12.Factorisation

12.0 Introduction

Let us consider the number 42 . Try to write the ‘42’ as product of any two numbers.
42 =1x42
=2x21
=3x14
=6x7
Thus 1, 2, 3, 6, 7, 14, 21 and 42 are the factors of 42. Among the above factors, which are prime numbers?
Do you write 42 as product of prime numbers? Try.
Rafi did like this Sirisha did like this Akbar did like this
42=2x2] 42=3x14 42=6x17
=2x3x7 =2x3x7 =2x3x7
What have you observe? We observe that 2x3x7 is the product of prime factors in every case.
Now consider another number say ‘70’
The factors of 70 are 1, 2, 5, 7, 10, 14, 35 and 70
70 =1x70
=2x35
=5x14
=7x%x10
70 can be written as 2 X 5 x7 as the product of prime factors.
The form of factorisation where all factors are primes is called product of prime factor form.

Express the given numbers in the form of product of primes
(1) 48 (ii) 72 (ii) 96
As we did for numbers we can also express algebraic expressions as the product of their factors. We shall learn about
factorisation of various algebraic expressions in this chapter.
12.1 Factors of algebraic expressions:

Consider the following example :
7yz =7(yz) (7 and yz are the factors)

= Ty(z) (7y and z are the factors)

=7z(y) (7z and y are the factors)

=7 xy xz(7,yand z are the factors)
Among the above factors 7, y, z are irreducible factors. The phrase ‘irreducible’ is used in the place of ‘prime’ in algebraic
expressions. Thus we say that 7xyxz is the irreducible form of 7yz. Note that 7x(yz) or 7y(z) or 7z(y) are not an
irreducible form.

‘17 is the factor of 7yz, since 7yz = 1 x7xyxz. In fact ‘1’ is the factor of every term. But unless required, ‘1’ need not be shown
separately.
Note that 6b is the HCF of 6ab and 12b

Let us now consider the expression 7y(z+3). It can be written as 7y (z + 3) =7 X y x (z+3). Here 7,y, (z + 3) are the
irreducible factors.
Similarly 5x (y+2) (z+3) =5 xx x (y +2) x(z+ 3)Here 5, x, (y + 2), (z + 3) are irreducible factors.

Do This

1. Find the factors of following :
(1) 8x%yz (i1) 2xy (x +y) (iii) 3x +y’z



12.2 Need of factorisation:

When an algebraic expression is factorised, it is written as the product of its factors. These factors may be numerals,
algebraic variables, or terms of algebraic expressions.

Consider the algebraic expression 23a + 235 + 23¢. This can be written as 23(a + b + ¢), here the irreducible factors are 23
and (a + b + ¢). 23 is a numerical factor and (a + b + ¢) is algebraic factor.

Consider the algebraic expressions (i) x*y + y%x + xy (ii) (4x* — 1) + 2x — 1).

The first expression x*y +y*x + xy = xp(x + y + 1) thus the above algebraic expression is written in simpler form.

The second case (4x*> — 1) + 2x — 1)

dxt =1 2x)' = ()
2x—1 2x—|
C(2xD2a-1)
o (2x 1
=2x+1)

From above illustrations it is noticed that the factorisation has helped to write the algebraic expression in simpler form and
it also helps in simplifying the algebraic expression

Let us now discuss some methods of factorisation of algebraic expressions.

12.3 Method of common factors:

Let us factorise 3x +12

On writing each term as the product of irreducible factors we get :
Ix+12=03xx)+(2x2x3)

What is the common factors of both terms ?

By taking the common factor 3, we get

Ix[x+@2x2)]=3xx+4)=3(x+4)

Thus the expression 3x + /2 is the same as 3 (x + 4).

