22 INDEFINITE
INTEGRATION

1. INTRODUCTION

Integration is a reverse process of differentiation. The integral or primitive of a function f(x) with respect to x is a
differential function ¢(x) such that the derivative of ¢(x) with respect to x is the given function f(x). It is expressed

symbolically as Jf(x)dx = 4(x)

Thus. jf(x)dx = (x) = %[qxx)] =f(x).

The process of finding the integral of a function is called Integration and the given function is called Integrand.
Now, it is obvious that the operation of integration is the inverse operation of differentiation. Hence the integral of
a function is also named as the anti-derivative of that function.

Further we observe that

%(xz) = 2X
%(x2 +2) = 22X} > _[2xdx = x° + constant
c;j—x(x2 +k) = 2X

So we always add a constant to the integral of function, which is called the constant of Integration. It is generally
denoted by c. Due to the presence of this arbitrary constant such an integral is called an Indefinite Integral.

2. ELEMENTERY INTEGRATION

The following integrals are directly obtained from the derivatives of standard functions.
(@ [0dx=c

(b) jl.dx =X+C

(c) jk.dx =kx+c(k eR)

n+1

(d) J'x”dx:x 1+c(n;«t—1)

n+
(e) ‘[%dx =log,x+c

(f) Ie"dx =e*+c
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aX

log, a

(9) Iaxdx= +c=a"log,e+c

(h) Jsinxdx =—COSX+C

(i) Jcosxdx =sinx+c

3. BASIC THEOREMS OF INTEGRATION

If f(x), g(x) are two functions of a variable x and k is a constant, then

(a) J.kf(x)dx =k j f(x)dx
(b) j [f(x) +g(x) |dx = j f(x)dx + j g(x)dx

(©) %(If(x)dx) = f(x)

@ | (%f(x))dx = f(x) +c

PLANCESS CONCEPTS

The results of integration are very different from differentiation. There is no standard formula for
integration.

Always make sure to write the constant of integration. NEVER assume it as zero from your side.

Vaibhav Gupta (JEE 2009, AIR54)

1-sinx

Illustration 1: Evaluate: J. dx (JEE MAIN)

cos® x
Sol: As we know, _[[f(x) + g(x)]dx = jf(x)dx + jg(x)dx therefore we can split
jl_smxdx as J ! dx—J >NX_jx and then by solving we can get result.

COSZX COs™ X COs™ X

1-sinx 1 sinx
J. > dx :I > dx—j > dx:jseczxdx —Itanxsecxdx =tanx—secx+c
COos* X COs” X COs” X

Hlustration 2: Evaluate: j\/l +sin2x dx (JEE MAIN)

Sol: Here sin® x+cos®x =1 and sin2x = 2sinxcosx, therefore by using these formulae and solving we will get the
result.

‘[\/1+sin2x dx =j\/sin2x+coszx+25inxcosx dx :_[\/(sinx+cosx)2dx

= I(sinx+ cosx)dx = Jsinxdx+jcosxdx

= —COSX +SinX+C
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Hlustration 3: Evaluate: j sinx  dx (JEE MAIN)

Sol: Here as we know, gjn?x = ﬂ, Now by putting this in the above integration and solving we will get the
2

term %I(l —2c0s2x + cos? 2x)dx , After that by using the formula

2 1+ cos4x .
COs” 2x = — we can solve the problem given above.

2
Isin4x dx = j(ﬂj dx=lj(1—2c052x+c0522x)dx
2 4

= EJ‘ 1—2c052x+1+cﬂ x=lj(3—4c052x+cos4x)dx = E 3x—25in2x+sm4x +C
4 2 8 8 4

Ilustration 4: If f'(x) = 4x° —% such that f(2)=0,then, find f(x) (JEE ADVANCED)
X

Sol: Here f'(x) = 4x’ —— therefore f(x) = I(4x3 —%jdx hence by splitting this integration and solving we will get
the result. X X

d 3 3 _ 33 a3 3 v afw3 4
We have, &f(x):4 —X—4 :>f(x)—j(4x —X—4]dx—j4x dx—_[x—4dx—4jx dx—3J'x dx

3+1 —4+1

42X 3% T coyiilic ()
341 -4+1 X3
Givenf(2):24+i+C:030:16+l+(:3c=_@
23 8 8
Putting the value of C in (i), we get f(x) = x* +%—%
X

4. METHODS OF INTEGRATION

When the integrand can't be reduced into some standard form then integration is performed using following
methods

4.1 Integration by Substitution

4.1.1 Integrand is a Function of Another Function

If the integral is of the form If[(])(x)Jd)' (x)dx , then we put ¢(x) =t so that ¢ '(x) dx=dt. Now integral is reduced jf(t) dt.

PLANCESS CONCEPTS

In this method the function is broken into two factors so that one factor can be expressed in terms of
the function whose differential coefficient is the second factor.

In case of objective questions in which direct indefinite integration is asked, function being very
complicated to integrate, then try differentiating the options.
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If Izj . e ,then Iis Equal to
sin(x —a)cos(x —b)

1 | sin(x—a)|

@) sin(a—Db) g|cos(x - b)|

1 |sin(x—a)|

og +C
cos(a—Db) |cos(x - b)|

(b)

1 |sin(x—a)|
sin(a+b) |cos(x - b)|

(©

1 | sin(x —a) |
) g +
cos(a+b) |cos(x - b)|

Vaibhav KrishnanJEE 2009, AIR 22

Illustration 5: Evaluate: jxtanxz secx’dx (JEE MAIN)

Sol:This problem is based on integration using substitution method. In this we can put x* =t and therefore 2x
dx=dt and then solving we will get the result.

Let x% =t

= 2x dx=dt = x dx = %dt jxtanxz secx’dx = %Jtantsectdt:%sect+c:%secx2 +C

4.1.2 Integrand is the Product of Function and its Derivative

If the integral is of the form I= J-f'(x) f(x) dx we put f(x) = t and convert it into a standard integral.
Illustration 6: EvaIuate:J'tanxsec2 xdx (JEE MAIN)

Sol: Here sec’ x is a derivatives of tanx hence we can put tan x = t and sec? x.dx = dt thereafter we can solve the
given problem.

Let tan x =t = sec® x.dx = dt
_tan’x
2

2
I=J.tanxsec2de=J.tdt =%+c +cC

4.1.3 Integrand is a Function of the Form f(ax+b)
Here we put ax+b =t and convert it into a standard integral. Now if,

_[f(x)dx = ¢(x), then .[f(ax +b)dx = %q)(ax +b)

Illustration 7: Evaluate: Icos 3xcos5xdx (JEE MAIN)

Sol: By multiplying and dividing by 2 in the given integration and using the formula

2cosA.cosB = cos(A+B)+cos(A—B) we can solve it.

I= Icos3xc055xdx :lj(c058x+c052x)dx:1 lsin8x+£sin2x +cC
2 2|8 2
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Illustration 8: Evaluate: I_J. xdx (JEE ADVANCED)
xt+x2 41
Sol: Here by putting x> =t = dt = 2xdx we will get the term —j lJ‘ dt and then by
t+t+l 2 172V +(+3 5\
1\ | (t+a/2) +(\3/2)
putting t+§ = Ttane, we can solve it.
Let x* =t = dt = 2xdx I-—I dt :%j dt >
sl (t+@s2) +(¥3/2)
: o1
.I.;zdx :ltan{ (X)]x ll +c .'.I:l Ltan‘1 —21l4c
[f(x)] +a’ a a | f(x) 2 é é
2 2

By B

Now put t+%:7tan9 = dt=""sec’0d0

2
‘f (V3 /2)sec® 6o jde 1 9+c:Ltan‘l(2t+lj+c=itan‘1(zx +1JJrc
2° 3/ 4)(tan’” e+1) V3 V3

Standard integration results

‘[—dx =log, [f(x)] +C

n+l
J[f( )] f (x)d [ ] + ¢ (provided n#-1)

(c) J‘mdx—Z f(x) +c

Illustration 9: Evaluate: J-sec_xd

vJtanx

Sol: Here simply substituting t=tan x= dt = sec?x dx we can solve it.

Let t=tan x= dt = sec’®x dx

L= jdt —2t2 + c=2vtanx +c

4.1.4 Integral of the Form

J'L then substitute a=r cos 0 and b=rsin 0, tan6 = 9:> 6 =tan* (EJ we get
asinx +bcosx a a
dx 1 1 X+ 0 |ogtan((x/2)+(1/2)tan—1(b/a))
I= I.—=—jcosec(x+6)dx:—logtan +c= P
rsin(x+0) r r 2 m

(JEE MAIN)
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PLANCESS CONCEPTS

jsinm xcos"x dx,where m,neN

= If m is odd put cos x=t

If nis odd putsinx =t

If both m and n are odd, put sin x=t if m > n and cos x=t otherwise.

If both m and n are even, use power reducing formulae

. 2 1-cos 2x 2 1+ cos 2x
sin X=TOI‘ 0s X=T

If m+n is a negative even integer, put tan x=t

Shrikant Nagori (JEE 2009, AIR 30)

Illustration 10: Evaluate: .;dx (JEE ADVANCED)
SinX + cosx

dx

Sol: As we know, if integration is in the form of J._asinx +bcosx

then we can put

a=rcos 0 and b=rsin 0 hence the integration will be lIog tan(xze}rc .
r
Here a=1 & b=1

So [t 4y =

! logtan i+1tan‘11 +c—ilogtan X1 I hc
SinX + cosx J1+1 2 2 ﬁ 2 8

4.1.5 Standard Substitutions

The following standard substitutions will be useful

Integrand form Substitutions
N X=asin® orx=acosO
a’ —x° \/7
1 .
Jy2 142 Of ——— x=atan 0 orx =acot © orx=asinh 6
X‘ +a
VX2 +a?
X2 — a2 or; X =asecH orx = acosecH
x° —a’
/ X /a+x 1 =a tan’ 0
—— or ,J—— or y{x(@a+x) or ——— X
a+Xx X \x(@+x)
.2
X a—x 1 X =a sin“® or x=a cos?® 0
—— or ,[—— or y/x(a—x) or ———
a—-Xx X X(@-x)
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2 2
{ X /x—a 1 X=a sec” 0 or x=a cosec” 0
—— Of ,[J—— or 4{/Xx(x—a) or ———
X—a X \X(x—a)

a—x a+x X =acos20
a+x a—-x

or Jx—o)(B—x) B> ) x = acos? 0+ Bsin’ 0

<
1]

=
|
x

Some Standard Integrals

Itanxdx =logsecx+c=-logcosx+c

Icotxdx =logsinx+c =-logcosec x+c¢
(c) .[secxdx =log(secx +tanx) + c = —log(secx —tanx) +c = Iogtan(%+§]+ C
(d) jcos ecxdx = —log(cosecx + cotx) + ¢ =log(cosecx— cotx) + ¢ = log tan(gj +C
(e) Jsecxtanxdx =secx+c
(f) jcosec Xcotx dx = —cosec X+ ¢
(9) Jsecz xdx = tanx + ¢

(h) jcos ec’xdx = —cotx + ¢

(i) Jlogxdx=x|og(§j+c=x(logx+l)+c

PLANCESS CONCEPTS

11 1
If the integral is of the form IR xP,x9,x"...... x, where R is a rational function then,

Leta = Icm of (p,q,......) and put x = t°
Nitish Jhawar (JEE 2009, AIR 7)

Illustration 11: Prove that: J'\/i log(x +Vx? —a?)+C (JEE ADVANCED)
x‘—a

Sol: By putting x = asec® = dx = a sec6tan6d6, we can solve the problem given above.

_ jasecetanede

an0 =Isec9d6 = log (secO +tan0) +C
atan

Letx = asec® = dx = a secOtan0dd = J'\/ dx
2_

[ 4
Iog(— —)+C log ( (x+Vx? +a’)+C'
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Illustration 12: Evaluate: jcost.cos4x.cos6xdx (JEE MAIN)
Sol: By multiplying and dividing by 2 in the given integration and then by using 2cos A.cosB = cos(A + B) + cos(A - B)

we can solve it.

LetI = jcost.cos4x.cos6xdx = %j(Zcost.cos4x)c056xdx = %j(c056x+c052x)cos6xdx
[ 2 cos Acos B =cos (A + B) + cos(A - B)]

= l.[(cos2 6X + COS 6X — cost)dx = %.[(2 cos? 6x + 2¢os 6x — cost)dx
- %U(l +c0s 12x) +(cos8x + cos 4a)dx} = %J.dx + %jcolexdx +%J‘c058xdx + %J.cos Axdx

J‘co{f(x)dx :W} +C

1{ sinl12x sin8x sin4x}
+ + +C

[==|x+
4 12 8 4

Illustration 13: Evaluate: dex (JEE ADVANCED)

COSX—Cosa

Sol: Here in this problem by using the formulae

cosC —cosD = ZsinC+D.SinC—D ,sin 2A = 2 sin A cos A and 2 cos C cos D = cos (C+D)+cos (C-D)
2 2

We can solve the problem above step by step.

We have,
Icost—cosZoc =J- =2sin(x + o) sin(x — o) dx :I sin(x + a)sin(x — o) «
COSX — COS QL —25in((x+a)/2)sin((x—a)/2) sin((x+a)/2)sin((x—a)/2)

25in((x+a) /2)cos((x+a) /2).25in((x—oc)/2)cos((x—oc) /2)

= j 5in((x+a)/2)sin((x—a)/2) dx (sin 2A = 2 sin A cos A)

4jcos(";°‘]cos[x;°‘]dx -+ [2 cos C cos D = cos (C+D)+cos (C-D)]

2'[(cosx+cosa)dx = 2jcosxdx+2cosocjdx = 2sinx +2xcoso +C

sin® x — cos® x

Illustration 14: Evaluate: J. dx (JEE ADVANCED)
1—2sin’ x.cos? x

Sol: Here by using the formula a’—b% = (a + b)(a - b) and putting (sin® x + cos’ x)? in place of 1 in the denominator,
we can reduce the above integration and then using cos2x = cos® x —sin? x we can solve it.

sin® x — cos® x (sin* x + cos* x)(sin® x — cos? x) dx

We have, I dx :I

1-2sin’ x.cos® x (sin? x + cos® x)° — 2sin’ x.cos’ x
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. 4 4 .2 2 .2 2
sin” x 4+ cos” x)(sin® x + cos” x)(sin” x — cos” x . .
= I( X X )dx = Jil.(smzx—cos2 X)dX=—ICOSZXdX|:'.' Cos2x = cos’ x —sin’ X:|

(sin* x + cos* x)

:—SIn2X+C
2

4.2 Integration by Parts

If u and v are two functions of x, then

Jwvdx=u(fv dx)-j(%)(]v dlx ) dx

This is also known as uv rule of integration. This method of integrating is called integration by parts.

PLANCESS CONCEPTS

e From the first letter of the words inverse circular, logarithmic, Algebraic, Trigonometric, Exponential
functions, we get a word ILATE. Therefore the preference of selecting the u function will be according
to the order ILATE.

e In some problems we have to give preference to logarithmic function over inverse trigonometric
functions. Hence sometimes the word LIATE is used for reference.

e For the integration of Logarithmic or Inverse trigonometric functions alone, take unity (1) as the v
function.

Shivam Agarwal (JEE 2009, AIR 27)

Illustration 15: Evaluate: .[(1 + x)logxdx (JEE MAIN)

Sol: Here we can integrate the given problem by using Integration by parts i.e.
du
.[(u.v)dx = u(Iv dx) —j(&J(J'v dx)dx

Here u = logxandv = (1+x).
LetI= I(1+x)logxdx

Integrating by parts, taking log x as 1*t function, (by LIATE rule) we get

I= Iogx‘.'(l+x)dx—f{%(logx).j(lﬂ)dx}dx = Iogx[x+§}—j%(x+§]dx = [x+§]logx—f{l+§}dx

x? x?
= | x+— |logx—| x+— |+C

Illustration 16: Evaluate: J.sec3 xdx (JEE ADVANCED)
Sol: Here we can solve by integrating by parts, taking sec x as the first function.
I= .[secg xdx = Isecx. sec’xdx  Let u=secx & v =sec’x

[ =sec x tan x —I(sec X tan x).tan xdx = secxtanx—jsecxtan2 xdx = secxtanx—jsecx(sec2 x —1)dx
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I= secxtanx—J‘sec3 xdx+_[secxdx = I=sec x+tan x—I+_[sec x dx

= 21=sec x.tan x+log (sec X+ tan x)+C =1 :%[secxtanx+Iog(secxtanx)}+C

Ilustration 17: Evaluate : j (sin"x)%dx (JEE ADVANCED)

2
Sol: We can write the given integration as J.(sin‘lx)z.ldx and then taking u:(sin’lx) & v=1
solving by integration by parts.

I= (sin! x)z.x—I {%(sin:L X)Z.X}dx = (sin’t x)z.x—{Z(sin‘1 x). ! . .x}dx
1-x

dx

1-x?

Now, putting sin" x =t = x = sin t so that = dt

= 1= x(sint x)? —ZIt.sintdt = x(sin"t x)? —2{—tcost+jcostdt} (again Integrating by parts)

= x(sin" x)? = 2{~tcost+sint} +C = x(sin"x)* +2tcost - 2sint+C = x(sin""x)? +2sin " xV1-x* —2x+C

sin "t vx —cos 1 /x

sin”t \/; +cos™t \/;

Illustration 18: Evaluate: I

dx (JEE ADVANCED)

. - _ Y
Sol: By using the formula sin™ v/x +cos ™ v/x = > we can solve the above problem.

sint x/;—((n/Z)—sin‘1 \/;)

- -1
Lot I= J-sm X —COS \/;dx _J-
(n/2)

sin"t+/x + cos™t \/; B
2 .1 T 4. . -1
= —J(Zsm x/;——jdx=—J.sm \/;dx—J‘ldx
T 2 s

= ij‘sin’l Jxdx — x 0
T

Putting sintx =0 = x=sin?0 so thatdx = 2sin®.cos0dO =sin20 d 0.

dx { sint+/x +cost \/_ = g}

J'sin‘1 Jxdx = Ie.sinZOde Let u=0 & V =sin 20, then integing by parts we get

:_—e(l—ZSin2 e)+l 2 sin 0.cos 0
2 4

cos20 1
— =
2

- —%(sin‘l \/;)(1—2x)+%\/;.\/1—x+c (i)

= -0 jcoszede=—§cosze+lsinze = —39(1—2sin2 e)+lsine 1-sin’0
2 4 2 2

From (i) and (ii), we get

I= i{—%(l—Zx)sin1 x+%\/x—x2}—x+C = z{\/x—x2 —(1—2x)sin"1\/;}—x+c
T

T

4.2.1 Integration by Cancellation

Illustration 19: Evaluate : I[BXZ tanl —xsec? E]dx (JEE MAIN)
X X
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Sol: Let I(3X2 tanl—xsec2 ljdx = .[3)(2 tan%dx - J.xsec2 %dx and then by using the integration by parts formula
X X

ie. j(u.v)dx = u(jv dx)—j(%}(]v dx)dx we can solve the problem above.

j[3x2 tanl—xseczljdx = I3X2 tanldx—jxseczldx = tanix3 —J.[sec2 —j(—i}@dx—.[xsecz ldx =% tanl+c
X X X X X X X2 X X

4.2.2 Integration of the Form:
If the integral is of the form jex [f(x) +f (x)}dx, then use the formula;

Ie" [f(x) + f'(x)} dx =e*f(x) + ¢

Illustration 20: Evaluate: .[ex(logx +1/x)dx (JEE MAIN)

Sol: Solution of this problem is based on the method mentioned above, here f(x) = log x and f'(x)

=1/x. =J.e"[log x+£}dx
X

: Here, (x) = |
I= I e*logx + = |dx = e*logx + ¢ ere () =logx
X &f (x)=1/x

If the integral is of the form J‘[Xf' (x)+ f(X)JdX then use the formula; j[xf'(x) + f(X)JdX = xf(x) + ¢

Illustration 21: Evaluate : I(x sec® x + tanx)dx (JEE MAIN)
Sol: Similar to the problem above.

