20. Geometric Progressions

Exercise 20.1

1. Question

Show that each one of the following progressions is a G.P. Also, find the common ratio in each case :

(i) Leta=4,b=-2,c=1.

In GP, b?=ac
=>(-2)2=4.1
=24=4

. -2 -1
Common ratio =r = ~ =3

(i) Leta = ? b =-6,c=-54.

In GP, b2=ac

-2
3

= (—6)*=—x —54

= 36 = 36
-6
Common ratio=r= = =9
3

(i) Leta=a,p = 32 o ==
4

In GP, b2=ac

2
33 9a?
4 16

9a* _ 9a*

4 16

=
Common ratio -1 — & 3a
a

(iv)Leta = 2 p = 2
2 3

In GP, b2=ac

2
1 1 2
:(_) =32%3
3 2 9



Common ratio = r =

| e
I
wi | ra

2. Question

-
Show that the sequence defined by a, = ;n_n € Nis a G.P.
3’

Answer
Putn=1,2,3,4...

a1, ap, a3, a4

4
= — = —
81 81

So, It is GP.

Common ratio = ¢ =

[ERNS SR
|
Wl

3 A. Question
Find:
the ninth term of the G.P. 1, 4, 16, 64, ....

Answer

T,=ar"1

~Tg = 4.(4%1)
=4.48

= 49

- The 9 term is 4°

3 B. Question

Find:
% ]
the 10" term of the G.P. _‘_‘i__l_: IIIII
42 39
Answer
T,=ar"!
3 = 2
- . _2__“
a = 4 T == 3
4



“Tem 2(2)

4 3

-3 2°

= — X —

x 3
27
=¥

~.The 10 term is 2,

39
3 C. Question
Find:

the 8th term of the G.P., 0.3, 0.06, 0.012, ....

Answer
T, =ar"!
6
3 _wm_2
100’ 2 10
10
8-1
STe 2 (2
8 100(10)
3 27
= — ¥ —
100 107
3.27
100

. The 10 term is 32,
10%

3 D. Question

Find:
the 12th term of the G.P. Lax, a2, x°, ...
3 _3
a’ x
Answer
T,=ar"1
1 ax
_ _ N
a=_gr=—7-=ax
a¥x3
. 1 _
O ppe — (a*x*)i2-1
_ 44711
= g (a*x*)
— 241,41
- The 12 term is a*1x41,
3 E. Question
Find:
1

nth term of the G.P. \Ei —

NERENERN



Answer

T,=ar"1
1
_ _ A3 _
a=vVv3ir=-"—==-
V3

-1
.. The n term is /3 (E)n :
3 F. Question

Find:

1

“ "\|||"\

the 10th term of the G.P.\E.

1\]

Answer

T, =ar"!

“Tio= V3 G) 10-1

V2
T 512
1

T 256v2

1
—.

25642

.. The 10 term is

4. Question

o
Find the 4t term from the end of the G.P. .~ _

7

veeees 162,

|t

WO | kD

Answer

Nth term from the end is given by,

n—1
N— (2
1(;)
Where | = last term, n = nth term, and r = common ratio.

L = last term = 162

common ratio = 1 = =3

ﬂlu}alu

n=4

4-1
SN = 162@)
=>N=162x—

=26



. 4™ term from last is 6.

5. Question

which term of the progression 0.004, 0.02, 0.1, ....

Answer

T,=ar"1

2

a=—., =20 —5,T,=12.5,n=?
1000" —
1000

. 4 n—1
125 = moox (5)

= z n
— 125X10

3
3

= 5™ = 15625
=>n=6
6 A. Question

Which term of the G.P. :

1 1 1 5
I 27427 512

Answer

=28 =2048

=n=11

6 B. Question

Which term of the G.P. :
2,2v2,4,...1s128?

Answer
T, =ar"!
22
a=2r = %= \E,Tn= 128n ="

r128 =2 x (V2)"

=64vV2 = (V2)"

Is 12.57



=>n=13
6 C. Question

Which term of the G.P. :

V3.3.3/3... is 7297

Answer
T, =ar"!
f 3 [2
a=v3r = == V3, Tn=729n=7
V3

7729 =3 x (V3)"
729 = (V3)"
=>n=12

6 D. Question

Which term of the G.P. :

Answer
T, =ar"l
1
1 5 1. 1 ,
73T TT73 ' T Joggz’ " T
3

.1 1 syt
S =%x|=
19633 3 \3

7. Question

517
Which term of the progression 18, -12, 8, ... is = 12 9

729

Answer
T,=ar"1

—-12 -2 . 512
18 3™ 729

n—1

a =181 = ,n=7?

= 512 _ (E)“
19683 3
=>n=9

8. Question



Find the 4th term from the end of the G.P. l
-

Answer

Nth term from the end is given by

=iy

Where, | = last term, n = nth term, and r = common ratio.

L = last term = %

374
= 1
commonratio = yr = £ =-
3 3
n=4
N=_1 X (3)4—1
4374
1
=N=27x—
4374
1
=
162

. 4th term from last is ——.
162

9. Question
The fourth term of a G.P. is 27, and the 7th term is 729, find the G.P.

Answer

T, =ar1

a=a, r=7T,=27n=4
a=a, r=7T,=729 n=7
n27 =artl

=27 =a.r’..(1)

5729 = ar’l

=729 = a.r%..(2)

Divide (2) by (1) we get

=]

= 729 _ar
27 ar?

=»r3=27

=r=3

Substituting rin 1 we get

a=1

~GP=1,3,9...

10. Question

The seventh term of a G.P. is 8 times the fourth term and 5th term is 48. Find the G.P.

Answer



T, =ar1
In the GP, the 7th term is 8 times the 4th term. So
ar® = 8ar3, or

r3=8orr=2.

art = 48,
a.16 = 48
a=3

The firsttermis 3 andr = 2

~GP=3,6,12, ...

11. Question

If the G.P.’s 5, 10, 20, .... And 1280, 640, 320, ... have their nth terms equal, find the value of n.

Answer
GP is given by
a, ar, ar?, -, ar-1

In the sequence 5, 10, 20, 40, ...

First term,a =5

10

Common ratio, r = 5 :

Equate the term to be found with the nnth term.
ar"1=1280

5 x 21 =1280

21 = 256
n-1=8
n =9

=~ 9t term is equal.

12. Question

If 5th, 8th and 11t" terms of a G.P. are p, q and s respectively, prove that a2 = ps.
Answer

T,=ar"1

According to the question,

=T =ar?

=Tg=a.r’

=Ty, =a.rif

To Prove: g%=p.s

>Ts=art=p



=>Tg=ar’ =q

=Ty = a.r0=s

q?= (a.r’)?2 = a2.r14...(1)

p.s = (a.r¥)(a.r'%) = a2.r14...(2)

- from (1) and (2) we get

= g2=p.s

Hence, Proved.

13. Question

The 4th term of a G.P. is square of its second term, and the first term is -3. Find its 7th term.
Answer

a=-1

Ty = (T)?
T,=ar1
~a.rd = (ar)?

r3=a.r?

T, =ar’"1

= (-1).r°
=-1.(-1)®
=-1.

14. Question

In a GP the 3™ term is 24, and the 6 term is 192. Find the 10th term.

Answer
T,=ar"1

a=a, r=?T,=24n=3

a=a,r=?T,=192n=6

n24 =arl

=24 = a.r’..(1)

5192 = a.rbl

=192 = a.r...(2)
Divide (2) by (1) we get

-1
= 192 ar”

24 ar?
>r3=8

=>r=2



Substituting r in 2 we get

a==6

Tyg = 6.210-1

= 6.2°

= 3072.

15. Question

If a, b, ¢, d and p are different real numbers such that :

(@2 + b? + c?)p? - 2(ab + bc + cd) p + (K? + c? + d?) < 0, then show that a, b, c and d are in G.P.
Answer

We observe that the left side of the inequality could be written like:
(@ap - b)2 4 (bp - c)2 + (cp - d)2 = 0 as each of these 3 terms is a
perfect square.......... (1)

But by the given condition:

(@ap-b)? + (bp-c)2+ (cp-d)P?=0.... (2)

Therefore the conditions (1) and(2) can be satisfying iff the sum, (ap - b)2 + (bp - ¢)2 + (cp - d)?2 = 0 which is
possible iff each of the terms,

(ap-b) = (bp - c) = (cp - d) is equal to zero. So,

ap-b=0,0ra/b=k.

bp-c=0.0rb/c =k.

cp-d=o, Ora/d =k.

Therefore, a/ b = b/c = c¢/d = k the common ratio of the terms a, b, ¢, and d.
So a,b,c,and d are in geometric progression .

16. Question

fathx Db+ex c+dx

= (X = 0}_then show that a, b, ¢, and d are in G.P.
a—-bx b-cx c¢c—-dx

Answer

a+bx  b+ex  c+dx
Given: i bx  b-cx  c-dx

To Prove: a, b, c,and d are in G.P
Proof:
Applying componendo and dividend to the given expression, we get,

at+bx+a—-bx b+x+b—cx cH+dx+c—dx
atbx—a+bx b+x—b4+cx c+dx—c+dx




Clearly, a, b, ¢, and d are in G.P.
Hence, Proved.
17. Question

1

p oo
If the pt" and gt terms of a G.P. are g and p respectively, show that (p + g} term is [q_}p 4 |
P

=]

Answer
Given: pth and gth terms of a G.P. are g and p

Formula Used: T, = ar™!

So, we get,
q=arl. (1)
p=ardl. (2)

)7

To Prove: arP*a-! — (
pq

Proof:

Divide (1) by (2), we get

Substituting we get,

19

»a=p (E)P_q
L.H.S = arP*a-l
1-q p+g-1
LHS=p (E)P'q X (ﬂ) e
P P
1—g+p+g—1

P\ p—g
L.H.S= (q—)P !

pq
L.H.S = R.H.S

Hence, Proved.



Exercise 20.2
1. Question
Find three numbers in G.P. whose sum is 65 and whose product is 3375.

Answer

Let the three numbers be 2 3, ar.
r
. According to the question

=>§ +a+ ar = 65 ...(1)

=Zxaxar = 3375 ...(2)
From 2 we get,

= a3 = 3375

~a=15.

From 1 we get,

2
at+ar+ar
=—— =65

:
=a+ar+arf = 65r...(3)
Substituting a = 15 in 3 we get
= 15 + 15r + 15r2 = 65r

= 15r2 - 50r + 15 = 0...(4)
Dividing (4) by 5 we get
=3r2-10r+3=0
=3r2-9r-r+3=0
=23r(r-3)-1(r-3)=0
~r=3orr=1/3

. Now the equation will be

»=,1515 x 30r , 1515 -
3

= 5,15,45 or 45,15,5.

. The three numbers are 5,15,45.

2. Question

Find three number in G.P. whose sum is 38 and their product is 1728.

Answer

Let the three numbers be 15 a,ar.
. According to the question

=>§ +a+ ar = 38...(1)

= 15 xaxar = 1728 ...(2)

From 2 we get



=a3=1728
Sa =12,
From 1 we get

2
a+ar+ar
=3TATH _ g5

.
=a+ar+ ar? = 65r...(3)
Substituting a = 12 in 3 we get
=12 + 12r + 12r2 = 38r

= 12r2 - 26r + 12 = 0...(4)
Dividing (4) by 2 we get
=6r2-13r+6 =0
=6r2-12r-r+6=0
=6r(r-2)-1(r-2)=0
sr=2o0rr=1/2

. Now the equation will be
»=,12,12 X 20r 12,12 X 7

2
=6,12,24 or 24,12,6.
.. The three numbers are 6,12,24.

3. Question

3’
The sum of first three terms of a G.P. is 1: , and their product is - 1. Find the G.P.

12

Answer

Let the three numbers be 2 3 ar.
.

.. According to the question

=§ +a+ar=—..1)

=>§x axar = —1...(2)
From 2 we get
=a’l=-1

~a=-1

From 1 we get

- 2
— atar+ars E

r T o1z
= 12a + 12ar + 12ar? = 13r...(3)
Substitutinga = - 1 in 3 we get
=12(-1)+ 12(-1)r+ 12(-1)r? = 13r

=12r2 + 25r+ 12 =0



=12r2 + 16r + 9r + 12 = 0...(4)
=24r(3r+4) +3(3r+4)=0

cr="2orr=22
4 3

. Now the equation will be

-1 -3 -1 —4
==,—1,—1 XT or —,—1,—1 X?
a a

4 3 3 4
=5 —Ljor ,—17

4 3
.. The three numbers are > —1,;.

4. Question

The product of three numbers in G.P. is 125 and the sum of their products taken in pairs is 8?1. Find them.
-

Answer

Let the three numbers be 15 a,ar.
.. According to the question

= 15 xaxar = 125 ...(1)

From 1 we get

a3 =125
SLa=5.

175
=§xa+axa1'+al‘x§= TJ

sa+ar+a’=1"
2

Substituting a = 5 in above equation we get
=5+ 5r+25 =272
2

=>5r=E‘_30
2

175-60
10

= r =

232
=217 = —
2
5 23
= 57, 9,D X?
z
1

0 _ 115
23f5f

2

are the three numbers.

5. Question

The sum of the first three terms of a G.P. is 39
10

, and their product is 1. Find the common ratio and the terms.

Answer

Let the three numbers be 2 3 ar.
.

. According to the question



=>§ +a+ ar ==—..(1)

=>1—Ef><a><ar =1..(2)
From 2 we get
sal=1

Sa=1.

From 1 we get

a+ar+ar® 39
r T

=

= 10a + 10ar + 10ar? = 39r ...(3)
Substituting a = 1 in 3 we get

= 10(1) + 10(1)r + 10(1)r? = 39r
=10r2-29r+ 10 =0

= 10r2 - 25r - 4r + 10 = 0...(4)
=5r(2r-5)-2(2r-5)=0

Lr=zorr=

| ra
Ba | L

. Now the equation will be

1 2 1 5
>z, 11x>or=, 11 xg

o
b3

~. The three numbers are® 1 2.
2 5

6. Question

The sum of three numbers in G.P. is 14. If the first two terms are each increased by 1 and the third term
decreased by 1, the resulting numbers are in A.P. Find the numbers.

Answer

Let the three numbers be 15 a,ar.
. According to the question

=>§ +a+ ar = 14

=a+ar + ar’ = 14r...(1)

First two terms are increased by 1, and third decreased by 1
15 +la+ lar—1

The above sequence is in AP.
We know in AP.

