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Quadratic Equations & Inequations

INTRODUCTION TO POLYNOMIALS Section -1
1.1  Real Polynomial :

Letay, a,, a,, ....., a, be real numbers and x is a real variable. Then,

— 2 n
f(x)=a,+ax+ax +.... +a,X
is called a real polynomial of real variable x with real coefficient.
For Example :

f(x)=2x2+3x+1,f(x) =x+3, f(x)=5x* + 3x? — 4x — 1 are some examples of real polynomials.

Note :  How to identify a polynomial ?
Polynomial in x should be an expression in terms of various powers of x where every power should
be a positive integer.
For Example : f (x) = x +%+ 2, () =x>+x¥2+3,
f (x) =x2-x"1 + 1 are not polynomials.

1.2  Degree of a Polynomial
The degree of a real polynomial is the highest power of x inthe polynomial.
f)=ax"+a, X" t+a, ,x""%+ ... + ayx°
is a polynomial of degree n as highest power of x is n where n is a positive integer and a,, # 0.
For Example :
f (x) = x3—2x% + x — 1 is a polynomial of degree 3.
f (x) = x° + x% — 1 is a polynomial of degree 5.

»  Linear Polynomial : Polynomial of degree one is known as linear polynomial.

For Example :
f(x) =2x+ 3, f (x) =—x+ 5 are linear polynomials.

Note : f(x) =ax+ b is ageneral degree one polynomial known as linear polynomial (a = 0).
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»  Quadratic Polynomial : Polynomial of degree two is known as quadratic polynomial.

For Example :
f(x)=x2+x+1,f(x)=—x%+2x—1are quadratic polynomials.

Note : f(x) = ax?+ bx + ¢, a # 0 is a general degree two polynomial known as quadratic polynomial.

1.3  Polynomial Equation :
Ify =f(x) is a real polynomial of degree n, then f (x) = 0 is the corresponding real polynomial equation of
degree n.
For Example : If f (x) =x?— 2x — 8 is a quadratic polynomial, then x? — 2x — 8 = 0 is the corresponding
quadratic equation.

1.4  Roots of an Equation :
Roots of an equation in x are those values of x which satisfy the equation
OR
If f () =0, thenx =« s the root of the equation f (x) = 0.
For Example :
x = 2, x = 3 are roots of X* — 5x + 6 = 0 because when we replace x = 2 or x = 3 in the equation,
We get : 0=0. This implies x = 2 and x = 3 satisfy equation. Hence x = 2 and x = 3 are roots of the equation.

Note : »  Real roots of an equation f (x) = 0 are the x-co-ordinates of the points where graph of y = f (x)

intersects X-axis.
»  Anequation of degree n has n roots. (not necessarily all real).
z
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QUADRATIC EQUATION & INEQUATION Section - 2

2.1

2.2

Introduction :
The standard form of the quadratic equation s :
ax?+bx+c=0 where a, b, ¢ are real numbers and a = 0.
Roots of a Quadratic Equation
Roots of a quadratic equation ax’> + bx + c=0 (a=0, a, b, ¢c € R) are given by :

B:—bir\/b2 —4ac

2a

a,

b
>  Sumoftheroots=o+p=- 3

C
»  Product ofroots=ap = a

>  Factorized formof ax? +bx+c=a (x—a ) (X—P).
> IfS be the sumand P be the product of roots, then quadratic equation is : x2—Sx + P =0.

lllustration the Concept :

(@)

If o and S are the roots of equation ax? + bx + ¢ = 0, find the value of following expressions.
iy #+p® (i) @+p° (i) o+ p* (iv) (a-p)y? va'-p*
SOLUTION :

In such type of problems, try to represent the given expression in terms of a + b (sum of roots) and ab
(product of roots). In the given problem :

a a
. 2 a2 2 (b 2_2c_b2—2ac
() of+p?=(a+p) —2aﬁ—(—g] a2
b 3 c b —b3+3abc

(i) o+ B* = (02 + B2)? - 2072 = [(o + B)° - 20B]2 - 2 (aB)?

2
: (bz —2ac] _zﬁ_ (b2 —2ac)2 —2c2a2

a2 a2 a4

i b2 4c b2—4ac
(V) (a=P)*=(o+py'=dop= — - 5=y

:



Quadratic Equations & Inequations

(V) af=p*=(a®+p?) (a+P) (o~ B)

(bz ;Zza")(—gj [i b” a24aCJ {Using (i) and (a—B=i§ﬂ

+ % (b2 —2ac) b? - 4ac
a

(b) If o and S are the roots of equation ax? + bx + ¢ = 0, form an equation whose roots are :
1 ..
0] a+£,,3+— (i) ! l+i
)i a a+p a p

SOLUTION :

We know that to form an equation whose roots are known we have to find sum and product of the roots.

(0+P) _—b(a+c)

(i)  Sum(S) = [a+%j+[ﬁ+éj =(atp)+

of ac

Product (P) = a+3( +£j_ +L+2_(C+a)2
oduct (P) = 5 B a_aB e =

- 1 1) _ 1 _(c+a)2
PrOdUCt(P)_(Q+Bj(ﬁ+aj_aﬁ+aB +2= "

The equationis: x?—~Sx+P =0

2
S e (MJHM 0o
ac ac

= acx’+b(c+a)x+(c+a)?=0isthe required equation.

) (1 1 1) (1) (@a+B)_ (ac+b?
(i) Sum(S)—(a+Bj+[a+Bj_[Q+BJ+ ob = ”

1 1 1 1 a
N RE

The equationis: x> Sx+P =0

2
. (ﬂj—o

bc

= bex? + (ac + b?) x + ab = 0 is the required equation.

:
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2.3 Nature of Roots of a Quadratic Equation

Nature of roots of a quadratic equation ax? + bx + ¢ = 0 means whether the roots are real or complex. By

analyzing the expression b? - 4ac (called as discriminant, D), one can get an idea about the nature of the
roots as follows :

1.(a) If D <0 (b?—4ac < 0), then the roots of the quadratic equation are non — real i.e. complex roots.

(b) 1f D=0 (b? - 4ac = 0), then the roots are real and equal.

Equal root = _19
2a

(c) IfD >0 (b?-4ac > 0), then the roots are real and unequal.

2. IfD i.e. (b®-4ac) is a perfect square and a, b and c are rational, then the roots are rational.
3. IfD i.e. (b®>-4ac) is not a perfect square and a, b and ¢ are rational, then roots are of the form

m++/nand m-+/n.
4. Ifa=1,b,c elandtheroots are rational numbers, then the roots must be integer.

5. Ifaquadratic equation in x has more than two roots, then it is an identity in x (i.e. true for all real values
ofx)anda=b=c=0.

lllustration the Concept :

Comment upon the nature of roots of the following equations :

() x®+(a+b)x-c?=0 (i) (a+b+c)x?-2(a+b)x+(a+b—-c)=0
(i) (b—c)x%+(c—a)x+(a-b)=0 (V) x2+2(3a+5)x+2(9a2+25)=0

V) (y-a)(y=b)+(y—b)(y—c)+(y—c)(y-a)=0

SOLUTION :

To comment upon the nature of roots of quadratic equation we have to find ‘D’ (Discriminant)
() Find discriminant (D).

D =(a+b)* ~4(1)(~c?)=(a+b)” + 4c?
= D >0, hence the roots are real
(i) D =4(a+b)2 —4(a+b+c)(a+b—c)
—4) (a+b)? ~(a+b)” +? | =4c? =(20)?

= D > 0 and also a perfect square, hence the roots are rational .

;
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(i) D=(c—a)’-4(b—c)(a=h)
= c? +a? —2ac—4ab+4b2 + 4ac - 4bc
—c21a? +(2b)2 —4ab—4bc +2ac = (c+a—2b)?
= D > 0 and also a perfect square, hence the roots are rational .
(V) D=4(3a+5)°-8(9a” +25)~-4(3a-5)’

= D <0,sotherootsarenonreal if 3 5/ 3and realand equal if 3 =5/ 3
(v)  Simplifying the given equation

3y?—2(a+b+c)y+(ab+hc+ca)=0
Now D=4(a+b+c)2 —12(ab+bc+ca)

=4(a2+b2+c2—ab—bc—ca)

:z[(a—b)%(b—c)%(c—a)ﬂ

Using: (32 +b2 +C2 —c':lb—bC—Ca):;[(a—b)2 +(b_c)2(c_a)2j|

= D >0, S0 theroot are real

Note : If D=0, then (a—b)2 +(b—c)2 +(c—a)2 =0

= a=b=c = ifa =b =c, then the roots are equal

2.4  Condition for Common Root(s) :

Consider two quadratic equations :
ax?+bx+c=0 and ' y2.ip'x4c =0

(@ Fortwocommonroots:

In such a case, two equations should be identical. For that, the ratio of coefficients ofx?, x and x° must
be same,
o a b ¢
ie. — ===
a b
(b) Forone common root :

Let o be the common root of two equations. So ¢ should satisfy the two equations.

:
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= aa? +ba+c=0ad a' 42 1 hg +¢' =0
Solving the two equations by using Cramer’s Rule (or cross multiplication method) :

(x2 - 1

bc'—b'c ac'—a'c ab'—ab

ac—-ac’ o, bc'-b'c
= = , a7 =
“~ ab' —ab ab’—a'b

= (bc'—b'c)(ab'—a'b):(a'c—ac')2

This is the condition for one root of two quadratic equations to be common.

