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aftryr HE&d A fgamdte aeRtor

(Complex Numbers and Quadratic Equations)

*» Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. — GAUSS

4.1 4fuewr (Introduction)

felt sensti § g Wb 31X T =X 1 Th = gt
1 AT Tk =R H1 TG THIRON 1 SreaEA TR B
T 2@ © T THiRTOT x2 + [ = 0 1 IS ar&diae ga Tel
2 Wi 2+ 1=09 e x2=— 1 I &l ¢ 3R e
AT & 1 a7 S0 Bidl € gEfeTy ardtash e
FUITeA! <k €< YOTTell o &9 H agH 1 Sevdehdl 8 fored
o 9 G0l x2=— 1 1 8 U< Y Teoh | I%al H, &
IEYT FHIHT ax? + by + ¢ =0 1 A U< BT €, ST
D =5 — 4ac <0 &, Sifeh ar&foes Gemnsti &1 yored o \
| TR %l ‘W. R. Hamilton
(1805-1865 A.D.)

4.2 wfmgr =Mt (Complex Numbers)

TH BT e b (] Hohad | W TEfd 31 9 7 i =1 9T B 21 Tk arced
2 fF i g 2+ 1 =0 & T B 2

a+ib o UIRY &I Tk G S&l g AN b ardios GAC &, Th GiHs Ge

_1 .

TR el Bl SR F AU, 2403, (< 1)+ i3, 4+i[ﬁ] aftnyg e 2|

G §& z=a + ib o o0, o ARATaER W FHEA © 991 Rez g0 Fefua
o STl © 31X b SHTeuteh W heeldl @ qe Imz 510 Ffua fohen St 21 3o
& o, aft z=2+i5, 7@ Rez =2 31 Imz =53 wfAg Head 2z =a+ib e z,=
c+id T9H B afg a=c3Rb=d
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SETETOT 1 A 4x+i(Bx—y) =3 +i (— 6), &l x 3N y TRdfah A €, 9 x 3R y
M IS
T e fem
4x+i(Bx—y)=3+i(-6) . (1)
T TR o arEdfas qe1 HTeudh 9 i THE od g, %ﬁW%ﬁT%
4x=3,3x—y=-06,
3 33

9= g7 7 FH ), x=z?ﬂﬁ'{ y=7

4.3 wfmsr Gt s sierTuta (Algebra of Complex Numbers)
39 AW H, B9 Wiy S & e o1 foaem wl

4.3.1 T @i, wEen’ &1 IR (Addition of two complex numbers) IS
z,=a+ib 3 z,= c +id T A WHAF T 8| T z, +2z, % A7 I FrAfared &9
Y gRefea femen man €:
Zl+zz=(a+c)+i(b+d),TTﬁﬁFT‘T:QEFFIﬁJ?%TF;@IT%I
IR &k T, Q+B3)+(—6+5)=Q2-6)+i(3+5)=—4+i8
iy wemsti o @ frefafaa won s §qe wd 2
() Haver Fram < wfiny Gemsl 1 dnthel Tk GiHs SE el ¢, et
TR wfmy wemsti 2 a9 2, & fau, 2, + 2, TF Ay wen 2
(i) 7 fafaa frag fel < wfwms gemst 2, a1 2, & fag
Zl-i-zz=zz-i-z1
(i) '\’?Ta'?'ﬂ' frem fegt d9 afmy et z,z, 91 z, e faq
(z, tz)tz,=z +(z,+ z).
(iv) TTHE ddHE ST e T & 0+ 0 (0 o g S0 Sl @),
AN qedweh el Y WA GeA Heam ¢ (e 6 o afmy
A z,z+ 0=z
(v) IR Gfaeid @7 ifide Y 9y 9@ z=q + ib, & foau &d
T F&A —a + i(— b) (— 2% GRI A ST 7) W Bt €, SHifeh Fmesh
el 1<l z 1 Ul el g1 §H U Wi € TR oz + (2)=0
(TS qcTHh) |
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4.3.2 T Gftmsr gEErei’ &1 3iav (Difference of two complex numbers) TH= 1 T8
ity gemst Zl?ﬂﬁ'{ z, 1 FHA Zl—zzﬁ'ﬁl TR 9 gRenfid fepan s 2
2, —z, =z, + (—z,) SN (6 + 3i) — (2 — i) = (6 + 3 i) + (-2 + i) 3
2-)+(=6-3i)=—4-4i

