Matrices

A rectangular array of mn numbers in the form of m horizontal lines (called
rows) and n vertical lines (called columns), is called a matrix of order m x n.

This type of array is enclosed by [] or ()

Each of mn numbers of a matrix is known as element of a matrix. A matrix is
generally denoted by A, B, C, ... etc., and its element is denoted by a;;, where
a;; belongs to the ith row and jth column and is called (i, j)th element of the
matrix A = [a;] .

An m X n matrix is usually written as

|Val1 Q12 A1y -|
a a Qg
A=| 21 :22 2 = [@jlnxn
Laml Ao aan
{3 2 7—|
e.g. A=|5 -4 6 |1s a matrix of order 3 x 3.
4 s -12)

Types of Matrices
Row Matrix

A matrix which has only one row and any number of columns, is called a row
matrix. e.g. A=[27 85 1 4],,, is a row matrix.
Column Matrix

A matrix is said to be a column matrix, if it has only one column and any
number of rows.

[1]
2
3

eg. A= is a column matrix.

3 x 1
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Rectangular Matrix

A matrix in which number of rows is not equal to the
number of columns or vice-versa is called a rectangular
matrix.

1
eg. A= [4 } is a rectangular matrix of order 2 x 3.
Square Matrix

A matrix in which number of rows is equal to the number
of columns, is called a square matrix. The elements a;; of
a square matrix A = [a;],, « ,, for which i = ji.e, the
elements a1, ayy, ..., a,,, are called the diagonal
elements and the line along which they lie is called the
principal diagonal or leading diagonal of the matrix.
1 2 3
e.g. A=13 2 1
2 31 N
is a square matrix of order 3 in which diagonal elements
are 1, 2, 1.

Null Matrix

A matrix of order m x n whose all elements are zero, is
called a null matrix of order m X n.

It is denoted by O.
[0 0] d [0 0 O]
LO OJ an LO 0 OJ

are two null matrices of order 2 x 2 and 2 x 3, respectively.

e.g.

Diagonal Matrix

A square matrix is called a diagonal matrix, if all its
non-diagonal elements are zero and diagonal elements
are not all equal.

Ifd,,d,, ds,...,d, are elements of principal diagonal of a
diagonal matrix of order n x n, then matrix is denoted as
diag [d;, d,, ..., d,].

[a 0 O]
eg A= |t0 b 0 | 1s a diagonal matrix which is denoted
0 0 CJ

by A = diag [a, b, c].

Note The number of zeroes in a diagonal matrix is given by
n? — n, where n is an order of the matrix.

Triple Diagonal Matrix

A square matrix A is said to be a triple diagonal matrix,
if all its elements are zero except possibly for those lying
on the principle diagonal, the diagonal immediately
above as well as below the principle diagonal.

1 -1 0 O

[5 -3 0] | |

P

e.g. -3 4 -3|and 0 1 2 3
0O 0 4

{O 0 4 5J

Scalar Matrix
A square matrix A = [a;;] is said to be scalar matrix, if
(@) a; =0,V i#]
() a; =k,V 1= j, where k=0
i.e. a diagonal matrix is said to be a scalar matrix, if the
elements of principle diagonal are same.

|'5 0 0-’
e.g. A=|0 5 0/]isa scalar matrix.
o o s

Unit Matrix or Identity Matrix
A square matrix A = [a;;] is said to be a unit matrix or
identity matrix, if

(a)aij=0,Vi¢j (b)aijzl,Vizj
i.e. A diagonal matrix, whose elements of principle
diagonal are equal to 1 and all remaining elements

are zero, is known as unit or identity matrix. It is
denoted by I.

[1 0 O]
e.g. I=/0 1 O0]}isa unit matrix of order 3.
0 01

Upper Triangular Matrix
A square matrix A = [a;;] is known as upper triangular
matrix, if

1 4 51
e.g. A= {O 2 6 |1s an upper triangular matrix.
0 0 SJ

Lower Triangular Matrix

A square matrix A = [a;;] is known as lower triangular
matrix, if a; =0,V i< j.

10 OW
eg. A= {4 2 0}is a lower triangular matrix.
5 6 3J

Submatrices of a Matrix

A matrix B obtained by deleting the row (s) or Column (s)
or both of a matrix A is said to be a submatrix of A.

i.e. The matrix B constituted by the array of elements,
which are left after deleting some rows or columns or
both of matrix A is called submatrix of A.

(a) Principle Submatrix A square submatrix B of a
square matrix A is called a principle submatrix, if
the diagonal elements of B are aslo diagonal
elements of A.

(b) Leading Submatrix A principle square submatrix
B is said to be a leading submatrix of a square
matrix A if it is obtained by deleting only some of
the last rows and the corresponding columns such
that the leading elements (i.e. a;;) is not lost.



Horizontal Matrix

Any matrix in which the number of columns is
more than the number of rows is called a horizontal
matrix.

{2 3 4 51
eg. |8 9 7 -2
Lz -2 -3 4J

Vertical Matrix
Any matrix in which the number of rows is

more than the number of columns is called column
matrix.
2
4 5

e.g. is a column matrix.
s 7

is a horizontal matrix.

Equality of Two Matrices

Two matrices A = [a;],, ., and B= [b;],, . , are said to be
equal, if

(1) Number of rows in Ais equal to number of rows in B.

(i1) Number of columns in A is equal to number of
columns in B.

(iii) atj =blj,V i=1,2,...,mandj=1,2,...,n

4
Example 1. 1f3 SRR 6 + xry , then the
zZ W -1 2w Z+w 3

value of z is

(@) 1 (b) 2 (©)3 (d) 4
Sol. (a) Given, 3{X y}:{x 6}+{ 4 x+y}
zZ w -1 2w Z+w 3
- 3x 3y | X+ 4 6+x+y
3z 3wl |-1+z+w 2w+3

By definition of equality of matrix as the given matrices are
equal, their corresponding elements are equal. Comparing
the corresponding elements, we get

3Xx=x+4 = 2x=4 = x=2

and 3y =6+Xx+y=2y=6+x
N y=6+x
2
On putting the value of x, we get
6+2 8
= =—=4
2 2
Now, 3z==14+2z+w,
2z=-1T+w
-1+ w .
z = 5 L)
Now, 3w=2w+3
= w=3
On putting the value of w in Eq. (i), we get
_ -1+3 23:1
2 2

Hence, the values of x, y, zand w are 2, 4, 1 and 3.

Algebra of Matrices
Addition and Subtraction of Two Matrices

Let A= [a;],, x » and B= [b;],, « , are two matrices whose
orders are same, then

A+B=a; +b;],Vi=1,2,...,mand j=1,2,...,n
Also, A- B=A+ (- B)

1 2] 5 6
e.g. IfA= and Bzr |
13 4] [7 SJ
Then’A+B=1 2],[5 6]_[1+5 2+6]_[ 6 8
13 4] |7 8] |3+7 4+8] [10 12
A_ B 1 2 _r5 6]
13 4] [7 8J
[1-5 2-6] [-4 -4]
“l3-7 4-8|7|-4 -4

Properties of Matrix Addition
Let A, B and C are three matrices of same order, then
(1) Matrix addition is commutative,i.e. A+ B= B+ A
(i1) Matrix addition is associative,
ie. (A+B)+C=A+(B+0)

@11) If O is a null matrix of order mxn and
A+O=A=0+ A, then O is known as additive
identity.

(iv) If for each matrix A = [a;],, « , , @ matrix (- A)1s
suchthat A+ (- A) =0 =(- A+ A,
then matrix (— A)is known as additive inverse of A.

(v) Matrix addition follows cancellation law,
ie. A+ B=A+C=B=C (left cancellation law)
and B+ A=C+ A= B=C (right cancellation law)

Note Two matrices are said to be conformable for addition or
subtraction, if they are of the same order.

Example 2. If1, m and o are the cube roots of unity and

1+(1)2(u+ a —(u_O(o
-20 -b 30 2| o 1)

then a + b? is equal to

@1+ o’ (b) w® -1 @1+ () 1+ w?
) {Hw 2(0} {a —w} {O w}
Sol. (c) Given, + =
-2® -b 3o 2 o 1
1+mw+a [0 0 o
= =
) 2-b o 1
= T+w+a=0,2-b=1
= a=-1-m,b=1

2+ bl =(-1-w)l+P=1+ 0’ +20+1

=0+m+1 [-1+ 0+ 0> =0]



Scalar Multiplication

Let A = [a;;] be any m X n matrix and k be any scalar.
Then, the matrix obtained by multiplying each element of
Aby kis called the scalar multiple of Aby kand is
denoted by kA.