Note :  To find the common root between the two equations, make the coefficient of o common and then
subtract the two equations.

IPHTE BB The equation whose roots are squares of the sum and the diffrence of the roots of the

equation 2x2 +2(m+n)x+ m2+n2=0is:

2 2
(A) x2—4mnx+(m2—n2) =0 (B) x2+4mnx+(m2—n2) =0

2 2
© x2—4mnx—(m2—n2) =0 (D) x2—4mx—(m2—n2) =0

SOLUTION : (C)
Let o, B8 betheroot of given equaiton.

(-

= a+p=-(m+n)andaf = 5

Now we have to make an eqution whose roots are (o + ,3)2 and (a - ,8)2

Sum (S):(O“F,B)ZJF(O!—,B)Z=2(a2+ﬁ2)=2 (a+ﬁ)2—2aﬁ}:4mn

product () =(a+ P a2 =+ P [ (a5
P:(m+n)2|:(m+n)2—2(m2+n2):|=—(m2—n2)2

The equationis : X2 _ Sx+P=0

2

= Therequaired equationis x —4mnx—(m -n

7
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|| VR e 61 A The value of k, so that the equations 2 +kx—5=0andx*-3x-4=0 may have one root
in common.

=27 27

A -3-1 ® 3 © -1-2 © 3

SOLUTION : (B)
Let a be the common root of two equations.
Hence 202 + ka.—5=0and o> - 30— 4 =0
Solving the two equations ;

az - 1
-4k —15 ~ -8+5 7 -6-k

[ Using : [2.4 (b)]

= (3)°=(4k+15) (6+k) = 4k®+39%+81=0
= k=-3o0ork=-27/4

| TEE 0]l el | ax? + bx + ¢ = 0 and bx? + cx + a = 0 have a root in common, find the relation between
a, bandc.

(A) a=0 or ad+b34+c3=3abc B) a=0 or ad+b3+c3=-3abc

© a=0 or a°—b3—-c3=3abc (D) a=0 or a3 +b3 —c3 = 3ahc
SOLUTION : (A)
Solve the two equations as done in last illustration :

ax?+bx+c=0 and bx’+cx+a=0
x2 -X 1
ba—02 - a2—bc - ac—b2
= (a®-bc)? = (ba-c?) (ac - b?)
Simplifytoget: a(a®+b3+c®-3abc)=0
= a=0 or a®+b*+c3=3abc

[ Using : [2.4 (b)]

This is the relation between a, b and c.

IVSIEV AR | f the equations x° — ax + b = 0 and x? — cx + d = 0 have one root in common and second
equatio has equal roots, prove that ac is :

(A b (B) 2(b+d) ©)  b-d (D)  bd
SOLUTION : (B)
The equation x* — cx + d = 0 has equal roots.

= D=0 = D=c¢*-4d=0 ... (i)

;
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C —
= X=35 is the equal root of this equation. [As equal root of ax? +bx+c=0 are x = Z—a]

Now this should be the common root.

c . . . .
X = — will satisfy the first equation

2
c2 Clib_0 5 .
= 2735 = c“44b=2ac =  4d+4b=2ac [Using (i) ]
= 2(d+b)=ac Hence ac=2(b+d)

lllustration - 5 If the ratio of roots of the equation x? + px + g = 0 be equal to the ratio of roots of the
equation x? + bx + ¢ = 0, then prove that p’c — bq =
A 1 B) 1 c o (D) None of these

SOLUTION : (C)
Let o, B be the roots of X2 4 pX+q=0s0, a+f=—p,aff =1

and also let y, & x2+bx+c=050, y+o=-b,y0=c

2 2
(a+p )2 = (y+o )2 (Apply componendo-divideendo and take square on both sides)
(a=B)" (r-9)

Now,g=Z:>
B o

(a+B)  _ (r+6)
(a+B)2—(a-B) (y+5)°—(y-6)°

2 2 2 .2
_,  (etp)y” _(r+6) ,  p~_Db" —  pZc=b2.
4apf 4y5 4q 4c
[llustration - 6 1 1 1 1
. ion —+t—— = —+—— i
The condition that the equation ™~ 5= ek has real roots that are equal in

magnitude but opposite in sign is
(A)  b?=m? (B)  b?=2m? (C) 2b%=m? (D) None of these
SOLUTION : (B)
Clearly x =m s a root of the equation. Therefore, the other root must be —m. That is,
1 1 1 1

_+ - —_
-m -m+b m m+b

:
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1 1 2 b+m-b+m 2
= b-m b+m m = b2-m2 * m
= 2m?=2b%-2m? or 2m?=Db%
INEQUATION & INEQUALITIES Section - 3

3.1 Inequalities
The following are some very useful points to remember :

a<b = Eithera<bora=b

a<bandb<c = a<c

a<b = a+c<b+cVvVceR

a<b = —a>-b i.e inequality sign reverses if both sides are multiplied by a negative number.
a<bandc<d = a+c<b+d = a-d<b-c

a<b = ma<mbifm>0and ma>mbif m<0

Y V V V VYV Vv Y

O<a<b = a' <b"ifr>0anda’ >b" if r<0

> (a+;j22Va>0 and equality holds for a=1.

> (a+;j < -2V a <0 and equality holds for a=-1.

3.2 Interval

An infinite continuous subset of R is called an interval.

3.3  Closed interval
The set of real number between a and b (where a <b) also including the end points a and b called a closed
interval and is denote by [a, b]. Thus[a,b]={xeR :a<x<b}

3.4  Open interval
The set of real number between aand b (where a <b) also excluding the end points a and b is called on open

interval and denoted by (a, b). Thus(a, b)={x:a < x <b}.

The set of real number x such that a < x <b is called a semi - open or semi - closed interval and is denoted
by (a,b].Similarly we have[a,b) = {x:a < x <b}.

T o
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The number b —a is called length of the interval (a, b) or of [a, b]. The smallest and greatest elementsin an
open interval (a, b) do not exist.

3.5 Infinite intervals
The set of all real numbers greater than a certain real number, say ‘a’is an-infinite interval and is denoted by
(a,0). Thus(a,0)={x:x>a},and [a,0)={x : x> 4]
Similarly, we define(—0,a) ={x: x<a}and [-»,a)={x : x<a]
The infinite intervals have infinite length. In writing them, we use the symbol « as notation only. The sides of
—oo and oo INWriting infinite intervals must be kept open because a real number is never equal to —oo OF co.

Note : Inanyinterval the smaller value is to be written first. For example suppose we want to write set of real
numbers between 1 and 3 then we will denote it by (1, 3) and not by (3, 1).

QUADRATIC POLYNOMIAL Section - 4

4.1 Introduction
The quadratic polynomial in x is ax? + bx + ¢ ; where a, b, ¢ are real numbers and a 0.
ax? + bx + ¢ is also known as the quadratic expression in x. Evidently ax? + bx + ¢ is a function in x. For
different real values of x, we get different real values of ax? + bx +c.
So, ingeneral quadratic expression is represented as :f (x) =ax> + bx + ¢ or y=ax*+bx+c

4.2 Graph of a Quadratic Polynomial

f(x)= ax®+bx+c (a#0)
To draw the graph of f (x), proceed according to following steps :

\ /a=0
\/

1. Theshape ofthe curvey =f (x) is parabolic. -
_ XK-axis

2. Fora> 0, the parabola opens upwards. 7 \
For a <0, the parabola opens downwards. / va<0
3. Intersection with axes :
. . . \ ;  a<0andD>0
() with X-axis \ / ; N\ _
> ForD>0 NS / \ X-axis

.. . a=0andD>0
Parabola cuts X-axis in two points.

b+D

2a

AT

The points of intersection are o, 3 =
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a=0and =10

>  ForD=0 \ /
Parabola touches X-axis in one point

> N\

2a’ a<0and D=0

a=0and D=0
> ForD<0

Parabola does not cut X-axis at all i.e. no point of -
X-axis

intersection with X-axis.
/_\ a<0andD<0

(i) with Y-axis
The points of intersection with Y-axis is (0, ¢) {put x=0 in the quadratic polynomial}

R Y
V is called as vertex of parabola. - H T

|
|
-
“TR0) | @0 X
_ b D |
The coordinates of V=| =% =7 l a=0and D> 0

|
T
|

The points of intersectionis o =

Maximum and Minimum value of f (X) : ,
{
/

The line passing through vertex and parallel to the Y-axis , eriex
is called as axis of symmetry. axis of symmetry
The parabolic graph of a quadratic polynomial is sym
metrical about axis of symmetry. EVE rtex
> f (x) has minimum value at vertex ifa >0 and /{/ i a<0and D=0
f. =— b atx = i . : -X
min 4a 2a ~B. m/ i \(wx, 0)
| \
> f (X) has maximum value at vertex ifa < 0 and i H'
D b axis of symmetry
fax = — 1a atx =- %3

Note :

Graph of any quadratic polynomial can be plotted by following steps (1) to (4)

T i
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Sign of a Quadratic Polynomial

Let f(x)=ax?+bx+cwherea,b,ceRanda=0.

1. a>0,D<0:
Asa >0, parabola opens upward. \ /
As D <0, parabola does not intersect X-axis. \ / a=0and D=0
Sof(x)>0forallx e R. fﬁxis

i.e., f(x) is positive for all value of x.
2. a<0,D<0:

As a <0, parabola opens downward. X-axis

-

As D <0, parabola does not intersect X-axis.

Sof (x) <0forallx € R. / \x a<0and D=0

i.e. f (x) is negative for all value of x.

