Properties of Triangle

Properties of Triangle
Important Results Section - 1
Sidesof A=a,b,c
Anglesof A=A,B,C
1.1 Standard Results - |
a b C
(@ SineRule: sin A = sinB = sinC =2R [where R is the circumradius of AABC]

= a=2RsinA,b=2RsinB, c=2RsinC
(b) ConsineRule:

A
2, .2 .2
a?=b? + c? - 2bc cos A or cosA=D e —at
2bC I-"' x'x_x
¢/ b
2 .2 2
b?=c?+a?-2accos B or cosB = M
2ac
B a C
2 w2 22
c2=a?+b%-2abcosC or cosC =& Fb"-¢”
2ab
(c) Projection Formula:
a=bcosC+ccosB
b=ccosA+acosC
c=acosB+bcosA
(d) Napier Analogy:
B-C b-c_ _A A-B a-b _C C-A c-a _B
tan =——cCot—~ ; tan = cot= and tan _ cot >
2 b+c 2 2 a+b 2 2 c+a 2
UCELELBIRERRY In AABC, if a=2,b=3,c=4, thencos A is :
A) 7/8 (B) 57 ) 67 (D) 5/8

SOLUTION : (A)
Here a=2, b =3, ¢ =4 hence by using cosine rule

2,2 .2
We get : cosp= e =" 7
2bc 8

1



Properties of Triangle

WEEEELCIREY 1f the angles of a triangle ABC are in A. P, a=2, c=4, then biis
A) 23 (B) Va1 © 8 O 1
SOLUTION : (A)

Angles of triangle are in AP hence 2B =A+C — B=60° = b? =a?+c%=2accosB

— b=23

MIESHEHN SR |f the angles of a triangle ABC are 30°, 45°and the included side is /3+1. then the
remaining sides are :
A 242 (B) 2,2V2 © 2,4 (D) 2,443
SOLUTION : (A)
Let ~B=30° /C=45° /A=105°

\@+1_ b

sin105° sin30°

(\/§+1)sin30° (\@+l) 1
= b= sin105°  J3+1 XEZ\/E

22

c V2

sin40°  sin30°

and = c=2

IPSHEL I |f two angles of a AABC are 45°and 60°, then the ratio of the smallest and the greatest
sidesare:

@ (V3-1)1 B VB2 (© 143 D) 31

SOLUTION : (A)
Angle are 45°,60°and 75°

. . . . 1 1 2
Ratio of smallest and greatest sides =sin45° =sin75° = —: 3+ 1=4/3-1:1

_ﬁ' 22 =\/§+1

:



Properties of Triangle

ion - . . :
iustration =5 In AABC, a__b __ ¢ ; iIf b = 2, then the area of the triangle is :
cosA cosB CosC

© 2 (D) 3

(VN (B) 3

SOLUTION : (B)
a b c
cosA cosB cosC

sinA _sinB _sinC

cosA cosB cosC
= tanA=tanB =tanC
= A=B=C=60°

Area =g(2)2 =3

lllustration - 6 If a flag staff of 6 m high placed on the top of a tower throws a shadow of 2/3m
along the ground then the angle that the Sun makes with the ground is :

A V2 B) 3 © 2 (D) 3

SOLUTION : (D)

X 6+ X
tang == = — 23X+ Xy =6y +X - -
2By y=6y+xy = 23x=6y = 3x=3y

y 3 y

[llustration - 7 A person walking along a straight road towards a hill observes at two point distance
J3km, the angles of elevation of the hill to 30°and 60°. The height of the hill is :

(A) —km ® Lim  © L 0 Gm

SOLUTION : (A)

tan 60° =" — h=/3x

X
h

h
= h/3=\3+x = h\/§=\/§+ﬁ

h
tan30° =
(\/§+l) &0° 30
X —_
= 3/2km V3

;

= 3h=3+h = 2h=3



Properties of Triangle

I TEE I R From a point on the level ground, the angle of elevation of the top of a pole is 30°. On
moving 20 meters, the angle of elevation is 45°, Then the height of the pole, is meters, is :

A) 10(¥3-1) (B) 10(+3+1) © 15 (D) 20
SOLUTION : (B)

tan 45°=D = X=h

X
tan30° = — x+20=hcot30° = h+20=h3 h
X+ 20
20 30° 45°
= (V3-1jh=20 = h=m=1o(\/§—1) 2 T

TSI BN A person standing on the bank of a river observes that the angle of elevation of the top of
a tree on the opposite bank of the river is g0°and when he retires 40 meters away from the tree the angle of
elevation becomes 30°. The breadth of the river is :

(A) 20m (B) 60 m (C) 40m (D) 30m
SOLUTION : (A)

wn6oe =" = h=x/3
X

h

= h\/§=x+40 = 3x=x+40
X+40 Ijuu 607

=2x=40 = x=20 40 x

tan 30° =

NIFSHEL RS The angles of elevation measured from two points A and B on a horizontal line from the
foot of a tower are o and B. If AB = d, then the height of the tower is :

dsinasinf dsinasinf
A [sin(a-p) B sin(a+p)

|dsina+sin,3| dsina—sin,B|
© Tsin(a-p) | O Tsin(a-p) |

!



SOLUTION : (A)

tan,B=D = h=hcot g
X

tanoz=LOI = x+d =hcota

X+

3 d _d-sina sing
cota—cot  sin(f-a)

=

Properties of Triangle

= hcot B+d =hcota h

IITSEET O EREE A tower subtends angles a, 2o, and 3o respectively at points A, B and C, all lying on a
horizontal line through the foot of the tower. Then AB/BC is :

sin3a
(A) o 2 (B) 1+2cos2a
SOLUTION : (A)
From AABQ'_A‘—le_B—Q
sina sSina
B B
sina sSina

AB sin3a 3sina —4sin’ a
BC sina sina

:3—4sin2a =1+ 2(1—23in2a):1+20052a

©)

sin2a

2+2c0s2¢

(D)

sina

;



Properties of Triangle

1.2 %+ Standard Results - Il
(@) Semi -Permeter of AABC () :

a+b+c
S:
2

= 2s=a+bh+c

2s—-2a=b+c-a

2s—-2b=c+a-b

2s—-2c=a+b-c
(b) Half-angle formulae :

