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By a set we mean any collection of objects. For example,
we may speak of the set of all living Indians, the set of all
letters of the English alphabet or the set of real numbers
less than 5. The objects constituting a set are elements or
members of the set.

If X is a set and an element x is a member of, or belongs
to the set X, then this is expressed, as x € X.

There are two methods of representing a set.

(a) Roster method (or tabular method) In this meth-
od, a set is represented by listing all its elements in
curly brackets and separating them by commas.

For example, set having elements 1, 2, 3, 5 only is
written as {1, 2, 3, 5}.

(b) Property method In this method a set is represen-
ted by stating all the properties which are satisfied
by the elements of the set and not by other elements
outside the set.

If X contains all values of ‘x’ for which the condition
P(x) is true, then we write X = {x : P(x)}.

| Illustration | 1 :

The set of all real roots of the equation x* — 2x* —= 3 = 0 is
denoted by

{x:xe R, o2 -3= 0} or equivalently by {\/5,—\/5}

| Illustration | 2 :

The set of integers strictly between 2 and 8 is represented
by
{x:xe I 2<x<8} orequivalently by {3, 4, 5,6, 7}.

| Illustration | 3 ;

The set of Presidents of India can be represented by
{x : x is/was President of India} or equivalently

A = {Rajendra Prasad, Sarvepalli Radhakrishnan,
Zakir Hussain, V.V. Giri, ....... }

The number of elements of A or the cardinality of A is
denoted by n(A). In Illustration 3, n(A) = 13.

FINITE SET AND INFINITE SET

A set is called a finite set if it contains only finite number
of elements. A set which does not contain finite number of
elements is called infinite set.

Null set A set containing no element is called a null set
or empty set or void set and is denoted by ‘¢’. Equivalently
P(x) is a property satisfied by no object at all.

Singleton set A set containing exactly one element is
called a singleton set.

If a set X has ‘r’ elements then we write n(X) (number of
elements in X) = r.

Subset A set ‘A’ is said to be subset of the set X if every
element of A is an element of X and we write A  X. A is
said to be a proper subset of X if A € X. and A # X, this

will be written as AEX . The denial of A — B is written as
A & B.

For two sets A and B, A = B if and only if A € B and
B cC A.

The set of all subsets of X is called Power set of X denoted
by P(X)ie. P(X) ={A:A cCX}.

Some Basic Properties:

(i) AcCA
(i) AcB,BcCthenAcC
(iii)) The only subset of ¢ is ¢ itself.
(iv) The subsets of {x} are ¢ and {x}.
(v) The subsets of {x, y} are ¢, {x}, {y}, {x, ¥}

(vi) If n(X) = r then number of all subsets of X will be
2"i.e. n(P(X)) =2".

ALGEBRA OF SETS

Union of two Sets

Union of two sets A and B is denoted by A U B
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and, AuUB={x:xeA
orx € B}
Clearly A cA U B,
BcAUB
and AUB=BUA,
AUA=A,

AU B =Bifandonlyif A C B,
(AU B)U C =AU (Bu C) (Associativity).

Intersection of Two Sets

Intersection of two sets A
and B is denoted by
ANnBand,AnB={x:x
€ Aand x € B}

Trivially, AN B C A,
ANnBcBandANB=
BNnA,ANnB)NC=

A N (B N C) (Associativ-
ity).

AN B

Fig. 1.2

Complement of a Set

Complement of a set B in a set A is written as
A~B={x:xe A, x¢ B}

e.g., I~-N= ...-3,-2,-1, 0}. The set of irrational
numbers =R ~ Q
Where 1 is the set of integers
N is the set of natural numbers
R is the set of real number and
Q is the set of rational numbers

In any discussion involving sets and their operations, we
presume that all these sets are subsets of a parent set called
Universal set, U. The complement of A in U is denoted by
ASorA'={x:xe A}.

A/

{ A ]

Fig. 1.3

SOME PROPERTIES OF OPERATIONS
ON SETS

I.ANn B, UB,U..UB)=ANB)uU@AnNB,
U ... U (A N B,) (Intersection is distributive over
union)

2. AuB NB,Nn...NB)=(AUB)NAUB,) N ...
M (A U B,) (Union is distributive over intersection)

3. (AN B =A°U B°and (A U B = A° N B“.
(De Morgan’s Laws)
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12. A ¢ Bif and only if B ¢ A“.

13. A~A=¢.

14. A~B)~C=A~C)~B

15 A~BUCO)=(A~B)NnA~0)

16. If A and B are finite sets, then
n(A U B) =n(A) + n(B) - n(A N B)

17. If A, B and C are finite sets then
nAuBuUC) =n(A) +nB)+n(C)—n(ANB)
-nBNC)—-nANC)+nAnBnNC)

Symmetric Difference of Two Sets

AAB=(A~B)uU (B~ A)

Fig. 1.4
AAA=¢,AAB=BAA

Cartesian Product

The cartesian product of sets A and B is denoted by A X B
and, AXB={(a,b):ac A, be B}
In general A X B # B X A, moreover,
AXBUCO)=AXB)UAXO)
and AXBNC)=AXB)NAXCO)

| Illustration | 4 E

IfA=1{0,1,2,3,5},B=1{0,1,2,3),C=1{0, 1, 4,5} then
BCACZTAANC={0,1,5},BAC={0,1},A~B=
{5,A~C={2,3,B~C=1{2,3},C~B=1{4,5},AAB
={5},AAC={2,3,4)and BA C={2,3,4,5)

| INlustration | 5 E

Simplify (A UBUC)N(ANB NCH NnCe



AUBUC)NANB NCHNCe
=[AuBUC)NAUBUC)NCS
=[ANA)YUBUCINCE
=[pu(BUCO)]NC*
=BuUulO)NC=BnNCHU(CNCY.
=BNCYUP=BNC =B~C.

Relations

A relation from a set of X to a
set Y is a subset R of X x Y. If
(a, b) € R, we say a is related
to b and often write it as a R b.
If X =Y, we say that R is rela-
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Equivalence Relation

A relation R on a set X (i.e. R X X X) is said to be
(1) reflexive if x R x for all x € X.
(i) symmetricif xRy = y Rx, where x, y € X
(iii) transitive if xRy, yRz= xRz, where x, y,z€ X
Further, arelation R in a set X is said to be an equivalence

relation if it is reflexive, symmetric and transitive. R is
called anti-symmetricif x Ryandy Rx = x = y.

INlustration | 6 E

For x, y € I, write x R y if x — y divisible by 6; this is an
equivalence relation and is usually written as x =y (mod. 6).

tion on X. e

Let R be a relation from X to
Y. For each subset A of X, we
write

Fig. 1.5

R(A)={ye Y:xRyforsomexe A}

and call it the (direct) image of A under R, and for each
subset B of Y, we write R”' (B) = {x € X : x R y for some y
€ B} and call it the inverse image of B under R.

Y

d

wof
| S — | S ——
A RY(B)
Fig. 1.6

One can think of R™! as a relation from Y to X, where
YR Tro XRy

R™'={(.%0:(x,y) € R}

R7' is called the reverse of the relation R.

Domain of a relation R from a set X to a set Y is the set
of all first components of the elements of R, i.e., dom R =
{a e X: (a, b) € R for some b € R}

Let R be a relation from X to Y and S from Y to Z, then
SoR = {(x,z)l x€ X, ze Zand 3y € Y such that and (x, y)
€ Rand (y,z) € S.

If n(A), n(B) < oo, then the number of relation from A to
B will be 2" "®

that is,

Ilustration | 7 E

The relation R on R defined as R = {(a, b): a < b} is not
symmetric as (1, 3) € R but (3, 1) ¢ R but is transitive and
reflexive.

| Ilustration | 8 E

IfA={1,2,3};1letR={1,1),(2,2)(3,3),(1,2) (2, 1)} then
R is reflexive, symmetric and transitive.
The number of equivalence relations that can be defined

on a set containing k elements is given

k-1

Be= (5B,

n=0

Eg  By=1.B,=1,B,=2By=({)B,+(})B +(3)B,

=1+2+2=5

Functions

A relation F from A to B is said to be a function if for each
a € A there exists a unique b € B such that (a, b) € F. b is
called image of ‘a’ under F and is denoted by F(a). Thus
every function is a relation but the converse may not be true.

If n(A) = n and n(B) = m then total number of functions
from A to B is n™.

SOME DEFINITIONS

Let A and B be two non-empty sets. A function ffrom A to B
can also be defined as a rule that assigns to each element in
the set A, one and only one element of the set B. In general,
the sets A and B need not be sets of real numbers. However,
we consider only those functions for which A and B are both
subsets of the real numbers. We shall denote by R, the set
of all real numbers.

The set A in the above definition is called the domain
of the function f. We usually denote it by dom f. If x is an
element in the domain of a function f, then the element that
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f associates with x is denoted by the symbol f(x), and is
called the image of x under f, or the value of f at x. The set
of all possible values of f(x) as x varies over the domain is
called the range of f. If f: A — B, then the range of fis a
subset of B and the set B is called co-domain of f.

Q Ifxis an element in the domain of a function £, the definition of
a function requires that f'assigns one and only one value to x.
This means that a function cannot be multiple-valued. For

example, the expression + Jx does not define a function
of x, since it assigns two values to each positive x.

ALGEBRAIC OPERATIONS ON
FUNCTIONS

1. If fand g are two functions, then sum of the functions

[+ g, is defined for all x € dom f " dom g by
(f+8) () =f(x) +g).

2. If k is any real number and f'is a function, then & fis
defined for all x € dom fby (kf) (x) = kf (x).

3. If fand g are two functions, then the pointwise prod-
uct fg is defined for all x € dom f ™ dom g by

(f8) () =f (x) gx).

4. If f and g are functions, then f/g is defined for all
x € dom (f) N dom(g) N {x: g(x) # 0} by (flg)(x) =
Jx)/g(x).

5. Composition of functions Letf:A — Band g: B— C
be functions, then gof: A — C defined by (gof) (x) =
g(f(x)).

We have the following formulae for domains of functions.
dom ( f+ g) =dom f " dom g

dom (fg)=dom fn dom g

dom (f/g) = dom fndom g N {x: g(x) #0}

dom \/f =domfn {x:f(x)>0)

Note that if gofis defined, then fog may not be defined. For
example if f/: A — B and g : B — C then gof is defined
but fog is not. Let /: R - R and g: R — R be defined by
f(x) = cos x and g(x) = x°. Then gof (x) = g(f(x)) = g(cos x)
= cos’ x and fog (x) = f(x*) = cos x*. Thus even if fog and gof
are both defined it is not necessary that fog = gof.

el e

DOMAINS AND RANGES OF SOME
FUNCTIONS

1. Constant functions A function that assigns the same
value to every member of its domain is called a constant

function. The domain of the constant function f(x) = ¢ is R
and its range is {c}.

2. Polynomial functions A function of the form cx",
where ¢ is a constant and n is a non-negative integer, is
called a monomial in x. Examples are 2x3, 5x4, —6x and x°.
The function 4x'""? and x> and not monomials because the
powers of x are not non-negative integers. A function that
is expressible as the sum of finitely many monomials in x is
called a polynomial in x. Thus

n-1

f)=a,x"+a, X"~ +...+a,x+a,

is a polynomial. The domain of a polynomial is R and its
range is a subset of R.

3. The domain of f(x) = log, x (=1In x) is (0, =) = {x € R,
x>0} = R*, and its range is (-, =) (i.e., the whole of R).
4. The domain of f(x) = ¢" is R and its range is R".

TYPES OF FUNCTIONS

1. Rational function. This function is defined as the ratio

of two polynomials

n n—1
ag X -+alx

- —1
by x" +bx" " +---+b,

++a,

For example, y = (x2 +3)/(° + 4) is rational function.

2. Irrational function. 1If in the function y = f(x), the
operations of addition, subtraction, multiplication, division
and raising to a power with rational non-integral exponents

are performed on the right-hand side, the function y = f(x) is

said to be irrational. Examples are y = (3x2 + Jx ) N2+ 4x
and y = Jx.

3. Even function. A function y = f(x) is said to be an
even function if f(—x) = f(x) V x € dom ( f). Examples are
y=Ixl,y=cos xand y = x*". The graph of an even function
will be symmetric about y-axis

4. Odd function. A function y = f(x) is said to be an odd
function if f(-x) = —f(x) V x € dom (f). Examples are
y=sinxand y=x"*".

Clearly, y = f(x) + f(—x) is always an even function, and
vy =f(x) — f(-x) is always odd. Any function y = f(x) can be
expressed uniquely as the sum of an even and an odd func-
tion as follows:

1 1
f) = > (f() +fl=x) + > (f() =f(=x))

5. Periodic function. A function y = f(x) is said to be
periodic if there exists a number 7 > 0 such that f(x + 7T)
= f(x) for all x in the domain of f. The least such T is called
the period of f. For example, the period of sin x and cos x is
2, and that of tan x is .

If f(x) is a periodic function with period 7, then the
function f(ax + b), a > 0, is periodic with period 7/a. For



example, sin 2x has a period 7, cos 3x has a period 271/3 and
tan (2x + 4) has a period /2. The function

[lifxeQ
f@%_{4ﬁxeR~Q

is a periodic function without any period. The sum of two
periodic functions may not be periodic e.g., f (x) = {x}, the
fractional part of x and g (x) = sin x.

6. Onto function (or Surjective Function). If a function
f: A — B is such that each element in B is the f~image of at
least one element in A, then we say that fis a function of
A ‘onto’ B. Equivalently a function fis an onto function if
co-domain of f = Range of f.

e
.\_/\//K'

Onto

Not onto

Fig. 1.7

For example, f: R — [-1, 1] defined by f(x) = sin x is
an onto function but f: R — R defined by f(x) = sin x
is not onto since Range of f = [-1, 1] and co-domain of
f=R.

In order to show that a function f: A — B is onto we start

with any y € B and try to find x € A such that f(x) = y.
7. One-to-one function (or injective function). A function
fis said to be one-to-one if it does not take the same value
at two distinct points in its domain. For example, f(x) =
x° is one-to-one, whereas fx) = x° is not, as f(1) =1 and
f(=1) = 1. Note that a periodic function f: R — R cannot be
one-to-one as f(x + T) = f(x) for some T > 0.

In order to show that a function f: A — B is one-to-one,
we may take any x, y € A such that f(x) = f(y) and try to
show that x = y.