Herel = j(xsec2x+tanx)dx = _[[xf'(x)+f(x)]dx [where f(x) =tanx] = x.tan x+c

4.2.3 Special Integrals

ax

.[ea"sinbxdx: Ze (asinbx —bcosbx) + ¢

a’ +b?

ax
Ieax cosbxdx =

(bsinbx +acosbx) +c
a“+b

ax

J.eax cosbxdx = > (b sin bx+a cos bx)+c

a“+b

L1
Illustration 22: Evaluate : jes'” *dx (JEE MAIN)
Sol: By putting sin"! x =t = x=sint= dx = cos t dt and then integrating by parts we can solve the given problem.

o1
I= J‘esm Xdx

1

Let sin " x =t= x=sint= dx = cos t dt

t sin_lx
=1I= _[etcostdt:%(sint+cost)+c:e 5 (x+\/1—x2)+c
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4.3 Integration of Rational Functions

4.3.1 When the Denominator can be Factorized (Using Partial Fraction)

Let the integrand be of the form%, where both f(x) and g(x) are polynomials. If degree of f(x) is greater than
g(x

degree of g(x), then first divide f(x) by g(x) till the degree of the remainder becomes less than the degree of g(x).
Let Q(x) be the quotient and R(x), the remainder then

f) _ o R

g(x) g(x)

Now in R(x)/g(x), factorize g(x) and then write partial fractions in the following manner:

(a) For every non-repeated linear factor in the denominator. Write

1 _ A . B
(x-a)(x—-b) x—a x-b

(b) For every repeated linear factor in the denominator. Write

1A B C D
o3y kY (X — + a2 + )3 + b
(x—a)’(x=b) (x—-a) (x-a) (x—a) ((x=Db)

(c) For every non-repeated quadratic factor in the denominator. Write

1 _ Ax+B N C
@x’ +bx+c)(x—d) ax?+bx+c x-d

(d) For every repeated quadratic factor in the denominator. Write

1 3 Ax +B . Cx+D . E
(@x® +bx+cP(x-d) (@x’+bx+c)P ax’+bx+c x—d

PLANCESS CONCEPTS

Consider f(x) as the function we need to factorize
1. For non- repeated linear factor in the denominator.

1 A B

Let f(x)= = +
(x—a)(x—=b) (x—a) (x-b)

To obtain the value of A remove (x—a) from f(x) and find f(a).
Similarly, to obtain value of B, remove (x-b) from f(x) and find f(b).
2. For repeated linear factor in the denominator.

1 A B C D

Let f(x) = -
e (x-a)*(x—b) (X—a)+(x—a)2+(x—a)3+(X—b)

To obtain value of D remove (x—b) from f(x) and find f(b).
To obtain value of c remove (x—a)? from f(x) and find f(a).

Now that we have reduced the number of unknowns from 4 to 2, we can find A and B easily by equating.
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x* +x3+2x%° - x+4
x(x% +2)(x° +1)3

Partial fraction will be of the form

Now let's try this method for

x"+x*+2° -x+4 A Bx+C Dx+E Fx+G _ Hx+l
x(x% +2)(x° +1)3 X x2+2) x*+1) *+1°% *+1)°

Now remove x and put x=0, we get A=2
Now remove (x*> +1)> and put x? =-1i.e. x = i (you can also substitute x = —i).
We get Hi+I = -3i-2. Hence H = -3 and I = -2.

Now remove (x? +2)and put x= \/Ei .We get B (\/Ei) +C=2 \/Ei +3.HenceB=2andC =3

Now the number of unknowns have reduced from 9 to 4 and the remaining unknowns can be solved
easily.

This method very useful instead of solving for all the unknowns at the same time.

Also remember that substituting an imaginary number for x is not discussed anywhere in NCERT. So, use
this method only for competitive exams.

Ravi Vooda (JEE 2009, AIR 71)

Illustration 23: Evaluate : 4dx (JEE MAIN)
X2 —x—2
Sol: Here the given integration is in the form of x_ax_b)’ hence by using partial fractions we can split it as
A
+ . . .
(x—a)  (x-b) and then by solving we will get the required result.
_ X _rlf 2 1 5
Herel = Imdx = Ig(n mjdx = —[2Iog(x 2)+Iog(x+1)} —glog[(x—Z) (x+1)]+c
xdx
Illustration 24: Evaluate : I— (JEE ADVANCED)
18x% +11

Sol: Here simply by putting t= x> = dt = 2x dx and then by using partial fractions we can solve the given problem.

xdx %dt 2
I= I—dx = _[— (Put t= x“ = dt = 2x dx)
3x* —18x% +11 3t2 —18t+11

dt dt 1 dt

_g'[tz—6t+(11/3)=g'[(t—3)2—(16/3)_6 (t—3)2 (4/[)

E SN I (4/\3) , f ft3f4c f I NERT
6

= +C
2@ @B 4B B354 O _3B+4
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4.3.2 When the Denominator cannot be Factorized

In this case the integral may be in the form

0 leL (ii) J'de
ax° +bx+c ax“ +bx+c
Method:

(i) Here taking the coefficient of x> common from the denominator , write
2 b? — 4ac
43?
Now the integrand obtained can be evaluated easily by using standard formulae.

x° +(b/a)x+c/a=(x+b/2a)

(ii) Here suppose that px + q = A{di(ax2 +bx+c)} +B = AQRax+b)+tB L (i)
X

Now comparing coefficient of x and constant terms.

We get A=p/2a, B=q-(pb/2a)

P 2ax_+bdx+(q_&ij
2a° ax’bx + ¢ 2a )° ax® +bx +c

Now we can integrate it easily.

4.3.3 Integrand Containing Only Even Powers of x

To find integral of such functions, first we divide numerator and denominator by x?, then express the numerator
as d(x+1/x) and the denominator as a function of (x+1/x). The following examples illustrate it.

PLANCESS CONCEPTS

jR(sinx,cosx)dx where R is a rational function (universal substitution tan(x/2)=t)
Special cases:
(@) If R (=sin x, cos x) = —R(sinx, cos x)
Put cos x=t
(b) If R (sin x, cos x) = —R(sinx, cos x)
Put sin x=t
(c) If R (=sin x, —cos x) = R(sinx, cos x)
Put tan x=t

Akshat Kharaya (JEE 2009,AIR 235)

2
X +1

Illustration 25: Evaluate: f4—1d>< (JEE ADVANCED)
X"+

1+(1/X2)dx: 1+(1/%%)

x* +(1/x%) j[{x_(l/x)}erz}

dx and

Sol: Here dividing the numerator and denominator by x°, we get j

then by putting x-1/x=t =[1+1/ x? ]dx = dt, we can solve it.
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@)y o 14/

X*+(1/%) _I[{x—(l/x)}2+2}

dx

Now taking x-1/x=t =[1+1/ x% ]dx = dt, we get
dt 1 -1 t 1 -1 X2 -1
I= |——=—"—tan""| —= |+c = —=tan " | —— |+
Jt2 +2 2 (ﬁJ 2 { J2x

4.4 Integration of Irrational Functions

If any one term in numerator or denominator is irrational then it is made rational by a suitable substitution. Also
if the integral is of the form

dx

J.\/axz +bx+c

Then we integrate it by expressing ax? +bx+c = (x + o)? + B

orJ. ax® +bx +c dx

Also for integrals of the form J‘&dx or I(px +q)Vax?bx + c dx

Vax® +bx+c

First we express px+q in the form

px+q = A [di(axsz+c)]+B and then proceed as usual with standard form.
X
Illustration 26: Evaluate : je—dx (JEE MAIN)
/5 — 4 — e

Sol: Simply by putting € = t, then e*dx = dt, we can solve the given problem.

Put e =t, then e*dx = dt

J‘de :J‘ dt :J‘ _ _
5_4e — e J5-4t—2 " \5-(2+4t) \5-(C+4t+4)+4 9 (t+2)

- j _da . sinl[—t+2j+cz sin‘l(e +2]+c
(3 = (t+2) 3 3

1
Illustration 27: Evaluate : I—dx (JEE ADVANCED)
V(x=a)(x—b)

dt dt dt

2
b
Sol: Here first expand (x—a)(x—b) and then adding and subtracting by (%} , we can reduce the above

integration. After that by putting x —(%) =u, we can solve the given problem.

Let, 1= ;dx ox

1
= I dx = J
V(x=a)(x-b) \x*~(a+b)x+ab \/xz—(a+b)x+((a+b)/2)2—((a+b)/2)2+ab

dx dx

I\/(X_((a+b)/2))2 _[((aZ +b? +2ab)/4)—ab} \/(x—((a+b)/2))2 _[(a—b)z /4}

[ ox )
J(x-(@+)/2)) ~((@-b)/2)




22.16 | Indefinite Integration

On putting x—(%} =u so that dx = du in (i), we get

X+x% —a?

dx =log

I=J‘ du

-

Famap LS
Putting u= {x—(%}] , we get

- L o

5. STANDARD INTEGRALS

2
] = log u+‘fu2—(—a;bj +C

a+b

X—T-i- (x—a)(x—b) +c

(a) J.%dx:ltanl[ij+c
X° +a a a

(b) Jde = iIog

——+cC
X2 — g2 2a X+a
1 1 a+x
————dx=—logl|—|+c¢
© J‘32_)(2 2a J —-X

(d) ;de =sin (ij +c=-cos* [ij +C
a a
(e) %x:sinhl(ij+c=log(x+ x2+a2)+c
a
f) J‘%dx:cosh"l(§]+c:log(x+ x2—a2j+c
a
X —a

2
(9) _[ a’ —x?dx =§\/a2 -x? +a?sin‘1§+c (Substitute x =acos6 or x =asin® and proceed)

X+Vx% +a°

+ ¢ (Substitute x =atan® or x =acot6 and proceed)

2
(h) j x2+a2dx=§\/x2+a2 +a?|og

2
(i) I xz—azdx:gx/xz—a2 —a?log X +Vx° —a’

+ ¢ (Substitute x =asecH or x =acosecH and proceed)

) J';
xVx° —a’

dx = Lsec X 4 c (Valid forx > a > 0)
a a

ax ax
(k) _[ea" sinbxdx = — (asinbx —bcosbx) + ¢ = e—sin{bx—tanl(gj}+c
a

a® +b’ Va? +b?
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ax ax
) Ieax cosbxdx = ze 5 (acosbx + bsinbx) + ¢ = e—cos{bx—tan19}+c
a

a® +b a’ +b’

Integration of irrational algebraic functions:

Type 1: (a) I (Put: x =acos? q+bsin’q)

dx
(X =)/ (x=a)(B—x)

(Put: x =asec’q—btan®q)

dx
b) | ———
I (X —a)/(x=PB)

dx 2
Type 2: | ———————— (Put: px+qg=t°)
J-(ax+b)~/px+q

dx

Type 3: j (Put: ax+b = %)

(ax+ b)\/px2+ qx+r

dx 2
Type 4: (Put: px+q=1t~)
'[ (ax’bx + OPX+(q

dx

TypeS:I . >
(ax“ +bx + c)\/px* +gx+r

Case I: When (ax’bx + c) breaks up into two linear factors, e.g.

dx A B 1 dx dx
I: d th = d = A B
j(XZ—X—Z)\/X2+X+1 e '[[X_2+X+lj\/x2+x+l " J.(x —2) x2+x+1+ I(x+1) X2 +x+1
S —7

Put x—2=% Put x+1:%

Case II: If ax® +bx +c is a perfect square say (Ix+m)? then put Ix +m =%

Caselll: Ifb=2,9g=0

e.g. J‘L then, put x = 1 or trigonometric substitutions are also helpful.
(ax® +b) px2+ r t
Integral of the form Ii where P, Q are linear or quadratic functions of x.
PVQ
Integral Substitutions
1 2
——dx cx+d=z
J‘(ax+b)x/cx+d
J' dx pX +q = z°
(ax2 +bx + c)\/px +q
j dx pX+q ==
(px+q)vax® +bx+c z
J' dx X = E
(ax2 +b)\/cx2 +d z
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dx

L e o v b=l

Illustration 28: Evaluate : IL (JEE MAIN)

(x+1) (x 2)

Sol: Simply by putting x—2 =t?, .dx = 2t dt we can solve the given problem by using the appropriate formula.

J» dx

(x+1) (x—2)
Put x—2 =t
sdx =2t dt
Cop2t dto dt 2. 4t 2. (X_Zj .
sl = =2 = —tan " |—|+Cc = —tan +c (- t=4(x=-2))
I(t2+3)t jt2+(J§)2 V3 [\/5] V3 { 3 ]
dx
Illustration 29: Evaluate : (JEE MAIN)
j - 4x

Sol: Here first put x = t* therefore dx = 2t dt and then using partial fractions we reduce the given integration in
standard form. After that by solving we will get the result.

dx
(x? — 4n/x

Put x=t%> . dx = 2t dtthenl = j 2 g =ZJL
t* — Ayt % +2)(t* - 2)

LetI=j

5 1 1 A B
Putt =Z .. = = +
W +2)t°-2) @+2@z-2) z+2 z-2
A= 1 and B = 1 = 1 1 + 1
4 4 (P +?-2) At +2) 4t -2)
1 1, dt 1 ot 1 -2
wI=2 =—= = ———tan | = |+ —=log|——=|+c¢
j(t 2 1 2)t? -2) It2+2 292 ) 22 [\/EJ w2 lte2

L_lx+ 0|J_f|+C":x
At o e v

6. SPECIAL TRIGONOMETRIC FUNCTIONS

Here we shall study the methods for evaluation of the following types of integrals.
Type 1

0 [— i) [— iy dx (iv) dx
a+bsin?x a+bcos? x acos® x +bsinxcosx + csin’ x I(asinx+bcosx)2

Method: Divide the numerator and denominator by cos?x in all such types of integrals and then put tan x=t
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Illustration 30: Evaluate : I— (JEE MAIN)
1+3sin“x

Sol: Here dividing the numerator and denominator by cos*x we can solve it.

2 2
- J~ sec” xdx _ J-sec X dx =ltan_l(2tanx)+c
sec® x + 3tan’ x 1+ 4tan® x
Type 2
. dx dx dx . dx
i | ——— i) | —— i) | ———— iv
@ ja+bcosx ) -[a+bsinx (i) -[acosx+bsinx J.asinx+bcosx+c

Method: In such types of integrals we use the following substitutions

_ 2tan(x / 2) 2t 1-tan’(x/2) 1-¢2 2dt
sinx = = , COSX = = pdx =
1+tan2(x/2) 1+t2 1+tan2(x/2) 1+t 1+t

and integrate another method for the evaluation of the integral.

Illustration 31: Evaluate: d—dx (JEE MAIN)

5+4cosx

1-tan? (X/Z)

Sol: Here by putting cosx =
1+tan’ (x / 2)

and then by taking tan (x/2) = t we can solve the given problem

where tan (x/2) = t

I=j dx I sec’(x/2) dx = 2Igzdt

5+4[(1—tan2(x/2))/(1+tan2(x/2))] ) 9 +tan’(x /2) 2

= Z[Etan‘l {ln +C = ZFtan‘1 (—tan X /ZH +C
3 3 3 3

Type 3

+t

. [Psinx+qcosx . psinx
———d I ot |
0 J‘asinx+bcosx X (i -[asmx+bcosx X (i) j

qcosx
asmx+bcosx

For their integration, we first express numerator as follows-
Numerator = A (denominator) + B (derivative of denominator)
Then integral = Ax + B log (denominator) + C

6+ 3sinx +14cosx

Illustration 32: Evaluate : I 3+ dsinxs 5 cosx dx (JEE ADVANCED)

Sol: By using partial fractions, we can reduce the given integration to the standard form.

dx

I6+3sinx+14cosx
3+ 4sinx+5cosx

= 6+3sinx+14cosx = A (3+4sinx+5cosx) + B ( 4cosx—5sinx ) + ¢
Solving R.H.S. & comparing both sides, we get 4A-5B =35A + 4B =14

A3+ 4sinx +5cosx) +B(4 cosx—5sinx) + ¢
3+ 4sinx+5cosx

Also, 3A+C=6 j
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C dx

3+ 4sinx+5cosx
-
this is of type 2

= Ax + Iog(3+4sinx+5cosx)+J

2sin2¢ —cos
Illustration 33: Evaluate : _[ 2¢ ,d) dé (JEE ADVANCED)
6 —cos” ¢p—4sind

2(sin2¢— 4 7
Sol: Here we can write the given integration as I (S”; 6= Cisd:): dc)osd)dd) and as we know 2(sin2¢p —4cos¢)is
cos sin

the derivative of 6 —cos? ¢ —4sin¢ hence by putting 6 —cos® ¢ —4sing = t, we can solve the given problem.

2sin2p—cosd d 2 .
I= do = —(6— -4
J.6—cosz¢—4sin¢ ¢ d¢( cosTo—dsing)

=2cosdpsing—4cosh = sin2¢ —4cosdp = 2sin2¢ —cosd = 2(sin2¢ — 4cosd) + 7cosd

I=J-2(sin2<1>—4cosd>)+7cos¢oI _ IZ(sin2¢—4cos¢)d¢ +J- 7 cosdpdd _ 2,[$+I 7 cosddd

6—cos? hp—4sing 6 —cos? hp—4sing 6 —cos? p—4sing t 6—(1—sin?¢)—4sing
=2logt+C, + [ 7€0s¢dd  _ 5)0g(6-cos?¢— 4sing)+C, +1L (sind =x)

5+sin? ¢ —4sind 2 _4x+5
=2log(6 — cos® ¢ — 4sing) +C, +Iﬁ =2log(6 — cos? o —4sing)+C; +7tan’1¥+c2
+
=2log(6 — cos® ¢ — 4sing) + 7tan L (sing —2) + C
7. SPECIAL EXPONENTIAL FUNCTIONS
ae”
(@) dx [put €*=t]
J.b+cex P

(b) J' 1 dx [Multiply and divide by e™ and e = t]

1+¢*
(o) _[1 1 - dx [Multiply and divide by e™ and e™ = 1]

—-e

(d) I - ! — dx [Multiply and divide by €*]

e’ —e
(e) Je" = dx { 00 form}
® e +1 i [Multiply and divide by e™/2]

e -1
(9) J.;dx [Multiply and divide by e*and put e* =t]

(h) I 1 dx [Multiply and divide by e /2]
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[Multiply and divide by e /2]

O [ge

1 .
G dx [Multiply and divide by e /]

e -1

J';dx [Multiply and divide by 2672
\2eX -1

m J'\/l—e)‘dx [Integrand = (1-¢€*)/V1-¢*]

(m) j\/1+exdx [Integrand = (1+€&*)/V1+e*]

(n) [Ve*—1dx [Integrand = (e* —1) /ve* —1]

J. e 4 4 [Integrand = (e* +a)/Ve* —a? ]

e -a

Illustration 34: Evaluate : I e* —1dx (JEE MAIN)

Sol: Here by multiplying and dividing by V&' —1in the given integration and then by putting e -1 = t* we can
evaluate the given integration.

Herel = IVeX —1dx =

j fix _I e dx—j 1
\/ \/ex—l \/ex—
Let e -1 = tz,then e =dx =2t dt

.'.I:ZIdt —dt = 2t-2tan t(t)+c —Z[Ve —1-tantye* - }
2 +1

X
Illustration 35: Evaluate : [——— dx (JEE MAIN)
_4ex _e2X

Sol: We have, e—dx
5 4e* — e

Put e*=1t, then e dx = dt

I—dx = —dx

5—4e* —eX V5 -4t —t2

:J' dt =J' dt
5@ +4t) 52 +4t+4)+4

= J & = I at = sin‘l(ﬁjm = sin‘l[ﬂ}c
J9—(t+2)? J3)2 = (t+2)? 3 3
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PROBLEM-SOLVING TACTICS

Integration by Parts

(a)

(b)

(©)

(d)

(e)

Integration by parts is useful for dealing with integrals of the products of the following functions
u<<tanlx, sinx,costx (logx)* sinx, cosx  €* >>dv
Priority for choosing u and dv: ILATE

Integration by parts is sometimes useful for finding integrals of functions involving inverse functions such as

nxand sin"x.

