Inverse Trignometry

Inverse Trigonometry

INVERSE TRIGONOMETRIC FUNCTIONS Section - 1

1.1 Definition :
If  sinx=1/2, we can write one value of x = nt/6.
If  sinx=1/3, ie. x is not a well known angle, then we can write x = sin™* (1/3).
Similarly,  cosx =t =  Xx=cos't.
tanx = t = x=tan't
1.2 Principal value branches of Inverse Trignometric Functions

() y=sin?tx = x=siny
In x = siny, for one value of x, y can take infinite values.

But if y = sin™! x is a function, then y should possess only one value of y for every value of x.
This means we should restrict the values which y can possess. The restricted set of values which
y can possess is its principal value branch.

v
- _n - I &
Here -1<siny<1l = —<y<> L 1
= Domain: x € [-1.1] / ¥
1} o 1
: T r
Range: y e[ 5 2} s .7
.. . -7 T
Principal value branch of sin" x= —< y <~
2 2 }" &
----------- n
(i) y=costx = x=cosy S 2
Here -1<cosy<l = 0<y<mw .
Domain: x € [-1,1] 1 - \1 .
Range: y € [0, nt]
Principal value branch of cos*x=0< y<=
(iii) y=tan'x=x=tany _
Here —eo<tany<emm ay< X 1
ere —oo<tany<owo = 2 y 2 ) —
Domain: x € R X
. [—_ﬂ E} o "
Range: y e ) e -

Principal value branch of tan™ x = T« y< g
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Inverse Trignometry

(iv)

(v)

y=sectx = x=secy

Here |x|>1and0< y<m, y;tg

Domain: X € (o -1] U [1, »)
T
Range: y e [0, n]- {E}
Principal value branch of sectx=0< y<m, y#n/2
y = cosec™! x = x = cosec y
—Tt T
Here |x| >1and 75 ysE y#0

Domain: x € (-0, -1] U [1, )

- T
Range: ye PR - {0}

.. T
Principal value branch of cosec™ x =

) SY=5 V7

(vi) y=cottx=x=coty

Here —oo<coty<owo=0<y<n
Domain: xeR

Range: y e (0, n)

Principal value branch of cot ™t x=y €(0, n)

Summary table of Inverse Trigopnometric Functions :
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S REE k!
TR o
: rd X
-1 0 1 "
J"JL
w2 ™
o ox
ST o *
------- -2
")
Sk
/2
X
5 4

S.No. Functions Domain Range
—T T
1. y —sin1x X € [—1, 1] ye |:7, §:|
2. y= cos_l X Xe [—1, 1] y e [0, TE]
—T T
3. y:tan_lx xeR y€(7,zj
-T T
4, y= cosec 1x X € (—OO, —1] U [1, OO) y |:7, §:| - {0
5. y —sec Ix X € (—OO, —1] U [1, OO) ye [0, n] - {g}
6. y:cot_lx xeR yE(O, TE)

:



Inverse Trignometry

»  Note the similarity in principal value branch of
y = sin1x, y = cosec 1 x, y = tan~* x and y = cos 1, y = sec Ly, y = cot 1 x.
» Interval for allowed values of y is known as principal value branch of that inverse function.

Illustrating the Concept :
Find the principal value of

0) Si”_lej (ii) Sin‘l(%j (iii) cos_lg
(iv) 005_1(—3 V) sec_l% (vi) sect (-2).

(i)  We know that sin™* x denotes an angle in the interval [- /2, /2]
whose sine is x for x € [- 1, 1].

sin{ 1] = Ananglein| ==, = | whose sine is =
2 2 2 2

. 1(1) =

= sin" | = |=—

(ZJ 6
. .1 1 . T T R |
i) sin" | —= |=Ananglein| ——, — | whose sine is —
W (ﬁj | [ 2 2} 72

= sin~* (ij -z
J2) 4
(iii) Foranyx e [- 1, 1], cos™ x represents an angle in [0, 7] whose cosine is x.

3

cos ™t [7J = An angle in [0, t] whose cosine is 73

= cos ™t (ﬁ] I
6

2

(iv) cos_l(— %j = An angle in [0, 7] whose cosine is — %

_1( 1j 271
= COsS -——|=—.
2) 3

;



Inverse Trignometry

(v) Forany x € R— (-1, 1), sec™! x represents an angle in [0, ] - {g} whose secant is x.
sect (iJ =An anglein [0, ] - {E} whose secant is 2
J3 2

J3
= sect (%} :g

(vi) sec™t (- 2) =Ananglein [0, n] - {g} whose secant is (- 2)

—  sec (- 2)=2§.

Illustration - 1

1 qf 1 .1 1
tan "1+cos | —— |+ SIn 7| —— | :
( 2} ( 2jlsequal to:
e
4

S5n

(A) )

B z C
® 3 (©)
SOLUTION : (C)
As tan"t1=" cost D28 g sin [ )R
4 2 3 2

n 2t m 3m
= S+ —-—===

43 6 4
1.3 Properties of Inverse Trigonometric Functions

A) sin}(=x) = - sin~x for all x e [-1, 1]
cos™! (- x) = — cos~ix for all x € [-1, 1]
cosec~}(-x) = —cosec~tx for all X e (-0, —1] U [1, o)
sec}(-x) = 1 — sec™1x for all X e (-0, —1] U [1, o)
tan~2(-x) = — tan™x for all X e R
cot™}(—x) = m — cot™x for all X e R

Proof :

I.  Clearly,-x e [-1,1] forallx € [- 1, 1]
Letsin™? (-x) =6 ()

Taking sine on both side

!



Inverse Trignometry

Then, —x=sin0

= X=-sin0 = X =sin (- 0)
= —0=sintx [as x e [-11]and—0 e [-7/2,7/2)forall 6 e[-7/2,712]]
=  0=-sinlx ... (ii)

From (i) and (i), we get :
sint (= x) = —sin™t x
Il. Clearly,—x € [- 1, 1] forall x € [- 1, 1].
Letcos™t (—-x) =6 . ()
Then, —x =cos 6
= X =-cos 6
= X =c0s (m - 0)
Lx=n-0 [asx e [-11]and 7 —6 [0, ], for allé [0, ]
= O0=mn-costx ... (ii)
From (i) and (i), we get :
cos™t (= x) = — cos™t x
Similarly, we can prove other results.