If n(A) = m and n(B) = n(m < n), then the number of injec-
tions (or one-one functions) from A to B is

" n!

" (n—m)!

8. Bijective function (One-to-One and Onto). If a function
fis both one-to-one and onto, then fis said to be a bijec-
tive function. For example an identity function iy : A — A
defined by i, (x) = x is trivially a bijective function. The
function f: [-7/2, n/2] — [-1, 1] defined by f(x) = sin x
is a bijective function. The function f: (-7/2, 7/2) - R
defined by f(x) = tan x is also a bijective function.

If A and B are finite sets and f: A — B is a bijection then
n(A) = n(B). If n(A) = n, then the number of bijections from
A to B is the total number of arrangements of n items taken
all at a time which is n!

9. Bounded and unbounded functions A function f defined
on an interval [ is said bounded on [ if there is kK > 0 such

Sets, Relations and Functions 1.5
that | f (x)| £ k for all x € I. Equivalently there is m and
1.
M suchthatm < f(x) <M forallxe I. Eg. f(x) = — is
by

not bounded on (0, 1) and f (x) = x? is bounded on [0, 1].
f (x) = sin x or cos x are bounded functions on R whereas
f (x) =tan x is unbounded on (- 7/2, 7/2).

GRAPHS OF SOME FUNCTIONS

1. Constant function f(x) = c represents a constant function
(Fig. 1.8).

(0, )

Fig. 1.8

2. Proportional values. If variables y and x are direct pro-
portional, then the functional dependence between them is
represented by the equation:

y =kx,

where k is a constant a factor of proportionality.

A graph of a direct proportionality is a straight line,
going through an origin of coordinates and forming with
an x-axis an angle ¢, a tangent of which is equal to k:
tan o = k. Therefore, a factor of proportionality is called
also a slope. These are shown in three graphs with k = 1/3,
k=1 and k=-3 on Fig.1.9

Fig. 1.9

3. Linear function. If variables y and x are related by the
1-st degree equation:
Ax + By =C,

(at least one of numbers A or B is non-zero), then a
graph of the functional dependence is a straight line. If
C = 0, then it goes through an origin of coordinates, other-
wise — not. Graphs of linear functions for different combina-
tions of A, B, C are represented on Fig.1.10
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Y
B#0, A#0

A£0, B£0,C£0 ™ / o

C/B j P
|y

C/A

A#0, B#0

Fig. 1.10

4. Inverse proportionality. If variables y and x are inverse
proportional, then the functional dependence between them
is represented by the equation:

y = kix,

where k is a constant.

A graph of an inverse proportionality is a curve, having
two branches (Fig. 1.11). This curve is called a hyperbola.
These curves are received at crossing a circular cone by a
plane. As shown on Fig. 1.11, a product of coordinates of a
hyperbola points is a constant value, equal in this case to 1.
In general case this value is £, as it follows from a hyperbola
equation:

Fig. 1.11

The main characteristics and properties of hyperbola:
e the function domain: x # 0, and codomain: y # 0;
o the function is monotone (decreasing) at x < 0 and at
x> 0, but it is not monotone on the whole, because of
a point of discontinuity x = 0
e the function is unbounded, discontinuous at a point
x =0, odd, non-periodic;
e there are no zeros of the function.
5. Quadratic function. This is the function: y = ax* +bx +c,
where a, b, ¢ — constants, a # 0. In the simplest case we have
b=c=0andy=ax’. A graph of this function is a quadratic

parabola — a curve going through an origin of coordinates.
Every parabola has an axis of symmetry OY, which is called
an axis of parabola. The point O of intersection of a parabola
with its axis is a vertex of parabola.

y=12x*

-1+

Fig. 1.12

A graph of the function y = ax*+bx+cisalsoa quadratic
parabola of the same shape, that y = axz, but its vertex is not
an origin of coordinates, this is a point whose coordinates:

The form and location of a quadratic parabola in a co-
ordinate system depends completely on two parameters: the
coefficient a of x* and discriminant D : D = b* — 4ac. These
properties follow from analysis of the quadratic equation
roots. All possible different cases for a quadratic parabola
are shown on Fig. 1.13

Y
a>0,D=0 @0, D<0
X = /\
X=X / o x2\
a<0, D>0
a<0,D=0
a<0, D<0

Fig. 1.13

The main characteristics and properties of a quadratic
parabola:

e the function domain: — co < x < + oo (i.€. x is any real
number)

e the function is not monotone on the whole, but to the
right or to the left of the vertex it behaves as a mono-
tone function;

¢ the function is unbounded, continuous in everywhere,
even at b = ¢ = 0, and non-periodic;

e the function has no zeros at D < 0.



6. Power function. This is the function: y = ax”" where a,
n are constants. Atn = 1 we obtain the function, called a direct
proportionality: y = ax; at n = 2 — a quadratic parabola; at
n = -1 — an inverse proportionality or hyperbola. So, these
functions are particular cases of a power function. We know,
that a zero power of every non-zero number is 1, thus at
n = 0 the power function becomes a constant: y = a, i.e.
its graph is a straight line, parallel to an x-axis, except an
origin of coordinates. All these cases (at a = 1) are shown on
Fig. 1.14 (n 2 0) and Fig. 1.15 (n < 0).

Negative values of x are not considered here, because
then some of functions:

e ——
lose a meaning.
Y
2 n=4n=2 n=1
_____________ CanTZ
y=x"n>0 ! i
| in=1/2
| :nZIM
1 1 n=0
0 1 2 X
Fig. 1.14
Y
plzd2-1-2 .
| SR T —
E in=—1/2
| =1
! ‘n=-2
0 1 2 X

Fig. 1.15

If n — integer, power functions have a meaning also at
x < 0, but their graphs have different forms depending on
that is # an even or an odd number. In Fig. 1.16 two such
power functions are shown: for n =2 and n = 3.

At n = 2 the function is even and its graph is symmetric
relatively an axis Y; at n = 3 the function is odd and its graph
is symmetric relatively an origin of coordinates. The func-
tion y = x° is called a cubic parabola.

On Fig. 1.17 the function y = +Vx is represented. This
function is inverse to the quadratic parabola y = x?, its graph
is received by rotating the quadratic parabola graph around
a bisector of the 1-st coordinate angle. We see by the graph,

Sets, Relations and Functions 1.7

that this is the two-valued function (the sign + before the
square root symbol says about this). Such functions are not
studied in an elementary mathematics, therefore we con-
sider usually as a function one of its branches: either an
upper or a lower branch.

y=x*
X

y=x |

Fig. 1.16

Y
y::t\/;
(0] X
Fig. 1.17

7. Exponential function. The function y = a*, where a is a
positive constant number, is called an exponential function.
The argument x adopts any real values; as the function values
only positive numbers are considered, because otherwise we
will have a multi-valued function. So, the function y = 81"
has at x = 1/4 four different values: y =3, y=-3, y = 3i and
y = — 3i. But we consider as the function value only y = 3.
Graphs of an exponential function for a =2 and a = 1/2 are
shown on Fig. 1.18. All they are going through the point (0, 1).
At a =1 we have as a graph a straight line, parallel to x-axis,
i.e. the function becomes a constant value, equal to 1. Ata > 1
an exponential function increases, and at 0 < a < 1 — decreases.

Y

a=1/2

a=2




1.8 Complete Mathematics—JEE Main

The main characteristics and properties of an exponential
function:

e the function domain: — e < x < + oo (i.e. x is any real
number) and its codomain: y > 0;

o this is a monotone function: it increases at @ > 1 and
decreasesatO<a<1;

¢ the function is unbounded, continuous in everywhere,
non-periodic;

o the function has no zeros.

Bl

y=e

Fig. 1.19

Fig. 1.20

8. Logarithmic function. The function y = log,x, where a is
a positive constant number, not equal to 1 is called a loga-
rithmic function. This is an inverse function relatively to an
exponential function; its graph (Fig.1.19) can be obtained
by rotating a graph of an exponential function around of a
bisector of the 1-st coordinate angle.

Y

a>1

0<a<l

Fig. 1.21

The main characteristics and properties of a logarithmic
function:
e the function domain: x > 0 and its codomain: — o<y
< + oo (i.e. y is any real number);
o this is a monotone function: it increases for a > 1 and
decreases forO<a < 1;
¢ the function is unbounded, continuous in everywhere,
non-periodic;
e the function has one zero: x = 1.
9. Absolute-value function is given by

x , x=20

y =lx| =max {x,—x}:{
-x, x<0

It is depicted in Fig. 1.22.

Fig. 1.22

Greatest Integer Function and Fractional part function
Sfix) = [x] will denote the integral part of x or greatest integer
less than or equal to x. E.g. [5] =5, [5.2], =5, [-5.1] =—6,
[7]=3,[e]=2.Thedomain of this functionis Rand therangeis 1.
For positive x, this function might represent, for example, the
legal age of a person is a function of his chronological age x.

The fractional part of x is the fractional part {x} of x so
{x}=x—[x]e.g {5.04} =0.04,{4}=0,{-1.7} =03, {n} =7
— 3. The domain of this function is R whereas the range is [0, 1).

YA
3k
2+ —0
1 —o
-3 -2 -1
< | | | A | | > graph of [x]
¥ 0 1 2 3 x
-1
—_0 -2
—o0 -3
y/

graph of {x}

Some Properties

LLx—-1<[x]<x

2. [{x}] = 0 ={[x]}
3. Ifn<x<mn+1,ne I then [x] = n and conversely.
4. If x € 1, then [x] = x otherwise [x] < x.

5. [«x] = {_[x]
—x]-1, ifxel

, ifxel

0,if xel

in other word, [x]+[—x] = )
—1Lifxegl



10.

11.

12.

.x+yl=[@x]+ D], ifxorye L
P {[xmy],

if {x}+{y}<1
[x]1+[y]1+1, if {x}+{y}=>1
Moreover, [x + y] 2 [x] + [y].

x, if0<x<l1
cAxy =
0, =xel
e R
x —=x} =
1, if xel
1 -1
[x]+[x+—}+---+|:x+n i|=[nx].
n n
Signum function is given by
1 ifx > 0
sgn(x)= 70 ifx = 0
-1 ifx < O

and it is depicted in Fig. 1.25

y=sgn(x)

Fig. 1.25

The least integer function: The function whose
value at any number x is the smallest integer greater
than or equal to x is called the least integer func-

tion, e.g. if
f (x) = [x]” = smallest integer, greater than or equal
to x.
then [1.5] =2 [1.99] =1 [1.4] = 2.

y

J

y=1[(]
53 1 3 3 4
Fig. 1.26
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Figure 1.26 shows the graph. For positive value of x, this
function might represent for example, the cost of parking x
hours in a parking lot which charges Rs 10 for each hour or
part of an hour in this case f (x) = 10 [x]".

INVERSE OF A FUNCTION

The function f(x) = x> and g(x) = x* have the following
property:

flg) =f()) = (H"P =x

g(f(@) = g = ') = x

Similarly, the functions f(x) = log,x and g(x) = ¢" cancel
the effect of each other. If two functions f and g satisfy
f(g(x)) = x for every x in the domain of g, and g(f(x)) = x
for every x in the domain of f, we say that f'is the inverse of
g and g is the inverse of f, and we write f = g‘l, org :f_l.
(The symbol f ™! does not mean 1/f.) To find the inverse
of f, write down the equation y = f (x) and then solve x as a
function of y. The resulting equation is x = f 1 y).

If f is one-to-one, then f has an inverse defined on its
range and, conversely, if f has an inverse, then f is one-to-
one. f ! is defined on the range of . If fis one-to-one from A
to B, and g is one-to-one from B to C, then f o g is one-to-one
from A to C, and (fo g)_1 = g_1 of_l.

If f: X — Y is bijective then f ™' : ¥ — X is bijective and

(f _1)_1 =f. Moreover, f ' ({y}) = {f'(y)} forall y € Y.

| Illustration | 9 E

Let /) = ““*° The domain of fis R ~ {_i} '
cx+d

c
+b —d
Lety=ax socxy+dy=ax+b=x= y.
cx+d cy—a
3 b—dx
Hence /' (x) = .
cx—a

DIRECT AND INVERSE IMAGES

Let f be a function with domain X and co-domain Y. If
A c X, then the direct image of A under fis the subset of Y
(denoted by f(A)) is defined to be {f(x) : x € A}.
For example, let f: R — R be a function defined by
f)=x*IfA={-3,-1,0, 1, 3}, then f(A) = {0, 1, 9}.
Note that if f(X) = Y, then the function f: X — Y is onto.
The following relations can be verified easily.

(i) AcB=f(A)cf(B)

(i) f(A VU B) =f(A) U f(B)

(iii) f(A N B) c f(A) N f(B). The inclusion may be strict.
Let f be a function with domain X and range Y and let B

be a subset of Y. The inverse image of B under f'is a subset
of X (denoted byf_1 (B)) is defined to be {x: f(x) € B}.
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| Illustration |10E

If f: R — R s a function defined by f(x) = |x| and A = (— oo,

0), then f'(A) = {x: f(x) € A} = {x: x| € (=0, 0)} = ¢ (the

empty set). If B = (=3, 3), then f ! (B) = (-3, 3).

® Example 1: Let I be set of integers, N = the set of non-
negative integers, N, = the set of non-positive integers. Then
the sets A and B satisfying A N B = ¢ are

(@@ A=I~N,B=N~N,

(b)A=I~N,B=I~N,

() A=NAN,,B=I1~N,

(dA=NAN, B=(I~N)u {0}
Ans. (b)
Solution: /~N={...-3,-2,-1},/~N,={1,2,3...},
N~N,={1,2, ..}, NAN,=(N~N) U (N,~N)

={0,1,2,...}
I~Nu{0}={....,-3,-2,-1,0}

The disjoint sets are I ~ N and I ~ N,,.

® Example 2: Which of the following equality is not true.
@QANB~C)=ANB~ANO)
b)A~(ANB)=A~B
C)A~B~C)=A~B)UANC)
dA~MBAC)=(A~B)AA~O)

Ans. (d)

Solution: For equality (a),

ANB~CO)=An(BNC)
=pUANBN(C)
=(ANBNA)YUMANBNC)
=ANnBNnA L)
=ANB~ANO

For equality (b),

A~(ANB)=AnA"UB)
=(ANA)YUANB)
=pUANB)=AnB =A~B

For equality (c)

A~B~C)=A~BNnC)=AnB U0
=(ANBYUANO)
=(A~B)Uu@AnO)

For (d) LetA=1{1,2,3,4,5},B={3,4,5},C={1, 2,3}
So, BAC={4,5}u{l1,2}={1,2,4,5}
Thus A~ (BAC)={3}

Note that if fis one-to-one, then f T{x})isa singleton set.
The following relations can be verified easily for A, B c Y.
O AcB=f"@Acf B
i) [ AauB =" @uf®B)
i) [ AnB =" @S (B).