Sometimes when dealing with integrals, the integrand involves inverse functions (likesin™ x), it is useful to
substitute x = the inverse of that inverse function (like x = sin u), then do integration by parts.

Sometimes you will have to do integration by parts more than once (for example, sze"dx andJ'x3 sinxdx .
Sometimes you need to do it twice by parts, then manipulate the equation (for example, Iex sinxdx ).

Try u — substitution first before integration by parts.

Trigonometric Integral

(a)

(b)

(c)

Integral Type : jsinm xcos" xdx
Case 1: One of m or n are even, and the other odd

x=1.

Use u — substitution by setting u = sin or cos that with an even power. Use the identity sin?x +cos
Case 2: Both m and n are odd

Use u — substitution by setting u = sin or cos that with a higher power. Use the identity sin® x+cos®x =1 .
Case 3: Both m and n are even (hard case)

Do not use u — substitution. Use the half double angle formula to reduce the integrand into case 1 o r2:
SiNXCOSX = %sian s sin?x = %(1 —C0OS2X) ; COS° X = %(1 —C0S2X)

3 3

(Note: 0 is also an even number. For example, sin® x = sin> xcos® x, so it is in case 1)

Just remember that when both are even, you can't use u-substitution, but you can use the half — double angle
formula. When it is not that case, let u = sin x or cos x, and one will work (at the end there is no square root
term after substitution).

Integral type : _[tanmx sec” xdx

Case 1: sec is odd power, tan is even power.

Hard to do, we omit (most likely won't pop out in the exam).
Case 2: Else

Set u = sec x or tan x, and use 1 +tan® x = sec® x . One will work at the end (there is no square root term after
substitution).

Integral type : J.sin(Ax)cos(Bx)dx, Icos(Ax)cos(Bx)dx , Isin(Ax)sin(Bx)dx

Use the product to sum formula:

cosOcos¢ = %(cose—¢)+(cose+¢));sinecos¢ = %(cose—¢)—(cose+¢))

sinfcos¢ = %(sin6—¢)+(sin6+¢))

Reduce product into sum and then integrate.
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Trigonometric Substitution

(a)

(b)

Trigonometric substitution is useful for quadratic form with square root:

Vva? —x? :Let x=asin0
Vx? +a° :let x=atan®
Vx? —a° :Let x =asecO

General procedure for doing trig sub:

Step 1: Draw the right triangle, and decide what trigonometric function to substitute for x.

Step 2: Find dx, then substitute the integrand using triangle, convert integral into trigonometric integral.
Step 3: Solve the trigonometric integral.

Step 4: Substitute back using triangle.

(i) If the quadratic form is not in the Pythagoras form (for example, V2 +2x+x? , then use the perfecting
the square method to transform it into Pythagoras form).

(i) Try u — substitution before trigonometric substitution.

(iii) Integrals involving (1-x°) and (x* —1) without square roots can be solved easily with partial fractions.
So don't use trigonometric substitution.

Rational Integral and Partial Fraction

(a)

(b)

General step for solving rational integral:

Step 1: Do long division for the rational function if the degree of the numerator is higher than the denominator.
Step 2: Do partial fraction decomposition.

Step 3: Evaluate the integral of each simple fraction.

General step for partial fraction:

Step 1: Factorize the denominator.

Step 2: Set the partial fraction according to “rule”.

Step 3: Solve the unknown of the numerator of the partial fraction.

Improper Integral

(a)

(b)

(c)

General steps for evaluating improper integral:

Step 1: Change the improper integral into the appropriate limit. [Change +co or singular point (where) to
appropriate limit.]

Step 2: Evaluate the integral.
Step 3: Find the limit.

The very first step to test improper integral involving oo is to check its limit. If its limit is not zero, then the
integral diverges.

Whenever you see improper integrals involving the quotient of a rational or irrational function, such as
j“’ X% +/3x d

X
3
@ (8x3 +7X)A

Use limit comparison test. The appropriate comparing function can be found by looking at the Integrand
(quotient of rational irrational). “Discard” the lower degree terms.
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(d) Sometimes, using u — substitution before using any test will be easier.

(e) Sometimes, to determine if an improper integral converges or diverges, directly evaluating the improper
integral is easier.

(f) When doing a comparison test, beware of the comparing function that you choose. It might not give an
appropriate conclusion if the comparing function is not correct.

(g) Try the limit comparison test before the comparison test.

(h) Useful comparing function, which is good to know their convergence or divergence

I:oxke‘ﬁxdx <o Fork=0,>0

widx < o i'f p>1
a yb = o if pSl,

widx < o i'f p<1l;
a yp = o if px1;

FORMULAE SHEET

Basic theorems of Integration:

1. j k f(x)dx = k j f(x)dx

N

. I[f(x) + g(x)] dx = J.f(x)dx + Ig(x)dx

d
. j[&f(x)]dx = f(x)

H

3. %( [ f(x)dx) — f(x)

Elementary Integration:

1 [0dx=c 2. [Ldx=x+c
Xn+1

3. J.k.dx =kx+c(kk eR) 4. .[x”dx = +cn=-1)
n+1

()]

1
5. _[;dX:|OgeX+C .J.exd)(:ex-g-c

7. Iadez +c=a"log,e+c 8. jsinxdx=—cosx+c
log, a
. (ax + b)"*!
9. |cosxdx =sinx+c ax+b)dx =~
| 10. [(ax+b) i D
c C .
11. dex = g|09 |ax + b| +C 12. If x)e™dx = 4+ ¢

13. JIogxdx:ongx—x+c 14. IIOga xdx=xlogax—|i+c
oga
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Standard substitution:

asin® orx =acos0

x
1l

1 Va2 or -
Va? —x?
1

atan 6 orx =acot 6

x
1

Vx? +a°

1 X =asecH orx = acosecO

/Xz _ 32
. 1/L,JaJr—x,w/x(a+x) and; x=a tan’ 0
atXx X X(@+x)

2. Vx?+a% or
X or

4
.2
/ X /a—x 1 X =a sin“0 or x= a cos2
5. ,[— or ,[— x(@a=x) and ——
a—x X ( ) Jx(@=x)
[ [ 1 2 2
6. X or X—a or \/x(x—a) or \/x(x—a) Xx=a sec“ 0 or x=a cosec” 0
X—a X
_ X =acos26
- \/a_x o [arx
a+x a—x
— _ 2 .2
8. E e o /(X—oc)(ﬁ—x) B> a) X = acos“0+psin“ 6
\} —-X

Some standard Integrals:

1. Jtanxdx=Iogsecx+c:—logcosx+c 2. Icotxdx:logsinx+c
3. jsecxdx =log(secx +tanx)+c 4. jcosecxdx = —log(cosecx + cotx)+ ¢
X
=—log(secx —tanx)+c = Iogtan(%+§j +cC =log(cosecx—cotx) + ¢ = log tan(§J+ C
5. _[secxtanxdx:secx+c 6. Icosec Xcotx dx = —cosec x+c¢
7. Isecz xdx = tanx +c¢ 8. Icoseczxdx:—cotx+c
9 J.Io xdx = xlog| % +c—x(|o x+1)+c 2 1 sin2x
. 9 =Xxlog e - 9 10. Isin xdx:E X—T +C
1 .
:E(x—smxcosx)+C
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11. J‘cos2 xdx = %[x+ S|r122x]+c =

%(x + sinxcosx) + C

12. J.sec3 xdx = %secxtanx

1
+§Iog|secx +tanx| +c

n sin" xcosx
13. Ism xdx=—>— """722 4
n

n-1¢. .
—[sin"? xdx
n

cos" !

XSinx
14. J.cos“ xdx =— +
n
n-1 _
— [ cos"? xdx
n

Integration by Parts:

1. [wv)dx=u([v dx)—j[%J(jv dx ) dx

2. [€[f0)+f'(x) |dx = eXF(x) + ¢

Standard Integrals:

1. j%dx = ltan’l [ij +cC

X“+a a a

2. _[;dx=llogx_a +c
X2 — a2 2a X+a

3. I;dx:ilogaﬂ +c
az_xz 2a a—X

iy

[2 _ 2

. I;dx =sin? (§j+c =—cos! (§J+c

Ui

VX© +a

. J;dx=sinh‘1(5j+c:log(x+\/x2 +a2)+c
2, .2 a

)]

\/X2 —a2

. J‘;dx:cosh’1(§]+c=log(x+\/x2 —a2j+c
a

~N

a

2
X a’ . X
J a2—x2dx=§\/a2—x2+?sml—+c

(o]

. I\/xz +a’dx =§\/x2 +a’ +§Iog

X+ VX +a°

2

e —azdx=§\/x2 -a _a? log

©o

X+ \/X2 —a2
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10. I;dx = 1sec

N /X2_a2 a a

’15+c (Valid for x > a > 0)

ax

11. Ieaxsinbx dx = —°
a’+b

(asinbx —bcosbx)+c =

e—sin{bx —tan! [EJ} +cC
a’ +b? a

ax

12. jeaxcosbx dx = >
a“+b

> (acosbx + bsinbx)+ ¢ =

ax

e—cos{bx —tan! 9} +cC
a’ +b? a

JEE Main/Boards

Example 1: Evaluate : de

1+ cosx

Sol: Here by using the formula
sinx = 2$in§cosi and 1+ cosx = 2cos’ X
2 2 2

we can solve the given problem.

J-X+SinX I _ jx+2$inx/2cosx/2

dx
1+cosx 2coszx/2

= I%seczx/2+tan§dx = xtanx/2+c

Example 2: Evaluate : I x? +adx

Sol: By applying integration by parts and taking

[,2 2 . . H
X" +a as the first function we can solve the given

problem.

I X% +aldx =

VX2 +a’x— J'X +a) a \/x2+a2x—dex

VX2 +a?

XX + a’ +a2IL
Vx? +a?

2
Put x = atan 6

J'% - Isecede = log (sec6+tan9)
+a

2 2
X°+a° X
=log ———— +=2
a a

1 2 2
" Izi{xxlx2+a2+|og [—X ra +§B+c
a

a

Example 3: Evaluate : _[tan‘l,/]l'_ﬂdx
+sinx

Sol: Here first write cos((n/ 2) —x) at the place of sin x

then by using the formula 1 - cosx = 2sin? X

And 1+ cosx = 2cos’ X we can solve it.

B - fl smx ~ 1 1—C05((1t/2)—x)
t= Jta 1+smx -Itan \/1+cos((¢c/2)—x)dX

- [tan? 2sin? ((n/ 4)-(x/ 2)) "
2cos’ ((r/ 4)-(x/2))

2
= J.tanfltan r X dx = j r X dx = Ex—X—+C
4 2 4 2 4 4

Example 4: Evaluate : IIog(Z +x2)dx

Sol: Here integrating by parts by taking log(2 + x?) as
the first function we can solve the given problem.
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1= [log2+x*)dx = [log(2+x*).1dx

Taking log(2+x?) as first function and integrating by
parts, we get

= [Iog(2+x2)} X. —dx
2+x?
= ong(2+x2)—2jwd
2+%°

2
= xlog(2 +x%) =2 {1— }dx
I I X2 42

= xlog(x*+ 2)—2{x—\/5tan‘l [%]}r c

Example 5: Evaluate : Igdx
e™ t+e

Sol: Simply put e +e? =t= (¥ -e?)dx=—
and then solving we will get the result.

e2x_e—2x

[= | ——dx
e2x_l_e—2x
2x —2X 2X —2X dt

Pute” +e =t= (e -¢e )dx:?

1 _
I= 1 ﬂ=llog|t|+C = —Iog‘ezx+e Xy

2°t 2 2

Example 6: Evaluate : .[—dx
X% +X

Sol: By splitting the given integration as

We can solve the given problem.

Poto = X |

X(x° +1) X(x? +1)

X +X x(x° +1) X(x° +1)
2
B SV NS STy
x> +1 X (X% +1)

d
J( x+1jd ‘[ X+‘[x +1
x—tan x—logx +logVx? +1 +c

Example 7: Evaluate:

dx
J.(1+x2)\/1—x2

Sol: By putting x=sin®@ = dx = cos 6 d6, we will
reduce the given integration as

jLede and then putt=tan® = dt = sec?0do

1+2tan’0

and solve it.

Put x=sin®@ = dx=cos 0 dO

dx 1
= 1= = do
j(1+x2)~/l—x2 '[1+sin29
=,[ sec’ 0
1+2tan’0

Again putt =tan® = dt= sec’6 do

B

—dt
1+ 2t

\F t +(1/\/_)

dapliiah

= —tan 1\2tan0)+c = ltan‘l{ x2 J+c
2 1 — %2
xdx
Example 8: Evaluate : I—
(x— 1)(x +4)

Sol: By partial fractions, we can reduce the given
fraction as a sum of two fractions which will be easier
to integrate.

X A

Bx+C
= +
x-1)(x°+4) x-1

x> +4

x=1= A=1/5
x=2i = B=-1/5C=4/5

1 4 -2x
- — d
‘ Is<x—1)+5(x2+4) i

1| 2x 8
log( —1)——{—— }
10[x*+4 x*+4

log(x® + 4
—og(x A )+ztan’1

1
— 2| 1) -
clog(x—1) 0

Ul
N | X
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sin 2 2 2 2y
Example 9: Evaluate: jidx =X—sin’1x—J' 1 .X—dx:X—sin’1x+lj‘(1 x“)-1 «
sin4x 2 —1— 3 2 5 > —dl—x2

Sol: By using the formula sin2x = 2sinx.cosx, we can

L . . . _ 2
reduce the given fraction and then by putting sin x = t _ Xt x+ij ll—xzdx—ij 1 i
we can solve it. 2 2 27 12

J-sinx « :J- sinxdx _J- dx

- - = 2 2
sin4x 2c0s2xsin2x 4c0osXCOS2X X gty VX 1
2 4 4
=.[ cosxdx
2 ‘2 2 _
4(1 —sin® x)(1 - 2sin? x) XSl X2
. 4 4
Putsinx =t
I = _J‘— e (2-x%)dx
43 1 _i2y _ oe2 Example 2: Evaluate : | —————
(1-t)a-2t%) I(1—x)J§
= lj’[ 1 2 Jdt Sol: We can split the given fraction as
1)
1+x 1
Iex + x and this integration is
:l l|ogg_ilog \/2__1 +C {\/:‘_—X2 (1—X)\/1—X2}d
402 Tlt+1 2 Tt +1 _ ) ,
in the form of e*(f(x) +f (x))
|smx 1| |x/§smx+1| X 2 2
e”(2—x*)dx 1-x7)+1
|smx +1| 4[ |\/§smx _1| I= I = Jex dx

(1= x)W1-x2 (1= x)W1-x2

Example 10: Evaluate : _[

- «| 14X 1
= |e + X
000<* ~1) / {\/1 X (L—xW1-x }d

Sol: Here we can write the given integration as
x5 Bu ti[ 1+X ] = L) —
dx and then by putting 1-x"" =t d 3
'[(1 o and then by putting 1—x* x| {1y N (1—x2)A
= 4x7° = dt we can solve it. o1 (1+x)x
j dx ) I x5 N 1—x2 1 -x)(L+x)V1-x
0t =1 T @-xT) 1 X 1-X+X
= + =
Put 1-x4 =t = 4x>° =dt 1-x2 (1-xW1-x2 (1 - x)V1—x2
dt 1 1 4 -
=>=|—==log|t|+c==log|1-x"|+cC =
ar = g9t re=glog] | (L-xW1-x2
Hence, the integrand is of type e*(f(x) + f (x))
v l+Xx
JEE Advanced/Boards nl=e +C

V1-x°
cos® x + cos’ x

Example 3: Evaluate : J.44d
sin” x +sin* x

Example 1: Evaluate : _[xsin_1 xdx

Sol: Integrating by parts taking sin™ x as the first term
we can solve the given integration. Sol: Here by taking cos® x and sin? x common from the
jxsin’l «dx numerator and denominator respectively and then by
putting sin x =t we can solve the given problem.
Let u=sintx, v =x
dx

- J-cos3 X(1 + cos® x)
sin? x(L + sin’ x)
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Since power of cos x is odd, put sin x =t;

Then, cos x dx = dt

J'(l t? 1+1- t)d J'(l t)(2 t)dt
t(1+t) t(l+t)
=J{1+£— 6 jdt =t—z—6tan’1t+c
2 1+t t

= sinx —2cosecx —6tan L (sinx) + ¢

Example 4: Evaluate : Imd

4e7*

Sol: By partial fractions we can reduce the given fraction
as a sum of two fractions and then by integrating them
we will get the result.
X —X

[= J~4e +6e i

9e* —4e™*
Let 4e* +6e7* = A(9eX - 4e‘x)+ B(i(%x —4e7* )]

dx

By comparing the coefficients of e* ande™, we get
Aol g3
36 36
X _ —X X —X

= J-A(9e 4e ") +B(%e” +4e )dx

9e* —4e™*

+4e7™™ X X
= AJ‘dx+BJ.4dx = Ax+BIog‘9e —4e7|+c

47"
= —Ex+—log‘9eX 47|+
36

Example 5: Evaluate : _[1+X ox forx >0

1-x"{1+3x% +x*

Sol: Dividing by x?in the numerator and denominator
and then putting x — 1/x = t we can solve the given
problem.

(@/x)+1)dx

I=Il+x2 dx

1-x° \/1+3x2+x4 ((1/x)—x)\/(x—(1/X))2+5

Putx—-1/x=t; [l+i2jdx =dt
dt X

= tVt? +5

Put t? +5=2° = 2tdt=2zdz

7Z—

=>1I= —j— -1 log —5+c
2.5 b 5

Z+

‘/x +(1/x)+3 f‘
‘/x +(1/x)+3 f‘

Example 6: Evaluate :

jcos eczx.log (cosx+ JJcos 2x)dx forsinx>0

Sol: By substituting cos? x —sin? x in place of .cos2x .

we can reduce the given integration as the sum of two
integrations and then by integrating them separately
we will obtain the result.

ICOS ec’x. Iog(cosx+ \/cos 2x)dx
= jcos ec2x|og(cosx ++/cos? x —sin x)dx
= Icosecleog(sinx(cotx ++/cot? x — 1))dx

= Icoseczx.logsinxdx +jcosec2x.|og[cotx +Vcot? x —1]dx
=1 +1,
[ = J'coseczx.logsinxdx
= (—cotx).logsinx—_[(—cotx).cotxdx
= —cotx.Iogsinx+j(cosec2x—1)dx
= —cotxlogsinx —cotx —x+C,
= jcos ec’xlog[cotx ++/cot® x —1]dx

Put cot x=t; —cosec’xdx = dt

L, = -[log[t +t? ~ 1]dt

(Integrate by parts)

(t/Nt°-1)

= —tlog (t+\/t2 )+It +—dt

t+yte -1

= —t.Iog(tJM/tZ _1j+ gt
I\/tz -1

= —’c.Iog(’H\/t2 —1)+\/t2 -1+G,

= —cotxlog(cotx+\/cot2 x—1j+\/cot2 x-1+GC,

sinx
Example 7: Evaluate : j—sd
sin® x + cos” x



Sol: By taking cos>x common from the denominator
and then by putting tan x = t we can solve it.

Integrand contains odd powers in sin x and cos x. So,
put tan x = t.

1 sinx

=1 '[cos3x1+tan3x §

dex (put tan x = t)
1+tan’x

_ _ 1 1, t+1

B 1+t B J‘1+t ItZ_t+1

= ~Zloglt+1]+ 2 j(Zt 1’:13

= ——Iog|t+1| Iog‘tz—t+1‘

1 dt

2(t-a/2) +3/4

= ——Iog|t+1| Iog‘tz—t+1‘

12 a(t=@aQ/2)
———tan — 7 |+C
23 { 372 J

- ]
1IO |1 tanx + tan” x . itanl[Ztanx lj+c

6 g‘ (l+tanx)2 ‘ \/5 \/§

Example 8:If [ = J‘cosm x.cosnx dx, show that

(m+n)l = cos™ xsinnx +ml

m-1,n-1

Sol: By using integration by parts and by taking cos™ x
as the first term we can prove the given equation.