Now we say that 3 and (x + 4) are the factors of 3x + /2 .Also note that these factors are irreducible.
Now let us factorise another expression 6ab+12b

6ab+12b = (2x3 xa xb) + (2 x2x3xb)

=2X3xbx(a+2)=6b(a+2) Note that 6b is the HCF of 6ab and 12b

. 6ab + 12b = 6b (a + 2)

Example 1: Factorize (i) 6xy + 97 (ii) 25 a’b +35ab’

Solution: (i) 6xy + 9y*

Wehave 6 xy =2 x3xx xyand 9y’ =3 x3 xy xy
3 and ‘y’ are the common factors of the two terms
Hence, 6xy + 9y?
= (2 x3xxXy ) + (3 x3 xy xy) (Combining the terms)
=3 xyx [ (2 xx)+ (3 x y)] (taking 3y as common factor)
w 6xy + 9y = 3p(2 x +3y)
(ii) 25 @’b +35ab’ = (5% 5. x a x a x b) +(5x 7 x a X bx b)
=5xaxbx[(5§%xa)+(7x*b)]
=5ab (5a + 7b)
= 25 a’b +35ab’ = 5ab (5a + 7b)

Example 2: Factorise 3 x? + 6 x’y +9x )’

Solution: 3 x?+6x*y+9x)* =B xxxx)+ (2 *x3xxxxxy)+(B X3 Xx Xy xy)
=3xx[x+@2xxxy)+(Bxyxy)]
=3x(x+2xy+3)?)

2 3x7+6xYy +9x=3x(x +2xy+3))

o
Do This

Factorise (i) 9a° — 6a (i) 15 a’b — 35ab’ (i) 7lm — 21lmn
12.4 Factorisation by grouping the terms
Observe the expression ax + bx + ay + by. You will find that there is no single common factor to all the terms. But the first

two terms have the common factor ‘x’ and the last two terms have the common factor ‘y’. Let us see how we can factorise
such an expression.



On grouping the terms we get (ax +bx) +(ay+by)
(ax +bx) +(ay+by) = x (a+b)+ y(a+b)
= (atb)(x +y)
The expression ax + bx + ay + by is now expressed as the product of its factors .The factors are (a+b) and ( x +y), which
are irreducible.
The above expression can be factorised by another way of grouping, as follows :
ax +ay + bx + by = (ax + ay)+ (bx + by)
=a@x+ty +b(x+y)
=(x+y)(atbh)
Note that the factors are the same except the order.
Do This

Factorise () Sxy + 5x + 4y + 4 (ii) 3ab + 3b + 2b + 2
Example 3: Factorise 6ab — b’ — 2bc +12ac
Solution: Step 1: Check whether there are any common factors for all terms. Obviously none.
Step 2: On regrouping the first two terms we have
6ab—b"=b (6a-b) 1
Note that you need to change order of the last two terms in the expression as /2ac — 2bc.
Thus 12ac — 2bc = 2¢( 6a — b) ——II
Step 3: Combining I and II together
6ab — b*— 2bc +12ac = b (6a — b) +2¢ (6a — b)
=(6a—-b)(b+2c)
Hence the factors of 6ab — b* —2bc + 12ac are (6a— b) and (b + 2¢)
Exercise - 12.1

1. Find the common factors of the given terms in each.

(1) 8x, 24 (ii) 3a, 21ab (iii) 7xy, 35x%° (iv) 4m?, 6n7°, 8m’

(V) 15p, 20qr, 25rp (Vi) 4x7%, 6xy, 8y’x (vii) 12 X%y, 18 x)’
2. Factorise the following expressions

(i) 5x°— 25xy (ii) 9a°— 6ax (iii) 7p* + 49pq

(iv) 36 a’b — 60 a’bc (v) 3a’bc + 6ab’c + 9abc?

(vi) 4p° + 5pg — 6pg’ (vii) ut + af’
3. Factorise the following :

(1) 3ax — 6ay + 8by — 4ab (ii) x* + 2x* +5x + 10

(ii)) m’ —mn +4m —4n (iv) @’ —a’b’ —ab + B’ (V) p’g—p ¥ —pg + 17
12.5 Factorisation using identities:

We know that (a + b)* = a’+ 2ab + I’
(a—b)Y=d*-2ab+1*
(a + b) (a—b) = a’— b*are algebraic identities.
We can use these identities for factorisation, if the given expression is in the form of RHS (Right Hand Side) of the
particular identity. Let us see some examples.
Example 4: Factorise x’ + /0x + 25
Solution: The given expression contains three terms and the first and third terms are perfect squares. That is x’ and 25 ( 52
). Also the middle term contains the positive sign. This suggests that it can be written in the form of &+ 2ab +
v,
so x>+ 10x +25=(x)* +2 (x) (5) + (5)°
We can compare it with a® + 2ab + b* which in turn is equal to the LHS of the identity i.e. (a + b)* .Here a = x
andb =35
Wehave X’ + I0x + 25 =(x + 5’ =(x+5) (x + 5)
Example 5: Factorise /6z°— 48z + 36
Solution: Taking common numerical factor from the given expression we get
162248z +36 = (4 x 42°) — (4 x 122) + (4 x 9) =4(42°— 122 + 9)
Note that 42° = (2z)? ; 9 = (3)?and 12z = 2 (2z) (3)
472— 12z + 9 = (22)*- 2 (22) (3) + (3)*since a*— 2ab + b* = (a — b)*
=(2z-3)
By comparison, 1627— 48z + 36 = 4(427— 12z + 9) =4 (2z - 3)?
=4(2z-3)(2z-3)
Example 6: Factorise 25p° — 494’



Solution: We notice that the expression is a difference of two perfect squares.
i.e., the expression is of the form a’— b°.
Hence Identity a’— b° = (a+b) (a-b) can be applied
25p° —49q° = (5p)’ ~ (79)°
=(Sp+7q) (5p—7q) [ @’-b* = (a + b) (a-b)]
Therefore, 25p° — 494 = (5p + 7q) (5p — 7q)
Example 7: Factorise 48a’ — 243b°
Solution: We see that the two terms are not perfect squares. But both has‘3’ as common factor.
That is 484’ — 243b° = 3 [16a° — 81b°]
=3 [(4a)’ — (9b)’] Again &’ — b’ = (a+b)(a—b)
=3[ (4a + 9b) (4a—9b)]
= 3 (4a + 9b) (4a — 9b)
Example 8: Factorise x’ + 2xy + )7 — 42’
Solution: The first three terms of the expression is in the form (x + y)? and the fourth term is a perfect square.
Hence x> + 2xy + )7 — 427 = (x + y)* — (22)?
=[(x+y) +22] [(x+y)-2z] [T @b =(a+Db)(ab)]
=(xty+2z)(x+y-2z
Example 9: Factorise p* — 256
Solution: p* = (p°)? and 256 = (16)’
Thus p* — 256 = (p*)*— (16)’
=(@’-16) (p’+16)
=(p*+4) (p—4) (p* +16)
12.6 Factors of the form (x + a) (x + b) =x*+ (a + b)x + ab

Observe the expressions x>+ 12x + 35, x*+ 6x — 27, a*— 6a + 8, 3y°+ 9y + 6.... etc. These expression can not be factorised
by using earlier used identities, as the constant terms are not perfect squares.

Consider x* + 12x + 35.

All these terms cannot be grouped for factorisation. Let us look for two factors of 35 whose sum is 12 so that it is in the
form of identity x*> + (a + b)x + ab

Consider all the possible ways of writing the constant as a product of two factors.

35=1x35 1+35=36
(1) x (-35) ~1-35=-36
5%7 5+7=12
(=5) % (=7) 5-7=-12

Sum of which pair is equal to the coefficient of the middle terms ? Obviously itis 5+ 7 =12
s X+ 12x+35=x+(5+7)x+35
=x?+ 5x + 7x + 35 (+ 12x=5x + 7x)
=x(x+5)+7(x+5) (By taking out common factors)
=(x+5) (x +7) (By taking out (x + 5) as common factor)
From the above discussion we may conclude that the expression which can be written in the form of x>+ (« + b) x + ab can
be factorised as (x + a) (x + b)
Example 10: Factorise m’ — 4m — 21
Solution: Comparing m’ — 4m — 21 with the identity x*+ (a + b) x + ab we note that
ab=—21,and a+b=-4.So0,(=7)+3=—4and (—7)3)=—21
Factors of —21 and their sum
-1 x21=-21-14+21=20
1 x(=21)=-211-21=-20
“Tx3=21-7+3=-4
3x7=21-3+7=4