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

A~B=1{1,2};A~C={4,5}
Therefore (A ~B) A (A ~ C) = ({1, 2} ~ {4, 5})
v ({4,5} ~{1,2})
={1,2} U {4,5)=1{1,2,4,5).
Hence A~(BAC)#(A~B)A(A~C)

® Example 3: A boating club consists of 82 members,
each member is either a sailboat owner or a powerboat
owner. If 53 members owned sailboats and 38 members
owned powerboats, the number of members owned both
sailboat and powerboat is

(@) 6 (b) 7
©9 d) 4
Ans. (¢)

Solution: Let S = the set of all members owning sail-
boats and P = the set of all members owning powerboats
n(Sw P)=n(S)+n(P)—n(SNP)
82=53+38-n(SNP)
= nS§NP)=91-82=09.

® Example 4: If, B ¢ A’, then which of the following sets
is equal to A" ’
(a)(AnB)UB
() AUB) NA’
Ans. (b)
Solution: For (a),(A "B)UB=(A UB) N (BUB)
=(AuB)NB=B.
For (b), ANB)UA'=(AUA)YN(BUA)
=XNA =A
For (c), AUB)NA'=(AnA)uU(BNA)
=pU(BNA)
=BnNA" =B.
For(d) (4uB)NnB=8.

(b) ANBYUA’
d@AuBNB

@® Example 5: If {£}+[£} =5—x, then x is any term of
the following 2 3 6

(a) 3,6,9,12,... (b) 9, 18, 27, 36, ...
6 12 18

c) 6,12, 18, 24,... d —.—,—....

(c) (d) 5353

Ans. (c)



Solution: Since [f}[f} el,so [f} + [f} cl
2113 2 3

Thus 5—xelz>x=§n,nel.
6 5

o . X x| 5x
Substituting this value in [—} + [—} =—, we have

2 3 6
5]
—n|+|—-n|=n
5 5
sr=forfr oo
= —n—{—n;+—-n—-{=n;=n
5 5 5 5
= {gn}+{—n}=0
5 5
3 2 .
= {gn}=0= {gn} (Since 0 < {x} < 1)
2n-3n
Thus 3n = 5m,, 2n = 5m,, Therefore xn =
5 5 -5
= %szlmzzx ™ =5m; m,
= x=3m,
m

5
Similarly *

Hence x is multiple of 2 and 3 so of 6 and x € 1

® Example 6: The relation R defined by >’ on the set N is
(a) reflexive (b) symmetric
(c) transitive (d) equivalence relation
Ans. (c)

Solution: 2 # 2 so > is not reflexive, 3 >2 but 2« 3
so (3,2) € Rbut (2,3) ¢ R. Thus R is not symmetric. If
(a,b)e Rand (b,c) e Rthena>b,b>c= a>cso(a,c)
€ R. R is not an equivalence relation.

® Example 7: The relation a R b defined by a is factor of
b on N is not

(a) reflexive

(c) anti symmetric
Ans. (d)

Solution: Fora € N, ais a factor of a so R is reflexive.
If a is factor b and b is factor of ¢ then a is factor of ¢ so R is
transitive. If a is factor of b and b is factor of a then a = b so
R is anti symmetric, 2 is factor of 4 but 4 is not a factor of 2.

(b) transitive
(d) symmetric

@®@ Example 8: The domain of the function f{x) = log, sin x is

(@ R ) R~{nm:nel}
(¢) R~ {nm:ne N} (d) UI(2n7t, (2n+ D)
Ans. (d)

Solution: f(x) = log, sin x is defined for all x for
which sin x> 0. Butsinx>0ifxe (0, m) U 2x, 3n) U ...

= U (2nm, 2n+ ).

nel
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1-2
@® Example 9: The domain of y = cos”! e is

) 1. 1]
© [0, 2] @ [—1,3]
Ans. (a) 22

Solution: The given function is defined if

1-2x
<

SIS S e if —4<1-2x24,

=5-5<-2x<3= _—3sz§
2 2
® Example 10: Which of the following functions is bounded
(2) y=1-logox (b) y=e™
() y=sin' 2x+1)  (d) y=tan (4x + 1)
Ans. (c)

Solution: The range log;yx is (—eo, 0 ) so y =1 —log;yx
is unbounded. y = ¢ ** is unbounded from below as x — —oo,

y—> o, The range of sin"'x is [%g} soy=sin"'(2x+1)is

a bounded function. The range of tan xis Rso y =tan (4x + 1)
is unbounded

® Example 11: A function out of the following whose
period is not ris

(a) sin’x (b) cos’x
(c) tan (2x + 3) (d) y=1sin x|
Ans. (¢)

. 1 . .
Solution: y = sin’x = 5[1 —cos2x]. Since period of
cos x is 27 so period of cos 2x is 7.
1 . .
y=1+ cos’x = 1+5(1+cos2x). The period of this is

again 7. The period of tan x is 7 so period of tan (27 + 3) is
/2. If fix) = Isin x| then fix + 7) = |sin (x + 7)| = |-sin x| =
|sin x| = f(x). Thus the period of fis 7.

® Example 12: Which of the following functions is an odd
function

(a)y=x4—2x2 (b)y=x—)c2
3 5
(c) y =cosx dy=x-2+2
Ans. (d) 6 40

Solution: If fx) = x* — 2x? then fl—x) = (—x)* 2(—x)* =
x* = 2x* = fix). Hence f is an even function. If u(x) = x — x*
then u(—x) = x — x” so  is neither even nor an odd function.

p(x) = cos x, p(=x) = cos(—x) = cos x = p(x) so p is even

35 3 5
function. If s(x) = x — X 42 then s(—x)=—-x— XX
6 40
XX . .
—| x——+— | =—5(x), so s is an odd function.
6 40
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® Example 13: Let X={x:x=n’+2n+1,ne N} and
Y={x:x:3n2+7,ne N} then

(@) XN Yisasubsetof {x:x=3n+5,ne N}

b)) XNnYc{x:x=n"+n+1,ne N}

(©)34e XNnY
(d) none of these
Ans. (c)
Solution: If n® + 2n+ 1 =3n*+7
= -3 +21-6=0
= (n-3)(n*+2)=0
= n=3asne N

So, x=3x3*+7=34eXNY.
In (a) and (b) x # 34, forany n € N.

@® Example 14: A, B, C are the sets of letters needed to spell
the words STUDENT, PROGRESS and CONGRUENT,
respectively. Then n (A U (B n C)) is equal to

(a) 8 (b) 9
(c) 10 @@ 11
Ans. (b)

Solution: A= {D,E,N,S, T, U]

B={E G, O,P,R,S}

C= (C,E,G,N,O,R, T, U}

So AuBnNnO)
= {D,E,N,S, T, U} U{E, G, O, R}
={D,E,G,O,N,R,S, T, U}

andn [(AU (BN C)] =9.

® Example 15: Let A = {x : x is a prime factor of 240}
B = {x: x is the sum of any two prime factors of 240}.
Then
(a)5¢ANB
(c)8€ AnB
Ans. (d)
Solution: 240 =2x3x5x 8
So A={2,3,5}, B={5,7,8}.
Clearly 8 € A U B.

(b)7€e AnB
(d8e AUB

® Example 16: A, B, C are three sets such that n(A) = 25,
n(B)=20,n(c)=27,nANB)=5,n(BNC)y=7andANC=
¢ then n(A U B U C) is equal to

(a) 60 (b) 65
(c) 67 (d) 72.
Ans. (a)

LEVEL 1

Straight Objective Type Questions

Solution: ANC=¢ = ANBNC=¢.
" (AU B U C) =n(A) + n(B) + n(C)— n(A " B) = n(B  C)
-nANC)+n(AnNBNC)
=254+20+27-5-7-0+0=060.
® Example 17: Let X = {(x,y,2) | x,yz€ N.x+y+2z=

10, x<y<z}and Y= {(x,y,2) | x,y,z€ N, y = Ix — zl} then
X N Yisequal to

(@) {(2,3,5)} (b) {1,4,5}
(c) {5,1.4} (d) {(2,3,5), (1,4.5)}
Ans. (d)

Solution: X = {(1,2,7), (1,3,6), (1,4,5), (2,3,5)}.
Elements of X which belong to Y are (1,4,5) and (2,3,5) both
so they belong to X N Y.

® Example 18: If A,B,C are three non-empty sets such
that AN B =¢, BN C= ¢, then

(@ A=C b)AcC
(c)CcA (d) none of these
Ans. (d)

Solution: Let A = {1,2,3,4,5}, B = {6,7,8,9} and
C={11,12,13} which satisfy the given conditions but none
of (a), (b) or (¢).

® Example 19: Two finite sets have m and n elements
respectively. The total number of subsets of first set is 56
more than the total number of subsets of the second set. The
values of m and n respectively are

(@ 7,6 (b) 6,3
(©) 5,1 d 8,7
Ans. (b)

Solution: According to the given condition, we have
2" =2"+56

= 2" 32" =7 = 2" 3 (2" "~ 1) =7. Since 7 is a prime
number so we must have n — 3 = 0 (clearly m # n). Thus
n = 3. Therefore, 2" =2 + 56 =64 =2° = m = 6.

® Example 20: Among employee of a company taking
vacations last years, 90% took vacations in the summer, 65%
in the winter, 10% in the spring, 7% in the autumn, 55% in
winter and summer, 8% in the spring and summer, 6% in
the autumn and summer, 4% in the winter and spring, 4% in
winter and autumn, 3% in the spring and autumn, 3% in the
summer, winter and spring, 3% in the summer, winter and
autumn, 2% in the summer, autumn and spring, and 2% in
the winter, spring and autumn. Percentage of employee that
took vacations during every season:



(a) 4 (b) 3
(©) 2 (d) 8
Ans. (¢)

Solution: Suppose that number of employee taking va-
cations is 100.

Su — set of employee taking leave in Summer

W — set of employee taking leave in Winter

Sp — set of employee taking leave in Spring

A — set of employee taking leave in Autumn

n(Su) = 90, n(W) = 65, n(Sp) = 10, n(A) =7
n(W n Su) =55, n(Sp N Su) =8, n(A N Su) =6
nWnSp)=4, n(WnAu)=4,n(SpnA)=3
nSunA)=3,nSunWnA)=3
nSunwWnSp)=3,nSundnSp)=2
nWnSpnA)=2
nSunSpnNWnA)
=n(Su) + n(Sp) + n(W) + n(A) — n(Su N Sp)
—nSp " W)—n(Wn A) —n(SunA)—n(Sun W)
—nSp NA)+nlSunSp N W)+nlSunWnA)
+n(WnAnN Su)+n(SunSpnA)
-n(Sp v Su AU W)
=90+65+10+7 -55-8-6-4-4-3
+3+3+2+2-100=2

® Example 21: If A = {1, 2, 3,4}, B= {3, 4, 5} then the
number of elements in (A U B) X (A N B) X (A AB)is

(a) 5 (b) 30
(c) 10 (d) 4
Ans. (b)

Solution: 4 UB={1,2,3,4,5}. n(4UB)=5
AnB={3,4},nANB)=2
AAB=A~B)UB~A)={1,2} U {5}

=11,2,5}
n(4 A B)=3. Hence n((4 U B) X (4 " B) x (4 A B)}
=5x2x3=30.

® Example 22: Let I be the set of integers. For a, b € 1,
a R b if and only if la — bl < 1, then

(a) R is not reflexive

(b) R is not symmetric

() R={(a,a);ae 1}

(d) R is not an equivalence relation.
Ans. (c)
Solution: For any integers a, b, la — bl < 1 if and only
if la — bl =0 so a = b. Hence R = {(a,a); a € 1}.Thus R is
reflexive, symmetric and transitive.

@® Example 23: Let W denote the words in the English
Dictionary. Define the relation Rby R = {(x,y) e Wx W:
the words x and y have at least one letter common}, then R is
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(a) reflexive, not symmetric and transitive

(b) not reflexive, symmetric and transitive

(c) reflexive, symmetric and not transitive

(d) reflexive, symmetric and transitive
Ans. (¢)

Solution: (x, x) € R ¥ x e W as all letters in both
are common. If (x, y) € R then x and y have a letter in com-
mon = (y, x) € R.

Next, let x = fix, y = six and z = son then(x, y) € R,
(»,z2)€ Rbut (x,2) ¢ R

So R is reflexive, symmetric but not transitive

® Example24: IftherelationR:A— B,whereA={1,2,3,4}
and B= {1, 3,5} isdefinedby R= {(x, y); x<y,x€ A,y €
B} then RoR7'is

(@) {(1,3),(1,5),(2,3),(2,5),3,5), (4,5)}

() {3, 1), (5, 1),(5,2), 5, 3), 5, 4)}

(©) {(3,3),(3,5),(5,3),(5,5)

(d) none of these
Ans. (c)
Solution: R = {(1,3),(1,5),(2,3),(2,5),(3,5),4,5)}
and R'={(3,1),5,1),3,2),(5,2),(5,3), (5 4).
Thus  RoR™'={(3,3), (3, 5), (5, 3), (5, 5)}.

® Example 25: LetA={xe R:[x+3]+[x+4]<3}and

- x=3
B= {xeR:T‘(Zlng <3_3x} then
r=1

(a) A=B (b) A g B
(C)BEA (d AnB=¢
Ans. (a)
Solution: Letxe A, [x+3]+[x+4]<3
= [x]+3+[x]+4<L3
= 2[x] £-4 = [x] <2
= x€ (—oo-1)
A=(-o,-1)
> q x=3
Ifx € Bthen3"37| ) <3
r=1 1Or
x=3
:> 32)(—3 ]/]0 < 3—3X
1-1/10
N 32x-3 (372 )X‘3 <33
= 3¥<3¥ o 3<-3x

SOX € (o0, —1)
Hence B = (— oo, —1). Thus A = B.

