27. Direction Cosines and Directions Ratios

Exercise 27.1

1. Question

If a line makes angles of 90°, 60° and 30° with the positive direction of x, y, and z-axis respectively, find its
direction cosines.

Answer

Let us assume the angles that made with the positive direction of x, y, and z-axes beq, 3, y.

Then we get,

= =90°
:Bzeoo
=’Y=300

We know that if a line makes angles of g, 3, y with the positive x, y, and z-axes then the direction cosines of
that line is the cosine of that angles made by that line with the axes.

Let us assume that |, m, n are the direction cosines of the line. Then,

=1=cosa
=m = cosf
= n = cosy

We substitute the values of g, 3, y in the above equations for the values of I, m, n.
=1 = cos(90?)
= m = cos(60?)
1
=m=-
2

= n = cos(30%)

=>11=Lg
2
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. The direction cosines of the given line is g,
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2. Question
If a line has direction ratios 2, -1, -2, determine its cosines.
Answer

Let us assume the direction ratios of the line be r, ry, r3.

Then:

=r = 2
=ry=-1
=Tr3= -2

Let us assume the direction cosines for the line bel, m, n

We know that for a line of direction ratios ry, rp, r3 and having direction cosines |, m, n has the following



property.
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Let us substitute the values of 1, ry, r3 to find the values of I, m, n.

2

:1:,:
V22H(-1)2+(-2)2
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3
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J
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3
. . . . . .2 -1 =2
.. The direction cosines for the given line is 333

3. Question

Find the direction cosines of the line passing through two points (-2,4,-5) and (1,2,3).
Answer

Let us assume the given two points of line be X(-2,4,-5) and Y(1,2,3).

Let us also assume the direction ratios for the given line be (r, ry, r3).

We know that direction ratios for a line passing through points (x3, y1, z1) and (X3, vy, 25) is (Xo-X1, ¥Y2-Y1, Z»-
21L

So, using this property the direction ratios for the given line is, = (rq, rp, r3) = (1-(-2), 2-4, 3-(-5))
= (rq, rp, r3) = (142, 2-4, 3+5)
= (rl, r21 r3) = (31 _21 8)

Let us assume ], m,n be the direction cosines of the given line.



We know that for a line of direction ratios ry, rp, r3 and having direction cosines 1, m,n has the following
property.
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Let us substitute the values of r, ry, r3 to find the values of |, m, n.
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. . . . ... 3 -z 8
.. The Direction Cosines for the given line is —=, —=,—.
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4. Question
Using direction ratios show that the points A(2,3,-4), B(1,-2,3), C(3,8,-11) are collinear.
Answer

Given points are:

= A = (2131_4)
=B =(1,-2,3)
= C=(3,8,-11)

We know that for points D, E, F to be collinear the direction ratios of any two lines from DE, DF, EF are to be
proportional;

We know that direction ratios for a line passing through points (x3, y1, z1) and (X, Y2, 23) is (X2-X1, Y2-Y1, Z>-
Zl)'

Let us assume direction ratios for AB is (rq, rp, r3) and BC is (ry, rs, rg).

- = = — 3 _ k(constant).
I's T

[

The proportional condition can be stated as _~
&

Let us find the direction ratios of AB

= (ry, ry, r3) = (1-2, -2-3, 3-(-4))



= (ry, rp, r3) = (1-2, -2-3, 3+4)
=(ry, rp, r3) = (-1, -5, 7)

Let us find the direction ratios of BC
= (ry, rs, rg) = (3-1, 8-(-2), -11-3)
= (ry, s, rg) = (3-1, 842, -11-3)

= (ry, rs5, rg) = (2, 10, -14)

Now

r I r 1
-t _2_23_ _ =
2

Ty rg Ty
So, from the above relational we can say that points A, B, C are collinear.
5. Question
Find the directional cosines of the sides of the triangle whose vertices are (3,5,-4), (-1,1,2), (-5,-5,-2).
Answer
Let us write the given points as:
= A= (3,5,-4)
=B =(-1,1,2)
= C = (-5,-5,-2)
Let us assume the direction ratios of sides AB be (r,r5,r3), BC be (rs,rs,rg) and CA be (ry,rg,ro)

We know that direction ratios for a line passing through points (x3, y1, z1) and (X, y», 23) is (Xo-X1, Y2-Y1, Z>-
Zl)'

Let us find the direction ratios for the side AB
= (rq,rp,r3) = (-1-3, 1-5, 2-(-4))

= (rq,rp,r3) = (-1-3, 1-5, 2+4)

= (rq,rp,r3) = (-4,-4,6)

Let us find the direction ratios for the side BC
= (rg,rs.rg) = (-5-(-1), -5-1, -2-2)

= (rg,rs,rg) = (-5+1, -5-1, -2-2)

= (rg,rs,rg) = (-4,-6,-4)

Let us find the direction ratios for the side CA



= (r7lr8lr9) = (3_(_5)1 5_(_5)1 _4_(_2))
= (ry,rg,rg) = (3+5, 5+5, -4+2)
= (ry,rg,rg) = (8,10,-2)

Let us assume1,,m,,n, be the direction cosines of line AB, 1,,m,,n, be the direction cosines of line BC and
1, m5,n, be the direction cosines of line CA.

We know that for a line of direction ratios ry, rp, r3 and having direction cosines 1, m,n has the following
property.
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Let us follow the above property and find the direction cosines of each side.

Now, let’s find the direction cosines of side AB,
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The direction cosines for the side AB is ::—)
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Let’s find the directional cosines for the side BC,
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The direction cosines for the sides BC is { = —
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Let’s find the direction cosines for the side CA,
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The direction cosines for the sides CA is (i_i__—l)
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6. Question

Find the angle between the vectors with direction ratios proportional to 1,-2,1 and 4,3,2.

