DPP - Daily Practice Problems

Date : Start Time : End Time :

MATHEMATICS (c™vo4

SYLLABUS : Complex Numbers and Quadratic Equations

Max. Marks : 69 Time : 60 min.

GENERAL INSTRUCTIONS
e The Daily Practice Problem Sheet contains 20 Questions divided into 5 sections.
Section I has 6 MCQs with ONLY 1 Correct Option, 3 marks for each correct answer and —1 for each incorrect answer.
Section II has 4 MCQs with ONE or MORE THAN ONE Correct options.
For each question, marks will be awarded in one of the following categories:
Full marks: +4 If only the bubble(s) corresponding to all the correct option(s) is (are) darkened.
Partial marks: +1 For darkening a bubble corresponding to each correct option provided NO INCORRECT option is darkened.
Zero marks: If none of the bubbles is darkened.
Negative marks: —2 In all other cases.

Section III has 5 Single Digit Integer Answer Type Questions, 3 marks for each Correct Answer and 0 mark in all other
cases.

Section IV has Comprehension Type Questions having 4 MCQs with ONLY ONE corect option, 3 marks for each Correct
Answer and 0 mark in all other cases.

Section V has 1 Matching Type Question, 2 marks for the correct matching of each row and 0 mark in all other cases.
e You have to evaluate your Response Grids yourself with the help of Solutions.

Section | - Straight Objective Type 2. If zy=a+iband z,=c+id are complex numbers such that

This section contains 6 multiple choice questions. Each question has 4 | z; |= |z, | =1andRe(zZ;) =0, then the pair of complex
choices (a), (b), (c) and (d), out of which ONLY ONE is correct.

1. A complex number z satisfies the equation
| z>—2iz +2c (1 +i) =0, where c isreal. The values of ¢ for
which the above equation has no solution can be given by () Re(®[®y)=0 (d In (031(732) =0

@ ce(-0,-1-v2)  0) c e[-1-2,-1+42]
© ce(-1-+2, ) d ceR

1. @OOQ® 2 @®OO®

Space for Rough Work

numbers o, = a + ic and 0, = b + id do not satisfy
@ [orf=1 (b) Joy[=1




3. If 4, G and H are the Arithmetic mean, Geometric mean and
Harmonic mean between two unequal positive integers.
Then the equation Ax?—|Glx — H=0 does not have
(@) Dboth roots fractions

Section Il - Multiple Correct Answer Type
This section contains 4 multiple correct answer(s) type questions. Each
question has 4 choices (a), (b), (c) and (d), out of which ONE OR MORE

(b) one negative fraction root Islare correct.
(c) exactly one positive root 7. Letz,, z,, z, be complex number such that |z | = |z,| = |z,| =
(d) noroot greater than 2 2 2 2
4. Ifa, b, c are positive rational numbers such thata >b> ¢ 2 + % + Z3 =1
and the quadratic equation Land Z,Z,  Z3Z,  Z4Z, > then value of |z, + z,
(a+b—2c)x* +(b+c—2a)x+(c+a—2b)=0hasarootin
theinterval (-1, 0), then * z;| can be
@ c+a>2b
(b) Both roots of the given equation are irrational @ 2 (b) 3
(© ;f;ft:quation ax?+ 2bx + ¢ = 0 has both negative real () 4 @ 1
. . . ) 0 1
(d) The equation cx?+2ax + b = 0 has both positive real COHSldeF the quadratic equation x* = 2px + p~ 1 =0
roots where p is parameter, then . )
S. Let [a] denote the greatest integer less than or equal to (@) Both the roots of the equation are less than 4 if
a. Given that the quadratic equation pe(=2,3)
24 [az —Sa+b+4]x+b =0 hasroots—5 and 1. Then (b) Both the roots of the equation are greater than -2 if
the set of values of a is pe(0-D
\/_ J_ (c) Exactly one root of the equation lies in the interval
() (— it } {Sf } (-2,4)if p e(-1,3)

(d) 1 lies between the roots of the equation if p €(0, 2)