4.3.3 @i g@meit &1 T (Multiplication of two complex numbers) I Tt
z,=a+ib M z,=c + id FE q WY TS 2| @ G z, .z, FFEfAfEd w9
Y gitwfea femen man €:

z, z,= (ac — bd) + i(ad + bc)

IR o AT, (3+i5) (2 +i6) =3 x2-5x6)+i(3 x 6+ 5 x 2)=—24+ 28

aftny gene o UM 1 wiwa o FEttEd W B e

(i) Heer fram < Wiy gemetl &1 UHwd, T 9y gen g ¢, 9
Tfmy wemat 2, 9o 2, % o, PR 2, 2, Th 9fEg e B 2

(i) A Tafoa Fram fo=i <1 afmy gemet 2, qen 2, o fog,

ZIZZZZZZI
(i) WWWWW%E@TﬁZPzZﬁW%a?m
(z,2,) z,= 2, (2, z,)

(iv) TIUTIeHeR TeHeh ohT TR TS G& 1+ 0 (1 o §RI <1 Sl @),
TUTTTeh dedWeh 1979 Wehel WIS W& wheadl § ey for s aftmy
H@Tzaﬁmz.l=z

(v) TuTHeE Ufaeim w Sifea Y% YRR Wiy e z=a +ib

. . . 1
=4 wfms Sen +i — 37
(a#0,b#0) & fag, A b b (231

z! % R U1 Sl §) W Bl €, 2 k1 oA Ffaet™ e € forad

& z.§=1 (TTOTIcHeh )
(vi) s fram fo=dl o wfmy wemed 2, z, z, & fau

@ z,(z,tz)=z 2, +zz
(®) (2, + z,) Z§ =z z,tz 2 .
4.3.4 I Gftgsr &3l &1 YTTHE (Division of two complex numbers) TH= |

& g dfg wemet 2 9o z, % fa, SR z, # 0, Iwa j—;ﬁtﬂ%f@aw@
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R e R ——zll

%)

W%M,Wﬁmzl:6+3i 3$|T22:2_i

—(- C

)

R+il

35 F
= % H2-3+i(6+6) =%(9+12i)

4.3.5 i @& 1T (Power of i) T I g

] - 1 _1
T T E SR o o g i = ;:Ll:—z, e =— =,
- 2 -
a1 i i 4 _ 1 1
i =E—==—X-=—-=z=j, | =—=-=1
Po-ii 1 it

i ' 9 -é, o ‘T\Uﬁ?}ﬁ k a; f@fq’ = 1, Rl =g l'4k+2:_1, PR3 =g

4.3.6 TFH B/UT qrEfdes Q&0 o OI’IFJ-CI\M (The square roots of a negative
real number)

T 2 P=—13R (—ip=p£=—1.g900 — 1 & =fget ; 3K —; 2

Fafy fag /-1, 1 3ef gER o shaet i =i

379 TH 3@ Whd ¢ TF i X i A FHIRTOT 22 + 1 = 0 S 2= -1 % FA B

ESICETS (\/gi)2=(\/§)2 2=3(-1)=-
s (N (o



iy gead iR fgorde wfeo g7

zafay _3% wiga 3 i 3R 3Tl
R Q@ haal /3; 1 <0 o foa & wdiss (3 1 wE feman S €, ereriq

J=3 = 30
I A% o T S At 9@ €, 96 —a = Ja -1 = Ja i,

T MY 2 T 9l vATe ardtas §emsl o 3R b o AU Jaxb=Jab T
qRomy q& ft 9 B, S 0> 0,b<0AMa <0, b> 0.

