t Question y
Set INDEFINITE INTEGRATION
\ 10 ) (Marks with option : 10)
Remember :
1. If di[f (x)1=g (), then | g(x)dx=f(x)+c, where g(x) is integrand,
x

N

15.

16.

17.

. fsecx dx =log|secx +tanx| + ¢ =log

f(x) is integral of g (x) with respect to x and c¢ is an arbitrary constant.

 [f(ax+bydr=g(ax+b) x L+ ¢, (a #0)
a

L [ rr@a =TT e
n-+1

2) J%dxz log|f(x)|+¢

()f /) =2 +e

nd _x
fx T n—+

l—i-c n# —1)

fldxzx—l—c

[sinx dx = —cosx +c¢
fcosx dx =sinx +c
[sec’x dx =tanx + ¢

[ cosec?x dx = — cotx + ¢

. [secxtanxdx =secx +c
. [cosecxcotx dx = — cosec x + ¢
. [tanx dx =log|secx| + ¢ = —log|cosx| +c

. jcotx dx =log|sinx| + c¢= —log |cosec x| + ¢

X T
tan| —-+— ||+ ¢
<2 4>‘

| cosecx dx =log | cosecx — cotx| + ¢ = log|tan <§>‘ +c
jaxdx= T e
log a

fexdxzex—i—c




18. Jldx=log|x| +c
X

19

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32

1 .
.J—dx=sm—1x+c=—cos—1x+c
V1—x?
[1
dex=tan"'x4+c= —cot 'x+c¢
J14+x2
1
dx=sec lx4+c= —cosec lx+c¢

Jxy/x2—1

[1 1 x
—dx=—tan“<—>+c
J a?+x2 a a
.
1 1 a+x
dx=—1o0 +c
Ja?—x? 2a ga—x
.
1 1 X—a
dx=—1o0 +c
J x2—a? 2a gx+a

.
;dleog x+/a?+ x| +c
JJar+x?
[
————dx=log|x +/xX*—a*|+c
J /X —a?

[/a*—x2dx =
2

j\/mdx=;—c x2+a2+%log|x+\/x2+a2| +c
2

j\/mdxzf\/xz—az—%log|x+\/x2—a2| +c

2

juvdx=ujvdx—j<%jvdx> x

The order in which u and v are to be chosen is according to the serial order
of the letters of the word LIATE.

L : Logarithmic, I : Inverse Trigonometric,

2
ol az—x2+a—sin1<£>+c
2 2 a

A : Algebraic, T : Trigonometric and

E : Exponential functions.

e )+ (x)]dx = e f(x) + ¢




IUSE ELEMENTARY INTEGRATION ‘

‘ Solved Examples ‘ 2 marks each ‘

Ex. 1. Integrate the following w.r.t. x :
3 —2x+5

1) (x—2)? 2
1) x—2)? x @ wx
Solution :
(1) Let I={ (x—2)2/x dx
=[ (2 —4x+4)/x dx

5 3 1
={ (¥ —4x>+4x?) dx

5 3 1
={x?dx—4 [ x?dx+4[x>dx

7 3 3
2
=x__4 x_+ +
7 > 3
2 2 2
27 g5 g3
22 22,22
7x 5x +3x +c

3 1 3
EH —5tl —+1
=3 ’3‘— —2 x1 +5) = +e
—+1 ——+1 —=+1
2 2
:—Xz\/_—4\/.;—7+
Ex. 2. Integrate the following w.r.t. x :
x+1 4x+3 2x —17
O ——— () Q) ——
x+2)(x+3) 2x+1 3x—2

Solution :

(I)Jde:J2(x+2)—(x+3)dx
x+2)(x+3) x+2)(x+3)




e
x+3 x+2

=2j ! dx—[ ! dx
x+3 x+2

=2log |x+ 3| —log |x+ 2|+ c.

(2)[4x+3dxzjz(2x+1)+1dx
2x+ 1 2x+ 1

=J<2(2x+1)+ 1 )dx
2x+1 2x+1

=2j1dx+J !
2x

dx
1

=2x+%log|2x+l|+c.

1(26x—2)—17

3) V3x—=2
.

1 |:2(3x—2)_ 17 }dx
V3x=2 /3x-2

.

1 17 _1
= (3x—2)2dx—?J(3x—2) 2 dx

dx

3 1
—2)? _97)2
_2 Gx=2P 117 (k=27 1

T3 <3> 373 <1> 3
2 2
4 2 34
=—(3x—2)—"—3x—2+c.
27 9

Ex. 3. Integrate the following w.r.t. x :

(1) COSXTCOSIX o) Gindx  (3) sindx-cos3x
1—cosx
3x _ 4x

@ 1+sin2x (5 g .

Solution :

_ _ 20 oin2
(1)[cosx cos 2x dx:f[cosx (cos“x — sin x)}dx

1 —cosx 1 —cosx




([ cosx — cos?x + sinzx:|
= dx
JL 1 —cosx
_ ([ cos x (1 —cosx) + (1 — coszx)} dc
JL 1 —cosx
_ ([ cos x (1 —cosx)+ (1 —cosx) (1 + cosx)} dx
JL 1 —cosx
_ [ _(1 —cosx)(cosx+ 1 + cosx)} dx
JL 1 —cosx

= [ (1 + 2 cosx) dx
=[1dx+2 | cosxdx
=x-+2sinx +c.

(2) | sin*xdx = [(sin?x)? dx

2
:J<1—0052x> dx
2

r

=‘l‘ (1 —2¢c082x + cos?2x) dx
R
=% (1—20052x+w>dx
.
=l <§—20052x+lcos4x>dx
4)\2 2
r
=§ 1d —ZJCOSZde+1JCOS4xdx
8 4 8
3 1 sin2x 1 sindx
=—Xx—=X +-X +c
8 2 2 8 4
3
8

x—lsin2x+Lsin4x+c.
4 32

1
(3) [sin4xcos3xdx = 3 | sin4x cos 3x dx

zéf[sin(4x+3x)+sin(4x73x)]dx

—lj in 7x d’ +1f inxd.

=3 sin 7x dx 2s1nxx
1 —cos7x> 1

—2< 7 —2cosx+c

1 1
= —ﬁcos 7x—§cosx+c.



@) | 1+sin2xdr={ cos’ + sin’x + 2 sinxcosx dx
= /(cosx + sinx)? dx
= [ (cosx + sinx) dx
= | cosxdx + | sinxdx

=sinx — cosx + c.

Ex. 4. If f'(x) = k (cos x — sinx), f'(0) = 3,f<§>= 15, find f(x).

Solution : By the definition of integration,
fx) =[ f(x)dx= | k(cosx — sinx) dx
=k[[ cosxdx— | sinxdx]
=k[sinx —(—cosx)]+c¢
U f(x) =k(sinx + cosx) + ¢ . (1)
Now, f(0) =3 gives
f'(0)=k(cos0—sin0) =3
S k(1—-0)=3 S k=3
. from (1), f(x) =3 (sinx + cosx) + ¢ .. (2

i . m . T i
Further, f{ = | =15 gives — )=3( sin=+cos— |+c=15
f<2> s f<2> < 2 2>

301 +0)+c=15

. 34c=15

Le=12

", from (2), f(x) =3 (sinx + cosx) + 12.




Ex. 5. If f'(x) = x—1, then find f(x). (March °22) (1 mark)

Solution : By the definition of integration,

fx) =[f&x)de=[x""dx

=J<l>dx=log|x|+c.
x

‘ Examples for Practice ‘ 2 marks each

Integrate the following w.r.t. x :

. 2 ) Vx+1
Vx—/x+3 x+/x

2
3. x2<1—g> g 2 F3
X S5x—1
5 2x —17 6. cc?s 2x
Vax —1 sinx
. sm.x 8. sinSx - cos7x
1 +sinx
9. SN2 Sont. 221) (1 mark) 10. cosx
cOoS x
1 sin3x — cos3x 15, 08X
" sinZx - cosx " 1—cosx
13. 4+ 3¢ g, CET e
5
ANSWERS
4 3 3
1.9|:x2+(x+3)2}+c 2. 2\/)€+c
3
3.5 o dx 4o 4. g)H-Hlog|5x—l|—i-c
3 5 25
1 213
5. E(4x—1) T 4x—1+c 6. —cotx—2x+c
1 1
7. secx —tanx +x +c¢ 8. ——cosl2x+-cos2x+c¢
24 4
1 . 3.
9. —2cosx+c¢ 10. —sin3x +=sinx +c¢
12 4
11. secx + cosecx + ¢ 12. —cosecx —cotx —x+c¢
X4 x

+c 14. log|x|—x+c.



METHOD OF SUBSTITUTION |

‘ Theory Question ‘ 3 or 4 marks ‘

Q. 1. If x = &(?) is a differentiable function of 7, then

[f)ax=[fle@] ¢ @)adt.
Ans. x = ¢ (¢) is differentiable function of ¢.

Codx
"E‘¢@
Let jf(x) dx = F(x)
L P =/
.". by the chain rule,
a re =2 trp- &
= [F)]= T [F(x)] dt
dx ,
=/(x) P =fl? )] ¢ @)

.. by the definition of integration,

F(x)=[fl#(t)] ¢ (1) dt
S dx = (1@ ¢ () dr.