@® Example 26: The range of the function f{x) = T=Yp s
P g x-3

(a) {1,2,3,4} d) {1,2,3,4,5, 6}
(©) {1,2,3} (d {1,2,3,4,5}
Ans. (c)



1.14 Complete Mathematics—JEE Main
Solution: 7—-x>1,x-32>0

and T—x2x-3
= x<6,x>23,x<5.
Thus 3<x<5
Range = {4P,, 3P, 2P,}
= {17 3’ 2}
® Example 27: The domain of the function
. -1 _
o) = sin” (x —3) "
\/9—x2
(a) [1,2] () [2,3)
(© [1,3) (d [1, 2]
Ans. (b)
Solution: —1<x-3<1and9-x*>0
= 2<x<4and -3 <x<3.

So domain of fis [2, 3).

® Example 28: The solution of 8x =6 (mod 14) is
(a) [8], [6] (b) [6], [14]
(c) [6], [13] (d) 8], [14], [16]
where [al={a+ 14 k: ke I}
Ans. (c)

Solution: We need to solve 14[(8x — 6) i.e., 8x — 6 =
14k, for k € 1. The values 6 and 13 satisfy this equation,
while 8, 14 and 16 do not.

@® Example 29: LetR={(x,y):x,y€ A, x+y=5}, where
A=1{1,2,3,4,5} then
(a) R is not reflexive, symmetric and not transitive
(b) R is an equivalence relation
(c) R is reflexive, symmetric but not transitive
(d) R is not reflexive, not symmetric but transitive

Ans. (a)

Solution: R={(1,4), 4, 1), (2, 3), (3,2)}, so R is not
reflexive as (1, 1) ¢ R. R is symmetric by definition and R is
not transitive as (1,4) eR, (4, 1) € Rbut (1, 1) ¢R.

® Example 30: Let R be a relation on a set A such that
R=R'thenRis
(a) reflexive
(c) transitive
Ans. (b)

Solution: If (a, b) € R then (b, a) € R'= R so R is
symmetric. The relation in Example 29 satisfy R = R but
is neither reflexive nor transitive.

(b) symmetric
(d) an equivalence relation

® Example 31: For x, y € R, define a relation Rby x R y
if and only if x —y + J2 is an irrational number. Then R is
(a) reflexive (b) symmetric
(c) transitive (d) none of these
Ans. (a)

Solution: Since x— x + v/2 =+/2 which is an irrational
number so x R x for all x € R. Hence R is reflexive. R is
not symmetric as (\/E, 1) € R but (1, \/5) ¢ R. Again R

is not transitive since (+/2, 1) €R and (1, 2+/2) €R but

(~2,242) ¢R.

® Example 32: Ifn|gandA={z eC :Z"=1},
B={z:77=1} then

(a) A=B (b) AnB={1}
(c)BcA (d)AgB
Ans. (d)

Solution: g = p n for some p e N
2 -1=C"Y-1=C"-DEP "+ 2"+ 1)
Every root of z" —1 is a root of z? — 1 and every root of
2P+ 2"+ 1=0is also a root of z7 — 1. Hence A ¢ B
and A N B=A.

® Example 33: IfA={z:(1+2i)) 7 +(1-2i)z+2=0}
and B={z:(3+2i) 7 +(3-2i)z+3 =0}, then

(a) A N Bis a singleton set

(b) AcB

(c) BcCA

(dAnB=9¢.

Ans. (a)

Solution: Equations in sets A and B represent straight

. R . - . o

line with @, = 1 +2iand &, =3 + 2i. Since —- # —% so the
o 0

lines are intersecting, hence A M B is a singleton set.

® Example 34: Let x, y €I and suppose that a relation R
on I is defined by x R y if and only if x <y then

(a) R is reflexive but not symmetric

(b) R is an equivalence relation

(c) R is neither reflexive nor symmetric

(d) R is symmetric but not transitive

Ans. (a)

Solution: Since x <x for all x € I so R is reflexive but is
not symmetric as (1,2) € Rand (2, 1) ¢ R. Also R is transi-
tiveasx<y,y<z=>x<z

® Example 35: If f: R — R is defined by f{x) = P+ 1,
then value of £~ (17) and f~' (=3) are, respectively,

(a) (P’ {4’_4} (b) ¢’ {39_3}
(c) {3,-3}, ¢ (d) {4,-4}, ¢
Ans. (d)

Solution: For any A R, we have
F'(A)={xe R: f(x) € A}. Thus,
AN ={x:f@ e {17}} = {x : f(x) = 17}
={x: X"+ 1=17} = {4, -4},
and similarly, /' (-3)= {xe R:¥*+1=-3} = ¢.



@® Example36: The functionsfand g are given by f(x) = {x},
1
the fractional part of x and g(x) = 5 sin [x]z, where [x]

denotes the integral part of x. Then range of gof'is

(@) [-1, 1] (b) {0}
(©) {-1, 1} (d) [0, 1]
Ans. (b)

Solution: (gof) (x) = g(fix)) =1/2 sin [{x}]r =0, for
all x € R. Hence the range of gofis {0}.

@® Example 37: The period of the function
fx) = cos’ 3x + tan 4x is

(a) n/3 (b) /4
(c) w6 dr
Ans. (d)

Solution: f(x) = (1/2) (1 + cos 6x) + tan 4x. The period
of cos 6x is 27/6 = 71/3 and the period of tan 4x is 7/4. Hence
the period of fis l.c.m. of 7/3 and 7/4 = 7.

® Example 38: The domain of the function

f(x) = sin™! (log3 %) is

(@) [-1,9] (b) [1,9]
(©) [-9, 1] (d) [3,9]
Ans. (b)

Solution: The function fis defined only if
— 1 <log; (x/3) < 1. This inequality is possible only if
1/3<x/3<31ie,1<x<09.

® Example 39: The domain of the function

J-logys (x=1) .

fix) = 1S
\— X2 +2x+8
(@) (1,4 (b) (-2,4)
(© 2,4 (d) none of these
Ans. ()

Solution: Since for, 0 < a < 1, log, x < 0 for x > 1
50 logy; (x — 1) < 0 for x > 2. Also — x* + 2x + 8 > 0 if
and only if x € (- 2, 4). Hence the domain of the given
function is (2, 4).

® Example 40: The function f: [-1/2, 1/2] — [-#/2, ©/2]
defined by f(x) = sin”' (3x — 4x°) is

(a) both one-one and onto

(b) neither one-one nor onto

(c) onto but not one-one

(d) one-one but not onto
Ans. (a)

Solution: Since sin”! (3x — 4x) = 3sin"' x € [-W/2, /2]
ie., sinx e [-7m/6, m/6] or x € [-1/2, 1/2] so f is onto.

3
N

increases on [—1/2, 1/2] and hence fis one-one.

Also f’'(x)= >0 for —1/2 < x < 1/2. Therefore, f
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@® Example 41: Given f(x) = ——— and

JIxl—x
glx) = ; then
Jx—=lxl
(a) domf # ¢ and dom g = ¢
(b) dom f= ¢ and dom g # ¢
(¢) fand g have the same domain
(d) dom f= ¢ and dom g = ¢
Ans. (a)
Solution: domf= {x:lx|>x}anddom g={x:x>Ilxl}
= ¢@. Thus dom f= R" (the set of all negative real numbers)
and dom g = ¢.

® Example 42: Which of the following functions is not
onto

(@) FRSR, flx)=3x+4
®) FRS R, f)=x>+2
©) £ R* >R, () = Vx
(d) none of these

Ans. (b)

Solution: The function f(x) = 3x + 4 is onto as for y €
-4
R, f ( yT) = y. The function f: R* — R*, f(x) = Vx is

onto as fory € RY, f(»*) =y. f: R = R*, f(x) = x> + 2 is not
onto as 1 € R" has no pre-image.

® Example 43: Which of the following functions is not
one-one
@ fR->R, filx)y=2x+5
®) £: [0, ] = [-1, 1], fix) =cos x
© fil-n/2,®2] > [1,7]f(x) =3sinx+4
@f:R—>[-1,1],f(x)=sinx
Ans. (d)
Solution: The function in (@) is one-one as 2x; + 5 =2x,
+ 5 is possible only if x; = x,. The function in () is one-one

. e X —X
as cos X, = cos x, if and only if sin ~-——2

=0ie., x; =x,.

Similarly the function in (c) is also one-one. The function
in (d) is not one-one as f(r) = f(2x) = 0.

® Example 44: Which of the following functions is non-
periodic

(a) flx) =x—[x]

1 if x is a rational number
(®) fly =4 .. o
0 if x is an irrational number
8 8
(©) fix) = +
1+cosx 1-—cosx

(d) none of these
Ans. (d)
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Solution: The function in (a) is periodic with period 1
and the function in (b) is also periodic since f (x + r) = f (x)

for every rational r. The function in (c) is equal to

and thus has period 7. | sin x|

® Example 45: Let f(x) = ﬂ, x #— 1. Then, for what
value of aris f(f (x)) =x ?

@ 2 (b) —2
(c) 1 (d) -1
Ans. (d)
of(x) o’x

Solution: f(f(x)) = F1l @Dl
Thus £ (f (x)) = x & o?x = (ot + Dx* + x
& @ -Dx=(a+1)x*
S+ ((a-D)—-(a+1Dx)=0
Since (- 1)-(a+1)x#0forall x so oc=—-1.

@® Example 46: LetR={(x,y): x,y€ R, x2+y2325}
R = {(x,y):x,yeR,yzgxz} then

(a) dom RN R =[-4, 4]

(b) range R "R’ =0, 4]

(c) range RN R’ =0, 5]

(d) R N R’ defines a function.
Ans. (c)

Solution: The equation x> + y> = 25 represents a circle
. . . 4
with centre (0, 0) and radius 5 and the equation y = 5 x
represents a parabola with vertex (0, 0) and focus (0, 1/9).
Hence R N R’ is the set of points indicated in the Fig.1.27

Fig. 1.27

={(x,y):—3<x< 3,0<y<3]}. Thus

dom R " R’ =[-3, 3] and range R N R’ = [0, 5] © [0, 4]
Since (0,0) e RN R and (0,5) € RN K’

-. Ois related to O as well as 5.

Hence R N R’ doesn’t define a function.

® Example 47: In a factory 70% of the workers like
oranges and 64% like apples. If x% like both oranges and
apples, then

(a) x<34 (b) x=>64
(c)3d<x<64 (d) none of these.
Ans. (¢)

Solution: Let the total number of workers be 100. A, the
set of workers who like oranges and B, the set of workers
who like apples.

So n(A) = 70, n(B) =64, n(ANB) =x.
Also n(AuU B) <100.

= n(A) + n(B) - n(An B) <100

= 70+ 64 -x<100=> x>34
Since n(ANB) <n(B) = x<64
Hence 34 < x < 64.

® Example 48: The Cartesian product of A X A has 16
elements. S = {(a, b) € A x Ala < b}. (= 1, 2) and (0, 1)
are two elements belonging to S. The remaining elements of
S are given by.

(@) {(-1,0), (-1, 1),(0,2), (1,2)}

(®) {(-=1,0), (1, D, (2,-1), (1, 2)}

(©) {(0,-D), (1,-1),(0,2), (1,2)}

(d) none of these
Ans. (a)

Solution: (-1,2)e AX A

= -1le A, 2eAand (0, 1) e AXA=0e€ A, 1e A
So, A={-1,0,1, 2} as A has four elements

and S={(-1,0), (-1, 1), (-1, 2), (0, 1), (0, 2), (1, 2)}.
Hence the required element of S are given by (a)

® Example 49: If R and R’ are two symmetric relations
(not disjoint) on a set A, then the relation R N R’ is

(a) reflexive (b) symmetric

(c) transitive (d) none of these.
Ans. (b)

Solution:

Let (a,b)e RN R forsomea, be A.

= (a,b)e Rand (a,b) e R’

= (b,a) € Rand (b, a) € R”as R and R’ are symmetric
=  (b,a)€ RN R showing that R N R’ is symmetric.

® Example 50: o, B, y denote respectively the sets
containing the letters in the names Apoorv, Mannan and
Manvi of three children playing together. Which of the
following is not correct.

@ n(anyln(@upuy

(b) n(BApln(@upuy

@©naupuy =38

(dn@upuy=n(avy)
Ans. (b)

Solution: o= {a,o0,p,r,v}, B={a, m, n}
Y= {a, i, m,n, v}
an B={a},ony={a,v}, B y={a, m, n}

au puy={a,i,mno0,p,r,v}=0UY.



® Example 51: If f: R — R, defined by f(x) = x> +7, then
the value of f “1(71) and 1D respectively are

(a) {4}, ¢ (b) ¢, {-2}

(c) {4}, (-2} @ {2}, {-4)
Ans (¢)
Solution: f(x)=x’+7=71 =x =64 =>x=4
= fan=4

and ) =X’ +7=-1=x=-8=x=22=f""(-1)={-2}

® Example52: IfA=1{1,3,5,7,9,11,13,15,17},B={2,
4,6,8, 10, 12, 14, 16, 18} and N, the set of natural numbers
is the universal set, then A" U [(A U B) N B'] is

(a) A (b) A
(c) B (d) N.
Ans. (d)

Solution: (A UB)N"B =AasANB=¢
= A U[AUB) NB]1=A"UA=N.

® Example 53: If X = {1, 2, 3, 4,}, then a one-one onto
mapping f: X — X such that f{1) = 1, f(2) # 2 and f(4) #4 is
given by

(@) {(1,1),(2,3),3,4),4,2)}

() {(1,1),(2,4),(3, 1), (4,2)}

(©) {(1,2),(2,4),(3,2),(4,3)}

(d) none of these
Ans. (a)

Solution: fin (a) is clearly one-one and onto also satis-
fiesfll)=1,f2)=3#2,f(4)=2+#4.

® Example 54: Let fix) = (x + 1)>— 1, x > —1 then the set
{x: fx) =f ' (x)} is equal to

(@ {0,-1} (b) {0, 1}
() {-1,1} (d) {0}
Ans. (a)
Solution: Lety:(x+1)2—1,x2—1
= x+1)2=y+1
= x+1=[yylrasx>-1
= x=-1+4y+1,y=2-1
Thus Fla)=—1+ Jx+1
So @) ="
= G+ 1D —1=-1+ Jx+1
= Jx+1 =0 or (x+ 1)¥*=1
= x=—1lorx=0

@® Example 55: Let P={60:sin6—cosO= J2 cos 6} and
O={0:sinB+cosf= 2 sinB} be two sets, then

(a) PcQandQ~P#¢ (b)QzP

(c) PzQ (dP=0.
Ans. (d)
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Solution: sin 6 —cos 6= 2 cos

= sin9=(\/5+1)cos(9
& cosO:(x/E—l)sin@
= sin@ + cos® = /2 sin
= P=0.