2b=a+c

f2@+ ) =ar—1+32+1

31‘2 +a

=2a+ 2 =

r



=2ar+2r=ar’+a
=arl-2ar+a=2r..(2)

Dividing 1 by 2 we get

2
— @+ar+ar _ l4r
ar?i-2ar+a 2r
2
=>1+r+r -7
ri-2r+1

>1+r+r2=7r2-14r+7
=6r2-15r-6=0
=6r2-12r-3r-6=0
=6r(r-2)-3(r-2)=0
=(6r-3)(r-2)=0
=r=2o0rr=1/2.

Substituting r = 2 in 2 we get
= a(2)?-2a(2) + a =2(2)
=4a-4a+a=4

=a=4

Substituting r = 1/2 in 2 we get
= a(1/2)? - 2a(1/2) + a = 2(1/2)
=a=4

.. substituting a and r we get the numbers as 2,4,8.
7. Question

The product of three numbers in G.P. is 216. If 2, 8, 6 be added to them, the results are in A.P. Find the
numbers.

Answer

Let the three numbers be E a, ar.
. According to the question
=>§>< axar = 216 ...(1)

= a3 =216

=a==6

2,8,6 is added to them

g + 2,a + 8,ar + 6

The above sequence is in AP.
We know in AP.

2b=a+c
=>2(a+8)=§+2+m-~+6

Substituting a = 6 in above equation we get,



=>2(6+8)=§+2+6?-+6

=98 — 6+ 61 +8r

= 28r =6+ 6r2 + 8r
=6r2-20r+6=0
=6r2-18r-2r-6=0
=6r(r-3)-2(r-3)=0
=>(6r-2)(r-3)=0
=2r=3o0rr=1/3.

. Now the equation will be

[ [ 1
=>§,6,6X30?'T,6,6X§

2

=2,6,18 or 18,6,2

. The three numbers are 2,6,18.

8. Question

Find three numbers in G.P. whose product is 729 and the sum of their products in pairs is 819.

Answer

Let the three numbers be 2, g, ar.
r

. According to the question

=>§>< axar = 729 ...(1)

From 1 we get

= a3 =729

Sa=09.

=>§><a: +axar + a:?'xg = 819
=a+ar+ a2 =819

Substituting a = 9 in above equation we get
=9+ 9r + 81 =819

=9r=729

=r =381

é, 9,729 are the three numbers.
9. Question

The sum of three numbers in G.P. is 21, and the sum of their squares is 189. Find the numbers.

Answer

Let the three numbers be a, ar, and ar?

. According to the question

=a+ar+ar=21



a(l+r+rd) =21

Squaring both sides we get,

a(1 +r+r?)?=(21)2....(1)

And from the second condition,

a? + a%r?2 + a%r* = 189

a2(1 +r? +r%) =189.....(2)
Dividing both the equations we get,

a(1+r+1r?)? 21

a2(1+r2+7%) 9

1+r+r? 7

7 _r+1-3
Cross multiplying we get,

3+3r+32=7r2-7r+7

4r2-10r+4=0

2r2-5r+2=0

Factorizing the quadratic equation such that, on multiplication, we get 4 and on the addition, we get 5. So,
2r2-(4r+nN+2=0

2r(r-2)-1(r-2)=0

(2r-1)(r-2)=0

r=1/2,r=2

Putting the value of r in equation 2 we get,

Atr =2,

a?(l+r2 +r% =189

a(1 + 4 + 16) = 189

a2=E

21
aZz=9
a==3
Atr=1/2
2(1+1+1)—189
a 4 16/~
2(21) 189
a — | =

16

189 x 16
al=——

21

a2=9x 16
a=3x4=12

The numbers are:

1,9,810r81,9,1



Exercise 20.3

1 A. Question
Find the sum of the following geometric progressions :
2,6,18,...to 7 terms

Answer

CommonRatio=r== = 3

ra |

.. Sum of GP for n terms = at"-1) ...(1)
r—1

=2a=2,r=3,n=7
. Substituting the above values in (1) we get

= 2(37-1)
3-1

=37-1

= 2186

1 B. Question

Find the sum of the following geometric progressions :
1,3,9, 27, ..to8terms

Answer

Common Ratio=r== = 3

= |

. Sum of GP for n terms = art-1) ..(1)
r—1

=a=1r=3,n=28
- Substituting the above values in (1) we get

= 1(3°-1
3-1

= (3%8-1)/2
= 3280
1 C. Question

Find the sum of the following geometric progressions :

1 1 1
LL—— - —...
2 4 8
Answer
Common Ratio = r = ___i _ -1
1 2
. Sum of GP till infinity = li (1)
r




U
vl

wWle

1 D. Question

Find the sum of the following geometric progressions :

. 3 a —b
(a”-b° }.(a—b}.[( ]‘,,,tonterms
' a+b
Answer
= (aZ-b* _ (a+hb}a-b)
Common Ratio =r o) (=b) =a+ b

.. Sum of GP for n terms = at"-1) ...(1)
r—1

=»a=(aZ-b?), r=(a+b),n=n
.. Substituting the above values in (1) we get

- (aZ—b2)((a + b)-1)
a+b-1

1 E. Question

Find the sum of the following geometric progressions :

4,2,1, l ..... to 10 terms.
]

Answer

. 1
Common Ratio =r = 3

S

.. Sum of GP for n terms = art-1) ..(1)
r—1

=2a=4,1 = i,n=10
.. Substituting the above values in (1) we get,

(G

1
1
2

—4x235%2
—1x256

=

253

32

2 A. Question

Find the sum of the following geometric series :
0.15 + 0.015 + 0.0015 + ... to 8 terms;
Answer

Given expression can also be written as

- 15 15 15
100" 102" 104"

15
Common Ratio =r =12 — 1g

lo00



.. Sum of GP for n terms = at"-1) ...(1)
r—1

-4 =2 r=10,n=8
1040

.. Substituting the above values in (1) we get
o 22 (10°-1)
10-1

= 15%(10°-1)
100%9

=3 Al
= (10%-1]
60

2 B. Question

Find the sum of the following geometric series :

\E—%— 2\15 +....to 8 terms;
Answer

1
Common Ratio=r=317= _

.. Sum of GP for n terms = a(rt-1) ...(1)
r—1

2a=v2,r = ;,n=8
.. Substituting the above values in (1) we get
. 2
L@ )
21

—2%255x%2
—1x256

=

o 2552
128

2 C. Question

Find the sum of the following geometric series :

+ to5terms;

| W

| —

el [ 5]
| =

Answer
z

Common Ratio=r==2. = —=
=

.. Sum of GP for n terms = at"-1) ...(1)
r—1



253

32

2 D. Question

Find the sum of the following geometric series :

X+Y)+ 2 +xy+y2)+ 0+ x2y+xy2+y3) +....tonterms;
Answer

LetS,= (X +y) + (X2 +xy +y2) + 63 + X2y + xy?2 + y3) + .... to n terms

Multiplying and dividing by (x - y) we get,

(X -y) Sp = (X2 -y2) + 3 + X2y + xy? - x%y - xy? - y3..upto n terms
(X -Yy)Sp= (X2 + X3 + x*+...n terms) - (y2 + y3 + y* +...n terms)
We know that,

Sum of GP for n terms = a-1)
r—1

We have two G.Ps in above sum, so,

(x - Y)Sn= yx2 [E] _ yz E]

x—1 y—1

Hence, 5, = - [x2 () - y2 (£2)]

X—y x—1 y—1

2 E. Question

Find the sum of the following geometric series :

_______4_””to 2n terms;

.. Sum of GP for n terms = art-1) ...(1)
r—1

.. Substituting the above values in (1) we get

2n

LEHE) )

- 3x((§)2n—1]x4

5x11

- 12x({§)2n—1]

2 F. Question

Find the sum of the following geometric series :



d d d d

I+i (1+4)° (1+1)  (1+i)"

Answer

a

Common Ratio=1 = 43— =1 + i
(1+1)2

.. Sum of GP for n terms = art-1) ...(1)
r—1

2a=—r=1+in=n
1+1

.. Substituting the above values in (1) we get

o Ta@+D"-1

1+i-1

- a((1 +1)0-1)
(1 +i)xi

= al(1 +9)"-1)
i-1

2 G. Question

Find the sum of the following geometric series :

1,-a, a2 -a3, ....tonterms (a #1)
Answer
Common Ratio = = _Ta = —a

. Sum of GP for n terms = art-1) ...(1)
r—1

2a=1r=-a,n=n
- Substituting the above values in (1) we get

= 1((=a)"-1)
—a—-1
= —1((=a)"-1)

a+1

2 H. Question

Find the sum of the following geometric series :

x3, x>, x7, ... to n terms

Answer

. =
Common Ratio =r =% _ y2

X
.. Sum of GP for n terms = at"-1) ...(1)
r—1

2

sa=x3,r=x4n=n

.. Substituting the above values in (1) we get

n

= x*((x*) -1
x2—1

LBHn_.3

x2-1

2 1. Question



Find the sum of the following geometric series :

VF E 3,\;': to n terms

Answer

Common Ratio = r =¥2% _ V3

\-'?

[y

.. Sum of GP for n terms = art-1) ...(1)
r—1

2a=vV7,r=v3,n=n

.. Substituting the above values in (1) we get

= V7((V3) " 1)
V3-1

= V7 ({ \E} " 1}
V3—1

3 A. Question

Evaluate the following :

Answer

The given expression can also be written as
= 21111= 12+ Ellllz 13.1‘1...(1)

=¥ali2 =220V E5_ja = kal

Now this term is in GP.

3,9, 27...to 11 terms

S Common Ratio=r== = 3

w o

.. Sum of GP for n terms = at"-1) ...(2)
r—1

=2a=3,r=3,n=11
.. Substituting the above values in (2) we get

o 3(3%-1)
3-1

= 531438/2

= 265719.

Now, Adding both these we will get the required solution.
" 22 4+ 265719

= 265741

3 B. Question

Evaluate the following :

ST

k=1



Answer

The given expression can also be written as
= IEo. 26+ ZEo, 300

= Z;:: 1 zk

Now this term is in GP.

2,4, 8...ton terms
.. Common Ratio =1 = g =2

.. Sum of GP for n terms = at"-1) ..(2)
r—1

=2a=2,r=2,n=n

.. Substituting the above values in (2) we get,

= 2(2"-1)

2-1
= N+ 1_ 2.
= Z;:: 1 3(k_l]

Now this term is in GP.
1, 3,9...ton terms

S Common Ratio=r== = 3

oW

.. Sum of GP for n terms = at"-1) ...(2)
r—1

.. Substituting the above values in (2) we get,

n_
- 1(3"-1)
3-1

=13 -1
2
Now, Adding both these we will get the required solution.

:2n+1_2+$(3n_1)

=>%(311_1) + 211+1_2

3 C. Question

Evaluate the following :

Answer
=T34
Now this term is in GP.

16, 64, 256...to 10 terms

. 64
.. Common Ratio =r = = 4



.. Sum of GP for n terms = at"-1) ...(1)
r—1

=2a=16,r=4,n=10
.. Substituting the above values in (1) we get

- 16(41°-1)
4-1

= 5592400

4 A. Question

Find the sum of the following series :
5+ 55 + 555 + ... to n terms.
Answer

Taking 5 in common we get

51+ 11 + 111 + ....n)

Now Multiply and Divide by 9 we get

=2x9(1 + 11 + 111 + .)
=2(9 +99 + 999 + ..)
=2((10— 1) + (100 —1) +..+ (10" — 1)

=>§(10 + 100 + 1000..+10")— (1 + 1 + 1+..n)

Now First term is in GP.

10, 100, 1000...to n terms

- Common Ratio =r = %’ - 10

.. Sum of GP for n terms = at"-1) ...(1)
r—1

=2a=10,r=10,n=n
.. Substituting the above values in (1) we get

n_
-, 10(10"-1)
10-1

= % (10% — 1)
For the second term the summation is n.
2 5f10 . on _
--9(9(10 1)) n
0102 —1) =32n.
= (10" —1) !
4 B. Question
Find the sum of the following series :
7+ 77+ 777 + ... to n terms.
Answer

Taking 7 in common we get

7(1 + 11 + 111 + ....n)



Now Multiply and Divide by 9 we get

=Ix9(1 + 11 + 111 + .)
=2(9 +99 + 999 + .)
=2((10— 1) + (100 —1) +..+ (10" — 1)

=2(10 + 100 + 1000..+10") — (1 + 1 + 1+..n)

Now First term is in GP.

10, 100, 1000...to n terms

.. Common Ratio = r = %’ - 10

.. Sum of GP for n terms = art-1) ..(1)
r—1

=2a=10,r=10,n=n
.. Substituting the above values in (1) we get

n_
-, 10(10"-1)
10-1

10, a0 _
=2 (10— 1)

For the second term the summation is n.

-'-2[@(10“ - 1)) ~ 1

= 2(10"—1) —In

4 C. Question

Find the sum of the following series :
9+ 99 + 999 + ... to n terms.
Answer

Taking 9 in common we get

9(1+ 11+ 111+ ....n)

Now Multiply and Divide by 9 we get,

=2x9(1 + 11 + 111 + ..)
=2(9 + 99 + 999 + ..)
=§((10—1) + (100 — 1) +..+ (102 — 1)

=§(10 + 100 + 1000..+10")—(1 + 1 + 1+..n)

Now first term is in GP.

10, 100, 1000...to n terms

. Common Ratio = r = %’ - 10

.. Sum of GP for n terms = a(rt-1) ...(1)
r—1

=2a=10,r=10,n=n



- Substituting the above values in (1) we get

n_
_, 10(10"-1)
10-1

= (10" —1)

For the second term the summation is n.
(? (10" — 1)) —n

= %(10“— 1) —n.

4 D. Question

Find the sum of the following series :
0.5 + 0.55 + 0.555 + .... to n terms
Answer

Let

S=0.5+0.55+ 0.555 + ..... n terms
Taking 5 as common we get,

S =5(0.1+0.11 + 0.111 + ...nterms)

Multiply and divide by 9

=2x9(0.1 + 0.11 + 0.111 + ..)
=§(0.9 + 0.99 + 0.999 + ..)
=’§((1— 0.1) + (1—0.01)+..4(1—0.001) +..nterms

=>§[(1 + 1+ 1+..n)—(0.1 + 0.01 + 0.001 +..nterms

Nowl+1+1+.n=n

For 0.1 + 0.01 + 0.001 + ..nterms

~.Common Ratio=r=2% _ %
0.1 10

.. Sum of GP for n terms = at"-1) ...(1)
r—1

1
=>a=0.1,r=_,n=n
10

.. Substituting the above values in (1) we get

=) -)

For second term the summation is n.