Siné= (s=b)(s-¢) coté:\/W:S(S—a)
2 be 2 \(s—h)(s—c) A
cosé:\/@ tanéz (s-b)(s—c) _(s-=b)(s—¢)
2 be 2 s(s—a) A

Th ions f sinE cosE tanE cotE sinE cosg tang cotg be derived usi
e expressions for > > > > > > > > can be derived using

symmetry.
A =areaoftriangle ABC = /s (s —a) (s — b) (s - ¢)

A=£bcsin A=£casin B =£absinC
2 2 2

=abc=

A=
4R

rs

(c) VlauesofsinA, cos A, cotA:

- 2 2A
sinA=—,/s(s—-a)(s—-b)(s-c)=—

—AS-a) (s=b) (s—0) =

2, .2 .2
CosA:bH:—a

2bc
2, .2 .2

cotA=C95A=b +c°—a

sin A 4A

;



Properties of Triangle

(d) Relation between inradius, sides, semi-perimeter and area of the triangle :

. A i A b t B " C r_asinB/2-sinC/2
Inradius r S (s—a) anE—(s— ) anE—(s—c) anE cos A/ 2

. o A an acosB/2-cosC/2
Exradius ry 159 _ 4 S anE cos A/ 2
(oppositeto A)

_ po 4 tan B bcos A/2-cosC/2
Ex radius I 25y S anE c0sB/2
(opposite to B)

. . A . C ccos A/2-cosB/2
Exradius 3 375 ¢ S anE 0sC/2
(opposite to C)
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Properties of Triangle

1.3 m-n Theorem

Consider a triangle ABC where D is a point dividing BC internally in the ratio m : n.

BD_m
= DC n
The segment AD makes angles o and  with sides AB and AC respectively.

Theorem: (1) (m+n)cot®=mcot a—n cotf
2 (m+n)cot6=ncotB-mcotC
Proof: Apply sine rule in AABD and A ACD:

BD sina nd CD _sinB

- = a —=
= AD sinB AD sinC

Divide the two equationsto get :
BD sinasinC m
= CD:sinBsinB:F - (1)
1. PutB=0-a and C=n-(0+p)
m=sinasin(n—m) msin (0—o) _nsin(0+p)

= — =

n sin (0 —a)sinf sina sinf

msin (0—a) nsin(0+p)
sino sin 0 sin@sinp

= = m (cot oo — cot ©) =n (cot B + cot 6)
= (m+n)cot®=mcot a—n cotf

2. Puta=0-B and pB=n-(0+C)

m_ sin(6-B)sinC msin (6+C) nsin(6 - B)
= n sinBsin(r-6+C) = sinC sinB
msin (6+C) nsin(6-B)
= = = m (cot C + cot 6) = n (cot B —cot 0)

sin®sinC sin0sin B
= (m+n)cot6=ncotB-mcotC

:



1.4

1.5
1.5.1

1.5.2

Properties of Triangle

Regular n sides Polygon

n-2)n
If the polygon has “n’ sides, Sum of the internal angles is (n — 2) = and each angle is u
a=sidelength ; r=in-radius ; R=circum-radius 0O
r= a R= 2 r ¢ 4
2tan ™ and 2sin ™
n n
—I A,
a2 a2

1 2 T 2 ) n_» . 2xn
=—hna®.cot| —|=nr"tan| — [=—R"sin —
Area of polygon 1 (n} ( j 5 .

More Results

Distance of orthocentre from vertices of triangle

AD, BE are altitudes and H is the orthocentre of a triangle A ABC as shown.

As quadrilateral CEHD is cyclic, A
angle EHA=angle C il
fromAAHE,  AH sinC = AE /1 \
= AHsIinC =AB cosA [using A ABE] >/¢ E
ccos A c
= AT=Tne =(sianCOSA
C

= AH=2RcosA
= distances of orthocentre (H) fromthe verticesA,B & Care:
2R cosA , 2R cosB and 2R cosC respectively.

Distance of orthocentre from sides of triangle

DH=AD-AH

DH = AB sinB — 2R cosA

DH =c sinB — 2R cosA

DH =2RsinC sinB + 2R cos (B + C) (~A=n—-(B+QC))
DH = 2R cosB cosC

The distances of orthocentre (H) from the sides BC, CA & AB are :

2R cosB cosC, 2R cosC cosA and 2R cosA cosB respectively.

:

uUu Ul



Properties of Triangle

1.5.3

1.6

10

Distance of circumcentre O from sides :

VY

U

Z/BOC =2A

ZCOM =A

OM=RcosA

distances of circumcentre from sides BC, CA and AB are
R cosA, R cosB and R cosC respectively.

Pedal Triangle

Let ABC be anytriangle, and let AK, BL and CM be the perpendicular from A, B and C upon the opposite
sides of the triangle. These three perpendiculars meet at a point ‘H’ which is called the orthocentre of the
triangle ABC. The triangle KLM, formed by joining the feet of these perpendiculars is called the pedal
triangle of ABC.

Important Points for Pedal Triangle KLM :

VvV V V

B

AKLM Iis the pedal triangle of AABC

Angles of pedal triangle : K=180°-2A, L =180°-2B, M =180°-2C
Sides of pedal triangle : LM=acosA MK= bcosB,KL=ccosC
1 . . .
Area of the pedal triangle : Py R? .sin 2A.sin 2B.sin 2C
. . . R
Circumradius of pedal triangle : >
In-radius of pedal triangle : 2RcosA.cosB.cosC

Orthocentre of AABC is the incentre of the pedal AKLM

Circle circumscribing the pedal triangle of a given triangle bisects the sides of the given triangle and
also the lines joining the vertices of the given triangle to the orthocentre of the given triangle. This circle
is known as nine-point circle.

Nine point = Circum - centre of the dedal

triangle _______________ L A H : Orthocentre

i . . 7 - _ M : Nine point
Clrcum_-centre of_the_pfed_al tnang_le ofagiventri TN G 0 G :Centroid
angle bisects the line joining the circumeentreof 2 - 1 o Crumeenie

the triangle to the orthocentre.