@® Example 56: If A, B, C are three sets such that A N B =
ANnCandA U B=AuU C, then
(ayB=C b)ANnB=¢
(c) A=B dA=C
Ans. (a)
Solution: Letxe B=>x€ AUB
= xeAuC=>xeAorxe C
Ifxe A,thenxe ANB=AnNnC=xe C
So xe B=>xe C.
Similarly xe C = x e B, Hence B=C.

® Example 57: The domain of the function

sin”! (x—3)
o=5e "
(@ [1,2] (b) [2, 3]
() [1,3] (d) [1,2]
Ans. (b)

Solution: x>’ <9 = -3 <x<3
and-1<x-3<1=2<x<3

® Example 58: Let X = {1, 2, 3, 4, 5}. The number of
different ordered pairs (Y, Z) that can be formed such that
YcX,Zc X, and YN Zis empty is

(@) 2° (b) 5°

(©) 5° @ 3°
Ans. (d)
Solution: For each x € X, we have three choices
xeY, xeZ, =xegeVY xeZ, xegeV¥Y x¢Z

So the required number of ordered pairs is 3.

® Example 59: Let X = {1, 2, 3, 4}. The number of
equivalence relations that can be defined on X is

(a) 10 (b) 15
(c) 16 ) 8
Ans. (b)

Solution: The number of equivalence relations

k-1

B, = Z(kn_l)Bn;

n=0

B,=1,B,=1,B,=2,B,=5

B, = ((3))30"'(?)31 "'(3)32"'(%)33
=1+3+3x2+1x5=15

® Example 60: The function f{x) = sinE —cos X is
n! (n+1)!
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(a) non periodic

(b) periodic with period 2(n!)

(c) periodic with period 2 (n + 1)!
(d) periodic with period n!

Ans. ()
Solution: Since the period of sin x is 27 so the period
2rn! X
of sinﬂ is e 2(n!). The period of cos is
n! Y3 (n+1D)!

2(n + 1)! The period of fix) = L.c.m. 2®!), 2(n + 1)!) =
2(n + 1)!
® Example 61: If f(x)* f(:—x):f, x# -1, 1 and
x
fix) # 0, then {f(-2)} (the fractional part of f{-2)) is equal to
(a) 2/3 (b) 1/3
(©) 1/2 (o0
Ans. (a)

x . .
in the equation
+x

(f<x>)2f(1‘x) =x’ ()

T+x
1-x
(f(1+x

Solution: Replacing x by 1

We have

2 I—x)
D fx) = (1—] .. (i)
+x

Solving (i) and (ii), we have

3)\2 3
x - (1—_)6)
((f(x))zj 7O =1

R ' _ (1 + xf
x° 1-x
= flx) = X2 (l-i-_x)
1-x

-1\ 4

veo)=-3-[-2--2i0-2

@® Example 62: Let f(x) be a function such that fix — 1) +
10
fx+1)= \/Ef(x) forall x e R.Iff(3) =5 then Zf(3+8r)

is equal to =0
(a) 50 (b) 55
(© 0 (d) 10

Ans. (b)

Solution: The given equation is

fx-D+fix+1)= x/Ef(x) . (@)
Replace x by x -1 in (i)

fx=2)+fx) = V2f(x-1) ... (i)
Replace x by x +1 in (ii)
fo) +fix+2)= V2f(x+1) ... (ii)

Adding (ii) and (iii), we have
fr=2) +flx+2) +2fx) = V2 (flx = 1) + fix + 1)
= V2 V2.f(x) = 2ftx)

= fx-2)=—fx+2)
Replacing x by x + 2, we have

J) =fx+4) =—(f(x + 8)) =flx + 8)

10
Y f3+8r) =11 xf(3)=11x5=55.
r=0

@® Example 63:

1+4sin460
4sin40
4sin40

sin® cos’ 6
sin @

1+sin” 6

Let (6) = 1+ cos® 6

cos’ 6
then fis

(a) anon periodic function

(b) periodic with period

(c) periodic with period 7/2

(d) odd function
Ans. (c)

-1 0 1

Solution: f(6)=| -1 1 0

1+sin’0 cos’O 4sin20

(R, > R, — R,
R, >R, - R;)
0 0
= -1 1 0 (C,—>C +Cy)
.2
I+sin"6 cos> 6 4sin40
+ 4 sin46

=—(cos’0+ 1 + sin’0 + 4 sin4 6)
=—2(1 +2sin40) ,
which is periodic function with period Tn =

Y



® Example 64: Let R be the real line. Consider the

following subsets of the plane R x R:
S={(x,y):y=x+1land0<x <2}
T={(x,y): x—yis an integer}

Statement-1 : 7' is an equivalence relation on R but S is not

an equivalence relation on R.

Statement-2 : S is neither reflexive nor symmetric but 7 is

reflexive, symmetric and transitive.

Ans. (a)

Solution: Sincexzx+ 1, (x,x) ¢ S, soSis not reflexive.
Nextx,ye §,=>y=x+1=>x=y-1=(,x) ¢ S,s0is
not symmetric.

Since x-—x=0isaninteger (x,x)e TVxe T
= T is reflexive.

Again (x,y) e T= x—yis an integer

= y—xis also an integer = (y,x) € T

So T is symmetric.

Also (x, e T,(y,2)e T.

= x—yand y — z are integers

= x—z=(x-y)—(y—27)is also an integer
= x,2)eT

So T 'is Transitive.
‘Which shows that statement-2 is true and hence statement-1
is also true.

® Example 65: Consider the following relations.
R ={(x, y) | x, y are real numbers and x = wy for some
rational number w}

S= {(%, sj} m, n, p, q, are integer such that n-qg # 0
and gm = pn}

Statement-1: S is an equivalence relation but R is not an

equivalence relation.

Statement-2: R and S both are symmetric.

Ans. (c)

Solution: Since (0, 1) € Rbut (1,0) & R, R is not sym-
metric and hence is not an equivalence relation so state-
ment-2 is false.

Next, For the relation S, gm = pn = n_P
n

Thus (E,BJ e S = m_r which shows that S is
n q n q
reflexive and symmetric

Again, (ﬂﬂ) e S and (2,5) e S
n q q s
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Assertion-Reason Type Questions

m r mr
= n_EP_T :>(—,—€S)
n q s n s
Thus S is transitive and hence S is an equivalence relation.
So, statement 1 is true.

® Example 66: Let R be a relation on the set N of natural
numbers defined by n Rm < n is a factor of m (i.e. n | m).
Statement-1: R is not an equivalence relation
Statement-2: R is not symmetric

Ans. (a)

Solution: Statement-2 is true as 2 1 6 = 2R6 but 6 does
not divide 2 so R is not symmetric = R is not an equivalence
relation and the statement-1 is also true.

® Example 67: LetA={1,2,3} and B= {3, 8}
Statement-1: (A U B) X (A N B) = {(1, 3), (2, 3), (3, 3),

(8,3)}

Statement-2: (A X B) N (BXx A) ={(3, 3)}
Ans. (b)
Solution: AUB=1{1,2,3,8},AnB={3)}
= AUB)X(AnB)={(1,3),(2,3),3,3),(8,3)}
= Statement-1 is True.

(x,y) e AXB)N(BXxA)
= (x,y)e AxBand (x,y)e BXA
= xeANB,ye AnB
= {(3,3)} =(A xB) N (B xA) = Statement-2 is

also true but is not a correct explanation for state-
ment-1.

® Example 68: Statement-1: The number of bijective
functions from the set A containing 100 elements to itself
is 2190,

Statement-2: The total number of bijections from a set con-
taining n elements to itself is n!

Ans. (d)

Solution: Statement-2 is true and so, statement-1 is False.

® Example 69: Statement-1: f : R — R is a function

defined by fix) =5x+3.If g =f’1, then g(x) = XT_S .

Statement-2: If f: A — Bis abijection and g : B — A is the
inverse of f, then fog is the identity function on A.
Ans. (c)

Solution: Lety=5x+3 = x= y?

is the inverse of f, so statement-1 is True.

x-3
= X)=
g(x) 5
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Statement-2 is false because g: B—>Aandf: A —> B
= fog : B — Band g :f_1 = fog is an identity
function on B.

® Example 70: Let X and Y be two sets.

Statement-1: XN (YU X) =¢

Statement-2: If X U Y has m elements and X N Y has n
elements then symmetric difference X A Y
has m — n elements

Ans. (b)

Solution: XN (YUXY=XNY'NnX)=XNX'NY =¢.

= Statement-1 is True.
XAY=X~YHu~X=XuY~XnNnY)

= number of elements in X A Y =m — n.

= Statement-2 is True but does explain statement-1.

® Example 71: Let fbe a function defined by
f=@x-1*+1,(x>1)

Statement-1: The set {x : f(x) =f ')} = {1, 2}

Statement-2: fis a bijection andf‘l(x) =1+x-1,x21

Ans. (a)

Solution: Lety=flx)=(x-1)>+1

= y-l=@-1l=x=1+Jy—-1,y>1
Thusf’l(x) =1+ \/ﬁ ,x = 1. So statement-2 is true.
Now f(x) = £~ (x)

= x-1)%=Jx-1

= Jr=1[x=-D¥*-11=0

= x=1,2.
So statement-1 is true and statement-2 is a correct explana-
tion for statement-1.

® Example 72: Let R be the set of real numbers
Statement-1: A = {(x, y) € RXR:y+xisaninteger} is an
equivalence relation on R.

Statment-2: B = {(x, y) € RX R :y= ax for some rational
number ¢} is not equivalence relation on R.

@® Example 74: From 50 students taking examinations in
Mathematics, Physics and Chemistry, 37 passed Mathematics,
24 Physics and 43 Chemistry. At most 19 passed Mathematics
and Physics, at most 29 Mathematics and Chemistry and at
most 20 Physics and Chemistry. The largest possible number
that could have passed all three exams is

(a) 10 (b) 12

© 9 (d) none of these.
Ans. (d)

Ans. (d)

Solution: A is neither reflexive nor transitive as x + x
may not be integer V x € R and if x + y and y + z are integers,
X + z may not be an integer for x, y, z € R.

So statement-1 is false.

Statememt-2 is true as B is not symmetric, because (\/5 ,0)
€ Bas0= 3 x0fora=0,but (0, V3)¢ B.

® Example 73: Consider the following relation R on the
set of real square matrices of order 3.

R={(A,B):A= P~'BP for some invertible matrix P}
Statement-1: R is an equivalence relation.

Statement-2: For any two invertible 3 X 3 matrices M and
N, MNY' =Nt

Ans. (b)

Solution: Statement-2 in true (See Text.)
In statement-1, A = I'ar

for all real square matrices A of order 3.

= (A,A) e R = Risreflexive,
Next, let (A, B) € R

= dainvertible matrix P of order 3.
suchthat A=P'BP

= B=PAP'=PYHY'arh

= R in symmetric

If Now (A,B) e Rand (B, C) € R

Then 3 invertible matrices P and Q

of order 3 such that
A=P'BPandB=07'CQ.

= A=P'Q9'coP=(QP)"! CQP (From
statement-2)

= (A, C) € R and thus R in transitive. Hence R is an equiva-
lence relation and the statement-1 in also true but state-
ment-2 is not a correct explanation for it.

LEVEL 2
Straight Objective Type Questions

Solution: The given conditions can be expressed as
n(MuPuUC)=50,n(M)=37,n(P)=24,
n(C) =43, n(M N P) <19,
n(M N C) <29 and n(P N C) <20,
nMuUPUC)=nM)+ n(P)+n(C) —n(Mn P)
- mMnNnC)y—n(PnC)+nM
NPNC)

= 50=374+244+43-nMnNP)—nPNnC)



—nMNC)+nMnNPNC)
= nMNPNC)SnMnNP)+n(MnNC)
+n (PN C)—54.
Therefore, the number of students that could have

passed all three exams is at most
19 + 29 + 20 — 54 = 14.

@® Example 75: Suppose A, A,, ..., Ay, are thirty sets each
having 5 elements and By, B, ..., B, are n sets each with 3

30 n
elements, let U A; = U B; = § and each element of §
i=1 j=1
belongs to exactly 10 of the A;’s and exactly 9 of the B;’s.
Then n is equal to

(a) 15 () 3
(c) 45 (d) none of these
Ans. (c)

30

1

Solution: S=|J A, son(s)= 1o (5X30)=15 (since
i=1

element in the union S belongs to exactly 10 of the A,’s).

Again §= UB,. N
i=1

n(§)=193xn)=n/3=15=>n=45

® Example76: LetR=1{(3,3),(6,6),(9,9)(12,12),(6,12),
3,9), (3, 12), (3, 6)} be a relation on the set A = {3, 6, 9,
12}.
The relation is

(a) an equivalence relation.

(b) reflexive and symmetric only.

(c) reflexive and transitive only

(d) reflexive only.
Ans. ()

Solution: R is reflexive as
(3, 3),(6,6),(9,9), (12, 12) € R.
R is not symmetric as (6, 12) € R but (12, 6) ¢ R.
R is transitive as the only pair which needs verifica-
tion is (3, 6) and (6, 12) e R= (3, 12) € R.

® Example 77: LetR={(1,3),(4,2),(2,4),(2,3),(3, 1)}
be a relation on the set A = {1, 2, 3, 4}, the relation R is
(a) not symmetric (b) transitive
(c) a function (d) reflexive
Ans. (a)

Solution: R is not symmetric as (2, 3) € R but
(3,2) ¢ R.Itis not transitive as (1, 3), (3, 1) € R. but (1, 1)
¢ R so is not reflexive also.

Again as (2, 4) and (2, 3) € R, itis not a function.

@® Example 78: Let I be the set of integers, N the set of
non-negative integers; Np the set of non-positive integers ;
E is the set of even integers and P is set of prime numbers.
Then
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@ NNNp=¢ b)) I-N=Np
() NANp=I1-{0} dENP=9¢.
Ans. (c)

Solution: N N Np = {0},
[-N={.,-2 -1}
NANp={N-Np)uU (Np-N)
1,23 U n=3-2 -1}
1~ {0}
and  EnP={2).

