Chapter 03

CONTINUITY, DIFFERENTIABILITY &
DIFFERENTIATION

CONTINUITY

1. DEFINITION

A function f(x) is said to be continuous at x = a; where
a € domain of f(x), if

lim f(x)= lim f(x)=f(a)

i.e., LHL=RHL = value of a functionatx=a

or lim f(x)=f(a)

1.1 Reasons of discontinuity

If f(x) is not continuous at x = a, we say that f (x) is
discontinuous at x = a.

There are following possibilities of discontinuity :

1.

lim f(x) and [im f(x) exist but they are not
x—a x—a®
equal.

lim f(x) and lim f(x) exists and are equal but
Xx—a x—a*

not equal to f(a).
f(a) is not defined.

Atleast one of the limits does not exist. Geometrically,
the graph of the function will exhibit a break at the
point of discontinuity.
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The graph as shown is discontinuous at x = 1, 2 and 3.
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2. PROPERTIES OF CONTINUOUS FUNCTIONS

Let f(x) and g (x) be continuous functions at x = a. Then,

1.

2
3
4.
5

¢ f(x) is continuous at x = a, where c is any constant.
f(x) + g (x)is continuous at x = a.

f(x). g (x) is continuous at x =a.

f(x)/g (x) is continuous at x = a, provided g(a) # 0.-

If f(x) is continuous on [a, b] such that f(a) and f(b)
are of opposite signs, then there exists at least one
solution of equation f(x) =0 in the open interval (a, b).

3. THE INTERMEDIATE VALUE THEOREM

Suppose f(x) is continuous on an interval I, and a and b are any
two points of I. Then if'y, is a number between f(a)and f(b),
their exits a number ¢ between a and b such that f(c) =y,.

NOTES:
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The Function £, being continuous on (a,b)
takes on every value between f'(a) and f'(b)

That a function f* which is continuous in [a, b] possesses

@

(i)

the following properties :

If f(a) and f(b) possess opposite signs, then there
exists at least one solution of the equation
f(x) =0 in the open interval (a, b).

If K is any real number between f(a) and f(b), then
there exists at least one solution of the equation f
(x) =K in the open interval (a, b).
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4. CONTINUITY IN AN INTERVAL

(@ A function f issaid to be continuous in (a, b) if f is
continuous at each and every point € (a, b).

b A function f is said to be continuous in a closed
interval [a, b] if:

(1)  f is continuous in the open interval (a, b) and

@ 7

' 1.e. Limit

is right continuous at 'a
x—>a*

f(x)=f(a)=afinite quantity.

Limit
x—>b~

@3) f is left continuous at 'b'; i.e.

f (x)= f(b)=afinite quantity.

5. CONTINUOUS OF COMPOSITE FUNCTIONS

Theorem 5.1
Suppose a<c<b,f:[a,b] >Ris a function and

lim f(x) = - Further suppose that g: R — R is continuous

X—>C

at [. Then lim ( gof ) (x) exists and is equal to g(/).
xX—>C

Proof : Write p = g(/)and € > 0. Then there exists 6 > 0 such that
ye(l-8,1+08) = |g(y) - p| < € (since g is continuous at /).
Since f(x) — / as x — ¢, corresponding to this 5 > 0 there
exists n > 0 such that

xe(c-n,ct+tn) =[f(x)-)<d
=1-5<f(x)<1+38
= [g(f(x))-pl<e
= |(gof) (x)-pl <&
Hence

){Lﬂl(gOf) (x)=p=g(l)

Theorem 5.2

Suppose a <c <band f: [a, b] > Rand gt R —» R are,
respectively, continuous at ¢ and f(c). Then gof: [a,b] > R
is continuous c.

Proof : By Theorem 5.1
lim (gof )() = g (¢)) = (gof ) (¢)

Hence gof is continuous at c.

Note : If c=a orb, in a similar way as Theorem we can show that
gof is continuous at a or b.

Theorem 5.3

Suppose f : [a, b] > R is continuous, f([a, b]) < [p, q] and
g:[p, q] = R is continuous. Then gof : [a, b] &> R is
continuous.

Proof : Supposec € [a, b]. Since fis continuous on [a, b] and g is
continuous on [p, q] it follows that gof is continuous at ¢
(by Theorem and the note). Hence gof is continuous on
[a,b].

Theorem 5.4
Suppose aeR, a < c < b, f: [a, b] > [0, o) and

lim f(x) =1, then lim f“(x)=1%
x—c x—c

Proof : Since f(x) > 0 on [a, b], by Theorem it follows that
lim f(x)=1>0.Write g(x)=x“Vx>0.ByExample we
X—>C

get g is continuous at 1. Therefore by Theorem it follows
that

lim £ (x) = lim (£ (x))" =limg(/(x))=g(I)=1"

X—C X—>C X—>C

6. A LIST OF CONTINUOUS FUNCTIONS

Function f (x) Intervalin which

f (x) is continuous

1. constant ¢ (—o0,0)
2. x", nisaninteger >0 (—o0, 0)
3. x™ nis a positive integer (~o0, 0)— {0}
4  |x-q (o0, 0)
5. P(¥)=ax'tax"'+..+a  (-0,0)
p (%) o
6. » where p (x) and (—o0, 00)—{x; q (x)=0}
q(x)
q (x) are polynomial in x
7. sinx (—00, 20)
& cosx (—o0,0)
9. tanx (o0, 00)—{(2n+1)§:n el}
10. cotx (-0, 0)—{nm:n e}
1. secx (-0, 0)={(2n+1)

/2 :nel}
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12.  cosecx (-0, 00)— {nm:n eI} - 0 ifxel .
13, e (0, 00) Similarly f(x) = [x] + [-x] = . has an isolated
’ -1 ifxel
14, logx (0,0)

7. TYPES OF DISCONTINUITIES

@

Type-1 : (Removable type of discontinuities)

In case, Limit f (x) exists but is not equal to f(c) then the
X—>C

function is said to have a removable discontnuity or

discontinuity of the first kind. In this case, we can redefine

the function such that Limit f(x) = f(c) and make it
X—C

continuous at x = c. Removable type of discontinuity can be

further classified as :

Missing Point Discontinuity :

Where Limit f (x) exists finitely but f(a) is not defined.

X—a

(l—x) (9—x2)

Eg f(x)= (1 ) has a missing point discontinuity
-X
atx=1,and
sinx . o o
fx)= has a missing point discontinuity at x = 0.
X
MY f® Lim f(x) — exist finitely.
a
f(a) = does not exist.
|
— !
- X
a

missing point discontinuity at x = a

(b) Isolated Point Discontinuity :

Where Limit f (x) exists & f (a) also exists but;

X—a

Limit #f(a).

X—a

X2—

16
eg. f(x)= 1 x #4 and f(4)=9 has an isolated point

X —

discontinuity at x = 4.

point discontinuity atall x € L.

AY Lim Jf(x) — exists finitely
X X=—ra
? 7 Jf(a) —» exists.
‘ But, Lim /(x) = /(a)
X—a

— i
|
E a
a X

Isolated point discontinuity at x = a

@

)

©

Type-2 : (Non-Removable type of discontinuities)
In case, Limit f(x) does not exist, then it is not possible to
X —>a

make the function continuous by redefining it. Such
discontinuities are known as non-removable discontinuity
or discontinuity of the 2nd kind. Non-removable type of
discontinuity can be further classified as :

hY .

X
Sx) Lim f(x)—>does not exist,
X=rd

non-removable discontinuity at x = a

Finite Discontinuity :
. 1
e.g., f(x)=x—[x]atallintegral x; f(x)=tan"' — atx=0and
X
1
fx)= T atx=0 (notethat f(0)=0; f(0)=1)
14 2%
Infinite Discontiunity :
0=~ org (= atx=4: £ =2"
eg., f(X)= org(x)= -5 atx=4; f(x)=2""
g x—4 g (X _4)2
T coS X
atxz;andf(x): atx=0.
Oscillatory Discontinuity :

1
e.g., f(x)=sin — atx=0.
X
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In all these cases the value of f(a) of the function atx = a

(point of discontinuity) may or may not exist but Limit does
X—a

not exist.

> W

Nature of discontinuity

From the adjacent graph note that
— f is continuous at x =—1
— f has isolated discontinuity at x = 1
— f has missing point discontinuity at x =2

— f has non-removable (finite type) discontinity at the origin.

NOTES:

(a) In case of dis-continuity of the second kind the non-
negative difference between the value of the RHL at
x=aand LHL atx =a is called the jump of discontinuity. A
function having a finite number of jumps in a given interval
Iis called a piece wise continuous or sectionally continuous
function in this interval.

(b) All Polynomials, Trigonometrical functions, exponential
and Logarithmic functions are continuous in their
domains.

(¢) If f(x) is continuous and g (x) is discontinuous at x = a
then the product function ¢ (x) =f(x) . g (x) is not necessarily
be discontinuous at x = a. e.g.

sinE xz0
S (x)=xand g(x)= X

0 x=0

(d) If f(x) and g (x) both are discontinuous at x = a then the
product function ¢ (x) =f(x) . g (x) is not necessarily be
discontinuous at x=a. e.g.

1 x>0
f(X)Z—g(X)={

-1 x<0

(e) Point functions are to be treated as discontinuous eg.

f(x)= {/1-x + {/x—1 is not continuous at x = 1.

st
. 2
(f) A continuous function whose domain is closed must have
a range also in closed interval.
(g) If f is continuous at x = @ and g is continuous at
x = f'(a) then the composite g [ f(x)] is continous at
x sin

sin X
x>+2

x=a Egf(x)= and g (x) = [x| are continuous atx

=0, hence the composite (gof) (x) = will also be

x>+2

continuous at x = 0.

DIFFERENTIABILITY

8. DEFINITION

Let f(x) be a real valued function defined on an open interval
(a,b) wherec € (a,b). Then f(x) is said to be differentiable or
derivable atx =c,

i, lim S(x)-7(¢)

exists finitely.
X—>C ( X—C

This limit is called the derivative or differentiable coefficient
of the function f (x) at x = ¢, and is denoted by

£(e) or < (£(x)

X=C

y=f X
(a+h, f(a+h))

Yy

Right secant
through A

Left secant
through A A :
Tangent at A.
(a-h, f(a-h)) Q :
ah a ath
a+h)- f(a
. Slope of Right hand secant = M as

h
h — 0, P — A and secant (AP) — tangent at A
(f(a+h) - f(a)j
h

= Right hand derivative = Lim
h—0
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= Slope of tangent at A (when approached from right)
S'(@).

f(a=h)-/(a)

“h ash

o Slope of Left hand secant =

— 0, Q —> A and secant AQ — tangent at A

[f(ah)—f(a)]

-h

= Left hand derivative = Lim
h—0

= Slope of tangent at A (when approached from left) /”(a").

Thus, f(x) is differentiable atx =c.

= lim

exists finitely
X—C (X - C)

X—¢” (X—C) x—c” (X—c)
o gmlemh)=s(e) S (erh)= (o)
h—0 — h—0 h
fim L0)=F() _ o femh)—f(e)
Hence, e (xfc) PR “h is called

the left hand derivative of f(x) at x = ¢ and is
denoted by f' (c)or L f” (c).

While, lim £0) = £e) _ pp Eleth) — £(c)

= is called
X—¢ X —C h—0 h

the right hand derivative of f(x) at x =c and is
denoted by f' (c¢*) or R f' (¢).

If /" (c) = f (c"), we say that f(x) is not differentiable
atx=c.

9. DIFFERENTIABILITY IN A SET

1.

A function f(x) defined on an open interval (a, b) is said to
be differentiable or derivable in open interval (a, b), if it is
differentiable at each point of (a, b).

A function f(x) defined on closed interval [a, b] is said to be
differentiable or derivable. “If f is derivable in the open
interval (a, b) and also the end points a and b, then fis said
to be derivable in the closed interval [a, b]”.

ie., lim M and [lim _f(x) — f(b)

x—a’ X—a x—b” X -

, both exist.

K

A function f'is said to be a differentiable function if it is
differentiable at every point of its domain.

NOTES:

1. If f(x) and g (x) are derivable at x = a then the
functions f(x) + g (%), f(X)—g (), f(X). g (x) will also
be derivable at x =a and if g (a) # 0 then the function
f (x)/g(x) will also be derivable at
x=a.

2. If f(x) is differentiable at x = a and g (x) is not
differentiable at x = a, then the product function
F (x) = f(x). g (x) can still be differentiable at
x=a.E.g. f(x)=x and g (x)=x].

3. If f (x) and g (x) both are not differentiable at
x = a then the product function; F' (x) = f(x). g (X)
can still be differentiable at x = a. E.g.,
Jx)=|x|and g (x)=|[x].

4. If f(x) and g (x) both are not differentiable at
x = a then the sum function F (x) = f(x) + g (X) may
be a differentiable function. E.g., f(x) = [x| and
g(x)=—x.

10. RELATION B/W CONTINUITY &
DIFFERENTIABILITY

In the previous section we have discussed that if a function
is differentiable at a point, then it should be continuous at
that point and a discontinuous function cannot be
differentiable. This fact is proved in the following theorem.

Theorem : If a function is differentiable at a point, it is
necessarily continuous at that point. But the converse is
not necessarily true,

or f(x)is differentiable at x=c

=  f(x)iscontinuous atx =c.

NOTES:

Converse : The converse of the above theorem is not
necessarily true i.e., a function may be continuous at a point
but may not be differentiable at that point.

e.g., The function f(x) = |x] is continuous at x = 0 but it is not
differentiable at x = 0, as shown in the figure.
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The figure shows that sharp edge at x = 0 hence, function
is not differentiable but continuous at x = 0.

NOTES:

(a)Let /" (a)=p & f" (a) = q where p & q are finite then:

i p=9g = fisderivableatx=a
= f is continuous at x = a.
() p=q = fisnot derivable atx = a.
It is very important to note that f may be still continuous
atx=a.

In short, for a function f:

Differentiable = = Continuous;
Not Differentiable =~ Not Continuous
(i.e., function may be continuous)
But,
Not Continuous = Not Differentiable.

(b) If a function f'is not differentiable but is continuous at
X = a it geometrically implies a sharp corner at
X=a.

Theorem 2 : Let fand g be real functions such that fog is
defined if g is continuous at x = a and f is continuous at g
(a), show that fog is continuous at x = a.

DIFFERENTIATION

11. DEFINITION

The rate of change of one quantity with respect to some
another quantity has a great importance. For example, the
rate of change of displacement of a particle with respect to
time is called its velocity and the rate of change of velocity
is called its acceleration.

The rate of change of a quantity ‘y’ with respect to another
quantity “x’ is called the derivative or differential coefficient
of'y with respect to x.

Derivative at a Point

The derivative of a function at a point x = a is defined by
a+h)-f(a

£(a)=tim L2 )= 1 a) 2 /(a)

jm (provided the limit exists and

is finite)

The above definition of derivative is also called derivative
by first principle.

(1) Geometrical meaning of derivatives at a point : Consider
the curve y = f(x). Let f(x) be differentiable at x = c. Let
P(c,f(c)) be a point on the curve and Q(x, f(x)) be a
neighbouring point on the curve. Then,

Slope of the chord PQ :M. Taking limit as
x—c

0 —> P, ie., weget

éim (Slope of the chord PQ) = limM (i)
P x—e xX—cC

As Q — P, chord PQ becomes tangent at P.