5— 3\/_ 5+ 3[ .
(b) . T e a4t
9. Equation +—— 4 — % _0 has
Y~€ x-m x-m-e

© ( ®,~ 1] U[6 ) (@) onereal rootin (e,m)and otherin (t—e,e)

(d) ( ) OO) (b) onerealrootin (e,n)and otherin (7,n+e)
6. The point of intersection of the curves arg (z — 31) =— (© Tworealrootsin (n—e,m+e)

(d) Noreal root
10
andarg(2z+1-2i)= Tis 10. If S=2X (sinﬂ - icosz—ﬂkj then
4 k=1 11 11
@ %(3+9i) ®) %(3-9;‘) @ S$+5-0 ® s5 =1
© % (3+2i) (d) None of these © 5= [ (+) (@ 5-§=0

Ll 3 OOOW 4 OOOW 5. @EOQ@ 6 @OOD 7. @®O@
GRID 8. @O 9 OEPOEX 10.O®OWD
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Section lll - Integer Type

This section contains 5 questions. The answer to each of the questionsis a
single digitinteger ranging from 00 9.

11. Ifz2—z+1=0, and the value of

2 2 2
1 1 1 1
(Z+—j +[22+—2] +[Z3+—3] +...+[224+Wj
Z z z z

is 8k, then k=

12.  Leta and b be the roots of the equation x> — 10cx — 11d =0
and those of x2 — 10ax — 115 =0 are ¢, d then find the value

w h #b#c#d=#0
o 605 , when a c
13.  Ifthe roots of equation ax? +bx+c=0 (a#0)
are o and B, and the roots of the equation

X% +balctx+c> =0 are 4 and 8 then the numerical

value of af3 is .
14.  If ® and o’ be the non-real cube roots of unity and
1 1 1
+ +
a+o b+o

1 1 1
>+ +

a+0’ b+o’ c+o’

= 20)2 and

c+®

=2m, where a, b, c are real

1 1
+ +
a+l b+l c+1

then the value of is equal to :

1
15. If z= 5(\/5 —i ) , and the smallest value of positive

integer n for which (z%° +i °7)* = z"is 2k, then k =

Section IV - Comprehension Type

Based upon the given paragraphs, 4 multiple choice questions have to be
answered. Each question has 4 choices (a), (b), (c) and (d), out of which
ONLY ONE is correct.

PARAGRAPH-1
Suppose z and w be two complex numbers such that |z|<1,
|w|<1 and | z+iw|=| z —iw|= 2. Use the results |z|2227 and

|z+w| <|z|+|w]|, answer the following questions

16. Which of the following is true about | z | and | © |
3

b ||1| |
ZlI=—,|W|E—
(b) >

|z | |1
zl=|wl=—
@ 2 4

|z|=wl=1

© lzFwl= % (d)
17. Which of the following is true for z and ®
(@ Re(z) = Re(w) (b)  1,(2) = 1,,(w)
(© Re(z) =1,,(w) (d)1,,(2) = Re(w)
PARAGRAPH-2

Suppose z;,z, and zz represent the vertices 4, B and C of an
equilateral triangle 4BC on the Argand plane.

Then AB=BC=CA

A(zy)
= |-z |=lz3—2| = |z —z3 |

Also Z/CAB = %

377

= arg

b
=+— C
3 (z3)

B(z,)

Now solve the following questions :

18. Ifaand b are two real numbers lying between 0 and 1 such
thatz, =a+i,z,=1+ bi and z; = 0 form an equilateral

7

triangle then
@ a=2+3 b) b=4-3
© a=b=2-3 d a=2, b=+3

RESPONSE

GRID

18. @O
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19. Let the complex numbers z,, z, and z, be the vertices of an equilateral triangle. Let z, be the circumcentre of the triangle, then
I
@ z (b) 322
© 9z3 @ 0