A (@)

=5 TR
-n——|{—~) —1
g s1l\10

4 E. Question



Find the sum of the following series :
0.6 + 0.66 + 0.666 + .... to n terms.
Answer

Let

S=0.6+0.66 + 0.666 + ..... n terms
Taking 6 as common we get
S=6(0.1+0.11 + 0.111 + ...nterms)

Multiply and divide by 9

=2x9(0.1 + 0.11 + 0.111 + ..)
=2(0.9 + 0.99 + 0999 + ..)
=2((1—0.1) + (1-0.01) +..+ (1—0.001) +..nterms

=2[(1+ 1 + 1+..0)— (0.1 + 0.01 + 0.001 +..nterms

Nowl+1+1+.n=n

For 0.1 + 0.01 + 0.001 + ..nterms

: 0.01 1
S.Common Ratio=r=— = —
0.1 10

- Sum of GP for n terms = art-1) ...(1)
r—1

sa=01r=21n=n
10
.. Substituting the above values in (1) we get

= 04((%)]1_1]
ﬁ—1

=) -)

For second term the summation is n.
2o+ (2(@)-)
~on— ) -1

5. Question

How many terms of the G.P. 3 é ;% Be taken together to make 3069?
2 4 512
Answer
Given:
Sum of GP = 22¢°
512

.. Common Ratio=r =

wpim
|
SN

a=3

To find: Number of terms = n.



Sum of GP for n terms = a-1)

r-1
1 n
- 3069 _ 3((;) ‘lj
512 I
2

n
— 3089 - 1- (E)
512x3x2

n
w300y _ (2
3072

n
>3 _ _ (E)
3072 2

6. Question

How many terms of the series 2 + 6 + 18 + .... Must be taken to make the sum equal to 728?
Answer

Given:

Sum of GP =728

.. Common Ratio =r =

S

=3

a=2

To find: Number of terms = n.

Sum of GP for n terms = @
=728 = 2671
3-1
=728=3"-1
=729 = 3"
- 36 = 3n
~.n = 6.

7. Question
How many terms of the sequence \E 3. 3,\;'5. .. must be taken to make the sum 39 _13,.J§?
Answer

Given:

Sum of GP =39 + 13v3

. Common Ratio =r = % =43
J

a=v3

To find: Number of terms = n.

a(r?-1)
r—1

Sum of GP for n terms =



faz0_
=39 + 13y3 = S22
e

= (39 + 13V3)(vV3-1) = V3(3" - 1)

=39y3 -39 + 39— 133 = V3(3" - 1)

=26V3 =+v3(3"-1)

=27 =3"

=n=3.

8. Question

The sum of n terms of the G.P. 3, 6, 12, ... is 381. Find the value of n.
Answer

Given:

Sum of GP = 381

S Common Ratio=r== = 2

[

a=3

To find: Number of terms = n.

Sum of GP for n terms = @
- 381 = 20U
2-1
=127 =2"-1
=128 = 2"
=27 =N
an=7.

9. Question

The common ratio of a G.P. is 3, and the last term is 486. If the sum of these terms be 728, find the first
term.

Answer
Given: Common Ratio = 3

Sum of GP = 728

a(r®-1)
r-1

Sum of GP for n terms =

Last term say it be n

STp=ar1

= 486 = a3"" !

=486 = a.2
3

= 1458 = a.3" ...(1)

a(r®-1)
r—1

=728

a(3t-1)
2

=728



= 1456 = a.3" - a...(2)
Subtracting 1 from 2 we get

= 1458 - 1456 = a.3"-a.3"+ a
=a=2.

. The first term is 2.

10. Question

The ratio of the sum of the first three terms is to that of the first 6 terms of a G.P. is 125 : 152. Find the
common ratio.

Answer

a(r?-1)
r—1

Sum of GP of 3 terms = 125

Sum of GP for n terms =

a(r-1)
r—1

=125 =

=105 — A1) (1)
r—1
Sum of GP of 6 terms = 152

a(r®-1)
r—1

=152 =

=152 = %“.(2)

Dividing 1 by 2 we get

_ aird-1)
= 125 _ =
152 aire—1})
r—1
125

152 ro—1

125 r¥-1
=

152 (r?-1)r? +1)

= 125r3 + 125 = 152

27
125

ﬁrg =

11. Question

The 4th and 7th terms of a G.P. are iand L respectively. Find the sum of n terms of the G.P.

‘\"' ""\9
Answer

Nth term of GP is T, = ar" -1

=21 _ 273,01

27
Nth term of GPis T, = ar" -1
= = ar®.(2)

729

Divide (1) by (2)



Substituting in 1 we get

a=1
Sum of GP for n terms = ae?-1)
r—1
a=1r= 1, n=n
3
1 n
- 1((5) ‘1J
3—1
n
- 3(5)
-2
n
- -3(5) 1
2
12. Question
Find the sum :
n=1

£167-(6)

Answer
We can write the above expression as:

The given expression can also be written as

-z, ()7 e ()@

2 35

Now for the first term is in GP.

= 1§§ ...upto 10 terms
. Common Ratio =r = i _1
1 2
- Sum of GP for n terms = 2071 .(2)
r-1

=>a=1,1-=§,n=10

.. Substituting the above values in (2) we get,

L)
E
=3
=2 (—mL )
1
1023
=
512

Now for the second term is in GP.



-1 1 1  _uptol10terms
2537125 625

1
- Common Ratio =y = 1z= =
25

[

.. Sum of GP for n terms = art-1) ...(2)
r—1

ﬁ:::—i,r = , = 10

43
|

.. Substituting the above values in (2) we get
1 1 10
:E((g) -1)
-1
13
>-(3) -n
20
Total sum
= 1_023 n —(E) -1)
512 20

13. Question

The fifth term of a G.P. is 81 whereas its second term is 24. Find the series and sum of its first eight terms.

Answer

Nth term of GPis T, = ar" - 1
Ts = a.r

81 =a.r*...(1)

Nth term of GPis T, = ar" - 1

T, =art

24 = a.rl...(2)
Divide 1 by 2

=531 _
24 art

>rd = 2

3
=T = -

2
Substituting rin 2 we get,
a=16
.. The series is 16, 24, 54, ...

.. Sum of GP for n terms = at"-1) ..(1)
r—1

=>a=16,r=§,n=8

.. Substituting the above values in (1) we get,



- 16x2x6303
256

= 788.125

14. Question

If S1, S5, S3 be respectively the sums of n, 2n, 3n terms of a G.P., then prove that §2 + S;2 = 5;(S; + S3)

Question May be wrong.
Answer

a(rt-1)

Sum of GP for n terms S; =
r-1

== (=1 ..(1)

Sum of GP for 2n terms S, = 2="~1)
r—-1

=2 (r*®—-1)...(2)

r—1
Sum of GP for 3n terms S3 = 221 (3)
r-1

=2 (1.311 _ 1)

r—1

Let& — k
r—1

.1, 2 and 3 becomes

S]_ = K(r” - 1)
S, = K(ré" - 1)
S3_ K(r3n-1)

2812 + 8% _ K3(r" - 1)2 + K2(r2" - 1)2

=SK2(r2" 4 1-2." + 4N+ 1-2.2n)

= K2(r4n - r2n . 21" 4 2)

L.H.S = K2(r*" - r2" - 21" 4 2)

S1(Sy + S3) = K(r - 1)[ (K(r2" - 1) + K(r?" - 1))]
= K3(r" - 1)[r?" + 3" - 2]

= k2(r4n - r2" 21" 4 2)

Hence, Proved.

15. Question

Show that the ratio of the sum of first n terms of a G.P. to the sum of terms from (n + 1)th to (2n)th term is
1

T n

Answer

2 n-1
First n terms of GP be a, ar, ar +-+» @l
Fromn + 1 term,

Gp=ar,amtl, . arn-1



a(r® -1

Sum of GP for n terms S; =
r-1

R
Sum of GP for next terms S, = & & 1
r-1
a(rl—1)
5, — arb{rli-1)
r—1
L
Sa arl
-5 _ L
S, o

Hence, Proved.

16. Question

If a and b are the roots of X2 - 3x + p = 0 and c, d are the roots ¥ - 12x + q = 0, where a, b, ¢, d form a G.P.
Prove that (g + p): (g -p) =17 : 15.

Answer

Given that a and b are roots of x2-3x + p =0
=>a+b=3andab=p...(i)

It is given that c and d are roots of x2 - 12x + q = 0
=>Cc+d=12and cd = g...(ii)

Also given that a, b, ¢, d are in G.P.

Let a, b, ¢, d be the first four terms of a G.P.
sa=ab=arc=arrd=ar

Now,

~a+b=3

=a+ar=3

= a(l + r) = 3...(iii)

c+d=12

=ar? +ard =12

=ar’(1l +r) = 12.....(iv)

From (iii) and (iv) we get

3.r2=12
>r2=14
=r==*2

Substituting the value of rin (iii) we geta =1
=>b=ar=2".

c=ark=22=4

d=arP=23=38
=>ab=p=2andcd =4%x8 = 32
=29g+p=32+2=34andgq-p=32-2=30



=q + p:q—p = 34:30 = 17:15
Hence, proved.

17. Question

3 3 3
How many terms of the G.P. 3, = = . are needed to give the sum Z 0'59?
24 512
Answer
Given:
Sum of GP = 29¢°
512

. Common Ratio =r _

w ol
I
[

a=3

To find: Number of terms = n.

I
Sum of GP for n terms = 2 —1)
r—1
1 n
- 3069 _ 3((;] ‘lj
512 I,
2
n
3069 _ (3)
512%3x2 2
n
=306 4 _ _ (E)
3072 2
n
= -3 _ _ (E)
3072 2

18. Question

A person has 2 parents, 4 grandparents, 8 great grand parents, and so on. Find the number of his ancestors
during the ten generations preceding his own.

Answer

The number of ancestors are 2, 4, 8, 16....it is in GPcommon ratio =r = g = 2a = 2and n = 10Sum of GP for
a(r-1)
r—1

=a=2,r=2,n=10

n terms =

.. Substituting the above values in (1) we get

= 2(2*°-1)
2-1

=2(1024 - 1)
= 2(1023)

= 2046

19. Question

If S1. Sy, ...., Sy are the sums of n terms of n G.P.’s whose first term is 1 in each and common ratios are 1, 2,



3, ...., nrespectively, then prove that

S1+S,+253+ 35+ ...(n-1)S,=1"+2"+ 3"+ ...+ n".

Answer

S1 = n [First term is 1, common ratio 1; sosumtonterms =1+ 1+ 1+ --=nlii) S2=(2"-1)/(2-1) = (2" -
1)iii) Sz =(3"-1)/2iv)Sa=(4"-1)/3..v)S0,S1+S2+2S3+3S4+----+(n-1)S"==n+(2"-1) + (3~-1)
+@4"-1)+------- +(n"-1)=n+(-1-1-1...ton-1lterms)+ (2"+3"+4"+ ...+ n")=n-(n-1) +

2" +3"+4"+....+n)=1+2"+3"+4"+ ...+ n")=1"+ 2"+ 3"+ 4" + .... + n" [Proved]
20. Question

A G.P. consists of an even number of terms. If the sum of all the terms is 5 times the sum of the terms
occupying the odd places. Find the common ratio of the G.P.

Answer

Let there be n terms.

a,ar,ar?, ar3, ..o arn-2 gm-1

The sum of a G.P. = a(r-1)
r—1

0Odd terms of the sequence are:

a,ar?, art., arn-2
; . (z)2
So sum of this series = a(r'*’2-1)
ri-1
"
- a(r'-1)
ri-1

According to the given problem:

n n
= a(r'—-1) _ a(r'—-1)
r-1 5X r¥-1

1 1
ﬁ; - 5><(1‘+ 1)(r—1)
=r+1=5
=>r =4,

21. Question

100 100
Let aj, be the nth term of the G.P. of positive numbers. Let Z a,, =dand Z a,, _1 =P.such that o = B.
n=1 n=1

Prove that the common ratio of the G.P. is a /B

Answer

Let a be the first term and r be the common ratio of the G.P.
Given: ¥i%a,, = aand ¥i%a,, , =B

Explanding the summation we get,

10a,,=az2tag+tag+....ccoo. axpp =
ar+ard +ar +......... +arl? = ¢
100
ar (%) e, (1)
Also,
104, ,=a1+taz+tas+..... + ajg9 = B



at+arf+art 4. + arl9 =

a(({l_i;jm])= B rreerrnnnnniennn, (2)

From equation (1) and (2), Dividing them we get,

r=-—

B

Hence, Proved.
22. Question

Find the sum of 2n terms of the series whose every even term is ‘a’ times the term before it and every odd
term is ‘c’ times the term before it, the first term being unity.

Answer

Let T indicate a term of the progression.T; T, T3, ..., T, ...T2hT1 = 1T, = aT3 = caTy = c.a2T5 =

2 J27 ik _ K k

ct.a“Tiifkis even = - -1
Zn Zn
Ton=37.c7 7t
T2n =a" Cn—l
Soph=1l+a+ca+ca?+cla?+c2ad....a"c""l1=1+[a+ca?+c2ad...+a"c" " 1]1+[ca+
I

c2.a? + c3.a3..... +c"-1.an-11The sum of a G.p. = 2 —1)

r-1
Fora + c.a? + c2.a3.... + a".c" -1
a=a,r=can=n
= dca"-1)
ca—1
For [ ca + c2.a? + c3.a3..... +cn-1an-1]
a=car=can=n

n_
= ca(ca"—1)

ca—1
a(ca-1) ca(ca1)

ca—1 ca—1

.. The required result = 1 +

= alca™1) + ca(ca™ 1) + ca—-1

ca—1
Exercise 20.4
1 A. Question

Find the sum of the following series to infinity :

Answer

We observe that the above progression possess a common ratio. So it is a geometric progression.

Commonratio=r=3 _ —1
1 3

Sum of infinite GP = —— ,where a is the first term and r is the common ratio.
1-r

Note: We can only use the above formula if |r|<1



Clearly,a=1andr =_?1

sum = :
= sum =773y

1 B. Question

Find the sum of the following series to infinity :

8+ 4.2 +4+ ...

Answer

We observe that the above progression possess a common ratio. So it is a geometric progression.

ral
|~

Common ratio = r = *¥2 _

8 WV

ral

Sum of infinite GP = 2 ,where a is the first term and r is the common ratio.
1-r

Note: We can only use the above formula if |r|<1

1
Clearly,a=8andr = 5
J
8\-‘3
= sum = T = =
1— vZ—-1

1 C. Question

Find the sum of the following series to infinity :
2/5 4 3/5% +2/53 + 3/5% + ...