= Cos

B) () sin—l(a =cosec'x, forall X e (- oo, — 1] U [1, »)

(ii) cos‘l(lj =seclx,  forall x e (- o0, — 1] U [1, ]

X
-1
(1 cot ~x , for x>0
(i)  tan 1(_j=
X) |-m+cottx , for x<O
© () sinlx+cosix= = forall x e [-1, 1]

2

.. TU
(i) cosec™x + sec™!x =

5 forall x € (=, —1] U [1, )

T
(i) tan~x + cot™lx = forall x e R

2

[ 2

. _ _ 1 4/1—X _ _

(D) () sin 1y =cos 1\ll—xzztan 1\/%:cot LTN"77  _sec 1[ L 2]:cosec 1
1-x 2

(0< x <1) (Ix| <1) (0>x<1) (0< x <1) (Ix| < 1) - {0}

;



Inverse Trignometry

2
I _ 1-Xx _
(i) cos  x =sin 1\/1—x2 =tan 1[ }:cot 1[%}%% 11 cosect J
1-x

(0<x <1) (0< x <1) (Ix| <1) (Ix<1)

ﬁ\

(i) tan L x = sin_l[

X 2]=COS_1 ! :cot_l()l(j Sec 1\/1+x =COSec (“ ]
\/1+x

(x €R) (0 < x <o) (x>0) (x=0) (xeR-{0})
(E) () sin(sintx)=xvx e[-1,1] (i) cos(costx)=x v x e[-1,1]
(i) tan(tanix)=x v xeR (iv) cosec (cosect X)=x vV xe (-0, -1] U [1, )

(V) sec(secix)=xVv xe (o, -1]JU[l, o) (v cot(cotix)=xv xeR

GO sm4@mm=xw;;gxg%

mox 3 Moy T

2 2

o |’ T

But, ifx ¢ [75} then: sin™ (sinx) = {X ; = < x< %
r-x . Eex<

2 2

Now, Asy = sin™* (sin x) is periodic function with period of 2r, to obtain the graph ofy = f (x) we draw the
graph for one interval of length 2x and repeat for entire values of x.

v
il L] . p
L b * . i)
N 2] 2 N2, In ~
- \r 7 "// \\ . T '
) in 0 b8 ] e
- - ™, o = ~, d
g 2 N | 2 NS
2
1n I ]
(i) cos_l(cos X)=xif 0<x<rx
But ifx ¢ [0, ] then cos™ (cos ) = 4 -  DExsT
ut ifx ¢ [0, =] then cos™ (cos x) =
21— X <X <21

;



2n
¥ cos! (cos x)
X ;. — < X< —
2 2
3
X—m <X < —
2 2
b
-
= P & ﬂﬁ'
5 :

o -
" .
F e
™ <

1—m/2
¥ ¥ = tan I (tan x)
(iv) y = cosec™t (cosec x) = A if %S X S%— {0}
T T
i A 0|uv 0,
Butlfxg[ > j ( 2}
X : —££x<0 or 0<xsE
then cosec* (cosec x) = 2
T—X —ESn—x<0 or 0<rc—xsE

=X

Inverse Trignometry



Inverse Trignometry

=1
V COSCC ['..'i SCC .'l:':',l

(v) y=sect(secx)=xif 0<x<m- (%)
X ; XE[O,EJU(E,R}
2 2

Ej then sec™ (sec x) =
T T
2n—X 21:—Xe[0,—}u(—,n}
2 2

ButiinOSXSn—[z

Y

e 4" ¥ T L ks

\\ Y +12) N
=1 - X
—2n — 0 n I
¥ sec (sec x)
(vij y=cotl(cotx)=x if 0<x<mn
X+m ; —-m<x<0
Butifx ¢ 0<x<m then cot™*(cot x)=1x ; O<x<m
X—T ; M<X<21

T 3a/2

¥ = cot™ (cot x)

Note : Yor are advised to learn these difintions as standard results which help in calculus.

8




Inverse Trignometry

Illustrating the Concept :

Evaluate the following :

(i) sin~tsin 4n/3 (i) cos™!cos5n/4 (i) tan™* tan 27/3

(i)  4n/3 does not lie in the principal value branch of sin~*x. Hence sin™ sin 47/3 = 4n/3.
sin~%sin 47/3 = sin"Lsin (& + 7/3) = sin (sin(-nt/3))

=— sin“!sinn/3 = -n/3 = sin"lsin 4n/3 = —n/3.
(i) cos~‘cos5n/4=coscos (n + n/4)
=cos! (—cosn/4) = 1 — costcosn/4 = n — n/4 = 3n/4.

(i) tan~‘tan 2n/3=tan"*tan (n — n/3)
= tan"}(-tann/3) = —tan™! tann/3 = —n/3.

The value of sin[cot‘l{cos (tan‘1 X)}H is A (x > 0) and the value of
cos [tan~{sin(cot 1 x)}] is A, (x > 0) then relation between A and Ay is:

A A=A B A=A (C) A=2A (D) A=-A

SOLUTION : (A)

Consider A;
We have, cos (tan™ x)
Here tan™! x is an angle whose cosine is taken so,

-1 -1
sin [cot™ {cos (tan™! x)}] {AS tan" x =cos > }
1+x
i ) N ] \/1+x2 \/l+x2 X% +1 _
= sin < cot = sin {sin = =5 . (i)
1+ %2 \/2+x2 \/2+x2 X" +2
Consider A,

. _ . . 1 1
We have, sm(cot 1x) — sin dsin~t =
\/1 + x2 \/1 + x2

cos [tan™! [sin (cot™ x)]] = cos { tan~*
1+ %2

:



Inverse Trignometry

2 2
= cos cosl\/+x :\/1+X =\/X L (i)

\/2+x 2+ x° X2 +2

From (i) and (i), A = A

UPETEEENERER  The simplest form of

1| |1—cos x .
tan ,— U< X<, IS

1+ cos x

A  —x/2 (B) x/2 (C) X (D) None of these

SOLUTION : (AB)

X
25|n2

We have, tan‘l{ 1-cos X} — tan 1
1+ COS X

- tan_l{‘ [tan? %} - tan_l(

tan X D
2

2 COS2 5
2

tan 1 —tan5 if —mt<x<0 tan~*{ tan [_—Xj __X if —nm<x<0
_ 2 _ 2 2
tan [tan gj if 0<x<nm tan_l{tan g} =§ if O<x<m

lllustration - 4 The simplest form of

1 COSX | -m n
(1+sm xj 2 2

T T T T
(A) 5 X B) ——X <) —-—= (D) None of these

SOLUTION : (C)

X .2 X
COS2 E —Sln2 —

We have, tan_1 (ﬂj = tan_1

1+sin X 2X . 2X

. X X
COS“~ = +SIN“ = +2sIn — 4+ C0S—
2 2 2 2

o T



Inverse Trignometry

[cosx—sinxj(cosxwinxj cosX sinX
1 2 2 2 " 2)|_gptl 2 T2

=tan an
(cosx+sinxj2 cos > +sin
2 2 2 2
1-tan— T X
= tan = tan_1 {tan (— - —j}
1+ tan— 4 2
_r X [AS——<X<—:——<——<£:>O T X
4 2 4 2 4 4 2 2

Aliternate solution :

sin (n + xj
We have, tan! (ﬂJ —tan~1 2
1+sin x (n j
1--cos Y + X

. T X T X
25m(4+2jcos(4+2j T X
tan? =tan" { cot (—+
.of(m X 4
2sin°| =+ =
4 2

oo (5o ool 23

UPEECONEN The simplest form of

_1( cos x — sin x T T
tan | —— |, - — < X < —, js:

SN

COS X + sin x 4

T T X X T X
@ T B 55 © -5 O 3%

SOLUTION : (A)
we have, tan~L[SSXZSINX)_ -aflztan X - tan(E—x) =T _x
COS X + Sin X 1+tan X 4 4

T T T T
AS——<X<— =0<——x<—
[ 4 4 4 2}

ATV




Inverse Trignometry

JVSIEV IR The simplest form of

(A)

SOLUTION : (A)

12

tan~* X
92 _ 2
. 1 X 1. 31X
sin” ~— —sin " —
= ® s (©
IMPORTANT NOTE :

, —a < X<a, IS :

sin a

(D)  None of these

In order to simplify trigonometrical expressions involving inverse trigonometrical functions, following
substitutions are very helpful :

Experssion Substitution

a2+ x2 X=atan O or,x= a cotd
al— x2 Xx=asinfor,x=a cos 0
x% — a2 X = asecoHor,x=a cosec 0

a-—X a-+ X
or,
a+ X a-—X

X = a cos 20

a? — x? or a® + x?
a’ + x? a® — x?

X2 = a2 cos 20

—a%sin%e

N L R S N | asino
Substituiting x =asin 6, we have tan 5 o (= tan >
a“—x a

= tan_l{

asinf
acoso

} = tan? (tan0) =6 =sin~?

D | x<

. . X .
[as Xx=asinfd = sinf=— = @=sin
a

1

a

|



Inverse Trignometry

UPEEEERENAY The simplest form of

-1 a—x
tan ,—a<Xx<a
a+ X

1 X 1  _1x 1. 191X
(A) cos 3 (B) 508 2 © PR 3 (D) None of these

SOLUTION : (B)

Substituting x=acos®, we have tan~! [2=X = tanL a-acosb . -1 |1-cosb
a+x a+acoso 1+cos0

= tan_l[tangj as —a<x<a = 0<0<7 = 0<Q<£
2 2 2
= 9=£cos‘1§ [as X=acosd = cos 0=5 = 9=cos‘1§}
2 2 a a a

[llustration - 8

A x-15 (B) 7 +15 © r+5 (D) =x-5

The value of sin™! (sin 10) + sin™ (sin 5) s :

SOLUTION : (D)

We know that sin? (sin09) =0, if - T <g< ™.
2 2

Here, © = 10 radians which is in radian but does not lie between _gand T,

But, 3n—0 ie 3m-—10 lies between _gand g

Also,  sin (3n — 10) = sin 10.
- sin™! (sin 10) = sin™! (sin (3 - 10)) = 3x - 10.
Here, 6 = 5 radians.

ATV



Inverse Trignometry

[llustration - 9

(A)

Clearly, it does not lie between — g and g .

But, 21 — 5 and 5 — 2= both lies between _ g andg such that

sin(5-2n)=sin (- (2n-5))=-sin(2r-5)=-(-sin5) =sin5
sin™t (sin 5) = sin™* (sin (5 - 21)) = 5 - 27.
Thus sin~* (sin 10) = sin™* (sin 5)

=@Bn-100+GB-2n)=n-5

The value of cos™ (cos 10) — tan {tan (—6)}is:

T —4 (B) 2r — 4 © 7+16 (D) 27-16

SOLUTION : (B)

14

We know that cos™ (cos 0) = 0, if 0< 6 <.

Here, 6 =10 radians.

Clearly, it does not lie between 0 and . However, (4w — 10) lies between 0 and 7 such that
cos (4m — 10) = cos 10.
cos™t (cos 10) = cos™* (cos (4n — 10)) = 4n — 10

We know that tan™ (tan 0) = 6, if — g <0 <g .
Here, 0 = — 6 radians which does not lie between — g and g .

Also, we find that 2t — 6 lies between — g andg such that

tan (2 — 6) = —tan 6 = tan (- 6)

tan~* {tan (- 6)} = tan™* {tan (2n - 6)} =21 -6
Thus cos™* (cos 10) — tan™ {tan (- 6)}

=(4n-10) - 2n-6)=2n-4
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MEEEUIeI AN The simplest form of

an-L JL+C0s X + /1 - cos X 0<x< Eis:
JL1+cos x — {/1-cos X 2

T X w X T
A St B) 5 © S+

SOLUTION : (C)

(D)  None of these

N | <

JL+€08 X + /L - cos X \/2C052X+\/25inzx
We have, tan‘l{ }:tan_l 2 2
JL1+¢0s X — /1 - cos X \/ZCOSQX_\/ZSinQX
2 2
cos§+sin§
—tan )2 2 [as 0<§<% cos§>0, sin§>0}
cosﬁ—sin5
2 2
1+ tanE X
— tant —f — tan~ {tan(— +—}
1-tan X 4 2
2
_r. X as0<x<Z E I X T
I 2744 272

[llustration - 11 The simplest form of
1+ = i
Ct_l{\/ SiN X + 4/ smx},o<x<7;|s:

J1+sinx —/1-sin x

@ 5  ® 5 © x (O -x

SOLUTION : (A)

cosé+sin§ i + cosl—sin5 i
\/1+sinx+\/1—sinx}_cot_1 2 2 2 2

JL+sin x —1-sin x < )2 . 2
(cos+sinj - (cos—sinj
2 2 2 2

ATV -

We have, cot_l{




Inverse Trignometry

2
X . X . 2 X X Vs . X X .
{as(cos—ﬂln—j :5|n2—+c052§c0525+25|n§cos§=1+5|nx]

cosl+sini + cosi—sinl
= cot 1 2 2 2 2 [asxlx2 =|x|}
X . X X . X
COS - +Sin - |—|cos — —sin =
2 2‘ 2 2
X . X X . X
cos+smj+[cos—smj X 7 X X
= cot_1 2 2 2 2 as 0<—<—= ..cos=>sin—
X . xj ( X . xj 2 4 2 2
COS - +Sin - |—| cOS = —sin —
2 2 2 2

[as 0<5<£}
2 4

cot_1 [cotﬁj =
2

NIESHEC RSP The simplest form of
I+ X+ 1-X
tan_l{ } 0 < x<1, is:

rx—ix

1

N | <

X () %— cos ™ x

1 1
X (B) m—cos

A ECOS_
A 3

SOLUTION : (D)

Putting x = cos 20, we have tan™* y1+00520 + 1 cos 26
J1 +cos 20 — /1 - cos 260

2 -2 .
- J2c0s26 —[2sin26 _ tan‘l{cose s!ne}
J2c0s28 ++/2sin20 cos +sind

[as O<x<l=>0<c0s20<1=> 0<29<%:>0<9<%and cosf >0, sin9>0}

_1|1-tan® _
=tan 1{ } - tant 1-tan® — tan tan(E—ej
1+tan® 1+ tan® 4

[as 0<6<£ = 0<£—8<£}
4 4 4

= ta

-0

T
4

o T



Inverse Trignometry

cos_1 X [as cos20 =x.. 20 = cos‘1 X = 0= %cos‘1 x}

A
N |~

lllustration - 13 The simplest form of

tan—l{://iiii iz//iiiz}: —1<x<1, is:
1.2 1.2

b4 1 .2 T 1 _ T 1 _
— 4+ C0S "~ X —+ =0C0S " X — — =C0S "~ X
(A) > (B) 273 (©) 1 2 (D) None of these