Integrating by parts,

sinnx
I =cos"x
' n
m R .
—J‘cosm L xsinxsinnxdx . ()
n

But cos(n-1)x=cos(nx-x)
= COSNX COS NX + Sin nx sin X
= sinx sin nx = cos(n-1)x — cosnx cosx (D)

From (i) and (ii):

1 .
I ==cos™xsinnx *
" n

m _
—jcosm ! x[cos(n—1)x — cosnx cos x]dx
n
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1cosmxsinnx+mI m
n n m-1,n-1 n m,n

= (m+n)_ = =cos” xsinnx+mI

m-1,n-1

n
Example 9: Evaluate : 1= J.(x+\/1+x2j dx

Sol: Simply putting x++/1+x? = t and integrating we
can solve the given problem.

Let x +V1+x° =t then

{1+Lde=dt b gx=dt
1+x? 1+x°
As V1+x> +x=t

V1+x% —x

1 1
U J1+x +x 1
2
= N1+x° :t+%:t :1

Thus 1= [t° [t :1}1

n+1l n-1
= ljt”-z(t2+1)dt = %j(t" H"2)dt = l[t Wt ]+c

2 2ln+l n-1

Where t = x + V1 + x?

Example 10: Evaluate:

2sin’(x / 2)dx

I= forcos x>0

(cos(x/ 2))\/cos3 X +3C0s’ X + COS X

Sol: Here we can reduce the given fraction by using the

formulasinx = 25in§cos§ and then by putting

cos x = t we can solve it.

(ZSin(x /2)cos(x/2))(25in2 (x/Z))dx

(2 cosz(x / 2))\/cos3 X +3C0S° X + COSX

(L-cosx)sinx dx

(L+cos x)\/cos3 X +3¢0s’ X + Cos X
[Put cos x = 1]

(t-1)dt
(L+tWE +3t2 +1

=I=



22.32 | Indefinite Integration

iy (t2 —1)dt

L+t tt+3+(1/1)

tz(l—(l/tz))dt
t(t? + 2t+ Dyt +(1/1)+3

-]

(1-@/)dt
(t+(L/1)+2)(t+(1/1)+3

-]

Put t+%+3:z2 z2>0;

Then (1 —izj dt = 2zdz
t

__[ 2zdz _ dz _ Iog|Z_1|+ c
“1)z g e |z+1]

|\/cosx+secx+ 1|

|\/cosx+secx+3 +1|

= I=log

Example 11: Evaluate:

- (sinx —cosx) dx

(sinx+ cosx)\/sinxcosx +5sin’x cos? x

Sol: Here by putting sin x + cos x = t we can integrate
the given fraction using the appropriate formula.

Letsinx + cosx =t

= (cos x —sin x) dx =dt

= (sinx+ cosx)’ = 1 + 2sinxcosx
t? -1

Also, t

. SINXCOSX =

dt

t\/((tz ~1/ 2)(1 (G /2))

dt t dt
- _J 2 2 - _Zj—
t\/((t —1)(?+1)) /4 thtt -
Putt®-1=22:2>0

=>I=-

= —tanlz+c= —tan 'Vt -1+ ¢
(1 +sin2x)>

= —tan "t +/sin? 2x+2sin2x + ¢

= —tan™* ~1l+c

dx

'[1+\/x2 +X+2

Sol: We can reduce the given fraction as
dx

1+\/(x+(1/2))2+(7/4)
1 ﬁ T

x+—:—tan9:——<9<£;
2 2 2 2

Example 12: Evaluate : [ =

and then by putting

and using appropriate

integration formula we can integrate the given fraction.

I:J' dX
1+\/(x+(1/2))2+(7/4)

Putx+i=ﬁtan9:—£<9<£; then

2 2 2 2
dx:gseczede

J7 sec?ode
== """

2 147 /2)sech
G

2 cose(cose+(x/7/2))

=J( 1 1 }19
cos®  cosO+(7/2)
do 7

;d=——
a-+cos0 2

= Iog|sece+tan6| —_[

I=Iog|sec9+tan9|—11 (D)

_[ do
a+coso
1-t2
1+t2

Where, 1 1=

Put tangzt;cose =

I.=

J‘ 2dt 1
1+t2a+((1—t2)/(1+t2))

dt
=2

al+t?)+1-t2

_ 2I dt
a-1"(@a+1)/(a-1))+t?

2
-1

()}

tan—
a2 -1 a+1l 2

2 tanl{ a-1 e}rc

From (i) and (ii), we get L.
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Exercise 1 Q.18 1If f(x) = x—i2 and f(1) =%, find f(x).
X

secx 4
Q1 .[ X Q.19 For any natural number evaluate m

secx +tanx
3m 2m m 2m m 1/m
QzJ' 2 45 1 L I(X +x2M 4+ x )(2x +3x +6) dx, x)0
X
1+x? \/1_)(2 |X|\/X2—l .
X +3x +
; onj
2x T T
3 [tant| 22X yixe|-ZZ 0 +1)%(x+1
Q Ian (1+c052x XX 22 ( )
dx
21 [ ————

Q4 jﬂd Q J.Sinx+secx

x +logsecx
Q5 2cosx —3sinx Q.22 J.Jcoszx dx  cos x> 0
" -[3cosx+25inx sinx '
Q.GJ.Ld Q'23 ‘[JX2+1(|09(X2 +1)_2|09de

VX2 —x-1 o4
Q.7 I dx Q.24 J- sinx dx

1-3x=5-3x SinX — COS X
8 | x“e” cose )dx
Q. J- Q.25 J‘XSIn;LLl\/Za X}d
Q.9 jsec 2(2tan™! X)dX
1+ x? , ,

J- dx Q.26 jsec X cosec-xdx

Q.10

(25|nx+3cosx)

Q11 Icos3/5x sin® xdx

Iogx

Q12j

Q.13 Ism 1/ dx a>0

2+sin2x
1+ cos2x
dx

x[6(logx)2 +7Iogx+2}

Q.14 j e

Q.15 j

2
Q16 | S S LR
(X + 3)(x —-1)

Q17 |

1- tanx

Q.z7jLzza>b>o

(a + bcose)

Q.28 Evaluate I \/—

dx

sin’® xsin(x+a)

Q.29 j

dx

j(1+\/;)m

Ccos8x —cos7x
1+ 2cos5x

Q.30

Q.31 j

Q.32 IX_”dX

x(x-1)
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dx ) )
QB = (©) 2lo [sec—+tan—]+c
IS o osect +tan?
Q.34 Evaluate [———dx (D) log VT +sinx + ¢
R valuate | —
Ve -4

Sin2x .

log x Q5 f_4—dx is equal to
Q.35 Evaluate J dx sin” X+ cos™ x

1+x)>

(A) cot™ (cot’x)+ ¢ (B) —cot™ (tan’x) + ¢
f . .

Q.36 Evaluate I 3(X)1 dx, where f(x) is polynomial of (C) tan™ (tan’x)+ ¢ (D) —tan™ (cos2x)+ ¢

X —

the second degree in x such that f(0) = f(1) = 3f(2) = - : _[ 0
.6 The value of integral |——= —F7———= can be
Q vau e cos> 0+/sin20

Exercise 2 expressed as irrational function of tan© as
Single Correct Choice Type (A) ﬁ(«’tanz 0+ SJtane +C
5
3/2
Q.1 J( j dx equals- (B) z(tan26+5)\/tan6 +c
1+x° 5

> [ > [« ©) ﬁ(tan26+5)\/tan6+c

(A)gl otcC B) = -+iC 5
1
X X \/E 2 \tano

5 1 (D) —(tan e+5) +c
Q = +cC (D) None of these 5

> V1+x°

Q7 j ab#0and a/b > 0
a+bx?

cos® x —sin® x

Q.2 ﬁdx equals-
1-2sin“ xcos” x —tan x\/:+c (B) \[tan x\f+c

sin2x S|n2x
(A) === +c ®) I
© tan Lx (D) Vabtan™x,[> +c
a
© co;Zx i ) _coi2x
Q.8 I dx equals
Q.3 Identify the correct expression (1 X )
(A) X.['OngX = x?log —x* + ¢ (A Iogx+§|og(1+x7)+c (B) logx —% log (1—x7)+c

_unX
B) XI|09|X|dX mxe e (@) Iogx—glog(l + x7)+ c (D) logx +£|09(1 - X7)+ c
©) XJ.eXdX =xe* + cx ! !

(D)I :—tan {X}+c log | x d |
/ Ixm X equa

Q.4 Primitive of \/1+2tanx(secx+tanx) W.rt. x is A) % A+ log| x|(log | x| 2) + c

(A) log(secx +tanx)+ logcosx + ¢

2
(B) log(secx +tanx) + logsecx +c (B) §V1+ log| x|(log | x|+ 2) +c



Q) %1/1+ log| x |(log|x|-2)+c
(D) 21+ log|x|(log|x|-2)+c¢

4
idx = Alog|x|+ B
x(x2 +l)2

Q.10 If |
1+x°

+C,

Where c is the constant of integration then:
(A) A=1; B=-1 (B) A=-1; B=1
(C) A=1;B=1 (D) A=-1; B=-1

Q.11 [4sin x cos g cos 32—de equals
1 1
(A) cos X—E cost+§cos 3x +C
1 1
(B) cos x—= cos2x—=cos 3x +cC
2 3
1 1
(C) cos x+§ c052x+§cos 3x +c¢

(D) cos x+% cost—%cos 3x +C

Q.12 | sin x. cos x. cos 2x. cos 4x. cos 8x. cos16x dx
equals

sin16x Cc0os32x
(A) (B)-
1024 1024
Ccos32x Ccos32x
Q (D) -
1096 1096

Q.13 If[f(x) dx = F(x), then [x®f(x?)dx is equal to
1 2 2 1/, 9 2 2
15 (FO07 = [0 dx) ®) 2 (XFoc)- () doc))

© % (F(x)—%f (F(x?) dxj (D) None of these

X —X
Q141 [ 2+ 4y Ax+ Blog (9€* —4)+C then
9e* —4e7*
A, B and C are
(A) A :é, B= E C =§Iog 3 +constant
2 35 2
(B) A =§, B= E C =_—3Iog 3 +constant
2 36 2
C A= —E, B= 3—5 C :Ellog 3 +constant
2 36 2

(D) None of these
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Q15 I,/cotx —\Jtanx

dx equals
x/E(cosx+sinx)

(A) sec™t (sin x + €os X)+C
(B) sec™* (sin x — cos x)+ ¢
(Q) log [(sinx+cosx)+ Jsin2x]+ ¢
(D) log [(sinx—cosx)+ M]+C

Previous Years' Questions

(x*—1)dx

C2xt - 2x? +1

2 1 2 1
(A) 2 2—-=—+—+c¢ B)22+=+—+c
\/ 2 A \ 2
1 2 1
(C) =, )2-—=+-—+c (D) None of these
2 x> xt

Q.1 The value of | (2006)

X —X
Q.2 If J4ex + e —dx = Ax +Blog (9e® —4)+ ¢, then
9¢” —4e”
A=....... ,B=......... and C=......... (1989)
Q.3 Integrate _SInx (1978)
1—-cotx sinx—cosx
Q.4 Integrate the curve T (1978)
+X

Q.5 Integrate

sinx-sin2x- sin3x+ sec? x - cos? 2x + sin® x - cos* x.

(1979)
2
Q.6 Integrate (a+ bx)2 (1979)
Q.7 Evaluate [(v/tanx + +/cotx)dx. (1988)
Q.8 Evaluate [—XFD gy (1996)
X(1 + xe*)?
Q.9 Integrate the following (1997)

J.(]_—\/;JUZ%
1+\/; X
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Q.10 The value of \Eﬂ is (2008)
sin(x—nj
4
(A) x+log cos(x—%) +c (B) x-log sin(x—%j +C

(C) x+log +c (D) x-log +cC

. T . T
sSiN| X—— -
( 4j SICOS[X 4]

Q.11 If dy =y+3>0and y(O) =2, then y(log2) is
equal to 9% (2011)

(A) 5 (B) 13 Q-2 (D)7

Q.12 If the integral

5t
I anx dx=x+alog|sinx—2cosx|+k
tanx -2
then a is equal to (2012)
(A) -1 (B) -2 1 (D)2

Q.13 If If(x)dx:\p(x),then IXSf(x3)dxis equal to
(2013)

(A) %{x3w(x3)—jx2\y(x3)dx}+c
(B) %x3\y(x3)—jx2\u(x3)dx+c
(@) %x3w(x3)—jx2\y(x3)dx+c

(D) %[x3\y(x3 ) - J.xz\y(x3 )dx} +C

1
X+=
17
Q.14 The integral (1+x__J dx is equal to (2014)
X
x+1
(B) -xe X +c

1
(D) xeX+X +C

1
(A) (x + 1)X+; +cC

1
(©) (x —1)X+§ tc

Q.15 The integral I equals (2015)
2

X (x4 +1)

) 1/4
(A){ J +c (B)(x4+1) +cC

3/4

X4

4

4 1/4
©) —(x4 +1)1/4+c (D) —(x +1J +c
X

2% +5x°

Q.16 The integral j 3 dx is equal to (2016)

(x5 +x3 +1)

X10 X5

(A) ——5 ¢ (B) ——5 ¢
2(x5+x3+1) 2(x5+x3+1)

© iﬁc (D) Lﬁc
2(x5+x3+1) 2(x5+x3+1)

Exercise 1

dx )
cot(x/ 2)-cot(9x/ 3)- cot(x/ 6)’

Q1) ]

(i) J-tan(log x) tan(log(x / 2))tan(logZ)OIX
X

dx
2/
@ (X —a)\J(x —a)(x —B)

log(log((L+x) / (1 - x)
Q.3J.og(og( + X X))dx

1-x°

X X e X
Q4 I[[E] +[;j ]Iogxdx
cos(x —a)
Qs | \j sin(x + a) ox
x> +3x* =% +8x% —x+8

Q6 | dx

x2+1

J(J§+1)a|x

7 |
? Vx@lx +1)



.1 X
.8 Jsin 1/—d
QSII a+x X

xInx

Qo /z i

)3/2
6 H COSX
Q.10 IIog6\/((smx)6 )cosxdx

sinx

Q11 J_ x> + 1[Iog(x2 +1) - 2Iogx} 0

X4

sinx

sin® x + 4cos® x

[%J tan™! ((%}g(x)} +cis theng (x) is equal to

Q.121f f(x) = the antiderivative of

cotxdx

.13 |
Q (1 -sinx)(secx+1)
3x +1
Q14I
1)3
Q15 | (ax? —b)dx
X c2 2 _(ax? +b)®
_1x
mtan
Q.16 Evaluate | ————dx
'[(1+x 2)3/2
Q.17 Evaluate J‘sin’lﬂfidx
a+x
Q.18
(e ‘F ‘F)cos( &+e"&+ j ( I ‘F)cos( I e’&+E]
) 4 4 dx
Jx
2
X° +X
Q.19 Iﬁdx
(e"+x+1)
COSX
(xsm x+cosx)
Q.20 [ dx
sin x
5x4 + 4x°
Q.21 Iﬁdx
x> +x+1)
2.2 2 2
a“sin“ x+b” cos” x
Q22 ] dx
a*sin® x + b* cos® x

Mathematics | 22.37

cos® x
1+tanx

Q23!
Q24 [log x.sin"'x dx

+1)e*

Q.25 Evaluate j( dx

x+1)

ﬂnZ
(x cos> x —sin x)dx

Q.26 Evaluate I
cos’ x

Q.27 Evaluate j

dx
V1-2x—x°
dx
Secx+Ccosecx

Q28 |

Q.29 Evaluate f 2x% +3x + 4dx

Q30 Evaluate j

x(x" +1)
31 COSX —sinx
Q I7—9sin2x X
Q.32 I\/cotxf‘\/tanxdx
1+3sin2x
Q.33 j4x5 —7x* +8x% —2x? +4x—7dx
X2 (x° + 1)
.34 |
Q cos® x —sin’x
2
Q35 | X dx

(Xxcosx —sinx)(xsinx + cosx)

Q.36 IcosZGInMde
cosO —sind

Q.37 Match the columns

Columnl Column Il

w XL ®) Iog[(xz+1)+ “X“l] re
xt +x2+1 X

2

B) XL (q)C—lIog Vx +1-2Vx

V144 2 o -1)
2

© [ 1 gy ) 1

WLt (N c-tan? 1+><7_1
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ColumnI Column Il
1 4 2
D) f— = _dx X" +x°+1
s) 22 T T+ ¢
(1+x4) N1+x*—x? ©) X

Exercise 2

Single Correct Choice Type

QlIf [

1

tan ! x —cot™ x

- dx is equal to :

tan ~ x+cot " x

(A) ixtan‘1x+E logl +x%)—x+ €
T Y

(B) Aitantx-2 log(L+x2)+x+C
T

T

© ixtan‘lx+g Iog(1+x2)+x+ c
T

T

(D) ixtan‘1 X _2 log(l + x?) —x +¢C
Y

T

2
x° -4
Q27— ————
XT +24x° +16
2
(A) tanl(X +4J+
4x

dx equals

2
Q3 f&dx equals

x*+2x% +1
3

X
A) X+
(A) 3

X2 +1

© 3(x2 + 1)

x* —4

Q4|

Va+x2 +x*

X

(A)

+

X° +4x% +3x+3

N4+ %2 +x*

+ C

X +X +X+3

< ® 3(x2 +1)

(D) None of these

dx equals

(B) Va+x2 +x* + ¢

Va+x%+x* Va+x2 +x*
(C)fﬁ-c (D)2—+C
X

secx +tanx—1
5 [>—"""" —dxequals
Q tanx —secx+1 9

(A) log [(sec x + tan x)] + log sec x + ¢
(B) log [sec x-tan x] —log cos x + ¢
(C) log (sec x + tan x) — log sec x + ¢

D) —log (sec x + tan x) + log cos x + ¢

2
Q6 je X =3 gy
(x+3)?
x X X 6
(A) e"-——+ ¢ B) e"2-———)+c¢
X+3 X+3
© eX(l—L)+c (D) e +C
X+3 X +
Q7] ,ﬂdx where 0 < o < x < 7, equals
cosa — COSX

(A) 2log (cos%—cosg}uc (B) 2Cosl[ cos(x/ 2) j+c

cos(a./ 2)

© Zﬁlog(cos% - cos%) +c (D) —2sint [ cos(x/ 2) J e

cos(a/ 2)
4
Q.8 Primitive of &w.r.t. XIis:
x4 +x+1)
A 7 —+c  (B) ————c
X +x+1 X +x+1
(C) X—+1+c (D) _i_i_c
4 4
X +x+1 X' +x+1

Q.9 If e cos 4x dx = e (Asin4x + Bcos4x) + ¢

Then

(A) 4A=3b (B) 2A=3B
(C) 3A=4B (D) 4B+3A=1
p+29-1 _qxq—l

Q.10 The evaluation of [ .

v dx is
x2PH29 | xPHa 1]

xP x4

A a1 C B) a1
N P

(O +c (D) +c

xPTa 41 xPT 41



Q.11 If [f(x)dx = g(x), then [ f10dx is equal to -
(A) g7 (0) (B) xf(x)—g(f*(x))

©) xf 109 x) D) f1(x)

Q.12 Primitive of 3 — X wrixis—
(x* -1)*
i1+ L §+ —§1+ L 5+
W) e ® gt ) e

1
41, 1 3 4(1+ 1 j3+
© 3 W1 C (D) 3 W41 C

Q.13 If | €". Sin 2x dx can be found in terms of known
functions of x then u can be :

(A) x (B) sin x

(C) cos x (D) cos 2x

Previous Years’ Questions

C053 X+ COS5 X

Q.1 The value of the integral fﬁdx is
sin“ x+sin™ x

(1995)
(A) sinx —6tan *(sinx) +c
(B) sinx—2(sinx)™* + ¢

(©) sinx— 2(sinx)‘1 - 6tan"1(sinx) +C

(D) sinx — 2(sinx)™! +5tan~*(sinx) + ¢

Q.2 Let f(x) =

forn> 2 and

+ Xn)l/n

g(x)= fofo...of (x). Then, [x"2g(x)dx equals (2007)
[—

f occurs n times

1

1-=
1 1+nx") n+c

) n(in-1)