1.7

1.8.1

Properties of Triangle

Important Theorem
The centroid , circumcentre & orthocentre inany triangle are collinear . The centroid divides the line joining
orthocentre and circumcentre in2 : 1 internally .
Proof : Let M be the mid-point of BC and AD be the altitude of A ABC as shown.
O is the circumcentre and hence OM is perpendicular to side BC.
We have :
AH=2RcosA ; OM=RcosA ; AAPH ~AMPO (equiangular)

AP PH AH
MP PO MO

AP PH _2Rcos A
=~ MP PO RCcosA

AP 2 PH 2
- —=— and —==
MP 1 PO 1

As P divides median AM in 2 : 1, the point P is the centroid and hence H, P, O are collinear.

PH 2 o o
= PO 1 = The centroid dividesHO in2:1

Ambiguous Case

If two sides and an angle opposite to one of these sides is given, two triangles can be drawn. This situation
is known as ambiguons case. This possibility can arise if :

a, band A (or B) are given.
orif : b,cand B (or C) are given.

orif:c,aandC (orA) are given.

1.8.1 a,bandA(orB)aregiven (A<n/2 & a <b)

0] The two values of the third side ¢ can be calculated from the cosine rule :

a2 =b% +¢2 —2bc cos A

¢ —(2bcos A)c +b% —a? =0 (1)

The two roots of this quadratic equation are two values of the third side

AT



Properties of Triangle
.e. cpand ¢,
= L +Cy=2bcosA & ¢ -cy=h?—-a’
(i) Thetriangle is possible only if the above quadratic has real roots.
= 4b20052A—4(b2—a2)20 = ol-czzbz—a2

= a>bsin A [condition for the triangle to be possible]

For a=bsinA, there is only one triangle (right angled) and for a > b sinA, there are two triangles.

(i)  Theangles B and C can be found using the sine rule :

a b . bsin A
_— = sinB =
SinA sinB a
. _1( bsin A . _1( bsinA
= B_|_=S|n 1( j and BZ =7m—SIN 1( j
a a
The corresponding values of angle C are : C
-~ .._."l b
- 1
C_I_ZTC—B_I_—A and CZ Zn—Bz—A lr,s' \\k
h_ . ; \x
For a> b sinA, two triangles : Ja 0
-~ ! \1
e & A
AAB,C and AAB,C are possible A \ w,’ Y
El H]"" - = - Hz
- 9 -
C
/./
////
b/// a
//’
/K}f
A // s, _ JI:L-""
B

For a=DbsinA, only one triangle AABC is possible.

2 “CETE



Properties of Triangle

1.8.2 a,bandAaregiven (A<n/2 & a>h):

The quadratic (i) in this case has one positive and one negative root. The value of third side c is equal to
the positive root of the quadratic. Hence there is only one triangle.

-

i
—_ C —

1.8.3 a,bandAaregiven (A>xn/2):

There will be only one triangle and that is possible only if g > b, The quadratic (i) has one positive and
one negative root. The value of third side c is equal to the positive root of the quadratic.

.

b\,

FSTEU BT prove the following results :

() r=(s-a)tan2=(s-b)tan< ~(s—c)tan =

i r—s—tanA r —stanE r —stanS r—4RsinésinEsinE
i > 12 >3 > (i) 272 2
SOLUTION::
A
; r=—=(s-a)————
M s ( )s(s—a)
A . A s(s-a)
r=(s—-a)tan — using cot — = ——~
= ( ) 2 ( 9 2 A j

The other results follow by symmetry.

ATV -



Properties of Triangle

o= A sA g A
i) 1753 s(s-a) 2

The other results follow by symmetry.

bc ’ ca ’ ba

Multiply the three results to get :

_A. B _.C (s-a)(s-b)(s—c) A . B_.C [AZJ(
= SInEsmEmnE: = sin—sin—sin—=| —

i) Singz\/(S‘b)(s‘c).sin%z\/(S—c)(S—a)_SinC_\/(s—a)(s—b)

abc 2 2 2 S

AN 1

.A . B .C A . A . B .C
= sSin—sin—sin—=| — || — = r=—=4R sin— sin — sin—
2 2 2 2 2 2

s JL4R S

NV el = 258 Show that in a triangle A4 ABC : acot A+ cotB +ccot C = 2(R+r).

SOLUTION::

L.H.S. =) 2rsin Acot A= 2R) cos A

=  LHS.=2R) cos A

= L.H.S.:2R(1+4sin§sin%sin %J (“A+B+C=r)

= LHS. =2R + 8R sing sin B sin ¢
= LHS.= 2R +2r = R.H.S. [using the result of last Illustration]
[llustration - 14 oL o 1 1
Show that : — + —+ - =

bc ca Ezr 2R
SOLUTION::

+
s—-a Ss-b s-C

y T



Properties of Triangle

A a b c I A a b c 1
= — +1+ +1+ -—= - —
abc\s-a S — s—cj 2R abc(s—a s-b s—cj 2R
_ A [ s(2s-a-b) c 1 A s 1 1
= + - = + N
abc((s—a)(s-b) s-c) 2R abc((s—-a)(s-b) s-c) 2R
_ A [ s(2s-a-b) c 1 A s 1 1
= + - = + N
abc ((s—a)(s-b) s-c) 2R abc((s—a)(s-b) s-c) 2R
A 25> —5(2s) + ab 1 A 1
“abc|(s—-a)(s-b)(s-c)] 2R (s-a)(s-b)(s—-c) 2R
LHs =2 _ L _ 1 1 _pus

[llustration - 15 In a A ABC , show that :

SOLUTION::

0]

(i

2 C

c? =(a- b)2 CoS E+ (a+ b)2 sinZ%

0
. (A _ 0 2
(i) asm(2 + BJ =(b +c) sin 5

(i

RHS. = (a —b)2 (%j n (a + b)2 [1— C;)S C

J

(b+c)cos A+ (c+a)cosB+(a+b)cosC=a+b+c

RH.S. = %[(a — b)2 +(a+ b)z} + % cos C[(a - b)2 - (a+ b)z}

RHS. = a +b? + %cos C —(—4ac) = c?