‘ Solved Examples ‘ 2 marks each |

Ex. 6. Integrate the following w.r.t. x :

-1 1 cos/x
) —F—— 2 '
M V1 +4x" @ x - logx - log (log x) @ Vx

Solution :

xnfl
) Letlzj— dx
1 +4x"
Put x"=¢ Coonx “ldx=dt

ot —‘dx=£
n

1 dr 1 -1
= f(l+4t) 2dt

_J‘«/1+4t non



1
—; ) Xz‘i‘c
(2
_ 1 +4x"+
= xX"+c¢
1
2) Let/= dx
x-logx-log(logx)
:J ! - dx
log (logx) x-logx
Put log (logx) =1¢ L'la’x:a’z
logx x
. ! dx = dt
x-logx

. sz%dtzlogltl—i-c

=log|log(logx)| + c.

A3) Let[=JCOS Yo = cos\/);-idx
X

NE NE

Put /x =1 ! dx =dt

2/x

‘

dx=2dt
X

. I=[cost 2dt=2| costdt
=2sint+c=2sin\/)€+c.

Ex. 7. Integrate the following w.r.t. x :

x%-tan—1(x3) @ secdx @) /tan x

1+ x5 cosecx sinx- cos x

0]

Solution :

x2-tan— ! (x3) x2
1) Let/=|——dx=|tan 1 (%) dx
W J‘ 1 +x° § ) 1 +x°
Put tan—! (x3) =t " ¥-3x2dx=dt
1 + (x3)?

X2 dt

. dx =—
1 +x6 3

& (1+x)

cos (x-e").



2
%-—+c=—[tan*1(x3)]2+c
g .
() LetI= J SO =J SIMY
cosecx cosdx
Put cosx =t . —sinxdx=dt
osinx dx= —dt
o1 _ _g
) I—L—g(—dt)— — [t 8dt
=7 1
= ———+tc=—+c
-7 7t
1 7
= +c=—-sec'x+c
7 cos’x
3) Let1=f_—vtanxdx
sinx-cosx

Dividing numerator and denominator by cosZx, we get

</ tanx
cos2x /tanx - secZx sec2x
I=| ——— L dx= dx = dx
( sinx > tanx /tanx
cosx
Put tanx = ¢ C.osecxdx =dt

1
LI=|—dt
Jﬁ
1

1 2
=t 2dt=%+c=2ﬁ+c=2 tanx + c.

) Let 1=J e+ .
cos (x - eY)

Putx-e*=t Coo (et et x 1) dx=dt Soe(l+x)de=dt
" I=JLdt=jsectdt
cos ¢
=log |sec t+tan t| + ¢

=log |sec (x-e¥) +tan (x-e%)| +c.



‘ Examples for Practice | 2 marks each ‘

Integrate the following w.r.t. x :

1. o8 (logx)
' X
e‘cfl + xefl

3. R

x-sec?(x?)
T tan3(x?)
2sinxcosx
" 3 cosx + 4 sinx
1

1 +logx

" sin? (x logx)

xsin—!(x2)

N

1
6. ————
VXX

1

8.
V1—=x2(2+3sin"lx)

10x° + 10* - log 10

9. 10.
x—}—\/); 10¥ 4+ x10
11. e3logx. (x4 +1)~! 12 S
3x+Tx"
1
A eog3 ,
13. sin“x - cos’x 14. T
ANSWERS
1. sin(logx) +c¢ 2. —cot(x logx)+c¢
3. l10g|e"+xe| +c 4, %[sin*l(xz)]2+c
e
5. _71—%0 6. 2 tan—! (\/x) + ¢
J/tan (x2)
7. log|3 cos®x + 4sin’x| + ¢ 8. élog|2+3sin_1x|+c
9. 2log|/x+1|+¢ 10. log [10% 4+ x19 4 ¢
1. Logxt 1] +¢ 12— jog|3 47| tc
4 3+ 1)
13. ésin5x—%sin7x+c 14. log|e* + 1| +c.

| Solved Examples | 3 marks each ‘

Ex. 8. Integrate the following w.r.t. x :
log (x +2) —logx

x(x+2)

1
(3) (5—3x)2 —3x) 2

0]

@

1

sin4x + cos*x

1

/sin3x - sin (x + ) '



Solution :
a Let[:f log (x +2) — logx

x(x+2)

dx

:J [log(x +2) —logx] .x(x 2

Put £ =1log(x +2) — logx. Then

dt=< ! —1>dx=x_x_2dx= —2
x+2 x x(x+2) x(x+2)

. dx _ dt

Cx(x+2) 2

1
2) Let/=| ———— dx
@ J sin*x + cos*x
Dividing numerator and denominator by cos*x, we get
Ia [ sectx
J tan*x + 1
[ secx-secx
J tan®x +1
_ [ (1 + tan%x) - secx dx
J tan*x + 1
Put tan x = ¢ c.osecxdx=dt
2
g 1:[ L+
#41
Dividing numerator and denominator by 2, we get
1
tz
1= dt
el



1 1
Putt——= S\ 14+= |dt=d
SR SRy T

1 1
/= d =J d
e P2

\%tan"(%)-l—c
1

2 _\/Et
_Ltan_]_tanzx—1:|+c
ﬂ _ﬂtanx .
______________________________ s
(3) Let /= [(5—3x)(2—3x) *dx
Put2 —3x=¢ J. —3dx=dt
. dxz_—dt
3
Also,xzz—_t
3
L
ERIEECOINES
3 3
1 [ -3
=3 (5—2+0t *dt
1( -1
=—— |3+t *at
3v
1 r 1 1

= |Gt 2+ )dr

_1 1
-3 zdt—lf 2 dt
3




dx

dx

J /sindx-(sinx cos & + cosx sina)
[ dx

J /sin*x (cos o + cot x sin o)

4) LetI=

cosec?x dx

J \/cosa + cot x-sin
Put cosa + cot x-sino = ¢

— cosec?x-sin o dx = dt
dt

. cosecix dx = — ——
sin o

= 5 (5Y)

=1
sin o

-1 A

1
=————+c¢

sinoc'<1>
2

:;2\/{+C
sin o

1
[t 2dr

= —2cosec o y/cos o + cot x sina + ¢.

Ex. 9. Integrate the following w.r.t. x :

/a2 — x2 —
(1) axz X (2) axx.

JE=2
:dex

Solution : Let /

Put x=asin 0 . dx=acos0dl and sin0=)—c
a



/a2 — a2sin20
f @sin0 ~acos 0do

a’sin?0

5120 acos0do
a

:f a*(1 —sin20) .

0
—J acos ~acos0do

a’sin?0
=J cot?0 df = [(cosec?0 — 1) db

={ cosec?0d0— | 1d0

=—cotf—0+c .. (1)
Now, sin0=f 6=sin*1<£>
a a
and cot 0 =+/cosec?0—1= 5
sin?0
X
«/l—sm2 a?
sin 0 f
a
22
T X
22
from (1), I= — —sin*1<f>+c
a
) Letlzf 47X 0x
X
Put x = a sin?0 . dx=ax2sin0cos0db

. X
and sin%0 ==
a

r _ )
L I= M-ZasmOcosOa’O
J asin20
r s 2
= M-Msin@cos@d@
J asin20

= cf)50-2asin()cos0c10

J sin0




={2acos?0d0=af 2cos?0d0 =a |(1 + cos20)d0

=af1d0+af cos20d0

sin 20
=al+a- +c
2sinfcos 0
=al+a —F—"——
=al0+asinfcosl0+c . (1)
Now, sinZ0 . . sin0 :/g
a a
" O0=sin! |
a
and cos0=+/1—sin0= [1-2= [2=%
a a
.. from (1),
1=asin1ﬁ+a-\/g- [ty
a a a
=asin1/;+«/x(a—x) +c.
a
Ex. 10. Integrate the following w.r.t. x :
sinx + 2 cosx 4e* — 25 1
PP 2) @) ——.
3sinx +4cosx 2¢° —5 1 —tanx
Solution :
1) Let[:fwdx
3sinx +4cosx
Put Numerator = 4 (Denominator) + B [ di (Denominator)]
X
. sinx+2cosx=A(3sinx + 4cosx) + B[di@ sinx + 4cosx)}
/X
= A3 sinx +4cosx) + B(3cosx —4sinx)
. sinx +2cosx = (34 —4B)sinx + (44 + 3B) cosx
Equating the coefficients of sinx and cosx on both the sides, we get
34—4B=1 (D)

and 44 +3B=2

)



Multiplying equation (1) by 3 and equation (2) by 4, we get

94 —12B =3
164 +12B =38
On adding, we get
254 =11 A=E
25
. 11
. from (2),4<—>+3B=2
25
3p=2-M_0 . p_2
25 25 25

", sinx+2 cosx=;—;(3 sinx +4 cos x) +%(3 cosx — 4 sinx)

- {;(3 sinx+4cosx) + = (3 cosx—4sinx)]dx

3sinx+4cosx
2 .
—(Bcosx —4sinx
=J[1_1+25('—)]dx
25 (3sinx+4cosx)