3. a>0,D>0:

As a >0, parabola opens upward.
. . . h [ a=0and D=0

As D >0, parabola intersect X-axis in two points say o, \& };
B (o <PB). a’_/p X-axis
Sof(x) > O0forallx € (-0, a] U[B, ) andf(x)<0
forallx € (a, B).
i.e. f(x) is positive for some values of x and negative for
other values for x.

4, a<0,D>0:
As a <0, parabola opens downward.
As D >0, parabola intersect X-axis in two points say o, o N i
B (o <PB). If \‘-1 X-axis
Sof(x) <Oforallx € (o0, a] U[B, ) andf(x)>0 a<0and D=0
forallx € (a, B).
i.e. f(x) is positive for some values of x and negative for
other values of x.

: > =0: A '

5 a>0,b=0 /a>0andD =0

Asa >0, parabola opens upward. \/ .
Vertex X-axis

As D =0, parabola touches X-axis.

AT



Quadratic Equations & Inequations

4.4

Sof(x) > 0forallx e R.

I.e. f (x) is positive for all values of x except at vertex
where f (x) = 0.

6. a<0,D=0:
As a <0, parabola opens downward. Vertex _
As D =0, parabola touches X-axis. f/ \1 X-axis
Sof(x) <Oforallx eR. < 0adD-0

i.e. f () isnegative for all values of x except at vertex
where f (x) = 0.

Quadratic Inequation :
Let f (x) = ax? + bx + c where a, b, ¢ € R and a = 0. To solve the inequations of type :

{fx) <0 ; f(x)<0 ; fX)>=0 ; f (x) > 0}, we use the following precedure.
@ D=>0
> Make the coefficient of x? positive
> Factorise the expression and represent the left hand side of inequality in the form
(x—a) (x —B).
> If (x—a) (x=P) >0, then x lies outside o and 3. - .
= Xe (-0 a)uU(pB, o) o B
> If (x—a) (x=B) = 0, then x lies on and outside o and p.
= X € (-, a] U [B, ) : :
a p
> If (x—a) (x—B) <0, then x lies inside o and . o
=  xe(oB) o B
> If (x—a) (x=P) < 0, then x lies on and inside o and .
—
=  xela, p] ! :
o p

(b) D<Oanda>0:f(x)>0 forallx € R. (c) D<Oanda<0:f(x)<0 forallx e R.
(d D=0anda>0:f(x) >0 forallx e R. (e) D=0anda<0:f(x) <0 forallx e R.

() D=<0,a>0:f(x) >0 forallx e R, @ D<0,a<0:f(x) <0 forallxeR

T s
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[llustration the Concept :

(@)

()

If f (x) = x2 + 2x + 2, then solve the following inequalities :
i f(x)>0 (i) f(x) <0 @iy fx>0 (iv) fx)<0

f(X)=x2+2x+2

v
Letusfind D | ’

— D=b’-4dac=(2)’-4(1)(2)=-4<0 = D<0 (/2

= roots of the corresponding equation (f (x) = 0) are non real.

f () cannot be factorized into linear factor. —1 0 - X
Also observe that a = coefficient of x> =1>0

Asa>0andD<0,weget:f (x)>0 v xeR [Using result 3.5 (b)]

M f(x)>0istrue v xeR (i) f (x) < Ois true for no value of xi.e., x e { }.

@) f(x)>0istrue v x € R. (v) f (x) <0istrue for no value of xi.e., x e { }.

[Using results given in section 3.5, (b) and (c)]

If f () = x2 + 4x + 4, then solve the following inequalities :

i) f(¥)>0 (i) f(x)<O (i) f(x)>0 (iv)  f(x)<0
fO)=x2+4x+4=(x+2)? v

Letusfind D “

— D=b?-dac=(42-4(1)(4)=0 = D=0 1y

= roots of the corresponding equation ( f (x) = 0) are real and equal.

Also observe that a = coefficient of x> =1>0 —2 0 - X

As D=0anda>0,weget:

= f(X)>0vy xeR [Using 3.5(d) ]

(i) f(x) >0istrue v x eR. (ii) f(x) <Oistrue v x e {~2}

@) f(x)>0istrue v x e R—{-2} (v)  f(x)<Oistrue for no value ofxi.e.,x € { }.

[Using results given in section3.5]

AT
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Solve the following quadratic inequality : X°—2x-3<0.
(A xe[-13] (B) xe(-L3) (©) xe[34] (D)  (-o0,~1)U(3,%)

SOLUTION : (B)
X2 -2x-3<0
Letusfind D = D=b’-4ac=(-2)2-4(1)(-3)=16>0=D>0
Now factorize LHS using “Spliting the middle term” method i.e.,
X -3x+x-3<0 =  (x-3)(x+1)<0

= xe(-1,3) [Using result mentioned in section 3.5 (a)]

UEBEUEREY Solve the following quadratic inequality : x> +x—1 > 0
-1-+5 +5-1
(A)  xeR (B) xe [,\f
2 2

©) Xe(—oo,_l_z\/g}u{\/gz_l ,ooJ (D) Xeg
SOLUTION ; (C)

X+x-1>0 (i)

Letusfind D

= D=b%-4ac=12-4(1)(-1)=5>0=D >0.

LHS cannot be factorized using spliting the middle term method. We will find roots of the corresponding
equation (say o and B) then use result ax? + bx + ¢ = a (x — a) (X — B), where a.and B are roots of ax? +
bx+c=0. (i)

Consider Xx2+x-1=0

_1++/5
2

Using (i), we get : x2+x—1:{X—(_lzﬁjl{x—{_lgﬁJ] ...... (iii)

-1++/5 -1-+/5
Combining (i) and (iii), we get : x2+x—1:{x‘( Z\/—J”X‘( 2\/_}] >0

-1-5] |V5-1 _ S
Xe | ™% 5 - T’OO [Using result given in section 3.5 (a)]

s T

. -b++D i
Using x :Z—a\/_ formula to find roots, we get x =
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Case : |
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Maximum and Minimum values of a Quadratic Polynomial

Letf(x)=ax®+bx+c,a=0.

(a>0) Whena >0, parabola opens upward.

From graph, vertex (V) is the lowest point on the graph.
-b

= y =1 (x) possesses minimum value at x = o8 ‘

-b

=2 e
ax—2a

4a
As you can observe on graph,

= ymin = f(X)min =

Maximum value of f (x) is approaching to infinitely large value,

Le., Yinax = T (max = (not defined).

(a<0)
When a <0, parabola opens downward.
From graph, vertex (V) is the highest point on the graph.

—b

2a i
Ve [_b

-D
—— atx=— /N
sa @

As you can observe from graph, minimum value of f (x) is

y = f (x) possesses maximum value at x =

= ymax = f (X)max =

approaching to infinitely small value.

Le., Yiin = T (X)pin =— (not defined).

lllustration the Concept :

Find f (max) or f (min) in the following polynomials over xR .

(i
(i

f (x) has minimum value at vertex.

D=

min

f(x)=4x*>-12x + 15

f(x)=4x2-12x + 15
As a=4>0

(i)  f(X)=-3x*+5x-4
f(x) = -3x% + 5x - 4
As a=-3<0
f (X) has maximum value at vertex.

(ii)

(12)2 - 4% 4 x 15 = 144 — 240 = — 96 D = (5)2 — 4(-3) (-4) = 25— 48 = —23

-D

4a

_ b
*= 2a

f _-b atx——i
Max = 44 2a

AT
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* 4.6 Introduction to Logarithmic Function :

(23)__ 23, _ () _5

- -0 __ = _2 fray = — =) — _£9 gy TO)
fmin = “4x4 T 1 TO0AXT-L4 7 max =" 4-3) 12 2(-3) 6
3 5
fon =6 at x= > - fmax =1 at X=5

fmax =® fmin =%

If y _gYfor x>0, a>0 and a =1, then logarithm for x with respect to the base ais definedtobe y.In

symbols logg x =Y.

Note : Ifany of the condition viz. (i) x > 0 (i) a > 0 (iii) a = 1is not fulfilled, logarithmis invalid.

Graph of logarithmic Function

y=loggx,a>lorx=a¥;a>1

(ii)

(iii)

When0<x<1
x=aY

We have to choose those values of y for whichg . ¥ <1

Sincea>1,y<0 = y € (-0,0).
Whenx =1,

x=a¥

We have to choose those values of y for which
X becomes1 = y=0.

Since

Whenx > 1,

x=a¥
We have to choose those values of y for which x > 1.
Sincea>1,0<y<w.

0

Graph of log x, 0> 1

y=logg x,0<a<lor x=aY¥,0<a<1

(iv)

When0 <x <1,
We have to choose those values of y forwhich g . 3¥ -1

T i
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Since 0<a<l1,y>0.

(V) Whenx =1, I
X = a_y I.
We have to choose those values of y for which x becomes 1 \cL. 0
= y=0 ol - »X
(vi) Whenx>1, AN
We have to choose those values of y for which 5¥ < 1. Graph of logx, 0<a<1

Since a<1,y<0

4.7  General Properties to logarithmic fuction :
X
(i) loga (xy)=loga x+logy y. (i) loga (yj =loga x—logg y.
(i) logg x¥ = ylogg x
i lo x—llo x and lo x—ilo X
(iv) loggnx="loga 942n X= 100
(v)  loggl=0 (vi) logqga=1
in logy X = ,where X,y>0,x#1, y=1
VD29 % lagy ’ ’
log; x
iy logy X = , where x,y,z>0; x=1, y=1
(viii) 109y log, y y
(ix) glogax_ (¢ xlo9ay _ ylogax
(xi) Ifa>1and m>n< logg m>logg n
(xi) IfO0<a<1,then m>n<loggm>loggn.
Note :  Whenever the base of a logarithmic term is not written, its base is assumed to be 10. Logarithm of x to the

base e is usually written in In x.