Therefore from (i), we have

P =1lim
slope of the tangent at e x—c dx

f(x)=1(e) :[df(x)] 7

AY

Qlx, f(x)]

i | f(x)-fic)

o
=¥

NOTES:

Thus, the derivatives of a function at point x = ¢ is the slope of
the tangetn to curve , y = f(x) at point (c, f(c)).

(2) Physical interpretation at a point : Let a particle moves
in a straight line OX starting from O towards X. Clearly, the
position of the particle at any instant would depend upon
the time elapsed. In other words, the distance of the particle
from O will be some function foftime t.

Let at any time t =t , the particle be at P and after a further
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time h, it is at Q so that OP = f(t,)and OQ = f (1, +h) .

hence, the average speed of the particle during the journey

PQ [t +h)= 1 (t)

from PtoQis — = i-e. p = f(t,-h) . Taking

the limit of f(¢,,h)ash— 0, we get its instantaneous

f(t+h)- (1)
h

Thus, if f(t) gives the distance of a moving particle at time t,

then the disivative of fat t =t represents the instantaneous

speed of the particle at the point P, i.e., at time t = t,.

speed to be }115)% , which is simply f(t).

Important Tips
* Qisi(y) in which a is simply a symbol of operation
dx dx dx ply asym P

and ‘d’ divided by dx.
*If f(x,)=00, the function is said to have an infinite

dervative at the point x, . In this case the line tangent to the

curve of y = f(x) at the point x, is perpendicular to the x-
axis.
(@) Letusconsider a function y=f(x) defined in a certain interval.

It has a definite value for each value of the independent
variable X in this interval.

Now, the ratio of the increment of the function to the increment
in the independent variable,

Ay _ f(x+Ax)- f(x)
Ax Ax

A
Now,as Ax — 0, Ay — 0 and A_z — finite quantity, then

d
derivative f{x) exists and is denoted by y’ or '(x) or d_z

Thus, f'(x)= lim (ﬂ): im f(x+4ax) - f(x)

x—0 \ AX Ax—0 AX

(if it exits)

for the limit to exist,

oSS F(xh) /()
h—0 h h—0 —h
(Right Hand derivative) (Left Hand derivative)

K

(b) The derivative of a given function f at a point x = a of its
domain is defined as :

Limitw, provided the limit exists & is
h—0

denoted by f(a).
Note that alternatively, we can define
S(x)=/(a)

/"'(a) =Limit S)-/(a) , provided the limit exists.
X—a X—a

This method is called first principle of finding the derivative

of f(x).

12. DERIVATIVE OF STANDARD FUNCTION

1

=n.x"";xeR,neR, x>0

=
s

o

><|°-

—_
e
=

N —
|

d 1
v) ()=~

o o b~

dx

(vi) i(sin X)=cos X
dx

(vii) i(cos X)=—sinx
dx

d 2
iii) — (tan x) =sec
(viii) dx( X) X

(ix) i(sec X)=sec X . tan X
dx

®) i(cosec X)=— cosec X . cot X
dx

(xi) %(cot x)=—cosec” x
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(xii) %(constant) =0

i) ~-(sin ! x) = —— Cl<x<I
dx 1—x2’

(xiv) i(COS*IX)= ! —-1<x<1
dx l—xz’
d ,1 1
—|tan™ X )= s

o gl )= xR
d 1 -1

) —lcot x|= s
(xvi) dx( ) ) xeR

1

. d A 1
i) gl N

d -1
(xviii) —(cosec_lx) = |x| >1
dx |x|\/x2 -1

(xix) Results :
If the inverse functions /& g are defined by
y=/(x) &x=g(y). Theng (f(x)) = x.

= g({fx).f®=1.

. . Ly dy
This result can also be written as, if — exists & = # 0, then

dx dx

dy dx dx "dy o dx

13. THEOREMS ON DERIVATIVES

Ifu and v are derivable functions of x, then,

dy )| dy

i)  Term by term differentiati -i(u+v)—d—u+&
()] erm by term differentiation : o o dx

%:1/(&) or Iy dx_, dy—l/(d_xj[d_";t

)

d du
(i) Multiplication by a constant — (K u)=K-— where K is

dx dx

any constant

“P d tR l ” i(uv)—uﬂ_lrv@ kn
(iii) roduct Rule” -~ {u- ax gy Knownas

In general,

S

(@ If U, Uy, U, Uy, .., U are the functions of x, then

3o Uy -

d

&(ul .u2.U3 .U4 .....un)

du dv
d(u v dx e dx
(iv) “Quotient Rule” &E—j =——"7 ~ "7 wherev#0

v V2

known as
(b) ChainRule: Ify=f(u),u=g(w), w=h(x)

hep Y _dy du dw
N g T du dw  dx
or = 1(u). g'(w) '(x)
dx
NOTES :
In general if y = £ (u) then dy_ f'(u) du
dx dx

14. METHODS OF DIFFERENTIATION

14.1 Derivative by using Trigonometrical Substitution

Using trigonometrical transformations before differentiation
shorten the work considerably. Some important results are

given below :
. . . 2tan x
() sin2x=2sinXxcosx=————
1+tan” x
. 2 .5 1-tan? x
(i) cos2x=2cos’x—1=1-2sin"Xx =—"— 5
1+tan” x
2tanx 1—-cos2x
(iif) tan2x=—2,tan2x=—
1—-tan” x 1+ cos2x

(iv) sin3x=3sinx—4sin’x
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(v) cos3x=4cos’x—3cosx

(vi) tan3x = 3tanx — tan’ x
1-3tan®x

.. T 1+tanx
(vi)) tan| —+x |=
4 1—tanx

b4 1-tanx
(vii) tan| ——x |=
4 1+tanx

- X . X
i 1+sinx) =|cos— *sin—|
i A ) S Esin=

+
® tan'x+tan"'y=tan”! ( x>y ]
1¥xy

(x1) sin’lxisin’ly:sin’l{x\ﬂ—yziy\/l—xz}
(xii) cos’lxicos’ly:cos’l{xyixll—x2 «ll—yz}

(xiil) sin”'x + cos'x =tan"'x + cot 'x =sec 'x + cosec 'x = 7/2

(xiv) sin'x=cosec(1/x); cos 'x=sec'(1/x) ; tan'x = cot™'(1/x)

NOTES:

Some standard substitutions :

Expressions Substitutions

1/(az—xz) x=asin0oracos0
1/(aZ+Xz) x=atan 0 ora cot 0
1/(){2—312) X =asec 0 or a cosec O

a+x a—x
or x=a cos 0 or acos 20
a—x a+x

x=a cos’ 0+ b sin® O

(2ax—x2) x=a(l—cos0)
14.2 Logarithmic Differentiation

To find the derivative of :
If y:{f1 (x)}'&(x) or y=£,(%).£,(¥).f;(x) ..

A(x)-£(x)-A(x)-
21(x).g2(x).g3(x)...

or y=

then it is convenient to take the logarithm of the function
first and then differentiate. This is called derivative of the
logarithmic function.

Important Notes (Alternate methods)

L Ify= {f(X)}g(X) _ eg(x)ln f(x) ((Variable)variabl(:) (- X:eln)(}

LYy

N =eg(x)h‘f(x).{g(x).%lnf(x)+lnf(x).%g(x)}

= X £(x) X f’(x)+n x). g'(x
e L 0.0

2. Ify={f(x)}s®

. &y = Derivative of y treating f(x) as constant + Derivative of

y treating g(x) as constant

:{f(x)}g(x)-lnf(x)'d%g(xﬁg(X){f(X)}g(X)*l.dixf(x)

=L i ()2 (x) + ()L (0 ()
14.3 Implict Differentiation : ¢ (x,y)=0

(1) In order to find dy/dx in the case of implicit function, we
differentiate each term w.r.t. X, regarding y as a function of x
& then collect terms in dy/dx together on one side to finally
find dy/dx.
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(i) Inanswers of dy/dx in the case of implicit function, both x &
y are present.

Alternate Method : Iff(x,y)=0

of
th dy (8}() _ diff. of f w.r.t. x treating y as constant
M ax [ of j diff. of f w.r.t. y treating x as constant

dy

14.4 Parametric Differentiation
Ify=£(t) & x = g(t) where t is a Parameter, then

dy dy/dt
dx  dx/dt ~()

NOTES :

dy _dy dt
dx dt dx

2
2. Q = i(ﬂj = i(ﬂji ( % in terms of t)

L.

dx? dx\dx) dtldx)dx X

%@8};@)

{From (1)}

14.5 Derivative of a Function w.r.t. another Function

dy dy/dx  f'(x)
Lety=f(x);z=g(x)thena—dz/dX _WX)

14.6 Derivative of Infinite Series

If taking out one or more than one terms from an infinite
series, it remains unchanged. Such that

then y=.//(x)+y = (Y’ -y)=/()

d
Differentiating both sides w.r.t. x, we get 2y — 1) &y =1"(x)

3

B Ify= {f(x)}{f(x)}{f( } theny = {f(x)}Y = y=¢'™®

Differentiating both sides w.r.t. x, we get

by vl k)

_ R ALY
& ()l en f(x) SOy 0 £ ()]

15. DERIVATIVE OF ORDER TWO & THREE

Let a function y = f (x) be defined on an open interval
(a,b). It’s derivative, if it exists on (a, b), is a certain function
f'(x) [or (dy/dx) or y'] & is called the first derivative of y w.r.t.
x. If it happens that the first derivative has a derivative on
(a, b) then this derivative is called the second derivative of

y w.r.t. x & is denoted by £ (x) or (d*y/dx?) ory”.

Similarly, the 3" order derivative of y w.rt. X, if it exists, is

dx3 dx| dx?

3 2
defined by dy _ i[gj itis also denoted by /"(x) or y™.
X

Some Standard Results :

n

@) - (ax+b)m = (mnj‘n) .a“.(ax+b)m_n,m2n
. d" =l
(11) dx™ '
dn
(i) —(e™)=m" ™, meR
(iv) ’ (sin(ax+b))=an sin(ax+b+ﬂj,neN
x" 2
) ’ (cos(ax+b))=an cos(ax+b+ﬂj,neN
dx" 2
(vi) nn {ea" sin(bx + c)} =r".e™ sin(bx+c+n¢),neN
X
wherer =, /(a2 +b2), dp=tan"'(b/a).
(vii) < {ea".cos(bx + c)} =r".e™ .cos(bx+c+n¢),neN

wherer =, [(a2 +b2), dp=tan"'(b/a).
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16. DIFFERENTIATION OF DETERMINANTS 17. L' HOSPITAL'S RULE

f ( ) ( ) h( ) If /(x) & g(x) are functions of x such that :

X g\X X

If F(X)=| ¢(x) m(x) n(x)| @  limf(x)=0=limg(x) or lim f(x)=c0=limg(x) and
U(X) V(X) W(X) Xx—a x—a x—a x—a

(i) Both f(x) & g(x) are continuous at x = a and
(i) Bothf(x) & g(x) are differentiable atx =a and
(iv) Both f'(x) & g'(x) are continuous at x = a, Then

L;(iglait jg{Ez; = I_;(iil’l)ait QIEE; =ing;jt gvvgz; & so on till

I'(x) g'(x) B'(x)| | f(x) g(x) h(x)
F'(x)= KEX% m(x) n(x) + ﬁ'(x) m'(x) n(x))

u

indeterminant form vanishes..

18. ANALYSIS & GRAPHS OF SOME USEFUL FUNCTION

. . . T T
() y=sin"!(sinx) xeR;ye|——,—
22
y
Repeated Curve %A Main Curve Repeated Curve
e 7 /LIS T T A T e L T ey (e e Pt P oy » y=12
.:‘....- ", ) ~ 5 o s, o
i W = T, e LT
£F % i & A
4 " " o ~ =
T 0 = ﬁ\m > xory=0
............ A e e e O e e S > y=— T2
2
(i) y=cos'(cosx) xeR;ye[0,n]
b
&
(m, )
e vikai ; P > V=T
S - 0
& 2 o > A . %,
2%, | SR PR,
S + s 4> xory=0
Iz 2n in 4n =
Y T T
(iii) y=tan! (tan x) xeR—{x:x=(2n+1)=,neZ};ye|l ——=,=
2 22
y
L)
o £ O - y=r/2
'y X -
~ E Bl
| g I I et | o’ I » X
T A 1 T A L "ﬂ Ll =
32 -n -2 O a2 =n 32 A 2m Sm2
7 P,
" AT— o & >y
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19. LEIBNITZ THEOREM

19.1 If u and v are functions of x such that their n* derivatives
exist, then the n" derivative of their product is given by

_ n n n
(uv)n—unv+ Cu, v+"Cu, v, +..+"Cu,_.v. +..+uv,

ren—r-r

where u_and v, represent r* derivatives of u and u
respectively.

g(x)

d "o d d
19.2 = f f(@)dt =E[h(x)]-f[h(x)]—E[g(x)]-f[g(x)]
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SOLVED EXAMPLES

Example -1

If fis a real-valued function satisfying the relation

1 .
f(x)+2f (—) = 3x for all real x # 0, then }E,% (sinx) f(x)
X

is equal to
@1 (b)2
©0 (d)eo
Ans. (b)
Sol. We have f(x)+2f (lj =3x (1)
X

Replacing x with 1/x, we have

2f(x)+f(lj _3 ~(2)
X) X
FromEgs. (1) and (2) we get
f(x)= £ X
X
Therefore

lim (sin x) £(x) = 1im(25m X _xsin xj
x—0 x—0 X

=2(1)-0=2.

Example—2

Sol.

5x—-4, when0<x<1

Show that f(x)= 3
4x° —-3x, whenl<x<2

is continuous at x = 1.
We have,
(LHL atx=1)= lim f(x)= lim 5x—4

x>l x—>1"
[ f(x)=5x—4,whenx < 1]
=5x1-4=1,

(RHLatx=1)= lim f(x)= lim 4x* —3x

x-1* x-1F
[ f(x)=4x’-3x,x> 1]
=4(1y=-3(H)=1,
and, f(1)=5x1-4=1
[ f(x)=5x—4, wherex <1]

lim f(x)=f(1) = lim+ f(x)

x>~ x>l

So, f(x) is continuous at x = 1.

Example-3

Test the continuity of the function f (x) at the origin :

Ix1.

f(x)=4 x ’
1; x=0

x#0

Sol. We have,

—0y= lim f(x)=lim f(0—h) = lim f(~h
(LHLatx=0)= 1m (x) = lim £(0~h) = lim f(-h)

=1im&=1im£=lim—1=—1
h—»0 —h h->0—-h h-0

and, (RHLatx=0)= thﬁ f(x)=1111§3) f(0+h)=1111_1)% f(h)
=l m=]ij=1iml=1
h—-0 h h-s0h h-0

Thus, f(x) is not continuous at the origin.

Example —4

Discuss the continuity of the function of given by
f(x)=|x—-1|+|x-2|atx=1andx=2.

Sol. We have,
fx)=|x-1|+|x-2|
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-(x-1)—-(x-2), if x<1
= fx)=9x-1)—-(x-2),if 1<x<2
x-D+(x-2), if x=>2

-2X +3, if x<1
= fx)= 1, if1<x<2
2x -3, x>2

Continuity atx = 1:
We have,

lim f(x)= lim (2x+3)=-2x1+3=1

x—1 x—l

lim f(x)= lim 1=1

x—o1t x>t
and, f(1)=1.

lim f(x)=f()= lim f(x)

x—1 x—1t

So, f(x) is continuous atx = 1.
Continuity atx =2
We have,

lim f(x)= lim 1=1

x—2" x—2"

hm f(x)= hm (2x-3)=2x2-3=1

x—-2t
and, f(2)=2x2-3=1.

lim f(x)= lim f(x)=1f{(2)

x—2" x—27

So, f(x) is continuous at x = 2.