:ﬂfldx+ij3cgsx—451nxdx
25 25) 3sinx +4cosx

=£x+%log|35inx+4cosx| +c .. [ Jf(x)dx=10g|f(x)| +c}

25 fx)
4e* —25
2) Letlzj 20t _5 dx

Put Numerator = 4 (Denominator) + B [ di (Denominator) }
X

" der—25 = A(2¢" — 5) +B|:i(2e*—5)}
dx

=A(2e*—5)+B(2e*—0)
. 4e" —25=(24+2B)e" — 54
Equating the coefficient of ¢* and constant on both sides, we get
24+2B=4 (1)
and 54 =25 S A=5
. from (1), 2(5) +2B =4
. 2B=—6 S B=-3



" 4e¥ — 25 =5(2¢" — 5) — 3 (2¢")

52" — 5) — 3 (2¢%)

1:“ e :|dx
32

:J[S_zgx ej)s]d"

2e"
=5 1dx—3J28x _5dx

=5x—3log|2e"—5|+¢ [ J@dx=log|f(x)|+c}
S-S A M-
1
(3) Let/= dx
J I —tanx
f
I A
1_<s1nx>
cosx
v
[ cosx
=| ——————dx
J cosx —sinx

[ [(cosx —sinx) — (—sinx — cosx)} dx
cosx — sinx

r .
:l |:1_<—smx—’cosx>]dx
2 COSX — sinx

»

=l 1d _IJ —smx—.cosxdx
2 2 COSX — Sinx
x 1 .
=5——log|cosx—smx|+c

2
. [ d% (cosx — sinx)= — sinx — cosx andj% dx=log |f(x)] +c}

Ex. 11. Integrate the following w.r.t. x :
sin (x + a) ) 1

@
cos (x — b) cos (x —a) - cos (x — b)

Solution :
a J sin (x + a) dx:f sin[(x—b) +(@+b)]
cos(x —b) cos(x —b)
:Jsin(x—b) cos (a + b) + cos(x — b) sin (a + b) d
cos (x — b)




:j |:sin(x—b) cos (a + b) 4 cos (x —b) sin (a +b)j| dx
cos (x — b) cos (x — b)

= j [cos (a + b)-tan (x — D) + sin(a + b)] dx

=cos (a+b) | tan(x —b) dx+sin(a+b) | 1 dx

=cos (a + b)log|sec(x —b) | +x sin(a+b) +c.

(Z)J ! dx
cos(x —a)-cos (x —b)
_ 1 [ sin(a — b)
_sin(a—b),, cos(x —a)-cos (x —b)
1 [ sin[(x — b) — (x — a)] 0
sin(a — b)) cos(x —a)-cos (x —b)

_ 1 (sin (x —b)cos(x —a) —cos (x — b) sin(x — a) dx
_sin(a—b),, cos (x —a)-cos (x — b)

1 ”[sin(x—b)_sin(x—a)}dx

:sin(a—b)d cos(x —b) cos(x—a)
:Sin(al_b)-|:jtan(x—b)dx—jtan(x—a)dx]
1

—m [loglsec(x—b)l—loglsec(x—a)l}-i-c
_ ) sec(x —b) Iy

sin (a — b) sec(x —a)
_ 1 cos (x —a) ny

sin(a — b) cos(x — D) '

Remark : If the denominator contains one sine and one cosine, we adjust
cos (a — b).
1
sin (x — a) cos (x — b)
_ 1 j cos(a —b)
cos(a—b)J sin(x —a)cos(x —b)

Now, we can solve this example as above.

For example : J

‘ Examples for Practice ‘ 3 marks each ‘

Integrate the following w.r.t. x :

sinx cos3x sin 2x
1L (1) T o ) .
1 + cos*x sin“x 4 cos™x



c0s 3x — cos 4x x+1

3 ———= 4) x4

sin 3x + sin4x +1
e+ 1
5) BGx+2)\/x—4 6) o1
2_ 2 1
| VxXP—a 5
& x ()xzx/a2+x2
1 a+x
3) — 4 .
G) @+ x2)3 “) a—x
2sinx + 3 cosx ?) 1
3sinx +4cosx 2 4+ 3tanx
3er—4
() gery5-
1 1
1 2) ——.
() 1 —cotx () 1+tan2x
cosx @) cos (x + 2a)
sin (x — a) cos (x — 2a)
sin(x —a 1
(3) sin(x — a) 4 —
cos (x + b) sin (x — a) - cos (x — b)
1
(5) = - .
sin(x — a) - sin (x — b)
ANSWERS

(1) Soglcosty +1] =2 costr b (2) tan tan) + ¢

X 1 x2—1

3) 2log|sec|= )|+ 4) —tan~! +
3) g <2>’ c ()\/5 <\/§x> ¢

28 5.6 3 -
(3) ?(x—4) +§(x—4) +c (6) x+2log|l+e | +c.

/721 2
) «/xz—az—asin‘1<§>+c @ afﬂﬁ_c
a a*x

3) S S 4 —acos_1<)—c>— a*—x*+c.

a2/ a? + x2 a

(1) Bx-{—i10g|3sinx~|—4cosx|—}—c
25 25

2) £x+iloglzcosx+3sinx| +c
13 13



4 31
3) ——x+=—log|4e*+5]|+c.
(3) =* T30 gl |

4. (1) §+%log|sinx—cosx|+c 2) §+%log|sin2x+c052x|+c.

5. (1) (cosa)-log|sin(x —a)| —xsina +c¢
(2) xcos4a + (sin4a)-log|cos(x —2a)|+ ¢
(3) cos(a+b)-log|sec(x+b)| —xsin(a + b) +c¢

) ) sin (x — a) np
cos (a — b) cos (x — b)
sin (x — a)
®) @b Clsne—n T

‘ Solved Examples ‘ 2 marks each ‘

Ex. 12. Integrate the following w.r.t. x :
1 1 1

- Q) B T
D P i @ aetbes

Solution :

1
D|— 4
( )J4x2—20x+17 .

1 1
= | &
x2—5x+£

4
1 1

ZJ 25\ 25 17
2_5 ot Db
<x X+ n > n + 4

; dx
J <x—§>2 - (27

5
11 Xy TV2

=—x log
4
2\/5 x—%-l-\/i
1 2x—5-2/2

- e
82 Slax—s+221"¢

dx

A=

+c




(2) Let/ :J ;dx

1 +x—x?
l+x—x2=1—(x*—x)
=1—<x2—x+ +1
4

1= dx
2 2
() -(=3)
AV I
2 2
5 1
1 7*("‘5)
= log +c
2<\ﬁ> —5—<x—l>
2 2 2
1 ‘\/§—I+2x
=——1lo
N& V3512
_____________ 5 1
A3) Let1=” 4t + he— dx
r
o
b
ae"+<;>
ae* +b
Put e¥=¢
efdx =dt
1
I:
Jat2+b
n
_1 L
a
(1)
v a
n
:l %dt
a
()
v a



Ex. 13. Integrate the following w.r.t. x :

1 1
D) = Q) —/—— T
V3 +5x+17 15 + 4x — 4x2 % 2

Solution :

1
1 Let[=J7dx
@ 32+ 5x+7

B 5 7
3x24+5x+7=3 x2+§x+§}

=3:<x2+?+§—2>+<;—§—2>}
s (CORCHN

mf/ ﬂ)

L ! dx
S[CEe

5
6 6

v+ 3y /@g)ﬁ(@f

log +c

_1
NG




(Z)J;dx
V15 4 4x — 4x?

f
:% I S
IE+x—x2
J\ 4
r
:l 1 dx
2 |15 <2 1> 1
e P )
J 4 4) "4
f
=% ! 2dx
(2)2—<x—1>
J 2
:—sin1< x—% >+c
2
=—sin1<2x4_1>+c.
( 1
X -4
l/(‘ 72
3
N2
S
J
1 1 _2 _2
Putx’ =1t " gx Sdx=dt ;. x ddx=3-dt

1 1
L= 7'3dt=3[7dt
J«/t2—4 VP-4
=3loglt+/P—4|+c

1 2
X+ x3—4‘+c.

| Examples for Practice | 2 marks each

=3log

Integrate the following w.r.t. x :
1 1 1 3 sinx
T ox2+6x+ 10 T 5 —4x—3x2 " 1+ cos?x



1

4. eSx + e—3x

1
1 +x—x2

sec2x

16 + tan2x

7.

10.

1. 1tan1<3x+l>+c
9 3

3. tan—!(cosx) +¢

5. sin—1<g>+c
a

7. sin1<2)i/_§1 )+c

sin—1(a¥)
loga

1 1

5 — 6, ——
V2ax — x2 VE=3)(x+2)
1 a
g — 9
V8 —3x + 222 Vi1-—a
ANSWERS
) 1 log 3x+2+\/
2/19 3x+2—4/1

4. %tan*l (@) +c

6. log <x—l>+«/x2—x—6’+c
1 l
8. %log +4‘+C

10. log|tanx ++/16 + tan’x | + c.

| Solved Examples | 3 or 4 marks each ‘

Ex. 14. Integrate the following w.r.t. x :

sin 2x

3sintx —4sinZx + 1

(4) /tanx + /cotx.