Thus, if A = [a;; then kA = [ka;;]

1 2 3] [2 4 6]
eg.If A={3 2 1|, then 2A={6 4 2
1 31 2 6 2

Properties of Scalar Multiplication
If A=[a;],, «, and B= [b;],, « , are two matrices and A
and pu are two scalars, then
O A(A+B=)A+AB @ A +uA=rA+pA
(i) (M)A =uA A) =2 A) @(v) (-A)A=-(AA4)=A(-A)

Multiplication of Two Matrices

If A=[a;],, «, and B= [b;], , , are two matrices such
that the number of columns of A is equal to the number
of rows of B, then a matrix C = [¢;;],, «, of order m x pis
known as product of matrices A and B, where

n
k=1
On multiplication of matrices is denoted by C = AB

e.g. If A:{z HandB:E) ﬂ,then

Ap_|2XBF1x1 2x2+1x 7] _[11 11
T 18x5+5x1 3x2+5x7| |20 41

Note In multiplication of two matrices A and B, the order roles an
important role.

Properties of Multiplication of Matrices

Let A= [a;j], « n»B=1[b;l, « pand C = [¢;], ,, are three
matrices, then
(1) Generally, matrix  multiplication is  not
commutative,
ie. AB=# BA

(i1) Matrix multiplication is associative,
ie. A(BC)=(AB)C
(111) Matrix multiplication is distributive over matrix
addition.
ie. AB+C)=AB+ AC
@iv) If Ais a m x n matrix and I, is an identity matrix of
order n x n and I,, is an identity matrix of order
m X m, then
I,A=A and Al ,=A
In particular, if Ais a square matrix of order n, then
Al =1,A=A

(v) AB=0 does not necessarily imply that A=0 or
B=0 or both Aand Bare O.

[0 -1 11
eg. If A= #0 and B= #0
10 0 00

But AB= 00 =0
00

Example 3. If A = cosd isin0] (e n)

| isinO cosO | :ﬂ

a b
and A® =r | where i = -1, then which one of the
e df
following is not true? (JEE Main 2020)
@ a’-d*=0 (b)a®—c?=1
(© a*-b*=1 d)0<a’+b? <1
i ) [cos® isin®
Sol. (c) Since, matrix A=| .
| isin® cos®
, | cos20 isin20
= At=|
isin20 cos26
; [cos36 isin36
= A=l
| isin36 cos36
4 | cos40 isin40
= At =l .
| isin40 cos40
s [cos50 isin50] [a b
= A= -
|isin50  cos50 c d
= a=d=cos50,b=c=isin50

a’ — b%=cos?50 —i*sin’50 =1

Hence, option (c) is correct.

Example 4. Let o be a root of the equation x* + x +1=0

1T 1 1]
and the matrix A = Ly o o |, then the matrix A% is
B ot o]
o o
equal to (JEE Main 2020)
@ A (b) I, (c) A? (d) A

Sol. (a) It is given that ‘o is the root of equation x> + x+ 1=0, so
o+ o+1=0and o’ =1

1T 1 1 1 1

1T o 2 :i 1T a o
1

o
3
2 4| B

Now, matrix A =

1
2
o 1 o a

1 a2 alll & «

1+1+1 1+a+0’ 1+a’+a

1
=—|1+a+a® T+0o’+a’

T+a+a 1+ +0 1+a*+0a?



Trace of a Matrix

Let A= [a;], « , be a square matrix. Then, the sum of
all diagonal elements of A is called the trace of A and is
denoted by tr(A).

n
Thus, tr(A4)= Zaii =q + Qg+ ...+ ay,
i=1

[2 -7 9]
e.g. A=|0 3 2| then tr(A)=2+3+4=9
8 9 4

Properties of Trace of a Matrix
Let A= [a;] and B= [b;] are two square matrix of order
n, then
(1) tr(A+ B) = tr(A) + tr(B)
(ii) tr(AB) = tr(BA)
(ii1) tr(AA) = Atr(A), where A is a scalar.

(iv) tr(A") = tr(A4)
. . 21 5 4
Example 5. Consider three matrices X = L J, Y = {6 5}

and Z = { 56 - 4} Then, the value of the sum
2 3
tr(X) + tr(XYZ] +tr (X(YZ) J + tr(X(YZ) J+ .. tooo s
2 4 8
(@) 6 (b) 9 (©) 12 (d) None of these

5 4(| 5 -4 1 0
Sol. (a) Here, YZ = { } { } ={ }
6 5|(|-6 5 0 1

2 3
)+t (X;/ZJJFU[X(ZZ) ]Hr(X(YZ) .

=tr(X) + tr(ij + tr(K + ...
2 4

Transpose of a Matrix

If A= [a;] 1s a matrix of order m X n, then the
transpose of A can be obtained by changing all rows to

mXn

columns and all columns to rows i.e. transpose of

A=a;] It is denoted by A’, AT or A’.
1 6
135 CEE
eg. If A= ,then A’=/3 9
6 9 4 L5 4J

Properties of Transpose

If Aand Bare two matrices and k1is a scalar, then

nxm:*

@A) =A ) (A+B)'=A"+HF
(111) (RA) = RA’ @iv) (AB) = B" A’ (reversal law)
Note If A Band C are any three matrices conformable for

multiplication, then (ABCY =C’B" A’

Example 6. Let a, b, c € R be all non-zero and satisfy
a b c

a’+ b® +c® =2, If the matrix A = Lb C aJ satisfies ATA =1,
c a b

then a value of abc can be (JEE Main 2020)
1 1 2

(@) — 5 (b) 5 (3 (d) 5
a b c
Sol. (a) Given matrix, A=|b ¢ a
c a b
a b clla b c
So, ATA=|b c a [b c a
c a bl|lc a b

N

a’+b®+c* ab+bc+ca ac+ba+ch
=| ba+chb+ac b*’+c*+a’> bc+ca+ab

cat+ab+bc chb+ac+ba +a’+b?

ATA =1 [given]
sa’+b’+c?=1and ab+ bc+ca=0 ()]
Now, as(a+ b+ 0%= a’ b+ c®>+2(ab + bc+ ca)
= (a+bh+0?=1=a+b+c=%1 ..(iD)

As we know,
&+ b+ -3abc=(a+b+09@*+b*+c*—ab-bc—-ca
= 2-3abc=(a+b+ 0 (1-0)
[from Eq. (i) and & + b* + & =2 (given)
2-(a+b+0

= -3abc=(a+ b+ -2=abc=

3
If a+b+c=1:>abc=%,or
If a+b+c=-1=abc=1

Now, from the options abc = %

Hence, option (b) is correct.



0 29 r
Example 7. let A=|p q -r| IfAAT =1, then|p]|is
p -q r
(JEE Main 2019)
@ b= © = =
V5 2 V3 Jo
Sol. (b) Given, AAT =1
0 2g r][o p p]1 [1 0 0]
= p q —rll2g g —q|=/0 1 O
p —-q r ro - r |10 0 1
0+4q%+r* 0+2q°-r* 0-2q*+r*| [1 0 0]
=[0+297-r* p?+q*+r* p’-q’-r*|=|0 1 0
O—2qz+r2 pz—qz—r2 p2+qz+r2 10 0 1]

We know that, if two matrices are equal, then corresponding
elements are also equal, so

492+ =1=p* +q* + 17 ()]
2q2-r*=0 = r?=2q> . (i)
and p’-q?-rt=0 ... (iii)
Using Egs. (ii) and (iii), we get
p*=3q* o (i)
Using Egs. (ii) and (iv) in Eq. (i), we get
492 +2g% =1
= 6g%=1= 2p*=1 [using Eq. (iv)]

pP=3=Ipl=7
2 V2

Special Types of Matrices
Nilpotent Matrix

If A* = 0 and A**! # O, where kis a positive integer and

O is a null matrix, then A is called nilpotent matrix, kis
called the index of the nilpotent matrix A.

Periodic Matrix

IfAk+1 —

as periodic matrix, k1is known as period of matrix A.
Fork=1,A*= A

A, where kis a positive integer, then A is known

Idempotent Matrix
If A =

matrix.

A, then square matrix A is known as idempotent

Involutory Matrix
If A% =

an involutory matrix.

I, where I is an identity matrix, then A is called

Symmetric Matrix

If for a square matrix A, A" = A, then Ais known as
symmetric matrix.

[a h g]
ig If A=ln b fJ,

g f c

[a h g]
then b

A’=[h fJ = A=A
g [ ¢

Thus, matrix Ais a symmetric matrix.

Skew-symmetric Matrix

A square matri.x A= [qij mxm is said to be a
skew-symmetric matrix, if

aj; vV i, ]
(b) Each element of diagonal is zero.
OR

A square matrix A is said to be a skew-symmetric
matrix, if A" =

(a) Q;; =

{ 0 2 —31
egIf A=1-2 0
s s of

[0 -2 3] [0 2 -3]
2 0 -3|=-12 0 -3
-3 3 0 3 -3 0

Hence, Ais a skew-symmetric matrix.

then A= =-A

Note Every square matrix can be uniquely expressed as the sum of
symmetric and skew-symmetric matrix.

1 1
ie. A=—(A+ A)+ - (A=A
2( ) 2( )

Orthogonal Matrix

If the product of a square matrix and its transpose A’ is
an identity matrix, then matrix A is said to be an
orthogonal matrix.

ie. AA=T=A"A
1 2 -2
e.g. Let A=—"+
¢ 2\/5{2 2}
1 2 2
A= —"—
2\/5{—2 2}
11 [2 -2]|] 2 2]
Also, AA = —— . —
22 2&[2 2H—2 2J
_1[8 0] [1 0
80 8 01
= AA =1
Similarly, A A=1

Thus, Ais an orthogonal matrix.