AT
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(b) Exponential Function s Y
y=aXwhere a>1or 0<a<1isan exponential fuciton of x. a /
This function is the inverse of lagarithmic function i.e. 1
it can be obtainned by interchanging x and y in y =logg x. _—
0 "X
As observed from the graph, if 3 > 1, theny increases as X increases.
If 0 <a<1,theny decreases as x increases.
'y ’:-’
Continuity :
The graph of f (x)=ais continuous (i.e. no break in the curve) \
everywhere. rxhﬁ <g=<]
Domain and Range : i X
5 >
The domain of the function f(X)is x < rand rangeiny>0.
Illustration the Concepts :
1 1
Prove that : (§/§)5Iog53 _ 2515
_ 1 2
LH.S _ %JSIogSS - (3)15°93°
1 2
1 =loga 5 e
- ~logq5 1/375 93 15
PF T
1 2 1 1
r =loga 5 £ el 3
_ 32/3}5 3 _5l5 :(52)15 _2515 _RH.S

T i
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*
MESIENCIESENY f a > 0, a # 1, then the equation 2log, a + log, a+3 109 2 a =0has
(A)  exactly one real root (B)  two real roots
(C)  noreal roots (D) infinite number of real roots

SOLUTION : (B)
The equation can be written as

2loga loga 3log a
+ + 5 =
log x  log (ax) Jog (a“x)

Asa>0anda=1,loga=0, (i) can be written as

. logb
o (i) {Usmg Iogab=ng

2 1 3
§+b+y+2b+y:0 (where b =log a and y = log x)
= 2(+y)@2b+y)+y@b+y)+3y(b+y)=0 = 4b%+1lby+6y*=0

Above equation is a quadratic iny. On solving, we get :

y= ~lbxy121® —ggb? __4b b

12 3 2
As y=logxandb=loga

4 1
= logx=-loga or —Eloga:>x:a“”3,a‘1’2

=  Tworeal roots can exist.

[Using : log,b=c=b=a"]

lllustration - 10 ST graph of the polynomial : y = x? + kx — x + 9 is above X-axis, then the possible values

of k are :
(A)  keR (B) ke(-57) (C) ke¢ (D) ke(7,9)
SOLUTION : (B)
y = ax? + bx + ¢ has its graph above x-axis if : D = (k- 1)?>—36 <0, for graph to lie above x-axis
a>0and D<O0 (k=7)(k+5)<0
Given y=x+(k-1)x+9 = —5 <k < 7{For graph to lie above x-axis}
Coefficient of X’=a=1 i.e. positive. 0 , o
-5 7
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*

lllustration - 11 ¥ log, (ax? +x+a) > 1 v x € R, then exhaustive set of values of ‘a’ is :

A) (0,1+§J (B) (1—§,1+§J ©) (Ql_ﬁJ D) [1+§,00J

2 2 2

SOLUTION : (D)

log, (@®+x+a)>1y xeR = a>0and 422 -8a—1>0
= ax’+x+a>2vy xeR = a>0and ae(—oo,l—\/zg}u{h\/zg,ooj

= a+x+@-2)>0y xeR
—  coefficientof x> >0 andD < 0 = ae{l+25,oo}

= a0 and 1-4a(a-2) <0

LLtatonst2 The least Integral value of ‘k’ for which (k—2) x>+ 8x+k+4>0forall x R, is:

A 5 B) 2 <© 3 (D) None of these

SOLUTION : (A)
Let f(xX)=(k-2)x>+8x+k+4

fx)>0 = a>0 and D<O0 [By using result 3.5 (b)]
k—=2>0and 64-4(k-2)(k+4)<0
k>2 and 16— (k2 +2k—-8) <0 — ’ o——
k>2 and K +2k-24>0 _6 2 4
k>2 and (k<-6ork>4)

As it can be observed that k can take value greater than 4

= k>4

least integral value of k=5.

UEBIEUEREY 1f a < b, then solution of x2 + (a + b) x + ab < 0 is given by
(A) x<borx<a (B) a<x<b (C) x<aorx>b (D) -b<x<-a

SOLUTION : (D)

¥+ (@+h)x+ab<0

= (x+a)(x+b)<0 = -b<x<-a

2 “EEETE
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*k
U OEREY 1f a, b, ¢ e Rand (a+b +c) ¢ <0, then the quadratic equation p (x) = ax? + bx + ¢ = 0 has:
(A) A negative root (B)  Tworeal root (C)  Two imaginary root (D)  None of these

SOLUTION : (B)
p(x)=ax®+bx+c=0
Now, a+b+c=p(1)andc=p(0)
According to question
(@a+b+c)c<0 = p(1)p(@©0)<0
= p((x)=0 hasatleast onerootin (0, 1).
p ( x) = 0 hastwo real roots because if coefficients and any one root are real, then other root would also be

real.
* %

[llustration - 15 - .
_Let a, b, ¢ be three distinct real numbers such that each of the expression ax? + bx + ¢, bx?

. . bc +ca+ ab
+cx+a and ox? + ax + b is positive for all x € R and let o = ————— then
a“+b°+c
(A) a<4 B) a<1 ©) a>1/4 D) a>1

SOLUTION : (B) & ()
According to the given conditions a>0,b?<4ac ; b>0, c?<4ab ; ¢>0, a’><4bc

a’+b’+c?<4(bc+ca+ab) ..., (i)

1 bc+ca+ab 1
T4 a2 p2i2 - 4 = *

2, M2, A2 _E RY: )2 IRRY. T
Also  a“+b“+c°—(bc+ca+ab) =3 [b-c)*+(c-a)*+(a-b)]>0 ...... (i)

1 2 2 2 2 .2 2 L
But (b-c)"+(c-a)"+(a-b)" |>0 =  a“+b“+c“—(bc+ca+ab)>0  [Using(ii)]

bc+ca+ab

-5 <1l = a<l

a2 +b2+c2

* Xk

UEEEERIERY 2 b, ¢ e R, a0 and the quadratic equation ax? + bx + ¢ = 0 has no real roots, then
(A) a+b+c>0 (B) a(at+tb+c)>0 (C) b(@+tb+c)>0 (D) c(a+b+c)>0
SOLUTON : (B) & (D)

Let f (x) = ax?+ bx + c. It is given that f (x) = 0 has no real roots. So, either f (x) >0 for all x € R or

AT
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f(x) <Oforallx € R i.e. f(x) has same sign for all values of x.
f(0)f(1)>0 = c(a+b+c)>0.
Also, af (1) > 0 = a(@+b+c)>0.

Illustration - 17 Jyper (X) = X2+ 4x + 1, then

(A)  f(x)>0forall x (B) f(xX)>1whenx >0
(C) f(x)>1lwhenx <-4 (D) f(x)=f(-x) forallx
SOLUTION : (B) & (C)

Since f (X) is a quadratic expression having real roots. Therefore f (x) does not have the same sign for all x.

Now, f (x) >1 = X+4x+1>1 = X +4x>0
= X<—-4 or x>0 = (B)and (C) are correct.
f(X)=x°-4x+1 = f(x) = f(x) = (D) iswrong
UEEE BN The adjoining figure shows the graph of y = ax? + bx + c. Then Y,
(A) a<0 (B) b?<4ac
(C) c¢>0 (D)  aand b are of opposite signs.
SOLUTION : (A) & (D) /\
Asi it is clear from the figure that it is a parabola opening downwards i.e.a<0. ¢ 7/ -t

— (A)is correct.

= ltisy=ax’*+bx+c ie. degreetwo polynomial.
Now, if ax? + bx+ ¢ =0 = it has two roots x, and x,, as it cuts the axis at two distinct point x, and x,.
Now, fromthe figure it is also clear that x, + x,>0. (i.e. sumofroots are positive)

= _;>0 = 2>0 = a and b areof oppositesings. = (D)iscorrect

As D>0and f(0)=c<0,both (B)and (C) are wrong.
SN The diagram shows the graph of y = ax2 + bx + c. Then,

Y4
(A) a>0 (B) b<0
(C) ¢>0 (D) b>-4ac=0
SOLUTION : (B) & (C)
As it is clear from the figure that it is a parabola opening downwards ) / \ x
) x' 7 0 3 o
l.e.a<0. (x;. 0) (x5, 0)

= ltisy=ax’*+bx+c ie. degreetwo polynomial.
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Now, ifax?+bx+c=0 = ithastwo rootsx, and x, as it cuts the axis at two distinct point x, and x,.

Now from the figure it is also clear that x; +x, <0. (i.e. sumofroots are negative)
-b b

= —<0= —>0 b<0= (B)
a a

As the graph of y = f(x) cuts the +y-axis at (0,c) wherec>0 = (C) is correct.

RATIONAL FUNCTION & RATIONAL INEQUATION Section - 5

5.1

5.2

Introduction to Rational Functions

Rational function of x is defined as ratio of two polynomial of x, say P (x) and Q (x) where Q (x) #0. i.e.
P (x)

If f (x)= m;Q(x);tO,

then f (x) is a rational function of x.