Solution :

sin 2x

cosx — sinx sinx

%) ——~ >~ 2=
@) /8 — sin 2x sin 3x

(1) Let I= J3

Put sin?x =¢

. sin 2x dx =dt

o —
32 —4t+ 1

sin*x — 4 sin%x + 1

dx

. 2sinx cos x dx=dt



:l 1 dt
3 <2 4) 4 1
P4~ ) ——4-
J 9 9
[ 1
== dt
-6
t__ —_ —
J 3 3
1
11 7373
=—X log +c
3 1 2
2x— t—=+-
3 3
1 m—3‘
=—1 +c
2 3r—1
Lo
:llog‘?’?nx 3‘+c.
2 3 sin?x — 1

(2) LCt[=J\ COSX —SInx dx

Put sinx + cosx =¢
.. (cosx —sinx) dx =dt
Also, (sinx + cosx)? = £2
", sinx + cos?x + 2 sinx cos x = £2

. 14sin2x =7 Cosin2x=£2—1
[:f;dtzfil dt
V88— (£ —1) 8§—12+1
= ;dl‘
/327t2
=sin — J+c
3

_ Sin_l<smx—+3-cosx>+c

mLath”a{‘,““. w:f—lf—ﬁ
sin 3x 3 sinx — 4 sin’x 3 —4sin%x

Dividing both numerator and denominator by cos?x, we get

2
sec
= j Cosee
3 secZx — 4 tan%x




f secx
= dx
3 (1 + tan2x) — 4 tan®x

2
sec
= J _SeCX
3 —tan%x

Puttanx =¢ .. secZxdx =dt

1 1
= dt = d
JS—:Z t J(\/§)2—12 t
_ 1 bgV5+t
23 13-t
_ 1 log \/§+tanx
Zﬁ \/g—tanx

@) Let7=| (/tanx +  /cotx)dx

»

= < tanx + 1 >dx
J tanx

[ tanx + 1
= dx

J “Jtanx

Put tanx = £ c.osectxdx =2tdt

_2tdt  2tdt  2tdt
sec2x 1 4+tan’x 147

2 2
I:JI-H' 2t dt:2Jt+ldt

+c

odx

t 1+ #+1
r 1
L+
=2 o ... [Dividing N and D by 2]
1
2 _
) P
n
141
tZ
=2 — dt
1 2
J <t—;) +2
1 . 1
Putt——=u L <1+—>dt=du
t 2

_ 1

1
[=2| ——du=2| ————du
Ju2+2 Juz—i—(ﬂ)z
1 u
:2><—tan1<—>+c
NN



t_
=./2tan"!

2 _
= 2tan1<t 1>-|-c
V2t

= 2tan1<tanx_l>+c.

</ 2tanx

Ex. 15. Integrate the following w.r.t. x :

3x+4 9 —x
1) ——— 2 —_—.
()x2+6x+5 ()\/ X

Solution :

3x+4
1) Let/l=| ————
M Jx2+6x+5
Let 3x+4=A|:di(x2+6x+5):|+B
X

=A2x+6)+B
. 3x+4=24x+ (64 + B)
Comparing the coefficient of x and constant on both sides, we get

24=3 and 64+ B=4
. A=g and 6<§>+B=4
2 2
. B= -5
. 3
.3x+4=5(2x+6)—5

3
~(2x+6)-5
5 (2x+6)

L=V dx
X2 4+6x+5

:éjﬂdx_#;dx
2)x24+6x+5 X24+6x+5

3
==, —5I

21 2

I, is of the typej@dx =log|f(x)|+¢
Jx)

S =log|x2+6x+5|+¢



O R N
X2+6x+5 (x2+6x+9)—4

-

(x +3)2 —22

1
2x2

1
i‘_{_cz
x+5

x+3-—-2
og
x+3+2

‘—l—c —llo
2 2 g

I=§10g|x2+6x+5|—§10g xrl
2 4 x+5

‘+c, where ¢ = ¢ + ¢;.

9 9-x 9
@ Lal:J / xdsz YT
X x 9—x

9—x

=
N/ 9x —x2 *

d
Let 9—x=A[—(9x—x2)}+B
dx

=409—-2x)+B
. 9—x=04+B)—24x
Comparing the coefficient of x and constant on both the sides, we get

—24=—1 and 94+B=9

=t o()ras 8
. —2 an ) = .. —2

"9 —1@ 2)+9
. X—2 X 2

1 9
L=l ——— dx
< 9x —x2

1 9—2x d +9J 1 d
= | —dx+=-| ——dx
2) /9x—x2 2) /9% —x2
—11 +91
T2t

In 7, put 9x —x2=¢ S (9—2x)dx=dt



x-—2

2x—9
=sin—! @ +cz=sin*1< x9 >+cz

2

9 2x—9
" I=\/9x—x2+§sin*1<xT>+c, where c=c; +c,.

Ex. 16. Integrate the following w.r.t. x :

Q) N (March ’22) (2) o (Sept. °21)
2 + cosx —sinx 5—4cosx
1 1
—_— @ ———.
2sin2x —3 1+ coso-cosx
Solution :
(1) Let/ =J ; dx
2 4 cosx —sinx
Put tan(%) =t Cox=2tan"1¢
Zdt 2t 1—7
= and sinx = , COSX =
+ 2 1+7

147 - 2dt
2428 4+1—£2—-2t 1+¢

- 2dt
1_12 < 2t >1+t2
1+ﬂ 1+ £



zzf__i__mzzf___l_———m
£2—2t+3 (P—=2t+1)+2
1

zzj—d,

=172+ (/27

1 r—1
=2x—tan"!| —= |+

V2 <v5) ‘

Puttan<)2—c>=t o x=2tan" !¢

1+¢ 2dt
54+52—4+42 147

2dt
l—ﬂ 42
1+ﬂ

—2J a=2[ 1 4
1492 9[1 5
§+t




(3) LetI= f

2sin2x—3 o

Put tanx=¢ .o x=tan"1¢
dt . 2t
Ldx = 57 and sm2x=l+t2
dt
.. I: 1 .
2< 2t > 3 1+
1+7
_J 1+2 dt
4332 142
S
) =32 +4t-3
1r 1
3 12—it+1 :
J 3
e 1
=—— dt
3 <t2—it+i>—i+l
J 39/ 9
1p 1
=—— dt
08
J 3 3
; 2
1 _z
=——x ! tan—! S
. <£> (ﬁ)
3 3
1 . l<3t—2>
= ———tan— c
NN
1 . 1<3tanx—2>+
=———tan" | ——— |+c¢
NG NG
1
@) Letlzfdx
1 4+ coso-cosx

Put tan<§>=t Cox=2tan" It



" dx= and CcoS X =
1+
2di
1 + (cos o) _t2> e
+ (cos o
1+7
_J 1+7 2dt
+2+coso—cosa-2 1+2
=2 ! dt
(1 +cosa) + (1 —cosa) i
1
=2 dt
Zcos2<z>—l—2sin2<g>-t2
2 2
2 1
251n2<;> cot2<—>+t2

Zsm@jc a ot [on(%) (5 ) ]
—senseacn [ un( 2 n(2) e

| Examples for Practice ‘ 3 or 4 marks each ‘

Integrate the following w.r.t. x :

3cosx cosXx
L) — . @ —= . :
4sin?x + 4sinx — 1 </ sin?x — 2sinx — 3
1 1
2. (1) —— 2) ——
()4+5sin2x @ 3cosxx +5
I @) 1
cos 2x + 3 sin%x 3 + 2 sinx + 5 cosx

(5) COSXx )

cos 3x



) 2x+1 ?) Ix+3
X2 4+4x—5 V3 4+2x —x2
2x+ 1 x—5
B) —F— 4) :
VX2 4+2x+3 x—=7
1 1
1) —— 2) ——
()3+2sinx @ 1—2sinx
1 1
3) —— 4
()4—5005x ()3—2sinx+SCosx
1 1
5 ——— 6) ——
()3—2c052x ()3—55in2x
1 1
@) . 8 ——.
3+ 2sin2x + 4 cos2x COS o 4 COS X
ANSWERS
) 3 o ‘2smx+l—\/—
4/2 2sinx + 1 ++/2
(2) log|(sin x — 1) + «/sin*x — 2 sinx — 3| + ¢
(1) Ltan-1 <3tanx>+c 2) —— tan~! <ﬁtanx>+
6 2 2/10 24/2
3) Ltan—l(\/itanx)+c 4 ! tan—1<\/§tanx>+c
ﬁ 2\/F) Zﬁ
(5) 1 log‘ 1+\/§tanx
2\/_ 1—\/_tanx
1) log | +4x—5|— 1 1o _’—i-c
(1) log| | 5 083

2) —7+/3+2x—x>+10sin"! < 21>+c

() 2/ +2x+3—log|(x+ 1)+ /2 +2x+3|+c
(4) /X2 —12x+35 +log |(x —6) + /x> — 12x + 35| +c.
5 {3tan<2>+2]
@) %tan* T +c
tan<£>—2—\ﬁ