SOLUTION : (B)

J1+c0s 20 + (1- cos 26}

Putting x2 = cos 20, we have tan "
J1 + cos 20 — /1 - cos 260

_ 200520 ++/2sin%0 _1|cos0+sin® _
= tan 1 \/ \/ =tan 1{—}: tan_l{lHane}:tan 1{tan(%+e)}

\/2c0526—\/23in26 cos0 —sin6 1-tan®

T [ 2 T T
= Z+6 as -1l<x<l= 0<x°<l = 0<26<E = 0<8<Z}
= %+%cos‘1 x2 [asx2 —c0s 20 = 20 =cos ! XZJ

UESTENONEREY  The simplest form of

. _1(sinx+cosx

NA

T T
,when ——<x<—, js:
4 4

A X+ % (B) x- % (C) «x (D) None of theses

SOLUTION : (A)

. _1( sin X+ cos X N 1
sin”"| ———=——|=sin" | —=siN X + —=C0S X

7 7"
ATV



Inverse Trignometry
1 T T
= sin"~| sin xcosz+cosxcosz

1 [ nj n - T T 7w
- sin SIN| X+— |p=X+— AS—<X<— = O0<x+—<—
{ 4 4 4 4 4 2

UISIEUOEEEY The simplest form of

_1( sin X + cos X i 5t
0s ~| ——=—— when z <X<—, js:

J2 4

A) x+% (B) x- (C) —x (D)

SOLUTION : (B)

_1( sin X + cos X (1 . 1
0S °| ————=—— |=C0S ~| —=Sin X + ——C0S X

72 7"

1 . LT i
= COS Sin XSInZ+COSXCOSZ

- cos Heos| x—Z|l=x-X [as£<x<5—” = 0<x—£<7z}
4 4 I 4

JEEEEEEIEES The value of sec? (tan™! 2) + cosec? (cot™ 3), is :

(A) 5 (B) 10 (C) 15 (D) 20
SOLUTION : (C)

We have, sec? (tan™! 2) + cosec? (cot™ 3)

= {sec (tan~? 2)}2 *+{cosec (cot™ 3)}2

e R

= {sec (sect x/g)}z + {cosec (cosec‘lx/ﬁ)}2 = (\/5)2 + (\/E)Z =15

o T



Inverse Trignometry

[llustration - 17
Ifa>b>c>0,then cot_l(ab +le +cot™t [Mj + cot_l(Ca +1) is equal to :

—C c—a

A) 0 (B) Vg (©) -7 (D)  None of these
SOLUTION : (B)
We know that

tanl[lj—{wtlx , forx>0

X _mg+cotIx , forx<O
tan_1l , forx>0
X

= CO'[_1 X=

1:+tan_1£ , forx<0O
X

cot_l[ab +1j . cot_l(bc +1J . cot‘l(ca +1)
a-b b-c c—a

= tan* a—b +tan! b—c +rttan £ 8
1+ab 1+bc l+ca

=tanla-tanlb+tanlb-tanlc+n+tantc—-tanta

= T.

ATV
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IMPORTANT RESULTS

Section - 2

A O tan~ x + tan~* y=

(i) tantx—tanty=

(B) () sintx+sinty=

(i) sintx—sinty=

< O cos 1x+cost y=

tan~t (%} if xy<l1

n+tan_1(uj if x>0,y>0 and xy>1

1-xy

—n+tan‘1(uj if x<0,y<0

1-xy

Xy if
1+xy

n+tan_1(ﬂj if x>0,y<0

1+xy

—n+tan‘1(ﬂj if x<0,y>0

1+xy

sin_l{x\/l— y2 + y\/l— xz}

n —sin_l{x\/l— y> + y\/l— xz}

—n—sin_l{xxll— y2 + y4/1— xz}
sin_l{x\/l— y? - y\/l— xz}

n —sin_l{x\/l— y> - y\/l— xz}

—TE—Sin_l{X\/].— y2 —yy1- xz}

cos™? {xy — 41— x2\/1— y2}
2m — cos_l{xy —1- X2 \1- yZ}

o T

f

f

if
if

and xy>1

and xy<-1

and xy<-1

-1<x, y<land X% + y2 <1
or
xy < 0and x? +y2 >1
0<x, y<land X2 + y2 >1

-1<x,y<0and x2+y2>1

-1<x,y<land X2 + y2 <1
or

xy >0and x? + y2 >1

0<x<l-1<y<O0and x2+y2>1

-1<x<0,0<y<land X2 + y2 >1

-1<x,y<land x+y=>0

-1<x,y<land x+y<0



cos {xy +41- G \1- yZ} if
—cost {xy +41- X2 N - yZ} if

- -1 -1
() cos " x—cos ~y=

Illustrating the Concept :

0]

tan_1 3 + tan 10
11

We have,
24
2. 7
_tan~1 11 24
2 7
1-—x—
11 24
_tan-1 48+ 77 |
264 -14

(i) Prove that : tan~x +tan [

(XeR)

We have, tan~!x+ tan_l[

X+ 2x
2

=tan~
2X

l_
l—x2

= tan_l[

-1 2 -1
Prove that : tan ~—+tan ——=tan
11 24

1 1-x
2

Inverse Trignometry

—-1<x,y<land x<y

-1<y<0,0<x<land x>y

a1

{As tan~t x +tan~t y= tan~t (ﬂj if xy <1}
1-xy

_tan"t| 3= x
1-x2 1-3x2
(Ix1<1) (|X|<\/1§j

2X
1- x2

{As tan~t x +tan~t y= tan~t (ﬂj if xy <1}
1-xy

X — X2 + 2x _tan-L 3x— X° [|X|<ij
1-x2 - 2x? ’ V3

l—3x2

AEEEETTYY



Inverse Trignometry

lllustration - 18 . 112 14 ~163

The value of sin"~=—=4+c0s ~—+tan —— IS :
13 5 16

A) 0 (B) -7 (©) T (D)  None of these

SOLUTION : (C)

We have, sin‘1E + cos‘1i + tan‘1§
13 5 16

112

—= tan‘1 12
3

-13 and cos 1i=tan‘1§}
5 5 4

1 @
13

_12

+ tan [As sin

=m+tan~ — 1 3 +tan I [As tan_1x+tan_1y=7r+tan_1(%j,if XY>1}

o ttan T — [As tan1(=x) = —tan" x]

Illustration - 19

The value of Cos_1E + S,in_1§ is :
13 5
-1 56 sin-L 12

) e ® =

(©) 0 (D)  None of these

SOLUTION : (A)