1
1-=
(B) L(1+nx”) ntc
n-1

1
1+=
@T+nx") "+c

©

nin+1)

1
1-=
(D) L(1+nx”) n4tc
n+1
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e* e
o dX, J =Im—dx

Q3letl=]
e +eX+1 e e 41

Then, for an arbitrary constant ¢, the value of J-l equals

(2008)
4x _ 42x 2x X
(A) £|og e—e+1 +c  (B) l|og Le—i—l +C
2 Tle™ i 41 2 Tle¥ e 41
1 e —e¥+1 e 1e? 41
(©) =log|———|+c (D) —Io ———{+cC
2 ge2’<+e’(+1 ge X_e2¥+1
Q.4 f(x) is the integral of
2SI SINZX 4 0 find im (). (1979)
X X
Q.5 Evaluate the following integrals (1980)
. . (1 . x?
() | [1+sin| =x |dx (ii) | dx
2 1-x
Q.6 Evaluate [(e'°9% +sinx)cos xdx. (1981)
Q.7 Evaluate f%dx. (1983)
X +
dx
Q.8 Evaluate | = —an (1984)
X2 (x* +1)
Q9 1 ? (1985)
+
-1 -1
Q.10 Evaluate | 3" Jx-cos ‘f (1986)
-1 -1
sin~" +/x + cos \/_
1/2
Q.11 Evaluate f% X (1987)
Q.12 Find the indefinite integral
1 log( + §/x)
+ dx (1992)
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X3 +3x+2 sec’ x

Q.13 Integrate I#dx (1999) Q.17 The integral j—gdx equals
T +1)7c+1) (secx+tanx)A
Q.14 Evaluate jsinl[ %42 de' (2000) (for some arbitrary constant K) (2012)
V4x? +8x+13 1 11
(A) — m {H—7(secx+tanx)z}+K
Q.15 For any natural number m, evaluate (2002) (secx +tanx) A
3m 2m m 2m m m\1/m
JOC™ ™ 4 X™M)(2x™ + 3x™ + 6x™)Mdx, x > 0. ®) 1 _ i—£(secx+tanx)z K
o o (secx +tanx) 17
Q.16 Let 1= j—dx,J = j—dx .
oM L o2 e re ™41 ©) - 1 {—+l(secx+tanx)2}+K
Then, for an arbitrary constant C, the value of J-I (secx+tanx)l% 117
equals (2008)
1 1 2
1 oM o2 11 1 21 (D) 1y {ﬁ+7(secx+tanx) }+K
(A) =log| ————— [+c¢ (B) =log| ——— [+c¢ secx +tanx) /2
29 e e +1 29 e” —e*+1 ( )

e —e*+1

X A% _ 4x 2x
(C) 1|Og Ll +C (D) l|og w +C
2 (e +e*+1 2 o

PlancEssential Questions

JEE Main/Boards JEE Advanced/Boards
Exercise 1 Exercise 1
Q14 Q19 Q23 Q25 Q3 Q11 Q18 Q.20
Q29 Q32 Q35 Q38 Q30 Q37 Q38
Exercise 2 Exercise 2
Q4 Q10 Q13 Q15 Q1 Q5 Q7 Q.10
Q12
Previous Years' Questions
Q.5 Q7 Q.9 Previous Years’' Questions
Q1 Q2 Q4 Q.10

Q12
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Exercise 1
Q.ltanx—-secx + A

X

Q.2 x+tantx—2sintx+5sect x+ 2
loga
2
.3 —+A
Q 2

Q.4 log |x + Iog(secx)| +A

Q.5 Iog|3cosx+25inx|+A

Q.6 20x% —x—-1+A
Q.7 %[(1 332 45 —3x)3/2J +A

Q.8 %sin(ex3)+ A

Q.9 +C
1+ x?
1
Ql0 ——+A
2(2tanx +3)

Q.11 —%cosg/5 X + %cosm/5 X+ A

—Iogx_l_’_A
X X

Q.13 (tan‘1 \/g](a +X)— a\/Z +C
a a

Q.14 e*tanx+A

Q.12

Q.15 Iog|2|ogx+1| —Iog|3|ogx+2| +A

1
2(x-1)

+A

Q.16 %l09|x + 3| + %Iog|x _]4 _

+A

1 1

Q.17 EX —Elog|cosx - sinx| +A

2
Q18 fi=+1_1
2 X

Q.19 ! (2x3™ 4+ 3x°™M 4 px™)MHL/m
6(m+1)
1 2 1 3 1 X
.20 —lo +1)-=log(x+1)+=tan " x+
Q 2 g(x“+1) 3 g(x+1) 5 X 7
1 \/§+p 1
.21 —=log +tan—(q)+c
QR E By
\/5 1-tan’x

+
V2 —J1-tan?x
3

1 1 % 1) 2
Q.23 —§(1+X—2J {Iog[1+x—2j—§}rc

Q.24 %x +%Iog|sinx - cosx| +C

2 ~ 2 2
Q.25 X sin- l,/ﬁ PRI YO SRASE Y | B S
2 2\ a 2 2a 2a 432

Q.26 %tan3 X+ 2tanx —cotx+ ¢

+C

Q.22 -log|cot x+cot? x -1 |+%Iog
2

Q27 %tan‘l{ %tan(e/z)}c1
a“—b

Q.28 J%de = %9+ c= %sec’l(x2)+ c

-2
sin o

Q.30 2(4/L- ! ]+c
1-x J1-x

Q.31 %J'(cos 3x — cos 2x)dx =% sin 3x —%sin 2x+c¢

Q.29 \/cos o+cotx sina +c¢

1 1
.32 —log|x|+2log|x-1|+——- +c
Q x-1 (x-1y
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3 3 1
.33 2logt——log(2t-1)-=> +¢, where t= 2 _x+1
Q gt-3 g(2t-1) 2 Gt X+ VX2 =X+
Q.34 log(e* +ve™ —4)—log 2+ c =log(e* +e* —4)+c'
Q.35 I=—l log X +llog X L +C
21 +x? 2 1+x 21+x)
2
Q.36 Iogw+i tant ﬂ+c
R
Exercise 2
Single Correct Choice Type
Q1A Q28 Q3C Q458 Q5C Q6C
Q7A Q8C Q9 A Q.10C Q118 Q128
Q138 Q14D Q15A
Previous Years’ Questions
QlcC Q.2 A:—i, B:§ and CeR Q.3 EIog(sinx—cosx)+5+c
2 36 2 2
1, . i i
Q.4 “tan 1(x2)+c Q5 _cos4x B COS 2X N COS6X +sm2x+tanx—2x+3—x— sin4x N sin8x
2 16 8 24 128 128 1024
2 o [
Q.6 L a+ bx —2alog(a+bx) - 4 ic Q.7 J2tan™ Ntanx —yeotx +C
b3 a+bx \/5
dt | xe* | 1 1
—_—= + +c -1 x - R =
Q3 Itz(t—l) Iog|1+xex 4ot Q.9 2[cos Jx log|1++v1-x | 2Iog|x|]+c
Q10C Q11D Q12D Q13C Q14D Q15D

Q16 A

JEE Advanced/Boards

Exercise 1

sec(logx)

sec| lo X
9,

—xtanlog|2]|+c

Q1 () 2|Og(sec§j— 3Iog[sec§j - 6Iog(5€cgj ++C (ii) log
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2 x-B Lo jog 14X | 14X XV _[e)
Q.2 P — +C Q.3 Iog(ﬁjlog(l_x]log(l_xj+c Q4 (ej (x] +C

COSX . . [ . 2 )
Q,S COS a.arc cos —sma.log SINX+ vSIN" X—SsIn"a |+ C

Ccosa

4 1 4 2
Q.6 XT+X3—X2+5X+E|og(x2+1)+3tan’1x+c Q76 %—%+t+%|og(1+t2)—tan’lt +C  wheret=x"°
+ C where t =x¢
Q.8 (a+x)tant {ﬂ—\/&}c Q.9 sec‘lx—loi+c
a \/xz -1
1| log?(sinx) { X H 1{ 1}3/2[ 1) 2
10 | —— 5, +log|tan= +cos x| |+c¢ 11 ——|1+— log|1+—=|-=|+cC
Q 6|: log36 2 Q11 ~5 1+, )73
dt 1 _1 Sec x 1 x| 1, ,x X
.12 | f(x)dx = =-—tan +C .13 = log [tan—|{+—tan“=+tan=+C
Q I ) It2 +3 \/§ \/§ Q 2 g 2| 4 2 2
2
QuU-—* ¢ Q15 sint| X0 Ly
(x° -1y X
m tanflx mtanflx
Q.16 1=2 > [m- ! b J+c:e (m+x)+c
m” +1 N NI (m2+1)\/x2+1

Q.17 a{tan‘l \/g(ﬂJ - 5} +c Q.18 \/E(cos (e‘&))(sin(e\/;) +cos (e‘/;)) +cC

a a

Q.19 -log X+1+1 - L +C Q.20 —e“**(x +cosecx) + ¢

e* (x+1 j

+1

eX
> 2
Q.21 C—Sx;l or c+X— Q.22 1 x+tan~t a” tanx ‘e

x> +x+1 X +x+1 a2 + b2 b2

Q.23 %Iog (cosx+sinx)+§+%(sin2x+c052x)+c Q.24 (xlogx —x)Sin ™ x +1-x? Iogx—log[

1—\/1—sz
——|+c
X

X X _1 - i
Q.25 € f(x)+c=e (—X ]+C Q.26 e*f(z) + c = €| sin 'z - +c=e""*(x—sec x)+cC
x+1 1_ 72
Q.27 sint (%}Lc Q.28 %{sinx—cosx—%log tan(§+gﬂ+Cc

J2x2 43¢+ 4
Q29 1= 243 oyt 13 4 4 2 _jog| B3 NI TR
8 162 | 4 NG
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n

1 z-1 1 X 1 (4 +3sinx +3cosx)
.30 — log|——|+c==lo +C .31 —lo
Q n 9 z n 9 X" +1 Q 24 g 4 —3sinx —3cosx)
Q.32 tanl{MJ+ c Q.33 4Iogx+z+6tan’1(x)+ +C
SiNX + cos X X 14x

Q.34 Ztan(sinx + cosx) + — log|\/§+smx+cosx|+c Q.35 log| XX TEOSX) 4 ¢

3 3\/5 |x/§—sinx—cosx| XCOSX —sinx

6 L(sin20) log| 250+sn0 ] 1, -2 37A 55 B—p.Co>qD

Q.3 5 [ og cos0—_sin0 | 2 0g(sec20) +C = p—T C Q. ->sBopCoqgD-r
Exercise 2
Q1D Q2 A Q3D Q4 A Q5 A Q.6C Q78
Q8B Q9C Q10C Q118 Q128 Q13 A

Previous Years’' Questions
Q1cC Q2A Q3C Q41
Q.5 (i) 4sin§—4cos§+c (ii) —2{\/1—x —%(1—x)3/2 +%(1—x)5/2}+c

COS2X e x4+ 1)Y4
+C +cC Q.8 —¥+c

(x+1)2 X
Q.9 —2V1-x +cos"1\/;+\/x(l—x) +C Q.10 z[\/x— 2 _@1-2x)sint \/;]—x+c
Y
\/§+\/1—tan2x|

V2 =1 —tan®

Q.6 xsinx+cosx—

+C

Q.11 —log| cotx++/cot’x -1 |+%Iog %

Q.12 %XZB _gxmz _gxl/z _%Xsm +%X1/3 _4xVA _ 7V _1oxV12 | (952 _ 3,113

-6x¢ +11)log(l + x¥¢) + 12log(1 + x*?)-3[log(1 + Y6)]* + ¢

X

x° +1

2x+2
Q.13 —%Iog|x+1|+%log| X +1|+%tan’1x+ +c Ql4 (x+1)tan’t (%)—%Iog@xz +8x+13)+cC

1
6(m+1)

Q.15 (2™ 4+ 3x°™M 4 px™) MM ¢ Q.16 C Q.17 C
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Exercise 1

dx

secx dx = J~ secx(secx —tanx)

secx +tanx 2 2

Sol 1: _[
sec” x—tan” x

= I(secz X —secxtanx)dx = tanx — secx + C

1 2 1
Sol 2: ||1+ - +5 +a* dx
I 1+x* (1% |x|Vx? -1 }d
de+j J 2dx +5_[ dx +Iaxdx
1+X \/ |X|\/X2—
X
=X + tan™x — 2sin~x + 5sec!x + +cC
oga
Sol 3: ﬂztanx
1+ cos2x
af sin2x a
_[t dx = jtan tanxdx
1+c052x
2
= dex =X e
2
Sol 4: Iﬂdx
x +logsecx

Put x + logsecx =t

:>(1+ 1 secxtanxjdx =dt
secx

at = logt + ¢ = log(x + logsecx) + ¢

Sol 5: Put 3cosx + 2sinx = t

—3sinx + 2cosx = ﬂ
dx

sl= j% = logt = log(3cosx + 2sinx)

Sol 6: J.L dx

Vx2 —x-1

Putx?—-x-1=t

= (2x - 1)dx = dt

Id It 2dt —2\[+c= x2-x-1+c

Sol 7: .[

dx
V1 —-3x —+/5-3x
I\/1—3x +\/5—3xdx

-4)

= —%J'\/l — 3xdx —%I\IS —3xdx

= ixg(ﬁ)m +%x§( 5—3x)3/2

12 3
1 3/2 3/2
= E[(l—3x) +(5-3x) } c

Sol 8: sze cos(e® )dx
3 3
e =t > 3x%eX dx = dt

3
1jcostdt = 1sint+c = Esinex +c
3 3 3

sec’(2tant x)

Sol 9: _[ >

dx
1+x

2tan'x = t =

2 2dx:dt
1+x

ljsec2 tdt = ltant+c = ltan(Ztan’1 X)+C
2 2 2

1 2tan(tan™x) X
= -~ 4c = +C
21 +tan’(tant x) 1+x°
2
Sol 10: | dx = [ E
(2sinx + 3cos x)? (2tanx +3)

Put 2tanx + 3 = t = 2sec?x dx = dt

dt 1 1 1
_[ = —4C=-—Sx—— 4+
2 t2 2t 2 (2tanx+3)

Sol 11: J‘cos‘g/5 xsin® xdx

= jcosa/5 x(1 - cos? x)sinxdx
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sinxdx

= J.(cosg’/5 x —cos'?/? x)

Put cosx = t; —sinxdx = dt

_ (13/5 S/S)dt _ t18/5 t8/5 ‘c
18/5 _ 8/5
= —(cosx cosx
18( ) ( )
Sol 12: j 199X 4

logx jx—zdx - I[dlgfx jxizdxjdx

= (|ogx) [—EJ - le[—ljdx+c
X X X

= —llogx+ji2dx+c = —l(logx+1)+c
X X X

Sol 13: J.sin’widx ,a>0
a+x

X = atan?0 = dx = 2atan0sec’0d0

2

_[sin"l atan” 0 2a tan0 sec?0 do
asec 0

= 2a‘|‘(sin‘1 sin®)tan0sec’® do

tand = t = sec?0d0 = dt

= ZaIttan‘l tdt

= 2a {tan‘l tjtdt—lextzdt}
2714482

2
_ ant o 1r
=2a {(tan 1) 5 Z[t tan t:|j|+C

= at’tanlt + [;tan t-= }Za +C

Jx

st=tanb = —
a

I—a tan \[ { tan™ \f \[}Za+c
= xtanl\ﬁ+ ltanl\/g—l\/g 2a+cC
a 2 a 2\a
= xtan a + atan a—a g+c

= {tan‘:L \/gj(a+x)—a\/g+c
a a

Sol 14: [e* 2+8in2x ) 4
1+ cos2x

1 + cos2x = 2cos?x

2 + sin2x = 2 + 2sinx cosx

= Iex [Mj = J.e" (sec? x + tanx)dx
2cos® X
tanx = t = sec?xdx = dt
~.This is of form Iex (f(x) + f'(x)dx = ef(x)
sI=etanx + ¢
dx
x[6(log x)2 +7logx +2]

Sol 15: j

logx = t;idx =dt
X

J‘ dt =I dt
(6t% +7t+2) (6% + 3t + 4t +2)

= I—dt = - I|: - 2 :|dt
(Bt+2)(2t+1) (Bt+2) (2t+1)

Y B Y
3t+2 2t+1

—3§Iog(3t +2) + % log(2t+1)+c

2(2t+1 2 2logx+1
== +c==log| m————= | + ¢
2\ 3t+2 2 3logx+2

=log|2logx +1|-log|3logx +2]|+c

Sol 16: [X—”dx

(x+3)(x— 1)

1 3 1 1
I_ng(X+3)dx+~|‘8(x_l)dx+§~[mdx

%Iog(X+3)+—log(x 1)- +c

2(x-1)

Put tanx = t = sec?xdx = dt

dt dt

ordx = = 5
l+tan“x 1+t




2

1-t)(1+t?)

_ 1 1J‘t+l

dt+= dt
2J.(l—t) 27¢2 11

1 1 5o 1. 4
=— —log(1—-¢t) + = log@+t)+=tan "t+c
5 ga-t) 2 a( ) >

—ilo
2 9911

1 1
nxj+§|09\/1+tan2x +§+c

=lIog X1 X e
2 1-tanx ) 2

log | cosx —sinx | +c

N |-

X
2

Sol 18: f'(x) = x - i
2

2
f(x) = J‘f‘(x)dx:j(x—%de X2 i

X

I
|
+
|
+
(@]

f(1) = l+l+c:l =>c=-1
2 2

2
1
o f X 42
(x) = >+
Sol 19: j 3™ + X2 4 x™)(2x%™ +3x™ + 6)Y™Mdx

Put x™ = t and integrate.