If A and Bare two orthogonal matrices, then AB will also
be an orthogonal matrix.



Example 8. If A, B and A + B are idempotent matrices, then
AB is equal to
(@) BA

(b) — BA (1 dO

Sol. (b) Since, A, Band A + Bare idempotent matrix
A=A B*=Band (A+B*=A+B
Now, consider (A + B*=A+ B
= A’+B +AB+BA=A+8B
= A+B+AB+BA=A+B = AB=-BA

2
Example 9. If A = { abz b }, then A is a/an
—a” -—ab (JEE Main 2021)

(@) idempotent matrix
(c) involutory matrix

(b) nilpotent matrix
(d) None of these

B 2
Sol. (b) Since, A= ab2 b }
|—a” —ab
Azz_ab b2 |[ ab b2
_—a2 —abl||-a® -ab
, [o o}
= A = :O
0 0

Thus, A is a nilpotent matrix of order 2.

Example 10. If A and B are symmetric matrices of the same
order and X = AB+BA and Y = AB — BA, then (XY)" is equal to

(a) XY (b) YX
(0)-YX (d) None of these

Sol. (c) Since, A and B are symmetric matrices
X =AB+ BA
will be a symmetric matrix and Y = AB — BA will be a
skew-symmetric matrix.

Thus, we get X'=Xand Y =-Y
Now, consider (XY)" = Y'X"=(-Y)(X) = — YX

Example 11. If A is a symmetric matrix and B is a

2 3
skew-symmetric matrix such that A + B = L } then AB is

equal to (JEE Main 2019)
-4 -2 4 -2 4 -2 -4 2
b d
(@ {_1 4}(){_1 _4}(@{1 _4} (){1 4}
Sol. (b) Given matrix A is a symmetric and matrix Bis a
skew-symmetric.

Al =AandB" =-B

. 2 3 . .
Since, A+ B= {5 J (given) ... (i)
On taking transpose both sides, we get

arp 2|2 3 !
|5 -1

= AT + 87 =B 51} B h)

Given, AT =AandB" =-B

2 5
= A-B=

On solving Egs. (i) and (ii), we get

2 4 0 -1
A= and B=
4 -1 1 0
2 410 -1 4 =2
So, AB = =
4 —1]|11 O -1 -4

coso.  sino

Example 12. If A ={ }, then the matrix A is

—sino.  coso

(@) symmetric matrix

(b) skew-symmetric matrix
(c) identity matrix

(d) orthogonal matrix

[ cosa sina]

Sol. (d) Here, A=|
| —sina coso |
, [ cosa sina] [cosa -sina
= A= =l .
|—sina coso| [sina  cosa
, [cosa —sinal] [ coso  sina
A A= .
| sina cosa | | —sina cosa
[ (cos a) (cos o) + (sin o)) (sin 0)
| (sin o) (cos @) + (cos o) (= sin @)

(cos o) (sin o) + (— sin o) (cos o)
sin oo+ cos? o

Sin o+ COS Ol — Sin O+ COS O cos’a +sin’a

i

So, A is an orthogonal matrix.

_{ cos” o +sin’ o sin oc-cosoc—sinovcosoc}

[ sin20+ cos? 0 =1]

Elementary Row Transformations

Any one of the following operations on a matrix is called
an elementary row (or column) transformation.
(1) Interchanging any two rows (or columns). This
transformation is indicated by

R; & R; (or C; & C;)

(i1) Multiplication of the elements of any row (or
column) by a non-zero scalar quantity. This
transformation is indicated as

R; & kR; (or C; < kC))
(ii1) Addition of a constant multiple of the elements of

any row to the corresponding element of any
other row. This transformation is indicated as

R, — R; + kR;.



Elementary Matrix

A matrix obtained from an identity matrix by a single
elementary operation is called an elementary matrix.

Inverse of a Matrix using Elementary
Row Transformation

Let A=1IA

If matrix A (LHS) is reduced to I by elementary row
transformation, then suppose I (RHS) is reduced to P and
not change Ain RHS i.e., after transformation, we get

I = PA, then P is the inverse of A,

P=A"

No

[2 -3 3]
Example 13. The inverse of A = |L2 2 3 | by elementary
-2 2J

w

row transformation is
2 0 -3
@] 1 -1 0
-2 -1 2

-2 -1 2
(d) None of the above
2 -3 3
Sol. (c) LetA=| 2 2 3|
3 -2 2
We know that, A=/A

=

w N

100
0 1T0A
10 0 1
11 -1
0 1 O] A [usingR, =R, +R, = R;]
10 0 1
T 1 -1
-2 -1 2 1A [using R, <> R5]
-3 -3 4
1 1 -1
3/5 3/5 -4/5|A
12/5 1/5 =2/5
. 1 =1
[usingR, — —ng and R, —>?R3]
[=3/5 1/5 3/5]
-1/5 1/5 0 |A
| 2/5 1/5 =2/5]

[using R, — R, —2R; and R, — R; — 4R;]

[(-2/5 0 3/5]
-1/5 1/5 0 |A
| 2/5 1/5 -2/5]
[using R, >R, = R,]
(2 0 -3
—% 1 -1 0 |A
-2 -1 2|
(2 0 -3
L [ AAT =15]
> -2 -1 2|




Practice Exercise

Topically Divided Problems

Types of Algebra of Matrix

1. The non-zero values of x satisfying the matrix
' 2x 2 8 b5x (x®>+8) 24/,
equation x +2 =2 is
3 x 4 4x (10) 6x
@1 (b) 2 (©3 (d) 4
2.1t4=|% %lanaB=|! °| then value of o f
. =l q|2dB=, || en value of o for

which A% = Bis

(@) 1 ) -1
(c) 4 (d) No real values
coso. —sina
3. LetA=]| . , (0. € R) such that
sinot  coso
32 (0 -1 )
A% = . Then, a value of . is
1o (JEE Main 2019, 8 April)
@) ;—2 ®) 0
T T
T S\
(c) o (d) 6

4. The minimum number of zero’s in an upper
triangular matrix of order n X n, is

@) n (n2— 1) ®) n (n2+ 1)
2 p—
(c) w (d) None of these
0o 2 0 3a
5. IfAz{3 _4} andkAz{Zb 24},thenthevalues

of k, a, b are respectively
(a) -6,-12,-18

(b) -6,4,9

() -6,-4,-9

(d) -6,12,18

6. If A =[a,l,,,

element all different and B = [b;]
another matrix. Let AB =|[c;]

be a diagonal matrix with diagonal

. x » D€ some

then ¢;; is equal

to
(@ a ji bij (b) a; bij
(C) a:: b:: (d) aij b]l

y Ty

10.

11.

12.

sin"Y(xm) tan” 1(2)
0L

Tl sin~ 1(£j cot™ 1 (mx)

)
T

—cos Y(xm) tan~ 1(£j ]
T

n sin’l(ij —tan’l(rr.x)J ’
L n

then A — B is equal to

@1 ) O (©) 2I ) %1

. If matrix A =[a; ]5.y, where a; =1,if i # j and

a;=0,ifi=j, then A? is equal to

(a) I () A
(O (d) None of these

. If A is a square matrix such that A% = I, then

(A-I)®+(A+1)®-TA is equal to

(A b I-A
©I+A (d) 34

o 1) o -1 .
IfA:L1 1JandB:L1 OJ,thenWhlchofthe

following is correct?

(@) (A+ B)-(A-B)# A% - B?
() (A+ B)-(A-B)=A?- B?
(©)(A+B)-(A-B)=1I

(d) None of the above

If A is square matrix such that A2 = A, then
(A + 1) is equal to

(a) A+1 (b) 7TA+ 1
(3A+1 dA-1
0 —tan &
IfA= o and I is the identity matrix
tan £y 0

[ cosa

—sina’]
of order 2, then (I — A)L

i 1t
sina  coso Jls equat to
(a) A () I
©I+A (d) None of these



13. If w# 1is the complex cube root of unity and matrix

o 0 70 .
H = , then H'" is equal to
0 o

(a) H (XY () -H (d) H*
14. For each real number x such that - 1< x <1, let
1 - X
A(x) = I-x 1-x andzzx+y.Then,
- X 1 1+ xy
1-x 1-x

(a) ARR) = A() + A(y) (b) AR) = A [AW)] ™

(c) AR) = A(x)- A(y) (d) AGz) = Ax) - A(y)
15. If A = diag{2,-1,3}and B = diag{-1,3,2},

then A2B is

(a) diag{5,4,11}

(c) diag{3,1,8}

(b) diag {4 ,3,18}
) B

1GIfXY—70 dXY—3Oth th
2 +Y=|,  |andX-Y=| = ., thenthe sum

of the elements of the matrix 3X —4Y is equal to
(a) 14 (b) 16 (c) 12 (d) 25

[1 0 —z—| (=i i ]
17. IfP:tO - iJandQ: 0 O |,thenPQis

-i i 0 Rl
equal to
-2 2 2 -2 T 9 o 100
@ | 1 -1{M) -1 1| (o) N @jo 10
1 -1 -1 1 - - 001

18. A square matrix P satisfies P? = I — P,where I is the
identity matrix. If P" =51 — 8P, then n is equal to

(a) 4 (b) 5 (C) 6 (d) 7
2 )
19. Let A = cos” 0 sin 6 ;ZOSG
cos0 sin 0 sin20
2 .
and B=| 8 ¢ sino ;:osq) then AB = 0, if
cos¢sing  sin” ¢

(a) 6=n¢,n=0,1,2,...
b)6+06=nn,n=0,1,2,...