LHS. =a sin(? + Bj = 2R sin Asin(? + B) [using sine rule]

[using cosine rule]

ATV



Properties of Triangle
L.HS.= 2R Zsiné cosé sin A +B|= 2Rsiné 2 cosé sin é + B
2 2 2 2 2 2
. A . . AL )
L.HS.=2R smz[sm(A +B)- sm(—B)] = 2R sin E[sm C +sin B]
. A . .
L.H.S. = sin E[ZR sin C + 2R sin B]

LHS. = sin? (c+b)=RH.S.

Note : Tryto prove the same identity using R.H.S.

(i) LHS.=(b+c)cos A+(c+a)cosB +(a+b)cosC

L.H.S.=[ccosB +bcosC]+[acosC +c cosA] +[bcos A+a cosB]|

LHS.=a+b+c=RH.S.

[llustration - 16
Ina A ABC, prove that: (b2 - c2) cot A+ (c2 - a2) cot B + (a2 - b2) cot C =0.

SOLUTION :
Starting from L.H.S. - _2R? D 2cos(B + C)sin(B - C)
_ z(bZ _ CZ) cot A [using cos A =-cos (B + C)

| =~ 2R?Y (sin 2B - sin 2C)
= 4R? Z(sin2 B - sinZC) cot A
N =—2R2[(sin2B—sin 2C)+ (sin2C —sin2A)
[using sine rule] +(sin2A—sin 2B)]
= 4R*Y sin(B +C)sin (B - C) cot A C0-RHS,

cos A
sin A

— 4R? ZSin Asin (B - C)

o T



Properties of Triangle

= 2C cot—

Illustration - 17 A B C
Ina A ABC, show that: (@ +b +¢) tan—" + tan—

2
SOLUTION::

Starting From L.H.S. = (%) (a+b+c)(c)
=(a+b+c)

_(s—¢)asc _ 5 s(s—c)
[(s—b)(s—c)Jr(s—c)(s—a)} i [ }

A A

=2c cot% = R.H.S.

=(a+z+cj(s—c)[s—b+s—a]

lllustration - 18 SN ABC, prove that :

i R+l +h—r= i rp+rr+rp=ab+bc+ca- s°.
(i) 4R (i) 1+rp+rp=ab+b 2
SOLUTION::

0] Starting from L.H.S. 0] Starting from L.H.S.

(A A [A A AZ[ 1 1 1
s-a s-b s-c s =— + +

s|s—-a s-b s-c

2s—a+b) Afs-s-c
=A((s—a) )+ (s(s—c)) :A_z_ Z(s—b)(s—c) }
s|(s—a)(s—-b)(s—c)

3 AC N Ac
(s—a)(s-b) s(s-c) =3x% - 2x (a+ b+ c)+bc+ca+ab
B Ac
_s(s—a)(s—b)(s—c) —3x%2 —4s? +bc+ca+ ab
[S(S—C)Jf(s‘a)(s‘b)] —ab+bc+ca-s?=RHS
- 3[232 ~ 2% 4 ab} _abe _ 4(a—bcj
A A 4A

=4R

AT



Properties of Triangle

Illustration - 19

Ina A ABC, show that :

(@+b+c)®

A B C
cot — +cot —+cot
2 2 2

a+b%+c

SOLUTION :
Starting fromR.H.S.

s(s—a)+s(s—b)+s(s—c)
_ A A A
b? +c? —a? +02+a2—b2 +a2+b2—02

4A 4A 4A

2

cotA + cotB + cotC

4s[s—a+s—-b+s—c]

b2 +c2 + a2
_ 4s(3s-2s) _ 4s° 3 (a+b+c)2
a2 +b%+c? a?+bp%+c? a?+4p?+c?
=L.H.S.

UEBEUNEY 142 b2 c2ina A ABC are in A.P. Prove that cot A , cot B and cot C are also in A.P.

SOLUTION :
cotA, cotB and cotC are in A.P.
if cotA-cotB =cotB-cotC

cosA cosB _cosB cosC
sinA sinB sinB sinC

sin(B—A) sin(C-B)
sin AsinB sinBsinC

if sin(B-A)sinC=sin(C-B)sinA
if sin(B-A)sin(B+A)=sin(C-B)sin
(C+B)

if  sinB—sinA = sin’C —sin’B

if b° a’ c” b’ [using sine
- = — using si
4R? 4R? 4R? 4R? 0
rule]
if b2-a2=c?-h? = 2b%=a?+c?

if a2 b2 c2areinA.P.

Hence cotA, cotB and cotC are in A.P.

LISIEREIEZY 1 x, v, 2 are respectively the perpendiculars from circumcentre to the sides BC, CA, AB of

abc
4xyz "

the triangle ABC, Prove that : % b2, B

y 2%

18



Properties of Triangle

SOLUTION::

We knowthat: Xx=RcosA, y=RcosB,z=RcosC

Consider L.H.S. :

a b c

2Rsin A 2RsinB 2R cosC
= + + = + +
RcosA RcosB RcosC Rcos A

R cosB R cosC

=2 (tanA +tanB + tanC) = 2 (tanA tanB tanC) [as A+B+C=mn]

sinA sinB sinC|_ 2 abc .
[using sine rule]

" "l cosAcosB cosC | 8R3|cosAcosBcosC
=2 abe _Lae_phs.
41 (RcosA)(RcosB)(RcosC) | 4 xyz

[llustration - 22 NS : : . : :
_ I is the incentre of A ABC and P, P,, P5 are respectively the radii of the circumcircles of

A1BC, AICAand A IAB, prove that : Py P, P = 2 R?r.