X2 +3X+2
(x +1) (x+1)
XC+3Xx+2=x3+X+2x+2

=x(x*+ 1)+ 2(x+ 1)

Sol 20: j

_ J-x(xz +1)+2(x+1)dX
(x* +1)%(x +1)

X 1
= 2 d
J(x2 +1)(x+1)+ I(1+x2)2 X

C(x+1)-1 +2I[ ]
(x +1)(x+1) 1+%°

:2'[

Put x = tan6
dx = sec’0do

1
=] i et
(1+x) (x +1(x+1) 1+x%)

2
= ZISGC E,d9+tan X+—= I (x=1) —1
sec” 0 27 (1+x%) x+1

= %I(c0529+1)d9 + tanx

= %Btan‘l(l +x%)—tan" x - log (x + 1)} +c

1, o0 1. 4 1
= —tan (1+x‘)—-=tan "x—-=lo
2 ( ) 5 5 g(x+1)+c
1

Sol 21: 1=j_—dx
SIN X+ SecC X

2 cos X (cos x +sin x) +(cos X —sin X)
|

2+ 2 sin x cos x 2 +sin 2x

J-cosx+sinx J-cosx—sinx
2+2sinx 2+ 2 sin 2x

I

2+[1—(sin x+cos x)2]

o

2 +[(sin x +cos x)? —1]

=I5
—(sin x —cos x)

1
g

(1)* +(sin X+ cos x)2

x d(sin x — cos x)

x d(sin X + cos X)

x d(sin x — cos x)

2

x d(sin X + cos x)

1
=5 dp+I12+q dg

1fp
szp

Where p =sin x—cos x & q=sin x+cos x

= + tan‘l(q) +C

Sol 22:

1o [0S 2X g, COSTX SN oot x 10

sin X sin? x

On putting
cot x=sec® & —cosec’ dx =sec Otan0 do

Wegetl_jm sec 0 tan 0 46

—cosec’x
3 Isecetan 0
1+sec’0
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dx
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1-cos’0

_ J- sin? 6 :_J-

cos 0+cos> 0 cos (1 + cos’ 0)

(1+cos’0)—2 cos’ 0 cos 0
=—|sec 0dO+2| ———dO
cos (9(1+cos2 0) I '[1+cos 0
= —Jsec6d9+2jﬂ
1+cos’0
= —jsec 6d6+2.fM
2-sin’0

\/§+sin9 .
V2 —sino

= -—log|sec 6+tane|+2xilog

NG

2
= —log|sec e+m|+i|og V2+41-cos?0 e
V2 T2 -1-cos?o

\/5+\/1 tan? x

= —log|cot x++cot? x— |+—I
f—\/l tan’ x

Vx? +1 (Iog(x2 +1)- Iogxz)

Sol 23: | " dx
{\/rlog(l+lﬁ

1+ xiz =t:—xi3dx:dt

__j\/—logtdt = ——{(Iogt) ;3//22 —j%x%dt}

1 2 3/2 2 1/2
= =[-Z(log)t”? + < [t¥2dt
2{ S(og)t¥? + 2] }

Sol 24: J_S'de
SinX —cosx

dt

1Isinx—cosx+sinx+cosx

- (sinx — cosx) - _Ild

2

Put sinx — cosx = t

(cosx + sinx)dx = dt

:>lx+llo (sinx —cosx)+c
2 2 9

J'%dt = logt = log(sinx — cosx)

1 J2a- de

Sol 25: jxsm{

. _12\/23—X

1 V2a—x dsin
it Y2 X g | 2 2
2 a dx

dex dx

X inl [l \/Za—x]
2

= —S
a

43°

_I xix 1 dx
1 (Za xj 2a 2\2a-x

=

ﬁsin‘l [1_2a —X J

2 2 a
2
X 1
— X dx
8""'[\/4a2 _2a+x V2a-x
1
Sol 26: | ——————dx
j 4x Sinz X
J-(sinz X + cos? x) i
sin® xcos” x

B I(sin4 x + cos* x + 2sin’x cos? X]dx

sin® xcos* x

[sinzx 1 2 J
:I + + dx
4 .2 2

COs X SsInN"X COs™ X

= Itan2 xsec’ xdx + .[cos ec®xdx + ZJ.sec2 xdx

3
= tan_x — cotx + 2tanx + C
1
Sol 27: I:j—sz
(a+b cos 0)
let pe__ SN0
(a+b cos 0)
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ﬁ _ (a+b cos 0)cos 6 —sin 6(0 —b sin 6)

do (a+b cos 0)
_acos 0 +b(cos’ 0 + sin’ 9) acos0+b
(a+b cos 0)? (a+b cos 0)°

Let a+bcosO=Y = cose:%

Y-a
a| —— |+b s
dp _ b _aY+b“-a

do { v_a\T by?
a+b(]
b
dP a 1 b?2-a’ )1
= — + —
do b b |y2

dP a 1 b? —a° 1 ?
= —=— +
ddo bla+bcoso b a+bcosO

Integrating,

P:EI L +
b’a+bcos0 b

bz—azj- 1
(a+b cos 0)

—(b2—a2) .[ 1 do EJ' 1

=2[——=do-P
b (a+b cos 0)° b’a+bcoso

=

1 b a 1
= 0= = d6—P
J.(a+bcose)2 (aZ_bz){b-[a+bcose }

__ b ar _
a—b?|b!

Where I, = ﬁde
a+b cos

sin 0
—|+cC
(@a+b cos 9)}

=#tan‘1 a_btan(e/Z) +¢
2% _p2 a+b

Sol 28: [Here, \/x4 -1 = \/(Xz ) —1, whichis of the form,

\Jx% — a2 hence substitution x? = sec 8 may be tried]

Now, j N0

IxJ( 22 _

Let x° =sec 0, then 2x dx =sec 0 tan 0 do©

dx = sec 6 tan ede: sec Otan ede

2x 2\/sec 0

Now, from (i)

I

sec O-tan 6

do
2\/sec 0

J‘[\/g\/sec 0- 1}

sec O tan 6
do
j [\/sec 0 -tan 6} 2\/sec 0

= jide = l6+c = 1sec‘l(x2)+c
2 2 2
Sol 29: 1= | dx
\/sin® xsin (x + o)

:j ! dx

\/sin3 x[sin x cosa +sin o cos x]

1
=I — - dx
sin” x(cosa. + cot x sin a)

1

sin aI\/cos a+cot x sina

d(cos o+ cot x sin a)

=— .[—dt ; where t=cos a+cotxsina
sin a

= \/cosa+cotx sina +c¢
sin o

Sol 30: I =

1
——dx
J.(1+\/;)\/x—x2
put x =sin® & dx =2sin6 cos 6 do

B 2sin 6 cos 6d0O _> 1—sm(9de

(1 +sin O)Vsin? 8 —sin* 0 cos’ 0

= =2(tan 0—sec 0)+c _2{4/ X ! ]+c
1-x 1-x

cos 8x —cos 7x
1+ 2 cos 5x

Sol 31: 1=

2sin 5—Xcos 8x—2 sinS—Xcos 7X
_1 2 2 dx
2 5x 5x
sin =+ 2 cos 5x sin =
2 2
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( 21x 11x] ( 19x sin9x]
sin— —sin —/— SIN—— —
—lj 2 2 2 2

2 . 15x
sin —
2

1 2sin 1ﬂcos 3x —2sin 1ﬂcos 2X

:E-.- 15 x dx

= 1J'(cos 3x —cos 2x)dx = l sin 3x —lsin 2X+c¢C
2 3 2

x> +1
X(x — 1)3

Sol 32: [ = j dx

x+1 A B C D

x(x—1)3 X X—1+(x—1)2 +(x—1)3

put x=1 = D=2
put x=0 = A=-1
put x=-1 & x=2 = B=2 & c=1

-1 2 1 2
I:Ide+J.X_1dx+J‘(X_1)2 dx+J~

(x-1°
=—log|x|+2log|x— 1|+L— ! +C
x=1 (x-1)
Sol 33: 1= j;dx
X+Vx2 —x+1
put t=x+ X2 —x+1
2 2
X:t 1 and dxzwdt
2t-1 @t-17°
2_
= I:ZJt tJrldt
t(2t—1)
t?-t+1 A B C
let =t —

—_— == +
t2t-17 t 2t-1 (2t-1)
Solving by partial fraction method, we get

A=1] C:i and B=—E
2 2

I=2log t—% log (2t—1)—§ !

+cC
2(t-1)
where t=x+Vx®> —x+1

Sol 34: [Here \e? —4 = —\/(ex)2

form /x> —a? , hence substitution e* = 2sec  may be

tried]

e e
Vou | o e =

Let € =2 sec 0, then e*dx =2sec 0 tan 6d0

dx =

Now from (i),

25ec9tan6 J-25ec Otan 6

J——dx=
e -4

\/4 sec’0— 4 2tan6
:_[secGdO:Iog|sece+tan6|+c
eX
e*=2sec s secO=—
2x 2x
tan 0 = secze—lz\/e——lz\/e 4
4 2
X X 2x
From (ii), je4dX=loge—+e—4 +cC
’22X_4 2 2

2

X [ 42X
:Iog[—e rve _4J+c [ e +ve® -4 >0]

—22, which is of the

(1)

=log(e* +Ve* —4)—log 2 +c =log(e* +Ve*™ —4)+c'

SoI35:I:(Iogx)-{— ! }-j[— ! de
2(1 + x)? 2(1 +x)%x

[Taking u = log x]

_ 1 logx __[
2 1+x)? (1 + x)?
Now, 1 Cl+x-x 1 1

x1+xP?  x@+x? XA+X)  (1+x)?

_1+x—x_ 1 _1_ 1 B 1
XL+x)  @1+x)? x Ll+x 1+x)?

d 1 1 1
[— ZZJ{;‘m‘ }dx

(1 + ) (1 + x)?
1 X 1
=log x—log(l +x)+ =lo +
9 9 ) 1+x g1+x 1+x

[Here x > 0 a log x occurs in the integrand]
1 log x 1

2 1 +x)?

. From (i), I=- +%Io X

+
g 1+x 2(1+x)

(i)
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Sol 36: Let f(x) = ax2 + bx + ¢ Exercise 2
f(0) = c = -3
fl)=a+b+c=-3
ora+b=0"a=1b=-1
fQ)=4a+2b+c=-1

Single Correct Choice Type

o P2
5] dx
+X

Sol 1: (A) j[l

orda+2b=2 X3/2 6
fx) =x2-x-3 .[ Nz dx:J' Rk dx
15/2
X2 —x—-3 x(x—=1) " (1+X5J [l+X5j
PRy XD g
x> -1 (x=1)(x* +x+1) Putl+ L =t
5
X
X
= [— 2 dx- d
J.(XZ +Xx+1) X '[(x3—1) X = —5x%dx = dt or X’GdX=—%dt
I | 1.dt 1
..I— —g —t3/2 __EX(_Z)T+C
lj' 2x+1 dX—j dx __[ 3 dx
217 (x? +x+1) 2 2 (x> -1)
(x+1j +(\/§J 1= 2
L 2 2 i 5 1 1+x
x+1
1 1 2 2
= —log(x® +x+1)— =x——tan! 2 (sin8x—c058x)
2 . B S A
’ \/§ ﬁ S0l 2: (B) 1—25in2xcoszxdx
1 X+ 2
- - dx sin x — cos? x)(sin® x + cos® x)(sin* x + cos”* x
J‘(X 1 (X2 +X+1)] — _J.( )( )( )dX

1-2sin® xcos® x
.2 2
(sin® x —cos” X)| (sin® x + cos’ x)? — 2sin® xcos® x
L . [« ) ]y,

- % log(x? +x+1)—itan

+1
=1 -1
BN T ek b

+1 2x+1 3 dx i 2 0 J‘( 2 1 ,
2 = - - = _|(~cos2x)dx = =
2° (% +x+1 (x2+x+1) j(sm X —cos” x)dx 5 sinax+ ¢

1-2sin® xcos® x

Sol 3: (C)
=log(x* + x + 1) - itan‘ﬂ— log(x — 1)

N

(A) leongX = X{(Iogx)x - J‘xxldx} = x? logx — x% + cx
X
3 1 2x+1
+ —3tan 1(Tj (8) X[ £1x|dx =X log| x| -x? + cx
(@) XJ-ede = x[ex +c] = Xe* + X

(D)jJ—

x = atan0, dx = asec’0d0

2
=1I= jw_Jsecede
asecO
X Vx? +a’
= log|secH + tanb| + ¢ = log|~+————|+cC
a a
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Sol 4: (B) \/1+2tanx(secx+tanx)dx X
J Sol 7: (A) | I

a a

= j\/1+2tanxsecx+2tan2x dx b(b+X2] b x E b

= I\/tanzx+sec2x+2tanxsecxdx 1 b
= ——_tan | x|= |+c
\a

= j(tanx+secx)dx = jtanxdx+jsecxdx

= —log|cosx| + log|secx + tanx| + ¢ 7oy’
glcosx| + log| | Sol 8: (C) I = j—l“‘ fx dx
= log|secx| + log|secx + tanx| + ¢ X(L+x7)
1 2 2x®
; 2 = |—- dx = logx — dx
Sol 5: (C) 1= _[ 2sinxcosx dx = IZtanxsec X « jx 14y '[1+x7
sin* x + cos? x tan* x+1
Let tan’x =t letl + x” = t = 7xbdx = dt

o 1= 2tanx sec® dx = dt

S 1= j 21 dt 5
t°+1 :Iogx—7€n(1+x7) +cC

21 2
I=logx— =|=dt = logx—- =/nt+c
- 33 %3

o I=tan™'(t) + ¢ = tan*(tan’x) + ¢

1
1 Sol 9: (A) Let log|x| =t = ;dx =dt

tan7(tan?x) = tan‘l( j = cot(cot?x)

cot® x
t 1
SI= | ——dt = |J1+t-—=dt
tan7(tan’x) = g — cot}(tan’x) + ¢ J.«/1+t j J1+t
3/2
= —cot — (tan’x) + ¢, - (t+1) x2—(t+ 12 x2+c
1 t+1 2
Sol 6: (C) do = 12 | == 1 |+c = S(t+1)"?(t-2)+c
J.cos3 0+/2sin0cosO 2t+1) 3 3( e )
2
= | 1 40 = £ (g [ + 112 (logq - 2) + c
\/Ecos”2 0sin'/2 0
Dividing and multiplying by cos*6 Sol 10: (C)
4
sec” 0 4 2 2 2 2 2
I:J'— X7 +2x°+1-2x (x“ +1)° =2x
1/2 I= dx = dx
x/ztan 0 .[ x(x2+1)2 x(x2 +1)2
let tan'?0 =t
1 = JE— 22X 2dx = Iog|x|—J' 22X 2dx
\/7><sec2 0do = dt X (x*+1) (x*+1)
2ytan® let x> + 1 =t= 2xdx = dt
1= Ix/Esecz odt 1
~I=loglx| - j—zdt
5 t
:_[\/5(1+t4)dt = 2% t+t— +C 1
5 =Iog|x|+¥+c=log|x|+ S +c

+ X
\/E(Sx/tane +tan? ex\/tane) re A=1B=1

"5
Sol 11: (B) I = | 2sinx(cos2x + cosx)dx
I= g(tanzew)\/tane +c @)1=

= j25inx(2cosz x —1+ cosx)dx
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Let cosx = t = —sinxdx = dt 2sinxcosx = (cosx+sinx)? —
3
1= J'2(1—t—2t2)dt =Jt—t2— A fC And d(cosx + sinx) = (-sinx + cosx)dx
3

4cos® x ‘e o let cosx + sinx =t

1
—dt
J\/t2 -1 (b

o1 =sec(t) + ¢ = sec’}(cosx+sinx) + ¢

= 2COSX — COS?X —

1=
4cos® x —3cosx
= COSX— | ——MM

—COS’X + C
3

1 , 1
= COSX — gcos3x — COS’X — E +C

Previous Years’ Questions

1 COS2x
= COSX — 3 COS3x — +C

2 J—
. Sol1:(C) Let 1= | : (x - 1)0"2‘
Sol 12: (B) I = IE $iN2xc0s2xcos4xcos18xcos16xdx XN2XT =2x7 +1

and denominator by x°

, dividing numerator

= 1 Jsin32xdx = —COS32X +C
32 1024 [1_1jdx
e e
Sol 13: (B) 1 = [x*f(x?)dx 2_32+L4
let x2 = t X
1 2.1 4_4
Iz—jtf(t)dt Put 2 X2+X4—t :(XS = dx =dt
t 1 1
:Ejf(t)dt—JE(If(t)dt)dt qlpdt_1e
TR
= 1[sz(xZ)— | f(xz)d(xz)} 2
2
1 2 1
=5 2——2+—4+c
6 X X
Sol 14: (D) I = jid
4 +6e7 | o
. 4e? + 6 = a(9e? — 4) + bx 18 x > Sol 2: Given, j—4€(dx = Ax + Blog (9e*-4) + ¢
=9 +18b =4 2x
LHS = j4e L
-4a=6 9e¥ _4
sa= —g Let 4e> + 6 = A (9e* - 4) + B(18e?)
=9A +18B =4
18b=4+ 2 op=32
2 36 and -4A =6
3
1= j—édx+£ 18¢™ dx =A="5andB= ®
2 36 9e2 _4 36
2X 2X
3x 35 _ (A9e” —4)+B(18e™)
BPRET log(9e? —4) +c I 962 _4 dx
A= -3 and B = 3 =AJ'1dx+BJ'%dt,wheret=9e2X -4
2 36

= 2X,
COSX —SinX =Ax + B log (9e*-4) + ¢

Sol 15: (A) I = dx

J\/zsinxcosx(c05x+sinx) =—§x+—5Iog(9e2X—4) ‘e
2
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3 5.3

and C = any real number

Sol 3: Let 1= IL dx
SINX — COSX

Again, let sin x = A (cos x + sin x) + B (sin x — cos X),

thenA+B=1andA-B=0

2A = l’ B = l
2 2
1 . 1 .
E(cosx+smx)+§(smx—cosx)

.'.I:j - dx
(sinx —cosx)

cosx+smx 1
= —_" +—J'1dx+c
SinX — cosx 2

= lIo (sinx—cosx)+lx+c
29 2

Sol 4: Let I:j xdx
1+x*
_ lj‘ 2X
271 4 (x%)?

Putx? = u= 2xdx = du

g

1
tan Lu)+c = —tant(x*) +c
1+u? 2

Sol 5: Let I, = Jsinx sin2x sin3x dx
1, . . .

= —I(sm4x + sin2x — sin6x)dx
4

_cos4x 3 COS2x N Ccos6x
16 8 24

I, = [sec’x-cos® 2xdx = [sec’x(2cos” x—1)*dx

= .[(4 cos’x + sec? x — 4)dx = _[(2 cos2x + sec® x — 2)dx

= sin2x + tanx — 2x

dx

. IA(9e2X —4)+B(18e*)
9% -4

= AJ‘ldx+BJ‘£dt, where t = 9e** — 4
t
= Ax + Blog (9e*-4) + ¢

3 35 2x
=-=x+ —log (9e”" —4) +
2X 36 9 Jre

3, 3

and C = any real number

and I3 = J'sin“x cos*x dx

_[(3 4cos4x + cos8x)dx = 3x _sindx
© 128 128 128
SI=L+ L+

cos4x Cos2x Ccosbx .
== - + +5sin2x + tanx — 2x

16 8 24
3x  sindx sin8x

= +
128 128 1024

2

Sol 6: Let I:X—
(a+bx)?

Puta+bx=t

= bdx = dt

(t—af
2 2
b dt _ 1 I{t _Jat+a Jdt
b3

s 1= C—
j 2 b 2
2 2
= LJ‘ 1_2_a+a_ dt = L t—2a|ogt—a— +C
b’ t ¢ b’ t

2
[a+bx—2a|og (a+bx)- a +c]
a+bx

Sol 7: Let I—J(\/tanx ++/cotx)dx = J'tzj/rﬁl
tanx

Put tanx = t?= sec’ dx = 2t dt
2t

dt
1+t

= dx =

I_J-t2+1 2t dt _ZJ-t +1

t2 t* +1 tt +l
1+l2 1+l2
= 2 v gt= | t dt
2 1 2 2 1 2 2
t et (t—} +(«/§)
t

Put t - l: u= 1+idt=du
t t,

I_Zju +(f)




- x/Etan’l (\/tanx —\/cotx}_c

2
Sol 8: Jﬂdx
x(1+ xe*)?
1
This can be rewritten as j&
2e*(1+ xe*)?

let 1+xe* =t = e*(1+x)dx=dt

Now integration becomes_[ dt
t(t-1)
= 5 1 _A +BtJ2rc (using partial fraction)
t*(t-1) t-1 ¢

= 1=t*(A+B)+(C-B)t-C
Comparing, wegetC=-1,B=-1 andA=1

Now our integration becomes

t+1 1 1
jtz(t . _jt - —j h dt—j 1dt—.[¥dt—_[t2dt

t—2+l
=log (t-1) -log(t) -
0g (t-1)-log(t) - ——

t-1 1
+C =log——+=+ ¢
t t

Putting t =1+ xe*, we get

dt e* 1
.[tZ(t—l):b : |+ e

|1+xe" 1+ xe*

1
1-+x |2, dx
1+\/; X

Put x = cos?0 = dx = -2cos0 sin® dO

Sol 9: Let 1=j[

1
I= I(l—cosejg —2c0s0-sin®

do
1+cosO cos2 0
sing 2sin0 2$in9-25in9-cos9
29'— sin d9=—j 2 - 2 2 4o
COS— cosb cos— - cosO
2 2
. -0
2sin®
= _2J' 2 4o= _zjﬂde
cos0 cosO

= ZI(l—sece)de = 2[0-log|secO+tanb|]+c

=I= ZI:COS_I\/;—|09 ]+c

_EE_ + EE._,I

Ix o Ix

=2{cos‘1«/;—log‘1+\/1—x‘—%Iog|x|}+c

. { T nj
sin| x ——+— |dx
sinxdx \/7_[ 4 4

2] )

= \/Ej[cos%+ cot{x —%)sing]dx
= jdx+jcot(x —Ejdx =X+/n sin[x—ﬁj
4 4

Sol 10: (C) 2 >X2X

+C

Sol 11: (D) —y+3
:>—dy =dx
y+3

Iog(y+3)=x+c
x=0=>y=2

= log5=0+c

¢ = log5

log (y+3)=x+log5

y + 3 =ex 109 =y + 3 glog2 +logs

y+3=10=>y=7

Sol 12: (D)

J- 5sinx «

sinx—2cosx

_ J{Z(cosx+2.sinx)+(sinx—2cosx)]dx
sinx —2cosx

I[cosx+2$|nx

]dx+jdx+k
sinx —2cos

= 2Iog|smx—2cosx|+x+k

a=2

Sol 13: (C) jf(x)dx = \y(x)

I= J'xsf(x3)dx

Put X =t = x2dx— :—Itf

= %[tw(t)dt]

Mathematics | 22.55



22.56 | Indefinite Integration

- %[x3w(x3)—3jx2w(x3)dx}+c =%x3w(x3)dx+c

1 1
X+= bl
Sol 14: (D) 1= [ e( X] +){1_ije”x dx
X2
x-¢—l

=Xe *X+c

As j(xf'(x)+f(x))dx = xf(x)+c

dx

Sol 15: (D)
.[Xz (x4 +1)3/4

[

3/4 4
X
x> (1 + 14}
X

4y = 4t
X5

dx

X3

=t3dt

Let l+i+i=t
X X5
da_-2_ 5
dx_x3 NG
—-dt 1 1 x*0
_3:¥+C: 2+C: . X >
t
2(1+1+1j 2(X + X "rl)
X2 X5

+C

JEE Advanced/Boards
Exercise 1
Sol 1: (i) jtanitanitanidx

2 3 6

(tan§+tan2j
= jtan% l1-~—— 7 |dx

tan>
2

= j tani—tani—tani X
2 3 6

= Itanidx—jtanidx—jtanidx
2 3 6

X X X
= 2logsec = - 3logsec— - 6logsec— + ¢
gsecy T logsecy T hlogsecy

tan(Iogx)tan(Iog;)tan(logZ)
(if) j
X

Putlogx=t= de =dt
X

dx

jtanttan(t - log2)tan(log2)dt
= f[tant —tan(t - log2) - tan(logZ)]dt

= logsect — logsec(t — log2) — xtan(log2) + c
sec(logx)
sec| logX
92

Sol 2: Put x = asec26 — Btan26

=log —xtanlog|2]|+c

2(c — B)sec? Htan6do
(=) tan’ 0\/((1 -B) tan’ 0(a—P) sec’ 0

=
_ L secH do

a—PB* tan’0

2sec’ 0tan®

> do
tan“ Ox (o +B)tanBsecO

Put tan® = t sec?0d0 = dt
dt

V1+t?