2) Llog +c

V3 tan< >—2+\/§

\S}

N | =



| 3tan<§>—l | ﬁ+1+tan(§>
3) zlog|——————|+¢ 4) log +c
3 R 2/5 X
3tan| = |+ 1 ﬁ—l—tan =
2 2
5) Ltan—1 (ﬁ tan x) + ¢ (6) 1log ‘M‘
ﬁ 8 3tanx — 1

™ 1 log‘\/ﬁ+tanx—2‘ be
2/11 V11 —tanx +2

w(3)enl3)=(3)].,
eos3) =n(5 Jun(3)

INTEGRATION BY PARTS |

(8) cosecu-log

‘ Theory Questions ’ 3 marks each ‘

Q. 2. If u and v are functions of x, then [uvdx=u [vdx —f<% fo dx>dx
(Sept. °21, March °22)

Proof : Let [v dx =w. Then dw _ v
X

By the rule for the derivative of the product of two functions,

i(uw)=ud—w+w@=uv—l—w@
dx dx dx dx

.". by the definition of indefinite integral,

uv +w— |dx=uw
dx
fuvdx—i—f(w?)dx:uw
Ix
fuvdx=uw—J<w@>dx
dx



Q. 3. Prove that :

M) /@ —x* dx =
Q) [v/xr+ a2 dx =
B) [/xP—atdx =

Proof :

(1) Let/ = [/a®> —x*dx = [/a> —x*" 1dx
=,/a2—x2~f1dx—j[di(\/a2—x2)~f1dx}dx
x

=./a* —x2~x—f7_x “xdx

a?z — x2

2 _ 2 _ g2
at—x*—a
=x az—xz—jidx

a’z —x2

2
@ — 3+ L sin! <)—C> +c
2 a

+ 4 loglx + /Xt +a| +c
VX az—zloglx—i—\/x2 —a*| +e

N|>< N|>< le
kI*J
+
3
~

=x\/a2—x2—j\/a2—x2dx+a2JL
2 _ 2
=x/a? —x*— I+ a*sin~! <£>
a
L2 =xJat —x2 + a2 sin—1<5>
a

2
1= az—x2+a—sin1<)—c>+c.
2 2

(2) Let I = [\/x* + a?dx = [/x* + a* 1dx
:«/xz+a2'jldx—Jv[di(\/xz—f-az)-jldx}dx
x
= \/x2+a2'x—f\/ﬁ'xdx

24 0 2
=x-/x2 + d? —Jx+x—j+ a;l dx

dx
=x/x* +d>— x2+a2dx+a2J7\/
VX [RVES —

=x/X*+a® — 1+ a*log|x + /x* + |

L2 =x x2+a2+a210g|x+\/x2+a2|
o 2 Yra+L log|x+\/x2+a2|+c




(3) Let/ = [ /x> —a’>dx = [/x* —a® 1 dx
:4/x2—az-jldx—J[di(x/xz—az)-jldx]dx
x
=«/x2—a2~x—j\/xz%7az~xdx
22 0
=x'«/x2—a2—fudx

X2 —a?

=x/x2 —a> — [/x2 —a*dx — aszx

2 — &
=x/X2 —a*> —I—a*log|x + /X* — &?|
2l =x/x? —a? — d? loglx + /X2 — d?|
2
szx/xz—az—%log|x+\/x2—a2|+c.

2

‘ Solved Examples ‘ 2 marks each ‘

Ex. 17. Integrate the following w.r.t. x :
x

(1) x?logx (2) x sin x (Sept. ’21) Q) —.
1+ cos2x

Solution :
(1) Let /= | x’logxdx = | logx - x?dx

= (logx) | x?dx —J [{i(logx)j x? dx}:ldx
dx

3
:(1ogx)-x——f—-—dx
3 X

_xlogx 1 fx
3

w3
=§(3 logx —1)+c.

(2) [xsinxdx=x | sinxdx —f |:di(x)j sin xdx:|dx
x

=x(—cosx)— [ 1(—cosx) dx
= —xcos x+ | cos x dx

= —XxcCcosx+ sinx+c.



3) Jde =dex
1 + cos 2x 2 cosx

= IJ x sec2x dx
2

= %[xf sec2x dx —f{d%(x)j seczxdx}dx}

=%[xtanx—j 1-tanxdx]

=%[xtanx—log|secx|] +ec.

Ex. 18. Integrate the following w.r.t. x :
(1) logx (March ’22) (2) sin—lx.
Solution :

(1) {logx dx= [ (logx)-(1)dx

= (logx) [ 1dx —j [d% (logx) | 1 dx} dx

= (logx)x—fl-x dx
X

=xlogx —[1dr=xlogx —x+c.

(2) Let /= | sin~lxdx = [(sin~'x)- (1) dx

=(sin"'x) [ 1dx —f I:dii(sinlx) | ldx:| dx
1 .
J1—x2

. X
=xsin~lx —J- dx

V1—x?
Putl —x?=¢ S —2xdx=dt xdx=_T

I=xsin—1x—J‘ L<—d—t>
\/t_ 2

_1
=xsin—1x+%jt 2dt

x dx

= (sin—lx)x —f

N I—

. 1 ¢ .
=xsin"lx+=- +ce=xsin" x4+ 1 —x2+c.

(3)




| Examples for Practice ‘ 2 marks each

Integrate the following w.r.t. x :

1. (1) xe* (2) xcosx (3) x sin2x
) . — (5) xtan%x (6) x3 logx.
1 —cosx
2. (1) tan—'x (2) cos—lx (3) sec—!x.
ANSWERS
1. (1) xer—e"+c¢ (2) xsinx +cosx+c¢

3) —%x cost+isin2x+c “4) —x c0t<§>+2log

sin<)—c>‘ +c
2

x2 1 1
5) xtanx —log|secx| —=+c¢ 6) —x*logx ——x*+c.
(5) gl | 5 (6) 7 < logx——

2. (D) xtan*lx—%log|1+x2|+c (2) xcos™x—/1 —x2+c

(3) xsec Ix—loglx ++/X*—1|+c.

‘ Solved Examples ‘ 3 marks each ‘

Ex. 19. Integrate the following w.r.t. x :

X

(1) xsinZx 2 ———— 3) x3tan—lx.
1+ sinx
Solution :
1— 2
1) | x-sin?xdx :j x <¥> dx

1
=5 f(x—xcos 2x) dx

—1 d. ! 2xd.
_ij x—ijcos x dx

1 x2 1

=§.__§[xj cos2xdx—f{dii(x)j cos Zxdx}dx}

x2 1 sin 2x sin 2x
=———|x" —| 1 dx
2 2

_x2 1.,2+1J.2d
=4 7% sin2v+ | sin2xdx



x21 1 (—cos2x)

=Z—Zx'sin2x+z >
2 L inar— L cos2e
=7 7% sin2x—gcos2xtc
—1[ 2 in2 ! 2x]+
=4 [¥*—xsin2x—cos2x] tc.

r .
(Z)J x. dr — x.(l —s1nx).
1 4+ sinx J (1 +sinx) (1 —sinx)

[x (1 —sinx)
J (1 —sin%x)

r .
1 —sinx
=|x dx
J cos2x

r .
1 sinx 1
=|x — X dx
J cos?x COSX  COSX

= [ x(sec’ — secxtanx)dx

= [ xsecxdx — [ xsecxtanxdx

=x | secx dx —J [; (x) | sec’x dx}dx
x

—{xj secx tanx dx —J [di(x)fsecxtanxdx]dx}
x

=xtanx — | 1-tanxdx —xsecx + | 1-secxdx
=xtanx — log|secx| —xsecx + log|secx + tanx| + ¢

= x (tanx — secx) — log secx + log|secx + tanx | + c.

(3) Let /= x*tan~!xdx = [(tan~'x) - x> dx
= (tan~'x) [x? dx f |:{i(tan—1x)fx3 dx}]dx
dx

:(tanlx)<%4>—J<1 —ixz )gdx

Cxttan—lx 1 [ (4 —1)+1

— | =
4 4) X?+1
Cxtanlx L[ @2=DE2+1D) +1 0
4 4) X2+ 1

U | (
_xftan—'x 1 [xz_H ! }dx
4 4) 241



4ipo—1
:M_l[szdx_fldﬁj 1
4 4 X2+

4gpn—1 3
x*tan—'x 1| x
=—— = [—x+tan lx:|+C

dx:|
1

4 403
x*tan~!x tan—lx ¥ x
= - ——=t—-+tc
4 4 12 4

1 X
=-(tan"'x)(x*— 1) ——=x*—3) +c.
4( x) (x* —1) 12(x )t+c

Ex. 20. Integrate the following w.r.t. x :

1
2
1) (logx) (2) log (logx) + (logx)® .

Solution :

(1) [(logx)*dx = [(logx)*(1)dx = (logx)? [ 1 dx _”:di (logx)*- |1 dx:| dx
x
= (logx)?-x —JZ 18X () dx = x (logx)? — 2 [ (logx) (1) dx
=x (logx)* — 2 { (logx) |1 dx —J[j (logx) |1 dx} dx}
X

= x (logx)?* — 2(logx) (x) + 2Jl~x dx
x

=x (logx)> — 2x logx + 2 1dx
=x (logx)? — 2x logx + 2x + ¢ = x[(logx)?> —2logx + 2] + c.