Section V - Matrix-Match Type
This section contains 1 question. It contains statements givenin two columns, which have to be matched. Statements in column|
arelabelled asA, B, C and D whereas statements in column I are labelled as p, g, rand s. The answers to these questions have
to be appropriately bubbled as illustrated in the following example. If the correct matches are A-p, A-r, B-p, B-s, C-r, C-s and
D-q, then the correctly bubbled matrix will look like the following:

g 0w >

REEGF
QOO
QOO0
OOV

20. Column-I Column-1I

(A) The roots of cubic equation (z+af)*=o’ (a#0, e R) p. |tana|

represent the vertices of a triangle of area equal to

. . . - 33
(B) Ifais acomplex number then the radius of the circle i 2 q T\/_ | o |2
z—a
is equal to
z-2| . 2 _

(C) Ifargz=oand |Z—1|:1 then is equal to L §|0L_0L|

(D) LetA and B represent complex numbers z, and z,,
which are roots of the equation z2+ pz + ¢ = 0. If S. 4e0s? S
ZAOB=a.# 0 and O4 = OB, where O is the origin 2

2
then £ is equal to

q
AR 1.0000 20.A-QOO;B-POOO; C-POO®; P- POOE
DAILY PRACTICE PROBLEM DPP CM04 - MATHEMATICS

Total Questions 20 Total Marks 69
Attempted Correct

Incorrect Net Score

Cut-off Score 22 Qualifying Score 33

Net Score = i [(correct,- x MM; ) - (In,- -NM; )]
i=I
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1.

DAILY PRACTICE
PROBLEMS

(@ Letz=ux+ iy, then the equation is

@

x2+y2—2i(x+iy)+2c(l+i)=0

= (x* + % +2y+2¢) +i(2c—2x)=0

= x> +y?+2y+2c=0andx=c
2cz+y2+2y+20=0

= y:—lJ_r\/1—2c—c2

yeR= 1-2¢c- e >0

=2 42c-120 = -1-v2 <e <1442

. The equation has a solution, if

c e[—l—\/i, —1+\/§] and the solution is given by

z=cti(-1+y1-2c—c?)

The equation has no solution, if

¢ e(—o, —1-\2)U(=14+2,%)

|z |=|zy|=1= a®+b*> = +d* =1 e
andRe (22, )=0 = Re{(a+ib)(c—id)}=0
= ac+bd=0 (2

Now from (1) and (2), a’+br=1
2.2

— g+ adg =1= a’ = 42 -(3)
22
Also ?+d> =12 2+ =1
b
= b2 =c2 e
| ooy |= \/a2+c2 = \/az+b2 =1
[From (1) and (4)]
and\m2|:\1b2+d2 = \/cz-i-d2 =1
[from (1) and (4)]

Further Re (w;®,) =Re{(a+ic) (b—id)}

=ab+cd=ab+ [—%C] ¢ [From(2)]

_ ab® —ac®

5 =0 [from (4)].

5.

MATHEMATICS
SOLUTIONS

@)

©

@

DPP/CM04

AlSO, Irn((,l)l(,l)_z) =bc—ad =bc—a [_%C]

_ (a2 +b? )e ¢
b b
|0)1|: 1,|0)2 |:1andRe(0)1 62):0
If  (x) = Ax* — |G| x — H, then £ (0) = -H < 0 and
f(=1)=4+|G|-H>0.So, f(x)=0has one root in
(=1, 0) hence the equation has a negative fraction root.
Also,
f(2)=44-2|G|-H=2(A-|G))+ (A-H)+ A>0.
So, f(x) =0 has one root in (0, 2), hence the equation
has a positive root, which cannot exceed 2.

a>b>c (D
and given equation is

(a+b-2¢)x> +(b+c—2a)x+(c+a—2b)=0 ..(2)
- Equation (2) has aroot in the interval (-1, 0)

L fEDf(0)<0

= (a-b-c)(c+a-2b)<0 .3
From(1), a>b = a-b>0 and

2a-b-c>0 ~(4)

From (3)and (4),c+a—-2b<0or c+a < 2b . Option (a)
iswrong. Again, the sum of coefficients of the equation

=+1#0

a>c =>a—-c>0 ..

c+a-2b
a+b-2c
which is a rational number as a, b, c arerational. Hence,
both the roots of the equation are rational .