Example-—S5

Examine the function f{(t) given by

cost
f(t)=9 n/2-t
1 ;

;o ot#Em/2
t=m/2

for continuity at t = /2

Sol. We have,

(LHLatt=n/2)= lim ft)

ton/2”

= lim £(x/2~h) = lim _cos(rn/2=h) _ ., sinh
h— 0n/2 (m/2-h) h->0 h

=1

and, (RHLatt=7n/2)= lim f(t)

tom/2"

cos (m/2+h)

= 11m f(n/2+h)—1
h—0 /2 —(n/2+h)

. —sinh . sinh
= lim = lim =1
h—0 —h h—>0 h

Also, f(n/2)=1.

. lim f(t)= lim =f(xn/2)

t~>1t/2 ton/2T

So, f(t) is continuous at t = 7/2.

Example—6

Show that the function f(x) given by

1/x

e’ " -1
fx) =] TRy when x # 0 o )
(x)=1 e”* +1 1s discontinuous at x=0.
0 , whenx=0

Sol. We have,

(LHL atx=0)= lim f(x)—hmf(O h)—hmf( h)

x—0"

—1 1
—1/h l/h_
=lim =lim £ :0 1:—1
0 e V41 noo 1 1 0+1

1
{ 111123)61/}1 0}

and, (RHLatx=0)= lim f(x)= 11m f(0+h)= llm f(h)

x—0"

. e/ 1-1/¢"m _1-0 _
= lim = L~ lim h
+1 h>01+1/e 140
So, f(x) is not continuous at x =0 as LHL # RHL and has a

discontinuity of first kind at x = 0.

Example—7

Show that the function f(x) = | sin x + cos X | is continuous
atx=Tm.

Sol. Letg(x)=sinx+cosx and h (x) =|x|. Then, f (x) =hog (x).
In order to prove that f (x) is continuous at x = 7. It is
sufficient to prove that g (x) is continuous at x = w and h (x)
is continuous at y = g () = sin ©+ cos ©=—1.
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e
Now, lim £(x) = lim f(a +h)
x—a’ h—0
lim g(x)= lim (sinX +cosx)=sin T+ cost=—1
XD X
o — lim f(x) =lim [f(a) +f(h)]
and g(m)=-1 x—a’ h=0
i 260 [ £t y) = {00 + )]
lim f(x)=f(a)+ lim f(h
LHLatx=mx = ot () =1(a) h—0 *
li = lim |sin 7 + =+1 i = = ing (i
Xgr}r f(x) xgr}Jsm T +cos = xlg; f(x)=f(a)+0=1(a) [Using (i)]
RHL atx=n Thus, we have
lim |sin7r + cos 7z| =+1 lim f(x)= lim f(x)="f(a)
X7 x—a x—at
Hence continuous f(x) is continuous at x = a.
Example-8 Since a is an arbitrary real number. So, f(x) is continuous at

Sol.

=

=

allx eR.

Let f(x +y)=1(x) + f(y) forall x, y € R. If f (x) is continuous
at x =0, show that f (x) is continuous at all x. Example -9

Since £ (x) is continuous atx =0. Therefore, If f is a real-valued function defined for all x # 0, 1 and
lim f(x)= lim _ satisfying the relation
x—0" x—0" f(X) f(O)
R LI I S TS
lim f(0—h) = lim f(0 + h) = {0) -x ) x 1_X.Then lim (%) is )
h—0 h—0

Sol. Givenrelation is

1 2 2
f(x)+f[1—xj=;_1—x -0

lim £(0+(~h) = lim £(0+h) =f(0)
h—0 h—0

lim [£(0) +£(=h)] = lim [0) + f(h)] = f(0)

[Using : f(x +y) =1(x) + f(y)] ) ) 1 )
Replacing x with Tox in above equation Eq. we have
f(0)+ lim f(—h)=f(0)+ lim f(h) = f(0) X

h—0 h—0

. . 1 x—1 i 2(1-x%)
lim f(=h)=lim f(h) =0 _¢) f(l_xj”( " J 2(1=x)+—— Q)

Let a be any real number. Then,

=

Again replacing x with in Eq. (1), we get

lim f(x)=1lim f(a—h)=lim f(a+(=h)) 1-x
x—a~ h—0 h—0
- : [ 22 p) = 2x -2
1Lm f(x)= 11333) [f(a)+f(=h)] " (x)=-2x = ..(3)
[ fix+y)=f(x)+1{(y)] Now adding Egs. (1) and (3) and subtracting Eq. (2) gives
Jim £(0)=f(@)+ im £(-h) zf(x):(g_ 2 J_z(l_x)_Z(l—X)
x 1-x 1-x X

lim f(x)=f(a)+0 [Using (i)]

x—a

lim f(x) =f(a).

- and,
X—a
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:(E_z(l_")){l_z _ = )—ZX—Z(I—X)

X X -x 1-x

_§_2(1+x)_2
X (1-x)

L2E+D
x—1

=2

_2(x+1)
x—1

Therefore

x+1

f(x)=

X —

Taking limit we get

lim x+1 :2+1:3
-2 x -1 2-1

Example-10

Prove that the greatest integer function [x] is continuous
at all points except at integer points.

Sol. Let f(x) = [x] be the greatest integer function. Let k be any
integer. Then,

k-1, ifk-1<x<k

By def.
k. ifksx<ksl DYdet]

f(X)=[X]={

Now (LHL atx=k)

= lim £(x)= lim f(k ~h)= lim [k ~h]

x—k ™
=lim (k—-1)=k-1
h—0

[-- k-1<k-h<k .. [k-h]=k-1]
and, (RHL atx=k)

= lim £(x) = lim f(k-+h) = lim [k + h]

x—kt

=limk=k

h—0
[--k<k+h<k+1 .. [k+h]=k]
lim f(x)# lim f(x)
x—k x—kT
So, f(x) is not continuous at x = k.

Since k is an arbitrary integer. Therefore, f(x) is not
continuous at integer points.

Let a be any real number other than an integer. Then, there
exists an integer k such thatk — 1 <a <k.

Now, (LHL atx =a)

lim £(x) =lim f(a—h) = lim [a —h]

x—a

=limk-1=k-1

h—0
[-k—1<a-h<k .. [a-h]=k-1]
(RHL atx=a)

= lim £(x) = lim f(a +1)
—

X—a
=lim[a+h)=1lim (k—1)=k—1
h—0 h—0

[--k—1<a+h<k .. [a+h]=k—1]

and, f(a)=k-1
[-k—1<a<k . [a]=k-1]
Thus,
lim f(x) = lim f(x)=1f(a)
x—a x—at

So, f(x) is continuous at x = a. Since a is an arbitrary real
number, other than an integer. Therefore, f(x) is continuous
at all real points except integer points.

Example —11

Letf: R — R be a function defined by f(x) =max {x, x*}.
Show that the set of points {-1, 0, 1}, f(x) is not

differentiable.
Sol. f(x) = max {x, x*} considering the graph separately,
y=x’andy=x.
X in (—oo, —1]
3o
Now, f(x): X 1n[ 1, 0]

x in [0, 1]

x> in [1, oo)

The point of consideration are

Ay
AL, 1)
X' X
o
B
(_1’ _1) v yl
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£ C1)=1 and f'(-19)=3

’ 0 = ’ ) —
f'(-0)=0 and f'(0")=1 142 { &2
f'(1)=1 and f"(19)=3 - AY ,f‘ 4
Hence, f is not differentiable at—1, 0, 1. - -'5—- SN . S ;Il— - —;5 ————
‘\ |‘\ /JI ’1
i ] v f 1
Example —12 \‘ i \ (R i !ri
¥ iy \‘ ," " ’.-
\
Find the number of points of non-differentiability of \E L ey if
b /
f(x) =max. {sinx, cos X, 0} in (0, 2nm). Wheren € N \:‘\ s - . !
1 1 s
Sol. Here, we know sin x and cos x are periodic with period 2. ! \\\ A
Thus we could sketch the curve as; (In the interval 0 to 2m) 4% ‘{\ 5 {-}! IEI > X
. -N =1 o1 ¥
Which shows N
-
Y A
OR
|+ v 32+ 1
e
T3
y =sinx T
: e
; ; +1
5— » X
x l | >
4 v 0 L
-3 V3

y=max. {sinx, cosx, 0}
Thus, from above graph we can simply say,

cos x,0<x < Tor 3n cx < f(x) is not differentiable atx =+ /3 .
4 2 And it could be defined as :

() ={4,—\/§s x <3

x> +1L,x<— 30rx2\/§

= 0,rc<x<3—7t
2

. i
smx,z<x<n

Clearly, y = max. {sin x, cos X, 0} is not differentiable at 3 Example — 14
points when x = (0, 27).
Discuss the differentiability of f(x) =|x—1|+|x—2]|.

Example—13 Sol. We have,

Let f(x)=maximum {4, 1 +x x>~ 1} ¥ x € R. Then find the f(x)=[x-1[+]x-2]

total number of points, where f (x) is not differentiable.
-(x-D)-(x-2)forx<1

= fx)=9x-1-(x-2)forl<x<2
x-D+(x-2)forx=>2

Sol. Using functions for sketching maximum {4, 1 +x% x*—1} as
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_ ) -f(2)

2x+3 x<l1 (RHDatXZQ,): 111’1’1+T
= fx)= 1 , 1<x<2 X2

2x-3 , x22

- (2x-3)-(2x2-3)
= (RHDatx=2)= lim >

When x <1, we have

f (x) = —2x + 3 which, being a polynomial function is [ f(x)=2x-3forx22]

continuous and differentiable. % —4 2(x-2)
li =1 =
When 1 <x <2, we have = (RHDatx=2)= xf; x—2 Hr; x—2
f(x) = 1 which, being a constant function, is differentiable . (LHDatx=2)=(RHD atx=2)
on(l,?2).

So, f(x) not differentiable at x =2.

When x > 2, we have ) )
Remark It should be noted that the function f(x) given by

f (x) = 2x — 3 which, being a polynomial function, is
differentiable for all x > 2. Thus, the possible points of non-

differentiability of f(x) are x=1 and x = 2. is not differentiable atx=a,a,a, ..., a

¥ =[x—a|+[x—a|+[x-a|+..+|x—-a]

=

Now,
Example —15
. f(x)-f(
(LHDatx=1)= lim 1D
x>l x—1 - _
If \/(I_X n)+\/(l_y n) :a(xn—yn) then prove that
lim &2X 31
= (LHDatx=1)= #1"" 7 ﬂ_xnfl {1_},2,1}
[ f(x)=—2x+3forx<1] dx oyl 1-x*
i -2(x-1) 5
- (LHDatXZI):XIE} x -1 T Sol. We have \/(1_X2n)+\/(1—y2n)Za(xn—yn) ()
(RHDatx=1)= lim fo-fd) Putting x" =sin® = 0=sin"'x" @
ot x—1 and yn =sing = (I)=Si1’l_1 yn

then (1), becomes cos 6 + cos ¢ = a (sin O — sin ¢)

.11
= (RHDatx=1)=lim =0

x>l X —1
[--f(x)=1for1<x<2] = 2 cos[%] cos[%) =a.2 cos[%] sin(%]
(LHDatx=1)#(RHDatx=1)

So, f(x) is not differentiable at x = 1.
) = cot(%j:a = 0-¢p=2cot'a

_f(x)-f(2)
(LHDatx=2)= lim ———=
i = sin!'x"—sin'y"=2cot 'a {from (2)}
1-(2x2-3) Differentiating both sides w.r.t. x, we get
= (LHDatx=2)= lim ———
Xx—2 X 1 1 dy
ax" - ny"1=2=0

[.'f(x):lforlgx<2} Ji-x) Ji-ym) o

and f(2)=2x2-3

d Xn—l l_y2n
P B B = = 2n
= (LHDatx=2)= "™ =0 dx 'y 1-x

x—2” X—2
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il

L a

Example- 16 dy _2q2 B 22 ~ 032 -, a2
= & X Gatoxt X Jat —x*

Va2 +x2 +ya? —x°

\/az +X2 —\/a2 —X2

ha2 2
Yy = 2231 14— .
dx X \/a4 x4
Sol. We have,

T
\/a2 -I—X2 —\/a2 —X2

Ify=

> show that

AN N e

B \/a2 -I—X2 —\/32 —X2 ' \/a2 +X2 +\/32 —X2
2
o

7T () (22

B 2124-x2+az—x2+2\/a2 +x24a? —x?

2x?

B 222 +24/a* —x*

2x2
y a’ at —x*
= =—
x? x>
2.2 4 4 2

dx dx

Ay 523 o3 at —
> g =R +(-2)x7Va" —x

) 4 a\V2di4 4

(2 )fat ) et o)

dy 22 2 4 | \
— &— X3 —F a —Xx +2X2 a4_x4 (—4X )

dy_—2a2 2 a2 2X
= &_ X3 _; aTr - a4_X4

Example-17

d
If x/1+y+yv1+x =0, prove that d—y:—
X

Sol. We have,
X 1+y+yV1+x =0
X\ 1+y =—yvl+x

x*(1+y)=y*(1+x) [On squaring both sides]
Xzfyzzyzxfxzy

x+y)x-y)=-xy(x-y)

UL e U

given equation]

= X=—-y-—Xy
= y(l+x)=-x
_ X
= Y= 1+x
dy__ (1+x).1—x(0+1)
= d (1+x)
dy 1

Example - 18

w dy y’ logy

x+ty=—xy [*"X—y# 0. as y = x does not satisfy the

Ify= a* , prove that & =

Sol. The given series may be written as
y=at

= logy=x’loga [Taking log of both sides]

= log(logy)=ylogx+log(loga)

4

logy dx

(logy) :ﬂ . logx+y.i(logx)+0
dx dx

[Differentiating both sides with respect to x]

L 1dy _dy
logy 'y dx dx

1
Jdogx+y. —
X

x(1-ylogx .logy) "
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sl
o
[ f(x)=2x-3 forx>2]
dy ! “logx =2
= dx ylogy - i 2x -4 lim 222
= (RHDatx=2)= Xg; 2 xgg =
_ ﬂ{l—ylogy-logX}zz —  (LHDatx=2)=(RHD atx=2).
dx ylogy X So, f(x) is not differentiable at x = 2.
dy _ y’logy ) Example —21
= dx x{l-ylogy.logx}
Discuss the differentiability of
Example-—19 [ 1 1]
fr.1
f0 ={xe M ¥ » x20 550,
+eX+..NtO 0 _
Ify=e" ,showthatﬂzi 0 , x=0
dx 1-y
Sol. We have,

Sol. The given function may be written as

y=ety
= logy=(x+y).loge [Taking log of both sides]
= logy=x+y[- loge=1]

1 dy dy
- ; &: 1+ ax [Differentiating with respect to x|
IR 1 (LY TN S I

dx\y dx l-y

Example -20

x—1, ifx<2

1S not

Show that the function f(x) = { rx—3 ifx>2

differentiable at x = 2.