1
?2) J[log (logx) + (log)? } dx

=j log (logx)- 1 dx +J

d
(logx)?

=log(logx) | 1dx —J{di[log(logx)] f1 dx} dx +J
x

(logx)?

! dx
(log x)*

=log(logx)-x —fL : i(logx) “xdx +f
logx dx

=xlog(logx) —J@ X 1 X X dx +J

! dx
X (logx)?

=xlog (logx) — f(logx)~" - 1 dx +f(10g%)2 .



) ) i [fd . } }JL
xlog (logx) |:(10gx) [1dx f{dx(logx) [Vdx pdx |+ (1ng)2dx

=xlog (logx) — |:(10gx)_1 ‘X —J —1 (logx)_z-di(logx) 'xdxj|+J
X

! dx
(logx)?

— xlog (log.x) ——— —
=xlog (log) lgx (10gx)2

X X dx +j# dx
x (logx)?

1
=xlog(l dx + d.
=log (logx) = logx j(logx)2 Jv(logx)2 *

= xlog(logx) — L
logx

Ex. 21. Integrate the following w.r.t. x :

x sin—1x

M @ e R/x).

Solution :

1) Letlzf !

V1—x?

. 1 .

. ————dx=dt and x =sint
1 —x2

" I={(sinf)-tdt = [tsintdst

. d .
= tf sint dt —J [;t (t)fsm tdt] dt

=t (—cosf)— [ 1-(—cos?) dt
= —tcost+ [costdt = —tcost+sint+c

I
X sin
dx

X )
dx =Jx sin—lx-
1 —x2

Putsin~lx=1¢

= —t+/1 —sint+sint+c

=—sin"x-\/1—=x*4+x+c

= —J1—x2sin"x+x+c.

(2) Let 1= cos(3/x)dx
Put &/x =t Sox=p8 CLodx=32dt
" I=[3fcostdt
=37 [costdt —J [;(3t2)§costdt:|dt

=3~sint— | 6tsinrdt



=37 sint—|:6tjsintdt —f {%(&)jsint dt}dt]

=3sint—[61(—cost) — [ 6(— cost)dr]
=3#sint + 6tcost—6sint + ¢

=3(£2—2)sint + 6tcost+c¢

2
=3 (x> —2)sin (3/x) + 6 (3/x ) cos (I/x) +c.

‘ Examples for Practice ‘ 3 marks each

Integrate the following w.r.t. x :

1. x2 ¥ 2. x% cosx 3. X +sinx
1 —cosx
5. xsec”lx 6. x sin—lx 7. x% tan~lx
9. tan—1(\/%) 10, log (log v)
x
ANSWERS

.—X cot<§>+4 log

er
. 7(2x2—2x+1)+c

x3  x?sin2x  xcos2x sin2x

6 4 4 8

. ([ x
sm|{— ||+c¢
<2>’

. flxzcos3x+gxsin3x+£ cos3x +c
3 9 27

1
2 —1 =
X“sec X
R N

2

2 gin—! 1 1 .
.w—k—x\/l—xz—jsm*lx—l—c

2 4
¥tan~lx  x? 1 )
TRL T X Clogla? 1 4c
3 6 6

2 1 1 1 1

. —3x3 cos (x3) + 6x3 - sin (x3) + 6 cos(x3) + ¢

C(c+ D tan—I(Vx) —Vx + ¢
10.

(log x)-[log (log x) — 1] + c.

4. x? sin3x

8. sin (\3/3;)



‘ Solved Examples ‘ 3 or 4 marks each

Ex. 22. Integrate the following w.r.t. x :
(1) e**cos3x (2) sin (logx) 3) secx.
Solution :

(1) Let /= e*cos3xdx

d
=e [ cos3xdx —J [ o (€*) [ cos 3x dx } dx
x

sin 3x sin 3x
=e2"'——f e x 2 x dx

1 2
=§ez’f sin 3x—§J e* sin 3x dx

1 2X o1 2 2x : d 2X :
=§e'sm3x—§ e [ sin 3x dx — E(e')fsm&cdx dx

—gersinde 2] (TN [ sy (TN |

1 2 4

=§el“ sin 3x + ) e* cos 3x—§J e cos 3x dx
I Lo 3 +2 2 3 41
. I==e*sim —e~fcos3x——
3¢ x+ge Xy

) <1+4>1_12 i 3—1—22 3
. — |[=—e“*sin —eX
9 3e sin 3x 9e cos 3x

13 e
. ?I=?(3 sin 3x 42 cos 3x)

2x
. I=61—3(200s3x+3 sin3x)+c.

(2) Let / = | sin(logx)dx
Put logx =t Then x = ¢! Sodx=eéedt
o I=[(sinf)e'dr = [e'sintdt

=¢ [sintdt —J [% (e’)fsintdt}dt



=e'(—cost)— [[e' (—cost)]dt

= —eélcost+ [ costdt
= —¢f cost—i—efjcostdt—f [%(ef) jcostdt:|dt

= —e'cost+e'sint— e sintdt
J. = —elcost+e'sint—1
. 2I= —e'cost+elsint=e (sint —cost)

!
L= % (sint—cost)+c = % [sin (logx) — cos (logx)] + c.

(3) Let /= | sec’x dx = | sec x-sec’x dx
=sec x | secx dx —J- [di (sec x) [ sec’x dx} dx
X

=secxtanx—j sec x tan x-tan x dx
= sec x tan x — | sec x tan’x dx
=sec x tan x — | sec x (sec’x — 1) dx
=sec x tan x — | (secx — sec x) dx
=sec x tan x — | sec®x dx + | sec x dx
. I=sec x tan x — [ + log |sec x + tan x| + ¢
. 2l =sec x tan x + log |sec x + tan x| + ¢,

. I=%secxtanx+%log|secx+tanx|+c, wherec=%

‘ Examples for Practice ‘ 3 or 4 marks each ‘

Integrate the following w.r.t. x :
1. e¥-cosx 2. e*-sin3x 3. cos(2logx)

4. sinx-log(cosx) 5. cosec’x.
ANSWERS

eX . e .
1. E(smx—i—cosx)—i—c 2. E(Z sin3x —3 cos3x) + ¢

3. g [cos(2logx) + 2sin(2logx)]+c¢ 4. —cosx[log(cosx)—1]+c¢

tan <£>‘ +c.
2

5. —lcosecx cotx + l1og
2 2



‘ Solved Examples ‘ 3 marks each |

Ex. 23. Show that | e* [ f(x) +f'(x)] dx = &*" f(x) + c.

Hence, evaluate :

(l)jex<2+sin2x>dx (Z)f(xzntl)e"dx
1+ cos2x (x+1)?
gn—1y X+/1—x2 log x
(3)je [ V1—x2 }dx (4)j(1+10gx)2dx
(5) [[sin(logx) + cos (logx)] dx.
Solution : By the rule of integration by parts, we have
jex'f’(x) dx = e If’(x) dx —”:j (e%) ff’(x) dx:| dx
X
=e"f(x)—j"e"'f(x) dx
fex'f(x) dx + je"-f’(x) dx = e f(x)
fe" [f(X)+f (x)]dx=¢e""f(x)+c
Alternative Method :

d d d
a[ex f(x)]=e T [/()] +f(x) a(e"‘)

=ef () +f(x) e = e [f(x) +/(x)]

.. by the definition of indefinite integration,

[es [f(x) +f ()] dx = e f(x) +c

[This result can be used when the multiplier of ¢* can be expressed as

S +1(%)]
(1) Let I= a<M>dx
J 1 + cos2x

_ (‘e"<2+2 sinxcosx)dx
J 2 cos?x

r .
. 2 2 sinx cosx
= | & dx
2 cos*x 2 cos%x

.
=| e*(sec?x + tan x) dx

J

Put f(x) =tan x

S f )= 4 (tan x) = sec%x
dx

S I=[ e () +f ()] dx



=& f(x)+c¢

=e'“tanx +c¢
[+ e

(2) Let =S dx
;ex‘w},x
J L (x+1)?
:pex ¥l 2 }lx
J LE+1D?2 (x+1)2
zpex x;l+72 j|dx
J Lx+1 (x+1)?

Putf(x)z%

d d
.f/(x):i<x—1>:(x+l)dx(x1)(XI)dx(x+l)
. dx \x +1 (x+1)?

:(x+l)(l—0)—(x—1)(l+0)
(x4 1)

:x—i—l—x—i-l: 2
(x+ 1) (x+1)

SA=[ee )+ @] +c
= f(x)+¢

Putsin—!x=z¢
N

and x = sin¢
" ]:Jef[sint—i— 1 —sin?t] dt

= [ e[sin + /cos?] dt

= f el(sint + cost) dt



Let f(f) =sin¢ o f'(H)=cost

L I=[ef(t)+f(0)]dt
=ef(t)y+c=e'sint+c

:esinflx.x_i_c:x.esin*lx_i_c.
@) Letlzf& N
(1 +logx)?
Putlogx=¢ Thenx=¢e' .. dx=e'dt

I=J ! et dt=f e’[w}dt
(1+1)? (1+1)?
=J et[;_;}h

1+t (1412

1 P
Iff(t)_l—-i-t’ then f° (t)_(l +1)?
S o e x
L= O)di=e ) o=t o= s

(5) Let /= | [sin(logx) + cos (logx)] dx
Putlogx=¢ Thenx=e' .. dx=¢'dt
o I=((sint+cost) e dt
If f(¢) = sin¢, then f'(¢) = cos ¢
SoA=[E[f()+f(1)] dt
=e f(t)+c=eé'sint+c

= x-sin(logx) + c.