Answer

Let us assume the direction ratios of vectors be (rq,ry,r3) and (rg,rs,rg).

Then,

= (rq,rp,r3) = (1,-2,1)

= (rg,rs,rg) = (4,3,2)

We know that the angle between the vectors with direction ratios proportional to (a;,bq,¢1) and (a;,b;,¢c5) is

given by:

_ a, as+b,batc cn
=0 =cos™ | = ,
ZohZo 2 a2 lZa a2
la+bT+c? aZ+b3+cl

| TR

Using the above formula we calculate the angle between the vectors.

Let o be the angle between the two vectors given in the problem.

(1x4)+{—2x3)+(1%2) )

== cos‘l( .
V1EH(—2)2417% /42432422

3642 )

=>0= I:'IZ)S_:l (:
Jizasli619+a

-1 o
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viby29,

= q = cos 0)



m
=00 =—-
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. The angle between two given vectors isg or 90°.

7. Question

Find the angle between the vectors with direction ratios proportional to 2,3,-6 and 3,-4,5.

Answer

Let us assume the direction ratios of vectors be (r,ry,r3) and (rg,rs,rg).

Then,

= (rq,rp,r3) = (2,3,-6)

= (rg,rg,rg) = (3,-4,5)

We know that the angle between the vectors with direction ratios proportional to (a;,b1,c1) and (a;,b,,¢5) is

given by:

_ a,; as+b,b,+c,c
:E}:COSI IJ.Z 10z+C,Cp

]
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31+b1+cl\|az+bz+cz
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Using the above formula we calculate the angle between the vectors.

Let a be the angle between the two vectors given in the problem.

(2%3)+(3 % —4)+({—6%5) )

-1
=0 = C0s
(V-'22+32+(—6]2 3% +(—4)2452

-1 6-12-30
= o = CoS —
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-1 —36
= O = CoS ( — __)
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— —36
= o = COS *( _)
Ty 2X25
-1 —-36
= = Cos —
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— —18+2
= q=cos ! (_f)
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. ; : _1[-18V2
. The angle between two given vectors is cos — )

8. Question

Find the acute angle between the lines whose direction ratios are proportional to 2:3:6 and 1:2:2.
Answer

Given that the direction ratios of the lines are proportional to 2:3:6 and 1:2:2.

Let us denote the lines in the form of vectors as A and B.

Let’'s write the vectors:

= A =2+ 3j+ 6k

=B =1i+2j+ 2k

We know that the angle between the vectors aji + b1j + c1k and asi + byj + c;k is given by:



_ a,; as+b,b,+c,c
=’B=COSI IJ.Z 10z+C,Cp
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Let’'s assume the angle between the vectors A and B be q,

Using the given formula we find the value of q.

2x1)+(3%2)+{6x2) )

22237467 12422422

246412 )

=20= l:'l:}S_1 (:
V4494364 1+4+4

-1 20
=0 = C0s —
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The acute angle between the two vectors is given by ¢cos! (2)

9. Question
Show that the points (2,3,4), (-1,-2,1), (5,8,7) are collinear.
Answer

Let us indicate given points with A, B and C.

=A=(23,4)
=B =(-1,-2,1)
= C = (5,8,7)

We know that for points D, E, F to be collinear the direction ratios of any two lines from DE, DF, EF are to be
proportional;

We know that direction ratios for a line passing through points (x3, y1, z1) and (X, Y2, 25) is (Xo-X1, Y2-Y1, Z>-
Zl)'

Let us assume direction ratios for AB is (rq, rp, r3) and BC is (ry, rs, rg).

- = = — 3 _ k(constant),
I's r

[

The proportional condition can be stated as _~
&

Let us find the direction ratios of AB
= (ry, ry, r3) = (-1-2, -2-3, 1-4)

= (rq, ry, r3) = (-3,-5,-3)

Let us find the direction ratios of BC
= (rg, rs, rg) = (5-(-1), 8-(-2), 7-1)
= (rg, rs, rg) = (5+1, 842, 7-1)

= (rg, rs, rg) = (6, 10, 6)

Now
r -3
-t __"
Ty 6
ry =1



So, from the above relational we can say that points (2,3,4), (-1,-2,1), (5,8,7) are collinear.
10. Question

Show that the line through points (4,7,8) and (2,3,4) is parallel to the line through the points (-1,-2,1) and
(1,2,5).

Answer

Let us denote the points as follows:

=A=(4,7,8)
=B =(234)
=C=(-1,-2,1)
=D = (1,2,5)

If two lines are said to be parallel the directional ratios of two lines need to be proportional.

Let us assume the direction ratios for line AB be (ry,r,,r3) and CD be (rg,rs,rg)

We know that direction ratios for a line passing through points (x3, y1, z1) and (X3, y», 25) is (Xo-X1, Y2-Y1, Z»-
Zl)'

Let’s find the direction ratios for the line AB
= (rq,rp,r3) = (2-4, 3-7, 4-8)

= (rq,rp,r3) = (-2,-4,-4)

Let’s find the direction ratios for the line CD
= (rq,rs.rg) = (1-(-1), 2-(-2), 5-1)

= (rg,rg,rg) = (1+1, 2+2, 5-1)

= (rg,rs,rg) = (2,4,4)

i g I
<+ == = = = k(constant).
Ts Ts s

The proportional condition can be stated as

Let check whether the directional ratios are proportional or not,

n_=2
1'4_ 2
1“_
=>r—=-1 ...... (1)
rs -4
= ===
rs 4
SZ2=—1...2)



From (1),(2),(3) we can say that the direction ratios of the lines are proportional. So, the lines are parallel to
each other.