Following are some examples of rational functions of x.

_x+1 X -x+2 x*+x3+x+1
F(x) = X2+ X+1 " F() = X% —5X+6 x#2,x#3 5 1= (X—l)2

P X#1

Maximum and Minimum values of a Rational Function of x

_ ax? +bx +c
Consider:  f(x)=y= —px2 o wherex e R—{a, 8},
where op arerootsof px? +gqx+r=0  ..... (i)

xeR—{o, B} ax*+br+c ye?

pxz+qx+r

We will find maximum and minimum values f (x) can take.
Cross Multiply in (i) to get :
y(Pé+ax+n=  a’+bx+c =  (a-py)x*+(b-ay)x+ (c-ry)=0
Asxisreal,D >0

= (b-qy)*-4(@-py)(c-ry) >0

AT
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Above relationship is an inequality in y. On solving the inequality we will get values y can take.
Case-|: y € [A, B]

Ify can take values between A and B, then,

Maximum value ofy =y_. =B, Minimumvalue ofy =y _. = A.
Case-1l: y e (-0, A]U [B, o)

Ify can take values outside A and B, then

Maximum value ofy =y, . =oo i.e. notdefined.

Minimum value ofy =y . =—oc. i.e. notdefined.

Case-Ill: ye (-, 0)ie.yeR
Ify cantake all values, then

Maximum value ofy =y, . = oo i.e. not defined.
Minimum value ofy =y, =—oc i.e. notdefined.

I*

[llustration - 20 2
XT +34x-71
If f(x)= "2 - - .xeR,thenf(x) can take values :
XT+2x-7
A (59) (B)  (—».5] u[9,oo) © [59] (D) None of these
SOLUTION : (B)
X2 +34x - 71
Let —5 - - =k = (17-K?-(1-K (7k-71) >0
XT +2x-7

By cross multiply and making a quadratic = 8k?-112k+360 > 0

equation in x, we get : =  k®-14k+45 >0

= X*(1-K+B4-2kx+7k-71=0 = (k-5)(k-9) >0

As x € R, discriminant > 0 = ke (-0, 5] U [9, ) [Using result 3.5 (a)]

= (34-2k?-4(1-Kk (7k-71) >0 Hence k can never lie between 5and 9

A eins
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*

[llustration - 21 22 _5y 13

The values of m for which the expression : —————— can take all real values for
m
XeR.—{—
- {4}

4Xx —m
(A) me [4, 6] (B) me [6, 8] © me [—6,—4] (D) me [—4,—2]
SOLUTION : (A)

2x2 _5x+3
let ————— =k = 2*-(4k+5)x+3+mk=0
4x —m

= Asx e R, discriminant > 0
= (4k+5%-8(3+mk)>0 =  16k2+(40-8m)k+1>0

A quadratic in k is positive for all values of k if coefficient of k2is positive and discriminant < 0.
= (40-8m)?-4(16)(1) <0 = (B-m?-1<0

= (M-5-1)(mM-5+1)<0 = (M-6)(m-4)<0

= me[4,6] [By using 3.5 (a)]

So for the given expression to take all real values, m should take values : m e [4, 6].

x2 +mx+1

x2+x+1

*
Illustration - 22

The values of m so that the inequality : < 3 holds for all x e R.

(A me(-18) (B) me(-o,-1)u(5x) (C) me(-15) (D) Noneofthese
SOLUTION : (C)
We know thatja|<b = -b<a<hb

2

XS +mx+1 2
Hence [~ ———|<3. = g X *+mx+l 4
1 2
X“+ X+ X5+ x+1
2
Casel: x2+—mx+1<3
X“+x+1
(x2+mx+1)—3(x2+x+1) —2x2+(m—3)x—2
) <0 > 5 <0
X+ x+1 (X+1j .3
2 4
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Multiplying both sides by denominator, we get :
= -2¢+(M-3)x-2<0 (because denominator is always positive)
= 2%-(M-3)x+2>0

A quadratic expression in x is always positive if coefficient of x> >0 and D < 0.

= (M-32-4(2)(2)<0 = m-6m-7<0
= (M-7)(m+1)<0 = me(-1,7 ... (i)
x2 +mx +1 (x2+mx+1)+3(x2+x+1)
Casell: 3< —% = <0 5
X+ x+1 X< +x+1

= 4P+ M+3)x+4>0
For thisto betrueforallx e R,D<0
= (M+3)2-4(4)(4)<0

= (M+3-8)(m+3+8)<0 [Using a? — b? = (a + b) (a—b)]
= (M-5(mM+11)<0
— me(-11,5 (ii)

We will combine (i) and (ii) because must be satisfied.

—  Thecommonsolutionis m e(-1, 5).

5.3 Rational Algebraic Inequalities :

(@) Solving Quadratic Inequality :
A simple and quick method of solving quadratic inequarions is as follows :

f - b

»  Make the coefficient of y2 positive if necessary. B

L )

() €

»  Check for b2 —4ac. Ifitis ngative then the solution is either all real x or no real x depending on the
inequality sign. If b2 — 4ac > 0,then solve the given quardratic to get the real roots ¢; and ¢, where
¢ <Co.

> Ifthe finalsign of the inequationis * > then the soluiton set is (—o,¢1 ) U (cp ,0) and if the final sign is
*>" then the solution set is( ¢y ,C2 ).

(b) Equivalence in Inequality :
The inequations are said to be equivalent if every solution of one is a solution of the other. For instance, the

X—2
inequations (x—2)(x—3)>0and E>0are equivalent. The solution set to both inequations

A s
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is(—00,2) U(3,0).
PROOF

X—2
The inequationxi_s>0 makes sense if x 3. Multiplying by(x—?,)2 >0on both sides, we

get (x—2)(x—3) > 0whose soluiton set is easily seen to be (—w,2) U(3,).

X—2
The student must note carefully that the inequations(x—2)(x—3) > 0 and 3 2 0 are NOT equiva-

lent. The former has solution set(—oo, 2] U [3,00), while the latter has solution set (—o, 2] U [3,).

Similarly the inequations

(x-1)(x-2)(x-3)>0; w>0 and &>O

(x—3) (x—2)(x-3)

are all equivalent, (See the section for solutions to the cubic inequations)

Cubic inequations:
Suppose the inequation can be written as

F 1
L

(x—cp)(x—cp)(x—cg3)>0, where cj <cp <cg3. e & o
The solution set =(c,¢p ) (c3,%)
If the sign in the above inequation is * <, then the solution set is(—oo, ¢1 ) L(c2,3)

Generalization:
The solution set to the inequation

(x=cp)(x = €2)..(x —Cn) >0, where ¢ <Cp <....<Cpis
The solution set is : (¢, ¢p) U (3, ¢4) U.....U (Cp, ), ifnisodd

and (-0, ¢1)U(€2,63)U......(Cp, ), if nis even.

Note :

Dealing with inequations in an immatured manner leads to serious errors. The consequences are generally
(1)  Allowing fake solutions. 2 Discarding correct ones.
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(e) Rational Algebraic Inequalities
consider the following types of rational algebraic inequalities.

PO) PO PX PR
Q) % <% Qe =% Qe =°

where P (x) and Q (x) are polynomials in x.

»  These inequalities can be solved by the method of intervals also known as sign method or wavy
curve method.

How to solve Rational Algebraic Inequality :
(a) Factorise P (x) and Q (x) into linear factors.
(b)  Make coefficient of x positive in all factors.

(c) Equate all the factors to zero and find corresponding values of x. These values are known as critical
points.

(d)  Plot the critical points on a number line. n critical points will divide the number line (n + 1) regions.

(e) Inright most region, the expression bears positive sign and in other regions the expression bears
alternate positive and negative signs.

lllustration the Concepts :
() Solve x?_5x+6>0.

Itis easy to see that x2 —5x+6=(x—-2)(x-3).

Thus, the critical points are 2 and 3 and since the sign T - .+

4
L i

is “ >, the solution set is(— o, 2) U (3, )

2

(i) Solve 28+3x—x“ >0

Multiplying with -1, we get x2 —3x — 28 < 0

1
v

= (x+4)(x-7)<0
= Xe(—4,7)

2

(i) Solve 5-2x-3x“<0

2 1 2x-5>0. L.

Multiplying with -1, we get 3x
5
= (x-1)(3x+5)=0 3

A eins



(iv)

(v)

(vi)

(vii)
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= XG(—OO,_?)S:|U[1,OO)

Solve x2 +3x-1<0

Now the factors of x + 3x —1are not possible by F -

inspection although they are real -3=-13 313

as critical

Solving, x2 +3x—1=0,we get ﬂ

points. Thus, the inequation can be written as

3-J13 || . —3+13 ~3-13 -3+13
X || X=——— |<0 Hence the solution set ,
2 2 2 2
3X—
<0
Solve 5x_4
The critical point are 2/3 and 4/5 and therefore the - - —
2 4
(24 3 5
solution is (3 ’5}
Solve (x-3)(x—2)" >0
Since (x—2)2 >0 forall xexceptat x =2 for which
(x-2)* =0. - .
2 -
The given inequation is equivalent to x —3 > gand ’
X # 2.
Now x —3 > Qis obviously satisfied in (3, «)
which does not include 2. Thusthe required solution s (3, )
Solve (x—3)? (2x-1)(3x+5) > 0
= i
Since (x —3)2 > 0 for all x except at x = 3hence the * 5 T 3
3 2

inequation can be written as(2x —1)(3x+5) > 0 if x = 3.
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(viii)

(ix)

-5 1
= Xel|—o0o,— |uU| =, |, where x # 3,
( 3J (2 j

Hence, the required solutionis :

(+gefi o

Solvel/ x>-1

1+1>0 : —=>0
X X

The critical pointsare -1 and 0

Hence, the required solution = (—o0,-1) U(0,00)

Solve(x—2)(3x-2)(x+1)<0
The critical pointsin the ascending order are -1,
2/3 and 2 using our algorithm for cubic inequation.