Sol. We have,
(LHDatx=2)= lim =2
x—2" x—2
. (x-D)-@¢4-3)
= (LHDatx=2)= xlil’;l_ —

[ f(x)=x—1forx<2]

x-2

= (LHDatx=2)= lim = lim 1=1

xo2” X=2 x50

. f(x)-f(2
and, (RHDatx=2)= lim f(x)-£(2)
x—2t x—2
= (RHDatx=2)= lim (2x-3)-(4-3)
x—2" Xx-=2

- 5 x<0
O ) XZO
Now,
(LHDatx=0)= lim =0
x—0~  Xx—0
_g)= lim 220
- (LHDatX_O)_x—)O’ x-0

[~ fx)=xforx<0andf(0)=0]
and,

(RHDatx=0)= lim fx)-f(0)

x—0" x—0

) -2/x —0
= (RHDatx=0)= lim

x—0" X

“+£(x) = xe > *for x > 0
and £(0) =0

. -2/x
= (RHDatx=0)= lim ¢""=0.

-2
—tendsto —wande™ =0
X

= (LHDatx=0)=(RHD atx=0)

So, f(x) is not differentiable at x = 0.
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Example — 22

Sol.

Show that the function f(x) is continuous at x = 0 but its
derivative does not exists at x =0

xsin(logxz) ; x#0
0 ; x=0

if £(x) ={

. . . 2
LHL = lim f(0-h)= lim f(—h) sin log(—h)

= —lim h sin logh?
h—0

Ash— 0, log h* > —o.

Hence sin log h? oscillates between —1 and +1.

— : . . 2
LHL = -lim (h) x lim (sm logh )

h—0

=—0 X (number between —1 and +1)=0

RHL = lim f (0+h)
h—>0

= lim h sin logh® = lim h lim sin logh®
h—0 h—0 h—0

=0 x (oscillating between —1 and +1) =0
f(0)=0 (Given)
= LH.L.=RH.L.=f(0)
Hence f (x) is continuous at x = 0.
Test for differentiability :
Lf' (0) = lim f(0-h) ~£(0)

h—0 —h

. 2
~im ~hsin log(~h) -0

h—0 —~h

= lim sin (logh?)

As the expression oscillates between —1 and +1, the limit

does not exists.
= Left hand derivative is not defined.

Hence the function is not differentiable at x =0

o

Example —23

Sol.

Find the value of the constant A so that the function
given below is continuous at x = — 1.

x?—2x -3
f(x)= x+1
A ,

X #—1

x=-1

Since f(x) is continuous at x =—1. Therefore,

lim £(x)=f(-1)

x> —2x-3 B

— A [ f(-1)=2]

x—-1

lim w:xj

lim (x_3)= =
i lim (x-3)=r=-4=2

x——1

So, f(x) is continuous atx =—1, if L =—4.

Example — 24

Sol.

=

If the function f(x) defined by

log (1+ax)—log (1-bx)
f(x)= X ’
k ,

ifx#0

ifx=0

is continuous at x = 0, find k.

Since f(x) is continuous at x = 0. Therefore,

lim £(x) =£(0)

lim log (1+ax)—log (1-bx) —k

lim " [+ §0)=K]
lim [log (I+ax) log (l—bx)} _x
x—0 X X
lim log(1+ax) lim log (1-bx) _x
x—0 X x—0 X
alim log (1+ax) _(=b) lim log (1-bx) x
x—0 ax x>0 (=b)x

a()-(b)(1)=k

{Using :lim log (+x) = 1}

x—0 X

atb=k

Thus, f(x) is continuous at x =0, ifk =a + b.



CONTINUITY, DIFFERENTIABILITY & DIFFERENTIATION

—1_°°254X , ifx<0
X
Let f(x) = a , ifx=0
R o
V16++/x -4

Determine the value of a so that f (x) is continuous at x = 0.

Sol. For f(x) to be continuous at x = 0, we must have

lim f(x) = lim f(x)=£(0)

x—0" x—0"
- lim f(x)= lim f(x)=a )
x—0" x>0
Now. lim f(X) = lim ﬂ
? x50~ x>0 X

[ f(x) _ﬂ for x < o}

X

: 2
o lim f(x) = lim 23 2%

x—0~ =0 x

x—0"

sin 2x )
— lim f(x)=2 11 ( j
-0 X

— lim f(x)=2x4. 1

x—0"

(sm ZXJ _8(1)’ =8

lim f(x)=lim Jx

x-0" 20 16 ++/x —4

= i)
o f(x)=———forx >0
|: X m_4 or X

— lim f(x)=lim ——— (\/16+ X +4)

x50t X—>016+\/_ 16

Rationalizing Denominator

and,

=  lim f(x)—hm(\/l6+ x+4) 4+4=8

x—0"

From (i), (ii) and (iii), we geta=8§.

..(ii)

... (iii)

Example — 26

Sol.

Determine the value of the constant m so that the function

2 _ .
f(x)= {m(x 2x), ifx<0 is continuous

Ccos X, if x>0
When x <0, we have

f (x) = m (x>- 2x), which being a polynomial is continuous at
eachx <0.

When x >0, we have

f (x) = cos x, which being a cosine function is continuous at
eachx>0.

So, consider the point x = 0.
We have,

(LHLatx=0)= lim f(x)= 11m (x 2x)=0, for all values of

x—0"

mand (RHLatx=0)= lim f(x)_llm cosx=1

x—0"

Clearly, lim f(x)# lim f(x) for all values of m.
x—0" x—0

So, f (x) cannot be made continuous for any value of m.

In other words, the value of m does not exist for which f(x)
can be made continuous.

Example —27

Sol.

1 , 1fx<3
Iff(x)=qax+b , if3<x<5
7 , 1f5<x

Determine the values of a and b so that f(x) is continuous.

The given function is a constant function for all x <3 and
for all x > 5 so it is continuous for all x <3 and for all x> 5.
We know that a polynomial function is continuous. So, the
given function is continuous for all x € (3, 5). Thus, f(x) is
continuous at each x € R except possiblyatx =3 andx=15.

At, x =3, we have

lim f(x)= hml—l lim f(x) = lmé ax+b =3a+ b, and,

x—3" -3 x—3"
f3)=1

For f(x) be continuous at x = 3, we must have

lim f(x)= lim f(x)=f(3)

x—>3" x—3"

=1=3a+b ... ()
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Atx =5, we have

=

lim f(x)=1lim ax+b=35a+b;
x—5" X5

lim £(x)=lim 7=7,and, (5)=7
X—>.

x5t

For f(x) to be continuous at x = 5, we must have

lim f(x) = lim f(x)=f(5)
x5t

x5

Sa+b=7 ... (i)

Solving (i) and (ii), we geta=3,b=-8

Example — 28

Sol.

Find the values of a & b so that the function is continuous
forO0<x<m

. T
X+av2sinX, 0<x<—
4
T o
f(x)=4 2xcorx+b, —<x<=
4 2
. T
acos2x —bsinx, 5<x£n

Since, f(x)is continuous for 0 <x<m

RHL(at x= Ej — LHL (at X = Ej
4 4

= a-b =§ (i)

Also, RHL(atx - gj - LHL(atx - %j

= acosﬁ—bsinE = Z.E.cot£+b
2 2 2 2

= —-a-b=b
= a+2b=0 ...(11)

-T

. .. b
Fromegs. (i) and (ii), a = — and b =
gs. (1) and (ii), a g B

o

Example —29

Draw graph for y =max. {2x, x*} and discuss the continuity
and differentiability.

Sol. Here, to draw, y=max. {2x, x*}

B
/ ° :
Firstly plot y=2x and y = x*on graph and put 2x =x*= x =
0, 2 (i.e., their point of intersection).

Now, since y=max. {2x, x*} we have to neglect the curve below
point of intersections thus, the required graph is, as shown.

}: y=max"{2x, x<}

” ] .
- "neglecting

Thus, from the given graph y = max. {2x, x?} we cansayy=
max. {2x, x*} is continuous for all x € R.

But y = max. {2x, x?} is differentiable for all
x eR-{0,2}

NOTES:

One must remember the formula we can write,

e ) = ; g9 | If (x) - g(x)I
f(x)+g(x) [f(x)-—gx)|
2 | ) |

min. {f(x), g(x)} =

Example — 30

Differentiate the following functions with respect to x :

() x* (if) (x*)°

Sol. (i)Lety= X Then,

xx.logx

y=¢
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sl

(i)

On differentiating both sides with respect to x, we get

% — e dix(x" log x)

%: o %(exlogx. logx)

%: - {logx.d;dx(exlogx)+exlogx'dix(10gx)
%: x* {log x.e" log x%(xlogx)"'emgx'i}

ﬂ: x* {10g X. X" [x.l+1og xj+ x".l }
dx X X

dy x X"
——=x" {x*(1+logx).logx +
dt { ( & ) & x}

dy

i =x*. x" {(1+logx) ) logx+i}

Lety=(x*)*. Then,

logy = x*logx

X2. logx

y=¢

On differentiating both sides with respect to x, we get

d logx  d
dy _ ewes d

i dx(xz’ logx)

dy = (log X .di(x2)+x2 .di(logx)J

dx X X

dy_ g (logx.2x+x2 l)
dx X

2 2
[ e* .logx =x" }

dy

- x* (2x.logx +x)

S—Z:x.x"z (2logx +1).

Example — 31

e

Differentiate : (log x)* + x'°¢* with respect to x.

Sol. Lety=(logx)*+xlogx. Then,

_ elog(logx)x + elog(xl()gx)

= y = eX log (log x) + elog x . log x

On differentiating both sides with respect to x, we get

ﬂ — ex log (log x)
dx

d 2 d
—Ixlog (log x)! +e®%" — (log x)*
dx{ g (log x)} o (0g%)

= dy = (logx)* {log (log x).i(x) +X .i(log(log x))} + X8
dx dx dx

{2 (log x.i (log x))}
dx
dy x
= —=(logx) {log (logx)+x.
dx log

Example — 32

! .l}+xl°gx{210gx.l}
X X X

dy 1 : 210gx}
——=(logx)*{log(logx)+—— +x*®* s —=—+.
> 4 ( gX){ g (logx) logx} X {

X

Differentiate the following functions with respect to x :

2x% =3
XCOtX +

x> +x+2
cotx 2X2_3
Sol. Let y=x“"+——— Then,
X +x+2
y= ecotx.logx 2X2 -3
x> +x+2

|:, . Xcotx _ elogxcmx _ ecotx.logx:|

On differentiating both sides with respect to x, we get
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il
K
2
ﬂ:i(emtxi‘m))ri _2x"-3 = —ltani—ltani—ltani...:cotx—l
dx  dx dx | x* +x+2 2 2 4 48 8 X
Differentiating both sides with respect to x, we get
dy_ geotrloex i(cot x. logx)
dx dx I ox 1 H,x 1 5x 2, 1
——sec” ———sec” ———sec’ —...=—cosec X +—
2272 4 4 ¢ 8 x?
2 d 2 2 d 2
(X +x+2)—(2x" -3)-(2x" -3)— (X" +x+2)
+ dx dx 1 2 X 1 2 X 1 2 X 2 1
(X2+X+2)2 7860 E+4—Zsec Z+8—ZSQC g...:COSQC X—X—2

dy_ X {log X. i(cot X)+Cotx . i(log x)} Example—34
dx dx

dx
It —f(L) and ' (x) = sin x2, find %Y
+(x2 +X+2)(4x)-(2x* -3)(2x +1) Y x> +1 ’ dx
(x*+x+2)°
2x —
5 Sol. Letz= ———.Then,
dy  oix ) cotx| 2x°+14x+3 x"+1
— =X —cosec x.logx + +— 5
dx X (x"+x+2)
y=£f(2)
d d d dz
Example— 33 G Qe =Ll
= oo f@p =)
. X X X sinx
Given that cos —. cos—. cos—...= , prove that
2 T P g )i(zx‘lj
= dx dx | x* +1
1 ,x 1 ) X 2 1
—5Sec” —+-—-sec” —+... = COSec’ X ——
2 2 4 X ﬂ_f,(z){Z(xz +1)—(2x—1)2x}
Sol. We have, ~ (x*+1)°
cos % cos%. cos%...: Smx dy 2 26 +D)=(4x° =2%)
x = dx (x> +1)
Taking log on both sides, we get
{ f'(x)= sinxz:l
X X X . .
log cos5+logcosz+logcos§...:logsmx —logx f'(z) =sinz?

Differentiating both sides with respect to x, we get

_ 2
ﬂ:2sin(zx 1j 1+x-x

. X . X . X = 2 p
2 2 2 d 1 2
_lsm2_151n4_ls1n8 Ccosx 1 X X'+ (x +1)
2 X 4 X 8 X sinx x

cos — cos— = cos
2 8



CONTINUITY, DIFFERENTIABILITY & DIFFERENTIATION

Example — 35

Sol.

If X:\/a““_l‘, y:\/ac"s_lt, a>0and-1<t<1, show

dy 'y
that x x
We have,

[ -1 [
X — asm t and y — aCOS t

B e 3 g

dX 1 ( sin_1 t )71/2 ( sin_lt ) d .1
—=—|a a log a|.—(sin"" t
a2 g.a) g (5" t) and,

dy 1 ( cosflt)_l/z( cos™ !t ) d -1
—=—|a a log.a)].—(cos 't
dt 2 g.a). g (eost)

=

dy_

dx

ﬂ:

dx

—ylog.a 2 -t -y

21—t xlog.a  x

L /2 1

l( sin lt) (loge a)>< 1 _ xlog.a ’

2 Ji—g 21-¢
L2 _ —vl

1( COSlt) (logea)x — yogea

Ji—g o 2i-¢

dy

dt

dx

dt
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EXERCISE - 1 : BASIC OBJECTIVE QUESTIONS

Continuity of the function
7. The function f (x) = maximum { X(Z*X), fo} is

1 40 non-differentiable at x equal to :
- > X . .
1. The function f(x)=44* -1 is continuous (a) 1 () 0,2
0 x=0
(©) 0,1 @12
(a) everywhere exceptatx =0 and x =1 Continuity/ Differentiability of the function

(b) nowhere
© N 8. The function f (x) = sin™! (cos x) is
c) everywhere
a) discontinuous at x = 0
(d) everywhere exceptatx =0 @

. . (b) continuous at x =0
2. The function f(x) = (1+x)***is not defined at x =0. The value

of £(0) so that f (x) becomes continuous at x =0 is (c) differentiable at x =0

(@1 )0 (d) None of these
(c)e (d) none of these
|x+2] B
X, when x is rational 9. If f(x) =< tan '(x +2) ’ then f(x) is
3. If f(x)= L _n. _
1-x, when x is irrational, then =2 Xx=-2
(a) f(x) is continuous for all real x (a) continuous at x = -2
(b) f(x) is discontinuous for all real x (b) not continuous at x = -2
(¢) f(x) is continuous only at x =1/2 (c) differentiable at x =2

(d) f(x) is discontinuous only atx = 1/2 (d) continuous but not diff, at x = —2

Differentiability of the function

x(3e'* +4)
4. Letf(x)=[n+psinx],x € (0,m),n € I, pisaprimenumber 19, |f f(x)=4 p_ol/x x#0 then
and [x] denotes the greatest integer less than or equal to x. 0: Xx=0
The number of points at which f(x) is not differentiable is
a)p—1 b
@ ®rp (a) lim £(x) =1
(©)2p+1 (d)2p-1 X0
5. The set of points where the function (b) f(x) is continuous at x =0
f(x)=[x]+[1-x],-1<x<3 (¢) f(x) is differentiable atx =0
where [.] denotes the greatest integer function, is not (d) None of these
differentiable, is
(a) {-1,0,1,2,3} (b) {-1,0,2} . Iffx)=x+——+—> 1 toow,thenatx=0,f(x)

I+x  (1+x)?
(c){0,1,2,3} (d){-1,0,1,2}

6. The set of points where the function f (x) = [x—1| e*is (a) lim £(x) does not exist

differentiable is X0

@R (b)R—{1} (b) is discontinuous

(c)R— {1} (d)R- {0} (c) is continuous but not differentiable
(d) is differentiable
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12.