=> (b) is wrong. Further, the discriminate of equation

=0, that is one root is 1and the other root is

ax? +2bx+c=0is D=4b* —4ac.
As deduced earlier, ¢+ a < 2b
= 4b% > (c+ a)2

2

= 4b% > c* +a° + 2ac

= 4b% —4ac > ¢* +a* —2ac

=(c—a)2 = 4b> —4ac>0= D > 0. Also, each of
a,b,c are positive.
. The equation ax? +2bx+c =0 has real and

negative roots. So (c) is correct.
Since — 5 and 1 are the roots. Product of roots

=-5xl=b=bh=-5 and

Sum ofroots=—5+1=—[a2 —-S5a+b+4]



7.

@

(a,d)

= [a®-5a-1]=4= 4<a*—5a-1<5
[s[x]=rn => n<x<n+l]
= a’-5a-5>0and a®-5a-6<0

5-/45 5445
or az=

2 2

= a< and —1<a<6

5-3J5  5+35
< > or 5 <a<

= -l<a 6

(_1’5—36}{5%6’6}

:aek 5 5

3n
Letz =x+iy, then arg (z— 3i) =arg(x + iy — 3i) = 7

=x <0,y-3>0 (- %Tn is in Il quadrant)

and y=3 =tan3—7t =—1
X 4
=y=-x+3 Vx<0Oandy>3 (1)

andarg(22+1—2i):arg[(2x+1)+i(2y—2)]:%

i
= 2x+1>0,2y-2>0 (Z is in I quadrant)

- i
and 2y 2=tan—:1 = 2y-2=2x+1
2x+1 4
= +3 vV x> ! >1 )
=y=xto Vax Rk S

From equations (1) and (2), we get graph

y
y=—x+ 3\
)(0: 3)
_x4+>
Y 2
A
~12 > X

It is clear from the graph that two lines do not intersect.
No point of intersection.

Caution : It is most likely that the students after getting

two straight lines, solve them to get the point of

39
intersection (Z’ Z) Clearly the principal values of

arguments must be considered.

3 3 3__
Wehavez >+ z,° + z, 2,2,Z,.

_ =73 3 3_
= 4212223 z°tz,°+ 2, 3212223

(z,+ 2, % 29) (22 + 2, + 28~ 2,2,- 2,2~ 2,,)
(z,+ 2,7+ 2,)[(z, + 2,+ 2,)*—3(2y2, 2,2, + 2,2,)]
= 223Uz, t 2,2t 2,2,) +42,2,2,=0

wherez=z,+ z,+ z,

= Z=2z12,2, |:3Z{i+i+iJ—4:|
1 2 Z3

T 422 {3{51+52+53J_4} [ |z1]=|z2] = |z3] =1]

=2,2,2, {32 z— 4}

= [2=lzlz)|z| 3lz]*~4]
= [2P~[3lzP-4[=0
Iflz] > 2//3 , we get
2P — B[z +4] =0
= (2-2)(z*~[2-2)=0
= (d-27(d+1)=0
= |z2=0or|z|=2
If|z| <2/3,we get
lzP+ 3|z -4 =0
= (Z-1)(zP+4jz+4)=0
= |g-1=0=z=1
(a,d) Discriminant D = 4p” —4(p® ~1)=4>0

- Roots of the equation are real and distinct
Now both the roots are less than 4 if

D>0, f(4)>0and 4>—_sz

=16—8p+ p*> —1>0and
4>p = (p-3)(p-5)>0and p<4
= p<3or p>5and p<4 = p e(-x,3)

Again both the roots are greater than
2if D20,£(-2)>0and -2 < —_271’
= (4+4p+p2 +1)>0 and

3<p= (p+3)(p+1)>0andp>-3
= p<3or p>-land p>-3 = pe(-1, ©)

Further exactly one root lies in the interval (-2,4) if

D>0and f(-2)f(4)<0
= (p+3)(p+DH(p-3)(p-5<0



=P €(—3, _1)U(35 5) 2r 2k

Finally, 1 lies between the roots if D> 0 and f(1) <0 s1nﬁ—lcos 11
2
= 1- — = -2)<0
1-2p+p°-1<0=>p(P-2) (2, ok

= 0<p<2= pe(0,2) - 11
Alternatively :