Answer

We observe that the above progression possess a common ratio. So it is a geometric progression.

2
Common ratio = r =52 = >
5
Sum of infinite GP = —— ,where a is the first term and r is the common ratio.
1-r

Note: We can only use the above formula if |r|<1

2 3
Clearly,a==andr =—
3 10

ST

1 D. Question

Find the sum of the following series to infinity :

10-9+81-729+ ...

Answer

We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = r = —2
10

Sum of infinite GP = 2 ,where a is the first term and r is the common ratio.
1-r

Note: We can only use the above formula if |r|<1



Clearly,a=10and r = -
10

10 100

sSsum=—"-79_="—_
—(—= 19
1-(-75)

1 E. Question

Find the sum of the following series to infinity :

Answer

We observe that above progression possess a common ratio, but alternatively , adjacent terms are not
possessing a common ratio. So, it consists of 2 geometric progressions.

’ 3 52 33 54‘ 35 56 -----
1, 1 1 1 1 1
ﬁS=(§‘|'3—3‘|‘3—5‘|""0'C')‘|'(—’_7‘|'—‘;-|-7;-|- ..... 00)
Let us denote the two progressions with S; and S,

nS=51+5;

173733 5

Common ratio =r =

th-‘llr—l|u:;lr—L

Sum of infinite GP = - ,where a is the first term and r is the common ratio.
1-r

Note: We can only use the above formula if |r|<1

Clearly, a = % andr =1/9

Sum of infinite GP = li ,where a is the first term and r is the common ratio.
-Ir

Note: We can only use the above formula if |r|<1

Clearly, a = zi and r = 1/25

2. Question



Prove that :

(9Y/3 . 919 [ 9l/27 | ) = 3.
Answer

Using the properties of exponents:

The above term can be written as
1 1 1
LetS = 9—+—+—+---m ..(1)

3 9 27

We observe that above progression(in power of 9) possess a common ratio. So it is a geometric progression.
1 1 1

Letm=C B cee OO
3 T 9 T 27 T

1
3

Common ratio =r =

Lulr—l|~n|r—l

Sum of infinite GP = 2 ,where a is the first term and r is the common ratio.
1-r

Note: We can only use the above formula if |r|<1

1 1
Clearly, a = 3 andr = 3

=>m = I =i
1—(;] 2

From equation 1 we have,
S=9M =092 =3 =RHS

Hence Proved

3. Question

Prove that :

(2174 418 gl/16 161/32 &) = 2.

Answer

]

1 2 1
Let, S = 5 252125 ..
Using the properties of exponents:

The above term can be written as:

1 2 3
=g = 2¢fet1e ™

Denoting the terms in power with x,
We have-
S = 2therex=3+3+i+ )
4 8 16
Clearly, we observe that x is neither possessing any common ratio or any common difference. But if you

observe carefully you can see that numerator is possessing an AP and denominator of various terms are in
GP

Many of similar problems are solved using the method of difference approach as solved below:

Asx=3+3+i+---oo ..... Equation 1
4 8 16



Multiply both sides of the equation with 1/2,we have-

x_1(1 2 3
z z2\a"8 16"

=>5:E+i+i+---oo....Equation2
2 8 16 32

Subtract equation 2 from equation 1,we have:
X 1 L 2 L 3 L 1 L 2 L 3 L
_ = | — — R e OO — | — R - e OO
*27\a"8" 16 8" 16 ' 32
TIP: Make groups get rid of difference in the numerator
X 1 2 1 3 2
=12+ (G- E-E) e
X 1 1 1
1=+ )+ ()

sx =L (D) (D) e
2 4 g
Clearly, we have a progression with common ratio = 1/2

it is a Geometric progression

Sum of infinite GP = 2 ,where a is the first term and r is the common ratio.
1-r

Note: We can only use the above formula if |r|<1

1 1
Clearly, a = 3 andr = E

=X =

-1

1-(3)
From equation 1 we have,
S=2x=21=2=RHS
4. Question

If S, denotes the sum of the series 1 + P+ r2P + ... to » and Sp the sum of the series 1 - P+ r2P- ... to w,
prove that s, + Sy = 2 Sy,

Answer

Given,

Sp=1+rP+rP+  tow

We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = rP and first term (a) = 1

Sum of infinite GP = 2 ,where a is the first term and k is the common ratio.

Note: We can only use the above formula if |k|<1
As, |r|<1 = |rP|<1 if (p>1)

. we can use the formula for the sum of infinite GP.

=Sy = 1—er ....equation 1

As,sp=1—rp+r2p-...t0c>o



We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = -rP and first term (a) = 1

Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.

Note: We can only use the above formula if |k|<1
As, |r|<1 = |rP|<1if (p>1)

.. we can use the formula for the sum of infinite GP.

1

= Sp = - =
1—(-rP)  1+4rP

....equation 2

As we have to prove - s, + S, = 2 55

From equation 1 and 2, we get-

1 1
Sy + s, =
P Pi—rP " 14rP
Pt1—rP
=S, +sp=—— 1T —__ 2 {using (a+b)(a-b)=a2-b?}
{(1-rP)(1+rP) 1—(rP)2
2
Sp+sp=—
7 op P r2p
1
As S, =
PP

.. following the same analogy, we have-

1

1—r2p 2P

. _ 1
“Sp+Sp=2xX =25y
Hence,

Sp + sp = 2Syp

5. Question

Find the sum of the terms of an infinite decreasing G.P. in which all the terms are positive, the first term is 4,
and the difference between the third and fifth term is equal to 32/81.

Answer
Let a denote the first term of GP and r be the common ratio.

We know that nth term of a GP is given by-
an = ar™!

As, a = 4 (given)

And a5 - a3 = 32/81 (given)

= 4r4 - 4r? = 32/81

= 4r?(r? - 1) = 32/81

=r2(r? - 1) = 8/81

Let us denote r2 with y

- 8ly(y-1) =8

=81ly2-8ly-8=0



Using the formula of the quadratic equation to solve the equation, we have-

= —(-81)+/81%-4(-8)(81)

y
16
= 814+ 6561—-2592 — 81163
162 162

~y =18/162 = 1/9 ory = 144/162 = 8/9

=r2=1/9 or 8/9

As GP is decreasing and all the terms are positive so we will consider only those values of r which are
positive and |r|<1

== oor —

** Sum of infinite GP = ik ,where a is the first term and k is the common ratio.

Note: We can only use the above formula if |k|<1

.. the sum of respective GPs are -

4 12
Sl=ﬁ=?=6{sumofGPf0rr=1/3}

4 12
S, = l_%g = 3 2,7 {sumof GP for r = (2v2)/3}

6. Question

Express the recurring decimal 0.125125125 ... as a rational number.
Answer

Let,

x = 0.125125125 ....equation 1

As 125 is the repeating term, so in all such problems multiply both sides of the equation with a number such
that complete repetitive part of number comes after the decimal.

. multiplying equation 1 with 1000 in both sides, we have -
1000x = 125.125125125... ... equation 2

Subtracting equation 1 from equation 2,we get-

1000x - x = 125.125125125... - 0.125125125....

=999x = 125

s x = 125/999

7. Question

Find the rational number whose decimal expansion is () 423

Answer
Let,
X = 0.4233333333..... .... equation 1

As 3 is the repeating term, so in all such problems multiply both sides of the equation with a number such
that complete repetitive part of number comes after the decimal.



- multiplying equation 1 with 100 in both sides, we have -

100x = 42.3333333333... ... equation 2

Subtracting equation 1 from equation 2,we get-

100x - x = 42.3333333... - 0.423333333...

= 99x = 41.91 {as letter terms gives zero only 42.33-0.42 gives result}
s x =41.91/99

=X = 4191/9900

Note: We can also solve these problems using geometric progression, but the above method is much
simpler.

8 A. Question

Find the rational numbers having the following decimal expansions :
0.3

Answer

Let,

x = 0.33333333.....

x =0.3+4+0.03 +0.003 +...w

=x = 3(0.1 + 0.01 + 0.001 + ... )

=>x=3(i+L+_1 _|_og)

10 100 1000

We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = 1/10 and first term (a) = 1/10

Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.
1__

Note: We can only use the above formula if |k|<1

.. we can use the formula for the sum of infinite GP.

1

0 1
:X=3X17_{’1:3><—:—
l_{-ﬁ) 9 3

8 B. Question

Find the rational numbers having the following decimal expansions :

0.231

Answer

Let,

x = 0.231231231231.....

x = 0.231 + 0.000231 + 0.000000231 + ...

= x = 231(0.001 + 0.00001 + 0.0000001 + ...« )

1 1 1
:X=231(F+F+F+w)

We observe that the above progression possess a common ratio. So it is a geometric progression.



Common ratio = 1/1000 and first term (a) = 1/1000

Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.
1__

Note: We can only use the above formula if |k|<1

.. we can use the formula for the sum of infinite GP.

1
1005 _ 53q x L 231
1 999 999

=X =231x%

11000
sox = 231/999
8 C. Question

Find the rational numbers having the following decimal expansions :

k|

3.5
Answer

Let,

x = 3.522222222 .....

x = 3.54+0.02 + 0.002 + 0.0002 + ...

=X = 3.5+2(0.01 + 0.001 + 0.0001 + ...» )

=x=35+2(+ 42 4. o)
100 1000 10000

=>x=35+2S

1 1 1
WhereS = — 4+ —
100 1000 10000

We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = 1/10 and first term (a) = 1/100

Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.
1__

Note: We can only use the above formula if |k|<1

.. we can use the formula for the sum of infinite GP.

1
=S = IE? — _E_ — JE
l—{EE) a0 90

s x = 3.5+ 2(1/90)

= X = (35/10) + 1/45 = (315+2)/90 = 317/90

8 D. Question

Find the rational numbers having the following decimal expansions :
0.68

Answer

Let,

x = 0.688888888888.....

x = 0.6+0.08 + 0.008 + 0.0008 + ...»

= x = 0.6+8(0.01 + 0.001 + 0.0001 + ...« )



=x=06+8(+ 424 o)

100 1000 10000

=2Xx=0.6 +2S

1 1 1
WhereS = — 4+ — + 4.0
100 1000 10000

We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = 1/10 and first term (a) = 1/100
Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.
1__

Note: We can only use the above formula if |k|<1

.. we can use the formula for sum of infinite GP.

Ss=_dm _ 1 _1
—{(— a0 90
1 {'10)

~.x = 0.6 + 8(1/90)

=X

(6/10) + 4/45 = (54+8)/90 = 62/90

9. Question

One side of an equilateral triangle is 18 cm. The mid-points of its sides are joined to form another triangle
whose mid-points, in turn, are joined to form still another triangle. The process is continued indefinitely. Find
the sum of the (i) perimeters of all the triangles. (ii) areas of all triangles.

Answer

As the midpoints of the triangles are joined successively to get another term and this is being a repeatedly
infinite number of terms.

So we will be having an infinite number of side length for an infinite number of triangles.

Let AABC represents the equilateral triangle with side 18 cm.

D,E and F are the midpoints of side AB,BC and AC respectively

And thus ADEF represents another equilateral triangle.

We can find the length of DE using midpoint theorem of triangles.

If the midpoint of the 2 sides of a triangle are joined, it is parallel to the third side and is equal to 1/2 of it.
L+DE=1/2 x18=9cm

Similarly triangle inside DEF will have side = 9/2, and so on for other triangles.

We need to find sum of perimeters of all the triangles.

Sum of Perimeter of all the triangles = P(say)

P =3x18 4+ 3%x9 + 3%(9/2) + 3%x(9/4) + ...

=>P=54+27(1+1/2+1/4+..»)

=P =54+ 27S

WhereS=(1+1/2+ 1/4 +...0 )

We observe that above progression possess a common ratio. So it is a geometric progression.

Common ratio = 1/2 and first term (a) = 1

Sum of infinite GP = ik ,where a is the first term and k is the common ratio.
1__

Note: We can only use the above formula if |k|<1



.. we can use the formula for sum of infinite GP.

1
= S = 1 — 2
1—(,5)

S P=54+427%x2 =54+54 =108
. Sum of the perimeters of all the triangles is 108 cm
We need to find sum of Area of all the triangles.

Sum of Perimeter of all the triangles = A(say)

As the area of an equilateral triangle is given by - \EE ,where | represents the length of side of triangle.
4

4 4 4 16

V3x9®
4

SA=V3x81+ = (14242 + o)

= A= J§><81+81J§G+i+i+ oo)
=P =81V3(1+1/4 + 1/16 +...0 )

=P =81V3S

Where S’ = (1 + 1/4 + 1/16 +...0 )

We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = 1/4 and first term (a) = 1

Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.

Note: We can only use the above formula if |k|<1
. we can use the formula for the sum of infinite GP.

1
=S = =

1-(3)

S

T

~ A =813 x ‘5‘ =108v3

. Sum of the Area of all the triangles is 108v3 cm?

10. Question

Find an infinite G.P. whose first term is 1 and each term is the sum of all the terms which follow it.
Answer

As we have the first term of GP. Let r be the common ratio.

s wecansay that GPis1,r,r2,r3 ... «

As per the condition, each term is the sum of all terms which follow it.

If a;,a, , ... represents first, second, third term etc

. we can say that:

aj=ay+az+tag+ ..

>l=r+r2+r+. .o

Note: You can take any of the cases like a, = a3 + a4 + .. all will give the same result.

We observe that the above progression possess a common ratio. So it is a geometric progression.



Common ratio = r and firstterm (a) = r

Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.
1__

Note: We can only use the above formula if |k|<1

.. we can use the formula for the sum of infinite GP.

=r=1-r

s2r=2o0rr=1/2

Hence the series is 1, 1/2, 1/4, 1/8, 1/16...............
11. Question

The sum of the first two terms of an infinite G.P. is 5, and each term is three times the sum of the succeeding
terms. Find the G.P.

Answer

Suppose the 1st term is a and the common ratio is r.

. we can say that GP looks like: a ,ar ,ar?,...

According to question:
a+ ar=>5..equation 1

Also, a; = 3(ay+az+ag+...o) {you can take any other combination}

= a = 3(ar+ar’+ar3 + ...o)

=>1=3(r+rP+r+..»)

We observe that above progression possess a common ratio. So it is a geometric progression.

Common ratio = r and firstterm (a) = r

Sum of infinite GP = Lk ,where a is the first term and k is the common ratio.

Note: We can only use the above formula if |k|<1
. we can use the formula for the sum of infinite GP.