We have, cos~ E+sin‘1§

.15 . 13 112 . 15
= = = As Ccos ——=sIn" " —
sin +sin [ 13 13

2 2
:sin_1 i>< 1—(§j +§x 1—(£J =sin E><i+§ B 3|n‘15—6
13 5 5 13 13 5 5 13 65

> T



Inverse Trignometry

Illustration - 20
The value of sin‘lE—sin‘1£ is :
5 17
A cost® 5  cos 12 C cos 184 D) None of th
(A) a5 (B) a5 (C) a5 (D) one of these
SOLUTION : (C)
.1 .1
sin™t2 —sinTt—
We have, 5 17
14 115 . 13 14 . 18 115
= _ = As sinTt==cos "t —,sin"T—=c0s T —
c0s cos 17 [ 5 5 17 17

i o2
17 S5 17 5 17 5 17

} 1 { 60 24} _184
=C0S "{—+—/=C0S " —
85 85 85

flusirationi=2t The value of tan‘1%+tan‘1%+tan‘1% is :

(C) w (D)

(A) 0 (B) 1
SOLUTION : (D)

tan‘11 + tan‘11 + tan‘11
5 8

= {tan_1£ + tan‘ll} + tan‘11

2 5 8

1 1
1] 275 1

= tan (e o [As tan "L x+tan~

1-=-x=

7.1

:tan‘lz+tan‘11:tan_1 9 8 :tan_l(ﬁ):tan_llzE

9 8 1_ZX} 65 4

9 8

wl4

! y:tan_l(ﬂj, if xy<1}
1-x

AEEEETTYY



Inverse Trignometry

Illustration - 22

A x4 (B) =z c) 1 (D) O
SOLUTION : (A)

11 11+tan‘1£is ;
3 8

The value of tan‘1%+tan‘ 7+tan‘

11 1

ettt ittt =ftan i1t [ tan 11y antd
5 7 3 8 5 7 3 8

1 1 1 1
1| 577 1| 378 X+
=tan +1tan Astantx+tanty=tant| XY | if xy <1
1—1><1 1—1x1 1-xy
5 7 3 8
6,11
:tan_1£+tan_1ﬂ=tan 1 _1r 23 =tan~t % ='[8.I’1_1:|.=E
6 11
1- —x=—=
17 23
[llustration - 23 .13 . 18 .
The value of sin g+sm T is equal to :
. 115 .1 77
(A) sin i (B) sin 5 (©) 0 (D) None of these

SOLUTION : (B)

sin-13 +sint8
5 17

[Using, sin"L x+sin? y =sin_1{x\/1— y2 + y\/l—xz}, if —1<x, y<land X2 + y2 <7

Rk (8)2 8 (3}2 _1(3 15 8 4] . 477
=sin = 1= = | +—=,1-|= =SiN T {=x—+-—x—p=8i"""—
5 17 17 5 5 17 17 5 85

Illustration - 24

.13 112 .
The value of sin™*=+cos 1% js equal to :
5 13
133 _156
(A)  cos 1@ (B)  cos 1@ ©) 1 (D) None of these

» T



Inverse Trignometry

SOLUTION : (A)

sin‘1§+ cos‘lE
5 13
= sin‘1§+sin‘1% [Ascos_1x=sin‘1\/1—x2}

[Using, sin~x+sint y =sin_1{x\/1— y2 +yv1- X2 } if —-1<x, y<land x2 + y2 <7
2 2
= sin”! §>< 1—(ij +i>< 1—(§)
5 13 13 5

2
sin_1{§xg+ixi}=sin_1§:cos_1 1—(§J :cos_1§
5 13 13 5 65 65 65

MORE ILLUSTRATIONS Section - 3

Sketch the graph for :
Q) sin—l[ 2"2} (ii) cos_l[l_ XzJ (iii) tan_l[ 2"2}
1+x 1+x 1-x
(iv) tan—l[ix ‘3 Xj} (v) sin”t (3x — 4x%) (vi) cos™! (4x3 - 3x).
—3x
SOLUTION :

As we know, all the above mentioned six curves are non-periodic, but have restricted domain and
range.

So, we shall first define each curve for its domain and range and then sketch these curves.

2X
1+ x2

<1

(i)  Sketch for y=sin_1[

Here, for domain >

1+X

ATV



Inverse Trignometry

= 2|x|[<1+x [as 1+ x> 0 for all x]
2 2 _|,2

= |x]?-2|x|+1>0 [%X—WXh

= (x]|-12>0 = xeR.

For Range : y:sin_l[ ZXZJ

1+x
ye[—E E} as;y=sin"lo = ye[—z Z}

= 2’2 ' 2'2
Defining the curve :
Let, x =tan 0

n-20 ; 20>=

2
A T T .

— y=sin""(sin 20) =426 ; —ES 20 SE [see property 1.3 F(i)]

—n-20 ; 20<-=

t—2tanix tan‘1x>%
— T — T
or y=<2tan Ly ; —Zstan 1xsz [as tan9=x:>0=tan‘1x]

—m—2tanix ; tan” x<—%

n—2tan " Tx pox>1
or  y=42tan1x . —1<x<1 ()

—-nt—2tan " x ; x<-1

»  CEET



Inverse Trignometry

Thus, y =sin? 2x is defined for x € R, where y e [— E, E] so the graph for Eq. (i) could
1+ x? 2 2
be shown in Fig.
th Y ' A
S ——— _i_____:"_'“_"l_z____\_:___ {_I'_‘_T_r_%:]_ __________ >y = /2
R = |
v v
x=-1 x=1
. 1] 2X
Thus, the graph for y =sin > |-
1+x
2
1] 1-X
(i) Sketch for y=cos™ -
1+x
2
Here, for domain 1-x <1
1+ %2
= 1% | <1+x [as 1+ X% >0, VxeR]

which is true forall x ;as 1 + x4 > 1 — x°

XxXeR

2
ZJ = y € [0, @)

Forrange: y= cos
1+x

Define the curve :

Let, x=tan O
2
y= cos* w = cos? (cos20)
1+tan“ o
20 ; 2060>0
=1-20 - 20<0 [see property 1.3 F(ii)]

ATV -



Inverse Trignometry

2tan_1x ; tan_lxzo
1 [astan 6 = x = 0 = tan™! X]

—2tan_1x ;o tan " x<0

1 1-x2 2tan"1x 7 x>0 .
So, the graph of y = cos 5 |= is shown as :
1+x —2tan"1x 7 x<0
Y,
| S et S S
(-1, m/2) |. Y=g )
! . X
1 1-x2 2tan"1x 7 x>0
Thus, the graph for y=cos 5 |= :
1+x _2tanIx : x<0
1| 2x
(i)  Sketch for y =tan 3
1-x
Here, for domain 2x e R except;1- x2=0
1-x?
e, x#=x1
or xeR-{1,-1}
For range y:tan_1 2X2
1-Xx
T T -1 T T
-, = asy=tan "0 = -, =
= ye( 2 ZJ [ Y ye( 2 2)}

