y=a ", where a is a constant

Solution : It is clear that both x and y are functions of f and ¢ = 0 defined for all real numbers
N @—a[Hljali(Hlj —a[t+1jal[l—ij
ow dt t) dt\ ot t t*)
Hereﬁ;tOIfl—lziO = t#*l
dt t

and d_y_i(atﬂ/t) :ClHl/t.lOgai(t-i-l/t):ClHl/t loga(l_lzJ

dt  dt dt t

now for, t #+1

(t+1/1) 1_7 1
dy dyldi ( 2 )08 gt j0gg
dc dr/di a(+1/0"(1-1/7)  a(t+1/0""

2 2 2 2 2.2 dzp a2b2
Example 29. If p° =a”cos” @+b"sin” 6 then prove that p+d02 =—.
p
Solution : Given p>=a’cos’@+b*sin’ O

differentiating with respect to 6

ZP% =—2a* cosBsin 8+ 2b* sin Ocos O

= (b2 —az)sin 20

again differentiating with respect to 6

dzp dp ’ 2 2
2p 10 +2(%J :Z(b —a )00529

multiplying both sides with p*
d’p dp
— L4 pP| = | =p*(b®—a’)cos20
P! (d@} al )
adding p* both the sides
Ip ( dpY
4, 3 _ o4, 22 2
p tp 10’ +[Pﬁj =p +p (b a )00329
putting the value from (2)

2 b*—a’ ’
p4+p3 Z;le)-i_( y ) -Sin229=p4+p2(b2—a2)cos29
[185]
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2

d’p

—~ p'+p’ e +(b* —a*)sin’ Ocos” @ = p*{p* +(b> —a”)(cos” @ —sin” 0)}
= p*{(a® cos® O +b*sin” 0) + (b> —a*)(cos’  —sin” 0) } [from equation (1)]
= p*(b*cos’ O +a’sin* 0)
= (a*cos’ 6 +b*sin’ O)(b* cos’ 0 + a’ sin” 0) [from (1)]
2
—~p'+p’ % =a’b*(sin* @ +cos* ) +a* sin® O cos” @+ b*sin* Ocos’ O — (b* —a”)* sin” O cos” O
=a’b’ (sin* @ + cos* @ +2sin* O cos® 0) = a’b*(sin* O + cos* 0) = a’b’
d’p a’b?

+
= p d02 p3
Example 30. If x=acosf+bsin€, y=gsin@—bcosd then prove that y’y, —xy,+y=0
Solution : From given equation, x=acos@+bsinb, y=asinf—-bcos6
x+y? =(acos@+bsinb)’ +(asin@—bcosh)’ =4 + b’
differentiating with respect to x
= 2x+2yy, =0
n= - 1
— 1=y )

again differentiating with respect to x

y.1l—xy y+x-x/y
R = R
2 2
yo+x
=" ¥ 2
Y2y, —xy +y=y2(—y2+x2\—x(_—ﬂ+y
= 2T SR B O

=l{—y2—x2+x2+y2}=0.
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Example 31. Verify Rolle's theorem for the functions given below:

@ f(x)=10g{x +ab}; xela,b],x#0 () f(x)=tanx; xel0,r]
x(a+b)
. _ x* +ab )
Solution : (i) f(x)=log @i xela,bl,x#0

=log(x” + ab) —log x —log(a +b)

clearly, f(x) is continuous in [a, b] and logarithmic functions are derivable thus f (x) is derivable in the

2x 1 x> —ab

: (x) = G
interval (a, b) as J (%) Crab x x(Ciab)

a’>+ab
a)=1lo =logl=0
now f(a) g{a(a+b)} g
Py =log 1 1oa1-0
= o@rn| 8
= fla)=f)
f (x), satisfies all the three conditions of Rolle's theorem
f'e)=0
c*—ab B
= c(c® +ab)
= c=+ab e(a,b)
Thus Rolle's theorem is verified.
(i) -+ f(x)=tanx, x =7/2 is not continuous as 7 /2 €[0, 7] i.ef(x), is not continuous in the interval