11. Question

Show that the line through points (1,-1,2) and (3,4,-2) is perpendicular to the line through the points (0,3,2)
and (3,5,6).

Answer

Let us denote the points as follows:

=>A=(1,-1,2)
=B =(3,4,-2)
= C=(0,3,2)
=D = (3,5,6)

If two lines of direction ratios (a;,b;,¢1) and (ay,by,c5) are said to be perpendicular to each other. Then the
following condition is need to be satisfied:

= al.a2+b1.b2+c1.c2=0 ...... (1)
Let us assume the direction ratios for line AB be (ry,r,,r3) and CD be (rg,rs,rg)

We know that direction ratios for a line passing through points (x3, y1, z1) and (X3, vy, 25) is (Xo-X1, ¥Y2-Y1, Z»-
Zl)'

Let’s find the direction ratios for the line AB

= (rq,rp,r3) = (3-1, 4-(-1), -2-2)

= (rq,rp,r3) = (3-1, 441, -2-2)

= (rq,rp,r3) = (2,5,-4)

Let’s find the direction ratios for the line CD

= (rg.rs,rg) = (3-0, 5-3, 6-2)

= (rg,rs,rg) = (3,2,4)

Let us check whether the lines are perpendicular or not using (1)
= r1.rg+ry.rs+r3.rg = (2x3)+(5%x2)+(-4x4)

= ry.rg+ry.rs+ri.rg = 6+10-16

= r1.r3+ry.rg+r3rg =0

Since the condition is clearly satisfied, we can say that the given lines are perpendicular to each other.
12. Question

Show that the line joining the origin to the point (2,1,1) is perpendicular to the line determined by the points
(3,5,-1) and (4,3,-1).

Answer

Let us denote the points as follows:
= 0 = (0,0,0)

=>A=(211)



=B =(3,5,-1)
=C=(4,3,-1)

If two lines of direction ratios (a;,b1,c;) and (ay,b,,c5) are said to be perpendicular to each other. Then the
following condition is need to be satisfied:

= a1.a2+b1.b2+c1.c2=0 ...... (1)
Let us assume the direction ratios for line OA be (rq,ry,r3) and BC be (rg,rs,rg)

We know that direction ratios for a line passing through points (x3, y1, z1) and (X, Y2, 23) is (Xo-X1, Y2-Y1, Z>-
Zl)'

Let’s find the direction ratios for the line OA

= (rq,rp,r3) = (2-0, 1-0, 1-0)

= (ry,rp,r3) = (2,1,1)

Let’s find the direction ratios for the line BC

= (rg,rs,rg) = (4-3, 3-5, -1-(-1))

= (rq,rs.rg) = (4-3, 3-5, -1+1)

= (rg,rs,rg) = (1,-2,0)

Let us check whether the lines are perpendicular or not using (1)

= r1.rg+ry.rg+r3.rg = (2x1)+(1x-2)+(1x0)

= r1.rg+ry.rg+ry.rg = 2-2+0

= r1.r3+ry.rg+r3rg =0

Since the condition is clearly satisfied, we can say that the given lines are perpendicular to each other.
13. Question

Find the angle between the lines whose direction ratios are proportional to a,b,c and b-c, c-a, a-b.
Answer

Let us assume the direction ratios of vectors be (r,ry,r3) and (rg,rs,rg).

Then,

= (ry,rp,r3) = (a,b,c)

= (r4,r's,rg) = (b-c, c-a, a-b)

We know that the angle between the lines with direction ratios proportional to (a;,b1,c1) and (ay,b,,c5) is

given by:

-1 a, as+hb,bo+c,co
=0 = cos , ,
[a2on2a .2 (22,12, 2
aj+bi+c] jas+bi+cs

| TR

Using the above formula we calculate the angle between the lines.

Let a be the angle between the two lines given in the problem.

(ax(b—c]]+(bx(c—a]]+{cx(a—b]} )

>q= cos‘l( :
VaZ+bZ+c?,/(b—c)2+(c—a)2+(a—b)2

=0 = Co0s

ab—ac+bc—ab+ac—bc )

1
(\," a®+b%+c? | b?+c®—2Zbe+e® +a%—2ac+a®+bZ-2ab



— 0
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cos~1(0)

m
=>0=-
2

. The angle between two given vectors isg or 90°.

14. Question

If the coordinates of the points A, B, C, D are (1,2,3), (4,5,7),(-4,3,-6),(2,9,2), then find the angle between AB
and CD.

Answer

Given points are:

=A=(1,2,3)
=B = (4,5,7)
= C = (-4,3,-6)
=D =(2,9,2)

Let us assume the direction ratios for line AB be (ry,r,,r3) and CD be (rg,rs,rg)

We know that direction ratios for a line passing through points (x3, y1, z1) and (X3, vy, 25) is (Xo-X1, ¥Y2-Y1, Z»-
Zl)'

Let’s find the direction ratios for the line AB

= (rq,rp,r3) = (4-1, 5-2, 7-3)

= (rq,rp,r3) = (3,3,4)

Let’s find the direction ratios for the line CD

= (rq,rs.rg) = (2-(-4), 9-3, 2-(-6))

= (rg,rs,rg) = (2+4, 9-3, 2+6)

= (rg,rs,rg) = (6,6,8)

We know that the angle between the vectors with direction ratios proportional to (a,b;,¢7) and (ay,by,¢5) is

given by:

-1 a, as+hb,bo+c,co
=0 = cos , ,
[a2on2a .2 (22,12, 2
aJ_+I:|J_+::J_\‘I:.=.2+I32+::2

v

Using the above formula we calculate the angle between the vectors.