’ Examples for Practice ‘ 2 or 3 marks each ‘

Integrate the following w.r.t. x :

L (1) e*(2 + cotx + cot’x) ) e<w>
SIn-x
o 1Asinx
G)e <1 +cosx>'
.x+2 .(x—l) (1—x 2
2o We L @ e (3) e <1+x2>,

3. (D |:10gxi_l:|2 2) etaHIX<1+x+x2> (3) 65x|:5xlog7x+1:|.
1 + (logx)? 1+ 22 P



ANSWERS

1. ()eQ@+cotx)+c  (2) —e¥ cosecx +c 3) e tan<)zc>+c.
e* er e
2. (1 +c 2) ——+c 3 +c.
()x+3 @ (x+ 1) @ 1 +x2
) al (2) x-em g (3) e logx +c.

— 4
1 + (logx)?

INTEGRATION BY PARTIAL FRACTIONS |

Remember :
Integral of the typef P dx, where
O(x)

(i) P(x) and O(x) are polynomials in x
(i1) degree P(x) < degree O(x)
(iii) no common polynomial factors in P(x) and Q(x).
Case (i) : If the denominator Q(x) consists of n distinct linear factors
ie. P _ P ,
O(x) (ax+by)(ax+by) ... (ax+Db,)
then we need to find the constants 4, 4,, 43, ..., 4, such that

P A A
W _ A AL 4,
Ox) ax+by ax+b ax+b,

Case (ii) : If the denominator has repeated linear factor,
ie. O(x) = (x —a)(x —a))(x — ay) ... (x —a,), then we assume

Px) 4, Ay A B

B
Q(x)_x—a+(x_a)2+"’+(x—a)k+ + +.. 4+

X—ap xXx—a X—a,

where 44, A, ..., A}, By, By, ..., B, are constants.

Case (iii) : If the denominator O(x) has non-repeated quadratic factors, then
corresponding to each quadratic factor ax? + bx + ¢, we assume the partial

. Ax+ B
fraction L, where A and B are constants.

ax> +bx +c




degree of remainder f(x) is less than Q(x).

PW) o S0
0w 0w

where r(x) is the quotient.

Remark : If degree P(x) > degree QO(x), then divide P(x) by Q(x) till the

‘ Solved Examples ‘ 3 or 4 marks each

Ex. 24. Integrate the following w.r.t. x :

a x2+2 5 x2+x—1
x—Dx+2)(x+3) X2+x—6
Solution :
2
) Let1=J ¥ +2 N
x—Dx+2)(x+3)
X242 4 B C

o DE ) +3) x—1 x12 x+3

X2 H2=A(x+2)x+3)+B x—1DEx+3)+C (x—1(x+2)
Putx—1=0,ie. x=11in (1), we get
14+2=A43)4) + B(0)4) + C(0)(3)

. 3=124

4=t
4

Putx+2=0,1ie.x= —21n (1), we get
44+2=A40)1)+B(—3)(1)+ C(—3)0)

. 6= —3B

. B=-2

Putx+3=0,1e.x= —3in (1), we get
94+2=4A(—DO)+B(—HO0)+C(—4)(—1)
11 =4C

L C=—

X242 <1>+(—2) <11>

=D +2)(x +3) Cx—1 x42 x+3

(D



0,8

}d
x+2 x+3

=1J ! dx—ZJ ! dx—i—ﬂj ! dx
4)x—1 x+2 4)x+3

=ilog|x—l|—210g|x+2|+14—110g|x+3|+c.

x
2) LetlI=| ———
@) Le sz—i-x— dx

(2 H+x—6)+5
) xX24x—6

5
|14+ |a
[[ Jrxz+x—6} *

1
=\|\1dx+5|—=——"-—-4d
[1dx+ jx2+x—6 x

1 B 1 _ A N B
4+x—6 (x+3)x—2) x+3 x—2

dx

Let

L 1=4Ax—-2)+B(x+3) .. (1)
Putx+3=0,i.e. x=—31n (1), we get

1
1=A4A(—5)+B(0) Az—g
Put x—2=0, i.e. x=2 in (1), we get

1
1=4(0)+B(5) Bzg

(-5) ()

1 \ 5 n 5

" xX24x—6 x+43 x-2

(-5) )
5 5

+

x+3 x-—2

—(1d f Ly +J Ly
=[1dv— PR B

=x—log|x+3|+log|x—2|+c.

SoI=[1 dx—i—SJ




Ex. 25. Integrate the following w.r.t. x :
x2+2x+6 1
) s @)
x+1DE2+49) X1 —x)
Solution :

x24+2x+6
M J i)™

_ (x2+4)+2(x+1)dx:f< 1 2 >dx
x+1)E2+4) x+1 x2+4

=J ! dx—}-ZJ ! dx
x+1 x> +4

=10g|x+1|+2><1tan—1<x>+c
2 2

=1og|x—|—1|+tan—1<§>+c.

ﬁi(l—x)(l—i—x—i—xz)_i_ 1 ]dx
X

JL ¥ —x) 1—
rr 2
_ 1 +x+x + 1 }dx
J x3 1—x

”<1 11 1 )
=|[S+5+=+ dx
X x2 x 1—x

J

1

—X

dx

=j1x*3 abc—i—fx*2 dx+fldx+f
X

-2 —1 _
=X_+x_+10g|x| +w
-2 -1 —1

+c

Ex. 26. Integrate the following w.r.t. x :

2x2—3 2x2—1
M (x2 —5)(x* +4) @ (x2+4) (x2—5)



Solution :

2_
(1) Let 1=J B S NS
(2 =5)(x2+4)
2x2—3

Consider, —————————
(x*—=35)(x*+4)

For finding partial fractions, put x2=1.

. 22-3  _ u-3 _ 4 B
T R2=502+4) (t—5)t+4) t—5 t+4
L 2U—3=A({+4)+B(—5) (D)

Putt+4=0ie t=—41n (1), we get
2(—4)—-3=40)+B(—-9)

—11=—-9B .'.le—l
9

Putf—5=01ie.t=51n (1), we get

2(5)—3=4(9)+B(0)
. 7=94 oA=L

as ) )

C(t—=5)t+4) —5 t+4

e s ) (5)

T2 —5) (2 +4) 2—5 x2+4

8.4

7 1 11 1

= | ——dx+— | ——dx
9 xz_(\/—)z 9 J)x2422
7

92\/_




r

2x2—1
—  — dx
J @2 +4)*—5)
((v2 _ 2
(2=5)+(2+4)
J 2+HEE-35)
.

1 1
- + d
u<x2+4 x2—5> *

r

1 1
——dx+ | ———F——dx
J x2 422 sz—(\/g)2

1 b 1 x—\/§
——tan—!( = |+—~1
2 <2>+2ﬁ R PN

Ex. 27. Integrate the following w.r.t. x :
3x—2 8

M Q).
x+1)2x+3) x+2)(x*+4)

Solution :

1) Letlzf

(2) LetI=

‘—f-c.

3x—2
————dx
(x+ D2(x +3)
3x—2 A B C
= - -
x+1D2(x+3) x+1 @+1)? x+3
C3x—2=Ax+1D)Ex+3)+Bx+3)+Cx+1)? (D
Putx+1=0,1e.x= —11n (1), we get
—3-2=40)2)+B2)+C(0)

_5-28 - B=_>
2

Putx+3=0,1e.x= —31n (1), we get
—9—-2=A4(—-2)0)+B(0)+ C(—2)?
11

—11=4C ;. C= ——
4

Put x =0 in (1), we get
—2=4(1)3)+BB)+C()
—2=34+4+3B+C
—2=3A—1—5—E
2 4
15 11_ —8+30+11_33 11

3= 2424 —=_0TTT 20—
2 4 4 4 4



v (8) (5) (55

U412 +3) x4+1 (k412 x+3

ONCNE)

x+1 (x+1)? x+3

dx

=£ 1 dx—sf(x—i-l)zdx—lljl dx
4)x+1 2 4 J)x+3
—1
=£log|x+1|—§~u-1—£log|x+3|+c
4 2 —1 1 4
:Eogx—'—l’—i— > +c.
4 x+3 2(x+1)
8
2) Let /= ——— dx
(x+2)(x2+4)
Let 8 _ A Bx+C
(x+2)x*+4) x+2 x*+4
T8=A?+H+Bx+0O)(x+2) (D

Putx+2=0,1e.x= —21n (1), we get
8=A4(4+4)+(—=2B+0C)(0)

. 8=84 SoA=1

Put x =0 in (1), we get
8=44)+(0+C)(2)

