Definite Integration

f l Review of Key Notes and Formulae ,

1. Definition: Let f (x) be a function defined on an interval [a, ] and F (x) be
b
its anti-derivative. Then L f(x)dx =F (b) —F (a) is defincd as the definite

integral of /(x) romx =a tox = b.

2. Properties of Definite Integral
P-1 jbf (x)dx = Ibf (1)ai
b a
p2 | fO)dr=—[ f(x)dx
b c b
P-3 J‘If(x)a’x=_|‘ f(x)dx-l-jhf(x)dx,,a <c<b
pa [ S@dxe=[ /) + /(0]
Very Important
P-§ King Property: J.h F(x)dx = jb f(a+b—x)dx

2a a
P-6 Queen Property: L f(x)dx = L tf(x)+ f(2a—x)}adx
P-7  Jack Property: For a periodic function “f (x)”

(1) j:Tf(x)dx:nEf(x)dx; nel

(11) J.MHTf(x)dx:nJ.;f(x)dx; nel

a+ini

(111) I Tf(x)dx= J::f(x)dx = (n—m)E f(x)dx; mmnel

-+




P-8 If/fiscontinuouson |a, b], then there exists a number ‘c’1n [a, b] at which

1 b
f(c) = —j S (x)dx
b—a“a
2
Mean value of the function f (x) on the interval |a, b]

3. Leibnitz Rule for Differentiation under Integral Sign

If g (x)and & (x) are defined on [a. b] and differentiable at point x € (a, b)
and f (1) 1s continuous, then

4 (e

—| | 1@t |=7(h)-1x) - 1 (2()-g')
g(x)

4. Summation of Series by Definite Integral

1
Method: Replace = by x, — by dx and
4] H
Limait of the sum by mtegral,
b s 1 e
I f(x)dx: Im — Z f(ij
“ n—w n
r=n
. . n . .
where, Lower mit — hm —=a Upper limt — lon —=2b.
H—w 1 n—w M

5. Some Important Results to Remember

/2 /2
(1) I sin xdx = J cos xdx =1
0 0
/2 /2
(i1) I sin’x dx = I cos xdx :%
0 0
/2 /2 2
(111) I sin’x dx = j cos’ xdx = E
0 0
/2 o T2 ) It
(iv) _[ sin - xdx = j cos xdx=—
. ! 16
w2 w2 .
V) I Insmxdx = _[ In cos x dx :?nln 2
0 0
/2 /2

(v1) Iln tan x dx = Iln cotxdx =0
0 0

/2 /2

(vi1) I Insecxdx = I In cosec xdx = e
0 0

—In 2
2



TIPS AND TRICKS: (T-1)

e

Short trick to solve integration of the form:
b

,[ f(x) dx:b_a
" J(x)+ fa+b-Xx) 2

Illustration 1

M2
I cmtx

Jeotx ++/tanx
' 71
c@ Short-cut solution :

dx 1s equal to

Using T-1| - cat(£—x)=tanx, Here, a=0andb=—

2 2
-
) 2 =
2 4
Illustration 2
n Emsx
_[ dx 1s equal to
4 BCGSI + B—CDSI
@ Short-cut solution .
Using T-1| - cos(m—x)=—-cosx, Here, a=0andb=mn
n—0 =
ER- —
2 2

TIPS AND TRICKS: (T-2)

Short trick to solve integration of the form:

i 0 1f a—bi1seven

Isin (ax)cos (bx)dx =< 2a

d az—szlf a—bisodd

Illustration 3
jsin (4x) cos (10x) dx 1s equal to
0




G@ Short-cut solution :

Using T-2| - a=4 and =10 = a-biseven

Hence. answer = 0.
Illustration 4

Isin (60x) cos(41x) dx 1s equal to
0

@ Short-cut solution :

Using T-2| '+ a=60, b=41 = a-bi1sodd

2x60 120
3600 1681 1919

TIPS AND TRICKS: (T-3)

Hence, answer =

.-.l-#

Short trick to solve integration of the form:

/2

dx T

.[:a 2 2 . 2
5 @ cos x+b'sin"x 2ab

Illustration 5

/2

J

0

@ Short-cut solution :

Using T-3| a=5and b=4

ax ' 1t
, 1s equal to
25cos” x + 16sin” x .