Let o be the angle between the two vectors given in the problem.

(2.6)+(3.6)+(4.9) )

-1
= Q= C08 (
V32432442 62462482

-1 18+18+32
=0 = C0Ss - r
VI+9+16 36+36+64
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=0 = C0Ss — —
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=0 = C0Ss ——
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=0 = Cos —
V4624



.. The angle between the given two vectors is 0°.

15. Question

Find the direction cosines of the lines, connected by the relations: I+ m+ n = 0 and 2Im+ 2In- mn =0.
Answer

Given relations are:

= 2Im+ 2In- mn =0 ...... (1)

=|+ m+ n =0

Substituting (2) in (1) we get,

= 2(-m-n)m + 2(-m-n)n - mn =0
= 2(-m2-mn) + 2(-mn-n?) - mn =0
= -2mZ -2mn -2mn -2nZ -mn =0
= -2m2-5mn-2n2 =0

= 2m2+5mn+2n2=0

= 2m2+4mn+mn+2n2=0
=2m(m+2n)+n(m+2n)=0

= (2m+n)(m+2n)=0

=2m+n=0 or m+2n=0

= 2m=-n or m=-2n

—n
=m=—orms= —2n...... (3)

Substituting the values of (3) in eq(2), we get

For 15t line:

bt 1§
@)
sl=>-n
1=

—n —n

The direction ratios for the first line is (T 5 11)-

r

Let us assume l;,m1,n; be the direction cosines of 15t line.

We know that for a line of direction ratios ry, ry, r3 and having direction cosines 1, m,n has the following
property.
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Using the above formulas we get,
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The Direction cosines for the 15 line is (}é,_—; g)
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For 2N ine:
= |=-(-2n)-n
= |=2n-n

= |=n

The direction ratios for the second line is (n,—2n,n).

Let us assume l,,m5,n, be the direction cosines of 15t line.

We know that for a line of direction ratios ry, rp, r3 and having direction cosines 1, m,n has the following
property.
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Using the above formulas we get,
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The Direction Cosines for the 2"? line is (Tl_i i).
VB B 46

16 A. Question

Find the angle between the lines whose direction cosines are given by the equations:
l[+m+n=0 and 12+m?2-n2=0

Answer

Given relations are:

= [2+m2-n2=0 ......(1)

= |+m+n=0



Substituting (2) in (1) we get,

= (-m-n)2+m?2-n2=0

= m2+n2+2mn+m2-n2=0

= 2m2+2mn=0

= 2m(m+n)=0

=2m=0 or m+n=0
=>m=0orm=-n...... (3)

Substituting value of m from(3) in (2)
For the 15t line:

= |=-0-n

= |=-n

The Direction Ratios for the first line is (-n,0,n)

For the 2" line:

= |=-(-n)-n
= |=n-n
= |=0

The Direction Ratios for the second line is (0,-n,n)

We know that the angle between the lines with direction ratios proportional to (g,b;,¢c1) and (a,by,c5) is
given by:

_ a, a-+b,b.+c,c
:E}:COSI | 182 212

‘J

2 2|2 z
+b+C\I Z+b3+c3

Using the above formula we calculate the angle between the lines.

Let ¢ be the angle between the two lines given in the problem.

=S = COS_l( (-n.0)+(0.—n)+({n.n) )
(-n}2+0%+n? /02 +(—n)*+n?

-1

0+0+n®
=0 = Cos )

vZnZ 2nZ.

(e
== cos" l(nz)
™

.. The angle between given two lines isg or 60°.

16 B. Question

Find the angle between the lines whose direction cosines are given by the equations:
2l-m+2n=0 and mn+nl+Im=0

Answer

Given relations are:



= mn+nl+Im=0 ...... (1)

= 2|-m+2n=0

= m=2l+2n ...... (2)

Substituting (2) in (1) we get,

= (214+2n)n+nl+1(214+2n)=0

= 2In+2n2+nl+212+2In=0

= 2n2+5In+212=0

= 2n?+4In+In+212=0

= 2n(n+21)+I(n+21)=0

= (2n+I)(n+21)=0

= 2n+|=0 or n+2|=0

= |=-2nor 2l=-n ...... (3)

Substituting the values of(3) in (2) we get,
For the 15t line:

=m = 2(-2n)+2n

= m=-4n+2n

= m=-2n

The direction ratios for the 15 line is (-2n,-2n,n)
For the 2" line:

= m=-n+2n

= m=n
The direction ratios for the 29 line is (_?n 1, n)

We know that the angle between the lines with direction ratios proportional to (a;,b1,c1) and (ay,b,,c5) is
given by:

-1 a, as+hb,bo+c,co
=0 = cos , ,
[a2on2a .2 (22,12, 2
aj+by+cy jas+bi+cs

N TR

Using the above formula we calculate the angle between the lines.

Let a be the angle between the two lines given in the problem.

-n
1 (—2 n>(?:|+(—2 nxn)}+(nxn)

=0 =Cos" 7
[(—2n)%+(—2n)2+n? I{E)2+(11]z+112
v Jiz

1 n®-2n%+n?

=0 =Cos" —
ez |n
y4nZ+4nZ+n? \IITH"ZH"Z



m
=00 =—-
2

. the angle between two lines is% or 90°.