© 6=¢+(2n+1)g,n=0,1,2,.‘.

@) 6=(])+ng,n:0,1,2,...

10 10
20. If A= L J and I = [O J , then which one of the

following holds for all n>1, by the principle of
Mathematical Induction
(a)A"=nA+ (n-1I
© A"=nA-(n-1I

®) A" =2""1 A+ (n-1)I
d A" =2""1A- (n-DI

1 2 0

21. LetA+2B=| 6 -3 3|and
-5 3 1
2 -1 5
2A-B={2 -1 6| Ift.(A) denotes the sum of
0 1 2

all diagonal elements of the matrix A, then

t.(A) - t.(B) has value equal to (JEE Main 2021)
(@1 (b) 2
(©0 (d)3
a b ) i
22. IfA = 4 satisfies the equation
c
x? = (a +d)x + k=0, then
(a) k=bc (b) k=ad
©@k=a’+b*+*+d> (d)k=ad-bc

cosO sin 0
23. If A = . ,then A" is equal to
—sin® cosO
—cosnbO sinn0 sinn® sinno
(a) . . (b) . .
—-sinn6® sinn6 —sinn® sinno
1 0 -—si 0
© FTD nuoTsmn } (d) None of these
sinn® sinno
{ 1 0 -1
24. If A=[2 1 3 |,then A%+ A is equal to
LO 1 1 J
(a) A+1 (b) AZ+1
) AA+ T (d) None of these

(where I'is 3 x 3 unit matrix)

25. If A and B are square matrices of the same order
such that AB = BA, then AB" is equal to
(a) A"B (b) AB"
(c) AB (d) B"A

26. Elements of a matrix A of order 10 x 10 are defined

asa; = ' *J (where, 0is cube root of unity), then

tr (A) of the matrix is
(@ 0 ®) o
(c) 3 (d) None of these

Transpose and Special
Types of Matrix

0 2y 1
27. The total number of matrices A =|{2x y -1],
2¢ —y 1
(x, y€ R, x # ) for which AT A = 31, is(JEE Main 2019
(a) 2 () 4
(c) 3 (d) 6



28.

29.

30.

31.

32.

33.

34.

V3/2 12 [t 1] r
IfP = VA= dQ = PAPT and
{—1/2 J3/2 [0 ljan 9 an
X =PT Q%P then X is
()‘1 2005
Yo 1
) [4 + 200543 6015
2005 4-2005v3
1 0
(C){2005 1}
10
@, J

Let M =[a,,], « , be a matrix, where
a,, =sin(6, -0,)+icos(6,-0,),

then M is equal to

@ M b -M

() MT (d - MT

If A and B are matrices of same order, then
(AB’-BA’)is a
(a) skew-symmetric matrix (b) null matrix

(c) symmetric matrix (d) unit matrix

1 1
The matrix A = */15 */15 is
V2 V2

(b) orthogonal
(d) involutory

(a) unitary
(c) nilpotent

6 8 5
IfA=14 2 3]isthe sum of a symmetric matrix
9 7 1]
B and skew-symmetric matrix, C, then B is
(6 6 7 [0 2 -2
(@) |6 2 5 b)) |-2 5 -2
|7 56 1 1 2 2 0
6 6 7 [0 6 -2
©|-6 2 -5 @] 2 o0 -2
-7 5 1 2 -2 0
[0 0 1] [1 0 0]
IfE={0 0 1iandF={0 1 0}, then
0 0O 001
E?’F +F’E
@F (b) E
)0 (d) None of these

If A and B are two invertible matrices and both are
symmetric and commute each other, then

(a) both A™'Band A'B™! are symmetric

(b) neither A\ Bnor A™'B™! are symmetric

(c) A"'Bis symmetric but A™B™! is not symmetric

(d) A7'B7! is symmetric but A™'Bis not symmetric

36.

37.

38.

39.

40.

41.

42.

43.

1 2 3
. The matrix| 1 2 3|is
-1 -2 -3

(b) nilpotent
(d) orthogonal

(a) 1dempotent
(c) involutary

1 2 2

IfA={2 1 -2|and ATA=AAT =], then xy is
x 2 y

equal to

(@) -1 (b) 1 (© 2 (d) -2

If A and B are symmetric matrices of the same

order and X = AB + BAand Y = AB — BA, then
(XY)7 is equal to
(a) XY

(c)-YX

(b) YX
(d) None of these

An orthogonal matrix is
cosa 2sin oc} {

(@ {—2 sin o
© {cos o sin oc}

sin o,  cos O

cos0
IfA ={ .
sin O

cos oL sin o
—sino.  cos o

LR
CliM

} then AT + A =1,, if

COSs O

—sin6
cos0

®o=@n+1)n2,neZ
(d) None of these

(d)b=nn,ne”Z
(c)0=2nn+mn/3,ne”Z

1 -«
If for the matrix, A = Lx 8 } AAT =T 9, then the
value of a* + p* is (JEE Main 2021)
(@ 1 () 3 (©) 2 (d) 4

A and B are two square matrices such that
A®B = BA and if (AB)!° = A*B™ . Then, kis
() 1001 (b) 1023

(c) 1042 (d) None of these

If A and B are two square matrices such that
AB=Band BA=A,thenforne N (A + B)" is
(a)2" (A + B) () 2" (A + B)

(© 2" (A + B) (d)2"*(A + B)

a
c
a+d=1=ad - bc, then A?? ig

(a) I () -1,

(© A (d) null matrix

b
Let A = { d} be a matrix such that

. Let A, B, are square matrices of same order

satisfying AB = A and BA = B, then
(A2010 | p2010y2011
() A+ B

() 2011 (A + B)

equals
(b) 2010 (A + B)
(d) 211 A+ B)



Mixed Bag

. LetP = and @ =[g,;1be two 3 x 3 matrices

© W =
w = O
o = O O

+
=1I5. Then, 9217 951 4 equal to
d32

such that@ — P

(JEE Main 2019)

(a) 10 (b) 135 (d) 15
1 2 2
. IfA=|2 1 -2 |isa matrix satisfying the

a 2 b

equation AAT =9I, where I is 3 x 3 identity matrix,
then the ordered pair (a, b) is equal to (JEE Main 2015)

(©)9

(@ @,-1) (b) (-2,1)

(© @2,1) d -2,-1)

A= 2 HanaB=|* 1 thenBTAT
8 =7 4 an =l7 9| en is

(a) null matrix

(b) an identity matrix

(c) scalar but not an identity matrix
(d) such that T, (BT AT)=4

0 -1
. IfA =L 0} and A'® = AI, then the value of X is
(a) 2

(b)1 (©0

-1
| = /-1, then th t f li
; }, i en the system of linear

@ 3
. LetA:{ '

x 8
equations A® L}} = { } has

64 (JEE Main 2021)

(a) a unique solution

(b) Infinitely many solution
(c) No solution

(d) Exactly two solutions

. Let A is a3 x 3 matrix and A =[a;;l3,;. If for every

column matrix X, if X" AX =0 and a43 =— 2009,

then ag, =...
(a) 2009 (b) 2009
(© 0 (d) 2008
-1+iv/3 -1-i4/3
LIfA=| 2 2t | i=yJ-1and
1415 1.1y |i=VTan
2i 2i

f(x) =x% + 2, then f (A) is equal to

5-iv3)[1 0 3-iJ3)[1 0
NG RIS PN

10 . 10
ot @ i)l ]

1

8.

10.

11.

12.

13.

14.

Matrix A such that A%2 = 2A — I, where [ is the
identity matrix. Then, for n > 2, A" is equal to
(@ nA-(n-1)1

(b) nA-1

© 2" 'A-(n-1)1I

@ 2" tA-T

2 1 9
. IfA = 4 9 ,thenl + 2A +3A° +...