SOLUTION :
/BIC=n-2(B+C A
_TE_E( + ) ._,-’//\\\\
:’}I—l(ﬁ—A):£+é C// \\h
2 2 2 /! I \,
Fy - ",
Circumradius of AIBCis : ST RSN
pasdl TR,
B a C
BC BC a '
N =2sinzBIC AY A
Sin Zsin(Tc + j 2C0S— 8R3 sin Asin BsinC
2 2 2
= A B C
8c0s— coS— CcoS—
2 2 2

Similarly we can show that :

b C

P, = B and Py= C 8R3 sinécosé sin—cos— sin— cos —
2c0s— 2cos— - 2 2 2 2

2 2 A A C

COS— COS——CO0S —

2 2

P, P,Pqy= abe A.B.C
:> -

17273 A 0B 0s © :8R3sin—sinzsin5:2R2r:R_|-|_s_

8 cos— cos— cos—
2 2 2

AEEEEETTYY s



Properties of Triangle

|IIS el ikl If ABCD is a cyclic quadrilateral, showthat AC. BD = AB.CD + BC. AD

SOLUTION:
LetAB=a,BC=b,CD=c,DA=d
Using cosine rule in A ABC and A ADC :
AC? = a2 + b? - 2ab cosB
AC? = ¢? + d? - 2cd cosD
andB+D=n

= cosB+cosD=0

2
— ACZ(cd+ab)=(@%+b?cd + (2 +d? BD
ab

_ (ba +cd) (bd +ca)

da +bc

Multiplying the two equations:
(a®cd + c2ab) + (b’cd + d?ab)

- AC?= —— — (AD.BD)?=(ac + bd)?
= AC.BD=ac+hd
ac2 _ (ad +hbc) (ac +bd) — AC.BD=AB.CD+BC.AD
cd +ab

Similarly by taking another diagonal BD, we can
show that :

Illustration - 24

A B . 2B .2 A} C
- | cot— +cot— || asin®“— +bsin®— |=ccot—
Show that : { > ZM > > >

SOLUTION :
TekingLHS.: = [S(SA‘a) . S(SA_b)Ha(S_C;L(S_a) . b(s—z)c(s—c)}
S s—cC
G G CREEL
_3679 2 (5679 _ 1S _rps,
AcC 2

o “CET



Properties of Triangle

UCBHEHTIEEY 1n a A ABC, show that a3 cos (B — C) + b3 cos (C— A) + c3cos (A-B)=3abec.

SOLUTION :

=Y a%cos (B-C) =Y a’ (2Rsin A) cos (B - C)

=RY a?(2sinB+Ccos B-C) =R a? (sin 2B +sin 2C)
=2RZa2 (sinB cosB +sin CcosC) =Za2 (bcosB +ccosC)

=a2(b cosB +ccosC)+b2 (ccosC + acosA)+02(a cos A+bcos B)

=ab (acosB+bcosA)+ac(acosC+ccosA)+bc(bcosC+ccosB)
=abc + acb + bca [using projection formula)

=3abc=R.H.S.

WIETENESY  If the sides a, b, ¢ of a ABC are in A.P. , then prove that cot A/2 , cot B/2 and cot C/2 are
alsoin A.P.

sin| ——— | sin| ———
a, b, careinA.P. = a-b=b-c N 2 2)_ 2 2
in A _cinR =cin R _ ci sin— sin — sin — sin —
= SiNA-sinB=sinB-sinC 2 2 2 2
= 2c0s 2t BginAB B A C B
2 = cot— —cot— =cot— —cot—
2 2 2 2
B+C . B-C
= 2C0S sin A B c
2 2 = cotz,cotzandcotzareinA.P.
.C . A-B . A. B-C
= smzsm =5|n55|n

AT



Properties of Triangle

Illustration - 27

SOLUTION :

Rearranging the terms of the given expression as

Ina AABC, prove that A= B if : atanA+btanB:(a+b)tan(AJ2r B).

2R sin Asin(A; Bj

=
follows: cos A
A+B
= atanA-atan 2RsinBsin(A_Bj
_ 2
B cos B
=btanA+B—btanB
. (A-B
= sm[ J[tanA—tanB]zo
asin(A—A;Bj bsin(A;B—BJ A_B
= A+B __A+B = Si”[ j=0
cos A cos cos cosB

or tanA-tanB=0— A=B

WEEIEEBIEEY |1f the sides of a triangle are in A.P. and the greatest angle exceeds the smallest angle by

/1—c050c
a, show that the sides are intheratio1 —x: 1:1 + X ; where X=,[-—————
7 —cosa

sinE—lcosg = Ssin—=
= 2T

. B B B o
— 4sin—c0s— =2Cc0S— C0S—
2 2 2 2

B 1+ cosa

2 242

SOLUTION:
LetA>B>C
= A-C=a and 2b=a+c
We will first find the values of sin B/2 and cos
B/2.
2b=a+c

= 2sinB =sinA +sinC

Consider :
- asin B cosB = 2sin 2t pos A=C a sinA
2 2 2 2 —=—
¢ sinC

2 O

2B J7-cosa

B .
coS—=,/1-sin“ —=+———— i
= "y \/ 2~ a2 U

[using sine rule]



a+c _sinA+sinC

:> =
a-c sinA-sinC
- a+c 2sinB
a-c¢ ZcosAJrCsinA_C
2
2(25inBcosBj
a+c 2 2
— -
a-¢ 25inE$ing
2 2

a+c_zcosB/2
a-c sina/2

Properties of Triangle

J7-cosa
arc S\ o2 -
~ a-c  sina/2 [using (1)

a+c +/7-cosa a+c 1
= = = =—
a-c¢ l-cosa a-Cc X

a 1+x a C
:> —_—= — _—
c 1-x 1+x 1-x
a C a+c
:> = =
1+x 1-X 2
a _¢c a b _c
= 1+x 1-x 2 :>1+x_1_1—x

[llustration - 29 i . : . .
D is the mid point of BC in a A ABC. If AD is perpendicular to AC, show that :

2 (c2 - a2)
3ac

cosAcosC =

SOLUTION :
The value of cos C can be found by cosine rule in A
ABC or AADC.
B : D : C
e eose L iAbPoc? N ajz
rom : = 2ab L.H.S.=cosAcosC
b _[b2+02—a2J( b )
FromAADC: cosC =m 2bc al2
2
a —¢C
b a24b?_c2 b2 4 c2_ g2 +c?-a?
S L . _b"+c"-a" 3 o
a 2ab - 2C ac [using (i)]
2 2 2 2
- b2: (|) :—( ):R.H.S.
3 3ac