13.

14.

15.

16.

17.

If f(x) = x*x|sgn x, then
(a) fis derivableatx=0

18.

(b) fis continuous but not derivable at x =0

(c)LHD atx=0is 1

(d)RHDatx=0is 1

The function f(x) =1 +|sinx| is

(a) continuous no where

(b) continuous every where and no differentiable at x =0
(c) differentiable no where

(d) differentiable atx =0

|x —3], x>1 20.

For the function f(x)=4x2 13x 13 which of

———+—, x<I
4 2 4

the following is incorrect ?
(a) continuous at x =1 (b) continuous at x =3

(c) derivable atx =1 (d) derivable atx =3

3, -1<x<

If f(x)={ l,thenf(x) is

(a) continuous as well as differentiable at x = 1
(b) continuous but not differentiable at x =1

(c) differentiable but not continuous at x = 1
(d) none of the above

A function is defined as follows :

ox* <l
f(x)= xoox The function is 22.
. 2 1

;OXT 2

(a) dis continuous at x = 1
(b) differentiable atx = 1

(c) continuous but not differentiable at x =1 23.

(d) none of these

4, -3<x<-1
54+x,-1<x<0
5-x,0<x<2

If f(x)= ,then £ [x| is

x2+x—3,2£x<3

(a) differentiable but not continuous in (-3, 3)
(b) continuous but not differentiable in (-3, 3)
(c) continuous as well as differentiable in (-3, 3)

(d) neither continuous nor differentiable in (-3, 3)

19.

4—-x, 1<x<4 21.

Defferentiation of logarithmic functions

Derivative of x° + 6" with respect to X is
(a) 12x (b)yx+4
(c)6x°+ 6" log 6 (d)6x’ +x6*"

dy
y: Xy 7
Ifx’=e °, then ax S equal to

(b) (1 +logx)”
(d) None of these

(@) (1+logx) "'
(o) logx.(1 +logx)72

Ify=log x+log a+ log x+log a,then % is equal to
X

loga x
_+_
(@) +xloga ® "% loga
) 1 loga
+xloga -
© xloga 8 () xloga x(logx)2

Iff(x) =log x|, x # 0 then /" (x) equals

1 1
(a) x| (b) o

1
(©) X (d) None of these

The derivative of y =x""" is
®)x" " 1nx
(d) Xlnx—Z

(@)x™ Inx

(©)2x™ " Inx

d
Ify = {£(:)}"™, then d—i is

gf(x).——

(a) e¥00eE {(I)(X)df(X)

d¢(X)
f(x)dx

e} (df(x)j JRUICIN

flx) dx

(©) ¢ d(x)logfix) {d)( )f(( ))+¢’(x)logf'(x)}

(d) None of these
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e

Parametric defferentiation Various rule of solving differentiation
1-t2 2t dy ) dy
- — = — = 30. Ify=log sinx,then —— isequal to
24, Ifx 11 andy =772 then ax s equal to cos x dx
(a) (cotx log cos x + tan x Jog sin x)/ (/og cos x)2
(a) A (b) Y (b) (tan x Jog cos x + cot x log sin x)/ (log cos x)2
b4 X

(c) (cotx log cos x + tan x Jog sin x)/ (log sin x)2

X q X (d) None of these
© @5

3. Ify=f 2’2‘_1
X" +1

d
] and f” (x) =sin x*, then d_z(] is equal to

25. If :esm_lx and u = log x, then & is
Y ’ du

2
sin~1x . 2x—1 X2 +2x+2
€ (a) Sin 2+1 5 2
X
1-x?2 (x +1)

(a) = (b) xe™

-1
xe'm X sin ~ x 2 2
—_ € 2x -1 24+2x-2x
© 2 (d) (b) sin( J
1- 2 2
X X X"+l (x2+1)
4 . 4 dy 3m
26. Ifx=acos O,y=asin 0,then —— at@= —is
dx 4 2 )
.| 2x-1 2+2x-x
(c) sin| —
(@)-1 (b)1 i) | (x4)

(c)-a’ (d)a’
Differentiation of function w.r.t functions (d) None of these

dy

> then =2 is equal to
dx

32, Ify=2".3
3

27.  The derivative of €* with respect to log x is
(a) (log2) (log3) (b) (log 18)

2 2 4%
@ e (b) 3x" 2 (©) (fog 18y’ (d) (log 18)y

3 %0 d RS 2
(©) 3x"e (@) 3x7e™ +3x 33.  Ify=(1+x’)tan x—x,then % is equal to
X

28.  The derivative of log , x with respect to X is

(a) tan ' x (b) 2x tan ' x
1 2
——1log_ 10 —log, ¢
(@) 7 7% (b) ~7 7810 B 2%
(c)2xtan x—1 (d) P
1
() Flogm e (d) None of these
X

\ d
34, Ify=(1+x)(1+x) (1 +x)... (l+x2 ),then&y atx=0is

29.  The derivative of sin” x with respect to cos’ x is
(a) tan’ x (b) tanx (@-1 (b) 1
(c)—tanx (d) None of these ©0 (d) None of these
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Derivatives of inverse trigonometric functions 4
40. I y=x+ — thenfind
1—X2 X+ 1 X
= ! B e B X+
35. Iff(x)=2tan x+cos [1+x2] then . o
4
(@ f'(-2)=2 ¥
5 @ 2y x ®) 2y
(b) £'(-1)=-1
y
©7 % O

(c) £'(x)=0 for all x<0

(d) None of these

1

36. Ifyz[tan1 ! +tan~

2 2 +
1+x+x X +3x+3

+tanlm+....uptonterms} then y'(0) equals
-1 _n?
b
(a) 1’12+1 ( ) n2+1
1'12
©) 5— (d) None of these
n-+1

2cosX—3sinx

J13

i dy
c0<x<— — i
j, 2,then dx is

37. Ify= cos ' [

(a) zero (b) constant = 1

(c) constant # 1 (d) none of these

Differentiation of infinite series

dy .
38. If y:\/sinx+\/sinx+«/SinX+...oo, then d_x is equal to

COSX —COSX

@ 5y ® 2y

sin x —sinx

© 122y @ T2y

39. If o henx (1 —y logx) ¥

. y=X , thenx (1 —ylogx) dx
@x )y
(©)xy’ (d) xy

d
41. For[x|<l,lety=1 +X+X +...to o, then d_z(] equal to

2

X X
(a) g (b) ?

x >
(c) 72 (dxy +y

Higher order Derivative problems

q2
42. Ifx=asin0and y=> cos 6, then —}2, is equal to
dx

a5 b
—sec” 0 ——sec” 0
O ®) =

(c) %sec3 0 (d) —% sec®
a a

43. Iff be a polynomial then, the second derivative of f(¢") is
@)f'(€) (b) () e +1(e)
©f"(E€) e +1"(e) @) f(e) e +f(e)e"

44. IfxX’+y'=1,then
@yy"-2(y') +1=0
©yy" + () -1=0

2
45. If\/x+y+w/y—x:cthen%is
X

(b)yy" +(y') +1=0
d)yy"+2(y) +1=0

2x 2
(@) e (®) el

2
© - @ =
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46.

47.

48.

49.

If y2 = ax’ + bx + ¢ where a, b, ¢ are constants, then

y3 dz_y is equal to
dx?’

(a) a constant
(b) a function of x

(c) a function of y
(d) a function of x and y both

2

dx?

1S

Let x = sin (/ nt) and y = cos (/ nt) then

1

(@) 72

1
y ®) 7y

1 1
© 3 () 3
Ify=acos (logx) + b sin (Jog x) where a, b are parameters,
the xzy” +xy' is equal to
@y (b) -y
(c)2y (d)-2y

2
Ify=Acos nx + B sinnx, then 75 =

dx?
(a) -y (b) -y
(©) nzy (d) none of these

Numerical Value Type Questions

50.

51.

52.

l-tanx

Let f (x)=

,x;éﬁ,xe O,E.
4 2

If f (x) is continuous in [0, g} then f(%j is

—t.
4x—7

a+bx*?

fy= "
Y=

7 andy =0atx =5, thentheratioa:bis

equal to

X Y __ Axty ﬂ — — :
If2°+2°=2"", then the value of x atx=y=1,1s

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

(x +1)2 (x-1)
(x-2y

Ift e (0, %) and x =sin ' (3t—4t’)and

d
y=cos ' (\ll—tz ), then d_z is equal to

Ifu = f(x?), v=g (x%), f(x) = sin x and g'(x) = cos x then

Let f(x)= then f'(0)is

du _

i =k sin(x?)/x cos(x?), then find the value of k

Find the derivative of f (tan x) with respect to

g (secx) atx = /4, iff'(1)=2, g'(\/z):4,

[V
Iff(x)= ,/1+cos> (x2 ), then the value of Jf [7 is

Ify= +|sinx | th Yo x =2,
y=|cos x|+ | sin x | then dx 3 s

If Differentiation of log(sin x*) with respect to x is k.xcot(x?),
then the value of k is

Iff(x)=log, (log, x), thenf” (x)atx =eis

dy .
, then —— is equal to

sin X +cosx
dx

Ify= tan | { -
cos X —sin X

Letf(x)=sin"' ( 2"2 j find £'(1/2)
1+x

_ 2x
Find the derivative of ¥ = tan : [1 2 j atx=0

—X

sin x
COSX
sin x

1+
CcosX
I+—..... 0

1+sinx

Ify= then y'(0) is

1+

2
If ¢’ + xy = e, then the value of d_Z forx=0,is
X



CONTINUITY, DIFFERENTIABILITY & DIFFERENTIATION

&

EXERCISE - 2 : PREVIOUS YEAR JEE MAINS QUESTIONS

1.

If the function.

kvx+1 , 0<x<3
g(x) =

; 5 is differentiable, then the

mx+2 , 3<x<
value of k + mis: (2015)
10
@5 (b)4
16
©)2 @~

Forx € R, f(x) =|log 2 —sin x| and g(x) = f(f(x)), then :
(2016)

(a) g'(0)=cos (log 2)

(b) g'(0) =—cos (log 2)

(c) g is differentiable at x = 0 and g'(0) =—sin (log 2)

(d) g is not differentiable at x =0

15 15
Ify=[x+\/x2—l} +[x— xz—l} ,

d’ d
then (XZ _l)d_}zlJer_z is equal to :
(2017/Online Set—1)
(b) 224 y?
(d)225y

(2 125y
(c)225y?
1 1

5.y d’y , dy
If 2x =y +y 5 and (x> —1) —2 + Ax—=+ky = 0, then
Yy +y ( )dXz X T

A+k isequalto: (2017/Online Set-2)

(a)-23 (b)—24

(c)26 (d)-26

Let f'be a polynomial function such that

f(3x)= f'(x)-f"(x), forall x eR. Then:
(2017/Online Set-2)

() f(2) +£'(2) =28 (b) £"(2)-f'(2) =0

© f'2)-f(2) =4 ) £(2)-f'(2)+£"(2)=10

The value of k for which the function

tan 4x

(4 tan 5x T
— , O<x<—
f(x)=I\5 2
k+g, x="=
2

T
is continuous at x = —, is: (2017/Online Set-2)

2
17 2
(@) 20 (b) 3
3 2
© 3 (d) 3

Let S={teR:f(x) =|x—7t|.(e‘x‘ —l)sin|x| is not
differentiable at t}. Then the set S is equal to:  (2018)
(a) {O, n} (b) ¢ (an empty set)

(©) {0} (d) {m}

1
Letf(x)= (x-l)ﬁ ,x>1,x#2
k ,x=2

The value of k for which f'is continuous at x = 2 is:
(2018/Online Set-2)

@1 (b)e

(c)e! (d) e?

2
If 2y = | cot™ \/gcosx+s?nx ,xe(O,zj
cosx—+/3sinx 2

d
then —i is equal to: (2019-04-08/Shift-1)

d
T T
(a)g—x (®) s

i T
(© 3% (d) 2x—3
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10.

11.

12.

13.

14.

Let f: [-1,3] — R be defined as

|x|+[x], -1<x<1
1<x<2
2<x<3,

S (%)=

x+|x|,
x+[x],
where [t] denotes the greatest integer less than or equal
to t. Then f'is discontinuous at:  (2019-04-08/Shift-2)
(a) only one point (b) only two points
(c) only three points

If /(1) =1, f{1) = 3, then the derivative of
FI®)+(f(x)P atx=11is: (2019-04-08/Shift-2)

()33 (b) 12
(d9 (©)15

(d) four or morepoints

If the function f'defined on (%,gj by

\/Ecosx—l

cotx—1

X#
f(x)=
k, x=

N NE

is continuous, then k is equal to: (2019-04-09/Shift-1)

1
(@2 (b) 5

1
(©1 (d) NG

If f(x)= [x]—[%},x € R,where [x]denotes the

greatest integer function, then:  (2019-04-09/Shift-2)

(a) fis continuous at x =4.

(b) lim f(x)exists but lim f(x)does not exist

x—4" x—4"

(c) Both lim f(x)and lim f(x)exist but are not equal.
x—>4" x4t

(d) lim f (x)exists but lim f(x)does not exist
x—4"

x4t

If the function

a|7r—x|+l,x£5

f(x)={

is continuous at X = 5, then the value of a-b is:
(2019-04-09/Shift-2)

b|x—7r|+3,x>5

15.

16.

17.

18.

.4
2 -2
@73 ® 5
2 2
(© s (d) 5 .

Let £ R — R be differentiable at ¢ € R and f(c) = 0. If
g (x)=f{x)], thenatx=c,gis:  (2019-04-10/Shift-1)

(a) not differentiable if /'(¢) =0
(b) differentiable if (c) = 0
(c) differentiable if /(c) =0

(d) not differentiable
sin(p+1)x+sinx
,x<0
X
Iff(x) = q , x=0
T, x>0

is continuous at x = 0, then the ordered pair (p, q) is equal
to: (2019-04-10/Shift-1)

EERE

(a) 2 ’ 2 (b) 2 ’ 2
39 el

(C) 2 ? 2 (d) 2 ’ 2

dy d’y

If " + xy = e, the ordered pair (5’ Wj atx=0is equal

to: (2019-04-12/Shift-1)

(1 _L) (_l Lj

@) e & (b) e e
(l L) [_l _Lj

© e e (d) e &

The derivative of tan™ (MJ with respect

sin x +cos x
X T

to- where| €| 05 Jis .(2019-04-12/Shif¢-2)
. 2

a)l -

(a) (b) 3

1
© = (d)2

2
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19.

20.

21.

22.

23.