» CEET



Defining the curve

Inverse Trignometry

Let x=tan 6
T+20  : 20< =
2
1| 2tan® 1 ) T i
= y=tan 7| ———|=tan (tan 20) =426 ; ——<20<— [see property 1.3 F(iii)]
1-tan“o 2 2
—n+20 ; 20>Z%
2
n+2tan 1x : tan L x < ——
= {2tan"*x ;- <tanTtx<= [astan 0 =x = 6 =tan x]
_nm+2tan1x : tan_1x>%
n+2tan"1x ox<-1
= 2tan~1x Do =1l<xxl
—n+2tan_1x pox>1
n+2tan‘1x poX<-1
So, the graph of ; y=tan‘1( 2X =J2tan"1x ; —l<x<1 isshown as;

Thus, the graph for y= tan‘l[

1—x2

—n+2tan‘1x pox>1

L

——

>y =ml

= %
Py=-m2
x<-1
2X -1
7 |= 2tan ~ X i —1<x<1
1-x 1
—m+2tan "X Xx>1

ATV s



Inverse Trignometry

3 .3
(iv) Sketch for y=tan™? 3x_x2 . Here, for domain y =tan~t 3x X2
1-3x 1-3x
= X € R except 1-3¥%=0 = X¢+i . XER_{J_FL}
A L 7

3
. _ -1 3X—X _E E as :tan_lez> (_E,Zj
Forrange : y=tan [1_3)(2] = ye( 2’2j { y ye >

Defining the curve :

Let x=tan 6
T+ 30 ;36<—g n+3tan Tx ,tan_1x<——
= y:tan_l(tanSO): 30 ; —g<36<g= 3tan1x D o——<tantx<—
-nt+30 ; 36>g —n+3tan_1x : tan_1x>g
_ 1
7+ 3 tan 1x DX ——
V3
_ 1 1
= {3tan~tx ; ——=<X<—F4=
V3 J3
_ 1
_m+3tan1x X >—
V3
So, the graph of ;
i 1
n+3tan Tx X< ——
V3
3
y:tan_1 i X2 —J3tan1x ; —i<x<i
1-3x J3 V3
i 1
_m+3tan1x DX >—
V3

S sectons N



Inverse Trignometry

-
(=1

>y

NII
\
2N
L]
I
I s
sH T
‘\il
v
= P
I
ol

L

I

>

|

S S
)

(v)  Sketch curve y = sin™ (3x — 4x3)
For domain y=sint 3x-4x°) =  xe[-1,1]

T T
For range y = sin (3x - 4x%) = ye[‘—’—}

Defining the curve :

Let x=sin 0,
1-30 - F<3p<"
2
= y:sin_l(sinse): 30 ; —233632
3 b1
-1—-30 ; ——<30<-——
2 2
n—3sin1x : ESSin‘lxsE
6 2
— J3sin1x ; “Zcsinlx<t
—n—3sin"1x : “Zasinix<- L
n—3sin1x : %§x£1
y:sin_1(3x—4x3): 3sin1x ; —ESXSE
2 2
. 1 1
-nt—3sin” "X ; —1<xs-E

ATV



Inverse Trignometry

n-3sintx %£x£1
P— 3 - ) 1 1
So the graph of y =sin"~(3x —4x°) = {3sin" " x ; _ESXSE
] 1
—n—3sin "X ; —-1<x<—-—
2
'Y
4 2 % 4 A
S T —————— R R ——————— E— >y =2
1133 : o L !
T\~ | 2| |
P SN S — N
v v v v
x=—1 x=-1 x=1 x=1
(vi) Sketch the curve y = cos™ (4x3 - 3x)
Here, domain e [-1, 1]
range y e [0, «]
Defining the curve :
Let x=cos®
2m —3c0s X ; E£cos‘1xsﬁ
2m-30 ; m<30<2n 3
= y:cos_l(cos 30) =430 . 0<30<m = {3cos1x ; 0<costx<X

-2n+30 ; 2n<36<3mn

1

_ 27 _
—-2n+3c0S "X ; ?£c051

X<m

2 T



Inverse Trignometry

21 —3cos T x ; —ESXSE
2 2
= J3cos1x ; %§x£1
1 1
—2n+3C0S ~X ; —13xs-E

1
[as If0 <O < % = CO0S % <cos O <cosOor > < cos 0 < 1. Here, the interval changed
since,cos x is decreasing in [0, «]]

21 —3cos L x ; —ESXSE
2 2
_ _ 1 )
So, the graph of ;  y =cos 1(4x3 —3x)=43cos 1y X Es x<1 is shown as;
_2n+3c0s X ; —13xs-%
Y
I
4 4 Mz, A
L [T e e P m—mm = y=m
{____

(0, n/2)

—

&

-
Il
|

—

-

ATV



Inverse Trignometry

Illustration - 26

The value of 2tan‘1%+tan‘1£ is:
131 -
(A) tan 15 (B) taniZ © 1 (D) 0
SOLUTION : (A)
2 tan‘11 + taln‘1£
2
. 2)(; )
= tan 12 +tan " As 2tan‘1x:tan_1( 2
1-| =
)
4 1
4 1 4] 377 131
—tan 1= +tan"12 =tan =tan1=
7 141 17

1—x2

X j if —1< x<1}

Illustration - 27

T e -1,)_ . .
If sin| sin §+COS X |=1, then find the value of x is.

(A) 0 B) 1 (C) 15 (D)  2/5
SOLUTION : (C)
We have, sin (sin‘1 % + cos‘1 xj =1
— sin‘lé +cos tx=sin11
.11 1 T
sin"=+C0s " X=—
= 5 2
-1 T . 11
COS " X=——sin""=
= 2 5
—  cosIx= cos 12 [As sin11icos i E}
5 2
1
= 5

34



MEEIERENSZY The value of x which satisfies tan~1 %=

Inverse Trignometry

1 1 X+1 7w
+ tan =—IS:
X—2 X+2 4
C X== 1
= — — = + —
(A) Xx=0 (B) x=1 © Xx= =1 (D) NA
SOLUTION : (D)
1 x-1 1x+1 = 1 x-1 1 X+2-x-1
We have, tan™" —— + tan =— = tan =tan
X —2 X+2 4 X—2 X+2+x+1
= tan_lx—_l+tan_1x—+1=tan_11 = tan"lx_lztan‘1 1 X_lz 1
X—2 X+ 2 X—2 2X +3 X—2 2X+3
1 x-1 _ _ 1
— tan 1X72 _anl1-tan 127 - %2 +x-3=x-2
X—2 X+2
= 2¢-1=0
1 1_X+;
= tan 1X—:tan_l% = x:J_ri
X=2 1+ J2
X+2

Illustration - 29

(A) x=1

SOLUTINON : (C)

The value of x which satisfies tan™ 2x + tan™ 3x = % is :