1 BN ? A a<0,b <0, BH THH! Sra Hd B

Fre FITC foF 2= V-1 V=1 = J(~D)(=1) =1 =1 Sk 20 o1 1 faamaE ©
?=-1

AT, Jax/b=Jab & a 3R b A RO Gdfad q@AW €

AN AR g 3R b S H G FE off 7 7, 990 W< T4 Y Jaxb=vab =0

4.3.7 d@mas (Identities) 39 THefafad doawe #I fog +W 2:
Wqﬁﬂqﬂmﬁzl ?ﬂﬁTzz%fFﬂl
(z,tz,))=z2+z2+2zz,

Suufe B9 9 eI €, (z,+z)=(z,+tz)(z *z)

= (z,+z) zt (z, + z) z, (dT T7aH)
= 212 +z,z +2zz, +222 (sed fram)
=zl +2z2,+z2,+ 25 (o w1 %A fatE fEm)

=77 +22z, + 2
3 ifq &0 frafafed aamsl 1 fag w1 w8

: 2
() (z,-2) =2 -2zz,+2;

.. 3
(i) (z1 +Zz) =Zl3 +321222 +321222 +Z§

3
(i) (zl —22) =Zl3 —321222 +3ZIZ§ —z§

(iv) 212 —Z; =(z1 +22)(z1 —22)

aredd B 9gd ¥ T qe@Eb] R Sifer qeft St gemet & foy g €, 9
ity Gemsl w1 goar o fau fag fean s g 2
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sareor 2 fefafad &t a +ib & T ° Fod B
M (=5) [%] i) () (20) (—éij

' (1) (_51) [glj = ?12 = ?(_1) = §= g-i-lo
.. . . 1,3_ 1 '5_1 '22'_1'
i) (-7)(27) (_glj = 2X8><8><8Xl —ﬁ(l ) l—%l
SETETOT 3 (5-3i)° Bl a+bish &I H K HL:

T BH W R, (5-3i) =5 —3 x5 x (3i) +3 x5 3ip - (3i)
=125 225i— 135+27i =— 10— 198i

sareret 4 (34V22)(2V3-0) ' a+ib S w9 H o W
ze w3402 (23 1) = (V34420 (23 -i)
= _6+B3i+ 26 —\21? = (-6++2)+3(1+242);

4.4  Witmgr G@N kT AR 3T WY (The Modulus and the Conjugate
of a Complex Number)

M A 2= a + ib Tk WY @& 7| 9 z 1 AW, S | z | §RI S04 €T ©, i
FOR ardfash F& |[,2 , p2 §R URefud R S ® etefd 2= 2,2 @R
Z 1 G, S 2 gRI SwiEn S ®, Wi W' g — b el ®, i 7 = a—ib
SR % A, [347] =37 +12 =410, | 2-5i [ =422 +(=5)* =29,

R 34i=3—j, 2-5i=2+5i, 3j—5=3i—5

T4 Ut id € ToF RO WS @A 2z = g + ib 1 [0S Fida™

1_a+i—b_a—ib_z
a+ib  a*+b A +b AP +b |z
afeffq. zz=|z[

ama: fer=l & |y Hemstl 2, @ 2z, o fau frafafed fsel w1 g 9 =g
ER IS IC S

i

7, @R
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| e
(1) |Z1 Zz|=|Zl||Zz| (i) Z _22 ,ZI'&(|22|¢0
(i) zz,=zz, (V) ztz,=7%z
a|_a
(v) Z _72 g 22¢O.

JEEI0T 5 2 — 3 o1 TUNcHSR Uidel™ HId hifsTg)
g HE fe@n z=2-3i

Tz =2+3i 8 |z =224+(-3)’ =13
AT, 2 — 3i o1 TUTCHS Hfqa™

z 243 2 3.
= =—+—Iiq< |
|2 13 13 13 e &

SR T T 9} ga frefafed €1 9 off fKErn s g 2
1 243 243 243 2 3.