Let f: R — R be a function defined as

5, if x<1
a+bx, if 1<x<3
S(x)= :
b+5x, if 3<x<5
30, if x2=5
Then, fis: (2019-01-09/Shift-1)

(a) continuous ifa=5andb=15

(b) continuous ifa=-5and b =10

(c) continuous ifa=0and b=5

(d) not continuous for any values of a and b

Let f be a differentiable function from R to R such that
| f(x)-f(»)I£2]x=y[?, forall x,y, €R.

1

If /(0)=1 then I(f(x))z dx is equal to

0

(2019-01-09/Shift-2)

@1 (b)2
: d
= 0
(©) 5 (d)
'y
If x =3 tan t and y = 3 sec t, then the value of o at
T
l:Z, 1S: (2019-01-09/Shift-2)
b L
@ 3 NE) ®) ¢ NZ)
3 1
© 575 @
max {|x], x* <2
Lot f() o tBR
8-2fx  2<|x<4

Let S be the set of points in the interval (- 4, 4) at which
fis not differentiable. Then S: (2019-01-10/Shift-1)

(b) equals {-2,-1,0,1,2}
(d) equals {-2,2}

(a) is an empty set
(c)equals {-2,-1, 1,2}

Let f:R— R be a function such that

F(x)=x+x2f"()+x"(2)+ 1" (3), xeR.

then f(2) equals: (2019-01-10/Shift-1)
(a)-4 (b)30
(c)-2 (d)8

24,

25.

26.

27.

28.

Let f:(-L1)>R be a function defined by

f (x) = max {— |x], —v1-x? } . IfK be the set of all points

at which fis not differentiable, then K has exactly:
(2019-01-10/Shift-2)

(a) five elements (b) one element

(c) three elements (d) two elements

d
If xlog, (log, x)—x* +y* =4(y >0), then d_ic) at x=e

is equal to (2019-01-11/Shift-1)
(1+2e) (26—1)

@) Jare? ®) Jare
(1+2e) e

(c)m CONrwpe

Let k be the set of all real values of x where the function
ftx) = sin|x| — |x| + 2(x — n) cos|x| is not differentiable.
Then the set k is equal to: (2019-01-11/Shift-2)
(a) ¢ {an empty set} ®) {m}

(c) {0} (d) {0, =t}

For x > 1, If (2x)” =4¢™*", then (1+log, 2x)zj—yis
x

equal to (2019-01-12/Shift-1)

xlog, 2x—log, 2
(a)% (b) log, 2x

xlog, 2x+log, 2
(c)f (d)xlog, 2x

If a function f{x) defined by

ae* +be™* , —-1<x<l1
f(x)= ex? , 1<x<3 be continuous for
ax” +2cx , 3<x<4

some g,b,ce R and f'(0)+ f'(2) =e, then the value of
ais: (2020-09-02/Shift-1)

1 e
—_— b —_—
@ 2 313 ® 2513

(&

© 3

e g —
e +3e+13 D2 53
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.4
2
29. Ify= Zk cos {— cos kx_g sin kx} 34.  If the function f(x)= kiGr=m)”—Lx < is twice
kycosx ,x>m
differentiable, then the ordered pair (k k) is equal to:
d e
thend—z ALX= 010 eerererenene . (2020-09-02/Shift-2) (2020-09-05/Shift-1)
(@) (1,1) (b)(1,0)
30 fy? +log, (cos> x) =y, x e SR N 1 1
. I y ge s 25 > then (c) E’_l (d) 5,1
(2020-09-03/Shift-1)
, ) 35. Letf(x)=x. [ } for—10 <x < 10, where [t] denotes the
@ [y O)[+]y"(0)[=1 2
, greatest integer function. Then the number of points of
(b) y"(0)=0 discontinuity of fis equal to ..........
© |y (0)]+]y" (0)|=3 (2020-09-05/Shift-1)
() [y"(0)|=2 N1 -1
36.  The derivative of tan' = with respect to
X
31. If (a+\/§bcosx) (a—\/ibcosy) —a2 _p2, where
dx LA tan~! 2xV1-x? 1 .
a>b>0,then; ~at (2020-09-04/Shift-1) 2 at x=—1is: (2020-09-05/Shift-2)
dy a4 1-2x 2
@ at+b ) a—-2b
a
a—b a+2b
2\f 243
(@) —— ()=~
© a-b @ 2a+b
c
atb 2a—b (c)ﬁ (d)ﬁ
32.  Suppose a differentiable function f{x) satisfies the identity 12 10
x+y)=f(x)+f(y)+xy*+x?, for all real x and y. If
SO =@+ 0)+xy Y Y 37. Let f:R — Rbedefined as
f( ) =1,thenf(3)isequalto ........
x—>0 X 1
) x”sin| — |+5x x<0
(2020-09-04/Shift-1) X
f(x)= 0, x=0
n . 5 1
—+tan” x, |x|<1 x’cos| — [+ Ax%, x>0
33.  The function fix) = 1 is: *
E(|x|—1), |x|>1
The value of 2 for which /”(0) exists, is .
(2020-09-04/Shift-2) (2020-09-06/Shift-1)
(a) both continuous and differentiable on R—{—1} 38.  Letf:R — R bea function defined by f{x) = max {x, x*}.

(b) continuous on R—{—1} and differentiable on R—{-1,1}
(c) continuous on R—{1} and differentiable on R—{—1,1}
(d) both continuous and differentiable on R—{1}

Let S denote the set of all points in R, where f is not
differentiable. Then (2020-09-06/Shift-2)

(a) {0, 1} (b) flan empty set)
© {1} (d) {0}
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39.

40.

41.

42.

tana+cota 1

If y()= \/

kY4
where @€ T’

1+tan’ & sin” o

7[} D oata=2,
> then / s
(2020-01-07/Shift-1)

L 4
@~ ® 3

)4 d) 4

Letx" + )" =a",(a,k> O)andﬂ+

dx

1
3
(Zj =0 thenkis
X

(2020-01-07/Shift-1)

2 4
© 3 (d) 3

Let S be the set of points where the function,

,X € R, isnot differentiable.Then, the

o9 =1]2-

value of me(f(x

)) is equal to
(2020-01-07/Shift-1)
Let y = y(x) be a function of x satisfying

yWl—x* =k —x4J1-y> where k is a constant and

1 1 d
Y(—j =——. Then—y

2) 4 ae Y=

1
) i lto:
) 1S equal to

(2020-01-07/Shift-2)

J5 V5
(@) > (b) By
5 2
(© 4 (d) NG

43.

44.

45.

46.

11
If the function f'defined on (—— —) by

373
(l)lo (1+3x
f(x)=9\x S\ 1o2x

k, when x =0

), when x #0

is continuous, then k is equal to

(2020-01-07/Shift-2)

sin(a +2)x+sinx . x<0
X
If f(x)=4b ,x=0
1
(x+3x2) x3
5 , x>0
x§

is continuous at x = 0 then a + 2b is equal to:
(2020-01-09/Shift-1)

(2)2 (b)1

(©)0 (d)-1

Let fand gbe differentiable functions on R, such that fog
is the identity function. If for some a,b € R, g’(a) =5 and
g(a)=b,then f'(b) isequalto:

(2020-01-09/Shift-2)

2
@75 OF
1
©1 @ 5

. 4
Let [#] denotes the greatest integer < z and hng X {_} =4
X x

Then the function, f (x) = [xzjsin 7x is discontinuous,

when x is equal to (2020-01-09/Shift-2)

@~JA+1 N
©JAa+5 (d4+21



CONTINUITY, DIFFERENTIABILITY & DIFFERENTIATION

47.

48.

49.

50.

If f:R >R is a fugreatest integer functionnction

2x —1
defined by f(X)=[X—1]COS( = )TC where [.] denotes

the greatest integer function, then f is
(24-02-2021/Shift-1)

(a) Discontinuous at all integral values of X except at

(b) Discontinuous only at x =1

(c) Continuous only at x =1

(d) Continuous for every real x

The number of points, at which the function

f(x):|2x+l|—3|x+2|+|x2 +x—2|,x eR
is not differentiable, is

(25-02-2021/Shift-1)

A function f is defined on [—3,3] as

min{|x|,2—x2},—2£x£2
f(x)=
" |

denotes the greatest integer < x. The number of points,

2<|x|<3 where [x]

where f is not differentiable (-3,3) is
(25-02-2021/Shift-2)

Let f:R — R be define as

ZSin(—Ej, ifx<-1
2
|ax2+x+b|, if—-1<x<1

sin(7x), ifx>1

If f(x)is continuous on R, then a+b equals:
(26-02-2021/Shift-2)

(@)-3 (b1

©?3 (d)-1

51.

52.

53.

54.

4
Let the function f:R —> R and g:R — R be defined
as:
x+2, x<0 x° x <1
f = X)= ’
(X) {xz, x>0 . g( ) {3){—2, x>1

Then, the number of points in R where (fog)(x) isNOT
differentiable is equal to

(@0 (b)2
©3 (d1
Let o €R be such that the function

(16-03-2021/Shift-1)

cos ™! (1-{x}* )sin™ (1- {x}) o
{x}—{x}’ ’ is

a, x=0

f(x) =

continuous at x = 0, where {x} =x—[x],[x]is the
greatest integer less than or equal to x . Then
(16-03-2021/Shift-2)

@ =0 ) @=75

(c) no such o exists (d) a zg

Let £:§— S where S= (0,00) be a twice differentiable
function such that f(x+1)=xf(x).If g:S—>R be
defined as g(x)=1log, f(x), then the value of

(16-03-2021/Shift-2)

g”(5)—g”(1)| is equal to :

1 e
@ Ok

187 9208
© Tag @ Taq

Let f:R > Rand g:R — R be defined as

X +1, x<0

£(x) x+a, x<0 x)
X)= X) =
1x—1], x>0 &V iy x>0

where a, b are non-negative real numbers. If (gof )(x) is
continuous for all x € R, then a +b 1S equal to.

(16-03-2021/Shift-2)
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fals

55.

56.

57.

58.

cos (sinx) —cosx
If the function f (x) = ( x4)

is continuous

1
at each point in its domain and / (0) = T then g is ....

(17-03-2021/Shift-1)

;o Ix[=

If f(x)= m is differentiable at every

ax’+b; |x|<1

point of the domain, then the value of a and b are

respectively : (18-03-2021/Shift-1)
5.3 o103

@5 ®) 575
13 oLl

©=33 @33

Let f: R — R be a function defined as

s1n(a+l)x+s1n2x’ifx<0
2x
f(x)=4Db ,if x=0
3_
—W Lif x>0
X

If f is continuous at x = (), then the value of a+b is

equal to (18-03-2021/Shift-2)
(@) 2 (b) -3

2) =3 _

(© 3 d

©) =5 ) 2

Let a function f : R — R be defined as

sinx —e* if x<0
f(x): a+[—x] if 0<x<l1
2x-b if x>1

where [x] is the greatest integer less than or equal to x.
If f is continuous on R, then (a+b) is equal to:

(20-07-2021/Shift-1)

59.

60.

61.

o
@3 (b)3

©2 (d)4

Let a function g: [O, 4] — R be defined as,

max{t’ =6t +9t—3}, 0<t<x,0<x<3
<[ )

4-x, 3<x<4 ’

then the number of points in the interval (0,4)

where g(x) (20-07-2021/Shift-2)

Let r:R — R be function defined as

X

(x) = 3[1—7J if |x|<2

0 if  [x|>2

Let g:R — R begiven by g(x)=f(x+2) — f(x-2)

If If n and m denote the number of points in R where g is

not continuous and not differentiable, respectively, then

n+mis equal to (22-07-2021/Shift-2)

Let f:R — R be defined as

?»|x2 —5x+6|
—_ ; x<2
u(Sx—X2 —6)
tan(x—2)
f(x): e X ;ox>2
n ; x=2

Where [X] is the greatest integer less than or equal to x.

If f is continuous at x =2, then A+ is equal to?

(25-07-2021/Shift-1)
(a) e(e-2) (b) 2e -1

(©) e(-e+1) @1
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62.

63.

64.

P(x)
. . —_— ; X#2
Consinder the function f(x)=qsin(x-2)
7 ;o x=2

where P(x) P(X)is a polynomial such that P"(X) is
always a constant and P(3) =9. If f ( X) is continuous at

x =2, then P(5) is equal to (25-07-2021/Shift-2)

Let f:[0,00) —=[0,3] be a function defined by

f(x)_{max{sint:OSth},OSXSn

24c0osX, X>T

Then which of the following is true?

(27-07-2021/Shift-2)
(a) f is differentiable everywhere in (0,00)
(b) f is continuous everywhere but not differentiable
exactly at two points in (0,00)
(c) f is not continuous exactly at two points in (0,00)
(d) f is continuous everywhere but not differentiable

exactly at one point in (0, 00)

Let f: (—g,gj — R be defined as

3a T
(1 +|sinx )\SinX\ , ——<x<0
4
f(x): b, x=0
b
ecot4x/cot2x’ 0<X<Z

If f is continuous at x =0, the the value of g3 +p? is

equal to : (27-07-2021/Shift-1)
(@ e (b)1+e
©) 1-¢ de-1

65.

66.

67.

68.

. 2

Let f:[0,3] >R be defined by
f(x) = min{x—[x],l+[x]—x}

where [x] is the greatest integer less than or equal to x.

Let P denote the set containing all X [0, 3] where where
f is discontinuous, and Q denote the set containing all
X € (0,3) where f is not differentiable. Then the sum of

number of elements in P and Q is equal to

(27-07-2021/Shift-1)

Let f(x)= cos(Ztan1 sin(cot1 ,/F—XJ} 0<x<l.
X

Then (26-08-2021/Shift-1)

2

(a) (1+x)2 f’(x)+2(f(x)) =0

2

) (1-x)"f'(x)+2(f(x)) =0
(© (1+x) £'(x)-2(f(x)) =0

(@ (1-x)" '(x)-2(f(x)) =0

If yzy(x) is an implicit function of x such that

2

dy ,
log, (x+y) =4xy , then e at x =0 is equal to

(26-08-2021/Shift-1)

Let a, be R, b#0. Define a function

asing(x—l) for <0

tan 2x —sin 2x

o for x >0
X

If f is continuous at x =0, then 10—ab is equal to

(26-08-2021/Shift-1)
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69. Let [t] denote the greatest integer less than or equal to t .
Let f(x) = x—[x], g(x) :1—x+[x] and
h(x) :min{f(x), g(x)}, X € [—2, 2]. Then 1 is:

(26-08-2021/Shift-2)
(a) not continuous at exactly four points in [-2, 2]
(b) not continuous at exactly three points in [-2, 2]

(c) continuous in [-2, 2] but not differentiable at exactly
three pointin (-2, 2)

(d) continuous in [-2, 2] but not differentiable at more
than four points in (-2, 2)

1 1 2

LR dy W
2 —
70.  If yi 4y 4 =g, and (X _l)dxz +0€X&+BY—O,

then |0c — [3| is equal to (27-08-2021/Shift-1)

\/l+sinx —\/l—sinx

. Ify(x)zcot1[\/l+smx+\/1—smx}xe(g’n}

h ﬂ X_S—n i 27-08-2021/Shift-2
tendxat 61s. (27-08- Shift-2)
@0 (b) -1

! Q) -+
OF; (@ -3

72.

73.

74.

75.

If the function f(x)= K, x=0 is
cos’ x —sin® x —1

x> +1-1

1 1 4
continuous at x =0, then ;+E+E is equal to ?