(B) X = % (©) X = % (D) None of these

We have, tan"t 2x + tan~! 3x =%

— tan_l{ﬂ}ﬂan‘ll, if 6x%<1

1-2xx3x
5x
=1, if 6x2 < 1
= 16X
2 2 _1
= 6x+5x-1=0 and x<E
=  (6x-1) (x+1)=0 ad _ L .y 1
J6 J6
1 1 1 1
= X=-1— and X< — = X==
6 J6 J6 6

ATV



Inverse Trignometry

UESTENNEEY  The value of x which satisfies 2 tan~L (cos x) = tan~L (2 cosec X) is :

A) x=nm

SOLUTION : (C)

(B) X:E+nn
3

(C) X:E+nn
4

We have, 2 tan™* (cos x) = tan"* (2 cosec x)

2

= tan~! (MJ = tan_1(2 COSEC X)

2 CoS X

sin

= €0S x =sinx, (sin x # 0)

2

X

1-cos“ x

=2 COSEeC X

= COS X sin X = sin

= tanx =1 =

2x

(D) None of these

= (cos x —sin x) sin x =0

T
X=—=+Nn
4

Illustration - 31
The value of x which tan‘lw/x2 + X+ s,in‘lw/x2 +x+1 =g is :

(A) x=1
SOLUTION : (B)

(B) x=0, -1

This equation holds, if

Now,

uuJ

=

X2+ x>0
X2+ x>0
X2+ x>0
X2+ x>0
X +x=0

x=0 -1

and
and
and

and

© X=2

0<x2+x+1<1
0<x2+x+1<1
XX +X+1<0

X +x<0

Clearly, both these values satisfy the given equation.
Hence, x = 0, — 1 are the solutions of the given equation

% CEEEE

(D)

None of these

[as x? + x + 1 > 0 for all x]



Inverse Trignometry

lllustration - 32 Ak X = C0Sec [tan‘1 {cos (cot‘1 (sec (s,in‘1 a)))} and,

y = sec [cot_l {sin ('[an_1 (cosec (cos_l a)))}]. Find relation between x and y.

(A)

X=-y (B) X =2y (©) x = 3y (D) X=Yy

SOLUTION : (D)

and,

We have, x = cosec [tan_1 {cos (cot_1 (sec (sin_1 a))}H

_ 1 1 S - a1
= COSeC | tan™~ 3 €os | cot™ | sec | sec > assin ! a=sec?
1-a 1-a?
_ _ 1
= cosec | tan~t { cos | cot™
1-a?
= cosec | tan~t Jcos | cost - as cot * = cos !
2-a 1-a? 2 a?
_ 1 _
= cosec | tan "t —=— | = cosec (cosec 1 {3 - azj = \3-2a°
9 _ g2
-a
_ 1 go -1 -1
y = sec [cot™~ {sin (tan™~ (cosec (cos ~ a)))}]
= sec | cot™* {sin | tan~!| cosec | cosec ! -1 -1
| _ 22 as cos ~ a = cosec
I -4 1-a?
1 _ 1
= sec | cot ™t {sin | tan~t
1-a’
T T 1 _ 1 .
= sec | cot™* {sin | sin 1—2 as tan ! =sint
2-a 1-a 2 - a?

ATV -



Inverse Trignometry

38

- 1 -1 2 2
= Sec {cot . = Sec (sec \/3 - a j =\/3 - a
«/Z—a]

X=Yy 3-a’.

Illustraing the Concept :

2 2
1y If cos_1§+cos_1%=a, then prove that X—z—&coswry——smza

a a ab b2

(i) Ifcos™t x + cos™y + cos™t z = x, then prove that x? + y? + z° + 2xyz = 1.

(i) Ifsin™t x + sinty + sin™! z = 7, then prove that

@) x\/l—x2+y\/1—y2+z 1—22 = 2xyz
) X+yr+ A+ =20y + Y22+ 2P

. -1 X -1Y
()  We have, COS = — + COS E

2.2 2 2 2.2
X 2X X X
= zyz yc03a+cosza 1——2—y—2+ 2y2
a“bs ab a® b° a‘b
x y 2Xy 2
= —2+—2——c050c=1—cos a
b ab
2 2
X 2X
— —+y———yCOSOL sin o
a’ p? ab

1

(i) Wehave, costx+costy+costz=n

1

— costx+costy=n-costz

= cos™t

x +costy=cost (-2) [as cos™ (- 2) =

7 — cos T

]



(i) (@)

(b)

Inverse Trignometry

cos™? {xy —y1-%? J1- y2 } =cos ™t (-2)
Xy —4/1— X2 \1- y2 =-2Z

(xy +2)>=(1-x) (1-y%
i+ +2xyz=1-x-y?+x°y? =  X+y+2+2xyz=1

Letsin™t x = A, sin"t y =B and sin™! z = C. Then,

x=sinA,y=sinBandz=sinC

in—1

We have, sintx+sinty+sintz=n

=

=

=

=

A+B+C=n
sin 2A +sin 2B +sin2C =4 sin Asin Bsin C

2sinAcosA+2sinBcosB+2sinCcosC=4sinAsinBsinC
sin Axll—sin2 A +sin Bxll—sin2 B +sin Cxll—sinZC =2sin AsinBsinC

x\/l— X2 + y\/l— y2 + z\/l— 7?2 = 2Xyz

We have, sintx+sinty+sintz=n

=

=

=

sintx+sinty=n-sinz

cos (sin™ x + sin y) = cos (n - sin"* z)

cos (sin"t x) cos (sin"t y) — sin (sin™* x) sin (sin~* y) = — cos (sin™* 2)

N_x2.1—- y2 Xy =-— l_ 52 [as Ccos (sin_1 X) = C0S (cos‘1 \/1—x2 =\/1—x2}

\/(1— x2) @- y2) =Xy —y1— 72

1-x% —y2 + x2y? =x%y? +1- 7% —2xyy/1-z? [Onsquaring both sides]
x2+y2—22:2xy 1-7°
(XZ + y2 _ Z2)2 — 4X2 y2 (1 _ 22)

x4+y4+z4+4x2y222:2(x2y2+y222+22x2)

ATV



Inverse Trignometry

Ll tationk s The sum of roots of the equation sin_13—5x+sin_1ﬁ=sin_1x is
(A) 1 (B) -1 (©) 0 (D) None of these

SOLUTION : (C)

. 13 . 4x .
We have, SIn ?+5|n ?=sm X

= 3xy/25-16X% + 4X4/25 — 9X? = 25X

= X=0 or, 3,25-16x% +4,25-9x2 =25

Now, 3,/25-16x? + 44/25 - 9x? =25

= 4,/25-9x? =25-3,/25-16x°

= 16 (25— 9x2) = 625 + 9 (25— 16x2) —150,/25 — 162

= 1504/25-16x%2 =450 = 25-16x°=9 = x=+1

Hence, x = 0, 1, -1 are roots of the given equation.