4 1 3 1
@) 5o I
5 2 5 2
d
| o @5 4
100
LetA={2 1 0|, ify; andu, are column matrices
3 21
1 0
such that Ay; =0 jand Au, =| 1|, thenu; +u, is
0 0
equal to
-1 [~ 1]
(@] 1 o] 1
0 |- 1]
) F 1T
(©]-1 d]-1
L 0 __ 1_
If M is a 3 x 3 matrix satisfying

0 -1 1 1 1 0
M|l|=f 2 ,M|-1|=| 1lland M|{1i{=| O
10 3 0 -1 1 12
Then, the sum of the diagonal entries of M is
(a9 (b) 8 (c) 10 (d 11
10 0
IfA=|/0 1 0 |and I is the unit matrix of order
a b -1
3,then A2 + 24* + 4A° is equal to
(a) 7A® (b) 747 (c) 81 (d) 61

o 0
If wis a complex cube root of unity and A = { 0 w}’

then A% is equal to

(a) w*A b)wA () A o
3 3 3
If A=|3 3 3|, then A*is equal to
33 3
(2)27 A ()81 A (©243 A  (d)729 A



15.

16.

17.

18.

19.

1 -1 1 a
IfA:{2 }andB:{ }and

-1 4 b
(A + B)? = A% + B2. Then, a and b are respectively
(a) 1,-1 (b) 2, -3 (c)-1,1 (d) 3,2

If A is a skew-symmetric matrix of order n and C is

a column matrix of order n x 1, then CTAC is
(a) an identity matrix of order n

(b) an identity matrix of order 1

(c) a zero matrix of order 1

(d) None of the above

Let A, B, C, D be (not necessarily square) real
matrices such that
AT =BCD, BT =CDA,CT = DAB, DT = ABC
for the matrix S = ABCD. Consider the two
statements.
L =8 II. §*=98*
(a) II is true but not I (b) I is true but not II
(c) Both I and II are true (d) Both I and II are false

Which of the following is an orthogonal matrix?

6 2 -3 (6 2 3
@lile 3 6 mlile -3 6
3 -6 2 s 6 -2
-6 -2 -3 (6 -2 3
©Ll2 3 6 @ll2 2 -3
s 6 2 6 2 3
If A, A, ..., Ay, _; are n skew-symmetric matrices

n
of same order, then B = Y (2r - 1) (Ay, _1)*" ! will

21.

22.

23.

24.

(a) symmetric

(b) skew-symmetric

(c) neither symmetric nor skew-symmetric
(d) data not adequate

Numerical Value Type Questions
20.

x 1 4
Let A = ,x€ Rand A® =[a; ] Ifa;; =109,

10

then ay, is equal to .......... . (JEE Main 2020)

The number of all 3 x 3 matrices A, with enteries

from the set { — 1, 0, 1} such that the sum of the

diagonal elements of AAT is 3, is ......... .
(JEE Main 2020)

c
a |, where a, b, ¢ are real positive

numbers, abc =1and AT A = I, then find the value
ofa® + b3 +cdis......... .
Let M be any 3 x 3 matrix with entries from the set

{0, 1, 2}. The maximum number of such matrices, for
which the sum of diagonal elements of M T M is

seven, is (JEE Main 2021)

1 -1
If A is 2 x 2 matrix such that A { J = { 2}

1 1
and A2 {_ } = { 0} the sum of the elements of A

r=1
be

Round I Answers
1. (d) 2. (d) 3. (¢) 4. (a) 5. (c) 6. (b) 7. (d) 8. (a) 9. (a) 10. (a)
11. (b) 12. (¢) 13. (a) 14. (¢) 15. (b) 16. (a) 17. (b) 18. (¢) 19. (¢) 20. (c)
21. (b) 22. (d) 23. (d) 24. (c) 25. (d) 26. (d) 27. (b) 28. (a) 29. (b) 30. (a)
31. (c) 32. (a) 33. (b) 34. (c) 35. (b) 36. (c) 37. (c) 38. (b) 39. (¢) 40. (a)
41. (b) 42. (b) 43. (a) 44. (d)

Round II
1. (a) 2. (d) 3. (b) 4. (b) 5. (c) 6. (a) 7. (d) 8. (a) 9. (c) 10. (d)
11. (a) 12. (a) 13. (b) 14. (d) 15. (a) 16. (c) 17. (c) 18. (a) 19. (b) 20. (10)
21. (672)  22. (4 23. (540)  24. (5)




Solutions

Round I
1. Given that,

2x 2 8 5 2
R T e I R
3 x 4 4x 10 6x

{2;2 2x} {16 1091 {(thw) 48}
= + =

Sx X 8 8x 20 12x
- 2x*+16 2x+10x| 25*+16 48
3x+ 8 X2+ 8x 20 12x

By equality of two matrices,
3x+8=20 = 3x=12 = x=4

2. Given that, Az{Oc O}
1 1

o [a 0]fa O] [a?+0 0+0 o> 0

= A = = =

1 1)1 1 a+1 0+1 a+1 1
Also, B=A?

10 a2 0
= =

51 o+l 1
Clearly, this is not satisfied by any real value of o
—sin o
cos O
—sinq || coso —sina
coso ||sino  cosa

—coso.sin OL— sin 0LCOS oc}

(given)

CoS O
sin o,

COs O
A=
sin o

3. Given, matrix A = {

_{ cos’o - sin’a

sin 0L.cos O+ cosaLsin O —sin%a + cos®a

_|cos2a —-sin2 o
“|sin20a  cos2a
o) -sin(no
Similarly, A" = C?S(n ) —sin(no) ,neN
sin(na)  cos(no)

oA {003(32 o) (given)

-sin@20)| [0 -1
sin(32 o) cos(32 ) 11 0

So, cos(32 o) =0 and sin(82 o) =1

= 32a=E:>oc=£
2 64

The_ minimum number of zeros Order

in upper triangular matrix

1 2x2

1+2=3 3x3

1+42+3=6 4x 4

1+2+3+4=10 5x5

1424 4 (n=)="0-1 nxn

5. .o

[0 3
kA = ¢
12b 24
0 2] [0 3a
= k =
{3 —4} | 2b 24}
0 2k] [0 3a
- 3k -4k| |2b 24
= 2k=3a, 3k=2b, —4k=24
= a:%, b:%, k=—
3 2

a=-4, b=-9, k=-6

- G = 2 a;, by; (in general)

k=1

And in a diagonal matrix non-diagonal elements are

. { 0, ifi#j
Zero. 1.e. a;; = o
Y a i ifi= J
SO, cij = Ot_ii blj
.1 1 X
1 sin” (mx) tan | —
. Given that, A=~ x n
n sin’l(—) cot ! (mx)
L T
1~ cos L (mx) tan_l(ﬁj
and B=— . n !
T sin"l(—) —tan™! (nx)
b

_sin_1 (1x) tan_l(ﬁj

T

m sin’l(ﬁj cot™ (mx)
b

—cos H(nx) tan"l(ﬁj

T

sin’l(ﬁj —tan ™! (nx)

n

sin™! (mx) + cos™* () tan’l(ﬁj - tan’l(ﬁJ
m m

(%) . i «x _ _
Tl sin 1(—j—sm 1(—) cot™ (mx) + tan ! (nx)
n

T

o oja
o o

. _ L _ _ b
[ sin! x+ cos 1x=§and tan! x+ cot lng}

10
_L _1y
2(0 1| 2

|
S N
N|= O



1 ifiei
8. Given that, ;=1 I L.ij.,
70, ifi=j
10
then A=a;]ow= {O J
1 0|1 O 1+0 0+0
A?=A-A= - =
0 1]]0 1 0+0 0+1
10
= =7
0 1)
9. Given that, A%=T ...(d)

Now, we have

A-IP+A+1IP -TA

=AY -P-3AIA-D)+ AP + P
+3A-I(A+1)-T7TA

=2(AY -3AA-D)+34A(A+I1)-TA
=2(A% A)-3AA-I-A-1)-TA
=2(I-A)-3A (-2I)-TA [from Eq. ()]
=24+64-I-TA
=2A+6A-TA=8A-TA=A

10. Given that,

1 -1
A:O andeO
|1 1] 1 0
[0 17 [o -1 0 0
A+B= + =
11 1] |1 0 2 1
(0 17 [0 -1 0 2
A-B= - =
R

1 1]|1 1
_{04—1 O+1}_{1 1}
0+1 141 1 2
and B2=B'B={0 —1}{0 —1}{0—1 0+0}
1 0|1 0 0+0 -1+0
_{—1 0}
0 -1
1 1] [-1 o] [2 1
A2_BZ:L 2}{0 —1}:{1 3}

and (A+B)(A—B):{0 0}{0 2}

oaa0 1 {0 1}

2 1{|lo 1
_{0+o 0+0}_{0 0}
0+0 4+1 0 5
Hence, (A+ B)(A-B)# A*-B?
11. Giventhat, AZ=A ...(1)
Now, we have I+ AY =)’ + (AP +31-A I+ A)

=1+ A% A+34U+ A)
[P =I1A=A]

=T+ A-A+3AJ+ A) [ A%=A4]
=T+ A%+3(A-T+ A?
=I+A+3(A+ A) [- A%=A]
=1+ A+3@RA)