Therefore

From equation 1:
at+ar = a(l+r) = 5.

So,



=2a=4
. GPis(4,1,1/4,1/16, ...))
12. Question

Show that in an infinite G.P. with common ratio r (|r] < 1), each term bears a constant ratio to the sum of all
terms that follow it.

Answer
Let a be the first term of GP.

Given common ratio =r

. we can write GP as : a ,ar ,ar? ,ar3 ...

We need to proof that: each term bears a constant ratio to the sum of all terms that follow it.

ar a I‘2

. a
Means: =S = 3 =+~ constant
ar+ar<+--- ar<+ar<+--- ars+ar~+---co

Proving for each and every individual term will be a tedious and foolish job.
So we will prove this for the nth term, and it will validate the statement for each and every term.

Nth term is given by ar™1,

arn—l

To prove: = z(say a constant)

arllfarl+ly..co

We know that sum of an infinite GP is given by:

Sum of infinite GP = ik ,where a is the first term and k is the common ratio.

sam+armtly o =ar(l+r+r? +..0)

. _ 1 ar®
sum = gpn (L) = 2

1-r 1-r
Hence,
ElI'n_ 1 arn—l 1 —r
= - = = constant
ar®* +ar®*! 4 ... o0 ar? r

1-r
As the ratio is independent of the value of each and every term
And hence we say that it bears a constant ratio. Proved.
13. Question

If S denotes the sum of an infinite G.P. and S; denotes the sum of the squares of its terms, then prove that
_ _ , 2SS, SR
the first term and common ratio are respectively — and —.
S+ 51 5+ Sl

Answer

Let a be the first term, and r be the common ratio.

According to the question-

at+ar+arf+..0=5

=S = a(l+r+ri+...)

We observe that the above progression possess a common ratio. So it is a geometric progression.

Common ratio = r and firstterm (a) = 1



Sum of infinite GP = ik ,where a is the first term and k is the common ratio.

Note: We can only use the above formula if |k|<1

a
~S=7_..equation 1

Also, as per the question

S;=aZ+a%rl+aZrt+ ..»

=S; = a2 (1+r2+r*+...»)

We observe that above progression possess a common ratio. So it is a geometric progression.

Common ratio = r? and first term (a) = 1

Sum of infinite GP = ik ,where a is the first term and k is the common ratio.

Note: We can only use the above formula if |k|<1

a a a

=51 = (1-r)(141) T i-r X (1+1)

From equation 1,we have-

as
=S1 = {4 ----€quation 2

Dividing equation 1 by 2, we get-

a
1-r

Sy

| w
w

1+r

52 _ 1+r

®s, 1-r

= (1-r)S2 = (1+1)S;
=52-5,=r(52+S)

2

S _Sl
Sor =

§2+5,

Put the value of r in equation 1 to get a.

255,
a= 52+5_|_

Exercise 20.5
1. Question
If a, b, c are in G.P., prove that log a, log b, log c are in A.P.

Answer



If a, b, care in GP

b c . .
=~ = . = COmmONratio ----- (i)
a

We know,
loga-loghb = logE {property of logarithm}
and according to equation (i)
b c
= log; = logE
=logb-loga=Ilogc-logb
= 2log b =log a + log c {property of arithmetic mean}
Hence they are in AP. ...proved
2. Question

1
If a, b, c are in G.P., prove that are in A.P.

log, m log, m log.m

Answer

Given:

a, band c arein GP

- b2 = ac {property of geometric mean}

Taking log on both sides with base m -

logy, b? = logy, ac

= logy, b% = logy, a + logy, ¢ {using property of log}
= 2logy, b = logy, @ + log, € ...equation 1

Note: If three numbers a,b and c are in AP,we can say that -
2b=a+c

As equation 1 matches the form above, So

= logy, a, logy, b and log,, c are in AP. ...(1)

Now, applying base changing formula we get

1
logya

= logyb =

. Applying base change on 1, we get

1 1 1 )
= arein A.P

log,m log,m log_m

Hence, proved

3. Question

Find k such that k + 9, k - 6 and 4 form three consecutive terms of a G.P.
Answer

Leta =k + 9; b = k—6;

c=14



Since, a, b and c are in GP, then

b2 = ac {using idea of geometric mean}
= (k—6)2 = 4(k + 9)

= k? - 12k + 36 = 4k + 36

= k?-16k =0

=>k=0o0ork=16

4. Question

Three numbers are in A.P., and their sum is 15. If 1, 3, 9 be added to them respectively, they from a G.P. Find
the numbers.

Answer

Let the original numbers be
a,a+d,and a + 2d

According to the question -
a+a+d+a+2d=15
=3a+3d=150ra+d=5

=>d=5-a

After the addition, the three numbers are:
a+l,a+d+3,anda+2d+9

they are now in GP, that is -

=>a+d+8 a+2d+9

a+1 T oa+d+s

=>(@a+d+3°%=(a+2d+9)a+1)
=»a’+d?’+9+2ad+6d+6a=2a+a+2da+2d+9a+9
=(5-a)Y-4a+4(55-a)=0
=25+a’-10a-4a+20-4a=0
=a%-18a+45=0
=a’-15a-3a+45=0
=a(a-15)-3(a@a-15=0
=a=3o0ra=15

~d=5-a

d=5-3o0ord=5-15
d=2or-10

. The numbers are 3,5,7 or 15,5, -5
5. Question

The sum of three numbers which are consecutive terms of an A.P. is 21. If the second number is reduced by
1 and the third is increased by 1, we obtain three consecutive terms of a G.P. Find the numbers.

Answer

Let the original numbers be



a,a+d,and a + 2d

According to the question -
3a+3d=21lora+d=7.

>d=7-a

After the addition, the three numbers are:
a,a+d-1l,anda+2d+1

they are now in GP, that is -

=>a+d—1 _ a+2d+1

a a+d-1

=>(a+d-12~a(a+2d+1)
=a?+d?+1+2ad-2d-2a=2+a+2da
=(7-a)¥-3a+1-2(7-a)=0

=49 +a’-14a-3a+1-14+2a=0
=a%-15a+36=0
=a?-12a-3a+36=0
=a(a-12)-3(@-12)=0
=2>a=3o0ra=12

Ld=7-a

d=7-3o0rd=7-12

d=4o0r-5

.. The numbers are 3,7,11 0or 12,7,2

6. Question

The sum of three numbers a, b, cin A.P. is 18. If a and b are each increased by 4 and c is increased by 36,
the new numbers form a G.P. Find a, b, c.

Answer

Let d be the common difference of AP
L“b=a+d;c=a+ 2d.
Given:a+ b +c=18
=>3a+3d=18o0ra+d =6.

=d=6-a

After the addition, the three numbers are:
a+4,a+d+4,anda+ 2d + 36

they are now in GP, that is -

a+d+4 a+2d+ 36

=

a+4d a+d+4

(@+d+42=(a+2d+36)a+4)
=>a2+d?+ 16 + 8a + 2ad + 8d = & + 4a + 2da + 36a + 144 + &d

=d?-32a-128



=(6-a)>-32a-128=0

=36 +a’-12a-32a-128=0
=a’-44a-92=0
=a’-46a+2a-92=0
=a(a-46) +2(a-46)=0
=a=-20ra=46

As,

d=06-a
~d=6-(-2)ord=6-46
d=8or-40

~.numbers are - 2, 6, 14 or 46, 6, - 34
7. Question

The sum of three numbers in G.P. is 56. If we subtract 1, 7, 21 from these numbers in that order, we obtain
an A.P. Find the numbers.

Answer

Let the three numbers be 15 a,ar
. According to the question

=>§ +a+ ar = 56...(1)
=a+ ar + ar? = 56r
=a(l+r+r?) = 56r

>4 = 25" (2)
1+r+r2

Subtracting 1,7,21 we get,

=>§— 1,a—7,ar— 21
The above numbers are in AP

If three numbers are in AP, by the idea of the arithmetic mean, we can write 2b =a + ¢
~2@-7) =3-1+ar-21

=2ar-1l4r=a-r+ar?-21r

=arl-8r+a-2ar=0

=a(r-2r+1)=8r

From (2) we know the value of a

= 36T

. =r'-2r+ 1) = 8r
=56(r2-2r+1)=8(L+r+nr)
>7(r2-2r+1)=(1+r+nr
=>7r2-14r+7=1+r+1

=>6r-15r+6=0



=6r2-12r-3r+6=0
=26r(r-2)-3(r-2)=0
=r=2o0rr=3/6=1/2
Whenr =2 = a = 16 {using equation 1)
r=1/2=a=16
. the three numbers are (a/r, a, ar) = (8,16,32)
Or numbers are - (32,16,8)
8 A. Question
If a, b, c are in G.P., prove that :
a(b? + c?) = c(a? + b?)
Answer
Now, as a,b,c are in GP.
Using the idea of geometric mean we can write -
~b? =ac...(1)
Put in the LHS of the given equation to be proved -
LHS = a(ac + c2) {putting b2 = ac}
= LHS = aZc + ac?
= LHS = c(a? + ac)
Again put ac = b2
= LHS = c(a? + b?) = RHS
S L.HS =R.HS
Hence proved
8 B. Question
If a, b, c are in G.P., prove that :
azbzcz[%_%_%]:{ R
a- b ¢
Answer
Now, as a,b,c are in GP.
~b? =ac..(1)

Put in the LHS of the given equation to be proved -
= 42 2(t .t , 1
= LHS =220 (S + = + 3)

_ 1 1 1
=S =at.c (5 + 5+ 5)

> LHS = 3 4 ¢

b2

+ a3

S LHS = (3 4 897 | 3

b3



= LHS =3 4 :_: + 32 {putting b? = ac }

= LHS = a3 + b3 + c3 = RHS ...(Hence Proved)
8 C. Question
If a, b, carein G.P., prove that :

(a—b—c)z _a+b+c

a-+b"+¢- a-b+c

Answer
As

a, b, carein G.P, let r be the common ratio.

Therefore,
b=ar... (1)
c=ar?..(2)

To prove: (a+b+c)* a+b+c
a? +b® +c? a-b+c

As, LHS = a+b+c)?

a® +b* +c2

3 3
= LHS = (a+ ar + al‘z} _ {1+1‘+1‘Z}
a? +a%% +a2r* 1412 +1°

= LHS = C:1+1'+1‘2}2 _ l[1+1'+1‘2}Z

1+ 2r% 4+ r*-r® (1 +r2)2—r2

(1+r+ 1'2}2 (1+r+ 1'2}2 (1+r2+71)
= LHS = = =

(1+1r2)%-r? (1+r2+r)(1+r2-r) (1 +r2-r)

As. RHS _atb+c  a@d+ri+r) _ LHS

a-b+c a(l +r2-1)
Clearly, LHS = RHS
Hence proved
8 D. Question

If a, b, c are in G.P., prove that :

1 1 1

Answer

Now, as a,b,c are in GP.

Using the idea of geometric mean we can write -
~b? =ac..(1)

Put in the LHS of the given equation to be proved -

o LHS = PP +a’-b?

bZ(aZ_bZ]
= LHS = 2

b2aZ—p4
> LHS =__

b2a2—g2¢2



1
b2 —c2

= LHS = = RHS

Hence Proved.

8 E. Question

If a, b, c are in G.P., prove that :

(@ + 2b + 2¢) (a-2b + 2¢) = & + 4c2.
Answer

As,

a, b, carein G.P, let r be the common ratio.
Therefore,

b=ar..(1)

c=ar..(2)

To prove: (ab + bc + cd)® = (a + 2b + 2¢) (a - 2b + 2¢) = & + 4c?
As, LHS = (a + 2b + 2¢) (a - 2b + 2¢)

= LHS = (a + 2ar + 2ar?)(a - 2ar + 2ar?)
= LHS = a?(1 + 2r + 2r?)(1 - 2r + 2r?)

= LHS = a2 (1 + 4r% + 4r* - 4r?)

= LHS = a?(1 + 4r%)

And RHS = a? + 4a°r% = a%(1 + 4r%)
Clearly, LHS = RHS

Hence proved

9 A. Question

If a, b, ¢, d are in G.P, prove that :

ab—cd a+c
b —c- b

Answer
a, b, c,darein G.P.

Let r be the common ratio.

Therefore,
b=ar...(1)
c=ar?..(2)

and d = ar®...(3)
If somehow we use LHS and Make it equal to RHS, our job will be done.

we can manipulate the LHS of the given equation as -

= LHS — ab—cd

b2—¢2

Put the values of a,b,c and d from equation 1,2 and 3



a(ar)—ar®)(ar®)  a’r-a*r®

= LHS = =
(ar)2—(ar?)? aZrZ_aZpd
= LHS = afri-r*) (1 +rH)a-r?
a?r?(1-r?) - r(1-r2)
= LHS = &+r%)

T

Multiplying a in numerator and denominator -

-2 -z
=>|_HS=;3(2L+1]= a+ar
ar ar

Again from equation 1, 2, and 3, we can see -

LHS = 3*ar® _ a+c— RHS . hence proved
b

ar
9 B. Question

If a, b, ¢, d are in G.P, prove that :
(@a+b+c+dP=(a+bP+2b+c)+(c+dp?
Answer

a, b, c,darein G.P.

Therefore,

bc=ad... (1)
b2 =ac ... (2)
c2=bd...(3)

If somehow we use RHS and Make it equal to LHS, our job will be done.
we can manipulate the RHS of the given equation as -

Note: Here we are manipulating RHS because working with a simpler algebraic equation is easier and this
time RHS is looking simpler.

RHS = (a + b)® + 2(b + ¢)? + (c + d)?

= RHS = a2 + b% + 2ab + 2(c? + b2 + 2cb) + 2 + d? + 2cd
= RHS = a2 + b2 + ¢ + d? + 2ab + 2(c2 + b? + 2cb) + 2cd
Put c2 = bd and b? = ac, we get -

= RHS = a? + b2 + c? + d? + 2(ab + ad + ac + cb + cd)

You can visualize the above expression by making separate terms for (a + b + ¢)2 + d? + 2d(a + b + ¢) = {(a
+b+c)+d}2

= RHS = (a + b + c + d¥ = LHS
Hence Proved.

9 C. Question

If a, b, ¢, d are in G.P, prove that :
(b+c)(b+d)=(c+a)(c+d)
Answer

a, b, c,darein G.P.

Therefore,



bc =ad ... (1)
b2 =ac... (2)
c2=bd... (3)

LHS = b2 + bd + bc + cd

= LHS = ac + bd + bc + cd {on substituting value of b2 } ...