Or sec0d0O =




. 2 f dt 2 f t3dt
T (a-P) 241 + 12 ~ (o-P) N

Sl +t?2=u = -2t3dt = du

Ort3dt = - 1du

1 —du -1
== = x 2
2" (- B)j  (0-P) Yo

= -2 l+i
@-p\
_ sec’ 0
(o — B V tan 0 tan’ 0
_ 2 (0. —B)sec? O _ 2 [(x=B)
a-B\(a-p)tan’e o-P\V(x-a)
Kn(ﬂn[lﬂ(ndx
SoI3:J 1-x
1-x°

Put Iog(lH(j =t
X

N 1-x X1—x+1+x dx = dt
1+x 1-x)?

Or[ de—dt
1-x?

1= Jlog(t) &

=%j1.|og(t)$

Integration by parts,
1 d
= E{log(t) [1dt- { | a(Iog(t)) [ ldt}dt}

= %[t(logt —1)} +C

bz o

Sol 4: d(ij :[ij [logx] and d(gj :[Ej [~logx]
e e X X
g I(EJ logxdx + J{;] logxdx = [2] —[Sj +c

cos(x — a)OIX

Sol 5: -[ sin(x + a)

cosxcosa-—sinxsina
j dx

sinxcosa+ cosxsina
1-tanxtana
= ——— — dx = |+/cot(a+x) dx
I\/ tanx +tana I ( )

5 4 3 2
Sol 6: JX +3x" —x” +8x X+8dx
(x2 +1)

dx

J~(x +3x% = 2%+ 5)(x? +1) -, X+3
¢ +1) X2 +1

XTJF X3 — X2 +5x+%log(x2 +4) + 3tanx + ¢

J‘ Wx +1) J' "% +1
Sol 7: \/;(3\/;+1) ( 1/3 )

Put x/6 = t = dx = 6t>dt

 + 1)t
(% +1)

AU L _q’ﬂdt

t +1)

j(t3—t+1)(t 1), t-1 |
t? +1) (2+1)

6

t* ¢
6 __?th + 3log(1l + t?) — 6tan™'t + ¢

4

Where t = x1/¢

Sol 8: [sin™! /de, a>0
a+ X

X = atan?0

dx = 2atan0sec?0d0

. 4 |atan’@
jsm ! 2a tan0 sec?0 do

asec’ 0
2a.[(sin‘1 sin®)tanfsec’® do

tan0 = t = sec?0d0 = dt
2ajttan‘1tdt

2a {tan tjtdt - —j

X tzdt:|
1+t
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2
- AT 1M ant
-Za{(tan t)2 Z[t tan tﬂ+c

= at’tan't + ltan‘lt—lt 2a +C
2 2

Vx
7

1= aX tan \/7 { ‘1\/2—3\/2}2a+c
a 2\a
= xtan~ \f { tan” \ﬁ——\f}a+c
NN
=xtan™4|, +atan™4y, —a,|— +C
a a a
= (tanl\/gJ(a+x)—a\/g+c
a a
=\/;{x/;tan‘l\/g—\/;}+atan‘l\/g+c
a a

t=1tan6 =

xlogx
Sol 9: .[ 1)3/2
cffxogx T L gy
”J‘[(xz—l)?’/2 X\/xz—ljd IXVX2—1

logx
j{—d 9 ] +secx +c= _ logx. +secx + ¢
x2 -1 Vx? -1

|Og6 [(Sinx)6COSX]1/6

sinx

cosX
dx

Sol 10: _[

l H COSX
e [Ioge(smx) +log, 6 Jcos de

sinx

1I .
5 og(sinx) 1 cosx

+_
(log6)sinx 6 sinx

cosx |dx

1 1 cosx . 1 cos® x
= j —————log(sinx) + =— dx
6 log6 sinx 6 sinx

2 .
= 1M+ lJ.(cosecx —sinx)dx
6 log36 6

1 Iog2 (sinx)
6

X
+/ntan—+cosx |+ ¢C
log36 2 }

Vx? +1(Iog(x2 +1)—Iogx2)

Sol 11: j X dx
X

(o2

.f 3 dx

X

1+ £ :t:>—£dx=dt
X X3

&2 1 32
__jflogtdt ——{(log )m_hxa/zdt}

1| 2 32 20,12
= —|-=(logt)t —|t+4dt
2{ Slogtt +2 [

sinx tanxsecx
Sol 12: f(x) = — > = >
sinXx + 4cos” x tan“x+ 4
B tanxsecx
sec’x + 3

Putting sec x = t, dx sec x tan x = dt so

dt 1 _1 Sec X
J‘f(X)dX:Im:Etan \/g +

cos® x __[ (1 +sinx)
sinx(1 —sinx)(1 + cosx) sinx(1+ cosx)

. X X g X :
(sm2+coszj 1 [tan2+lj
| dx = S [A2 2 dx

25in5cosix2cos25 4 tanlcos25
2 2 2 2 2

Sol13: j

Let tang =t = seczgdx =2dt

_—j (t+1) j(t+2+1jdt

t2
+t+ Io t|+c
= glt|



2
Sol 14: | %dx
X —

3x*-1)+4 Bx% +1)(x* -1)
(Rt o oo

33 (x2 1)+ (x* -1) 3xt—2x? -1
- dx= [Z2—22 =4
.[|: (X2 _ 1)4 X J. (X2 _ 1)4 X

x* +1-2x% — 4x* + 4%°
J._ 2 1\4 dx
(x*-1)

2 2 2,2
) J_l:(x ~1)? =224 (x —1)}')(

(x* -1)*
X X
= |-d =— +c
J ((x2 —1>2] (x* ~1)?
Sol 15: J (ax” —b)dx
xAJC2x? — (ax® +b)?
.[ (ax’ —b) N acx? —bc dx
2 2 2 L py?
cx? x?
2 2
_ J~ 2acx —(acx2 + bc2) dx
2 / (ax +b)
(CX ) 1 —W
2 .2
_ J-2acx (a>2< +b)c N 1 : dx
(x) 1 ax® +b
cx
Put ax® +b _t = (2ax)cx — c(ax® +b) dx
cX (cx)?

ax’ +b .
— cin-1l — c1n-1
=sint + ¢ = sin ox

1-t2

Sol 16: Put z = tan™'x, then dz = dx andx =tanz

1+x
emz
Now, = | ———dz = J.emZ cos z dz
V1+tan®z
mz emz
= cos z —I (=sin z)dz
m m
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mz

1 .
cos Z+—J‘emZ sin z dz
m

m
emz 1 emz . emz
= CcoS Z+— smz—j cos z dz
m m| m m
mz mz 1
= CoS Z+ sin z ——21
m m m

1 emz
Or, (1+—2j1: > (m cos z+sin z)
m m

e™(m cos z+sin z)
= +c

sol=
m? +1
Or,
em tan_lx[ 1 X ] emtan_lx(m+x)
1= > m- + +C= +C
m+1 0 241 W+l (M2 + VX2 +1

Sol 17: [Here ,}L occurs, .. put x=a tan’ 0]
a+x

Put x =a tan’ 0, then dx = 2a tan 0 sec’ 0d0

Now,

I= Isin‘l(sin 0)2a tan 0 sec’ 0d0 = ZaIO-(tan 0sec’ 0)doO

2 2
=2a esec O_J-lsec ede +C
2 2
[.[tan 0 sec?0do = jzdz, where z = sec 0]

=a[esec29—tan6]+c
=a tanl\/g arxi_ X lec
al a a

dsin[e& + e*& + Z]

dx

N
= cos(e‘& +e“& +£j £__&
4)l 2dx 2

Also disin[e‘& —e“& +£]

Sol 18:

X 4

= cos(e‘/; —e‘*/; +£] e—+—2e
4) 20x 2k
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dsm[e‘/— f ]
4

+d sm(ef f ]
4

= Z{Sin(e&+e_\& n]+sm(e*/— */— ﬂ
4 4
= 25in(e& +£jcos(e"‘&)
4

oo )

n1=2f

X2+X
Sol 19: [ g

e +x+1)?

=J~ x(e" +x+1)—xe dx
(e +x+1)°

_J x  xe dx
e +x+1 (€ +x+1)

eX

1 X 1 (XJ
== o o ||
1+(X+1J e (1+x+1j e

i e

Putﬂ+l =t :_—de =dt
e* e*

I(—$+ijdt - logt - 1 +C
t 2 t

x+1 1
=—Iog[ - +1J— 1 +c
e [X—i— +l]

X

e

COS X

(xsm x+cosx)
Sol 20: [°
sin’ x
cosx
Jecosx( - +xsmxjdx
sin® x

J. e“®**(cotxcosecx + xsinx)dx

=- I e“*(1 - costxcosecx — xsinx — 1)dx

- _J'[ e“°**(1 - cosecxcotx) + (x + cosecx)e“* (- smx)}dx

= —jdec°sx(x + cosecx) = —e“%(x + cosecx) + ¢

5x* + 4x°

Sol 21: I—dx
(x +x+l)
5%° +5x* +x+1-x> —-x-1
_J. dx
(x° +x+1)?
_ I_(xs+x+1)+(5x4+1)(x+1)dx
(x5+x+1)2
( x+1 ] x+1 X
= J'_d =- +c or +c
X +x+1 X +x+1 X +x+1

2
Sol 22: IM dx
a*tan’ x +b*

dx

1 b?(a® +b?) +a’(b? + a%)tan’ x
=2 2.[
(@ +b%)

2.2 2y
1 a‘b (1 +tan
) 2.[ 4.2 4+1 X
a“+b a“tan“x+b

212 b 212, 4 2
a‘b® +b™ +(ab” +a”)tan X]dx

a*tan’ x + b*

a2+sz a*tan® x +b*

+1 |dx

2
21 2.[ a_z SeCZXX;
+b b [a“ 2 J
—tan“x+1
b4

X

2
(aj sec® x
b2 .[ 5 2 d
1 +[atanx]
b2
2 2

a a
Put <—tanx =t = —sec® xdx = dt
b? b?

a +b2

1 1 dt
X+ I
a’+b?  a?+b? 1+t

1 -1 32
Or 5 > X + tan —Ztanx +C
a‘+b b
2 3
COS“ X cos’ X
Sol 23: | dx = [ dx
1+tanx SinX + cosX
3cosx cos3x
e
SinX + cosXx SinX + cosx



ljcosxc052x—sinxsin2x J- COSX
(sinx +cosx) smx+cosx

_ %J{(COSZX_Sinzx)+(sm2xcosx—costsmxﬂdX

SinX + cosx

J‘ COSsX
smx+cosx

1 . 1
= Zj(c052x—5|n2x)dx+—jdx

I cosxdx j cosxdx
SinX + cosx sinX + cosx
cosxdx

= l(sin2x+c052x)+£+£.['—
8 4 27 sinx+cosx

= l(sin2x+c052x)+£
8 4

J‘COSX+SII’1X+COSX sinx dx
COSX +sInX

COSX +sinX

:l(sin2x+c052x)+1+lj 14| SOXZSINX iy
8 4 4

= %(sian+cost)+§+%Iog(cosx+sinx)+c

Sol 24:
xlog x

dx + X dx
\/1—x2 J.\/1—><2

[Integrating by parts taking sin"lx as u]

I=(xlog x—x)sin‘lx—j

Now in order to evaluate I\/—

Put x =sin 0, then dx = cos 6d0
J-xlog X

dx = J'sin 6 log sin 6 do
=—cos 0 log sin 9—j—cose cot 6d6

COS

=—cos 0log sin e+j

— 1 2
=—cos 0 log sin 9+jl_s—”;6d6
sin

=—cos 0 log sin 6+J.(cosec 0 —sin 0)do

=—cos 0 log sin 6 +log | cosec 6 —cot 6| +cos 0

= 1-x°log x+|og{#}+\/l—x2
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1-x?

X
Again, dx =—
J.\/1—x2

. from (i),

2
I=(xlog x—x)sin* x+v1-x° |09X—|09[1_ - J“LC
X

x° +1)e )+2
'[ (x+1)°

—J. X —1 —J‘ o X— 1 dx
(X+1) (x +1)? X+l X+1)
- jex[f(x)+f'(x)]dx, where f(x)=>——

x+1
=eX f(x)+c=ex(x—_1J+c
X

+1

Sol 26: [Here €@ occurs, where f(x) = sin x
. Putz = f(x) = sin X]
Put z = sin x, then dz = cos x dx

sin x

Now, I= (x cos> x —sin x)dz

COs™ X

= .[es"‘ X(x —tan x sec® x)dz

:Ie sintz— 1 } [+ sinx=z]

_22 1 Z

=.er sintz+

V1- \/1 22 (1 2)3/2} ’

:.[eZ [sin‘lz— 1 J+{ L 2232} dz
| V1-22 V-2 -2

1

1-27°

= Iez [f(z) +f'(2)ldz, where f(z)=sintz-

:ezf(z)+c:ez[sin‘1z— ]+c— e¥"X(x —sec x) + ¢

1- 72
dx

SoI27:1:j - :j -
J1-02+2%) 202 +2x+1)

3 dx 3 dx )
_IJZ—(1+x)2 -l Jo? —a+x? -0

Let z=1 + x, then dz = dx
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From (i),
I= j =sin? +c sin” (H—X]+c
J(f) -2 V2
Sol 28: J- dx :J-[ .smxcosx jdx
Secx + cosecx SinX + cosx
[1+25mxcosx l]
= _I dx
SiNX + COSX
. 2
_ i (sm>'(+cosx) _1dx
2 (sinx + cosx)
1

dx

1¢ .
= EI(Slnx+cosx)dx—

2\/5 \/1§(sinx+cosx)

1 .
= —[sinx —cosx]—
2

ffs.n[H ]

= %[sinx—cosx] 2 8 dx
2tan{x nj
6
= l[smx cosx]—Llogtan( j
2 22

1 . 1 X 7
= —|sinx—cosx——=logtan| —+— |+¢
2 2 8

V2

SoI29I=.[ 2%° +3x+4 dx_j [x +§x+2)d

= x/EJ.Q/xz +%x+2dx

N ESENEYREY RN

=a

Let, z=x+i, then dz =dx. Let ézﬁ
4 16 4

[e)]

Then from (i), 1= \/EJ' 7’ +a’dz

Now,

(1)

.[\/22 +a’dz =§\/zz +a’ +%Iog (z+\/z2 +a2j+c

2 4 16

23 3 3 23
+ —log|x+=+,[|x+=| +—=|+cC
32 4 4

I= 4X+3\/2x2 +3x+4
8
23 {4x+3 \[2x2 +3x+4}
+ +C

+

16\f 4 J2

Sol 30: Let z =x" +1, then dz = nx"*dx

d d
. :J. n-1 -

Now I:'[x(x“ +1) nx"" -x(xn +1)

‘_I (x +1)‘ j(z 1)z

let — - A, B
z(z-1) z z-1

_A(z-1)+Bz
B z(z-1)

~ Aiz-D+Bz=1

PuttingZ =0weget, -A=1
L A=-1
PuttingZ =1, wegetB=1

1 1 1
F —— [R— R
rom 1 J.z(z 1) n-[( erz—l)dZ

“[-log|z|+log|z-1+c

n

Iog +c

—llog z
n x"+1

Sol31:f COSX_Si_nX dx
16 -9(1 +sin2x)

dx

J- (cosx —sinx)

16 — 9(sinx + cosx)?

Let 3(sinx + cosx) = t

(1)

(i)

(i)



= (3cosx — 3sinx)dx = dt

4+t
4-t

LLO
2439

J.16 2 24 4 —3cosx—3sinx

\Jeotx —+/tanx «

Sol 32:
J 1+3sin2x

\/E COsX —sInX dx

(M)(uasinzx)

\/’J‘ (cos2xcosx + sin? Xsinx) + (cos2xsinx —sin2x cos x)

(M)(l+3sm2x)

€os2x(ssinx + cosx) —sin2x(cosx — sinx)
2_[ X
\/25in2x(1 +3sin2x)

= | L
(sinx+cosx)2 +2sin2x

(sinx + cosx)?