16 C. Question

Find the angle between the lines whose direction cosines are given by the equations:
[+2m+3n=0 and 3Im-4In+mn=0

Answer

Given relations are:

= 3Im-4In+mn=0 ...... (1)

= |+2m+3n=0

Substituting (2) in (1) we get,

= 3(-2m-3n)m -4(-2m-3n)n +mn =0
= 3(-2m2-3mn) -4(-2mn-3n?) +mn=0
= -6m2-9mn+8mn+12n2+mn=0

= 12n%-6m?=0

= m2-2n2=0

= [m - \ﬁn)(m + \ﬁn) =0

=m—+2n=0orm++2n

|
(=}

*m=+2norm= —/2n - (3)

Substituting the values of (3) in (2) we get,

For the 15t line:

=1=-2(v2n) —3n

=1=—(3+2vV2)n

The Direction Ratios for the 15t line is (_{3 T 2»@)11’ V2n, n)-
For the 2" line:

=1= —2(—/2n) - 3n

=1=(2vy2-3)n

The Direction Ratios for the 2" line is ((2v2 - 3)n, —v2n,n).

We know that the angle between the lines with direction ratios proportional to (a;,b1,c1) and (ay,by,c5) is
given by:

-1 a, as+hb,bo+c,co
=0 = cos , ,
[a2on2a .2 (22,12, 2
aj+by+cy jas+bi+cs

N TR

Using the above formula we calculate the angle between the lines.

Let o be the angle between the two lines given in the problem.



({—(3 +2 -\,"E}n)x({Q JZ-3 }n)]+{ VZnx—yZn)+(nxn)
=q=cos | -

I
\‘II {—(3 +2 \,"5}11)2“[ \,"fn}z+nz \Il {{2 V2-3 ]In)Z +(— \,"En}z+nz

n%(9-8-2+1) )

: a = Cos_l ( i) | = ' | =y
Y oIn?+8nt+12v/2n*+2n%+n? y9n2+8n*—12y/2n%+2n%+n?

-1 on?
= = COS : — —
v 20n%+12+/2n% 4 20n%-12+2n2

= a = cos~}(0)

s
=>0=-
2

-. The angle between two lines is > or 90°.

16 D. Question

Find the angle between the lines whose direction cosines are given by the equations:
214+2m-n=0 and mn+In+Im=0
Answer

Given relations are:

= mn+In+Im=0 ...... (1)

= 2[+2m-n=0

=n=2[4+2m ...... (2)
Substituting (2) in (1) we get,
= m(2[4+2m)+1(21+2m)+Im=0
= 2Im+2m?+21%+2Im+Im=0
= 2m2+5Im+212=0

= 2m2+4im+Im+212=0
=2m(m+20)+I(m+21)=0

= (2m+I1)(m+21)=0

= 2m+I=0 or m+2|=0
=2m=-|or 2|=-m ...... (3)
Substituting the values of (3) in (2), we get
For the 15t line:

= n=2I-

= n=|

The Direction Ratios for the first line is (1, — :1)

For the 2" line:
= nN=-m+2m

=n=m
The Direction Ratios for the second line is (?,m, m)

We know that the angle between the lines with direction ratios proportional to (a;,b1,c1) and (ay,b,,c5) is



given by:

-1 a, as+hb,bo+c,co
=0 = cos , ,

[a2on2a .2 (22,12, 2
aJ_+I:|J_+::J_\‘I:.=.2+I32+::2

v

Using the above formula we calculate the angle between the lines.

Let o be the angle between the two lines given in the problem.

1 l:l xﬁ.ﬂ[ _Tl :‘n:}-i—(lxrn]

= =Ccos" = =
ETPY ) R R ) N
_UJ +(:i +1 ".f_: J +mZ+m
—Im Im
1 _1—_1+]1'n
= @ = C0S - =
Pa—ei® ™ 4m24m2
".11—|—]-\.4+m+m
sqa=cos | ——
[o12 [om?
V4N 4
m
=0=-
2

.. the angle between two lines isgor 90",

Very Short Answer

1. Question

Define direction cosines of a directed line.
Answer

The direction cosines of a directed line can be defined as cosine values of the angles made by the directed
line with the x-axis, y-axis and z-axis respectively.

Explanation:

Consider a directed line pa , in the three dimensional space.

If a, B and y be the angles made by the directed line ga with the x-axis, y-axis and z-axis respectively.
"..-‘..
Ness
) ) P Y
_/

L:’I o
A

/ a

/
!

X ‘f

In the above figure, the direction cosines of line OA are:

Cos a = cosine of the angle between x-axis (OX) and the directed lin€ga.

Cos B = cosine of the angle between y-axis (OY) and the directed linegA.



Cos y = cosine of the angle between z-axis (0Z) and the directed linépA.

2. Question
What are the direction cosines of X-axis?

Answer

As per the definition of direction cosines, the cosine values of the angles formed by the directed line with the
X-axis, y-axis and z-axis.

Here we consider the directed line to be the x-axis.
So from the below figure, we can say,

a = the angle formed by the x-axis with x-axis = 0°
B = the angle formed by the x-axis with y-axis = 90°
y = the angle formed by the x-axis with y-axis = 90°

T

?

Therefore,

cos o = cos 0° =

cosB=cos90°=0

cosy=c0s90°=0

Hence the direction cosines of x-axis are 1, 0, 0.
3. Question

What are the direction cosines of Y-axis?

Answer

As per the definition of direction cosines, the cosine values of the angles formed by the directed line with the
X-axis, y-axis and z-axis.