T T T
2ab 2x5x4 40

Hence,

Illustration 6

/2

I s 1s equal to
5 10sin’® x +9cos” x 1

d@ﬂ Short-cut solution :

Using T-3| a=3 and b= 10

T T

i
Eﬂb_ZXSx\/E_ﬁ\/m

Hence,



TIPS AND TRICKS: (T-4)

Short trick to solve integration of the form:

b
‘ dx o
O s

e

b
Gi) [NG-a)b-x)dx=2 (b-ap:b>a

Illustration 7

:i: dx

> J(x—2)(7 - x)
V Short-cut solution :
Using T-4(i)] =~ a=2, b=7 and b>a = =
Illustration 8

, 1s equal to

9
I \/(x +5)(9 — x) dx, 1s equal to
-5

@ Short-cut solution :

Using T-4 (ii)] - a=-5, b=9 and b>a
49

= Z((-a)’=—=@+5)’ =—x196=——
8 8 g 2

TIPS AND TRICKS: (T-5)

e —

Short trick to solve integration of the form:
m!'n!
(m+n+1)!

b
[(x—ay"®-x)"dx=(b—-a)y"™"

Illustration 9

2
_[ (x —1)* (2 —x) dx, isequal to
1

@ Short-cut solution :

Using T-5 -~ a=1, b=2, m=2, n=3

min!  (1)°2!13!
(m+n+1)! 6!

i, (b . a)?ﬂ+ﬂ+l 60




TIPS AND TRICKS: (T-6)

T ——

Short trick to solve integration of the form:

{((m—l)(m—3)---2ﬂf D) ((1-1)(n-3)..20r 1>xg}

J sin”x-cos” xdx =
5 (m+n)y(m+n—2)y(m+n—4)..2orl

nt/2; when m and », both are even
where, K = [
1 :otherwise

Illustration 10

/2

. 4 .
I sin” x dx, 1s equal to
0

o@ﬂ Short-cut solution :
Using T-6| - m=4, n=0 = botheven
Hence, ) X E ot

44-2) 2 16
Illustration 11

m/2

. § 2 :
I sin” x cos” x dx, is equal to
0

@ Short-cut solution :

Using T-6 + m=3 n=2 — otherwise

(3—-DH(2-1) 2
Hence, =—
55-2)(5—-4) 15

SHORTCUTS: (SC-1)

b
It j f(x)dx=0, then the equation f(x) = 0 has atleast one root in (a, b),

provided f (x) 1s continuous 1n this mterval.

Illustration 12

If 2a+ 3b + 6¢ = 0, then prove that the equation ax* + bx + ¢ = 0 has a root
in (0, 1).




@ Short-cut solution :

Using SC-1| Let f(x)=ax*+bx+c

1 ax’  bx’ l
= J.(ﬂx2+bx+ﬂ)dx=[—+—+cx}

: 3 2 ;

b
0= %‘F E-Hi‘ {- It has a root in (0, 1)}

=2a+3b+6¢c=0

SHORTCUTS: (SC-2)

If v=f(x) and x = g (y) are inverse of each otherand f(a) =c, f(b)=d
then,

b d
If(x)dx + Ig(y)dy =bd — ac

Illustration 13

1 F f:\/;
Find: [e¥ dv+2 | In(lnx) dx
0 e

c@ Short-cut solution :

Using SC-2

Since, 2 In (In x) 18 inverse of ETJE anda=0,b=1,c=e, d= e“/;