RHS = c? + cd + ac + ad

= RHS = bd + cd + ac + bc {putting value of 2} ...(2)

From equation 1 and 2 we can say that -
LHS = RHS Hence proved

10 A. Question

(1)

If a, b, c are in G.P., prove that the following are also in G.P. :

a2, b2, 2

Answer

As a, b, carein G.P.

Therefore

b? = ac ... (1)

We have to prove a2, b2, cZ are in GP or
we need to prove: (b?)2 = (ac)? {using idea of GM}
On squaring equation 1 we get,

= b* = ac?

= (b%)? = (ac)?

Hence a2,b?,c? are in GP.

10 B. Question

If a, b, c are in G.P., prove that the following are also in G.P. :

a3, b3, c3

Answer

As a, b, carein G.P.

Therefore

b? = ac ... (1)

We have to prove a3, b3, c3 are in GP or
we need to prove: (b3)2 = (a3c3) {using idea of GM}
On cubing equation 1 we get,

- b6 = a3c3

= (b%)% = (a¥c?)

Hence a3,b3,c3 are in GP.

10 C. Question



If a, b, c are in G.P., prove that the following are also in G.P. :
aZ + b2, ab + bc, b2 + c?

Answer

a, b, careinG.P

Therefore

b? =ac... (1)

We have to prove a2 + b? ab + bc, b% + c2 are in GP or

we need to prove: (ab + bc)? = (a2 + b?).(b? 4+ c?) {using GM}
Take LHS and proceed:

= LHS = (ab + bc)? = a?b? + 2ab’c + b?c?

" bZ = ac

= LHS = a?b? + 2b%(b?) + b2c?

= LHS = a’b? + 2b* + b?c?

= LHS = a2b? + b* 4+ a%c? + b%c? {again using b2 = ac }

= LHS = b?(b? + a?) + c%(a’ + b?)

= LHS = (a® + b?)(b? + c?) = RHS

Hence a2 + b?, ab + bc, b? + c? are in GP.

11 A. Question

If a, b, c are in G.P., prove that :

(a2 + b?), (b + c?), (c? + d?) are in G.P.
Answer

a, b, c,darein G.P.

Therefore,

bc =ad ... (1)
b? = ac ... (2)
c2=bd ... (3)

To prove: (a2 + b?), (b% + c2), (c2 + d?) are in G.P, we need to prove that:
(@2 + b?) (c? + d?) = (b% + c?)? {deduced using GM relation}

~ RHS = (b? + c?)? = b* + c* + 2b%c?

= a2c? + b%d? + a2d? + b2c? {using equation 2 and 3}

= c?(@® + b?) + d’(@® + b?)

= (a% + b?) (c? + d?) = LHS

s (@2 + b?), (b2 + ¢?), (c? + d?) are in G.P

Hence proved.

11 B. Question



If a, b, c are in G.P., prove that :
(a2 - b2), (b2 - c2), (c2 - d?) are in G.P.
Answer

a, b, c,darein G.P.

Therefore,

bc=ad... (1)
b2 =ac ... (2)
c?=bd ... (3)

To prove: (a2 - b2), (b? - c2), (c2 - d?) are in G.P, we need to prove that:
(@2 - b?) (c? - d?) = (b? - c2)2 {deduced using GM relation}

. RHS = (b? - ¢2)?2 = b* + ¢* - 2b?c?

= a%c? + b2d? - a2d? - b2c? {using equation 2 and 3}

= c2(a? - b?) - d*(a? - b?)

= (a2 - b?) (c? - d?) = LHS

- (a? - b?), (b? - c?), (c? - d?) are in G.P

Hence proved.

11 C. Question

If a, b, c are in G.P., prove that :

,1 —. 11 — — _are in G.P
a_’ _‘L.:_ ‘L.]_ N c_’ C_’ N d_’

Answer

a, b, c, dareinG.P.
Therefore,

bc =ad ... (1)

b? =ac ... (2)
c?=bd ... (3)

1 1 1

To prove: , s
a? +b* b? +c? ' c? +d?

are in G.P, we need to prove that:

1 1 . .
i@t - Brior {deduced using GM relation}

or, (b2 + ¢?)? = (a2 + b?)(c? + d?)

Take LHS and proceed to prove -

LHS = (b? + c?)? = b* + ¢* + 2b?c?

= a2c? + b%d? + a2d? + b2c? {using equation 2 and 3}
= c?(@® + b?) + d?(a® + b?)

= (a + b?) (c? + d?) = RHS

1 1 1

o . , are in GP
a? +b* b2 +c2'c? +4d?




Hence Proved.

11 D. Question

If a, b, c are in G.P., prove that :

(a% + b? + ¢?), (ab + bc + cd), (2 + ¢? + d?) are in G.P.
Answer

As,

a, b, c,darein G.P, let r be the common ratio.

Therefore,
b=ar...(1)
c=ar’..(2)
d=ar’..(3)

If we show that: (ab + bc + cdf = (a® + b? + ¢?) (b® + c? + d?)

we can say that:

(a% + b? + c?), (ab + bc + cd), (2 + ¢ + d?) are in G.P

As, (ab + bc + cd)? = (a2r + a2r3 + a2r>)?

= (ab + bc + cd)? = a*r?(1 + r2 + r4)? ...(4)

As,

(@2 + bZ + 2)( b2 + 2 + d?) = (a2 + ar? + a2r¥)(ar? + a2r? + a2r%)
@2 +b2+A)(b2+c2+d)=a%2(1+r2+r)1+r2+rd

= (a2 + b2 + 2)( b2+ c2 + d?) = a%2(1 + r2 + r4)2 ...(5)

From equation 4 and 5, we have:

(ab + bc + cd)? = (a° + b? + ) (b? + 2 + d?)

Hence,

We can say that (a2 + b2 + c2), (ab + bc + cd), (b2 + ¢ + d?) are in G.P.
12. Question

If (a - b), (b-c), (c-a)arein G.P., then prove that (a + b + c¥ = 3(ab + bc + ca)
Answer

Givenas(a-b), (b-c), (c-a)areinG.P

. b—c c—a :
—— = —— = Common ratio
a-b b—c

= (b-c)®=(a-b)c-a)

As we have to prove :(a + b + c)2 = 3(ab + bc + ca) so we proceed as follows:
= b2+ c2-2bc=ac-a%-bc+ab

a2 +b2+c?2=ac+ab+bc

Add 2(ac + ab + bc) to both sides:

=>aZ+ Db%2+c2+ 2(ac + ab + bc) = ac + ab + bc + 2(ac + ab + bc)



=(a+b+c)=3(ab+ bc+ca)
Hence Proved.
13. Question

If a, b, c are in G.P., then prove that :

a-+ab+b~ b+a

be+ca+ab c+b

Answer

As a,b,c are in GP

Note:

1. In general, the GP series is like a,ar,ar?..........

2.Inthis, b = arand c = br = ar

So we proceed forward with the aim to equalize LHS and RHS of the equation to be proved using the above
ideas.

LHS=a2+ab+b2
bec +ca+ab

= LHS = a® +afar)+(ar)®?  a%(1+4r+r)
ar(ar?) + ar?(a) + a(ar)  afr(r®+r+1)
> LHS =1
r
Now
RH.S=0%2
c+b
b+a ar+a ar+1) 1
= RHS = c+b  ar®+ar  arr+1) T
S RHS = 1/r

Clearly we observed that,

LHS = RHS = (1/r) ...Proved

14. Question

If the 4t", 10t" and 16t"terms of a G.P. are x, y and z respectively. Prove that x, y, z are in G.P.
Answer

Let first term of GP be a and common ratio be r

As nt" term of GP is given as -

Ty=ar"1

~Tp=art-l=ar

Similarly T;o = ar?

And Ty = arl®

x=ar, y=ar &z=ar

Clearly we observed that x, y, z have a common ratio.

. X,y,z are in GP with common ratio r®.Hence proved.



15. Question

If a, b, carein A.P. and a, b, d are in G.P., then prove thata,a-b, d-carein G.P.
Answer

a, b, carein AP

So,2b=a+c...(1)

b, c,d arein GP

So, b? = ad ...(2)

Multiply first equation with a and subtract it from 2nd.

b2 - 2ab = ad - ac - a2

a% + b%-2ab = a(d - c)

= (a-b)?=a(d-c)

As a, (a - b), (d - c) satisfy the geometric mean relationship
Hence a, (a - b),(d - ¢) are in G.P.

16. Question

If pth, gth, rth and sth terms of an A.P., be in G.P., then prove thatp-q,q-r,r-sarein G.P.
Answer

Given,

pth, gth rth and sth terms of an AP are in GP .

Firstly we should find out pth, gth, rth and sth terms

Let a is the first term and d is the common difference of an AP
so, pthterm=a + (p-1)d

gthterm =a + (g - 1)d

rthterm =a + (r-1)d

sthterm =a + (s-1)d
~la+(p-1)dl[a+(g-1)d],[a+(r-1)d],[a+ (s-1)d]areinGP
so, Let first term of GP be a and common ratio is B

Then,[a+ (p-1)d] =«

[@a+(q-1)d]=0ap

[a+ (r-1)d]=ap?

[a+(s-1)d]=ap3

now, here, it is clear that o, ap, ap?, aB3 are in GP

NOTE: Using property of GP,we know that if a common term is multiplied with each number in a GP,series
itself remains a GP

~a(l - B), aB(1l - B), aB%(1 - B) are in GP

Where the first term is a(1 - B), and the common ratio is B
so,a(l-B)=[a+(p-1)d]-[a+(q-1)d]=(p-aq)
Sa(l-B)=(p-9) ... (1)



Similarly, aB(L-B) =aB-op=[a+(g-1)d]1-[a+ (r-1)dl=(q-r)
Sap(l-B)=(q-n)...... (2)

And aB?(1 - B) = ap?-ap3 =[a + (r-1)d] - [a + (s-1)d] = (r-s)

L aB?(1-B) =(r-s) ... (3)

From the above explanation, we got a(1 - B), aB(1 - B), aB2(1 - B) are in GP
. From equations (1), (2) and (3),

(p-q)(q-r), (r-s)areinGP.

17. Question

If 1 i ! are three consecutive terms of an A.P., prove that a, b, c are the three consecutive terms
a+b 2b b+c
of a G.P.
Answer
Given — ,i, L arein AP.
a+b 2Zb b+c
L {taking arithmetic mean - to get the relationship}

2b a+b b+c

b+c+a+b

1 _ btcta+thb
b (a+b)(b+c)

= ab + ac + b2 + bc = b? + bc + ab + b?

= b2 = ac

We know if a,b,c are consecutive terms of GP then b? = ac holds.
~.a,b,carein GP.

18. Question

If x2 = xP/2z0/2 = 7€ then prove that l_l‘lare in A.P.

aboc
Answer
Take logs of each expression, using In(x®) = a In(x) etc
In (p*q) = In(p) + In(q):
Given,
x@ = xb/27b/2 — 5

Taking log on each term -

b b
=alnx = Inxz + Inzz = clnz (1)

The equality of the first and third expressions tells us that
=Inz = %lnx .-(2)

The second expression is equal to

b L
=Inxz + Inzz = -(Inx + Inz)

=alnx = 2(2111;; + Inx) {using equation 1}



Salnx =

b | o

Inx + z—ilnx
Divide through out by In x
~.a=Db/2 + ab/2c

= 2ac =bc + ab

Dividing the equation by abc -

=

+

W e
[+

(=

From this 3, L arein GP.
a c

1
b.!

19. Question

If a, b, carein A.P. b, ¢, d arein G.P. and

Answer
Given:

a,b,c arein AP

= _ 1 + 1
d c e
=d = === (i)
c+e

0|~

1

d

‘lare in A.P., prove that a, ¢, e are in G.P.
e

From the above substituting for b & d in (ii) above,

2 a+c 2ce
= =

2 c+e

sclfc+e)=(a+)e
=>c2+ce=ae+ce
=c?2= ae

Thus a, ¢, e are in GP

20. Question

If a, b, carein A.P. and a, x, band b, y, c are in G.P., show that x2, b2, y2 are in A.P.

Answer

If a,b,c are in AP it follows that

x2=ab ... (2)

y2=DbcC........ (3)

Adding egn 2 and 3 we get,

x2 +y2 =ab + bc



= b(a + )

= b.2b ( from eqn 1)

= 2b?

So we get x2 + y2 = 2b? which shows that they are in AP.
21. Question

If a, b, carein A.P. and a, b, d are in G.P., show that a, (a - b), (d - ¢) are in G.P.
Answer

a, b, carein AP

So,2b=a+c...(1)

b, c,d arein GP

So, b? = ad ...(2)

Multiply first equation with a and subtract it from 2nd.

b2 - 2ab = ad - ac - a2

= a? + b%-2ab = a(d - c)

Hence a, (a - b), (d - ¢) are in G.P.

22. Question

If a, b, ¢ are three distinct real numbers in G.P. and a + b + ¢ = xb, then prove that either x < -1 or x > 3.
Answer

Let a be the first term of GP with r being the common ratio.
S b=ar..(1)

c=ar?..(2)

Given,

(@a+b+c)=xb

= (a + ar + ar?) = x(ar)

=a(l+r+rd=ar

=>(1+r+rd)=xr

>r2+(1-x)r+1=0

As r is a real number = Both solutions are real.

So discriminant of the given quadratic equation D = 0
As, D=0

=(1-x)?-4(1)(1) =0

=>x2-2x-3=20

=>(x-1)(x-3)=0

L X<-1lorx>3..proved

23. Question

If pt", gth and rt" terms of an A.P. and G.P. are both a, b and c respectively, show that aP ~p¢ -2 ca-b =1,



Answer

Let the A.P.be A, A+ D, A+ 2D, ...and G.P be x, xR, xR?, ... then
a=A+(p-1)D,b=A+(gq-1)D,c=A+(r-1)D
=2a-b=(p-9)D

Also,b-c=(q-r)D

And,c-a=(r-p)D

Also a = pth term of GP

na=xRP-1

Similarly, b = xR4-1 & c = xR"-1

Hence,

(aP = ).(b€~3).(c® = P) = [(xRP = 1){@ - NP [(xRA - 1)~ PIDL[(xR" - 1)(P - a)D)
=xla-r+r-p+p-q)bD Rlp-1)g-r)+(q-1)r-p)+(r-1)p-q)D

= (@~ €).(b¢ ~3).(c? ~P) = x0. RO

= (@~ %).(bc~2).(c@-P) =1 ...proved

Exercise 20.6

1. Question

Insert 6 geometric means between 27 and i

81
Answer
Let the six terms be aj, ay, asz, ag, as, ag.
And,

A=27,B=>
81

Now, these 6 terms are between A and B.