Here we consider the directed line to be the y-axis.
So from the below figure, we can say,

o = the angle formed by the y-axis with x-axis = 90°
B = the angle formed by the y-axis with y-axis = 0°

y = the angle formed by the y-axis with y-axis = 90°



Therefore,

cosa =cos 90° =0

cosB=cos0°=1

cosy=c0s90°=0

Hence the direction cosines of y-axis are 0, 1, 0.
4. Question

What are the direction cosines of Z-axis?

Answer

As per the definition of direction cosines, the cosine values of the angles formed by the directed line with the
X-axis, y-axis and z-axis.

Here we consider the directed line to be the z-axis.
So from the below figure, we can say,

o = the angle formed by the z-axis with x-axis = 90°
B = the angle formed by the z-axis with y-axis = 90°

y = the angle formed by the x-axis with y-axis = 0°

Z

4

—

x
— o

Therefore,

cosa =cos90° =0

cosB=cos90°=0

cosy=cos0°=1

Hence the direction cosines of y-axis are 0, 0, 1.
5. Question

Write the distance of the point (3, -2, 3) from XY, YZ and XZ planes.



Answer

From the given information, A is a point with co-ordinates (3,-2, 3).

X

If you consider the projection of A(3,-2,3) on the XY-plane is H(3,-2,0) where the z-coordinate will not exist on
XY-plane.

Similarly projection of A(3,-2,3) on the YZ-plane is T(0,-2,3) where the x-coordinate will not exist on YZ-plane.
The projection of A(3,-2,3) on the XZ-plane is T(3,0,3) where the x-coordinate will not exist on XZ-plane.

Now, the distance between A and XY-plane = Distance between points A&H

Distance between two points is given by J@;—a)?+ (b, —b)?+ (c;— ;)2

Using this formula,

Distance of point A from XY = /(3 -3)2+ (-2 —(—2))2+ (0 — 3)2

= /(7 + (07 (0-3)°

=V 32
=3

Distance of point A from YZ = vf(3 —0)2+ (—2—-(—2))2+ (3 -3)2

= /37 + (072 + (0)?

=V 3?
=3

Distance of point A from XZ = 1\;[:3_ 3)2+ (—2-0)2+ (3—3)2

=y (0)*+(=2) +(0)?

=V 22

=2

6. Question

Write the distance of the point (3, -5, 12) from X-axis?
Answer

From the given information, A is a point with co-ordinates (3, -5, 12).



From the figure, we can say that the projection of point A on x-axis will be point H(3,0,0) as the y-coordinate

and z-coordinate will be zeros.

Distance between two points is given by \/(a, —a;)2 + (b, —b;)? + (¢, — ¢,)?

Using this formula,

Distance of point A from x-axis (point H)

=J(3-3)2+ (0— (—5))2+ (0 — 12)2

=J(0)2+(5)2 + (12)2
=0+ 25+ 144

=v 169

=13

7. Question

Write the ratio in which YZ-plane divides the segment joining P(-2, 5, 9) and Q(3, -2, 4).
Answer

Given the points P(-2,5,9) and Q(3,-2,4)

Let the plane YZ-plane divide line segment PQ at point G(0,y,z) in the ratio m:n.

The coordinates of the point G which divides the line joining points A(x;.y3.z7) and B(x5,y5.75) in the ratio m:n

is given by
( mx, + nx, my, +ny, mz, +nz, )
N m+n "~ m+n ° m+n

Here, we have m:n

X1=-2yl=521=9




X2=3y2=-222=4

By using the above formula, we get,

mx(3)+n x(—2) mx(—2)+nx(5) mx(4)+mx(9)
B m+n ! m+n ! m+n

»

( Jm—2n —2m-+5n 4m+ 9m )
m+n ~ m+n m+n

Now, this is the same point as G(0,y,z),

As the x-coordinate is zero,

3m-—2n
m+n

[Cross Multiplying]
3m-2n=0 X (m +n)
3m-2n=0

3m = 2n

m 2

n 3
Therefore, the ratio in which the plane-YZ divides the line joining A & B is 2:3

8. Question

A line makes an angle of 60° with each of X-axis and Y-axis. Find the acute angle made by the line with Z-
axis.

Answer

Given that, the line makes angles
* 60° with the x-axis.

* 60° with the y-axis.

Let the angle made by the line with z-axis be a.

Now, as per the relation between direction cosines of a line,  + m2+n2 = 1 where |,m,n are the direction
cosines of a line from x-axis, y-axis and z-axis respectively.

From the problem,
| = cos 60° = =
2

° 1
m = cos 60° = 3
n = cos «
By using the formula,
2+ m2+n2=1

2 2

(3) + (@) +oosat
2 5 cos™ o =

[As cos 60° value is ; 1

1+1+ fa=1
2 ) cos~da =



1 2
—+cosa=1

2

cosfa=1— =
2

1

cosla= —

2

1

cosa = —

V2

[As cos 45° = % ]
N

o = 45°

Therefore, the angle made by the line with z-axis is 45°

9. Question

If a line makes angles a, B and y with the coordinate axes, find the value of cos 2a + cos 2B + cos 2y.
Answer

Given, the line makes the angles a, B and y respectively with x-axis, y-axis and z-axis.

As per the relation between direction cosines of a line, B + m2+n2 = 1 where I,m,n are the direction cosines
of a line from x-axis, y-axis and z-axis respectively.

So, we can say that,

cos?a + cos?B + cos?y = 1 ------ (1)

Now, we should find the value for

cos2a + cos2f + cos2y

cos2a can be written as 2cos?a -1,

cos2a + cos2B + cos2y = (2cos?a -1) + (2cos?B -1) + (2cos?y -1)
= 2 (cos?a+ cos?B + cos?y) - 3

=2(1)-3

[From Equation (1)]

=-1

Therefore,

cos2a + cos2fB + cos2y = -1

10. Question

Write the ratio in which the line segment joining (a, b, ¢) and (-a, -c, -b) is divided by the xy-plane.
Answer

Given,

The line segment is formed by P and Q points where

Point P = (a,b,c)

Point Q = (-a,-c,-b)



o

&

From the figure, we can clearly see that, the line segment joining points P and Q is meeting the plane XY at
point G.