7= +—i

2-3 (2-30)(2+3) 22— 13 13 13

N

30T 6 fHfafEd &t a +ib F ®Y H T R

) 5+\/§i s
(1) — 2 (i) i

5420 542 1420 5452i442i-2
O T T e 1_(\@.)2

_3+6V2i 30142420 _ 14 23
1+2 3

. 1 .
(11) 1 =—=—=—X; =__2=l
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| wraett 4.1 |
YT 1 § 10 dh i Ay GeAel | Yddh bl o +ib & ®Y U Had hifed|
1. (51')[—%1) 2. %44 3.7

4. 3T+N+i(T+iT) 5. (1—i)—(—1+i6)

tederd) - [EdpedH4
e

T 11 ¥ 13 1 9imy gemet ¥ ydd &1 [OnHE Jideld A wif)
1. 4- 3i 12, 543 13. —i
14. frfafad =S 1 a +ib o &9 H = HifSC:
(3+i\/§) (3—1'\/3)
(V3+421)-(v3-i2)
4.5 3T et 3T ‘%T:ﬁ'q T%=aur (Argand Plane and Polar Representation)

S o 39 ued 9 & Sd © o ardfaes qeme (x, y) & 9% hind g % 9,
e XY da | & e o @t o v
e H 5% x— 2787 y— 3187 G 51 ST
2, Th Afgdia fog o gar @1 ereriq
qftgy §@ x + iy & S HUd JH
(x,y)élv‘@ﬁ%,ﬂﬁﬁ@?@l@?ﬂ'qﬁg
(x, y) o &9 ¥ i feger fepan s
Tohdl 21 98 e faedvd: g 2

o wimy gemst S92 + 4,
—2+3i,0+ 14,2 + 0, —5 —2i 3 1-2; =l
SifeR st i (2, 4), (-2.3), (0,1), (2,0),
(-5,-2) T (1, —2) &% ®Td ®B,
atrefa 5.1 o fageni A,B,C,D,E 3R F Y
SN sAfadta o faan T 2l MeRfa 4.1

=)

o]

Xl

®E(-5,-2) ®F(1,-2)
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a1, foa v fag &1 T aimy )4
e g fafdwe fepen o €, wimy qa 3 P(x,y)
1 3Mmie T FEA B {xﬂ

smie d@ | afmg ¥@&n (x + iy) H

Ht {55 P(xy) 9 9ot f6g 0(0,0) &

@9 &1 g0 g g wiar @ X< o

(3TreRfd 5.2)1 (0:0)
318 W fag, wfms wemnst

a+i0®q % GG e B 3R -7 W

> X

v
Y Y
A P(x, y) JTTeR{d 4.2

fag, afts HWemsti 0 + b €9 o 9 B
gl ol aa § x—o1et 3R )—37e1 HU:
X< X AndfaE e SR FeutEw W FEn B

WT@WﬁHﬁ?%TE@Tz=x+iy
AR TR GIH z=x— iy Hl faged
P(x, ) 3R Q(x, ) % 1 fafi fohen

M Q(x,—y) T Tl SR e W, g (x, ) Stk
Y 31 ok e fag (v, y) 1 90 Hfdafas
TTeRTd 4.3 el € (3Mehfd 5.3)1
fafag 33rEI0T
(3-2i)(2 +3i)

IETEITT 7 maﬂmaﬁﬁm|

(3-20)(2+3)  6+9i-4i+6 _12+5i 4-3i

UM (A+20)2-i) T 2-i+4it2 | 4430 4-3i
_ 48-36i+20i+15_63-16i _ 63 _16.
16+9 25 25 25
(3-2i)(2+3i) , 63 16,

(+20)2—i) F FFH, 5575t @
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a+ib

SEATEIUT 8 AR x+iy="_ g, fag wifee ff 2+ )2 =1

(a+ib)(a+ib)  a*-b*>+2abi  a*-b>

2ab

mﬁw%' x+ly: (a_lb)(a+lb): a2+b2 :a2+b2

@ -b>  2ab
a’+b*> a*+b*

gqfeie, x — iy =

. L . . - (a2_b2)2+ 4a2b2
WW X +y _(X+ly) (x_ly)_ (a2+b2)2 (a2+b2)2

(a*+b*)?
(P47

37T 4 UT fafaer gy-naet

o

{ilg +GTT 1 A 1A HIST

2. Wﬁﬂmﬂmﬁzlﬁ?%%fﬂﬁ,m@ﬁm:

Re (z, z,) = Rez, Rez, — Imz, Imz,

3. [ 1 2}[3_4lj I AME &9 H Rafda Fifsal

1—4i 1+i)\ 5+i
. a_lb 2 2 a2+b2
4, Ifg x—iy= — | @ fag =ifse fo (x +y2)=—5——7:
c—id c+d
. |atantl
5. 2Iﬁzl=2—z,zz=l+l, 2 -2, +i %1 HE T i)
(x+i)2 (xz+1)2