2
Hence, the required solution is (—o0,—1) U (3 , 2}

&

¥

¥

-

| b2

Illustration - 23

8x% +16x — 51
2x—3)(x+4) 3

Solve for x :

SOLUTION :

A s

8x2 +16x —51 >3
(2x=3) (x+4)

8x2 +16x -51-3(2x—-3) (x + 4)
(2x-3) (x +4)

(2x=5) (x+3)
= 2x-3)(x+4) >0
Critical points are : x =—-4, -3, 3/2, 5/2
The solution from the number line is :

o222

2x2 +x-15

2x—3) (x+4) > °
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[llustration - 24 4 5
P ——dhe——
Solveforx: 17 "7 <l
SOLUTION :
42
1+x 1-x ° 1
O I 1 h b H I' t. ﬂ<
n solving the above inequality, we get : L+ %) -
1 0 ,
= m< [As x“—2x +5>0for all x € R (because D <0, a > 0)]
1t 0
= (l+x)(x—1)> = Xe(-o,-1) U (l x)
[llustration - 25 > 1 @D |
Lety = 2 _yi1 X+1 3.1 find all the real values of x for which y takes real
values (i.e. find domain). are :
(A xe(-1,0)u(L2) (B) XE(—OO,—].)U[O,].]
(©) me(0,1)u(2,3) (D) me(-11)

SOLUTION : (B)

2 1 (x+D)

Fory to take real values ; > - 3 >
x“—x+1 X+l x241

2 2
2 1) - 1-x)-(2x+1 X+ X
(x+)(x; x)(x+)20 N h 20
x° +1 (x+D) (x“=x+12
= x(x ~Y) <0

(x+1) (<% = x+1)
Multiply both sides by x? — x + 1 to get,

[As x?—x+ 1> 0 for all x € R (because D < 0, a > 0) we can multiply both sides by X2 — x+1]

X(x-1)
(x+1)

Critical pointsare x=0,x=1,x=-1.
Expression is negative for x € (-, 1) U [0, 1]
So real values of x for whichy isreal are x (-0, -1) U [0, 1].

AT
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POSITION OF ROOTS OF A QUADRATIC EQUATION Section - 6

Let f (x) =ax®+bx +c, where a, b, ¢ € R be aquadratic expression and k, k;, k, be real numbers such that

. . -b-+D
k, <k,. Leta, B(oc # B) be the roots of the equation f (x) =0i.e. ax* +bx+¢c=0. Theno = Z—a\/_
— D . . o .
and 3 :b;—;/— , Where D is the discriminant of the equation.

6.1  Conditions for a number k to lie between the roots of a quadratic equation
If a number k lies between the roots of a quadratic equation f (x) = ax? + bx + ¢ = 0, then the equation must
have real roots and the sign of f (k) is opposite to the sign of ‘a’ asis evident from Fig. 1 and 2.

Fig.1 ¥ Fig. 2 Y
K o p_x
X
~0[ ; 0 k
flky=ak> + bk +c>0
| f(k)=ak® +bk+c<0 ¥ a<0
| a =
af(k)<o ... (1) af(ky<o .. (i)
Combining (i) and (ii), af (k) < 0 for k to lie between roots.

Note : Forroots to bereal, D >0. There is no need to take this condition as when af (k) <0, then D will always
be positive i.e. D > 0. Hence af (k) <0 is necessary and sufficient condition for k to lie between roots.
Thus, a number k lies between the roots of a quadratic equation f (x) = ax? + bx + ¢ =0
If af (k) <0.

z
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6.3
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Conditions for both k, and k, to lie between the roots of a quadratic equation

Ifboth k, and k, lie between the roots a.and 8 of a quadratic equation, then f (x) = ax? +bx+c =0, then

signof f (k;) and f (k,)should be positive or negative depending upon sign of aas it is evident from figure
3and 4.

Fig. 3 i Fig. 4 '

f(k)<Oand f(k,)<0 ...... (i f(k)>0and f(k)>0 ...... (i)
Combining (i) and (ii), af (k,) <0and af (k,) <0

Hence for k; and k; to lie between roots, af (k,) <0 and af (k,) <0.

Conditions for a number k to be less than Roots of a Quadratic Equation

Ifa number k is smaller than the roots of a quadratic equation f (x) = ax? + bx + ¢, then the equation must
have real and distinct roots and the sign of f (k) is same as the sign of “a’ as is evident from Figs. 5 and 6.
Also, k is less than the x-coordinate of the vertex of the parabolay = ax? + bx + ¢ i.e. k <—b/2a.

Fig. 5 ¥ Fig. 6 Y

|
F (k) /\
| AR (N
f[kj/}/ \
+-2)
v a=0 ' a<0
f(k)>0andx, >k ...... (i) f(k)<Oandx, >k ...... (ii)

AT
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6.4

6.5

b
Combining (i) and (i) we get : af (k) >0, x, > ki.e. — %a >kandD>0

Thus, anumber k is smaller than the roots of a quadratic equation ax? + bx + ¢ =0, if

() D=0 (i)  af(k)>0 (i) k<x,=-b/a.

Conditions for a number k to be more than the roots of a quadratic equation

If a number k is larger than the roots of a quadratic equation f (x) = ax? + bx + ¢, then the equation must
have real and distinct roots and the sign of f (k) is same as the sign of ‘a’ as is evident from Figs. 7 and 8.
Also, k is greater than the x-coordinate of the vertex of the parabolay = ax? + bx + ci.e. k> —b/2a.

Fig. 7 y Fig. 8 y
[ |

if (k)
o Bk x
)
2a 4a
\ a=0 Y a<0
f()>0andx, <k ...... 0 f)<Oandx, <k ...... (ii)

. b
Combining (i) and (i) we get : af (k) >0,x, <k ie. ~%a <k and D>0
Thus, a number k is smaller than the roots of a quadratic equation ax? + bx + ¢ = 0, if

() D=0 (i)  af(k)>0 (i) k>-bl2a.

Condition for both the roots of a quadratic equation to lie between numbers k,
and k
2

If both these roots o and B of a quadratic equation f (x) —ax?+bx+c= 0, lie between number

ki and k5, then equation must have real roots, signs of f (k;)and f (k,) are same as sign of “a’ is evident

—b
fromfig 9. and 10. Also X, = % must be between k; and k,

% T
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: ¥ : y
F|g. 9 ' F|g 10 '

(-2
2a 4

=T
L

|
|
f'[kl}I If(kz)x K, K, .
al® Pk Fky) NS
b _D
£y
y a=0 y a<0
(k) > O, f (k) <O,
f (kp) >0, f (ky) <0,
k<X <Ko (i) k<X <Ko oo (ii)

Combining (i) and (ii) we get : af (ky)>0, af (ky)>0, kg <X, <k, and D=0

If both the roots of a quadratic equation lie between numbers k; and ky, then

() D>0 (i) af (k)>0,af (k)>0 (i) k <- % <k,

Condition for exactly one root of a quadratic equation to lie in the interval (k,, k),
where k, <k,

If exactly one root of the equation ax? + bx + ¢ = 0 liesin the interval (ky, k,), then f (k) and f (k,) must be
of opposite sign as shown in Figs. 11 and 12.

. . ¥
Fig. 11 :’ Fig. 12 i
N
£, k, 1K) ki
AE p * £(k,),
f(x)=ax*+bx+c f{x)—axz—hx—c
a>0 Y a<0
]
f(k)>0and f(k)<0  ...... (i) f(k)<Oand f(k)>0  ...... (i)

Section 6 37
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Combining (i) and (ii), we get . f (k,) f (k,) <0

Note : Exactly one root lie between k, and k,. Therefore graph of quadratic polynomial will cross x-axis once
between k; and k,. This implies signs of f (k,) and f (k,) would be different. Hence f (k,) f (k,) <0

Thus, exactly one root of the equation ax? + bx + ¢ =0 lies in the interval (k;, k) if
() fky) (k) <0

6.7  Some More Result on Roots of Quadratic Equation

»  Bothroots of f (x) = 0 are negative,
if sum of the roots < 0, product of the roots>0and D > 0

ie. —E<0,£>0, b2 —4ac>0
a a
»  Bothrootsof f (x) =0 are positive,

if sum of the roots > 0, product of the roots >0and D > 0

ie. —E>0,£>0, b2—4a020
a a

»  Rootsof f (x) =0 are opposite in sign,

C
if product of the roots<0 i.e. 2 <0

UEEEERNEEY I the roots of the equations x2 — 2ax+a2 +a—3=0 are real and less than 3, then :
A  a>2 (B) 2<ax<3 (C) 3<acx4 (D) a>4
SOLUTION : (A)

2

Let f(x)=x“-2ax+a“+a-3

As both roots of f (x) =0 are less than 3, we cantakea f (3)>0,-b/2a<3and D >0
[Using section 6.4]

Consideraf(3)>0:
= 1[9—6a+a2+a—3}>0 — a2-5a+6>0
= ae(-©2)u(3») L (i)