= I=bd—-ac=1 % e”’g — 0 xe= E\E
SHORTCUTS: (SC-3)

Sandwich theorem for Definite Integral.
I[fwehave, g(X)<f(x)<h(x),Vxe]a,b]

=% j:g(x) dxij.f(x) dx < jlh(x) dx

Illustration 14

/2
If —< | (sinx)'®dr<— thenA+ B is
A B

/4




G@ Short-cut solution :

1
Using SC-3| Since, ——=<smx<1
: 2

/2 /2 /2

Hence, j de{ I (sin x)mdx{ J |- dx
' 32
n/4 n/4 /4
- T/ 2 T
= —< .[ (sinx)dx < =
128 -, 4

Hence A+B=128+4=132.

SHORTCUTS: (SC-4)

Solving definite integration using graph.

Take area above x-axis be positive and area below x-axis be negative

and then find the algebraic sum of the area.

Illustration 15

3n/2
I [2sinx]dx, is equal to (Where, [x] is greatest integer function)
m/2

@ Short-cut solution :

m T 2n T
Using SC-4| -~ 1= 7~ [—J - [—) _ -

] == v
%ﬁﬁ 6 3m/2




TECHNIQUE

Iranster one integration 1n other by proper substitution.

_Ef(x)dx =(b— H)L: J(b—a)x+a)dx

Illustration 16

2
2
2/3 9("?—5)
Find the transtformation of 3 dx

e
1/3
C@ Short-cut solution :
Using Tech.
9[ zf ] _ [{(2 1] 2 1 2]2
2/3 X—= 2 1 1 B | M
3I e 3/ dx =3 (___) IE 33 3 3] 4.
1/3 3 3 0




: Concept Booster Exercise

4 2
The integral J. ; log x s—dx 1s equal to [JEE M 2015]
> logx® +1log (36 —12x + x7)
(a) 2 (b) 4 (c) 1 (d) 6
/3
: dx .
The value of the integral 1s equal to [JEE M 2013]
H'L 1++/tanx
(a) m/6 (b) m/12 (¢c) m/3 (d) m/2

Tt
The value of the integral jain 2x-cos20x dx 1s equal to
0

2 2
1 0 — d) — —
(a) (b) (c) s (d) 55
/2 i
The value of the integral I ; -— 1s equal to
5 49sm” x+11cos” x
(a) n/14J11  (b) =/ 11 (¢) mn/l4 (d) /12411
+3
The 1ntegral J'\/(x+2) (—x + 3) dx 15 equal to
=,
25m 25m 24n 25T
a) — b) — ¢) —— d) —
(a) 5 (b) i (¢) ; (d) :
¥ dx
The 1ntegral J. 1s equal to
" AJ(x=3) (6 - x)
T
(a) m (b) = (¢) 2m (d) —m
5
I(x —3)*(5-x)’dx is equal to
3
15 14 16 16
d) — by — ] —— dy —
()16 ()15 ()13 ()15

/2
The value of the integral J. sin”® x cos” x dx, is
0

2 2 15 3
(a) o (b) 3 (c) 5 (d) 5



10.

11.

12.

13.

14.

15.

16.

17.

The value of the integral jsin’:l x cos’ x dx is

3 = 3 = 3 @ 3 =
a) —-— b) —-— C : d :
()252 ()262 ()2562 ()6252
If 2a + 9b + 12¢ = 0, then the equation ax? + 3bx + 2¢ = 0 has a root in
(a) (0,2) (b) (0,3) () (0,4) (d) (0, 1)
2

2 e
The value of J.E'Tﬂ'x + j Inx dx is equal to
1 e

(a) e —2e? (b) 2e’—e (c) 2e? (d) 2e
Let f(x) =x — [x], for every real number x, where [x] 1s the integral part of x.