[0, 7], thus for f(x)=tanx; xe=[0, ] Rolle's theorem is not verified.
Miscellaneous Exercise-7
Differentiate the following functions with respect to x (Q 1-8)

cos” x/2
1. sin'(xx); 0<x<1 5 S8 M2 oo x<n
Y J2x+7
cot™! J1+sin x +~/1—sin x _ 0<x<1 3 '
3 \/l+sinx—\/1—sinx ’ 4. x’.e .sinx
5. 10g [%j 6. (xlog x)logx
7. xx2,3+(x—3)x2; x>3 8. Sin—lx_i_sin,l 1—)62
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9 If 1 =tan”' (y_—xz\ then find d 10. If y=12(1—cost) =10(¢ —sint), then find d
. 0g x = tan L = J Ir It y= cost), x= , e
(x*—y) dy vy
-1 — tan~" @ _
11. If cos sz n y2J an ' a, then prove that I x
dy sin’(a+
12.  If sin y = xsin(a + y) , then prove that d—z = %
. dy
13. If y = (sin x—cos x)(s‘”*m”) , then find E
14. If y =sin(sin x), then show that
2
d—Z+tanx.ﬂ+ ycos’ x =0.
dx dx
15. (a) If y=e"sinbx, then show that
dzy dy 2, g2
—2a—+(a"+b =0.
dx’ dx ( )y
. -1
(b Ify= S X , then prove that
V1-x?
(1-x*)y, =3ay,—y=0.
16.  Verify Rolle's theorem for the functions
@ f(r)=(x-2x; xel0,2] (0) f()=(x-Dx=3); xell3]
17. Examine the applicability of Lagrange's mean value theorem for the functions given below.
I+x ; x<2
(@ f(x)=(x-Dx-2)(x-3); x€[0,4] (b) f(x)= ; xell, 3]
5-x ; x2>22
( R
r | Important Points |
1. If the functions f and g are differentiable at any point c in the interval [a, b] then f + g, fg andf/ g
are also differentiable at point ¢ and
() D(fxg)c)=f'(c)£g'(c) (i) D(fg)(c) = f'(c)g(c)+ f(c)g'(c)
o)f'(c)-g'(e)f(c
(i) D(f 1 g)(e) =8O8 e o0y 20
[g(c)]
2. Ify= du= th dy _dy du
. y=f(u) and u =¢(x) then I du dr
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10.

(i) i(sin’l = ; (i) 2 cos™ x)=—L‘(iﬁ) < tan 3= —
dx _e 0 dx Ji=x2 77 dx 1+x°

1 d 14 _
) G 0 ) g

A real valued functions is continuous at a point in its domain if the limit of the function at that point
equals the value of the function at that point. A function is continuous if its continuous on the whole of

cos ecilx) =

(iv) %(cot1 X)=-

its domain. Every differentiable function is continuous, but the converse is not true.
For the function of the type y =u" solve it by taking log on both the sides.

in this 7 is th t (LT e ddr#0
x= f(t), y=g(t) inthis ¢ is the parameter, we ge I deld where dx

If f'(x) is also a continuous function of x then it can be again differentiated.
Rolle's Theroem:

If Real valued function f is defiend in the interval [a, b], such that,

(1  f is continuous in the closed interval [a, b]

@)  fis differentiable in the open interval (a, b)

@ f(a)=f(b)

then in the open interval (a, b) there exists a point ¢ such that f'(c)=0
Lagrange's mean value theorem:

If a real valued function f'is defiend in the closed interval [a, b] such that
(1  fiscontinuous in [a, b]

(i) fis differentiable in (a, b)

f®)-f(a)

then there exists a point c in (a, b) such that f'(c) = p
—a
Lagrange's Mean Value Theorem:

If we take b=a+h, h>0,c=a+6h,0<0<1 and ce(a, b)=a+6he(a, a+h), in lagrange
mean value theorem then it takes the form as shown below.
If the real valued function f'is defiend in the interval [a, a + h] such that

(1  fis continuous in the closed interval [a, a + 7]
@)  fis differentiable in the open interval (a, a + %) then there exists a real number @ in the interval

(0, 1) such that f(a+h) = f(a)+hf'(a+6h)
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ANSWERS
Exericse 7.1

s e (2xsd 3 drsina? ( 2) 2sin x 5 1-V1-x7
+ . —2xsinx’ cos(cos x % -
1. 2xcosx™ 2. 2sec”(2x+3) XS x-C (1+cosx)’ X’ V1=x
T 0 8. ——secx’tanx’ 9 10 11 24-5)
6. ——cosx® 7. cosecx © 180 - secx SN Clx 4+
X
12. [1+x2j sec’ (log\/1+x2) 13. 3.4""" sec’ 3x.loga 14. secx 15. 3sin® x.sindx

Exercise 7.2
_ -1

2 3 2 -3
1.(a) ﬁ (b) ﬂ 2. (@ 1+ 52 (b) 1+ 52 3. (a) /1_x2 (b) P ll_xz

-2 2 2 1 2 log2
L@ a0 e @0 ) Tr 6@ T

Exercise 7.3

2 —(2x+y) y sec’(x+ y)+sec’(x—y)
cosy—3 (b) X+2y 2. @) \/; (b) sec’(x—y)—sec’(x+ )

1. (a)

cosx+y —_y(\/;+2\/;\ 4x° +4xy* -y y{2xy—1—y2cos(xy)}
3. @) 2sin2y—x (b) X L\/;+2\/;J 4 @ x—4x"y—4y’ (b) {yzxcos(xy)—x+ yz}

2 y-1 X 2
ay—x x4+ y'logy y y
> (@) y’ (b) { xy* + x" log x} b)

—ax 6. (@) x(1-ylogx) ( X

o

7. (a) e + 2xe +3x%e" +4x’e” +5xte” (b) . T
x.e

. 2
xsin xlog x + cos x Yy

- y
(b) x(2-ylogx)

-1

1+ xy
8. (a) 9. (a) 1+ 2 (b) e

x(log x)2

COS X b _{yx.log y+y.x" + x (1+log x)}
y

10. (@) 2y—1 x.y " +x” log x
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Exercise 7.4

b t i —b
1. (a) —.cosect (b) He zsine) 2. (a) t(e’—sinz) (b) —cotd

a 1+tcost a
3 cos@—2cos26 b —cotg 4 cost(l1—2cos?2t) b
@ Sin20-sin0 (b) meety @) TS s (b) tant

5. (a) —(tan26)**  (b) —tant
Exericse 7.5

1. (a) 6x+2sec’ xtanx ;(b) 2 ;(c) —(xcosx+2sinx) ;(d) —2sinx—3cosx ; (€) 2¢ “sinx ;

(f) —asinx+bcos x 5. H2
3a
Exericse 7.6
1. (a) valid  (b) valid (¢) invalid (d) valid (e) invalid ' (f) invalid
3. (a)valid (b) invalid (c) invalid (d) valid (e) valid (f) invalid

Miscellaneous Exercise — 7

{ 3 Jx - 2x+7+4—x"cos ' x/2
2V1-x° Ja— 2 Qx+7)?

3 L

T2

3 3 . 2 .
4., x'e*cosx+x’e"sinx+3x e’ sinx

)

1
) ;_1Oga 6. (xlogx)l"gx.{Ing(HIng)+10g(x'10gx)}

xlog x X

2

=~

3 +2xlog(x— 3)}

X X—

2 2
X {x—_3+2xlog x}+(x—3)x { al

8. 0
9. 2x{1+tan(log x)} + xsec’(log x)

0 Seal?)
"5 2

13. (sin x—cos x)

sin x—cos x

.(cos x +sin x) {1 +log(sin x —cos x) };sin x > cos x
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