(31-08-2021/Shift-1)
(a)—4 (b)=5
(©4 ()3

‘9x2712x+4‘ .
1S not

The function f(x)= |x2 -2x —3|.e
(31-08-2021/Shift-1)
(b) One points

(d) Three

differentiable at exactly ?
(a) Two points
(c) Four points
Let [t] denote the greatest integer <t . The number of

points where the function

f(x) :[x]|x2 —1|+sin[[X]L+3J—[x+l],x e(—2,2) is

not continuous is (01-09-2021/Shift-2)

Letf:R — R be defined as

X 1+2xe ™

lo x#0
f(x)= (1—cos2x)2 &

If f is continuous at x =0, then a is equal to :
(22-07-2021/Shift-2)

@1 ()0
(©3 (d)2
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EXERCISE - 3 : ADVANCED OBJECTIVE QUESTIONS

Objective Questions I [Only one correct option|]

1. Let U(x) and V(x) are differentiable functions such that

U(x) U'x) _ VX)) p+q
Vx) =7.1If V(%) an [U(X)j =(q, then p—q
has the value equal to

@1 (b)0

()7 (d)-7

2. Suppose the function f(x) — f(2x) has the derivative 5 at
x= 1 and derivative 7 atx = 2. The derivative of the function
f(x) — f(4x) atx = 1, has the value equal to

(@19 )9
(017 (d)14
3. If f is a periodic function, then

(a) f'and f" are also periodic
(b) f" is periodic but "' is not periodic
(c) f" is periodic but f” is not periodic
(d) None of these
4. If y =f(x) is an odd differentiable function defined on
(—0, ) such that /" (3) =-2, then /' (-3) equals
(a)4 (b)2
(c)2 @o
5. Iff(x)=1log|2x|,x#0, thenf" (x) is equal to

1
(@ — (b)— 1
X X
(©) ﬁ (d) None of these
X

6. Let /' (x) be a polynomial function of second degree. If
f()=f(-1)and a, b, c are in AP, thenf ' (a), f ' (b) and
f'(c)arein
(a)AP
(b)GP
(c)HP

(d) Arithmetico-Geometric progression

10.

11.

12.

1 1 d
Ifxz+y2:t+ T andx4+y4:t2+ t—z,then &y is equal to

(@ 2 (b)-<
X X

© = (d)-=
y y

Iff (x) =|x-3 | and ¢ (x) = (fof) (x), then for x > 10,
# (x) is equal to

@1 (b)0

(©)—1 (d) None of these
Letf(x)=sinx, g (x)=2xand 4 (x) =cos x.

If ¢(x)=[go (fh)] (x), then ¢" (%j is equal to

(a)4 (b)0
(c)4 (d) None of these

Iff(x)=[x—1]and g (xX)=f [ { f(X) }], then for x>2, g'(x) is
equal to

(a)-1if2<x<3 (b) 1if2<x<3
(c)1forallx>2 (d) None of these

Let f (x) = 2/(x+1) and g(x) = 3x. It is given that
(fog) (x,) = (gof) (x,)- Then (gof)’ (x,) equals

@3 OF=

-32 =32
(© T (d) T

Let f(x) be a polynomial of degree 3 such thatf(3) =1,
f'(3)=-1f"(3)=0andf "(3)=12. Then the value of
S (1)is

(a)12 (b)23

(c)-13 (d) None of these
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e
i

13.

14.

15.

16.

17.

18.

19.
If £ (x) = sin (g[x]—xsj,l < x <2and [x] denotes the
greatest integer less than or equal to x, then f ’(i/% ] is
equal to 20.
N )
a) 5| — b) -5 —
ol we
©)0 (d) None of these
Iff(x)= v/x? —=10x + 25 , then the derivative of f(x) on the
interval [0, 7] is
(@1 (b)-1
©)0 (d) none of these 21.
sinXx CcosX sinXx
Ify=|cosx —sinX cosX|,then dy is equal to
X 1 1
(@1 (b)-1
©)0 (d) None of these
x b b
If A/=|a x b|and A, :‘X are given, then
a
a a x 22.
2 d —
(@ A, =3(A,) ®) A =34,
d 2 3/2
(c) &Al =3(4,) (d) A, =3(A,)
2 2 T T
If f(x)=cos x+cos (x +§j —COS X COS (X +§j then
fx)is
@0 (b)1
©2 @3 23.

an2 X
The function £ (x) = (sin 2x)™"

x = /4. The value of f(m/4) so that f is continuous at
x=T1/41s

(a) e (b) 1/~fe

(©)2 (d) None of these

is not defined at

iﬁ_ﬁ{'
Let f(x)=a+Db x|+ c|x[*, where a, b and ¢ are real constants.
Then f(x) is differentiable at x =0 if

(a)a=0 ®)b=0
(c)c=0 (d) None of these

T
The derivative of f (tan x) w.r.t. g (sec X) at x = e where

S ()=2andg’ (V2) =4,is

@% (b) V2

(©1 (d) None of these
3 dy
Lety=x" —8x+ 7 and x = f'(t). Ifa =2and x =3 at
_ dx P
t=0, then — at t=0is given by
dt
19
1 b) —
@ OB
2
(© m (d) None of these

f (x), g(x), h(x) are functions having non-zero
derivatives. The derivative of /(x) w.r.t g(x) is ou(x) and
derivative of g(x) w.r.t h(x) is B(x). Then derivative of

h(x) w.r.t f(x)=

o(x)

@oa(x).px) (b) B(x)
1 B

© o(x)Bx) @ o)

has

/(h) -7 (0)
h

If f is an even function such that /im
h—0"

some finite non-zero value, then

(a) f is continuous and derivable at x =0

(b) f is continuous but not derivable at x =0
(c) f may be discontinuous at x =0

(d) None of these
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24,

25.

26.

27.

28.

, , dy .
Ifsiny=xsin(a +y), then 7 is

dx
. )
(@) — ilna b) sin (a+y)
sin”(a+y) sina
sin® (a—
(c)sinasin’ (a+y) (d) (—y)
Sina

Let £ (x) = a(x) B(x) y(x) for all real x, where
a(x), B(x) and y(x) are differentiable functions of x. If
£'Q) =18£(2), a'(2)=3a(2), B'(2)=—4p(2) and

7'(2)=ky(2), then the value ofk is

(a) 14 (b) 16
(©)19 (d) None of these

ax+b
Ify= R where a, b, ¢ are constants then 2xy’+y) y"”
is equal to
@3 &y +y)y” (b)3 (xy"+y")y"
©3xy"+y)y (d) None of these

Function f: R — R satisfies the functional equation

£(x)
f(y)

f(x-y)=

Iff'(0)=pand f' (a) = q, then f' (—a) is

2

(@) 2 by
q p

©7F (d)q
q

Let f(x)=x", ne W . The number of values of n for
which f'(p+q) =f'(p)+£'(q) is valid forall +ve p & q is

@0 (b)1
(©)2 (d) None of these

29.

30.

31.

32.

33.

£y

Let f : R — R be a function such that

f(x;yj _ f(X);f(Y), £(0) =0 and £’ (0)= 3. Then

(a) f(x) is a quadratic function

(b) f(x) is continuous but not differentiable

(c) f(x) is differentiable in R

(d) f(x)isbounded in R

Iff (%), g (%), h (x),r= 1,2, 3 are polynomials in x such that

f(a)=g (a)=h(a),r=1,2,3 and

VACRNACI ALY

F(x)= g(x) &(x) &(x) ,then F' (a) is equal to
h(x) hy(x) h(x)

(a)a (b)-a

©)0 (d) None of these.

Let f & g be differentiable functions satisfying
g'(a)=2, g (a)=b & fog=1(Identity function). Thenf"'(b) is
equal to

2
@2 ) 5

1
(© 3 (d) None
Let f(x) = a [x] + b ek + ¢ [x’, where a, b and c are real
constants. where [x] denotes greatest integer <x. If f(x) is
differentiable at x =0, then

(a)b=0,c=0,a€eR (b)a=0,c=0,beR

(c)a=0,b=0,c e R (d) None of these
x(3¢'* +4)
—2 x#0 .
Iffx)=9 2-¢"* , then f(x) is
0 ,x=0

(a) continuous as well as differentiable at x =0
(b) continuous but not differentiable at x =0
(c) differentiable but not continuous at x =0

(d) None of these
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34.

3s.

36.

37.

38.

39.

2
Ify=e"" then cos’ x —5 =
y dXZ

. dy ) dy
(a)(1—-sin2 x)& (b) (1 +sin 2x) Ix

d
(c) (1 +sin2 X)d_z (d) None of these

Suppose f(x) = e™ + ", where a # b, and that
f"(x)—2f"(x) —15f(x) = 0 for all x. Then the product ab is

(@)25 (b)-15
©)9 (d)-9
If (siny)™ ™/? + g Sec ' (2x) +2"tan (log (x+2)) =0 then

dy/dx atx=-11is

3 1
- b JE—
® Nt -3 ®) wn® =3

3n

3
—_— d
©) wn® =3 @ Nr? =3

d2
Ifax’+ 2hxy + by2 =1, then d—}; is equal to
X

© ab—h’ o h® —ab
a) ———— = -
(hX+bY)3 (hx-i—by)3
h? +ab
(©) W (d) None of these

If y2 = P(x), a polynomial of degree n>3, then

d (. dy
2dx [y dxzj
(@)—P(x).P"(x)
(©)P(x).P"(x)

(b) P (x).P" (x)
(d) None of these

Let f(x)=¢" —e™ —2sinx —§x3 , then the least value

d"f(x)

dx

of n for which 1S non-zero

x=0

(a)4 )5
(©7 (d)3

40.

41.

42.

43.

i%ﬁ{'

People living at Mars, instead of the usual definition of
derivative D f(x), define a new kind of derivative, D*{(x) by
the formula

M where £ (x) means [f(x)]"

" L
D*f(x)= }113%
If f(x) =x Inx then

D* f(x)|X:e has the value

(a)e (b)2e
(c)4e (d)8e

If y = ksinpx, then the value of the determinant

Yy i v,
Y3 Y4 Ys| is equal to
Yo Y7 Ys
(@1 (b)0
(c)-1 (d) None of these.

where y_denotes nth derivative of y w.r.t. x.

x" n! 2
nn
If f (x) = |cosx cos— 4| then the value of
2
sinx  sin’r 8
2
dn
dxﬂ [f(x):lx:o ls
(@0 (b)1
(©)—1 (d) None of these

A non zero polynomial with real coefficients has the
property that f(x) = f'(x) . f” (x). The leading coefficient of
f(x)is

! 1

@ ® 5
1 1

© @ T3
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44. If0<x<1,then

1 2x 4x*  8x’
+ + +

+...00=
I+x 1+x> 1+x* 1+x¢
(a) — (b)
a 1-x 1-x
1-x
(© = (d)
1+x 1+x

+b }
45. Ify= (Zx—j, then 2 ﬂﬂ is equal to
X

+d dx dx’?
d’y ’ d’y
34y
mﬁﬁJ (0 352
© 3 €Y @ 38X
dx? dy’

Objective Questions II [One or more than one correct option]

46.  The function f(x) =max. {(1 —x), (1 +x),2},x € (—0, ®), is
(a) continuous at all points
(b) differentiable at all points
(c) differentiable at all points exceptatx =1 and x =—1.
(d) continuous at all points exceptatx =1 and x=—1,

where it is discontinuous.

47. 1t f(x)=

, where [.] denotes the greatest function,

1
[sinx]

then
(a) Domain of f(x)is 2nt+ 7, 20+ 21) U {Znn + g}

wheren € |
(b) f(x) is continuous when x € (2nn+ 7, 2nm+ 2m)
(c) f(x)is differentiable at x =7/2
(d) None of these

48.  Let[x] denotes the greatest integer less than or equal to x.

If f(x)=[xsin wx], then f(x)is
(a) continuous at x =0 (b) continuous in (-1, 0)

(c) differentiableatx=1  (d) differentiable in (-1, 1)

49.

50.

51.

52.

) then which of the

(sin X +sin 2x +sin 3x )
Let y=
+(cos x +cos 2x + cos 3x)

following is correct ?

(a) ﬂwhenx:EiS—Z
dx 2

. 3+\/§

b) value of y when x =—1s
(b) value of y when S >

x a2

c¢) value of y when x = —
(c) value of y w T >

(d) y simplifies to (1 +2 cos x) in [0, 7]

_ 0+l
Let f(x) = 1%

Q=1+t l“n—Jrl
andg(x)= T 1) o

-X
Then the constant term in f'(x) x g(x) is equal to

2
-1
(a) % when n is even

n(n+1)
2

when n is odd

(b)

(c) —%(n+ 1) whennis even

when n is odd

n(n-1)
(d) —

IfF(x)=f(x) g (x)and /' (x) g’ (x)=c, then

(@) F'=c [i+§} (D LA S
g

s F [/ g &
LAY & LAY
(C) F f + g (d) FH f’l + g"

Suppose f and g are functions having second derivatives
f"and g” everywhere, if f(x) . g (x) =1 forallx and f'and g’

are never zero, then f”'(x) —& equals
fx)  gx)
) 2¢/(x)
(@) -2 0 (b) o)
ALY L]
© o @255
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Numerical Value Type Questions

53.

54.

55.

56.

57.

58.

8 —4X 22X 41"
If f(x) = x? ’
e*sinx+nx+AlIn4,

1S continuous at
x<0

x = 0, then the value of 1000 e¢* must be

cos '(1-{x}).sin" (1-{x})
V2 ix) (- {x)

Let f(x)= , then the value

of 20082 Xlirg{ f(x) must be (where {x} denotes the

T
fractional part of x).
36" =9 —4* +1 <20
If f(x) =12 -/1+cosx)’ is continuous at
A, x=0

x=0,then A = \/H In 2. In 3 then the value of p must be

The function given by

\/Eﬂ/cos’lx

, #-1
f(X)Z JX+1 x
L , x=-1

N/vS

The value of A for which the function f(x) is continuous at
x =—1 from the right, must be

Let P (x) be a polynomial of degree 4 such that
P(1)=P(3)=P (5)=P'(7)=0. Ifthe real numberx=1,3, 5
is such that P (x) = 0 can be expressed as x = p/q where ‘p’
and ‘q’ are relatively prime, then find (p +q).

1
Iff(x)= —
) sin x —sina  (x—a) cos x

then

—limf - _ 2
da xa (x) . Seea sec a tan” a.