ATy



Properties of Triangle

UFEENERENY | et O be a point inside a AABC such that ~OAB = ~OBC = OCA = w. Show that :

() cotw=cotA+cotB+cotC (i)  cosec

SOLUTION :
(1) Applythesinerulein A OBC:
OB _ sin (C —w)
a sin[r—(o0+C—-w)]

N @:sm(C—m)

N (

a sinC ®
Applying sine rule in A OAB and proceeding
similarly:

OB _sho . (i)

c sinB

Divide (i) by (ii) toget :
c_sin(C-w)sinB
a sinowsinC

sinC sin(C - w)
sinAsinB  sin®sinC

[sineruleinA ABC]

=

sin(A+B) sin(C - )
sin AsinB  sinwsinC

=

sin AcosB + cos Asin B
sin Asin B

= cosec? A + cosec?B + cosecC

_sinC cos @ — cos C sin o
sin osinC

cotA+cotB+cotC=cotw

(i) Squaring the above result :
cot?w= (cot A + cot B + cot C)?

— coseclm —1= Zcot2 A+2> cotAcotB

= cosec’—1= (cosec’A—1) +2

— cosec?m—1= > cosec?A—3+2

2

— cosec?m = cosec?A + cosec? B + cosec? C

UCEEEUNEEY  For a triangle ABC , it is given that : cos A + cos B + cos C = 3/2 . Prove that the

triangle is equilateral.

SOLUTION :

Consider cosA + cosB + cosC = 3/2 =

+c? - a2 +c2+a2—b2 +a2+b2—02
2bc 2ca 2ab

3
2

= a(®+c?-ad)+b(c?+a’-bd)+c(a®+b’>-c?)=3ahc

= a®®+cH)+b(?+a?)+c@+b?)=ad+b3+c3+3abc

s T



Properties of Triangle

a(b?+c?—2bc)+b (c2+a%-2ac) +c(a’+b2-2ab)=a+b3+c-3abc
a(b-c)+b(c-a)¥+c(@a-b2-12@ +b+c)[(b-c)’+(c-a)’+ (a-b)?]=0
(b—c)?(b+c-a)+(c-a)’(c+a-h)+(a-h)?(a+b-c)=0]assumof two sides > third side]

RV

AlltermsinL.H.S. are non-negative.
Hence eachterm=0 = b-c=c-a=a-b=0 = a=b=c

= A ABC isaequilateral.

IVSEEUECPA | AABC, the tangent of half the difference of two angles is one-third the tangent of half
the sum of the angles. Determine the ratio of the sides opposite to the angles.

SOLUTION :

H tan[A_Bj—ltan(AJrBj '
ere, > 3 > (D)

using Napier’s analogy

tan(A_Bj—a_b cot(cj i b 1
= ' ry a-
2 a+b 2 (i) = =§ or 3a-3b=a+hb

from (i) and (ii) ;

a 2 b 1
2a=4b o —=— = —=C
1tan('b‘+|3j:a_b-cot(gj b 1 a 2
3 2 a+b 2 Thus the ratio of the sides opposite to the angles
1 c) a-b C isb:a=1:2.
— —cot (—j= - cot (—)
3 2) a+b 2

ESHEHONEEERY |f g h, k denotes the side of a pedal triangle, prove that :

g h k a® +b% +c?
=+ —+t—-=—
a2 b2 c2 2abc
SOLUTION :
Wehave, g=acosA,h=bcosB,k=ccosC [as sides of pedal A]
iJFLJFL_ cosA , cosB  cosC
a’ b®> c? a b c

ATV



Properties of Triangle

b2+c?-a? a?+c2-b?2 al+n’-c

+ +
2abc 2abc 2abc

2

a+b? +c?
2abc
2 W2 . 2
%+L2+L2:a +b% +¢
a b c 2abc

WEEEELCIRERT  1f A, Ay, Ay, A, and A be the consecutive vertices of a regular hexagon inscribed in a
unit circle. Then find the product of length of Ay A, Aj A, and Ay A,.
SOLUTION :

We know, in hexagon central angle is % =60° and each angle

_(@n-4)n  (6-2)x180°
- 2n

=120°

As the unit circumcircle isunit circle, .. radius OAj=1=r

AAAIAS,
= c05120°=(A0A12)+(A1A22)_(A0A22)=1+1_(A0A22)
2RoA . Ahy 2.11
= AA =3
Similarly in AAy Ag A4, we have
PoAy =13

Thusthevalue of;  (ApA7) - (AgAy) - (AgA,) = 1.+/3.+/3 = 3square units.

[llustration - 35
If the area of circle is A, and area of regular pentagon inscribed in the circle is A,, find

the ratio of area of two.

5 O



Properties of Triangle

SOLUTION :

360°

In AOAB, OA=0B=rand ZAOB = c =72°

area of AAOB=%.r.r.sin 72°

area of (AAOB) =% r? cos18° ()
= areaofpentagon =5 (area of AAOB)
= A2=5{%r2 00518°} ... (i)
Also we know,

Avreaof circle = i r?
= Al =T I’2
2

Thus’ ﬁ = L = E sec (ij

Ay 5 10

E r2 cos 18°
2

Note : The following 3 Illustrations are based on Ambigous Case (explained on Page Number 6,7)

[llustration - 36 :
If a=100, c =100 v2 and A = 30°, solve the triangle .

SOLUTION :
a? = b% + ¢ - 2bc cosA — C;=135° and C, =45°
b? —22b (1002)cos 30° + (100v2)% - =  B;=180°- (135° + 30°) = 15°
1002=0

b? - 1006 b + 10000 = 0 = By=180°- (45° + 30°) = 105°.

B
t M
_ p_100V6 5100\/5 50z (5 40) A
= b\]] =50V2 (V3-1) ;  b,=50+2 /2
( 3 +1) A [.{-t.____ _“E
-— 1 2
. csinA100v2sin30° 1 DI Y -
s sSin C = = = - 3 &

a 100 NA

AEEEEETTYY



Properties of Triangle

[llustration - 37
In the ambiguous case, if the remaining angles of the triangle formed with a, b and A be
B,,C; and B,, C,, then prove that :

sin Cq N sinC,

- - =2C0S A
sinB; sin By

SOLUTION:: _ _
. CiSINA  CcopsinA

sin B; =sin B b sin A [using sine rule] a a

= 0 = using sine ru _

= LHS bsinA | bsin A

a a

sinC1=°lSInA and sinC2=CZSInA - LHs _GtC 2bCOSA . .
a a H.S. .