=I+ A+6A=TA+1
0 -t
12. Here, A ={ },where t=tan (gj
t 0 2

1-tan?| 2 9
2) 1-t

= 2
1+tan2(gj 1+¢

a
2t —
an(2) o
1+tan2(g) 1+ t*
2

coso. —sin Otj|

Now, cosa =

and sino=

Now, we have (I — A) { .
sino.  cosa

i 1-¢2 -2t
_[(r o 0 —t)|[1+¢* 1+¢2
“1lo 1) l+¢ o 2t 1-¢2

. 1+ 1+ ¢

1-t%2 -2t
IR T A T
-t 1| 2t 1-¢

1+¢2 1+¢2
1-62+22 —2t+t (1 -1t

B 1+ % 1+ ¢°
l-ta-Y)+ 2t 22+ 1-¢2
| 1+ 1+¢2

[ 1+6% -2+t-0
B 1+ ¢* 1+ ¢*
-t 2t 224142

1+ ¢2 1+ ¢

1+¢2 —t1+ )]
o1+t 144 _{1 —t}

. Q)

i1+ t?) 1+ ¢2 t 1
| 1+¢ 1+t
10 0 -t
Now, I+ A= +
01 t 0
0+1 —-t+0] [1 -t .
= = ...(i1)
t+0 O0+1] |t 1

On putting the value of ¢ in both equations, we get
1 —tan (gj 1 - tan(g)
2)|_ 2
tan (E) 1 tan (E) 1
2 | 2

(I_A){cos(x —sin o] A

sino,  cosd



-3
W
Q
@
V)
=
=
T
[
I
1
o g
s o
| |
1
o g
s o
| |
I
1
OSM
Swo
| —|

H70 —

and A(z) =

RO BN )]
1+ xy 1+ xy

1
1+ xy

_(x+y)
1+ xy

_1+xy—x—y

1
1+ xy

T(-9a-y|_ @ty
| l+xy
1 [ 1+ xy

TA-0-y|-@+y

Now, consider

1 1 —x 1
A(x)'A(y)‘a—x><1—y>{—x 1H—y

3 1 1+ xy
- (1—y>'{—<x+ ?)
From Egs. (i11) and (iv), we get
Az) = A(®)- A(y).

15. A=diag {2, -1, 3} and B=diag {-1, 3, 2}
(2 0 0 -1
-1 0| = B=|0
0 3 0

(=)

CHEEN
o5 to
I |
OOVPIOO%
S = O o~ O
© O O © o O
o o L

o w o
OO O

1l

=diag {—4, 3, 18}

HB—_(DZ 0|[o O] |o® O
0 0|0 o 0 o

[ o =1]
...()

..(ii)

_(x+y

1+ xy

1

(x+ )]
1+ xy
1

@+ )]
1+ xy
1

- @+ )
1+ xy

...(ii1)

7

_(“y)} V)
1+ xy

S w O
N O O

16. X +Y + X -Y =2X

.'.2X:(X+Y)+(X—Y):B (; +B g}

[7+3 0+0_100.X_1100_50
1240 5+3| |2 8|77 "2l2 8| |1 4

7 0] [3 0
2V =(X+Y)-(X-Y)=| 5}{0 3}

Jrr e ]
v=3ls o )
a2 o} 1

Sum of element of 3 X -4Y =7+0-1+8=14
i 0 -1 -1 1

Again,

17. Since, P=| 0 —-i¢ i| and @=| 0 O
- i 0 -
i 0 =i[-1 i
. PQ=| 0 -i i||l 0 O
|-t ¢ O I -1
-2 %4 (141 -1-1 2 -2
= i? -i% |=| -1 1 |=[-1 1
i -i? -1 1 -1
18. - P*=P(-P) (- P*=1-P)

=PI-P*<PI-(I-P)=P-1+P=2P-1

Now, P*=P. P

= P‘=pP@P-I)

= Pt=2p?-p

= P*=2]-2P-P

= P*=2I-3P and P® = P2I - 3P)

= P =2P-3(I-P)

= P’ =5P-3]

Also, P =PBP-31)

= P=5P?-3P

= PY=5(I-P)-3P

= PY%=5I-8P

So, n=6

Alternate Solution
P"=5]-8P=5(-P)-3P
=PGP-31I) [ P*=1-P]
=P@P-3P%)=P>QI-3P)
=P?R2J-P)-P]
=P’RP’-P|=P’2P-1]
= P*[I - P]=P* . P?=P®

= n=6



cos?0

19. AB:{ sinecose}{ cos? ¢

sin?0 cos 0 sin ¢

sin ¢ cos ¢
cosOsin® sin? ¢

B {cos2 8 cos? ¢ + sin O cos ¢ cos Osin ¢

cos? ¢ cos 0sin O + sin? Osin ¢ cos ¢
cos20sin ¢ cos ¢ +sin? ¢ sin 0 cos 0
cos O sin Osin ¢ cos ¢ + sin? O sin® (J
cos 0 cos ¢ cos(B—0) sin ¢ cos 6 cos(® — )
- Lin 0 cosd cos(0—¢) sinOsin ¢ cos(6 — (]))}
- AB=0
= cos (0-¢)=0
= cos(e—¢)=c0s(2n+1)g

= 6:(2n+1)g+¢, where n=0,1,2,...

B!

20. A’=

1

|1 o]t o]t o

12 1j1 1] |31
10
' __n 1

nA:{n 0},(n_1)12{n—1 0 }
n n n n-1

)
nA-(n-1)I= =A"
n 1

1 2 0
21. A+2B=| 6 -3 3 )
-5 3 1
(2 -1 5
2A-B=|2 -1 6
10 1 2
(4 -2 10
4A-2B=|4 -2 12 ..(ii)
10 2 4
Adding Egs. (1) and (ii), we get
5 0 10
5A={10 -5 15
-5 5 5
1 0 2 0o 1 -1
A= 2 -1 3|landB=|2 -1 0
-1 1 1 -2 1 0
= t(A)=1-1+1=1

= t,(B)=0-1+0=-1
: £.(4) ~ ,(B) =2

22. We have, A :{“ Z}

- e

o

N

b

Il
S N =

[a%+ be ab+ bd
| ac+ cd bc+d2}
(a+d)-a (a+d)b
(a+d)c (a+d)-d}
[a®+ad ab+ bd
| ac+ cd ad+d2}
- (a+d)x+ k=0
i{a2+bc ab+bd}_{a2+ad ab+bd} {k 0}

(a+d)~A:{

ac+cd be+ d? ac+cd ad+ d? 0 k
oo
“lo o

bec—ad+ k 0 _ 00
- 0 be—ad+k| |0 O

= k=ad-bc
[ 0 sin O
23. Since, A = C.OS s s
| —sin 6 cos6
A’=A-A

[ cosO sin® cos O sin 0
:_—sine cose}{—sine cose}
[ cos20 sin26
:_—sinZG cos29}
{ cosn 0 sinne}

—sinn®

Similarly, A" =
cosn 0

-1
3
1

= o= O

10 -17[1 0 -1
A’=AxA=|2 1 3|2 1 3
01 11(/l01 1

[140+0 0+0+(-1) -14+0+ (-1)
=2+2+0 0+1+3 -2+3+3
10+2+0 O0+1+1 0+3+1
(1 -1 -2
=4 4 4
12 2 4
(1 0 -1 1 00 2 0 -1
A+I={2 1 3 |+|0 1 0|=|2 2 3
101 1 001 01
1 -1 i
A*+ A=|4 4 3
2

1+1 -1+0 -2+ (—1) 2 -1 -3
4+2 4+1 4+3 =6 5 7
2+0 2+1 4+1 | |2 3 5

10 -1][2 0 -1
AA+1)=|2 1 3|2 2 3

1[0 1 2



25.

26.

27.

28.

29.

AB=BA (@
AB"=B"A ...(11)
For n =1, Eq. (i) is obviously true.

Given that,
We want to prove that

Let Eq. (11) be true for a positive integer n = m.
ie. AB™ =B"A
Then, for n =m + 1, AB"*! = A(B"B) = (AB™B

(associative law of matrix multiplication)

...(ii1)

=(B"A)B [using Eq. (iii)]
=B" (AB) = B™ (BA) [using Eq. (3)]
=(B"B)JA=B""'A

Hence, by induction Eq. (ii) is true for all n € N.
tr (A) =(aq; + Qg9 + ...+ a19Q;)

=@+ o'+ 0 +...+ 0%
=0+ 0?+ o +... + 0
=’ [A+ 0+ ) +...+ 1+ 0+ 0)+1]

=0?[0+...+0+1]=0?