—(-2
Consider b/ 2a<3: (3 a)<3

T eins
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= a<3 (i)

= ae(-3 . (iii)

Combining (i), (ii) and (iii) on the number line, weget: ae (-« ,2)

FREEEERTE The values of p for which the roots of the equation (p — 3) X% — 2px + 5p = 0 are real and
positive are:

15 15
A pel2,3] ®) pe(&ﬂ ©)  pe(-0,0)u(30) (D) pe(Z,Ij

SOLUTION : (B)

The roots are real and positive if D > 0, sum of the roots > 0 and product of the roots > 0.
[Using result 6.7] D>0:

= 4p>-20p(p-3)>0 = —4p*+15p>0 = 4p’°-15p<0 = pe[0,15/4] ..()
Sum of the roots >0 :

2p P
p_3>0 = p—3>0
= ppP-3>0 = pe(-x0uUu@Bx (ii)

Product of the roots >0 :

5p P

p_3>0 = E>O = ppP-3)>0 = pe(-x0uU(B, o ....... (i)
Combining (i), (i1) and (iii) onthe number line, we get :

p € (3, 15/4].

lllustration - 28 The values of a for which 2x2 —2 (2a + 1) x + a (a + 1) = 0 may have one root less than a

and other root greater than ‘a’ are given by
(A) 1>a>0 (B) -1<ax<0 C) ax>0 (D) a>0ora<-1

SOLUTION : (D)

The given condition suggests that a lies between the roots. Let f (x) =2x? -2 (2a+ 1) x+a (a+1). Fora
to liebetweenthe  roots, we must have f(a) <0

= 2a’-2a(2a+1)+a(a+1)<0

= -a’-a<0 = a2+a>0 — a>0ora<-1

AT
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UIVSTEV AN The values of “a’ for which both the roots of x? — 4ax + 2a? — 3a + 5 = 0 is greater than 2,
are :

(A) ae(,o) (B) a=1 C) ae(-o 1) (D) ae(9/2,»)
SOLUTION : (D)

Let f (x) = x> — 4ax + 2a2 — 3a + 5. The conditions for both the roots to exceed 2 are
() D>0 (i) f(2)>0and (i) x, >2
Now consider D > 0

N 16a2—4(2a2—3a+5)20:> 222 4 33— 5 0
= (2a+5)((@-1)>0
— ac(w52U[Lw) (i)

Now consider f (2) >0
2
= 4—8a+(2a —3a+5)>0 = 2a% -11a+9>0

= (2a-9)(a-1)>0

9
- ae(-ox, 1)u(§,ooj ...... (ii)
Now consider x, > 2
4a
= > 2 constant
= a>1 (iii)

9
On combining (i), (ii) and (i) ,we get: a € (E, oo}

o0 T
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*K
TRANSFORMATION OF EQUATIONS Section - 7
7.1. Transformaiton of an equation into another equation whose roots are the
reciprocals of the roots of the given equation
Let f(x)=agx"+ax"Trap" 2+ tangx+an=0 ... (i)
be the given equation. Let x and y be respectively the roots of given equation and that of the transformed
equation.
gl o 2t
Then, ” y
. 1. .
Putting x = y in (i), weget:
a a a _ _
—2+ nl—1+ n52+ ..... + N Lia=0 = agy"+anqy" +...+ay+ag=0
y oy y
This is the required equation.
Note :  Thus, to obtain an equation whose roots are reciprocals of the roots of a given equaiton is obtained by

replacing x by 1/x in the given equation.

FREE e Find the condition that the roots of the equation x® — px? + gx — r = 0 be in H.P.

(A)  27r? y9pgr+2q° =0 (B)  27r2 —9pgr+2q°3 =0

©) 27?2 +9par+q3=0 (D) 27r2 —9pgr+q=0
SOLUTION : (B)
The equation whose roots are reciprocals of the roots of the given equation is given by

i—£+g—r—0 or rC—axé+px=1=0 (i)
X3 X2 < — q p -V

Since the roots of the given equation are in H.P. so, the roots of this equation are in A.P. Let its roots be a

—d,aanda+d.Then,(a—d)+a+(a+d):—(—%} = 33:% = a:%
Since aisaroot of (i), so,
3 2
3_ 2 -1= i — i + ij_lz
ra>-qa“+pa-1=0 = r(ng q(3rJ p(3r 0

AT
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q q Pq
= ——5t—-1=0 = ¢-3¢°+9%qr-27r*=0 = 27r*-9pgr+2¢°>=0
27¢2 o2 3r q°—-3q Pq Pq q
7.2 Transformation of an equaiton into another equation whose roots are negatives
of the given equation.
Let the given equation be
_ n n-1 n-2 _
f(X)=agx +aX ~+apX < +...+ap_qX+ap=0
Note : Letxberoot of the given equation and y be a root of the transformed equation. Then y =—x or x=-y.
Thus the transformed equation is obtained by putting X =Y in f (x) =0and is therefore f (—y) =0
or agy"—ay" Lt ragy" 4.t (-1) an =0
lllustrating the Concepts :
The equation whose roots are negative of the roots of the equation : x3-5x>-7x-3=0
(-X)°-5(x)?-7(x)-3=00r-x>-5x+7x-3=00rx3+5x - 7x + 3 =0.
7.3  Transformation of an equation of another whose roots are squre of the roots of a
given equation
Let x be aroot of the given equation and y be that of the trasformed equation. Then,
y=x2 = x= \/V :
Note :  Thus, an equation whose roots are squares of the roots of a given equation is obtained by replacing x
by/x in the given equaiton
lllustrating the Concepts :
Form an equation whose roots are squares of the roots of the equation : x3 — 6x* + 11x — 6 = 0.
Replacing x by \/x inthe given equation, we get :
WP -6(Wx)2+1/x -6=0 = x¥+11Jx =6x+6 = x (x+11)=6(x+1)
= x(x+11)?=36 (x+1)> = x*-14x*+49x-36=0
42
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7.4  Transformation of an equation into another equation whose roots are cubes of
the roots of the given equation.
Let x be aroot of the given equation and y be that of the trasformed equation. Then, y = x3 =  x=y!3
Note :  Thus, anequation whose roots are cubes of the roots of a given equation is obtained by replacing x by /3 in
the given equaiton
lllustrating the Concepts :
Form an equation whose roots are cubes of the roots of equation : ax® + bx? + cx + d = 0.
Replacing x by x'* in the given equation, we get
a (X1/3)3 +Db (X1/3)2 +C (X1/3) +d=0 — ax+d=- (bX2/3 + CX1/3)
= (ax +d)* = (bx¥ + cx!B)3
= a®x®+3a% dx® + 3ad® x + d® = - {b® x* + c3 + 3bcx (bx?2 + cxM3)}
= a’x®+3a%dx® + 3ad’ + d* = - {b® x* + c* x - 3bex (ax + d)}
= a’x*+x*(3a*d-3abc +b?) +x (3ad* - 3bcd + c®) + d* =0
This is the required equation.
7.5 Relations between Roots and Coefficients

Ifay, oy, o, .... oy are roots of the equation
f(x)=a,x"+a, x""1+a,x""?+..+a,_,x+a,=0, then
f(x)=a;(x—ay) (X=0,) X=0ag) ... X— o)
agX"+a X" tHa, X"+ L +a,  x+a,=a, (X—oy) (X=—o,) .. (X—a)
Comparing the coefficients of x"" 1 on both sides, we get:

- coeff. of x" !

81:(11+(12+...+0Ln220(i: or, S, =-

ag
Comparing the coefficients of x" =2 on both sides, we get :

coeff. of x"

(-1)? coeff. of x" 2

S,=  a,0,+ 0, 0,7t ... =
2 1%2 7173 2 coeff. of x"

. a. a
- 2. cid, = (12 o

i# ]

Comparing the coefficients of x" ~3on both sides, we get :

P a
_ _ 2 ajag _ e

(-1)2 coeff. of x" 3
o, S3=

coeff. of x"

P i
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N const term

— — (AW — = (AT
S,=a, 0, 0,.. o= (-1) 2 (-1) coeff of x"

Here, S, denotes the sum of the products of the roots taken k at a time.

Particular Cases:

Quaratic Equation : If a, B are roots of the quadratic equation ax? + bx + ¢ = 0, then

b C
OL+B:—5 and OLBZE

Cubic Equation : If a, B, y are roots of a cubic equation
c ¢
a ++ox+d=0, then a+Bry=-bla aB+By+ye= (12 =2
nd = 139— d
and ofy=(-1)" 7 =- 7.

Biquadratic Equation : If a, B, v, & are roots of the biquadratic equation ax* + bx3 + cx? + dx +e =0,
then

b
1—a+B+y+8——g

c ¢C
2:(>°ﬁ"‘By+oc8+ﬁy+[38+Y3:(_1)2E:g
c
or, 82:(0‘+B)(Y+8)+0€B+Y5:g
,d__d
S; = afy + Pyd + yda + afid = (-1) g:_E
E L€ €
or, 83:OLB(7+8)+Y8(0L+B):—E and, 84:0°BY5:(—1) Ezg

ITSETETITIERERY I f the sum of two roots of the equation x® — p x? + gx — r = 0 is zero, then
(A) pa=r (B) pr=gq C) agr=p (D) None of these

SOLUTION : (A)
Let the roots of the given equation be a., B, y such that oo + 3 =0. Then,

a+B+v=—% = a+f+y=p = y=p [+a+p=0]
But y isa root of the given equation. Therefore,
P-pr+ay-r=0 = p°-p’+gp-r=0 = pg=r

¢
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UEBIELCIEEZY Find the condition that the roots of the equation x° — px + gx — r = 0 may be in A.P,

(A 2p3+9pg+27r=0 (B)  p+9pq+27r=0

(©)  2p3-9pg+27r=0 (D) p3-9pg+27r=0

SOLUTION : (C)

Let the roots of the given equationbe a—d, a, a + d.
Then,
—-(=p)

(a—d)+a+(a+d):T = a=p/3

Since aisaroot of the given equation. Therefore,

3 3
PP

-r=0 2p®-9pq +27r=0
279 3 - T

a’-pa’+qga-r=0

This is the required condition.