Let Point G be (x,y,0) as the z-coordinate on xy plane does not exist.
Also let point G divides the line segment joining P and Q in the ratio m:n.

The coordinates of the point G which divides the line joining points A(x3.y3.23) and B(X;.Y5.25) in the ratio m:n
is given by

( mx, + nx; my, + ny; mz, +nz, )

m+n '~ m+n ~ m+n
Here, we have m:n
Xy=ay;=bz =c
Xy =-ay,=-CZy=-b
By using the above formula, we get,

B (m x(—a)+n x(a) m x(—c)+nx(b) mx(—b)+mx(c) )

m+n ! m-+n ! m-+n

(—am +an —cm+bn —bm+ cm )
m+n ~ m+n ° m+n

Now, this is the same point as G(x,y,0),
As the x-coordinate is zero,

—bm + cn

m+n
[Cross Multiplying]
-bom+cn=0X%x(m+ n)
-bm+cn=0
-bm = -cn

m C

n b

Therefore, the ratio in which the plane-XY divides the line joining P & Q is c:b

11. Question

Write the inclination of a line with Z-axis, if its direction ratios are proportional to 0, 1, -1.

Answer

Given, the direction ratios of the line are proportional to (0, 1,-1)



Therefore, consider the direction ratios of the give line can be
a=0xk,b=1xk c=(1) xk

[where k is some proportionality constant]

Now the direction ratios of the line are

a=0,b=k c=-k

As we know the direction cosine of z-axis can be given by

cosy=n= ——— where v is the angle made by the line with the z-axis.

vaZ+ b3+ c?
By using the above formula:

-k

N (R @
k

cosy = o
K

cosy= 11—
-1

cosy= 7

[As cosine function is negative, the angle become 135° instead of 45° ]

3

iy

The inclination of the line with z-axis is %ﬂ

12. Question

Write the angle between the lines whose direction ratios are proportional to 1, -2, 1 and 4, 3, 2.
Answer

Given,

* Direction Ratios of Linel are proportional to (1,-2,1)

* Direction Ratios of Line2 are proportional to (4,3,2)

So we can say that,

Direction ratios of linel

a;=1xk,by=(2)xkandg =1xKk

a; =k,b; =-2kand ¢; =k

Direction ratios of line2

ar=4xp,bhb=3xpandc=2X%xp

a>»=4p,by=3pand c =2p

Now, the angle between the lines with direction ratios a;, by, ¢; and a,, by, ¢5 is given by

la;a, +byby + ¢ 0,
cosf =

Jalz+b12+c12JaEE+b22+ c,2

By using this formula,



[(k x 4p) + (—2k x 3p) + (k x 2p)|

cosf =

VI + (=207 + 12 [(#p)7 + (3p) + (2p)?

|4kp — 6kp + 2kp|

cosf =

Vk? + 4k? + k2,/16p? + 9p? + 4p?

[0]

cosf =

vk? + 4k? + k2,/16p? + 9p? + 4p2
cos6=0
0 =90°

The angle between the lines is 90°.

13. Question

Write the distance of the point P(x, y, z) from XOY plane.
Answer

Given point P(x,y,z)

From the figure, we can say that Point E (x,y,0) is the projection of Point P on the XY-plane ( the z-coordinate
remains zero on XY-plane).

Distance between two points is given by J@;—a)?+ (b, —b)?+ (c;— ;)2

Here the distance between Point P & E will give the distance of the point P from the XY-plane.
Herea; = x, by =y, ¢y =2

ab=X,by=y,c,=0

Distance from P to E =

VE=02+ (y-y)2+ (0-2)?

=V (-2)?

=V (2)?

=z

Therefore, the distance between the XY plane and point P is z units.
14. Question

Write the coordinates of the projection of point P(x, y, z) on XOZ-plane.
Answer

Given, point P (x,y,2)



From the figure, we can clearly see the projection of point P on

T ,;:' YT the XOZ plane.
’,’/ The projection of P on the x-axis will be (x,0,0)
:,’, The projection of P on the z-axis will be (0,0,z)
o By this we can say that, if we are considering the projection of
a P on the XOZ plane, the coordinates of Y-axis will be zero,

Hence the projection of point P(x,y,z) on the XOZ plane will be
point E(x,0,z).

N/ 15. Question
Write the coordinates of the projection of the point P(2, -3, 5) on Y-axis.
Answer

Given Point P is (2,-3,5)

o

From the figure, we can see that Point E is the projection of P (2,-3,5) on the Y-axis.
All the points on the y-axis are of the form (0,y,0).

Hence, the projection of point P on y-axis will be (0,-3,0).

16. Question

Find the distance of the point (2, 3, 4) from the x-axis.

Answer

Given,

The point is (2,3,4). Let this point be P.

A s I

From the figure, point E (2,0,0) is the projection of point P(2,3,4) on the x-axis.

The distance between the points P & E will give the distance of the point P from x-axis.



Distance between two points is given by J@;—a)?+ (b, —b)?+ (c;— ;)2
Here
a;=2,b;=3,cy=4anday,=2,b,=0,¢c,=0

Distance between P and x-axis is

= J(2-2)2+(0—3)2+ (0 —4)?