Hence m>—4m — 21 =m? —Tm + 3m—21
=m(m—T7)+3(m—"7)
=(m —=7)(m+3)
Therefore m* — 4m — 21 = (m — 7) (m +3)
Example 11: Factorise 4x* +20x — 96
Solution: We notice that 4 is the common factor of all the terms. Factors of —24 and their sum
“1x24=-24-1+24=23
1% (-24)=-241-24=-23
—8x3=-243-8=-5



—3x8=-24-3+8=5

Thus 4x° + 20x — 96 = 4 [X’ +5x — 24]
Now consider x? +5x — 24

=x"+8—3x—24

=x(x+8) —3(x+38

=(x+8)(x-3)
Therefore 4x* + 20x —96 = 4(x + 8 )(x—3)

Exercise - 12.2

1. Factorise the following expression-
(i) @ + 10a + 25 (ii) P — 161 + 64 (iii) 36x°> + 96xy + 64)°
(iv) 25x* + 9y’ — 30xy (v) 25m’ — 40mn + 16n°
vi) 81x* — 198 xy + 12137 (vii) (x+y)’— 4xy (Hint : first expand (x + y)’
iii) ¥ + 4Pm? + 4m*
2. Factorise the following
(i) x* — 36 (ii) 49x° — 25)7 (iii) m’ — 121
(iv) 81 — 64x° (v) Xy’ — 64 (vi) 6x* — 54
(vii) x’— 81 (viii) 2x — 32 X’ (ix) 81x* — 121x’
) (0’ =2pq +q’) =7 (xi) (x +y)’— (x—p)
3. Factorise the expressions-
(i) Ix? + mx (ii) 7y*+ 35272 (iii) 3x* + 6x°y + 9xX°Z
(iv) X’ — ax — bx + ab (v) 3ax — 6ay — 8by + 4bx (vi) mn + m+ n+1
(vii) 6ab — b’ + 12ac — 2bc (viii) p’q — pr* — pq + 17 (ix) x (y+z) = 5 (y+z)
4. Factorise the following
(i) x*=y* (ii) a* — (b+c)? (iii) P — (m —n)*
16
(iv) 497 — 25 (v) x* = 2x37 + y* (vi) 4 (a+b)*— 9 (a — b)’
5. Factorise the following expressions
(i) @+ 10a + 24 (ii) X + 9x + 18 (iii) p> — 10g + 21 (iv) X’ — 4x — 32
6. The lengths of the sides of a triangle are integers, and its area is also integer. One side is 21 and the perimeter is 48.
Find the shortest side.
7. Find the values of ‘m’ for which x>+ 3xy + x + my — m has two linear factors in x and y, with integer coefficients.
12.7 Division of algebraic expressions
We know that division is the inverse operation of multiplication.
Let us consider 3x x 5x =15 x*
Then 15x *+ 5x* = 3x and 15x*+ 3x = 5x°
Similarly consider 6a (a + 5) = (6a° + 30)
Therefore (6a’° +30) ~ 6a = a +5
and also (6a° +30) + (a+5) = 6a.
12.8 Division of a monomial by another monomial
Consider 24x’ + 3x
S 24x° + 3x
2% 2% 2x 3% xx XX x
= 3xx
Bxx)(2x2x2xxxx)
_T o g
Example 12: Do the following Division
(1) 70x* + 14 x* (ii) 4x°y°2* + 12xyz

2x5x Txxxxxxxx

Solution: (i) 70x* + 14x? = 2xTxxxx
Sxxxx
= 1
= 5x?
AXXXXAXAX YR YHX YK EX IX T
(11) 4x3yjz3 - ]nyZ = 120 x> ez

xXTvz

)

12.9 Division of an expression by a monomial:

Let us consider the division of the trinomial
6x*+10x*+ 8x* by a monomial 2x?
6 + 10X + 8 =[2 x 3 xx xx xx Xxx] +[2%5 xxxxxx]+[2%x2x2xxxx]



=(2x%) (3x*) + (2x*) (5 x) +2x7(4)
=222 [3x° + 5x + 4]
Thus (6x* + 10x*+ 8x%) + 2x°
6x' +10x° +8x° 257 (3 +5x+4)

= 247 = 2x

Bx*+5x+4)

Alternatively each term in the expression could be divided by the monomial (using the cancellation method)
(6x* + 10x° + 8x%) + 2x?