5 5 5 =it [De Moivre’s theorem]
x“=2px+p -1=0=(x-p) =1 Thus,

SLx=ptl
Both the roots are less than 4 if p+1<4 and S —l'lzol o = _ia)(l—a)lo) B ia)(l—a)”)
p-l<d=p<3 k=1 l-w l-w
Both the roots are greater than -2 if p+1>-2 and But o!'!=cos 2w +isin 2n=1+i0=1
p—1>2=p>-1 - S=i

Exactly one root liesin (-2,4) if -2< p+1<4 or
—2< p—1<4 but not both

= pe(-3,-1)u(3,5)

One root is less than 1 and other greater than 1 if

p+l<l<p-lor p-l<l<p+I=0<p<2
NOTE : The alternate method is easier than the 11. (6)

= S§+5=0,85=1

1 .
and S =i$(l+l)

general method, so if the roots of quadratic in terms of NG
. . ) 1£i4/3

parameter come out to be free of radical the alternative Solving 2 il=0= 2=

method is better. 2

9.  (b,c) The given equation is,

n(x—m(x—n-e)+e" (x—e)(x-n—e) Taking z =

1+i\3
2

T
=cos—+isin—
3 3

+(n"+e¥)(x-e)(x—7n)=0

nm .. AT _
Let f(x):ne(x—fc)(x—n—e)-}—en(x—e)(x—n—e) :Zn :COS?"FZSIH?:nflaza """"" :24
+(n" +ef)(x—e)(x—mn)
n
. — =97 i
Then f(e)=n(e-n)(-n)>0 [ e<n] LE +z" €08
and f(m)=e"(n—e)(-e)<0 ) 2 )
1 2 1 3 1
. Equation f(x)=0 hasareal rootin (e, rt). (Z+;] +[Z +—2] +[Z +—3] +
z z
Again f(n+e) = (2" +e°)(n)(e) > 0.
. Equation fix)=0hasarealrootin(n,e+ n). [ a1 ]2
f(x):()hasareal roots in (e,n) ....................... + +ZH
and other in (7,7t +e)
Also, n—e<e ) 3 4
-, Equation f(x)=0 has two real roots in =22 cos? §+ 22 cos? ?n +22 cos? ?ni—eleosz Tn
(m—e,m+e).
10. (ab,) 27 4n 6m
=2||1+cos— |+| 1+ cos— |+| 1+ cos— |+
3 3 3
2r .. 2w
Put ®= cos— +isin—"’

11
48n
sothatfor 1 <k <10 e + l+COST



12.

13.

14.

2n 23w| . 24m
COS ?‘F? sin——
=224+

. T
sin—
3

—2(24+0)=48

Using the formula,

cos o+ cos(a+ ) +cos(a+ 2B) + ....... +

cos{a+(n-DPB} =

(2) Rootsof x>~ 10cx—11d=0areaand b =>a+b=10c
andab=-11d
Similarly c and d are the roots of
x>~ 10ax—11b=0=c+d=10aand cd=—11b
=a+b+c+d=10(a+c)and abcd=121bd
=b+d=9(a+c)and ac=121
Also we have a®>— 10ac—11d=0& >~ 10ac—116=0
=a*+c?-20ac-11(b+d)=0
= (@+cyl-22x121-99(a+c)=0 = a+c=121 or-22
Fora+c=-22wegeta=c
.. rejecting this value we have a + ¢ =121
Satbtcetd=10(a+c)=1210

(2) ax?+bx+c=0 hasroots o and B
= 0L+[3=—£,0L[3=£.
a a

2.2 5

> c“x+c =0 are

If the roots of equation a x> +ba

v and J, then
b(c)?

y+8= ——(—) = (a+B)a’p? = a’p% + 0B’
a\a

Clearlyroots are 0L3[32 and 0c2[33

= a5[35=32 = af=2

(2) The given relation can be rewritten as

1 N 1 1 _E
ato b+o c+to O
d 1 N 1 N 1 2
an =—
a+w’ b+o> cta’ o
5 1 1 1 2
= o and @* areroots of + + =—
a+x b+x c+x x

3x2+2(a+b+c)x+bc+ca+ab 2

(a+x)b+x)(c+x) X

15.