= J(0)2+ (=3)2 + (—4)2

Therefore the distance between, the x-axis and the Point P (2,3,4) is 5 units.

17. Question

If a line has direction ratios proportional to 2, -1, -2, then what are its direction consines?
Answer

Given, the direction ratios of the line are proportional to (2, -1,-2)

Therefore, consider the direction ratios of the give line can be

a=2xk b=(1)xk c=(-2) xk

[where k is some proportionality constant]

Now the direction ratios of the line are

a=2k b=-k c=-2k

As we know the direction cosine ae given by

a c
oS == ———,c0sBp=M= ————,C0sYy=h= ————
vat+b3+e? vaZ+ b3+ c? Ja®+ b3+ c?

Where a, B and y are the angles formed by the line with the three axes.
By using the above formula:
| =cosa=

2k
J@ZRZ+ (07 + (—2K)2

2k
T VAR T K2+ 4K
2k
- =
%
3k

2
Therefore cos a = 3

JZOZ+ (K2 + (—2K)2



—k
VAKZ + K2 + 4K2

—2k
J@ZRZ+ (07 + (—2K)2

—2k
VakZ + K2 + 4K2

-2k
3k

2
cosy= —:

. . . 2 1 2
Therefore, the direction cosines are 37373

18. Question

Write direction cosines of a line parallel to z-axis.

Answer

Given

The line is parallel to z- axis.

So the line would be perpendicular to both x-axis and y-axis.

Hence, the angles formed by the line with x-axis & y-axis are 90° and 90° respectively.
Also the angle formed by the line with z-axis is 0°.

The direction cosines of a line are given by, cos a, cos B, cos y. Where o,8 and vy are angles formed by the
line with the x,y and z axes respectively.

Here

a=90°pB =90°andy =0°
o =cos90°=0

B
y=cos0°=1

cos 90°=0

Therefore the direction cosines of the line parallel to z-axis are (0,0,1).

19. Question

If a unit vector 3 makes an angle Ewith 1 Ewith:iand an acute angle 6 with k then find the value of 0.
3 4

Answer



Given the unit vector makes,
* an angle ofg with x-axis
« an angle ofE with y-axis

* an angle of 8 with z-axis
* O is acute angle

Let the unit vector 3 be: xj + yj + zk

As given it is a unit vector,

Therefore 3] =1

As the angle between in 3 and x-axis isg , the scalar product of the vectors can be performed.

The scalar product of the two vectors is given by

7.b = [3][b|cos®
— —a e
a.i= |:;1||1||:(:-s3

R S, b1
(xi+yj+zk)i=1x1 x cosg
[as both the vectors are of magnitude 1].

~ = N A ~ o~ i
(x1+y] + zk).(11+ 0j+0k)=1 x1 x cosg

(x x1)+(y x0)+(z ><0)=%

X==
2

As the angle between in 3 and y-axis isg , the scalar product of the vectors can be performed.

- T
(xi+yj+zk).j=1 x1 x cosy

- - T
(xi+yj+2k). (0i+ 1§+ 0k) =1 x 1 x cos

1
(xx0)+(yx1)+(z ><0)=w,—E
_ 1
y_\."'i

Similarly the angle between in 3 and y-axis is 0 , the scalar product of the vectors can be performed.
7K = [l[R| cos;

(xi+yj+zk). k=1 x1 xcos8

(xi+yj+ zk). (0i+0j+1k) =1 x 1 x cos8

(x x0)+(y x0)+(z x1)= cosH

Z = cosB



The magnitude of a vector xi + yj + zk is given by /%2 + vZ + 72,

Now consider the magnitude of the vector 3
2 2
R L 2
= J(z) + (ﬁ) + cos?B
1= 2424 cos?0
4 2

[Squaring on both sides]

1 =§+ cos?h

3
cos20 =1 — S

cos2p =1
4
cos 6 = i\F
4
1
coso = i;

As given in the question 8 is acute angle, so 8 belongs to 15t quadrant and is positive.

Therefore8 = g

20. Question

Write the distance of a point P(a, b, c) from x-axis.
Answer

Given,

The point is (a,b,c). Let this point be P.

- ==

From the figure, point E (a,0,0) is the projection of point P(a,b,c) on the x-axis.

The distance between the points P & E will give the distance of the point P from x-axis.

Distance between two points is given by J@—a)?+ (b, —b,)2+ (c;—cy)?
Here
a;=a,b;=b,cy=canda;=a,b,=0,c;=0

Distance between P and x-axis is

=J(@—-2a)2+(0—-b)2+(0—c)?



= JOTF ()7 + (02

- /b2 ¥

Therefore the distance between, the x-axis and the Point P (a,b,c) is+/hZ + ¢Z units.

21. Question

If a line makes angle 90° and 60° respectively with positive directions of x an y axe, find the angle which it
makes with the positive direction of z-axis.

Answer

Given a line makes,

* an angle of 90° with x-axis
* an angle of 60° with y-axis

So, let the angle made by the line with z-axis is 6

Now, as per the relation between direction cosines of a line, E + m2+n2 = 1 where |,m,n are the direction
cosines of a line from x-axis, y-axis and z-axis respectively.

From the problem,

| =cos90°=0

m = cos 60° = 5
n=cos6

By using the formula,

2+ m2+n2=1

1 2
0%+ (E) +cos?B=1

1+ =1
—+c0s°8 =
4
=1 !
0s“8=1— —
4
3
cos?0 = —
4
=
V3
cosB = +—
-2

As the angle made by the line with positive z-axis, so the cosine angle is positive.

Therefore, cos 8 =2
2

Hence 6 = 30°.
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