6. +ib= , &, a2+ b=
I a+i PR fag whifsg a (2x2+1)2

i
a’+b*
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11.

12.

13.

14.

gftnyg "t o fgordia i 93
Az, =2 —i,z,=-2+i, f 1 91 Fepifer)

() Re [TJ (i) Im[%}
Zy 217

A (x—iy) (3 +5i), —6—24i 1 HH B A1 SRfash A x 3R p A HIY

1+i 1-i

1= 127 1 HI9Ih 1A IS

A (x + iy) = u + iv, A T R §+§=4<x2—y2)

B—a

afE o 3R B iy Wiy wend € S || =1, || gp| F1 AW T4 iU

T |1 | = 2" o YW YUlich Yeil i HEA e KIS
I (a + ib) (c + id) (e + if) (g + ih) =A + iBE
@R (@4 0) () (&4 (@ + ) = A+ B

1+1i

aﬁ[l—_lJ =1 qt m o1 =gAd9 quiish WH F1G Fifea)

QRIS

& a+ib o UEY HI Tk G, SEl ¢ 3N b I G&ad 7, Tk |ty §e

FEAN ©, o GHH T@N w1 GG AN SR b THERT HIUTE 9
FHEeldl 2l

& WMz, =a+ib 3R z,=c+id, @

(1) z, tz,=(at+c)+i(b+d
(i) z, z, = (ac = bd) +i (ad + bc)

¢ foreht YR 9ftus §&a z=a+ib (a#0, b= 0) o fau, T dfmyg e

a —b

+la2+b2,ao‘ra:rﬁ?k—cr%ﬁ1%,sﬁ

a’ +b*

lmzflgr{rﬁﬁ&ﬁww%

V4
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ﬁzwwmwéﬁﬂﬁﬁs(mib)( +img 2 )

a .
a’+b>  a’+b’
= 1+i0 =1 B 2
¢ WW ka,;m’l%k:1,i4k+l:i’l‘4k+2:_1’i4k+3:_l'
o UMY T&A z=g+ib T T z N FA= fFan ST 2 iR 7 =a—ib
SRT 3@ S )

QT gEgfn

FATA 7 39 24 Kl B A1 foh Teh 0 G&AT oh A 1 ARfolsh Gl
Tgfd ® &I WW%WWWWWMahaVim (850 o)
1 orar @ fo=ei gduem 38 HieaE &1 woed: seo@ fohan “S=ia e
wpfa fora ) "wug' o =@ % w0 (i) s gofart (ufn) 1= R, e
THHT e el Bl ?17 Uk TER R TS Bhaskara 3 1150 S0 ®
AU pfq ‘semfora’ o off faen €, “w0 afer &1 w1 aige @ g ?
Fiifer 78 Tk of T 21" Cardan (1545 32) 3 x+y =10, xy =40 %I A
T U I FHE W M €@ S%H x=5+ /-5 ™y =5- /15 3D
T o B9 | T fohan 99 S W st f&an i 3 et =39 (useless)
g1 Albert Girard (9T 1625 %) = 01 Gt & T HT WHR A 3R
el foh, SHY TH IgUK HIR i fSaHl =1d grft, 3 Jo W I | qam
BT Euler & TageM J-1 i [ Tohdd 9gH foRar 9em W.R. Hamilton (T
1830 %) 3 TH Y[ OIS GRS SHT TR TR  Ficqfeh T&' & wam
%I BIed gL AWHY T g + ib F (e Q&S o hiAd W (a, b) o €9
¥ yeqa foan
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