16.

17.

= - (bc+ ca+ab)x—2abc=0 (D

Two roots of the equation (1) are » and . Let the
third root be o, then

actote’=00=—0-e =1

o =1 will satisfy equation (1)
1 1 1
+ + =

b+1 c+1

a+1

(5) Wehave 2 =%(ﬁ—i)

=—%%Lﬁ¢@:ﬁd

where @ # 1 is a cube of unity.
= (i0)¥ = o' =i
Also, #7=1%i=1i
Thus, (z% + 77)%* = (io +i)**= [i (- 0H)]* =- &?
Also, z"=i" @*"
The given equation becomes
=i = i @2 2= 1
This is possible if n is of the type 4k + 2 and 2n -2 is a
multiple of 3.
That is 2(4k +2)—2 =8k + 2 is multiple of 3.
The least value of k for which this is possible is 2.
Therefore, n = 10.
@ vlztio|<|z[tio|=|z[+]i|lo] <2
Lztie|=2 & z|=|o|=1.
@ Letz=x+iyand ® = o +if
Now|zt+io|=2= (z+in)(Z —-in)=4

= P+l tioZ -iwz=4

=iz - i0z=2 ()
and|z—io |=2 = (z-iw)(z +tin)=4

S P +roP tioz-inz =4

=S inz—inz =2 (2
Add(1)and (2), = i(® — ®)(z+Z)=4

= iQiB)(2x)=4= PBx=-1 .0
Subtract (1) from (2),

= i(0+®)(z-2)=0 = ay=0 . (®

From (4), either o =0or y=0.
Ify =0, then x? + y2 =l=>x=x1=z=lor-1

If o =0,then o + B> =1= B =*1= w==+i.
So,I (z)=Re(w)=0

>“m



18. (¢) Using the result ®) |z—a|2=4|z—6c|2

2 2 2 =0 ¢
atantnoan-nn-nn=0,wege = zZ -0z -0z+od=4(zZ —0z—0z +ad)

a® —1+2ai+1-b> +2bi+0—a+b—i—abi=0 =3z +(a—-4a)z+(a—4a)z+3aa =0
. a?-b*—a+b=0 and2a+2b—ab—1=0 _ a-4a_ a-4a  _
or 7z + zZ+ z+ao=0
= a=band2a+2b—-ab-1=0 3 3
(- a+b=1 does not give real solution) which is a circle of radius

. a=band a*> —4a+1=0 oc—462 _ 4 2
= —oa =,-—(a—-a)" ==|a—-a
a=b=2-3 (" a<1,b<1) 3 ? 3

(©) zlies on acircle ofradius 1 and centre at (1, 0)

Z1+Z2+Z3
19. 0 0Ty T 2-z |2-z] sl
LOPA:J_rE:O = e 2
-z z
= 212+z§+z32—2zlzz—2zzz3—2z3zl =9zg =]
2,2, 2 2. 2. 2 2 z-2_4p +i) = +it
= 3(21 +22 +Z3):9zg = Z +22 +Z3 :320 = 2 _OP(—l =fano
2 2 2
ozl +Zh 423 =212y + 2y23 + 232 z=2
(v 21tz +23 =22 + 223+ 2327)) . i tana| , P(2)
20. A-q;B-r;C-p;D-s z
4+ =_ =
(A) (z+o¢[3)3=oc3zz+ocl3=oc,moc, o a D) z,+z,=—pandzz,=q
Also, o
= z=0a—-0f, oo —af, (,)20,—(1[3 > 8AY 2|, Zy, Z4 z O 1 A
. —_— = +‘ 1
respectively 2 cosaxisma
Now, |z, —z,|= |z, —z4| = |z, — z,| =
5| 1. 2| |.2 3! |3 1| \/§|0L| Zy — 2y COSOL .
So, the triangle is equilateral and has area = - =dtisino
1
— 2 2 2 2 2 .2
*T|21—22| Or z5 —2z5z)COSQL+ 2] COS™ oL =—zj sin” o

= 212 + z% =2zz, cosa

2
or (z; +22)2 =2z1z5(1+cosa) SN 40082%
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