LEEIEUCIIEET InaA ABC; a, ¢, Aaregiven and by = 2b, , where b, and b, are two values of the third

side: then prove that : 33 = c4/1 + 8sin? A

SOLUTION :

2
2c cCos A
a2 =b% +c? - 2bc cosA = 2( : j—(cz—a2)=0

Consider this equation as a quadratic in b.
= b?—(2ccosA)b+c?-a?=0

= by+b,=2ccosA& b;.b,=c?-a?
& by=2b, =

= 3b;=2ccosA & 2b,’=c?-a? _ 3a—cyl+8sin?A

— 8c?cos? A =9c?-9a°
— 8c? (1 -sin?A) = 9¢? - 9a?

9a% =c2+8c%sin? A

» T



Properties of Triangle

IN-CHAPTER EXERCISE - A

In any triangle ABC, prove the following :

0]

(i
(i
(v)

v)

(V)

(vii)
(i)
()
*)
(x)

(i)

(i)

1 . (1
acos(E(B —C)J =(b+c) sm(EAj

1+ cos (A-B)cosC a® +b?
1+cos(A-C)cosB g2 4+¢?
a (cosB cosC + cos A) = b (cos C cos A + cos B) = ¢ (cos A cos B + cos C)

c tanA/2+tanB/2
(@) 3-"b tanA/2-tanB/2

c 1l-tanA/2tanB/2
(b)a+b l+tanA/2tanB/2

a—b_cotA+BtanA—B _ ] Eaz sinB sinC
a+h 5 5 also show that the area of triangle is : 5% T sinA

COSZ[B _Cj sinz(B_Cj
2 2 _ 1

b+0?  (b-o? a2

a’sin(B - C) N b2sin(C - A) N c?sin (A- B) o
sinB +sinC sinC +sin A sinA+sinB

asin A/2sin(B-C)/2+bsinB/2sin (C-A)/2+csinC/2sin (A-B)/2=0
(b-c) cot§+ (c—a) cot%+ (a—hb) cot%=0

a®sin (B—C) +b3sin (C—A) +c3sin (A—B) =0

1—tanétanE=L
2 2 (a+b+c)

2¢cos A-C = a+tc if angles A, B, C are in A.P.
2 a’ —ac+c?

cosA cosB cosC it b+c c+a a+b
7 19 25 11 12 13

ATy -



Properties of Triangle

30

If ina A ABC, cot A + cot B + cot C = V3. Prove that triangle is equilateral.
If b + ¢ = 3a, prove that cot B/2 cot C/2 = 2.

If p1, p, and p5 are the altitudes of a triangle from the vertices of a A ABC and A is the area of
triangle, prove that:

1 1 1 2ab »C

= coS
P P p3 (@+b+c)A 2

If a, pand y are the lengths of altitudes of a triangle ABC and A be its area, prove that :

1,1

o2 B2 o2 A

1 (cotA+ cotB + cotC)

Prove the following :

() a(rry+ryrg)=b(rry+ryry)=c(rrg+ryr,)
(i) (ry=r)(rp=r) (r3—1r)=4r’R

(i) (ry=r)(ry+rg) =22

_ 1

W Zrzt It
r

(v) cosA+cosB+cosC=1+—

R

) h+n _ r3+r1 _ n+hn
M) 1y cosA 1+cosB 1+ cosC

If p1, p, and p5 are respectively the bring perpendiculars from the vertices of a triangle to the

opposite sides, prove that:

1 1 1 1
—F—t+—==

P P2 P3 T

Prove that the distance of the incentre of A ABC from A is 4 R sin B/2 sin C/2.
Draw the graphs of the following functions :

(i) y=1A2(sinx + cos x) ; from x = — /2 to X = /2
(i) y=tanx ; 0<x<2

(i) y = cosecx ; —nt<X<m

(v) y=]sinx| ; -2t <xX<2n

(v) y=sin(3x+n/4) ; —m/3<x<n/3



10.

11.

12.

13.

14.
15.
16.

17.

18.

19.

Properties of Triangle

If A, Ay, Ay, A5 are respectively areas of the inscribed and escribed circles, prove that :

1 _1 1 1
VAL A R A

g g
Prove that a triangle is right angled if : [1—éj [1— éj =2.
In a triangle AABC, prove the follownig :
() 2abc cosé cosE cosE =(a+b+c)A
2 2 2
_ tan A/ 2 N tanB/2 N tanC/2 1
M @—by@@a-c) (b-c)(b-a) (c—a)(c-b) s

If in any triangle the ratio of angles be 1 : 2 : 3, prove that the corresponding sides are in the ratio
1:~3:2.

If a cos A =D cos B, prove that the AABC is either isosceles or right angled.

Ifina AABC, c(a+ b)cosB/2=b (a+ c) cos C/2, prove that the triangle is isosceles.

Let A, B be two points on one bank of a straight river, and C, D two points on the other bank, the
directions from A to B along the river being the same as from C to D.

asinaosiny

IfAB=a, LCAD = o, LDAB = 3, LCBA = y, then prove thatAB ||CD : CD = — .
sinBsin(o+p+7)

2

The sides of a triangle are x“ + x + 1, 2x + 1, x2—1; prove that the greatest angle is 120°.

In the ambiguous case, if two triangles are formed with a, b, A ; then prove that the sum of the areas
of these triangles is 1/2 b? sin 2A.

The sides of a triangle are in the ratio 2 : V6 : (V3 + 1) ; find its angle.