1
Then = jf(x) dx 1s
-1

(a) 1 (b) 2 (c) 0 (d) _%
o Ax
The val f dx 1 1
e value o zﬂ-l-\/; x 1s equal to
1 | 1
o - ) = d) 1
(a) . (b) 2 (c) = (d)
2nm
The value of I max.(sin x, sin . sinx)dx 1s equal to
0
n’ T’ 5 (HZ 8]
(a) ”[?—BJ (b) ”(?—3] (c) n(m” —8) (d) n T

p
Find the value of I J( ix(ﬁ ) : p>a1s equal to
x—o)(B—Xx

(a) g (b) m ©) g B a)? (d) 2n

NUMERICAL VALUE PROBLEMS

3
. 1 : , .
The value of the integral J [x + —} dx 1s equal to (where, [x] 1s greatest integer

function) = 2

w2 sin x T
If K, < |
0

dx < — , then the value of K| + K, 1s equal to
X K,




d@ Solutions

1. (c¢) |Using T-1|Since, a=2, b=4

::>I=b_ﬂ=4_2=l
2 2
/3 b —
COS X
2. (b) [UsingT-1] 7= | i
e VCOSX +4/sinX
Here,.ﬂ:Ej b=E
6 3
L
:;,I:b_a:g & T
2 2 12

3. (b) |UsingT-2| » a=2, b=20 = b-—a=181seven
Hence, answer = 0

4. (a) [UsingT-3| - a=7, b=4M11

1 noom
2ab 14411
5. (d) [Using T-4(ii)
25
—=a=-2, b=3 =1==(-a)’ == =2
3 3 g
6. (a) [UsingT-4()| = a=3, b=6 (b>a)
|
7. (d) [UsingT5] = a=3, b=5, m=2, n—3
! 2131 16
[ = b_ﬂﬂ!+ﬂ+l' m s 5_35__=_
~1=(24) mnsDl © 7 e T 1
8. (b) |UsingT-6| -~ m=2, n=3 (Bothnoteven)

_ @-DE-L _ 2
5(5-2)(5-4) 15

Using T-6| -~ m=4, n=6 (Botheven)

[ — (4_1)(4_3)(6_1)(6_3)(6_5);.,,;E_ 3 =

= 10(10—2)(10— 4)(10—6)(10—8) 2 256 2




10.

11.

12.

13.

14.

(d)

(b)

()

(b)

Using SC-1| Let f(x)=ax*+ 3bx + 2c¢

1 3 5 !

= 3bx 6a+9b+12
=5 I(ax2+3bx+2c)dx={ﬂx oy 2 +2cx} = c
0

3 2 0 6
Since, 6a +9b+ 12¢ =0 (given). Hence root will l1e 1n (0, 1).
Using SC-2 | Since In x 1s inverse of e
=I=bd —ac=2e> -1 xe=2e*—¢
Using SC-4| - f(x)=x—|x]= {x}
Now, Drawing graphof y = {x}
A 1 1

= J=—x1Ix14+—x1x1
2 2
1

/o //o = | I=1
1 s o

-1

UsingT-1 | » f(x)= Jx, flatb-—x)=+5—-x

~p=b-a_3-2_1
2 2 22
. |Using P-7(i)
In (~: y=sinxis )
I=mn I max. {sin x, sin~" sin x} dx periodic with
0 \period 21’
K 27 g
A Tl jsm_l(sinx)dx+ Ismxdx
.0 n 2

H I—H[lxﬁxz—E}
ence, 1= 7 3 5

- | T8
= 1=H 1 LY

;; - T ff 27




18,

16.

17,

(b) |Using T-4(i)] a=oa., b= (. b>a)given
=

(4) |Using SC-4| Drawing graph

We will find area of shaded portion

a 1
e

(3) |Using SC-3| For x € [0, g}

2 sInx
As we know, & <1
T X
/2 /2 . /2 2 .
2 sInx sin x e
— J.—{_[ dx{'[dx — I{J dx{E
o ¥ o X 0 0o X

=K = LE ==K +K =5