Illustration - 34 . L . . .
The value of x which satisfies sin"t(1 — x) — 2sin"x = g is :

1
(A x=1 (B) Xx=3 (C) x=0 (D) None of these
SOLUTION : (C)
We have, sin~(1 - x) - 2sin"1x = g

= sin‘l(l— x):g+ 2 sin~tx

o0 CEETE
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U

So,

1-x =sin (n/2 + 2 sin™! x)
1-x=cos (2sin, 7 x)

1—x=cos {cos™* (1 - 2x%)}
1-x=(1-2x%

X(2x-1)=0

1 - -
, we have LHS =sin™ (1 - x) — 2 sin™ x

= sin_lé - 2$in_1£ = —s,in_11 = —g;t R.H.S.

x = 1/2 is not a root of the given equation.

Inverse Trignometry

[as 2 sin"! x = cos™! (1 - 2x?)]

Clearly, x = 0 satisfies the equation. Hence, x = 0 is a root of the given equation.

THINGS TO REMEMBER

1. Domain and Range (Principle value branch) of inverse Trignometric Functions
S. No. Functions Deomain Range
1. = iy x e[-1,1] y e [_—Zﬁ ﬂ
2. y = cos L x X € [—1, 1] y e[O, TC]
3. y = tan"t x X e R y e %n,g
4. y = cosec T x X € (-0, —1] U [l o) i G :__Zn g: - {0}
3 y = sec™x xe (oo, ~ UL ) yelth o= {%}
6. y = cot L x X eR y e (0, n)
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2. Property of inverse Tringonometric Function
(A) sin_l(—x) — —sintx for all x e[-1,1]
cos_l(—x) = —cos X for all x e[-1,1]
cosec‘l(—x) = — cosec 1 x for all Xe (-w, —1] U [1, )
tan_l(—x) = —tan~1x for all xeR
cot_l(—x) = n—cot 1x for all xeR
. . 1(1 1
B) @ sin (;j = COSec - X, forall x e (—oo, —1] U [1, )
1(1 1
(i) CcoS (—j =Sec "X, forall x e (—oo, —1] U [1, )
X
-1
cot ~Xx , for x>0
(i) tan~t (ij =
X —m+cotix for x<0
©) sintx+costx=2 forall xe[-1,1]
-1 -1, T
cosec"x +secTx=2 forall xe (-0, ~L UL )
tan~1x + cot L x = g forall x eR

11— X2 _ _
(D) (i) sin"tx=cos 11— x? —eot TN X et L | cosec 1(3)
1- % X NEC X

(0<x<1) (IxI<1) (0<x<1) (0<x<1) (X <1)-{0}

() cos™ Ly =sin™ \/ x2 =tan~1 V1- —cot_1 X =sec_1£ —cosec ™t _t

(0,<x<1) (0< x<1) (x| <1) (IxI<1) (0<x<1)
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/ 2
_ ) _ 1 _1( 1 _ _ 1+ x
(i) tan 1X= sm‘1 X =CO0S 1 = cot 1(—j:sec 1\/1+ x2 =C0Sec 1

X

J1+ %2 J1-x? X
(xeR) (0 < x< ) (x> 0) (x=0) (x eR -{0})
E) () sinsin™?x)=xVxe [-1 1] (ii) cos (cos 1 x) = X V X e[-1,1]
(iii) tan (tan™! x) = x V x € R (V) cosec (cosec™tx) = X V X e(—o0, —1] U[L, w)

(F)

(V) sec (sec™ %) = x V X e(—0, —1JU[L ) (V)  cot (cot™ x)=xV x e R

% — X ; o x< T
2 2
. N -7 i
sin~~(sin x) = {x : —<x< =
0 (g > 5
T—X : Ly
2 2
- - X ; 0<x <
(i)  cos 1(cos X) = "
21 — X : n < X< 20
-7
X : 7<x<E
-1
) tan ~(tan x) =
(iii) (tan x) -
X—T ; —< X <—
2
— T
X ; — < x<0 or 0 <x<—
(iv) cosec‘l(cosecx): 2 2
T —X ; —ESn—x<0 or 0<n—xsg
X ; XE[O,%JU(%,R}
(v) sec_l(sec X) =
2m — X ; 21[—Xe[0,£ju(£,n}
2 2

Things to remember 43



Inverse Trignometry

X+ 7 ; -n<X <0
(vi) cot™(cot x) ={x ; O<x<m
X—T X T <X <27
3. Important Results
tan_l(uj if xy =1
1-xy
A O tan~! x + tan~t y =<m+ tan_l(%j if x>0, y>0and xy >1
—n+tan_1(ujif Xx<0, y<Oand xy >1
1-xy
tan T XY if xy > -1
1-xy
(i) tantx—tanly = {n+ tan_l(uj if x>0, y<Oand xy <-1
1+ xy

sin_l{

(B) () sin"‘x+sinty=

— T+ tan‘l(uj if

1+ xy

Xyl — y2 +y 1—x2}

42 Things to Remember

X<0, y>0and xy <-1

if 1< x, yslandx2+y231
or

if xy <0 and G +y2>1

n—sin_l{xdl—y2 +y 1—x2} if O<x, y<land x2+y2>1

— m—sint {x\/l— y2 + y\/l— x2} if -1< x, y<0and X2 + y2>1



Inverse Trignometry

sin_l{xxll—y2 -y 1—x2} if -1< x,yslandx2+y231

or

if xy >0 and x2+y2>1

1 1
X—sin~y=
n—sin‘l{x\/l—y2 -y 1—x2} if 0<x<1 -1 <ysOandx2+y2>1

(i) sin™

—n—sint {X\/l—y2 —y\/l— x2} if —1<x<0,0<y<land x? +y2 >1

cos_l{xy— /1—x2«/1— yz}if -1<x, y<landx+y=>0

() cos1x + cos_ly:
21 —cos_l{xy —\/1— G \/1— y2} if -1< x,y<landx+y<0

cos* {xy —4/1 —x? V1- yZ} if —1<x,y<landx<y

(i) cos™tx - cos_ly:
—cos_l{xy—\/l—x2 \/1—y2} if -1<y<0,0<x<landx>y

1

m—2tan " X ; x>1
D) () y=sin—1[ > 2tant x : ~1< x<1
1+x
—m—2tan"1x ; X <-1
) o af1-x®)] 2tntx ; x>0
(i) y = COS 5 1 .
1+ X —2tan " x ; x< 0
m+ 2 tan "t x ; Xx<—-1
(iii) y=tan‘1{ > 2tant x : 1< x<1
1+ X
—m+ 2 tan"1x ; X >1
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(v)

v)

(Vi)

y=tan! [

y =sin1(3x—4x3) =

y =cos 1(4x3 —3x) =

3x—x3

1-3x2

1c+3tan_1 X

] = 3tan‘1x

-+ 3 tan_lx

w—3sin"" X

3sin” " x

—m—3sin" "X

2n — 3 cos_1 X

3cos_1 X

27+ 3 cos_1 X

Things to Remember
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