The numerical quantity k should be equal to

4
. o s 6
59.  Ifthethird derivative of = is i 3
G2 ® 2 (x-1)
then the numerical quantity k must be equal to
Match the Following
Each question has two columns. Four options are given
representing matching of elements from Column-I and
Column-II. Only one of these four options corresponds
to a correct matching.For each question, choose the option
corresponding to the correct matching.
60. Column-1 Column-II
(A) If the function P) o6
sin3x x %0
X
fx)={ X
—, x=0
2
is continuous at x =0, then k =
2
x —-10x+25
®) If f(x)= SERCTY for x#5  (Q) 2log|al
& it is continuous at x = 5 then f(5) =
(O If f R — Rdefined by R) 3
a’cos’ x +b” sin” x (x<0)
f(X) = ax+b
™ (x>0)
is continuous function then b =
(S) logla|
Mo

The correct matching is

(a)A-P;B-T;C-Q
(b)A-T;B-P;C-Q
(c)A-Q;B-T;C-P

(d)A-P;B-Q;C-T
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61. Column - I Column - 11 Paragraph Type Questions
A Iff'x)=V3x*+6&y =£(x) ®» 2 Using the following passage, solve Q.62 to Q.64
Passage
thenatx =1, ? = A curve is represented parametrically by the equations
X
_ _ In(bt) — — —ln(at)
B) Iffbe a differential function Q -1 x=f()=a and y =g(t)=b a,b>0anda=1,
such that b= 1 wheret e R.
oY) =f()+f(¥): v xy € R 62.  Which of the following is not a correct expression for
thenf(e) +f(1/e)= b,
(C) Iffbe atwicedifferential function (R) 0 dx
such that 1 ,
17 I a b - t
PO =— (&S (X)=g(); @ F oy ®)-e®
1A (%)= (f(x)) +(g(®))’ &h(5)=9
- —g(t —f(t)
then A(10) ©) f“’é)) @~
D) y= tan’' (cotx) + cot’ (tan x), S 9 &
T dy d’y . .
5 <x <t then % 63.  The value of o at the point where f (t) = g (t) is
The correct matching is :
(a) A-S;B-R; C-S; D-P @20 (b) 5
(b) A-R; B-S; C-S; D-P ©1 (d)2

(c) A-S;B-S; C-R; D-P ) )
64. The value of W F'CV fCY 'O

(d) A-S; B-R; C-P; D-S PO Ty ey F teR,is
equal to
(a)-2 (b)2
(c)—4 (d)4
Text

65. Differentiate the following functions with respect to x :

(i) log (sec x + tan x) (ii) e**n
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EXERCISE - 4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS

Objective Questions I [Only one correct option|]

1.

Let f: R — R be any function. Define g: R — R by
g(x)=|f(x)| forallx. Then gis: (2000)

(a) onto if /' is onto

(b) one-one if f is one-one

(c) continuous if fis continuous

(d) differentiable if f is differentiable

Let /R — Rbea function defined by /(x) = max {x,x*}. The
set of all points where f(x) is not differentiable is :

(2001)
(@ {-1,1} (b) 1,05
(©) {0, 1} (d){-1,0,1}
The left hand derivative of f (x) = [x] sin (t x) at x =k, k is an
integer is (2001)
@ Dk-Dn (b) D' (k-1
(©) (-1)kn (@) =D 'kn
Which of the following functions is differentiable atx = 0?
(2001)
(@) (cos [x) +[x| (b) cos ([x) - x]
(©) sin (jx[) + x| (d)sin (x)) - x|
The domain of the derivative of the functions
tan”'x, if |x|<1
fx) =11 is (2002)
E(|X|_1)’ if [x[>1
(2)R—{0} (b)R—{1}
()R- {1} (DR-{-1,1}
If y is a function of x and Jog (x +y) — 2xy = 0, then the
value of y’ (0) is equal to (2004)
(@1 (b)—-1
(©)2 @o
If y =y (x) and it follows the relation
x cosy +y cos x =7, then y” (0) (2005)
(a)—1 (b)n
(c)—m d1

10.

11.

Let f'(x)=| [x]— 1|, then points where f(x), is not differentiable

is/(are) : (2005)
@0 (b)1

(©)=1 (d)0,%1

d’x

d_yz equals (2007)

(a)[dz ] ) [dz j [j—i}

o@E e {RE)

Let g(x) = log f (x) where f (x) is a twice differentiable
positive function on (0, o) such that f (x + 1) =x f (x).
Then, forN=1,2,3, ....... , (2008)

bt

(a)—4 1+1+L+...+
9 25

(b)4 41+— ! +L+...+
9 25

4 l+l+i+ +—1

(d)4 1+1+L+... +;2
9725 7 (2N +1)
Let fbe a real-valued function defined on the interval (—1,1)

such that e *f(x) =2+ I\/t4 +1dt, forallx (-1, 1) and
0

let /' be the inverse function of /. Then ()" (2) is equal to
(2010)

1
@1 ®) 3

1 1
© 5 @
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12.

13.

7w om O

15.
x? cosE x#=0,xeR
Let f(x)= x| ’ " then fis (2012)
0, x=0
(a) differentiable both at x=0and x =2
(b) differentiable at x = 0 but not differentiable at x =2
(c) not differentiable at x = 0 but differentiable atx =2
(d) differentiable neither at x =0 nor at x =2
Letf :R—>R,f,:[0,0)>R,f;:R—>Randf,: R —[0, )
be defined by 16
x| if x <0,
L0 ="1e if x>0
£()=x;
£60) = sinx if x <0,
%) = x ifx>0
and
£.(0) f,(f,(x)) if x<0,
X)=
. £(f(x)~1 if x>0. (2014) 47,
ListI ListII
f, is 1. onto but not one-one
f, is 2. neither continuous nor one-one
f, of| is 3. differentiable but not one-one
f, is 4. continuous and one-one
P Q R S
(A) 3 1 4 2
®) 1 3 4 2 18.
© 3 1 2 4
(D) 1 3 2 4

Objective Questions II [One or more than one correct option|

14.

If f(x)=min {1,x% x*}, then (2006)
(a) f(x)is continuous V x € R

(b) f(x)>0, v x>1

(¢) f(x) is continuous but not differentiable V x € R

(d) f(x) is not differentiable at two points.

Let f: R — R be a function such that f(x +y) = f (x) + f(y),
Vv X,y € R.Iff (x) is differentiable at x =0, then  (2011)

(a) f (x) is differentiable only in a finite interval containing
Zero

(b) f(x) is continuous ¢ x € R
(¢) f'(x) is constant ¥ x € R

(d) f(x) is differentiable except at finitely many points

T g< T
2 2
If f(x) = —cosx, —g< x <0, then (2011)
x—1, 0<x<1
In x, x>1

. . i
(a) f(x) is continuous at x = 5

(b) f(x) is not differentiable at x =0
(c) f(x) is differentiable atx =1

(d) f (x) is differentiable at x = —%

For every integer n, let a and b_be real numbers. Let
function f: R — R be given by

a, +sin mx,
f(x) = ,
b, +cos mx, forxe(2n-1,2n)

for x € [2n, 2n +1]

integers n.

If fis continuous, then which of the following hold(s) for

alln? (2012)
(@a_—b_ =0 (b)a —b =1
(©)a-b =1 (da_—b=-1

Let f: [a, b] —[1, ) be a continuous function and let

g: R — R be defined as

0 if x<a,
g(x)=1[ fwdt ifa<x<b,
[[fwa x>

Then (2014)
(a) g (x) is continuous but not differentiable at a

(b) g (x) is differentiable on R

(c) g (x) is continuous but not differentiable at b

(d) g (%) is continuous and differentiable at either a or b
but not both.
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19.

20.

21.

22.

23.

Let g : R — R be a differentiable function with g(0) =0,
g'(0)=0and g'(1) #0.

ig(x), x#0

Letf(x)= x| and h(x) = e (2015)

R x=0

(a) fis differentiable at x =0
(b) his differentiable at x =0
(c) foh is differentiable at x =0

(d) hof is differentiable atx =0

Leta, be R and f:R — R, be defined by f(x) =a cos
(p¢ = x|) + b [x] sin (]x*+ x|). Then fis (2016)

(a) differentiableatx=0ifa=0andb=1

(b) differentiable atx=1ifa=1andb=0

(c) NOT differentiable atx =0ifa=1andb=0

(d) NOT differentiableatx=1ifa=1andb=1

Letf:R —> R,2 R — R,andh: R — R ,be differentiable
functions such that f{x) = x> + 3x + 2, g(f(x)) = x and
h(g(g(x)))=xforall x € R . Then (2016)

1
@e(2)=15 (b) h'(1) =666

(©)h(0)=16 (d) h(g(3))=36

Let the f:R—>R be defined by

f(x)=x’-—x?+(x—1)sinxand letg: R — R be an arbitrary
function. Let fg : R—>R be the product function defined
by (fg)(x)=f(x)g(x). Then which of the following
statements is/are TRUE ? (2020)

function

(a) If gis continuous at x = 1, then fg is differentiable at x = 1

(b) If fg is differentiable at x = 1, then g is continuous at x = 1

(c) If gis differentiable at x = 1, then fg is differentiable at x = 1
(d) If fg is differentiable at x = 1, then g is differentiable at x= 1
Let f:R—> Rand g:R — Rbe functions satisfying
S ty) =) + fy) + fx) fiy) and [ (x) = xg(x) for
all x,ye R. If limg(x) =1, then which of the following
statements is/are TRUE?

(2020)
(a) fis differentiable at every xe R
(b) If g(0)=1, then g is differentiable at every xe€ R

(c) The derivative f'(1) is equal to 1
(d) The derivative f”(0) is equal to 1

L 2

Numerical Value Type Questions

24.  Iftwo functions ‘/” and ‘g’ satisfying given conditions for
VXyeR fx-y)=/fxgk-f().gK and
g(x—y)=g(x).g(y)tf(x).f(y). Ifright hand derivative
atx = 0 exists for f(x) then find the derivative of g (x) at
x=0 (2005)
25. Letf: R—> R andg: R — R be respectively given by
f(x)=[x|+1land g(x)=x*+1.Defineh: R — R by

h(x)= {max A B A 2014)

min {f(x), g(x)} if x=0.

The number of points at which h(x) is not differentiable is
26.  Let the functions f :(-1,1) >R and g:(-11)—> (-11)

be defined by f(x) = |2x —1| +|2x+ 1| and g(x)=x—-[x],
where [x] denotes the greatest integer less than or equal

to x. Let fog:(—1,1) > R be the composite function

defined by (fog)(x) = f(g(x)). Suppose c is the number

of points in the interval (-1,1) at which fog is not
continuous, and suppose d is the number of points in
the interval (-1,1) at which fog is not differentiable. Then

the value of c +d is (2020)

Match the Following

Each question has two columns. Four options are given
representing matching of elements from Column-I and
Column-II. For each question, choose the option
corresponding to the correct matching.

27.  Inthe following, [x] denotes the greatest integer less than

or equal to x. (2007)
Column I Column I

A xK (P) continuous in (-1, 1)

B) [x | (Q) differentiable in (-1, 1)

© x+[x] (R)strictly increasing (—1, 1)

(S) not differentiable at least at
M |x-1+|x+1] one pointin (-1, 1)

The correct matching is
(a) A-P.Q,R; B-P,S; C-R,S; D-P,Q
(b) A-P,S,R; B-P,Q,R; C-R,S; D-P,Q
(¢) A-P,Q,R; B-P,S; C-P,Q; D-R,S
(d) A-P,Q; B-P.S; C-R,S; D-P,Q,R
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28. Let o € R. Prove

that a function f: R — R is differentiable

at a if and only if there is a function g : R — R which is
continuous at o and satisfies f(x) — f (o) = g (x) (x—c) for all

xeR. (2001)
bsin"l(xzc), —%<x<0
1
29. f(x)= 7’ x=0
ax/2
© l, 0<x<l
X 2

If f (x) is differentiable at x = 0 and |c| < % , then find the

value of a and prove that 64b?= (4 — ¢?). (2004)

30. Iff:[—l,1]—>Randf(0)—0thenf'(0):limnf( J

Given that 0 <

.4

1
n

Find the value of limE (n+1) cos ! (l) -n
n—w T n

< (2004)

. 1
lim cos ! (—J
n— oo n

r
2
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CHAPTER -3 |CONTINUITY, DIFFERENTIABILITY & DIFFERENTIATION
EXERCISE - 1: EXERCISE - 2:
BASIC OBJECTIVE QUESTIONS PREVIOUS YEAR JEE MAIN QUESTIONS

1. (d) 2.(c) 3.(c) 4. (d) 5.(c) 1. (c) 2.(a) 3.(d) 4. (b) 5. (b)
6.(b)  7.(d) 8.(b) 9.(b) 10.(b) 6.(c) 7.(b) 8.(c) 9.(b) 10.(c)
n(b) 12.(a) 18.(b) 14.(d) 15.(b) N(a) 12.(b 183.(a) 14.(d) 15.(c)
16.(c) 17.(b) 18.(c) 19.(c) 20. (d) 16.(c) 17.(b. 18.(d) 19.(d) 20.(a)
21. (b) 22.(c) 23.(a) 24.(c) 25.(c) 21. (b) 22.(b) 23.(c) 24.(c) 25.(b)
26.(a) 27.(c) 28.(c) 29.(d) 30.(a) 26.(a) 27.(a) 28.(d) 29.(91.00) 30.(d)
3.(b) 32.(d) 33.(b) 34.(b) 35.(c) 31.(1) 32.(10.00) 33.(c) 34.(d) 35.(8.00)
36.(b) 37.(b) 38.(a) 39.(b) 40.(a) 36.(d) 37.(5) 38.(a) 39.(c) 40.(c)
41.(d) 42.(d) 43.(d) 44.(b) 45.(d) 41.(3.00) 42.(a) 43.(5.00) 44.(c) 45.(d)
46.(a) 47.(o) 48.(b) 49.(a) 50.(-05) 46.(a) 47.(d) 48.(2.00) 49.(5.00) 50.(d)
51.(224) 52.(-1) 53.(0.31) 54.(0.33) 55.(0.67) 51.(d) 52.(c) 53.(d) 54.(1.00) 55.(6.00)
56.(0.707)57.(-0.72)58.(0.37) 59.(2) 60.(0.37) 56.(c) 57.(c) 58.(b) 59.(1.00) 60.(4.00)
61.(1) 62.(16) 63.(2) 64.(05) 65.(013) 6l(c)  62.(39.00) 63.(a) 64.(b)

65.(5.00) 66.(b)  67.(40.00)

68.(14.00) 69.(d)  70.(17.00) 71.(d)  72.(b)

73.(a)  74.(2.00) 75.(a)
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CHAPTER -3 |CONTINUITY, DIFFERENTIABILITY & DIFFERENTIATION

EXERCISE - 3: EXERCISE-4:

ADVANCED OBJECTIVE QUESTIONS PREVIOUS YEAR JEE ADVANCED QUESTIONS
1. (a) 2. (a) 3. (a) 4. (c) 5.(c) 1. (c) 2.(c) 3.(a) 4.(d  5.(d)

6. (a) 7.(b) 8. (a) 9. (c) 10. (a) 6. (a) 7.(k) 8. (d) 9.(d 10. (a)
. (d) 12. (b) 13.(b) 14.(d) 15.(a) 1. (b) 12.(») 13.(d) 14. (abc) 15. (b,c)
16.(b) 17.(a) 18.(b) 19.(b) 20.(a) 16. (a,b,c,d) 17. (b,d) 18.(c,.c) 19.(a,d)
21.(c) 22.(c) 23.(b) 24.(b) 25.(c) 20.(ab) 21.(bc) 22.(ac) 23.(abd)24.(0)

26.(a) 27.(a) 28.(c) 29.(c) 30.(c) 5
() 32() () 34(c) 3505 25.(3)  26.(4.00) 27.(a) 29.0=1 30.1-—
36.(c) 37.(b) 38.(b) 39.(c) 40.(c)

41.(b) 42.(a) 43.(d) 44.(a) 45.(c)

46. (ac) 47.(ab) 48.(abd) 49. (a,b)

50.(b,c) 51 (abc) 52.(bd) 53.(2000) 54.(1004)

55.(512) 56.(2) 57.(100) 58.(2) 59.(96)

60.(a) 6l.(a) 62.(d) 63.(d) 64.(a)

65. (i) sec x (ii) e*sn* (x cos x + sinx)
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