® Example 79: If n(A) = n then n{(x, y, 2); x, y, 7 € A,
X#EY, V£ I ZX)=

(a) n’ (b) n(n—1)*
(c) n’(n-2) (d) n® -3n*+2n
Ans. (d)

Solution: There are n choices for the first coordinate,
n— 1 choices for second coordinate and n — 2 choices for the
third coordinate, hence n ({(x,y, 2); x, , z€ A, x 2y #z}) =
nn—1)(n-2)=n’-3n+2n.

@® Example 80: If A = {x : x e I, - 2 < x < 2},
B={xeL0<x<3},C={xxxe N,1 <x<2} and
D ={x, yye NxN;x+y=28}. Then

@nAuBul)=5 b)nD)=6
c)nBuUlC)=5 (d) none of these
Ans. (d)

Solution: A = {-2,-1,0, 1, 2}, B = {0, 1, 2, 3},

Cc=1{1,2}

SO BuC=1{0,1,2,3},
AuBuU(C)={2-1,01,2,3}

so nAuBuUC)=6,n(BuC)=4

and D={(1,7),(2,6),(3,5), (4,4), (5,3),
(6,2), (7, D} so
n(D) ="7.

® Example 81: If A= {4"-3n—1lne N} and
B = {91 -9: n e N}, then AUB is equal to

(a) B (b) A
(© N (d) none of these
Ans. (a)

Solution: It can be shown by induction that9 | 4" —3n—1
for every n € N. Thus A < B. Clearly A # B as 27 € B but
27¢ A.ThusA U B=B.

@® Example 82: A and B are two sets having 3 and 4 ele-
ments respectively and having 2 elements in common. The
number of relations which can be defined from A to B is

(a) 2° (b) 2'°-1
(c) 212 (d) none of these.
Ans. (¢)

Solution: The number of elements in A X Bis 12. Hence
the number of subsets of A X B is 212, which includes the
empty set
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@® Example 83: If R and S are two symmetric relations then
(a) R o §is a symmetric relation
(b) S o R is a symmetric relation
(©)RoS Tisa symmetric relation
(d) R o S is a symmetric relation if and only if RoS =
SoR.
Ans. (d)

Solution: Since R and S are symmetric relations so
R'=RandS'=S.But(RoS)'=5"0oR"=S0R. Thus
RoS is symmetric if and only if RoS = SoR.

® Example 84: Let A be the set of all determinants of order
3 with entries O or 1 only, B the subset of A consisting of all
determinants with value 1, and C the subset consisting of all
determinants with value —1. Then if n(B) and n(C) denote the
number of elements in B and C, respectively, we have

(@ C=9¢ (b) n(B) =n(C)
(c)A=BuC (d) n(B) =2n(C)
Ans. (b)

Solution: C cannot be the empty set because, for in-
stance,

010 101
-1=|1100| e C.Wealsohave |1 10| =2,
001 011

so A # B U C. In general, the determinant

ap ap a3
_Ay10ya33 T Ay Ay3a3) T A130,103)
Ay Ay Gp3 |=
— 411003y — 4101033 — A13d310y),
a3 dzp dsz

with the a’s being 0 or 1, equals 1 only if a;,a,a3; = 1 and
the remaining terms are zero; if a;, a,3 a;; = 1 and the re-
maining terms are zero; or if a3 a,; az, = 1 and the remain-
ing terms are zero. Since there are three similar relations
for determinants that equal — 1, we must have n (B) = n (C).

® Example 85: The domain of the function

1 .
fix) =log, (—logl,2 (1 + @) - 1) is

(a) 0<x<1 b)0<x<1
() x=1 (d)x>1
Ans. (a)

Solution: For f to be defined we must have log;,,
1 ) 1 N o .
I+-—= | <-1 1+ = >(2) =2 whichis possible
( Yx Yx

1
ifand only if ;= >1l1ie,0<x<I.

Yx

Hence the domain of the given functionis {x : 0 <x < 1}.
® Example 86: The domain of definition of

= loge o [ F2L] w =i
B Bo.4 xX+5 x? =36

(@) {x:x<0,x#-06}
b) {x:x>0,x#1,x#6}
© {x:x>1,x#6}
d {x:x=21,x#6}
Ans. (c)

-1
Solution: For ,|log , ( x—s j to be defined, we must
X+

x—1

<1, whichis true if x > 1. Morever, —
x+5 x“ =36

is defined for x # + 6. Hence the domain of fis
{x:x>1,x#6}.
@® Example 87: The set of all x for which fix) = log,,_, 2

have 0<

and g(x) = \/217 are both not defined is o
x° -9
(@ (=3,2) (b) [-3,2)
(c) (=3,2] (d [-3,2]
Ans. (d)

Solution: The function f is not defined for — 3 < x <
2 and g is not defined for those x for which ¥ -9<0ie.,
x € [-3, 3]. Thus fand g are not defined on [-3, 2].

® Example 88: If f(x) is a polynomial satisfying f(x)
f(/x) =f(x) + f(1/x) and f(3) = 28, then f(4) is given by

(a) 63 (b) 65
(c) 67 (d) 68
Ans. (b)

Solution: Any polynomial satisfying the functional
equation f(x)-f(1/x) = f(x) + f(1/x) is of the form x" + 1 or
—x"+ 1.1 28 = f(3) =— 3" + 1 then 3" = — 27 which is not
possible for any n. Hence 28 =f(3)=3"+1=3"=27=n
=3.Thus f(x) =x" + 1, s0 f(4) = 4% + 1 = 65.

® Example 89: Part of the domain of the function

cosx—1/2
(x) = ,|[——— lying in the interval [-1, 6] is
! Vo+35x—6x2 °

(a) [-1/6, /3] v [57/3, 6]
(b) (=1/6, @3] L [57/3, 6)
(c) (-1/6, 6)
(d) none of these

Ans. (a)

Solution: The function fis meaningful only if cos x — 1/2
>0,6+35x—6x*>00rcosx—1/2<0, 6+ 35x — 6x°< 0
ie.,cosx=>1/2,(6—x) (1 +6x)>0o0rcosx<1/2, (6 —x)
(1 + 6x) < 0. These inequalities are satisfied if

x e (-1/6, /3] U [57/3, 6).

® Example 90: Let £ R — R be a function defined by
Ixl _ —x
fa)= &% Then
e +e
(a) fis both one-one and onto
(b) fis one-one but not onto



(c) fis onto but not one-one

(d) fis neither one-one nor onto
Ans. (d)
Solution: f is not one-one as f(0) = 0 and f(-1) = 0.
fis also not onto as for y = 1 there is no x € R such that
f(x) = 1. If there is such a x € R then €™ — ¢™ = ¢" + ¢,
clearly x # 0. For x > 0, this equation gives — ¢ = ¢ which
is not possible. For x < 0, the above equation gives ¢* =—¢™
which is also not possible.

® Example 91: Let f(x) = x> and g(x) = 2" then the solution
set of fog (x) =g of(x) is

(a R (b) {0}
(©) {0, 2} (d) none of these
Ans. (¢)

Solution: fog (x) = f(g (X)) = f(2%) = (2% = 2™ and gof
) =g (fx) =g @)= 2 Thus the solution of 2% = 2% is
given by x* = 2x which is x = 0, 2.
® Example 92: A functionf: R — R satisfies the equation
fOfO)—-fxy)=x+yforallx, ye Randf(1)> 0, then
@ fx)=x+12 b) f()=(112)x+1
@ fx)=>1/2x-1 @ fixy=x+1
Ans. (d)
Solution: Taking x =y =1, we get
SOfM)—fM =1+1=f1P-f(1)-2=0
= f(H-)FM+D=0=f(D)=2( f(1)>0)
Taking y = 1, we get
FOM-fO=x+1=22f(0)-f)=x+1
= f)=x+1.
® Example 93: If f: [1, o) — [2, o) is given by f (x) = x +
1/x then f _l(x) equals

x+Vx? -4
@ e
2
© # (d) 1+vVx? —4

Ans. (a)
Solution: y=x+ 1/x=x*—xy+1=0

_yENY -4

= X
2
2 —
Since x € [1,0) so X = YENy =4 “;4
Hence f‘l(x) = %

@® Example 94: Consider the function f= {(x, sin x)|— o <
x<oo} LetA = [0, %} and B = [0, g} then
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(a) fA N B) = flA) N f(B) (b) AA N B) =0, 1]

(c) FA) N fAiB) =10, 1] (d) fflA) UAB) = [0, l}
2
Ans. (a)

Solution: f(x) = sinx is an increasing function on

[0, /2] so flA) = [O, sin%} = [0, %} and f(B) = [0, 1].
Thus f(A) N AB) = [0, ﬂ AlsoANB= [o, %} ,SoflA N B)

= [o, sin %} = [o, ﬂ .Thus lA) Nf(B) = [o, ﬂ =f(ANB),
Also flA) U fiB) = [0, 1].

® Example 95: Let f(x) be a polynomial of even degree
satisfying f(2x) (1— f(i))+ £(16x°y) = fi-2) - fidxy)
for all x, y € R ~ {0} and f{4) = —255, f(0) = 1. Then the

value of ‘@ is
(a) 4 b) 5
()7 (d) 6
Ans. (¢)

Solution: Replacing y by % in the given functional
equation, we obtain 8x

f(2x)(1—f(21 D +f(2)=f(-2) - f(i)

X

Since fis an even function so f(2) = f(-2),
1 1
SO fQx)—f2x) f (Z) ==f (z—x)
1 1
= fQ2x) +f(a) = f(2x) f(g)

Replacing x by g we have

1 1
s s{L)= oo (1)
X X
Since fis a polynomial, so f(x) = £ x" + 1 (see Example 88)
But-255=f(4)=%4" + 1. Only negative sign is possible, thus
4"=256 = n=4d.ief(x)==x'+1.f2)=-2*+1=-15
ek
2 20

® Example 96: The domain of the function f(x) =
3/ x-5 .
+ ¥sinx +log, Z loxsoa is
(@) {Qkrm Ck+ Drm): ke I}
(b) {2km, 2k+ 1)) : ke N}
(¢) (6,) U (4,5)
(d) {Qkm, Qk+ Dm) ke I} U (6, )
Ans. (b)

1
vsin x
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Solution: The domain of /sinx is R.

1
The domain of ={x:sinx>0}
vsin x
={Q2km, 2k + Dn) : ke 1}
The domain of log, zx;S =log,, X5
x°—10x+24 (x—6)(x—4)

=
L

1. Let U be a Universal set and n(U) = 12. If A, BC U
are such that n(B) =6 and n(A N B) =2 then n(A U B’)

is equal to
(@) 6 (b) 10
() 7 d) 8

2. Let R be a relation on R defined as a R b if lal £ b.
Then, relation R is

(b) symmetric
(d) not antisymetric

(a) reflexive

(c) transitive
3.Letfix) =ax + b, x € R, and gx) =x +d, x € R,

then fog = gof if and only if

(@) fla) =g(c) (b) fld) = g(b)

() fib) = g(d) (d) flc) = g(a)

4. The domain of the function f{x) = % is
xl—x
(@) R (b) R~ {0}
(c) R* (d) R

s
L

9.If A =1{2,3,4,5 7}, B=1{1, 2,4, 7,9} then
(A ~B)u (B~A) nAisequal to
(@) {3,5} (b) {2, 4}
(©) {3,7} (d) {2, 7}
10.IfA={2x:xe N}, B={3x:x € N} and
C={5:xe€ N)ythen A n (B n C) is equal to
(a) {15,30,45, ...}
(b) {10, 20,30... }
(c) {30, 60, 90, ... }
(d) {7,14,21 ... }.
11. If X and Y are two sets such that
XNY=XuUY,then

={x:x#5x>5x>6,x>4or
x#5,x<5,4<x<6}
=(4,5) N (6, =)
Thus the domain of f(x)
={Qkm, Qk+ 1)n): ke 1} N {(4,5) U (6,)}
={Q2km, 2k+ 1)) : ke N}
(since (4, 5) does not intersect {( 2km, 2k + ) : ke 1})

EXERCISE

Concept-based
Straight Objective Type Questions

(R" is the set of positive real numbers and R~ is the
set of negative real numbers)
5. The domain of y = cos! (1 - 2x) is
(@ [-1,1] () [0, 1]
11
22
6. If f{x) = sin x — cos x is written as f;(x) + f,(x) where

f1(x) is even and f,(x) is odd then

(@) fi(x) = cos x (b) fi(x) =—cos x
(c) fr(x)=—sinx+cosx (d) f5(x) =sin 27— x)

7. The range of y = 1 — sin x is

(a) [-1, 1] (b) [0, 1]

(¢ [-1,2] (@ [0, 2]

8. The function fix) = x log ~— is
1+x

(b) a bounded function
(d) an even function

(a) a periodic function
(c) an odd function

LEVEL 1
Straight Objective Type Questions

(@) XcY Xz#Y b)) YcXY#X

) X=Y (d) none of these
12. If X, Y and A are three sets such that A " X =A N

Yand A U X =A U Y then

(a) XcY (b)) YcX

) X=Y (d) none of these
13.If A = {x : x € R and satisfy x* — 15x + 56 = 0}

B={x:xe Nand x + 5 £ 14}

and C={x:xe N and x/112}.

Then A U (B n O) is equal to

(a) {1, 2,3,....8} (b) {8,7}

(© {1,2,8,7} (d {1,2,4,7,8}



14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

If A is the set of letters needed to spell “MATH-
EMATICS” and B is the set of letters needed to spell
STATISTICS, then
(a) AcB
(c)AAB=A-~B
If A and B are two sets such that n(A U B) = 36,
n(A N B) =16 and n(A ~ B) = 15, then n(B) is equal to
(a) 21 (b) 31

(©) 20 (d) 52

The maximum number of sets obtainable from A and
B by applying union and difference operations is
(@ 5 (b) 6
(c) 7 (d) 8
If A and B both contain same number of elements and
are finite sets then
(@) nAuUB)=n(AnNB) (b) n(A~B)=n(B~A)
(¢) n(A AB)=n(B) (d) n(A ~ B) =n(A)

(b)A~B=¢
(d) none of these

IfAAB=AU B then
() A=B b)ANB=¢
(c)AAB=¢ () AAB=A~B

In a class 60% passed their Physics examination and
58% passed in Mathematics. Atleast what percentage
of students passed both their Physics and Mathematics
examination?