-~ A, ay, ay, as, ag, as, ag, B.

Now all of them are in GP

So we now have 8 terms in GP with the first term being 27 and eighth being 1/81.
We know that, T, = ar"!

Here T, = 9_11' a=27and

1

=—=27r%"
81
= = = I‘T
81x27
1
2Tr= -
3

a,=Arl=27x:-3
9

a3=Ar3=27><2_17=1



ag=Art=27x 21
81 3
243 9
a6=Ar6=27xi=i
729 27
. The six GM between 27 and 1/81 are 9, 3, 1;512—1?

2. Question

Insert 5 geometric means between 16 and l

4
Answer
Let the five terms be a1, a,, a3, a,, as.
And,

A=16,B=1
4

Now, these 5 terms are between A and B.

- A, aj, ap, asz, ag, as, B.

Now all of them are in GP

So we now have 7 terms in GP with the first term being 16 and seventh being 1/4.
~ T, =ar!

Here T, = -, a = 16 and

1
4

.'.a1=Ar=16><$=8
ay=Ar?=16x =4
a3=Ar’=16x_=2
ag=Art=16x—=1
as=Ar®=16x =1
. The six GM between 16 and 1/4 are g, 4,2, 1, ;

3. Question

%"‘l
Insert 5 geometric means between = and E
9 2
Answer
Let the five terms be a;, ay, a3, ag, as.

And,



A = E,B — E

9 2

Now these 5 terms are between A and B.

-~ A, ay, ay, asz, ag, as, B.

Now all of them are in GP

So we now have 7 terms in GP with the first term being 32/9 and seventh being 81/2.
STy =art

Here T, = %, a= % and

8327

2 9

2x32
3
ﬁr:—
2
al—Ar=—><3=E
2 3
a2 =:/\r2 =:EE % E__ 8
g g
az=Ar3=2y27_ 19
g
32 81
ag=Art=2x2_ 13
g 716

32 243
ag=Ar =Zx == _ 97
9 32

.. The six GM between 16 and 1/4 are ?,8, 12,18,27.

4. Question

Find the geometric means of the following pairs of numbers :
i.2and 8

ii. ab and ab3

iii. -8 and -2

Answer

(i) GM = vab

Leta=2and b =8

GM = v2x8
= V16

=4,

(ii) GM = vxy

Let x = a3b and y = ab3
GM = v a3b x ab3

= va“b*

= aZb2.

(iii) GM = vab



Leta=-2and b =-8

GM = v-2x-8

= v-16

[we know that v-1 = i(iota)]
= 4i,

5. Question

If a is the G.M. of 2 and l find a.

4

Answer
GM = Vxy

LetX=2andY =

GM= 2><1
"'J 4

e |

[y

ba

. 1
. a = -
2
6. Question

Find the two numbers whose A.M. is 25 and GM is 20.

Answer

»AM=2E
2

= G.M = vab

Given A.M=25, G.M = 20.

=2a=50-b
Putting the value of ‘a’ in equation (1), we get,

= /(50 —b)b = 20

= 50b - b2 = 400

= b2 -50b + 400 =0

= b2 - 40b - 10b + 400 = 0
= b(b - 40) - 10(b - 40) = 0
=>b=400rb =10
=Ifb=40thena =10

= |fb=10thena =40

7. Question



Construct a quadratic in x such that A.M. of its roots is A and G.M. is G.
Answer
Let the root of the quadratic equation be a and b.

According to the given condition,

a+b _

=AM = =A

The quadratic equation is given by,

X2~ x (Sum of roots) + (Product of roots) = 0
X-xQRA+(G)=0

X% - 2Ax + G? = 0 [Using (1) and (2)]

Thus, the required quadratic equation is x2 - 2Ax + G2 = 0.

8. Question

The sum of two numbers is 6 times their geometric means, show that the numbers are in the ratio (3 + ZVE
) (3 - Z\E ).

Answer

Let the two numbers be a and b.

GM = vab

According to the given condition,
a+b=6vab..(1)

(a + b)? = 36ab

Also,

(a-b)? = (a+b)-4ab

= 36ab - 4ab

= 32ab

= a-b =v32ab

= 4v2ab .....(2)

Adding (1) and (2), we obtain

2a = (6 + 4v2)Vab

a=(3+2v2)Vab

substituting the value of ain (1), we obtain,
b =(3 - 2v2)vab

LA 34242

b - 3-2 \-"E

Thus, the required ratio is (3+2v2) : 3-2V2.

9. Question



If AM and GM of roots of a quadratic equation are 8 and 5 respectively, then obtain the quadratic equation.
Answer
Let the root of the quadratic equation be a and b.

According to the given condition,

a+b _

=AM = =38

=>GM =vab =5

=ab =25...(2)

The quadratic equation is given by,

X2- x (Sum of roots) + (Product of roots) = 0

X -x(a+b)+(ab)=0

X2 - 16x+ 25 = 0 [Using (1) and (2)]

Thus, the required quadratic equation is x% - 16x + 25 = 0.
10. Question

If AM and GM of two positive numbers a and b are 10 and 8 respectively, find the numbers.

Answer
a+b

S AM ==

= GM = vab

Given AM = 10, GM = 8.

= 10
2

=a+b=20

=a = 20-b

= J(20-Db)b =8

= 20b - b% = 64
=b2-20b+64 =0
=b?-16b-4b + 64 =0
=>b(b-16)-4(b-16) =0
=b=4o0orb=16
=|fb=4thena =16

=If b = 16 then a = 4.

Hence, the numbers are 4 and 16.
11. Question

Prove that the product of n geometric means between two quantities is equal to the nth power of a
geometric mean of those two quantities.

Answer

Let us suppose a and b are two numbers.



Let us say G is a number that is the Geometric mean of a and b

Therefore a, G and b must be in Geometric Progression or GP.

This means, common ratio = G/a = b/G

Or, G2 = ab

Or, G = ?(ab)... (1)

Now, let us say G;, Gy, G3, ....... Gn are n geometric means between a and b.
Which means that

a,G;,Gy,G3...... G, , b forma G.P.

Note that the above GP has n+2 terms and the first term is a and the last term is b, which is also the (n+2)h
term

Hence, b = ar"+2-1

where a is the first term.

So,

b =ar+l

r = (b/a)l/"*1 . (2)

Now the product of GP becomes

Product = G;G5Gs......G,

= (ar)(ar?)(ar?).....(ar")

= gN p(1+24+3+4+... +n)

= gn n(1+n)/2

Putting the value of r from equation 2 , we get
= a" (b/a)"1+n)2(n+1)

= (ab)n/Z

= (?ab)"

Now, putting the value from equation 1, we get,
Product = G"

Oor, G1G,Gs......G, = G"

12. Question

If the A.M. of two positive numbers a and b (a > b) is twice their geometric mean. Prove that:a: b = (2 +
J3) 2= 3)

Answer
Let the two numbers be a and b.
GM = vab

According to the given condition,

b
=%= 2vab

a+b=4vab..(1)



(a + b)? = 16ab

Also,

(a-b)? = (a+b)y-4ab

= 16ab - 4ab

= 12ab
=a-b=2v3ab...(2)

Adding (1) and (2), we obtain
2a=(4+2V3)Vab
a=(2+vV3)ab

substituting the value of @ in (1), we obtain,

b =(2 - v3)vab
- E _ 2+\-"§
b - 2—\-"§

Thus, the required ratio is (2+v3) : (2-V3).
13. Question

If one A.M., A and two geometric means G; and G, inserted between any two positive numbers, show that

G .G,y
Answer

Let the numbers be a and b.
Now A — 22 or 2A =a+b
2
Also, G and G, are GM between a and b, then a, G;, Gy, b are in G.P.

Let r be the common ratio.

Then, b = ar*1 = a3

:Ez 13
a
1
b\s
-
a
1
= = bYya
Gl ar a(_)a
a
= = bz
G2 ar2 a(_)a
a
. GY O GE GI+G3 a®b+ab?®
PPt S el S Sl S =a+hb
G'? G| G|-G7 ah
a+b=2A

Very Short Answer
1. Question
If the fifth term of a G.P. is 2, then write the product of its 9 terms.

Answer



Given: Fifth term of GP is 2

= Let the first term be a and the common ratio be r.
. According to the question,

Tg =2

We know,

a, = arl

as =a.rt

2=art

2 8

GP = a,ar,ars,...,ar

Product required = axarxar?x...xar®

= a9.r36
= (ar%)?
= (2)°
=512
2. Question
)I:h

If (p +q and l:p — q)th terms of a G.P. are m and n respectively, then write its pth term.

Answer
= Let the first term be a and the common ratio be r.

. According to the question,

dpq=nN
a, =ar!

saurPtal = m,

a.rPal =n,

Multiplying above two equations we get
a2r(P+a-1+(p-g-1) — 520(2p-2)

a2r(2P-2) = mon

(ar)2(P-) = mon

~arPl =vm.n

= Pthterm is given by a.rP1

~arPl =vm.n

3. Question



If log, a. a*'? and log, x are in G.P., then write the value of x.

Answer

We know when three terms say a,b,c are in GP
We can write

b2 =a.c

. According to the given data

We can write

(a¥2)2 = logya . logpx

a* = logya . logpx

= a% = 2802y 150 ¢

- logpx
= a*X = logpa
Multiplying by log, to both sides we get

= log, (@¥) = log, (logpa)
= X logza = log, (logpa)
= X = log, (logpa)

4. Question

If the sum of an infinite decreasing G.P. is 3 and the sum of the squares of its term isg, then write its first
]

term and common difference.

Answer

Let the given GP be a,ar,ar?,...

Sum of infinite GP is given by li
-

. According to the question

= — = 3
1-r

=a = 3(1-r

=a =3-3r

= a+3r = 3...(1)
= a2 a?r2 2313, .
= the first term is a2 and the common ratio is r2.

. According to the question

3
> 3 _ 3
1-r2 2
a a e
= — e —
1-r 1+r 2
a
S3x—=-
1+r 2
a 3
=_- _Z



= 2a = 3+3r

= 2a-3r = 3...(2)
Equating 1 and 2 we get
a=2andr=1/3

5. Question

If pth_ qth and ;th terms of a G.P. are X, y, z respectively, then write the value of x4 ' zP™,

Answer
Let the first term be a and the common ratio be R.

. According to the question,

ap = X.
aq=t
ar=12

We know that a, = aR"!

s ap = aRPl=x

ag=aR¥l=y

a,=aR"l=z

= x9T = (aRp-l)q-r

= y"P = (aR¥1)"P

= zZPd = (aR"1)P-q

Multiplying the above three equations we get
XAy P zP-d = (gdr RPAPr-A+n) (grP RrA-PAT+P) (gP-d RPr-Ar-p+a)
=(d-"*+r-P+p-d RPA-Pr-q+r+rq-pq-r+p+pr-qr-p+q)

= (a%.RY)

= 1.

6. Question

If A1, A, be two AM’s and G, G, be two GM’s between a and b, then find the value of L{?‘
1 M2

Answer

As A; and A, are A.M between a and b

. we can write a,A1,A,b

Let the first term of AP be a and the common difference be d.

S A;=a+d, Ay =a+2d, b =a+3d

As G1 and G, are G.M between a and b

. we can write a,G1,Gy,b

Let the first term of AP be a and the common ratio be r.



.Gy =aR, Gy, = ar?, b =ar3

. A1+AZ  at+d+at+2d
G1G2 arar®

- a+{a+3d)

a.(ar?)

= a+b

ab

7. Question

If second, third and sixth terms of an A.P. are consecutive terms of a G.P., write the common ratio of the G.P.
Answer

Given: Second, third and sixth terms of an A.P. are consecutive terms of a G.P.

Let the first term of AP be a and the common difference be d.

= A, = a+(n-1)d
= A, = a+d
= A3z = a+2d
= Ag = a+5d

If a,b,c are consecutive terms of GP then we can write b? =a.c
. We can write (a+2d)2 = (a+d).(a+5d)

= a2+4d2+4ad = a?+6ad+5d?

=>d?2+2ad =0
= d(d+2a) =0
~d=0ord=-2a

When d = 0 then the GP becomes a,a,a.

. The common ration becomes 1.

When d = -2a then the GP becomes -a, -3a,-9a

. The common ratio becomes 3.

8. Question

Write the quadratic equation the arithmetic and geometric means of whose roots are A and G respectively.
Answer

Let two roots be a and b

~. The arithmetic mean is given by 32

2
= A= ath
2
= Geometric mean is given by va.b
= G=+/ab
Quadratic equation can be written as
=x?—(a+b)x+ab=0

Where a and b are roots of given equation



Substituting AM and GM

= x2-2Ax+G? = 0.

9. Question

Write the product of n geometric means between two number a and b
Answer

Let us suppose a and b are two numbers.

Let us say G is the Geometric mean of a and b.

~.a, G and b must be in Geometric Progression or GP.

This means, common ratio = G/a = b/G

Or,G2 =ab
Or, G, = n(ab) ............ (1)
Now, letus say G1, G2, G3 ,....... Gn are n geomteric means between a and b.

Which means that

a,Gl,G2,G3 ... Gn, b form a G.P.

Note that the above GP has n+2 terms and the first term is a and last term is b, which
is also the (n+2)th term

Hence, b = ar"+2-1

where a is the first term.

So,

b =ar+l

1

= (E)ﬁ ...(2)

a

Now the product of GP becomes
Product = G1G2G3...... Gn

= (ar)(ar?)(ar3)..(ar")

= g ((1+2+3...4n)

nin+1)
At

Putting the value of r from equation 2 , we get

= n (G)m)

= (ab)z

10. Question

fa=lsb<b>+b’ = _ to . then write b in terms of a given that ‘b‘ <1.

Answer

Given:

a = 1+b+b2+b3+... to infinity



It is an infinite GP with first term as 1 and common ratio b.

Sum of infinite terms is given by

MCQ

1. Question

Mark the correct alternative in each of the following:

If in an infinite G.P., first term is equal to 10 times the sum of all successive terms, then its common ratio is

A. 1/10
B. 1/11
C.1/9
D. 1/20
Answer

Sum of infinite terms is given by

According to the question
= 10(s,-a)= a

113

Seo = —
10
1la a
= — = —

10 1-1
=11-11r =10
1

21 =—

2. Question

Mark the correct alternative in each of the following:

If the first term of a G.P. a;.a,,as....