6x'  10x°  8x7
=+
2x° 2x0 2x
=3 +5x+4

Example 13: Divide 30 (a’bc + ab’c + abc?) by 6abc
Solution : 30 (a’bc + ab’c + abc?)
=2x3xS5[(axaxbxc)+(axbxbxc)t(axbxcxc)
=2x3x5xaxbxc(a+b+c)
Thus 30 (a’bc + ab’c + abc®) + 6abc

_ 2x3x5xabc(atbtc)

2x 3% abe
=5(a+b+o)
Alternatively 30 (a*bc + ab’c + abc?) + 6abc
_ 30a%bc  30ab’c  3labc?
Gabe Gabe Gabe
=5a +5b + 5S¢
=5(@+b+o)

12.10 Division of Expression by Expression:

Consider (3@’ + 21a ) ~ (a+7)

Let us first factorize 3a’ + 21a to check and match factors with the denominator
3a’ +2la

(Ba’+2la)+(a+7) = a+7
3a(a+7)
= a+7T =3
=3a
Example 14: Divide 39)°(50)°— 98) by 26)°(5y+7)
Solution : 39)°(50)°—98) =3 x 13 xy xy xy x [2(25)°-49)]
=2x3 x 13 xy xy xy x[(5p)~ (7)] @b’ = (a+b)(a-b)
=2x3 x 13 xyxyxyx[(5y+7)(5y=7)]
=2x3x 13 xyxyxyx(Sy+7)(5y-7)
Also 26y°(5y +7) =2x 13 xy xy x ((5y + 7)
S [39°(50°-98) 1+ [ 26y°(5y + 7) ]
[2x3x13 < yxyxy(Sy+7)5y-T)]
= [2x13<yx<yx(Sy+7)]
=3y (Gy—=7)
Example 15: Divide m’— I14m — 32 by m+2
Solution : We have m’ — 14m — 32 = m’ — 16m +2m — 32
= m(m — 16) + 2(m — 16)
=(m— 16)(m+2)
(m> — 14m — 32) ~m+2 = (m — 16)(m+2) +~ (m+2)
= (m — 16)

Example 16: Divide 42(a*— 13a°+364°) by 7a(a — 4)

Solution : 42(a’— 13a’+36a%) =2 x 3 x 7 x a x a x (@’ — 13a + 36)
=2x3x7xaxax(a’— 9a— 4a+ 36)
=2x3x7xaxaXfala-9)—4(a—9)]
=2x3x7xaxax[(a—9)(a—4)]
=2x3x7xaxax*x@-9) (a—4)

42 (@*—13a*+ 36a°) ~7a(a—4) =2 x3 x7 xaxax(a—9)(a—4)~+7a(a— 4)
=6a(a—9)

Example 17: Divide x(3x* — 108) by 3x(x — 6)

Solution : x(3x* — 108) = x x [ 3(x’ — 36)]




=x % [3(< = 6)]
=x X [3(x+6)(x —6)]
=3xxx[(x+6)(x—06)]
x(3x°— 108) +3x (x —6) =3 xx X [(x +6) (x — 6)] ~3x (x—6)
=(x+6)
Exercise - 12.3

1. Carry out the following divisions

(1) 484’ by 6a (ii) 14x° by 42x°

(iii) 72a’b*c’® by 8ab’c® (iv) 11xy’z’ by 55xyz (v) =54F'm’n’ by 9FPm’n’
2. Divide the given polynomial by the given monomial

(i) (3x*- 2x) + x (ii) (5a’b — 7ab’) + ab

(iii) (25x° — 15x) + 5° (iv) (4P 61+ 8F) + 2P

) 15 (@b°— a’b’+ &’b’c) + 3abe (Vi) (3p°- 9p°q - 6pq°) ~+ (—3p)

2 4 I

(vii) (3 @b+ 3 ab’c®) + 2 abe
3. Workout the following divisions :