0 2y 1
Given matrix A={2x y -1|,(x,yeR,x#y)
2x -y 1
for which A”A =3I,
0 2x 2x|[0 2y 1 300
= 2y 'y -yl|2x y -1|=/0 3 O
1 -1 1]2x -y 1 0 0 3
8> 0 0| [3 00
= 0 6y> 0|=|0 3 0
0O 0 3 00 3
Here, two matrices are equal, therefore equating the
corresponding elements, we get
8x>=3and6y?=3
3 1
= x=t,—and y=+——+—
\/; SN
- There are 2 different values of x and y each.
So, 4 matrices are possible such that AT A = 31,.
Q*=Q-Q=PAPT . PAPT
=PAPT-P)APT = pPA-T- AP = PA%PT
Similarly, @* = PA*PT
Q2005 _ pA2005 pT
Now, X = PI*%p
— PT (PA2005PT)P
— (PTP) A2005 (PTP)
=I'A2005 I = A2005= 1 2005
0 1
Given, M =la,,],x,=I[sin (6,—-6,)+icos (6,—6,)]
= M = [sin(6, — 6,) — i cos (6, — 6,)]

= (M)" = [sin (8, - 6,) — i cos (6, — 6,)]

=[-sin (8, - 6,) — i cos (6, — 6,)]
=—[sin(0, - 0,)+ icos (0,-0,)]=-M

30. Let P= AB’— BA’be any matrix.

31.

32.

33.

34.

Now, P'=(AB" -BA’)Y=(AB)-(BA’Y
=(B)(A")-(A")([B) [ (AB) =BA’
(A =A7]
=-[AB’-BA’l=-P
P=-P
Pis a skew-symmetric matrix.
~ 1 i_
We have, A= */15 */15
L2 V2
1 1] 1 1
e | ® G|l B &
1 1 1 1
EENCIENG | RENCRNG)
11 1 1
RN
T272 272 0o
.. Matrix A is nilpotent.
6 8 5
Given, A=|4 2 3]
9 71
and symmetric matrix, B = A ; A
6 8 5 6 4 9 6 6 7
B:1 4 2 3|+|8 2 T7|t=|6 2 5
2 9 71 5 3 1 75 1
F is unit matrix = F2=F
and E°F+F’E=E*+E
0 01 0 01 000
Also, E*=|0 0 1|x[0 0 1[=|0 0 0
000 0 00 000

-~ E*+E=E.
Consider, (A7'B)T = B (A™)T
=B’y =BA™
[ AT = Aand B" = B
=A"'B [+ AB=BA= A'(4B)A™!
=AY BA) A= BA = A7'B]
= A"'Bis symmetric.
Now, consider
(AB Y = (BAY Y = ((ABY' [+ AB=BA]
— (B—IA—I)T — (A—I)T (B—I)T
_ (AT)—I (BT)—I —Algt?

= A7'B7! is also symmetric.



35.

36.

37.

38.

39.

1 2 3
Let A= 1 2 3
-1 -2 -3
[0 0 0
Then, A%2=|0 0 0
0 00

Hence, A is nilpotent matrix of index 2.

Since, A is orthogonal, each row is orthogonal to the

other rows.

= R,-R;=0

= x+4+2y=0

Also, R, Ry =0

= 2x+2-2y=0

On solving, we get
x=-2,y=-1
xy=2

Since, A and B are symmetric matrices

.. X = AB + BA will be a symmetric matrix

andY = AB — BA will be a skew-symmetric matrix.

Thus, we get X' =X and Y/ =-Y
Now, consider (XY)! =YTx”
=(-V)X)=-YX

. . T
coso sino cos Ol sin o
—sino. coso || —sino cos o

cosO sino || coso —sino
—sinot coso||sino  cosd

B cos®o +sin® o —cos oisin o + sin o cos o
—sin oL cos o + cos oLsin o sin?a + cos

e

-+ If A1is an orthogonal matrix, then
AAT = 1.
{ coso sino

. is an orthogonal matrix.
—sin o cos o

Given, A = c?se —sin 0
sinf® cos©
AT + A=1,
cos® sin6 cos® -sinb 10
= . +| . =
—sin© cosO sin® cos© 01
2cos 0 0 10
= =
0 2cos O 01
= cose=l
2
9=2nn+£,neZ

40 |:1 —O(:||:1 O(:|_ 1+ 02 o — of _|:1 0:|
“la B l-a B] |a-op o2+p?| [0 1

41.

42.

43.

44.

1+a%=1
a?=0
a+p2=1
p*=1
at=0
Bt =1
at +Bt =1

Here, (AB) (AB)= A (BA) B= A (A’B) B= A>B?
Now, (AB) (AB) (AB) = (A*B?) AB

= AB’AB= A’B (BA) B

= A’B (A?B) B= A® (BA)- AB?

= A® (A’B)- AB
= A°BAB?= A®- A’B-B?
=A"-B

So, (AB)" = A% "1. B"

o (AB)° = AZ°-1.B10 -9 _1-1023

We have, (A + B)?’= A+ AB+ BA + B?
-+ A2=BA-BA=B-B-A=B-A=A
and B>=ABAB=A-AB=AB=B
=A+B+A+B
=2(A+ B)

Also, (A+BP=(A4+B?(A+B)
=2(A+ B)-(A+ B)
=2(A+ B?=2x2(A+ B)
=4(A + B)

Hence, (A+ B)"=2""'(A+ B)

a blla b
Here, A% =
ere { c d} { c d}

[a%+ be ab+ bd}
| ac+ cd be+ d?
(a’+ad-1 ba+d)
| cla+d) d2+ad—1_
[a(a+d)-1 b
c d(a+d)—1}
__a—l b | [a b (10
__ c d—l}_{c d}__O 1}
A?=A-T A =A-A=(A-D-A=-1
. AP =—1
N A2010=(A3)670=(—I)670=12
AB=A] A’=4A| A"=A
BA=B}:>BZ=B}:>B”=B}
and (A+ B)?’=A%+ B*+ AB+ BA
=A+B+A+B=2(A+B)
(A2010+BQOIO)2011:(A+B)2011:22011 (A+B)




Round I1 On comparing, we get

1. Given matrix a+4+2b=0 = a+2b=-4 (@)
100] [000] [100O 20+2-2b=0=a-b=- ...(i)
P=3 1 0|=[38 0 0/+|0 1 0 and  a’+4+b%=9 ...(iii)
9 3 1 9 3 0 00 1 On solving Eqs. (1) and (i1), we get
a=-2,b=-1

= P=X+I(let)
Now, PP =+ X
=I1+°Ci(X0) +°CoX?) +°C3 (XP) + ... T
[+I"=I,1-A=Aand (a + 2" ="Coa" + 3. - B'AT = (4B = H_i "ﬂ B ;D
"Cia" x4 . AT"C "

This satisfies Eq. (ii1)
Hence, (a, b) = (-2,-1)

T T
0 0 0][o 0 0] [0o 0 O :{ 817 2—2} {1 0} :{1 0}21
Here, X2={3 0 0/|3 0 0|=|/0 0 O -28+28 -7+8 01 01
9 3 0|9 30 9 00 Hence, B'A” is an identity matrix.
0 0 0][0 0 0] [0 0 O 4 A 0 -1
and X°=X%2.X=(0 0 0[|3 0 0/=|0 0 O ) 1 0
9 0 0[|9 3 0/ |0 0O A20-10—1 -1 0
00 0 |1 ol o] | 0 -1
= X'=X"=(0 0 0 ., [-1 o][-1 o] [1 0
= A® = =
000 0 -1|| 0 -1] |0 1
000 000 1 0 0 - AS=T.T=T
So, P°=I+5[3 0 0[+10/0 0 Of=[ 15 1 0 N A —T.T=T
9 30 9 0 0| 135 15 1 A6 ZoT
2 0 0 = I=)\
and Q=I+P°=|15 2 0 =[q ;] r=1
135 15 2 io—i
5. A=l . .
= Q9 =15,95, =135 and g5, =15 -1 1
Hence,q21+qg’1=15+135=@:10 A= 2 2 =2 -1l
qs2 15 15 2 -2 1 -1
r T -1 1 -1 1
. 12 2 ) 1 2 a A4 9 5
2. Given, A={2 1 2| A"=|2 1 2 1 -1 1 -1
a 2 b| 2 -2 b _8{1 —1}
1 2 271 2 a -1 1
AAT =12 1 -2]|2 1 2 s 1 -1 [1 -1
A% =8 8
la 2 b[2 -2 b -1 1 -1 1
9 0 a+4+2b 1 -1
=128
= 0 9 2a +2—-2b -1 1
a+4+2b 2a+2-2b a’+4+ b g{x} {8-
It is given that y| |64
AAT =91 1 -1« 8
} 128 =
9 0 a+4+2b 100 -1 1]|y| |64
= 0 9 20 +2-2b=9(0 1 0 x -y 8
a+4+2b 2a+2-2b a’+4+b2| |0 0 1 128{_,6 +y}{64}
9 0 a+4+2b7 [9 0 0 1 1
x—y=—and-x+ y=—
0 9 2a+2-2b|=/0 9 0 16
a+4+2b 2a+2-2b a’+4+ bz_ 00 9 Hence, the linear equation has no solution.