. .2 .
><J‘{(smx+cosx)2.cos2x 2sin” x(cosx smx)}dX

(sinx + cosx)*v2sin2x

1 2sin2x
:>I - - dx
1+ 2sin2x SiNX + CcosXx

(sinx + cos x)2

1[ \/EsinZX J
=tan| ——— |+cC

SinX + cosXx

457 = 7x* +8x3 —2x% +4x -7
X2 (x% +1)°

dx

Sol 33: |

4 =X 8% = 2x% +4x -7

x2(x2+1)2
_é E Cx+D+Ex2+Fx+G
X x2 x+1 (x2+1)2

—2y2 _
2x° +4x 7)dX
X2 (x% +1)

Ji+(—l]+ 6 +
=X ) x*+1

2
= 4logx + 7. 6tan™x + 6J ——— |dx
X (1+x)

Put x = tan6

J~(4x5 —7x% +8%3

6(1-x?%)
d
(1+x2)2j "

=( 1 lo 4+3cosx+35inxj

= dx = sec’0d0
2
1-tan“0 do

7
=4logx + — +6tanx + 6 |————5—
9 X J‘(1+tan2 0)

= 4logx + 7. 6tan ix + 6Ic0526d6
X

= 4logx + L 6tanix + 6%sin29
X

-5in20 = 2tan® _ 2x
1+tan’0 1+x°
~I=4logx + U + 6tan™x + bx +C
X 1+x?
Sol 34: j dx
cos® x —sin® x
j dx
(cosx —sinx)(1 + cosxsinx)
_ J-(cosx—sinx)2+2sinxcosx «
(cosx —sinx)(1 + cosxsinx)
sinxcosx

jwdeJ

(L +cosxsinx) (cosx —sinx)(1 +cosxsinx)

(cosx —sinx) dx

=_J- COSX —SinX dx+£J‘

1+( smx+cosx) 2—(sinx+cosx)2

|\/§+SII’1X+COSX|

|\/_ sinx — COSX|

2 .
= gtan’l(smx +COSsX) +

X2

(xcosx —sinx)(xsinX + cosx)

dx

Sol 35: [

(xCOsX —sinx)? + (xsinx + cosx)zdx
(xcosx —sinx)(xsinx + cosx)

XCOSX —SsinX XSiNX + COS X

j a dx+J ——dx

XSinX + cosx X COSX —Sinx
-1

+I dx

(xcosx —sinx)(xsinX + cosx)

XCOSX +Sinx —sinx XSiNX + sinx — cosx
=j - dx+_[ . dx
XSiNX + cosx XCOSX —Ssinx

dx

. J~ cos® x+sin’x—1
(xsinx + cosX)(Xcosx —sinx)

XSiNX + COS X
" Tl+c

= log -
X COSX —Sinx
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Sol 36: [ cos 29Iog[

=lo w jcosZGde
9 cosO —sin®

cose+s!n6 do
cosO-sind

[cose+sine
O -

j.[cosZGde do

_J~ cos0—sin®
do
—5|n29l cosG+s!ne _j 2 ><S|n26 0
cos0-sin® cos20 2
—S|n29log M —jtanZOdG
cosO—sind
—ﬂnZOIg cos0+sinb) 1, (sec20)do
cosO-sin6 ) 2
B 2
_ 1 tan0 || (1 -tanOxsec e—(1+tan6)sec26
1+tan6 (1 -tan0)?
_ (1-tan®) 2sec®® _ 2(l+tan’6) _ 2
(1-tanB) (1-tan0)® (1-tan’0)  COs20

Sol37: A»s;Bop,Co>qgD—r

(A) J’de

1.dt 2
—|—==vVt+c = X +—=+1+cC
2 \/E X
X2 -1
(B) | —=—==dXx
'[X\/1+x4
-2
_[ X1 dx:j (d-x7) dx
1

1
Putx+ — =t

X
=(1 - x?)dx = dt

o
Ve -2

Putt = \/5 secO

J- 25ec9tan9d9 - log|sect + tand|

ftan@
=Iog|X +1 \/x +1 |
Vx|

|x2 +1 Wx* +1|

Or log + +c
| x

2
©f (L+x) dx
X (—xj\/xz +=
X X
2
i (1+x72) N

x—l =t= (1 + x?3dx = dt
X
J' dt
tVt? +2
t= \/Etane

dt = \/Esecze do

2 sec2 0do

J\/_tanex/isece

= iIog|cos ec - cot 9| +C

NG

1
= -——logl——————

V2

- ijcosecde

x+1
(x° —1)

(D)J- \/1+x +x°
1+x*




Exercise 2

Single Correct Choice Type

1y
Sol 1: (D) Jtan Lx—cot™ I

tan ! x +cot™
T
* tanx + cotix = =

2tan”t x_T

I= j 2 2 dx = %jtan’l xdx—J.dx

T
2

- %Itanlxjdx—j[[(dtan X]Idx}dx} X+
= A ytan x——j(

= ixtan‘:L x—zlog\(1+x2) X+ C
T T

jdx—x+c
1+x

2

Sol 2: (A) j—_4dx = X -4
x* +24x% +16 xz[x2+24+1
X
4 4
2 )
‘f X X = j—zdx
2 16 4 2
X +—2+8 +16 X+— | +(4)
X X
Put x i:t
X

J. dt _ 1 LI
t?(4? 4
4
1 X+—
I= Ztan‘1 X |+c

2 2 1.
Sol 3: (D) | (x=1) dx = [~ Lo2x+2
xt+2x2 41 (x? +1)?
2_ —
[ [P e [ 2
2( 1] (x*+1) (1+x°)
X X+=
X
Put x?2 + 1 = t and Put x = tan@
dx = sec’0do
(l_lj 2 9do
== dX+I e
[ 1} sec’ 0
X+ =
X
Putx+1=u
X
= d;]+ 1 +2_[cos 0do
u x> +1
- - 11 + 21 +§j(c0526+1)d9
(”J (2 +1)
X
= (- X)+ sin20+0+c
X2 +1
- (1_X)+£2XX +tantx+c
1+x° 21+%°
:(1_X)+ X _ itanlx+c= rtantx+c
1+x° 1+x 1+x

Sol 4: (A) [— S SEL B

XXt +x% + 4

J‘ X4 -4 dx

/ 4
Xox X X2 +1+ —
X2
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X X

%j%z%.ZﬁJm = {x2+1+xi2 +C

e

=~ 7 +cC
X

Put x2 + iz +1=t = (2x—%jdx=dt

Sol 5: (A) j[dex

tanx —secx+1

_ Jsecx+tanx—(sec2 x —tan’ x)
(tanx —secx +1)

dx

a J~(secx+tanx)[1—secx+tanx]
[tanx —secx +1]

dx

= J(secx+tanx)dx

= log|secx + tanx| + logsecx + ¢

S=1+2x+ 3%+ 4 + ..

S, =X+ 2+ 3¢+

SA=X)=1+x+xX+X+ ...,

s(l - x)—i.'.s: 1
1-x (1-x)°

g = B0
(1-x)? -1x-1

+c=(1-xt+c

2
Sol 6: (€) [e* > >
(x+3) (x+3)

< X=3 6
= Je —+ dx
(X+3 (x+3>2J

= jex (f)+F'00)dx = ef(x) +

- e X3 .
(x+3)

Sol 7: (B) I = | _l-cosx 4y
COSOo —COSX

2
_3)dx _ jex (x —9+6)dx

Let 3=t.-.I=j—
(04
COS—
2

= 2cos™}(t) + ¢ = 2cos™

4
Sol 8: (B) 1= [ -1

_ J~4x4+x—(x4+x+1)
(x* +x+1)°

x* +x+1)2

1-t°

dx

_ I x(4x*-1) 1
(x4+x+1)2 (x4+x

Let ——I
'[x +x+1 !

dx
+1)

4%3 +1

el e

x4 +x+1)?

x* +x+1)

4 -1 4 -1
. (X" +x+1) _J-(x +Xx+1)

-1

-1

X
= ———— +c+ [ -1

x* +x+1)

Sol 9: (C) _[egx cos4xdx

Let 3x =t

dx

-1

I

1

1



I= E_"et cosﬂdt
3

= lJ'etcos dt_E et cosﬂ—is nﬂ dt
3 3 3 3

3
+ i et smﬂ dt
9 3

=lj etcosﬁ +ijet sin4t+4co 4t dt
3 3 9 3 3 3

e COS—

25 1 4t 4 , . 4t
—I==e" cos—+—e sin—+c
9 3 3 9 3

I—— 3ﬁ+4smﬂ +C
250 3 3

~3A=4B

Sol 10: (C)

Xp+2q—l + qXp+2q—l _ q(Xq—l + Xp+2q—l) dx

= P+
(xP*9 + 1)

J(p I - gx TP 1
(xP9 1 1)

It is of the form 2¥— 4

u
.. Where u = xP*9 + 1 and v = —xd
v —x4
sI=—+c = +C
u xPHa 41

Sol 11: (B) Let f(x) = t
~f(FHx) = x
~f(t) = x
J‘ffl(x)dx
jtdx = jtf'(t)dt
= tf() - [f(t)dt = tf() - gt
= f1(x) (x = g)(F*(x))
1/3

Sol12: (B) | ————— | dx
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1/3

=.[ 1 4/3xisd
)
let 14 =t - tdx—dt
X X
- It41/3 X%dt - 5 t_lf resmgthrc
3

Sol 13: (A) I = [e"sin2xdx
When u = x

I:IexsinZde :J.ex(sin2x+2c052x—2c052x)dx
= jex(sin2x+2c052x)—2jex €Os2X

= _[e"(sian +2c0s2x)
—ZJeX (cos2x —2sin2x + 2sin2x)dx
51 = jex (sin2x + 2 cos 2x)dx
—ZIeX(COSZX — 2sin2x)dx
= e*sin2x — 2e*cos2x + ¢
When u = sinx
I= IZeSi”X cosxsinxdx

Put sinx = t ... cosxdx = dt

sI= ZItetdt which is solvable

Previous Years' Questions

3 5
Sol 1: (C) Let 1= jwdx
sin x +sin® x

B J- (cos’x + cos?)-cos xdx
(sinzx +sin*x)

Put sinx =t = cosx dx = dt
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2y
4

J‘[l t

. 1-t?2+1-2t2 +t*
=1 £ +*

t? +t*

dt

—JZ 3t% + t?

Using partlal fraction for,

2_

M=1+A+i(wherey:t2)
y(y+1) y y+l1

=>A=2B=-6

.y2—3y+2_1 2 6
y(y+1)

y y+1

Eqg. (i) reduces to,

jdt = t—%—Gtan‘l(t)+c

. 2 .
=sin X — —— — 6 tan™}(sinx) + ¢
sinx

Sol 2: (A) Given,f(x) = forn>2
(L+xMY"
T .
[L+fOO" ™ @+ 2xMM"
and fff(x) = — >~
(1 +3x")n
X
~g(x) = fofo..of (x) = —————
7 n times 1 +nx" )1/n
- 2,n-1
LetI:an_zg(x)dX:I& - iJ’M
(1 +nxML/n 22 @+ nxmtn
1 dd 1+nx")
) 29 @+ nxmm
11
~I= @L+nx") n+c
n(n-1)
X
Sol 3: (C) Since, I = —dx
(© '[ e re? +1
3x
e
J= | —————dx
J.1 +eX 4™
3x X
~J=1= (e —e) dx

2

1+e” +e¥

Pute*=u = e*dx = du

2
ayor= [N gy
1+u?+u?
G P )
—j u du =I—udu
1+ 42 1Y
+ [ 1
u u
Putu+ — =t
u
[1—32}1 gt = [0
u t° -1
t-1 1 u—u+1l
= —log|——|+c==lo +C
2 T|t+1 2 7|t +u+l
1 e —e" +1
= —log
2 Tle®4+e*+1

3

Sol 4: Given, f(x) = J‘(Mde
X

On differentiating w.r.t. x, we get

. 2sinx—sin2x  2sinx( 1 -cosx
f'(x) = =
x> X x°
. 2sin? X
Ilmf (x)=lim2 (ﬂ] 2
—0 x—0 X X2

sin? X

=4-1-lim =1

0 2) |
X—> 4{"]
2
Sol 5: (i) LetI = N1+sin5dx
) 2

=1= .[\/COSZ£+sin2£+25in£cosidx
4 Ty

=1I= .[ cos£+sin£ dx
4 4

= 4sin£—4cos£+ C
4 4



2
X
(ii) LetI = dx
jv1—x
Putl-x=1t"= —-dx = 2t dt

2\2
oA
t

28
= —2j(1 22 4+th)dt = -2 t-2 v B 4c
3 5

= _2{\/1_x —%(1—x)3/2 +%(1—x)5/2}

Sol 6: Let I = I(e'°9X+ sinx)cosx dx
= J(x+sinx)cosx dx

~ 1= jxcosx dx+%j(sin2x) dx

COos 2X

= (x-sinx—jl-sinx dx) —

. COs2x
= XSiNX + COSX — +C

(x=1)e¥ d
(x+1)°

Xx+1-2
I= *d
- J{(x+1)3 }e "

Sol 7: Let Izj

o fe

Applying integration by parts,

1 -2
— LaX X, d
{(x +1)2 ¢ je (x +1)3 X}

(x+1) (x+1)

e
-2|e* = +c
I (x+1)>3 (x+1)°
dx dx
Sol 8: Let I= =
J‘XZ(X +1)3/4 I 5 3( 1]3/4
X x| 1+—
W4

Putl+x*=t= —isdxzdt
X

—_ . +
B4 4 1/4

1/4
'.I=—1J‘ dt 1 t
4
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1/4 4 1/4
= _(14—%) +C= _&4_(:

1-x
1+\/_

Put x = cos?0 = dx =-2sin6cos6d6

1= /1 00 | 26in0cos0)de
1+cos0

—than— sinbcos0 do = —2.[25|n g cos0 do

Sol 9: Let Izj

= —2I(1—cose) cos0do = —ZI(cose—cosze) do

- —zjcose de+j(1+cosze) de

= -2sin0+0+ sin26 +cC

= —24J1-x+costx +4/X(A=x) +cC

sint x—cos‘lx/;d
sintv/x +cos™

sin”? x—(n—sin‘1 x/;j
2
= .[ dx

T

2
= zJ(Zsin‘l X—E]dx
T 2

= iISin_l\/;dX—X+C (i)
T

Sol 10: Let 1= j X

Now,_[sin_lx/; dx
Put x= sin?0 = dx = sin20
= je-sinze do

= 9C0529+J cos20 do

= —9c0526 + lsin29
2 4

- _%6(1—251n2 6)+%sin6 1-sin’0

= —%sin‘lx/;(l—ZxH%x/;\/l—x (i)

From Egs. (i) and (ii), we get
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T

= z[\/x—x2 —(1—2x)sin’1«/;}—x+c
T
\COs 2X

sinx

Izi{—%(l—Zx)sin‘1 x+%\/x—x2}—x+c

Sol 11: Let 1= j dx

_ J-\/coszxz—sinzx i :Im »

sin‘x

Put cot x = sec® = —cosec?xdx = secOtan0d0

sl= J‘\/secze—l . sech-tanb do

—(1+sec29)
a2
_ _J~ secO tazn Ode
1+sec 0
sin’ 0

= - |————do
'[cose+cos36

2
_ _,[ 1-cos 62 do
cosO(1 + cos“0)

2 2
B _I(1+cos 0) —2cos Ode

cosO(1+ cosze)

= —Isece de+2]ﬂ do

1+cos’0

= —log|secO+tan0 | +2Jﬂd9

2-sin’0

> where sin@ =t

1 |\/§+sin9|

=-log|secO+tan0|+2- I

2z N2 —sine|
cotx + Vcot? x —1‘

1 \/§+wl1—tan2x
+ —logl—————|+cC
2 o

:—Iog|sec9+tan9|+j dt
2—

=-log

1 —tan’x

6
Sol 12: LetI:j[ 1 +In(1+\/;)de

A1=1 41,
1 In(1+9/;)
where Il = j(m]dx B IZ = jm

dx

1
Now, I, = || ——— |dx
Put x = t? = dx = 12t''dt

11 8
1 :12jt—dt= 12jﬂ
! 13 t+1

=12j(t7—t6 -ttt +t—1)dt+12j£
t+1

8 47 46 5 44 3 .2
:12t (AR S A A A ¢
8 7 6 5 4 3 2

———+———+———+——1J+12Iog (t+1)

In 1+ ¥x)
And 12 = J’{W}dx

Put x = u® = dx = 6u° du

12 = IMGUS du = J'M . 6u5 du

u+ud u2(1+u)

w-1+1
u-+

log(1l + u)du= 6[[ Jlog(l + u)du

6-[ (u+1)

GI[UZ —u+l—u—J1r1J log(1 + u)du

log(l+ u)
6l -u+1 _ef 22T
I(u uH+ )log (1‘||' u)du 6_[ wiD du

6 oo
=03 75 "Ulog( + u)

203 -3u? +6u 1
(£ =2 "M qu—6= 2
1 u > [log(1l + u)]

= (2u3-3u? + 6u) log (1 + u)

—J.(Zuz —5u+£}du—3 [log(1 + u)?
u+l

= (2u3-3u? + 6u) log (1 + u)

208 5,
=- T_Eu +11lu-11log(u+1) |-3 [log(l + u)]?

= %Xz/s _%sz +oxl/2 _BXS/M NEVVERpL

- 6xY6 - 12x*? + 12 log (x**2+1)
+ (2X1/2 — 3x¥3 + 6X1/61111/1) IOg(1+ X1/6)

_[gx”z —gxmllxl/6 —-11llog (1+x1/6)



-3 log 1+ x¥%)]> + ¢

3,23 12 912 A 12 5o
2 7 3 5
+%X1/3 _ Ayl _ 7516 _19y1/12

+(22 =3x13 —6xY® +11)log(1 + xM®)

+ 12log(1 + x*?) — 3[log(1 + x¥9)]% + ¢

Sol 13: X3 +3x 42 :x3+2x+x+2
T +1DA(x+1) (X +DA(x+1)
x(x +1)+2(x+1) X 2
°+1°%(x+1) (¥ +1)(x+1) (x2 +1)°
. Ax+B C
Again, = +
o +1)(x+1) (¥ +1) (x+1)

=Xx=Ax+B)(x+1)+C(x*+1)
Putting x = -1,we get-1 =2C = C=-1/2
Equation coefficient of x?, we get
0=A+C=> A=-C=1/2

Putting x = O,we obtain

0=B+C=B=-C=1/2

X 43x+2 x4l 1 2
% +1)°(x+1) 2(x*+1) 2x+1) (x*+1)
3

'.Izj X* +3x+2

x* +1)%(x +1)

x+1

- 2

j><+1 2 x2+1 I(><2+1)2

—1= —%Iog [x+1| + %Iog [x2+1] + %tan‘lx + 21 ...(1)

dx
where Il = jm

Putx = tan® = dx = se29d@

L J- sec’ 0do

) 1
= |cos*0d0 ==|(1+cos20)do
(tan® 0 + 1) j 2'[

tano
1+ tan? 0)

1 9+£sin26 =le+1~
2 2 2 2

1 -1 1 X
—tan " x+—- 2
2 2 (1+x3)
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. From Eq. (i)

1 1 3
I=-=log [x+1] + =log |[x*+1| + =tanx + +C
5 g [x+1| 2 g [x* +1f >

x°+1

Sol 14: Let 1= .[sin‘l [ 2x+2 J dx

V4x% +8x+13

2X+2 }dx

ISIn [\/(2x+2) +9

Put 2x + 2 = 3 tan® = 2dx = 3sec?0do

3tan0 J 3

.'.I:jsin‘l(— -2sec’0do
\V9tan’0+9
= J'sin'l 3tan6 éseczede

3secO) 2

= J'sin‘:L _sinb -Eseczede
cosO-secd) 2

3¢. 1, . 2

= EJ'sm (sin0)-sec”0 do
3 5 3

- —je-sec 0do =—[e-tane—j1-tane do]
2 2

= g[etanﬁ—log secO]+c

3| y(2x+2) (2x+2 2x+2Y
==|tan . —log,|1+ +G
2 3 3 3
2
:(x+1)tan1(2X;2J_§Iog{l+[zx3+2] ]+c1

=(x+1)tan! (%) —Elog(4x2 +8x+13)+c

N

4

(Iet%log?: +¢ = c]

Sol 15: For any natural number m, the given integral
can be written as,
I= j(x3m +x2m

+XM)2x3™ 4 3x2M + 6x™Y™ dx

=1= J'(Zx3m +3x°M 4 x™)L/M(x3ML 4 x2mL 4 M1y dy

Put 2x3™ + 3x?™ + 6x™ =t
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= (6mx™ + 6mx?™ ! + 6mx™)dx = dt . [ 1 tzJ
» EZA ST
.-.Izjtlxmizi.tm_ 1 {
6m 6m (1 -
[+1j (secx+tanx)11/2
m
1 (m+1)

= —— (M3 6xT) M 4

6(m+1)
Sol 16: (C)

= #dx=f ; dz where z=¢"
X *+1 z"+z+1

e +e*+1
sec’ x
Sol 17: (€) 1= [——————~dx
(secx +tanx)A

Let secx+tanx =t
=secx—tanx=1/t

secx(secx+tanx)dx =dt S

secxdx:ﬂ,l t+l = secx
t 2 t

3

t+-

Izlj( 9t at =1j(t%+t%}it
2° % ot 2

_t*%ﬂ t*1%+1

_2+1_E2+1
L 2

/2 N (7

1
11

1
+_
7

(secx+tanx)z}+k.