THINGS TO REMEMBER

1. If ax? + bx + ¢ = 0 is a quadratic equation and o, B are its roots then
i . ) a . _ = b2 -4ac
Roots of a quadratic equation ax“ + bx+c=0(a=0,a,b,c € R)aregivenby: a, f = 5
a
b
» Sumoftheroots=oa+p=- 2
C
»  Productofroots=ap = 2
>  a+bx+c=a(x-oa)(x-p)
2. If S be the sumand P be the product of roots, then quadratic equation is : x* —Sx + P =0
3. Nature of Quadratic Equation:
> () If D <0 (b? - 4ac < 0), then the roots of the quadratic equation are non — real i.e. complex
root.

(b) If D =0 (b? - 4ac = 0), then the roots are real and equal.

b
Equal root = %a

(c) If D > 0 (b? — 4ac > 0), then the roots are real and unequal.
> IfDi.e. (b?-4ac) is a perfect square and a, b and c are rational, roots are rational.
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>

If D i.e. (b?—4ac) is not a perfect square and a, b and ¢ are rational, then roots are of the form
m+/n& m-+n.
Ifa=1,Db,c el andthe roots are rational numbers, then the roots must be integer.

If a quadratic equation in x has more than two roots, then it isan identity in x (i.e. true for all real values of
x)and a=b=c=0.

Condition of Common Roots :

Consider two quadratic equations:

(@)
(b)

ax?+bx+c=0 and ax?+b'x+c' =0

a_b_c¢
ar - br ’
=  (bc'—b’c) (ab’ —a'b) = (a'c - ac’)?

For two common roots :

For one common root :

How to draw quadratic polynomial y = ax® + bx + ¢

Graph ofa Quadratic Polynomial

f(x)=ax®+bx+c (a#0)

To draw the graph of f (x), proceed according to following steps : \ / a=0

The shape of the curve y =f (x) is parabolic.

-
For a > 0, the parabola opens upwards. /‘\ A
For a <0, the parabola opens downwards. a<0
Intersection with axes :
(V) with X-axis a<0and D=0
> ForD >0 \\% j/ N -
v P F X-axis
Parabola cuts X-axis in two points. a=0andD >0 / \
. . . -b++/D
The points of intersection are o, B = —2;/_ .
> ForD=0 a=0and D=10

Parabola touches X-axis in one point. \ /
v 8
-b 1 el
The points of intersection is o. = 22 / \ STk

a=0and D=0

> ForD<0
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\ !,-“fafbﬂand]:}{{l
Parabola does not cut X-axis atall i.e. \ S
no point of intersection with X-axis. -
/ X-axis
(i) with Y-axis / \a<0andD<0

The points of intersection with Y-axisisf (0) =c. i.e. (0, v)
{put x =0 in the quadratic polynomial}
/

|III
/

|
|
v [ TEo\jo | @ X
0 = ==, =— L \ | .-"I *
The coordinates of V_( oa 4aj ~&: /
|
|
L

The line passing through vertex and / a>0andD=>0

parallel to the Y-axis is called as axis of symmetry. | Vertex
axis of symmetry

IV.  Obtain V where V is called as vertex of parabola. TY
\

Maximum and Minimum value of f (x) :

D

»  f(x) has minimum value at vertexifa>0and f . = - E atx=- Z'
. . D

»  f(x) has minimum value at vertexifa<Oand f_, = - E atx=- Z'

Quadratic Inequation :

Let f (x) = ax? + bx + c where a, b, ¢ € R and a = 0. To solve the inequations of type :
{fx<0 ; fx<0 ; fx>0 ; f(x)>0}

@ D>0

> Make the coefficient of x? positive

»  Factorise the expression and represent the left hand side of inequality in the form (x — o) (x— ).

> 1f(x=0) (x= ) >0, then x lies outside o and B. I S
= xe (o) U (B ) A

> If(x—oa) (x=B) = 0, then x lies on and outside o and f. s —
= X € (-, o] U [B, =] a é
R

> If(x—a) (x=B) <0, then x lies inside o and f. . .

=  xe (o B) o p
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> If(x—a) (x-PB) < 0, then x lies on and inside o and f. e
= X € [a, B] o p

(b) D<Oanda>0 : f(x)>0 forallx e R,

(cp D<Oanda<O0 : f(x)<0 forallx e R,

(d D=0anda>0 : f(x) >0 forallx e R.

(e) D=0anda<0 : f(x) <0 forallx e R.

() D<0,a>0 : f(x) >0 forallx e R.

() D<0,a<0 : f(x) <0 forallx e R

8. Rational Algebraic Inequalities

Consider the following types of rational algebraic inequalities.
P (x) P (x) P (x) P (x)
Q) % Q) <Y Q) =% Qo <

where P (x) and Q (x) are polynomials in x.

»  These inequalities can be solved by the method of intervals also known as sign method or wavy
curve method.

How to solve Rational Algebraic Inequality :

(a) Factorise P (x) and Q (x) into linear factors.

(b)  Make coefficient of x positive in all factors.

(c) Equate all the factors to zero and find corresponding values of x. These values are known as critical
points.

(d)  Plot the critical points on a number line. n critical points will divide the number line (n + 1) regions.

(e) Inright most region, the expression bears positive sign and in other regions the expression bears
alternate positive and negative signs.

9. Maximum and Minimum values of a Rational Function of x
ax2 +bx+c
Consider:  f(xX)=y="2 __ wherex € R.
PXS + QX+ T

We will find maximum and minimum values f (x) can take by observing the following cases.

Case-|: y € [A, B]
Ify can take values between A and B, then,
Maximum value ofy =y . =B,
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Minimumvalue ofy =y ;. = A.
Case-Il: y e (-, A]U [B, )
Ify can take values outside A and B, then
Maximum value ofy=y . =c i.e. notdefined.
Minimum value ofy=y_. =—c. i.e. notdefined.
Case-lll: ye (-0, o)ie.yeR
Ify can take all values, then
Maximum value ofy =y, = i.e. notdefined.
Minimumvalue ofy =y_.. =—co i.e. not defined.

POSITION OF ROOTS OF A QUADRATIC EQUATION ax? + bx+c=0
I. Conditions for a number k to lie between the Roots of a Quadratic Equation is

(i) af (k) <0
I. Conditions for both k; and k, to lie between the roots of a quadratic equation is
(i) af (k) <0 (i af (k) <0.
I11.  Conditions for a number k to be less than Roots of a Quadratic Equation is
(i) D>0 (i) af(k)y>0 (i) k<x,=-b/2a.
IVV.  Conditions for a number k to be more than the roots of a quadratic equation is
(i) D>0 (i) af(k)y>0 (i) k>-b/2a.
V. Condition for both the Roots of a Quadratic Equation to lie between numbers k; and k, is
(i) D>0 (i af (k) >0, af (k) >0 (i) k <- % <k,.

V1. Condition for exactly one root of a quadratic equation to lie in the interval (k,, k,), where k, <k is

(i) f (k) f(ky) <0
VI1. Both roots of f (x) =0 are negative,

b C
(i) -=<0 i) =>0 (i) b2 _4ac>0
a a
VI11. Bothroots of f (x) =0 are positive,
b C
(i) -=>0 i) =>0 (i) b2 _4ac>0
a a
IX. Rootsof f (x) =0 are opposite in sign,
c
i —<0
M -
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11.

12.

Transformationations of Equation

To obtain an equation whose roots are reciprocals of the roots of a given equation is obtained by
replacing x by 1/x in the given equation.

To obtain an equation whose roots are negative of the roots of a given equation is obtain by replacing
x=-yinf(x)=0

To obtain an equation whose roots are square of the roots of a given equation is obtain by replacing x
by /x inthe given equation.

To obtain an equation whose roots are cubes of the roots of a give equation is obtained by replacing x
by x* in the given equation.

Some more Results (Relation between the roots) :

Quaratic Equation : If o, B are roots of the quadratic equation ax® + bx + ¢ = 0, then
q q q

i

c
oat+pP=- and OLBZE

a
Cubic Equation : If a, B, y are roots of a cubic equation

cC ¢
aC+bx?+cx+d=0, then a+p+y=-bla, of+py+ya=(-1)> —==
and oy = (-1)° a_d
afy = (- 23
Biquadratic Equation : If a, B, v,  are roots of the biquadratic equation ax* + bx3 + cx? + dx +

e =0, then
_ b
Sl—oc+B+y+8——a

cC C
S;= o +By+ad+Py+po+y5=(-1)° —=—

o S, (ot B)(r+d) +opryd= -

d d
S; = aBy + Byd + yda + afd = (-1)* P
d
o, S;=ap(y+8+yd(atp)=-7

e e
and, 84:aﬁy8:(—1)4525
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