. 8=4+42C s A=1]
L 2C=2 S C=1
Comparing the coefficient of x2 on both the sides of (1), we get
8 1 (—x+1)

0=A+B .. B=—A=—1

g 1:” ! +(_x+1):|dx
x+2 x> +4
=J ! dx—lj 2 dx+J;dx
x+1 2)x2+4 x> +4

=log|x+2|—llog|x2+4+ltan1<£>—l—c
2 2 2

TG +4) x12 214

[ ;C(x2+4)=2xandff;((;)) dx =log |f (¥)| +c:|




Ex. 28. Evaluate the following :

M JLW @) J;dx
(e +1)(e*+9) sinx + sin 2x

Solution :

Se*

Put e*=¢ CLoedx=dt

o I=5 ! d
a —fm‘

Let 1 A +Bt+C
(] =
t+DE+9) t+1 £+9

L 1=AF+9)+Bt+O)(t+1)
Putt+1=0, ie. t=—11in (1), we get

1
I1=4A(1+9)+(—B+C)(0) A:ﬁ
Put =0 in (1), we get
9 1
1=4(9)+C(1) L C=1-0d=1- e

Comparing coefficients of 2 on both the sides in (1), we get

1
0=A+B . B=—A=——

10

S UED@EE i+l 249

10 10 10
_l’_

t+1 249

—IJ ! dt lj ! dt—i—lj ! dt

T2 t+1 2J) 249 2) 249

11 [t+1] IJ 2 dt—i—l 1t 1<t>
=—lo —— — ztan™ |
2% 4) 249972 3 3

dt

(D



d 2

1 1 E(t+9) t
—loglt4l]—— | Y gt —tant( L
plogli+ =g | =g~ dittan (3)

—11 [t+1] 1l |z2+9|+1t *1<t>+
=— — Ztan—( —
5 log 7log A 3 )te

. [ H,gg dx=log |f(x)|+c}

_5 les+1] b |2)‘+9|+1t *1<ex>+
—zog 4oge 6an 3 c.

J sinx + sin 2x

"

|—1 dx
J sinx + 2 sinxcosx

[ dx J‘ sinx dx

Jsinx(1+2cosx) J sin?x(l +2cosx)
[ sinx dx

J (1 —cos2x)(1 + 2 cos x)

n

sinx dx
J (I —cosx)(1 4 cosx)(1 +2cosx)

Putcosx=¢t .. —sinxdyx=dt

*osinxdx = —dt

IZJ —dt
(1—0)(1+ £)(1 + 21)

_ _J dt
1=HA+6H(1+20)
1 A B C
Let = + +
1=H1+H1+2f) 11—t 1+t 142t
L l=A04+00+20+BA =01 +20)+C( —0)(1+9) .. (1)
Putl —¢t=0,ie.=11n (1), we get

1=42)3)+B(0)3)+C(0)2) .. 4=
Put1+¢=0,ie. t= —11in (1), we get
1 =A40)(—1)+B@2)(—1) + C(2)(0)

B!
2

N —=



Put14+2¢=0,ie. t= —% in (1), we get

3\/1 .4
1-A(0)+B(O)+C<2><2> s C=]
(5) (3

1 e/ \ 2

T A= +0(1+20 1—t 14t 1+2¢

(&), ,3), 6)

1—t¢ 1 +¢ 1 4 2¢

:_ldeHl ;d,_if L
6)1—t 2) 1+¢ 3) 142t

= —1'410g|1_t|+110g|1+t| _E'M—l—c
6 -1 2 3 2

—_
~~
N
[SSRIEN
N~

= —

=élog|1 — cosx | +%1og|1 +cosx|—§log| 1 +2cosx|+c¢

=%log|cosx+ 1] +élog|cosx— 1| —%log|2005x+ l|+ec

| Examples for Practice ‘ 3 or 4 marks each |

Integrate the following w.r.t. x :

1.

) 12x +3 @ 3x2+4x—5
6x2 + 13x — 63 =1 (x+2)
Sx+2
) X2—3x+2
X2 +3x+5 1 —3x2
W (x+2)(*+2x+3) @ x (1 —x?)
1
@) X2 (1 —2x)
2x2—1 x2+3
D s a2ea) @ Ehwe—2
G) x .
x24+1) (2 —2) (x2+3)
o 3x—2 @ X4+x+1

x+1)2(x+2) (x—1)3



2x+7

)

(x —4)
1 x ) 5x2
()(x—l)(xz—}—l) ()(x+l)(x2+4)
3_1°
2x 1
M Q2 +x)(3 +x?) @ x-logx-(2 + logx)
3) 2logx+3 ) 1
x (3 log x+2) [(log x)? + 1] sinx (3 4+ 2 cosx)
1 1
) 2 cosx + sin 2x ©) x(S+1)
ANSWERS

51 31
1) —log|2x+9|+=—log|3x—7|+c
(1) 7 log | |+ o8| |
1 1
2) 5log|x—1|+3log|x+1|—§log|x+2\+c

(3) 12log|x—2|—7log|x—1|+c.

(1) log |x—i—2H—Ltan*1 <)i1>+c

2\

(2) log|x—x3|+¢

(3) 2 log I

X ’ 1
——+c
—2x| x

€)) —gtan—1 <2>+%tan <\%>+c
x—l—l‘ 5
x—1 2\[
5
wvf
5
+c
x+1)

3 3
— 2 __+¢
x—1 2(x—1y

(2) 2 log

1
3) —tan—!x+
()6

x+1
x+2

(1) 8log

+

(2) log [x—1] —



(3) 2log |x—4|— 2 4e.
x—4

1 1 1
5. (1) —log|x—1|—=log |x24+1|+—tan— ! x+¢
()2 g | | 1 gl | 5

) log|(x+1) (x2+4)2|—2tan—1<§>+c

1 1 1 2x+1
(3)—10gx—1|——10g|x2+X+l|——tan—1< >+c.
3 6 V3 V3
2 4+ x2
34+x2

+c

6. (1) log‘

log x
2 + logx

1
2) - lo
(2) 5 g‘
(3) log|3 log x +2| — - log | (log x)° + 1 | + 2 tan—1 (log x) + ¢
13 26 13

4) %log|1—cosx| —%log|1+cosx| +§log|3 +2cosx|+c¢

- ! - +c
4(1 4+ sinx)

©) é log

1 ‘ 1 +sinx
1 —sinx

S
X +1

1
6) —lo
()5 g

+ c.

| MULTIPLE CHOICE QUESTIONS | 2 marks each

Select and write the most appropriate answer from the given alternatives

in each of the following questions :

-
1 —cosx
(a) xcot<5>+c (b) —x cot <E>+c
2 2
X X
t(= )+ d) xtan(Z |+
(c) co <2> c (d) x an<2> c
2. dexz .........
sinx
(a) x—sin2x +c¢ (b) x+sin2x+c¢

() x+cos2x+c (d) x —cos2x +c.



J cos (2x)—1 d
cos (2x) + 1

(a) tanx—x+c¢

(c) x—tanx +c¢

4.J dx =A10g<2x_1
4x2 —1 2x+1

(@) 1
1
(c) g

5. J‘ cotx dx =

Sinx - cosx

(a) 2+/cotx+c¢

1
C) —s/cotx +c¢
()2

A T
1 —sinx

(a) secx —tanx + ¢

(c) secx —tanx —x + ¢

dx
7. J 31is
2 (A1)

Vi
(a) —<1+x4> +e

(c)%log|x4+l|+c

(b) x+tanx+c¢

>+ c,then4d=......

(d) —x—cotx+c (Sept. °21)
1

(b) 2

(d) i (March °22)

(b) —2./cotx+c

(d) J/cotx+c

(b) secx +tanx —x +c¢
(d) secx —tanx +x+c¢

8. Ifjkyg(;ix)dx:k logx[1 —log(logx)] + ¢, then k= ......... .
X

1
@ 5 (b) 1

elx+e—2x
9. J o dx = ........

@ e -5

2
(b) ilog’ﬁil‘ +e
3
2) <1+l4>4+c
X
© —1 @ —1
7

1
(b) e"-f—@—i—c



(c) e*x+3e3x+c (d) e*"—3e3x+c
IO.JLz .........

/sin®x cos x

(a) 2 /tanx + ¢ (b) 2 {/cotx+c

2 2
c) — +c d +c
© /tan x ()\/Cotx
1 x*

11. Jx+x5dx=f(x)+c, thenfx+x5dx: .........

(a) logx —f(x)+c

(c) f(x) —logx+c

®) f(x) +logx +c¢

) %xs f() + e

. log x X = i
(log ex)?

X
a +c b) x(1+logx)+c
(a) I+ logx (b) x( gx)

1 1
© +e d ——+c

1 +logx 1 —logx
-
ANSWERS

[

. (b) —xcot <)—2€> +c

3. (c) x—tanx+c

wn

. (b) —2./cotx+c

. (a) —<l +%>Z+c

1
9. (a) &———+c¢
(a) o

3

11. (a) logx —f(x) + ¢

2. (b) x+sin2x+c
1
4. (d) -
()4

6. (b) secx+tanx —x+c

1

8. (d) —3
10. (¢) —\/2_+c
tan x
12. (@) ——+¢
1 +logx