(1) (49x — 63) + 7 (ii) 12x (8x — 20) ~ 4(2x - 5)

(iii) 11a’b*(7¢ — 35) + 3a’b’(c - 5)

(V) S4lmn (l+m) m+n) (n+1)+=8lmn(l+m) (n+1)

V)36 (x+4)(X*+7x+10)+~9(x+4) (vija(a+1)(a+2)(a+3)~a(a+3)
4. Factorize the expressions and divide them as directed :

() (P+7x +12) ~(x + 3) (i) (= 8x +12) ~ (x - 6)

(iil) p’+ S5p+4) ~(p + 1) (iv) 15ab (a>~7a +10) + 3b (a—2)

V) 15Im 2p°-24°) + 31 (p + q) (Vi) 262°(322°-18) + 132°(4z - 3)

Think Discuss and Write

While solving some problems containing algebraic expressions in different operations, some students solved as given

below. Can you identity the errors made by them? Write correct answers.
1. Srilekha solved the given equation as shown below-
3x+4x +x+2x=90
9x = 90 Therefore x = 10
What could say about the correctness of the solution?
Can you identify where Srilekha has gone wrong?
2. Abraham did the following
Forx=-4,7x=7-4=-3
3. John and Reshma have done the multiplication of an algebraic expression by the following methods
multiplication is correct.

John Reshma

()3 (x—4)=3x—4 3(x—4)=3x-12

(ii) (2x)* = 2x? (2x)’ = 4x°

(iii) (2a = 3) (a + 2) = 2a’— 6 (2a — 3) (a+2)=2a+a—6
@(iv) (x + 8)=x" — 64 (x +8)7=x"+16x +64

4. Harmeet does the division as (a + 5) ~ 5 =a+1
His friend Srikar done the same (@ + 5) =5 =a/5 + 1
and his friend Rosy did it this way (a + 5) + 5 =a
Can you guess who has done it correctly? Justify!

Exercise - 12.4

Find the errors and correct the following mathematical sentences
@) 3(x-9)=3x-9 (ii) xBx +2) =3x*+2
(iii) 2x + 3x = 5x? (iv) 2x + x +3x = sx
W) 4p+3p+2p+p—9p =0 (vi) 3x+2y = 6xy
(vii) (Bx)*+ 4x +7 = 3x?+ 4x +7 (viii) (2x)*+ 5x = 4x + 5x = 9x
(ix) 2a +3)*=2a*+ 6a +9
(x) Substitute x =— 3 in
@)X+ Tx+12=(3)+7(3)+12=9+4+12=25
(b) X*-5x+6=(-3)-5(3)+6=9-15+6=0
©) X+ 5x=(3) +5(3)+6=-9-15=-24
(xi) (x —4)*=x*— 16 (xii) (x +7)*=x*+ 49

: verify whose



(xiii) (3a +4b) (a - b) =3a* - 4a®> (xiv) (x +4) (x +2) =x*+ 8
xV)(x—4) (x—2)=x*-8 (xvi) 5’ +5x'=0
2
(xvii) 223 + 1+ 2x3= 1 (xviii) 3x + 2 + 3x = 3x
4x+3
xix)3x+5+3=5(xx) 3

=x+1

Q‘What we have discussed

1. Factorisation is a process of writing the given expression as a product of its factors.
2. A factor which cannot be further expressed as product of factors is an irreducible factor.
3. Expressions which can be transformed into the form:
a*+2ab +b*; a* —2ab + b*;a* — b*and x* + (a + b) x + ab can be factorised by using identities.
4. If the given expression is of the form x>+ (a + b) x + ab, then its factorisation is (x + a)(x + b)
5. Division is the inverse of multiplication. This concept is also applicable to the division of algebraic expressions.

Gold Bach Conjecture

Gold Bach found from observation that every odd number seems to be either a prime or the sum of a prime and
twice a square.

Thus21=19+2or 13+ 8 or 3 + 18.

It is stated that up to 9000, the only exceptions to his statement are

5777 =53 » 109 and 5993 = 13x 641,

which are neither prime nor the sum of a primes and twice a square.