a1 Qg Q3 X,
6. Let A=|ay ayy gy |and X =| X,
Q31 Qg Q33 X

L XA X=0

2 2 2
= ay Xi tage X5 ag X+ (a9 + a9)X; X,

+(agg + ag)) Xy X5 + (agy + age) Xy X3 =0

This is true X;
Ay =Gy =033 =0
Qg+ Qg =0
Q3 + ag; =0
Qg3 + Q35 =0

= ~2009 + agy =0
= agy = 2009
[0 (,l)2
7. Thus, A=| @, 1 ="?{ }
-0 -1

| -o’+o 0
0 —0%+

F) =x+2
2o |0t 0 20
fa)=A +2{ 0 _(DZ“J{O 2}

Y 10
= u)+w+2]{0 J

10 , 10
=(3+2m){0 1:|=(2+L\/§)|:0 J

8. Given, A?=24-1
Now, A®=A42.A4=24%-1]A
=242-A=2QA-1)-A
=34-2I=3A-3-1)I

A'=nA-(n-1)1

g Y e

 T+2A+3A%+..=1+2A

Lo ola S

a Qg
10. Let u, =| b, |and uy,=| b,
a G
100 1 0
A=210| Au,; = |0| and Au,=|1 [given]
321 0 0

1 0 0| 1
We have, 2 1 0(]b |= 0}
32 1||¢g 0
1 0 0][ay] [0]
and 2 1 0ffby|=|1
3 2 1f|c| |0
a; 1 [1]
= 2a, + b, =0
3a; +2b;+ ¢ | |0]
ay 0
and 2a4y + by =1
3aq+ 20y + ¢y 0
= a; =1,2a; + b; =0,3a; +2b, + ¢ =0
and  ay3=0,2a9+ by =1,3a9+ 20y + ¢4, =0
= a;=1,b=-2,¢ =1
and  ay=0,by=1,¢c=-2
1 0 1
U +ug=|-2|+| 1|=|-1
1 -2 -1
[a, ay as
Let M=|b by b?l
LG & 4
o] [-1 1 1 1 0
Mil|=| 2|, M|-1|=| 1| and M|1|=| O
o] | 0] [-1 1| |12
a,] [-1 a—ay] [ 1
= bz]: 2| = | b-by|=| 1
cy 3 q-c| | -1
aptag+as| [ O
and b +by+b;|=| 0
gtete| |12

=  ay=-1,09=2,¢0=3,a; —ay=1,b; —by=1,
g-c=-1l,a,+ay+a;=0,b +by+ by =0,
o+ eyt =12
= a,=0,by=2,¢, =7
a;+by+6=0+2+7=9
Hence, the sum of diagonal elements is 9.

10 0][1 0 O

12. A=|0 1 0[]0 1 0
a b -1||la b -1
100

= A*=|0 1 0|=1,
001

A*=A*A*=L 1, =1,
AS=A2 A=, L =1,
AT+ 2A 4 4AS =L + 2L, + 41, = TL, = T(Iy)*
=T(A%" =7A°



13.

14.

15.

16.

[ 0
Given, A= ® }
10 o
, [0 0o 0] [0 O
A’ = = )
10 0]|0 o 0 o
43 (o> 0l[o 0] [&® O
|0 |0 o] [0 &
50
Similarly, A% {0) Qo}
(,00

(@0*)'8 »? 0 o 0
:{ 0 (0)3)16002}:{0 (Dz}:wA

111
Given, A=3|1 1 1
111
111 111
Now, A’=3[1 1 1[-3|]1 1 1|=94
111 111
L AY=A%. A?=9A.94=81-9A="T29A
?A+B:F 4} F ﬂ F 4+ﬂ
2 -1| |4 b| |6 -1+b
2_—2 -1+al[2 -1+a
= A+B |6 —1+bH6 —1+b}
__—2+6a ~l+a-b+ab
| 6+6D —5+6a—2b+b2}
and A2:‘1 —1“1 —1}{—1 0}
2 -1][2 -1 0 -1
s |1 alll a||l+4a a +ab
Also. B=, szl b} {4+4b da+ bZ}

Given, (A+ B)*=A%+ B?
-2+6a -1l+a-b+ab
{6+6b —5+6a—2b+b2}
-1 0 l+4a a+ab
{ 0 —1}{4+4b 4a+b2}
-2+6a -l+a-b+ab da a+ab
{6+6b —5+6a—2b+b2}=[4+4b —1+4a+b2}

On comparing both sides, we get
-2+ 6a=4a and 6+ 6b=4+4b
a=1and b=-1
Here, C, Aand CT are matrices of order
nx1,nxnand 1 X n, respectively.
Let CTAC =k
Then, (CTAC)! =cTAT "Y' =cTATC =C"(-A)C
=-CTAC=-F
= k=-k = k=0

Hence, CTAC is a null matrix, which shows that
CT AC is a zero matrix of order 1.

17.

18.

~8°=8.5-8
= (ABCD) (ABCD) (ABCD)
= (ABC) (DAB) (CDA) (BCD)
=DTCTBT AT = (BCD)" AT =
= AAT = ABCD =S
-~ 8® =8 and S* =52

We know that a matrix

(AT )T AT

a; ay ag

A=|b by, by |will beorthogonalif AA’ =1, which
G G 4

implies

Yal=3b' =3 =1

and Xab, =2Xbc =2¢a; =0
6 2 -3
Now, from the given options, only 1 2 3 6
3 -6 2
satisfies these conditions.
6 2 -3
Hence, 1 2 3 6 |is an orthogonal matrix.
3 -6 2
. Given, A;, A;,... Ay, _; are skew-symmetric matrices of
same order.
:>(A1)T:—A1,(A ) a~~-(A2n—1)T:_A2nfl
Now, B = 2 @r-1) (A, _)* !

r=1
B—Al+3(A3)3+5(A5)5 L+ @n-1)(A,,_)"!
B" =(A)" +3[(4)°]" +5mﬁ1+
.. (2n—1)[( 2n71)2n71]T
:_Al _3(A3)3 —5(A:>)5 -
- @n-1)(Ay, )"

=-B
Hence, Bis a skew-symmetric matrix.
1
. Given matrix, A = {x }
10
x 1fjx 1 x2 +1 x
=
1 0f|1 O x 1
Z+1 x||2+1 x
=
x 1
(x + 1)2 +22 x(+2)
x(x? + 2) 2+ 1

a;] and a;; =109
= @+1)%+2>=109
= x*=9
a22=x2+1
=9+1=10



21. Let a3 x3 matrix A = [a;]5 «3,1,J €{1,2,3}

22. -

So, sum of diagonal elements of AA”
=trace of AA" = tr([a;]la;])
=af, + ajy+ ajy + aj + ady+ agy + a5
+a+ al
=3 (given)

"+ @y €{-1,0,1}

So, possible combinations are

0,0,0,0,0,0,1,1, 1

0,0,0,0,0,0,-1,1,1

0,0,0,0,0,0,-1,-1,1

0,0,0,0,0,0,-1,-1,-1

. Number of such matrices such taht tr(447) =3 is
=90 x2x2x2
_9x8xT
T 3x2
=84 %8
=672

Hence, answer 1s 672.

ATA=1

X2X2x%X2

a b cl|la b ¢ 1 00
b ¢ al|lb ¢ al=|0 1 0
c a bllec a b 001

a?+ b2+ ab+ be+ca ac+ ab+ be

=l ab+bc+ac b +E+a’ be+ca+ ab
ca+ab+be betac+ab A+ a’+ b?
(1 0 0

=0 1 0
0 01

a® +b® + & —3abe
=(a+b+0 (@ +b*+F-ab-be-ca) ...4)
and (@+b+0?=a’+ b2+ P+ 2 (ab + be+ ca)
=1+2x0=1

= a+b+c=1 ...(11)
[ a, b, care positive real numbers]

From Egs. (1) and (ii), we get
a®+b+FE -3x1=1x1-0) [ abe=1]

= @+ b+ =4

23.

24.

a; Gy ag
Let M=|a, a; ag|wherea€{0,1,2}
a7 Qg Qg
. Q4 Q7|1 G Az A3
Then, M'M =| ay, a5 agl||a, a5 ag
a3 Qg Qg || Q7 Qg Qqg

Sum of the diagonal entries in MTM =7

= (@i+ai+ad)+@+aZ+aj)+ (@i +ai+ad)=1

It is possible when

Case I Seven q, are 1 and two q;, are zero, which can

be done in
9C, =36
Case I1 One q;, is 2 and three q,, are 1 and five a;,
are zero.
It can be done in "C; - °C3 = —— =504
5!3!
. Total =540
a bi| 1| [-1
c dj|-1] | 2
a-b| |-1
c-d| | 2
2_ 1] [1]
and A =
-1 0

a bl[a b|[ 1] [1]
—1 =
c dl|lc d||l-1 0

a bl[a-b] [1

{c d}{c—d_:_O}

[a b[-1] [1]

¢ d]| 2] |0

-a+2b] [1]

{—c+2d_:_0_

Now, a-b=-1
c—-d=2

—a+2b=1

-c+2d=0

On adding Eqgs. (i), (i1), (iii) and (iv), we get

b+d=2

On adding Egs. (1) and (i1), we get
(a+c)-b+d)=1

= a+c-2=1=a+c=3

Hence,a+b+c+d=2+3=5

...()
...(11)
...(ii1)
...(av)