A —2/5
B. —3/5
C.2/5

D. none of these
Answer
Given GP has first term unity

Soag = 1.

is unity such that 4 a, + 35 a, is least, then the common ratio of G.P. is



Hence the GP will become
=1,rr2,...

As given 4a5+5as is least

5 4r + 5r2 is least

We can say f(r) = 4r + 5r2
Now the given function will be least if df(r)/dr =0

- d{f(r)) _ d(4r+5r7)
dr dr

= 8+10r=0

= 8=-10r

3. Question
Mark the correct alternative in each of the following:

If a, b, c are in A.P. and x, y, z are in G.P., then the value of x®=¢ y2 ;2P js

A. 0
B.1

C. xyz
D. Xa 'i'.'h ZC
Answer

Given: a,b,c are in AP and x,y,z are in GP.

a+c
=>b=7,y2=xz

= 2b = a+c and y? = xz.

},Z

=y =
Z

L.H.S = xb-cyca zb
b—c

= (}"_2) _yc—a_za—b

4

2b—2c_z—(h—c]yc—aza—h

2b—2c+c—a z—h+c+a—b

=y
-y

atc—c—a —c—a+tc+a

=y 7
=1.1

= 1.

4. Question

Mark the correct alternative in each of the following:

The first three of four given numbers are in G.P. and their last three are in A.P. with common difference 6. If
first and fourth numbers are equal, then the first number is

A.2



B. 4
C.6
D.8
Answer
Let, the last three numbers of the set which are in A.P be b,b+6,b+12 and the first number be a.
= Thus, the four numbers are a,b,b+6,b+12
Given:
a=b+12...(1)
Also, given a,b,b+6 are in G.P
From equation (1)
= b+12,b,b+6 are in G.P
b b+ 6

“b+12 b

= b2= (b+6)(b+12)

= b2= b2+18b+72

= 18b= -72
= b= -4
=a=-4+12
=8

Hence the four numbers are 8,-4,2,8
5. Question

Mark the correct alternative in each of the following:

Ifa, b, carein G.P. and 4’ _,1'¥ _ .1'Z, then xyz are in

A. AP

B. GP

C. HP

D. none of these
Answer

Given: a,b,c are in GP

Let us assume

=

(SRR

RN

a
=a=k*b=k,c=k*
As a,b,c, are in GP

b2 =ac

= k2Y =kX.k?

=KX+z

=2y = X+z



-~ X,y,z are in AP
6. Question

Mark the correct alternative in each of the following:

If S be the sum, P the product and R be the sum of the reciprocals of n terms of a GP, then p2 is equal to
A.S/R
B. R/S

C. (R_.fS}n

D. (S /R )“
Answer

Let the GPisa,ar,ar?,ar3, ......... arn-1,

S = Sum of n terms

=a+4+ar+ark +art + ....... + ar-1
a(rl'l _ 1)
o oor—1

and R = sum of reciprocal of n terms

1 1 1 1
= 4 —F—F -t

a ar ar arn—1

1 n

=6

a l—%

I’(I’n— 1)
T alr—Dre

P = product of nterms = a x ar x ar® x ar3 x .....x ar"-!

=(a 1+1+1+1+1+1+1+——1)(r1+2+3+————(n—1)|:|

n{n—1)
=a".r z

take square both sides,

P2 = a?n.rn(n—l]

s alril-1)
= R- =13
a(r—1)r
S 2 .n-
= - _ n—1
R a“.r

n
= (E) = a2n I,n(n— 1}
R .

Thus,

-
7. Question

Mark the correct alternative in each of the following:



The fractional vale of 2 357 is

-

A. 2355/1001

B. 2379/997

C. 2355/999

D. none of these
Answer

Let, X = 2. 367 = 2.357357...... ... (1)

Multiply by 1000 both sides

1000x = 2357.357357...... ... (2)
Subtracting eq.(1) from eq.(2)

1000x - x = 2357.357357... - 2.357357...
999x = 2355

x = 2355/999

The fractional value of 9 357 is 2355/999

8. Question

Mark the correct alternative in each of the following:

If pth, gth and rth terms of an A.P. are in G.P., then the common ratio of this G.P. is
P—q

q-r

A.

q-T1
p—q

C. par

D. none of these

Answer

Let the first term of AP be a and the common difference be d.
= A, = a+(n-1)d

pth term is a+(p-1)d.

g™ term is a+(qg-1)d.

rth term is a+(r-1)d.

As they are in GP.

Let the first term be A and common ratio be R.
= a+(p-1)d =A...(1)

= a+(g-1)d =AR...(2)

= a+(r-1)d =AR?...(3)

Subtracting 2 from 1 we get...

AR-A = a+(g-1)d-(a+(p-1)d)



= a+qd-d-a-pd+d

AR-A =qd-pd...

Subtracting 2 from 1 we get...
AR2-AR = a+(r-1)d-(a+(g-1)d)
= a+rd-d-a-qd+d

R(AR-A) =rd-qd.

- R(AR-4) d{q-p)
AR-A d(r—q)

=]

:qu;

r—

1]

9. Question

Mark the correct alternative in each of the following:
The value of 913 . ol'® g7 5 s

Al

B.3

C.9

D. none of these
Answer

Given: 9%/ 9'/5 9%27 w0
= glfg+lfgtlfp7.e0

We can see the above expression is GP

With first term as % and the common ratio being %

Sum of infinite terms is given by

N a
Seo = 1-r1
1
ﬁs — 2
oo l—i
3
1

.. The given equation turns out to be 91/2

= 3.

10. Question

Mark the correct alternative in each of the following:

The sum of an infinite G.P. is 4 and the sum of the cubes of its terms is 192. The common ratio of the original
G.P.is

A. 1/2
B. 2/3
C.1/3



D. -1/2

Answer

Let, the first term of G.P. is a and common ratio is r.

We know that common ratio of infinite G.P. is belongs to
[0, 1)

G.P. = a, ar, ar, ......

a
(1-r)

Sum of infinite terms of G.P. = =4
sa=4(1-r)
Cubic terms of a G.P. = a3, a3r3, a3r®, ......

Sum of cubes of terms = “aa =192
1-r

=a3=192(1-r3
=43(1-r)3=92(1-r3)
=(1-r3=3(1-nN1+r+r?
Casel:1-r=0

=r = 1 (not possible)

Casell: (1-r?=3(1+r+r?)
=2r2+5r+2=0
=22r+1)(r+2)=0

=r = -2 (not possible) and r = -1/2

So, common ratio of original G.P. is -1/2
11. Question

Mark the correct alternative in each of the following:

If the sum of first two terms of an infinite GP is 1 and every term is twice the sum of all the successive terms,
then its first term is

A.1/3

B. 2/3

C.1/4

D. 3/4

Answer

Let the first term be a and the common ratio be r.

Sum of infinite terms is given by

The general term of any GP is given by ar".

The infinite sum of all successive terms is

(@rMr + (arMr? + (arMr3 + ...




Therefore

= ﬂ,?'n _ zar T
1-r

l-r=2r

r=1/3.

Also given that

atar = a(l+r) = 1.

~.a = 1/(1+4r) = 3/4.

12. Question

Mark the correct alternative in each of the following:
The nth term of a G.P. is 128 and the sum of its n terms is 225. If its common ratio is 2, then its first term is
Al

B.3

C.8

D. none of these

Answer

Let say GP is

a,ar,ar?

where a is the first term and r is the common ratio
Also, given thatr = 2

So, GP becomes

a,2a,4a

nth term = ar™1) = 128

a.2(n-1) = 128
n
=22 _ 128
2
= a.2" = 256

Sum of n terms of GP

S5 — a(1-r")
1-r

S5 — a(1-2™)
1-2

= —255 = g — a*"

Substituting a2" in above equation we get

-255 = a-256

a=1.

13. Question

Mark the correct alternative in each of the following:

If second term of a G.P. is 2 and the sum of its infinite terms is 8, then its first term is



A. 1/4

B. 1/2

C.2

D.4

Answer

Let the GP be a,ar,ar?

Sum of infinite terms is given by

Substituting in above equation

-8=—3
2
a

= 8(a-2) =a?

= a%-8a+16 = 0

=(a-4)2=0

=a =4.

14. Question

Mark the correct alternative in each of the following:

If a, b, care in G.P. and x, y are AM’s between a, b and b, c respectively, then

A —+==2
X Oy
1 1 1
B. —4+—=—
x v 2
1 2
C.—+—=—
X Oy a
1 2
D.—+—=—
X v b
Answer

a,b,c are in GP

- b2 = a.calso c =ar?
Where r is the common ratio
a,x,b,y,c arein AP

a+b a+ar a(l+r)
= X = = =
2 2 2




b+c ar+ar? ar(l+r)
= V= = =

- 2 2 2
1+ 1 2 . 2
x v a(l+r) ar(l+7)

=

2r+2
Car(l+7)

B 2(1+71)
T ar(1+471)

1+1 2
=>x y_b

15. Question
Mark the correct alternative in each of the following:

If A be one A.M. and p, g be two G.M.’s between two numbers, then 2 A is equal to

-

o Pd

2
Answer
Let the numbers be x,y.
XAy = 2A =x+y

X,p,0.y = p? = xq ; 9% =py [a,b,c GM =b? =ac]

-4 2

e .4

P_—=x;—=Yy
p w

p¥+q®

2x+y=24= -

16. Question

Mark the correct alternative in each of the following:

If p, g be two A.M.’s and G be one G.M. between two numbers, then GE —
A (Zp-q)(p-2q]
B.(2p-a)(2q-p)

C.(2p-q)(r+2q)

D. none of these



Answer

Let the numbers be a,b.
~.a,p,q,b (two A.M.)
= a,G,b(one GM)

G2 = a.b(GM)

2p = a+q(AM)

29 = b+p(AM)

a = 2p-q

b =2qg-p

- a.b = (2p-q)(29-p)
G? = (2p-9)(29-p)
17. Question

Mark the correct alternative in each of the following:

1
If X is positive, the sum to infinity of the series — +

A 172

B. 3/4

C.1

D. none of these

Answer

" L1 . 1—
It’s first term is — and common ratio is — —%
1+x 1+x

a

(1-r)

Sum of infinite terms of G.P. =

1
1+x

- (-15%)

B =

18. Question

Mark the correct alternative in each of the following:
IF (4)(4%)(4°)(42)...(4% ) = (0.0625) ™", the value of x is

A7
B.8
C.9
D. 10

Answer

RHS = (0.0625)>4



) s \—54 —54
(o) =)
= (4-2)-54 = 4108

LHS = 43(1+2+3...3X)

Sum of AP= E(Za +(n—-1)d
3%

= (214 Gx- D)
3%

3x
= —(3x+1)
2
LHS = 45 (3x+1) _ 4108

= 27x%2+9x-216 =0
= 3x2+x-24 =0

= 3x2+9x-8x-24 = 0
= 3x(x+3)-8(x-3) =0

=-xXx3=X

SX =8.
19. Question
Mark the correct alternative in each of the following:

=1

X
_J equals

o0
Given that x > 0, the sum z
x+1

fn=1

A. X

B.x+1

c. =%

2x +1

Xx+1

2x+1
Answer

The Given sequence becomes an infinite GP where firstterma =1

And common ratio r =
x+1

Sum of infinite terms is given by

TS T
1
=85,= %
154
S, =Xx+1

20. Question



Mark the correct alternative in each of the following:

In a G.P. of even number of terms, the sum of all terms is five times the sum of the odd terms. The common
ratio of the G.P. is

At
5

l}llp_l

C. 4

D. none of these

Answer

Let,a be the first term and r be the common ratio. The
number of terms is 2n.

G.P. = a, ar, ar?, ...... (upto 2n terms)

a(1-r*™

1-r

Sum of all terms =

Odd terms G.P. = a, ar?, ar%, ...... (upto n terms)

a(1—(r:)" _ a@-r®M

1-r2 1-r2

Sum of odd terms G.P. =

Sum of all terms = 5xSum of odd terms

a(l—r" a(l—r"
a-r _ a-r*

1—r 1—72

5(1-r)=(1-r?)

rP-5r+4=0

(r-1)(r-4)=0

r = 1(not possible) and r = 4

So, common ratio of the G.P. =4
21. Question

Mark the correct alternative in each of the following:

3 3
- Y +Z .
Let x be the A.M. and y, z be two G.M.s between two positive numbers. Then, —— is equal to
XVZ
Al
B. 2
c.t
2

D. none of these
Answer

Let the numbers be a,b.
a,x,b = 2x =a+b

a,y,z,b = y2 = az; 22 =by [a,b,c GM =b? =ac]



22. Question
Mark the correct alternative in each of the following:

(32)

116 1/36

The product (3:}_(3:) . to » is equal to

A. 64

B. 16
C.32
D.0
Answer

Product of series = 32x321/6x321/32x .

- 32(1 +1/6 +1/32 +...)

a
= 320-7)
1

= 32{1__51_)

(2573

=64

23. Question

Mark the correct alternative in each of the following:

The two geometric means between the numbers 1 and 64 are
A. 1 and 64

B. 4 and 16

C.2and 16

D. 8 and 16

Answer

Let the GM be y,z

- 1,y,2,64

y2 =1.z;2° =64y

v = 22
- y* =64y
=y=4

. Z =16



.. The two GM are 4,16.
24. Question

Mark the correct alternative in each of the following:
In a G.P. if the (111 1 }Lh term is p and (111 _n)th termis q, then its ;;, th term is

A.0

B. pq

c.\/ﬁ
D-%(p—q}

Answer
= Let the first term be a and the common ratio be r.

.. According to the question,

Am+n = P.
Am-n =
a, = arl

sarmtnl =

a.rmnl—n

Multiplying above two equations we get
a2r(m+n-1+(m-n-1) — 52,(2m-2)

a2r2m-2) = p q

(@M1 =p.q

~arml =vp.q

= Mt term is given by a.rm-1

s arml =vp.q

25. Question

Mark the correct alternative in each of the following:

Let S be the sum, P be the product and R be the sum of the reciprocals of 3 terms of a G.P. then PPR3: S3 is
equal to

Al:1

B. (common ratio)" : 1

C. (First term)2(Common ratio)?
D. None of these

Answer



Let, 3 terms of the G.P. be a\r, a, ar
S=a\r+a+ar=a(1+r+3)
.
1 3
§% = ag(l+r+;)
P=a\rxaxar=al
p2 = 36
1 1
R=na+ 1\a + 1\ar=—(r+1+—)
a r
3

F=—£@+1+%
3 -
d I

Then, P2R3: 3

“atxi(rrre) e (iers)

=33 (r+ 1+%)3: a’ (1+r+1—1_)3

=1:1
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