For Q. No. 20 - 21

In each of the following questions two statements are given as Statement-1 and Statement-2. Examine the
statements carefully and answer the questions according to the instructions given below :

(A)

If Statement-| is True, Statement-Il is True; Statement-1I is a correct explanation for Statement-|
If Statement-Il is True, Statement-II is True; Statement-1l is NOT a correct explanation for
Statement-I

If Statement-I is True, Statement-Il is False

If Statement-I is False, Statement-Il is True

ATy



Properties of Triangle

22.  Statement 1: InaDABC, ifa<b <candrisinradius and rq, r,, ry are the exradii opposite to
angle A, B, C respectively thenr <r; <r,<rj

nn r3
r

Statement 2 : For, AABC, b +Ih I3+ I3 =

23.  Statement 1 : If the sides of a triangle are 13, 14, 15 then the radius of incircle = 4

a+b+c A

Statement 2 : Ina AABC, A=,/s(s—a) (s—Db) (s —c) where $=———and r=—
24. s 1] 0322 has the val o 5
. Statement1: Ina as the value equal to —
AABC, >’ " q abe

Statement 2 : Ina AABC

cosé= /(S_b)(s_c),cosE= (s—a)(s—c)’cosg= (s—a)(s—b)
2 bc 2 ac 2 ab

2 T



Properties of Triangle

THINGS TO REMEMBER

1.

Standard Results - |

(@ SineRule: a

c

sinAzsinBz

sinC

= a=2RsinA,b=2RsinB, c=2RsinC

(b) ConsineRule:

a?=b%+c?-2bccos A

b2 = ¢2 + a® - 2ac cos B

c?=a?+Db%-2abcosC

(c) Projection Formula: a=bcosC+ccosB

(d) Napier Analogy :

2 2 .2
or cosA:bH:—a
2bc
c2 +a2 —p?
or coSsB=————
2ac
2 2 2
or Cosczu
2ab
b=ccosA+acosC
c=acosB+bcosA
tam'o‘_Bza_bcotE and tamc_Azc_a
2 a+b 2 2 c+a

Standard Results - 1l

(@) Semi -Permeter of AABC (s) :

a+b+c
S=——«—

2
= 2s=a+bh+c

2s—2a=b+c-a
2s—2b=c+a-b

2s-2c=a+bh-c

=2R  [where R isthe circumradius of AABC.]

B

cot—

2

Things to Remember 33



Properties of Triangle

(b) Half-angle formulae :

A_[(s=b)(s-¢) s(s—a) _s(s—a)
- bc (s—b)(s—c) A

A
2 2
oA [sG6-2) anA_ [6=D) -0 _(s-b)(s-¢)
2 bc 2 s(s—a) A
The expressions for sin E, cosE, tan E, cotE, sin 9, cosg, tan 9, cotg can be derived using
2 2 2 2 2 2 2 2

sin

symmetry.
A =areaoftriangle ABC = /s (s —a) (s — b) (s - ¢)

A=1bcsin A=%casin B =%absinC

A_abc B

=——=rs
4R

(c) ValuesofsinA, cos A, cotA:

. 2 2A
sinA=—,/s(s—a)(s—b)(s-c)=—

—s(s-a)(s-b) (5-0) =

2, .2 .2
CosA:bH:—a

2bc
2, .2 .2

cotA=C95A=b +c°—a

sin A 4A

(d) Relation between inradius, sides, semi-perimeter and area of the triangle :

: : A A B C asinB/2:sinC/2
— s—a)tan —=(s—b)tan—=(s—-¢) tan— =

in radius r 5 (s—a) 5 (s—b) > (s—c) > |" VT

ex radius __A A acosB/2-cosC/2

(opposite to A) [ 1 il T s_a s tan 2 cos A/2

ex radius A B bcos A/2-cosC/2

opposite to B) | 2 h=—— s tan —

(cpP ) s—b 2 cos B/2

ex radius A .

(opposite to C) rs R=— S tan E SIS 2 gy BU2
S—C 2 cosC/2
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Properties of Triangle

m-n Theorem

Theorem : (1) (m+n)cot®6=mcota—ncotp
(2) (m+n)cotb=ncotB-mcotC

Results n sides Polygon

n-2
If the polygon has “n’ sides, Sum of the internal angles is (n — 2) « and each angle is Q

a=sidelength ; r=in-radius ; R=circum-radius

and R =

1 - T 2 Ty N _»o
=—hna“.cot| — |=nr-tan| — [=—R"sin —
Area of polygon 4 (n} ( j >

More results
5.1 Distance of orthocentre from vertices of triangle is 2R cosA , 2R cosB and 2R cosC respectively.

5.2 Distance of orthocentre from sides of triangle 2R cosB cosC, 2R cosC cosA and 2R cosA cosB re-
spectively.

5.3 Distance of circumcentre O fromsides : BC, CAand AB are R cosA, R cosB and R cosC respectively.

Pedal Triangle

Let ABC be anytriangle, and let AK, BL and CM be the perpendicular from A, B and C upon the opposite
sides of the triangle. These three perpendiculars meet at a point ‘O’ which is called the orthocentre of the
triangle ABC. The triangle KLM, formed by joining the feet of these perpendiculars is called the pedal
triangle of ABC.

Important Point for Pedal Triangle KLM :

'.'I_. J
. hlﬁﬂ“—l’s
B K C
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Properties of Triangle

AKLM is the pedal triangle of AABC

Angles of pedal triangle : K=180°-2A, L=180°-2B, M =180°-2C
Sides of pedal triangle ; LM=acosA MK=bcosB,KL=ccosC
Area of the pedal triangle : % R? .sin 2A.sin 2B .sin 2C

. . . R
Circum radius of pedal triangle ; >
In-radius of pedal triangle : 2R cosA.cosB.cosC

Orthocentre of AABC is the incentre of the pedal AKLM

Circle circumscribing the pedal triangle of a given triangle bisects the sides of the given triangle and
also the lines joining the vertices of the given triangle to the orthocentre of the given triangle. This circle
is known as nine-point circle.

Nine point = Circum - centre of the pedal triangle ' H : Orthocentre

Circum-centre of the pedal triangle of a given triangle : -
bisects the line joining the circumcentre of the triangle =~ =~ 1
to the orthocentre.

Important Theorem

The centroid, circumcentre & orthocentre inany triangle are collinear . The centroid divides the line joining
orthocentre and circumcentre in 2 : 1 internally .
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