(a) 18% (b) 17%

(c) 16% (d) 2%

If the relation R: A — B, where A = {1, 2, 3} and
B = {1, 3, 5} is defined by
R={(x vy):x<y, xe A, ye B}, then
(@ R={(1,3),(1,5),(2,3),(2,5), (3,5}
(b) R={(1,1),(1,5),(2,3),(3,5}
© R'={3.D.(5.1),(3,2).(5.3)}
) R ={(1,1),(5,1),(3,2), (5,3)}
The relation R defined on the set A = {1, 2, 3, 4, 5}
by
R={(xy): x> -y <16}
is given by
(@ Ry ={(1,1,2, 1,3, D, 4 1), (2,3)}
() R, ={(2,2),(3,2),(4,2),(2,4)}
(©) R3={(3,3),(4,3),(5.4,G,4
(d) none of these
Let L be the set of all lines in a plane and R be
a relation on L defined by ;R [, if and only if
[, LI, then R is
(a) reflexive
(c) transitive

(b) symmetric
(d) an equivalence relation
For non-empty subsets A and B,

(a) Any subset of A x B defines a function from A to B.
(b) Any subset of A x B defines an equivalence relation

24.

25.

26.

27.

28.

29.

30.

31.

32.
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(c) Any subset of A x A defines a function on A
(d) none of these.

Let f(x) = (x + 1)> = 1 (x = —1). Then the set
S={x:f(x =f_1(x)} contains

@ {o,—1,_3+i@,_3_i@}
2 2
(c) {0,-1}

(d) none of these

If a set A has n elements then the number of all rela-
tions on A is
(a) 2}12

(c) 2"

The function f: R — R given by f(x) = 3 — 2 sin x
18

(b) 2}12 _ 1
(d) none of these

(b) onto
(d) none of these

(a) one-one
(c) bijective
Which of the following are functions?

(@) {(x,y): ) =4ax, x,y € R)

(®) {(x,y):y=1Ixl,x ye R}

© {2 +y*=1,xy€ R

@ {(y:*-y*=1,x5y€eR)

If £ R = R defined by f(x) = x* + 2 then the value
of f -1 (83) and f =2 respectively are

(@) ¢, {3, -3} (b) {3,-3}, ¢

(c) {4,-4}, ¢ (d) {4,-4},{2,-2}.

The minimum number of elements that must be added
to the relation R = {(1, 2), (2, 3)} on the sub set {1,2,3}
of natural numbers so that it is an equivalence relation
is

(a) 4 (b) 7

(c) 6 (d) 5

Let X be a non-empty set and P(X) be the set of all
subsets of X. For A, B € P(X), ARB if and only if
A N B = ¢ then the relation

(a) R is reflexive

(b) R is symmetric

(c) R is transitive

(d) R is an equivalence relation

Let f be a function satisfying 2f(x) — 3f(1/x) = x? for
any x # 0. Then the value of f (2) is

(a) -2 (b) —7/4
(c) -7/8 (d) 4
1 X (x+1)
If f(x) = 2x x(x—1) (x+1Dx
3x(x=1) x(x—D(x=-2) x(x=-D(x+1)
then
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FG0) + G+ ...... + f(99) is equal to
(@0 (b) 1275
(c) 3725 (d) none of these

33. The domain of definition of the functions y(x) given
by the equation a* + @’ = a (a > 1) is

(a) 0<x<1 (b 0<x<1
(c) —o<x<1 (d) —e0o<x<0
34, Let f (x) = x——[x]’ where [x] denotes the greatest
1+x—[x]
integer less than or equal to x, then the range of f is
(a) [0, 1/2] (b) [0, 1)
(©) [0, 1/2) (d) [0, 1]

35.If 2f (x%) + 3 f(1/x%) = x* — 1, then f (x?) is
(a) (1 —x%/5x° (b) (1 - x>)/5x
(c) 5x2/(1 —x4) (d) none of these
36. If f (x + 3y, x — 3y) = 12xy, then f (x, y) is
(a) 2xy (b) 2(x* - y%)
(©) X - y (d) none of these
37. If the function f : [1, o) — [1, o) is defined by
£ (x) = 2D then £ (x) is

(b) %(1+,/1+4log2x)
(©) %(1—\/1+4log2x) (d) not defined

38.If n (A) = 3 and n (B) = 5 then number of one-one
functions that can be defined from A to B is
(a) 30 (b) 40
(c) 120 (d) 60

39. Let f: {x, y, z} = {1, 2, 3} be a one-one function. If
it is given that exactly one of the following statements
is true,
Statement-1: fix) = 1, Statement-2: fly) # 1, State-
ment-3: f(z) # 2.

then f ' (1) is

(a) x () y
(©) z (d) none of these

2

(a) (1/2)*&*-D

40. The value of n € z for which the function

fx) = .Sin nx has 47 as its period is
sin (x/n)

(a) 2 (b) 3

(©) 4 (d) 5

41. Let R be a relation on N defined by
R={(m,n):m,ne Nandm:nz}.

Which of the following is true.
(a) (n,n)e R.Vne N
(b) im,n)e R= (n,m)e R
(¢c) (m,n)e R, (n,p)e R= (m,p)e R
(d) none of these

42. Of the number of three athletic teams in a school, 21
are in the basketball team, 26 in hockey team and 29
in the football team, 14 play hockey and basketball,
15 play hockey and football, 12 play football and
basketball and 8 play all the games. The total number
of members is
(a) 42
(c) 45

43. E, I, R, O denote respectively the sets of all equilater-
al, isosceles, right angled and obtuse angled triangles
in a plane, then which of the following is not true.
@RNE=¢,RNnI#¢
bB)ENO=¢,0NnI#¢
CENI=¢0,ENnO#¢
d) Enl#¢,Ecl

44 TfA={3":neN,n<6},B={9":ne N,n<4}
then which of the following is false
(a) AAB=1{6561}
(b) A~ B={3,27,243}
(c) AnB={9,81, 729}
(d) AuB=1{3,9,27,81, 243,729, 6561}

45.If f: R — R given by fix) = ax + sinx + a, then fis
one-one and onto for all
(a) ae R
(c) ae R~ {0}

(b) 43
(d) none of these

(b) ae R~[-1,1]

(d)ae R~ {-1}

46. If f: (0, m) — R is given by flx) = 2[1+ sin kx|, [x]

k=1
denotes the greatest integer function, then the range
of flx) is
(@ {n-1,n+1} (b) {n}
(©) {n,n+1} (d) {n-1,n}

47. If the number of elements in (A ~ B) ~ C, (B ~ C)
~A, (C~A)~Band AN BN Cis 10, 15, 20,
and 5 respectively then the number of elements in
(AAB)AC is

(a) 35 (b) 50
(c) 40 (d) 45

48. Let flx) = xj ,x#—1. Then f?°'°2014) (where
f'(x) = fof . .. of (x) (n times)) is
(a) 2010 (b) 4020
(c) 4028 (d) 2014
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50.

51.

54.

55.

56.

57.

58.
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Let R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)}
be a relation on set A = {1, 2, 3}

Statement-1: R is not an equivalence relation on A.
Statement-2: R is function from A to A.

Statement-1:

If A is a set with 5 elements and B is a set containing

9 elements, then the number of injective mappings

from A to B to 9! — 4!.

Statement-2: The total number of injective mappings

from a set with m elements to a set with n elements,
n!

m < m, 18 .
(n—m)!
Let fix) = sin x + cos x, g(x) = St x

l—cosx
Statement-1: f is neither an odd function nor an even
function.

o
L

The range of the function fix) = cos [x] for — m/2
< x < 7/2 contains
(a) {-1, 1, 0}

(c) {cos 1,—cosl, 1}

(b) {cos 1,1, cos 2}
(d [-1,1].

The domain of the function
x—5
x)=1lo — - 3Jx+5 is
f 810 2 oy +24
(@) (=35, ) (b) (5, =)

(©) 2,5V 5, ) (d) (4,5) U (6, )

Ifgx)=1+ Jx then a function f such that
fe) =3 -3@x)+x is
(a)f(x):x3—3x2+x+5
) fx)=x+3x>-x-5

© fx)=x"-3x"+5
@ fx)=x>-3x>+3x+3
X

e’ —

The function f (x) = +§+l is

(a) even
(c) odd

(b) periodic
(d) neither even nor odd

Let fand g be two functions defined by f (x) = Ll ,
x+

glx) = IL Then (f o g)”' (x) is equal to
—x

52.

53.

59.

60.

61.

62

Sets, Relations and Functions 1.27

Assertion-Reason Type Questions

Statement-2: g is an odd function.

Statement-1: A function f: R — R satisfies the equa-

tion f(x) — f(y) =x -y V x, y € R and f(3) = 2, then

Jy) =xy -1

Statement-2: f(x) = f(1/x) V x € R, x # 0, and

X +x+1

f2) =73 1if f(x) = 57—
x“—x+1

Statement-1: Let A = {2, 3, 7, 9} and B = {4,

9, 49, 81} f: A — B is a function defined as

f(x) = x*. Then f is a bijection from A to B.

Statement-2: A function f from a set A to a set

B is a bijection if f(A) = B and f(x)) # flix,) if

x| # x, for all x|, x, € A and n(A) = n(B).

LEVEL 2
Straight Objective Type Questions

(a) x (b) 1

(c) 2x (d) none of these
Let f: (-1, 1) = (0, ®) be defined by
f@ = cot” 12x2

Then

(a) fis one-one but not onto

(b) fis onto but not one-one

(c) fis both one-one and onto

(d) fis neither one-one nor onto

Let f: X — [1, 27] be a function by f (x) = 5 sin x
+ 12 cos x + 14. The set X so that f is one-one and
onto is

(a) [- w2, n/2]
(c) [0, m/2]

(b) [0, 7]
(d) none of these

1-
Let f (x) = l_x Then f o f (cos x) is equal to
+x

(a) cos 2x
(c) tan 2x

(b) cos x
(d) tan x

.Let f (x) = sin~/x , then

(a) f(x) is periodic with period V27
(b) £ (x) is periodic with period /7

(c) f(x) is periodic with period A7
(d) none of these
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63. Let X =Y =R ~ {1}. The function f: X — Y defined

2
by f (0 = 215

is
(a) one-one but not onto

(b) onto but not one-one

(c) neither one-one nor onto
(d) one-one and onto

A1 F () = T and F et y) + M- y) = K ()
f (y) then K is equal to
(a) 2 (b) 4
(c) -2 (d) none of these

65. If f(x) =2 sin”! Vx—3" then the domain of fis
(a) [3, 4] () [-1,1]
() [~ ®/2, ™/2] (d) [6, 8]

66. Let f (x) = x Ixl and g(x) = /| x| then the number of

elements in the set {x € R: f(x) =g (x)} is
(a) 1 (b) 2
()3 (d) infinitely many

67. Which of the following functions are odd functions

(a) f(x) = x(m)
a —a
(b) f) = L H
a — X
* -1
(© f() ==
a +1

(@) f(x) = x log, ¥+ +1]

68.Let g (x) =1 + x — [x] and f (x) = sgn x. Then for
all x, fo g (x) is equal to

l . Previous Years' AIEEE/JEE Main Questions

1.Let R = {(1, 3), (4, 2), (2, 4), (2, 3), (3, 1)} be a

relation on the set A = {1, 2, 3, 4}. The relation R is
(b) transitive
(d) reflexive

(a) not symmetric

(¢) a function [2004]

2. The range of the function is fix) = ' ~*P, _ ; is
(@) {1,2,3,4) (b) {1,2,3,4,5, 6}
(©) {1,2,3} d) {1,2,3,4,5} [2004]

(a) x (b) 1

(©) f(x) (d) g (%)

Note fix) =sgnx=1ifx>0
=0ifx=0
=-1ifx<0

69. The domain of definition of the function f (x) =
log, (log,;, (x* + 4x + 3)) + sin™' 2[x]* - 3), [x]
denotes the greatest integer < x is
(a)0<x<1 (b 0<x<1
(c) —o0<x<0 (d) none of these

70.If g (f (x)) = Isin x| and f(g(x)) = (sin \/;)2, then f
and g may be given by
(a) f(x) = sin® x, g(x) =Vx
(b) f(x) =sinx, g (x) = Ixl
(©) f(x)=x%, g(x) =sin x
(d) fand g cannot be determined

71.If f (x) = 3x — 5, then f ~'(x)

1
a) is given by ———
(a) is g Y 35_s

(b) is given by XTJFS

(c) does not exist because fis not one-one
(d) does not exist because fis not onto

72. Let f (x) = |x — a|, a # 0 then
(@) f () = (f (1)
() f(|xP = [f )]
©fx+y=f@O+f©)
(d) none of these
73.1f n (A) = n (B) = 4 then number of bijections from
A to B is
(a) 6
(c) 12

(b) 24
(d) 18

sin”!(x = 3) .

3. The domain of the function f{x) = 5
9—x

S

(a) [1, 2] (b) [2, 3]
(©) [2, 3] (d) [1, 2] [2004]

4.1f f : R — S defined by flx) = sin x — </3 cosx + 1 is
onto, then the interval of S is
(a) [0, 1] (b) [-1, 1]

(c) [0, 3] (d) [-1, 3] [2004]



5. The graph of the function y = f(x) is symmetrical
about x = 2 then

(a) f(x) =f(-x) (b) f2+x)=A2-x)

© fx+2)=fx-2) (d)f)=-f(=x)  [2004]
6.Let R = {(3, 3), (6, 6), (9, 9), (12, 12), (6, 12),

3, 9), (3, 12), (3, 6)} be a relation on the set

A=1{3,6,9, 12}

The relation is

(a) an equivalence relation

(b) reflexive and symmetric only

(c) reflexive and transitive only

(d) reflexive only [2005]

7. A real valued function f(x) satisfies the functional
equation
Jx=y) =) fy) - fla—x) fla+y)
where a is a given constant and f{0) = 1, f(2a — x) is
equal to
(a) fla) + fla—x) (b) f(=x)
(c) /() (d) /(x) [2005]
8. Let W denote the words in the English Dictionary.
Define the relation R by R = {(x, y) € W x W :
the words x and y have at least one letter in com-
mon}, then R is

(a) reflexive, not symmetric and transitive.
(b) not reflexive, symmetric and transitive.
(c) reflexive, symmetric and not transition.

(d) reflexive, symmetric and transitive [2006]

9. The largest interval lying in (— % %) for which the

2
function fix) = 4™ + cos” ! @ - 1) + log cos x is

defined is
T
b (__,_)
(b) )

T
@ (0.%)

T T T
© [‘2’5) @ [O’ 5)

10. Let R be the real line. Consider the following sub-
sets of the plane R X R:

S={(y:y=x+1and 0 < x <2}
T = {(x, y): x — y is an integer}
which of the following is true :

[2007]

(a) T is an equivalence relation on R but S is not
(b) Neither S nor 7 is an equivalence relation.
(c) Both S and T are equivalence relation on R.
(d) Sis an equivalence relation but 7 is not.

11.Let f: N — Y be a function defined as

f(x)=4x+3whereY={ye N:y=4x+3
for some x € N}.

[2008]

12.

13.

14.

15.

16.

17.

Sets, Relations and Functions 1.29
Show that f is invertible and its inverse is
3y+4 +3
(@ g0) = == (b) g()= 4+ =
y+3 y—3
(©) gy)= —— (d) gy)= —— [2008]
4 4
If A, B and C are three sets such that A N B =
AN Cand A U B =A U C, then
(ayB=C b)AnB=¢
(c)A=B dA=C [2009]

Consider the following relations

R = {(x, y) | x, y are real numbers and x = wy for
some rational number w}

S = {(ﬂﬂj} {m, n, p, q are integers such that
n q

n-g # 0 and gm = pn}
Then
(a) S is an equivalence relation but R is not an
equivalence relation
(b) R and S both are equivalence relations.
(c) R is an equivalence relation but S is not an
equivalence relation.
(d) Neither R nor S is an equivalence relation.
[2010]
Let R be the set of real numbers.
Statement-1:
A={(x,y)e RXR:y—xisan integer} is
an equivalence relation on R.
Statement-2:
B ={(x,y)e RXR:x= ayfor some rational
numbers ¢} in an equivalence relation on R.
[2011]
Let f be a function defined by
f)=@-1)+1,x=1)
Statement-1:
The set {x : f(x) = f ' ()} = {1, 2}
Statement-2: f is a bijection and

Fl) =1+ Jx—1,x>1. [2011]
Consider the following relation R on the set of real
square matrices of order 3.

R = {(A,B): A= P! B P for some invertible
matrix P}
Statement-1: R is an equivalence relation.
Statement-2: For any two invertible 3 X 3 matrices
Mand N, M Ny' = N"'m~! [2011]

Let X = {1, 2, 3, 4, 5}. The number of different
ordered pairs (Y, Z) that can be formed such that
YcX,Zc Xand Y N Z is empty is
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18.

19.

20.

21.

22.

23.

24.

Complete Mathematics—JEE Main
(a) 2° (b) 5°
(c) 5° (d) 3°. [2012]

Let A and B be two sets containing 2 elements and
4 elements respectively. The number of subsets of
A X B having 3 or more elements is

(a) 211 (b) 256

(c) 220 (d) 219 [2013]
Let P be the relation defined on the set of all real
numbers such that

P ={(a, b) : sec’a — tan’h = 1}. Then P is

(a) reflexive and symmetric but not transitive.

(b) reflexive and transitive but not symmetric.
(c) symmetric and transitive but not reflexive.

(d) an equivalence relation. [2014]

Let f(n) = [l+ 3—”} n, where [n] denotes the greatest
3 100 s

integer less than or equal to n. Then 2 f(n) is equal

to n=1

(a) 689 (b) 1399

(c) 1287 (d) 56 [2014]

The function f(x) = [sin 4x| + |cos 2x| is a periodic

function with period

(a) m/2 (b) 2&

o (c) n/4 [2014]

Let f: R — R be defined by fix) = /=1 then fis

[ x|+

(a) onto but not one-one

(b) both one-one and onto

(c) one-one but not onto

(d) neither one-one nor onto [2014]

A relation on the set 4 ={x: |x|< 3, x € Z}, where
Z is the set of integers is defined by R = {(x, y) : y
= |x|, x # —1}. Then the number of elements in the
power set of R is

(a) 32 (b) 16

(c) 8 (d) 64 [2014]

Let A and B be two sets containing four and two
elements respectively. Then the number of subsets of
the set A X B, each having atleast three elements is
(a) 219 (b) 256

(c) 275 (d) 510 [2015]

25.

26.

27.

28.

29.

In a certain town, 25% of the families own a phone
and 15% own a car, 65% families own neither a phone
nor a car and 2000 families own both a car and a
phone. Consider the following three statements:

(a) 5% families own both a car and a phone
(b) 35% families own either a car or a phone
(c) 40,000 families live in town. Then,

(a) only (a) and (b) are correct
(b) only (a) and (c) are correct
(c) only (b) and (c) are correct
(d) all (a), (b) and (c) are correct [2015, online]

Let A = {x, x5, ... x;} and B = {y,, y,, y3} be two
sets containing seven and three distinct elements re-
spectively. Then the total number of functions f : A
— B that are onto, if there exist exactly three x in A
such flx) =y, is equal to
(a) 14.7C,

() 12.7¢C,

(b) 16.7C,
(d) 147C; [2015, online]

1ff(x)+2f(ij =3xn,x#0and S={re R: fix) =

f(=x)}; then §

(a) is an empty set

(b) contains exactly one element

(c) contains exactly two elements

(d) contains more than two elements [2016]

If the function f : [1, eo[ — [1, o[ is defined by f{x)
= 3= D then f(x) is

(a) %(1—1/1+4log3x) (b) %(1+1/1+4log3x)

x(x=1)
oy
3

1
For x € R, x # 0, x # 1, let fj(x) = P and f,,,
-Xx

x) = fof,x)), n =0, 1, 2, ... . Then the f;,,(3) + f;
2 3) .
(gj + /1 (Ej is equal to

(c) not defined [2016]

8 4
(a) 3 (b) 3
(c) > (d) l [2016, online]
3 3 ’

Previous Years' B-Architecture Entrance

Examination Questions

1.

The domain of the function

fx) = y2x =3 +sinx + Jx—1is

(b) [0, 1]

(d) [1, <] [2006]



.Let f: (1, o) = (1, o) be defined by fix) = x+?‘
Then g
(a) fis 1 — 1 and onto
(b) fis 1 — 1 but not onto
(c) fisnot 1 — 1 but onto
(d) fis neither 1 — 1nor onto [2008]

LetA={(x,y): x>0, y>0, x>+ =1} and let
B={(x,y):x>0,y>0 x*+y°=1) Then A N B
(@) A (b) B
© ¢ (d) {0, 1), (1,0} [2008]

. A school awarded 38 medals in football, 15 in bas-
ketball and 20 in cricket. Suppose these medals went
to a total of 58 students and only three students got
medals in all three sports. If only 5 students got
medals in football and basketball, then the number
of medals received in exactly two of three sports is
(@) 7 (b) 9
(c) 11 (d) 13 [2008]

. Let Q be the set of all rational numbers and R be the
relation defined as

R={(xy):1+xy>0,x,ye 0}

Then relation R is

(a) symmetric and transitive
(b) reflexive and transitive
(c) an equivalence relation
(d) reflexive and symmetric [2009]

. The domain of the function f(x) = ; is
3—log; (x—3)

(@) (=e°, 30) (b) (=2, 30) LU (30, o)

(©) (3,30) U (30, =) (d) (4, ) [2009]
.Let f: R — R be a function defined by
fx) = x° 4+ 2009x + 2009
Then f(x) is

(a) one-one but not onto

(b) not one-one but onto

(c) neither one-one nor onto

(d) one-one and onto [2010]
. Let f be a function defined on {— % %} by
fix) =3 cos* x — 6 cos’x — 6 cos® x — 3

Then the range of f(x) is

(a) [-12,-3] (b) [-6, 3]

(©) [-6, 3) (d) (-12, 3] [2010]
. Statement-1: The function flx) = xze"‘2 sinlx| is even

Statement-2: Product of two odd function is an even
function [2011]

10.

11.

12.

13.

14.

15.

Sets, Relations and Functions 1.31

Consider the following relations

R, = {(x, y) : x and y are integers and x = ay or y =
ax for some integer a}

R, = {(x, ¥): x and y are integres and ax + by = 1 for
some integers a, b}

Then

(a) R;, R, are not equivalence relations

(b) R, R, are equivalence relation

(c) R, is an equivalence relation but R, is not

(d) R, is an equivalence relation but R, is not [2012]

1
Let f and g be functions defined by f(x) = 0 X €
x+

R, x#-1 andg(x)=x2+ 1, x € R. Then go fis
(a) one-one but not onto

(b) onto but not one-one

(c) both one-one and onto

(d) neither one-one nor onto [2013]
Let N be the set of natural number and for a € N,
aN denotes the set {ax : x € N}.

If BN N ¢N, = dN, where b, ¢, d are natural numbers
greater than 1 and the greatest common divisor of b
and c is 1 then d equals

(a) max{b, c} (b) min{b, c}

(¢) bc (d) b+c [2014]
Let fix) = (x + 1)2 — 1, x 2 — 1, then the set
e foo =71 @k

(a) is an empty set

(b) contains exactly one element

(c) contains exactly two elements
(d) contains more than two elements

Let f: R — R be a function defined by

[2014]

Il _ —x
fiy= £ "¢ then fis
e +e "
(a) one-one and onto (b) one-one but not onto
(c) onto but not one-one (d) neither onto nor one-one

[2015]

If fis a function of real variable x satisfying fix +
4) — fix + 2) + fix) = 0, then fis periodic with period

(@) 8 (b) 10
(c) 12 (d) 6 [2016]
%’:ﬂ Answers
Concept-based
1. (d) 2. () 3. (b) 4. (d)
5. (b) 6. (b) 7. (d) 8. (¢)
Level 1
9. (a) 10. (c) 11. (¢ 12. (c)
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13. (d) 14. () 15. (a) 16. (d)
17. (b) 18. (b) 19. (a) 20. (a)
21. (d) 22. (b) 23. (d) 24. (c)
25. (a) 26. (d) 27. (b) 28. (b)
29. (b) 30. (b) 31. (b) 32. (a)
33. (¢) 34. (¢) 35. (d) 36. (¢)
37. (b) 38. (d) 39. (b) 40. (a)
41. (d) 42. (b) 43. () 44. (a)
45. (b) 46. (c) 47. (b) 48. (d)
49. (¢) 50. (d) 51. (b) 52. (b)
53. (a)
Level 2
54. (b) 55. (d) 56. (c) 57. (a)
58. (a) 59. (c) 60. (d) 61. (b)
62. (d) 63. (d) 64. (a) 65. ()
66. (b) 67. (¢) 68. (b) 69. (d)
70. (a) 71. (b) 72. (d) 73. (b)
Previous Years' AIEEE/JEE Main Questions
1. (a) 2. (¢) 3. (b) 4. (d)
5. (b) 6. (¢) 7. (b) 8. (¢)
9. (d) 10. (a) 11. (d) 12. (a)
13. (a) 14. (c) 15. (a) 16. (b)
17. (d) 18. (d) 19. (c) 20. (b)
21. (a) 22. (d) 23. (b) 24. (a)
25. (d) 26. (d) 27. (¢) 28. (b)
29. (¢)
Previous Years' B-Architecture Entrance
Examination Questions
1. (¢) 2. (a) 3. (¢) 4. (b)
5. (d) 6. (¢) 7. (d) 8. ()
9. (b) 10. (¢) 11. (d) 12. (¢)
13. (¢) 14. (d) 15. (¢)
%ﬁi Hints and Solutions
Concept-based
1. (A U B") = n(A) + n(B") — n(A N B)
= n(A) + n(U) — n(B) — (n(A) — n(A N B))
= n(U) — n(B) + n(A N B)
=12-6+2=8.
2. If a = — 1 than a is not related to a. So R is not

reflexive. If a = - 1, b = 2 then lal £ b but |bl > q,

3

4.

5.

6.

7.

so R is not symmetric. If lal < b and 16l < ¢ then
lal < b < 1bl £ ¢ so lal £ ¢, hence a is related to
c. Thus R is transitive. If lal < b, and 16l < a then
a<lal<b<Ibl <a.Soa=b,R is anti symmetric.

. flg(x)) = g(fix)) for all x € R & flex + d) = glax

+ b)
Salex+d)+b=clax+b)+d < ad+b=ch
+d

& fld) = g(b)

For f(x) to be defined, we have |x| > x. Since Ixl >
xV xe Rand Ixl =x for x € [0, ) so x| > x if
xe€ R=(-0o,0)

The function is definedif -1 <1 -2x<1 &
-2<-2x<0

< 0<x< 1.

- 1

) = f(x)+2f( x)=5

Hx) = le [sinx — cosx + sinx + cosx]

2 2 = sinx

—1<siix£1lo-1<-sinx<1 <0< 1 —sinx
<2

[sinx — cosx — sinx — cosx]
= — CcOSX

-1
8. - x) = (— x) 1og1+—x=x2 log(l x] =
— X

1-x - fw).

1+ x

— x* log

Level 1

9.

10.

11.

12.

13.

(A~B)uB~A)nNnA

=(A~B)NnA UB~ANA
=(A~BuU¢=(A~B)={35]}
ANB)NC={2%x3%Xx5x:x¢€ N}

= {30x : x € N}
XcY=>XnY=X,XuY=Y
YcX=>XnY=Y,XuY=X
SoXNnY=XuY=X=Y

IfXE Y,letye Yand y ¢ X then either y ¢ A.

orye A

Soifye A,thenye AnYbutyeg AnX
andthus AN X#ANY.

Ifye A,thenye AuYbutyg AuX
and thus AU X#AUY

So X C Y, similarly Y c X.

= X=Y.
A={7,8},B=1{1,2,3,..9}
CcC=1{1,2,417,8, 14, 16, ...}

Verify (a) and (b) are not correct.



15.

16.

17.
18.
19.

20.
21.

22.

23.
S =70 = () = x.

24

25.

26.

27.

28.

29.

30.

n(A ~ B) = n(A) — n(A N B)

= 15=n() - 16 = n(A) = 31
n(A U B) = n(A) + n(B) — n(A N B)
= 36 =31+nB) -16

= n(B):Zl A B
AUB,A~B,B~A
AuB)~A~B)=8B
AuB)~B~A)=A

AAB=A~B uB-~A
AUB~AAB)=ANnB

and A~B)~A=¢

Thus, the required no is 8.

nA ~ B) = n(A) - n(A N B)

=n(B) —n(A N B)=nB ~A)
AUB=AABUANB)

SO AUB=AAB=AnNB=¢

n(P) = 60, n(M) = 58, n(P U M) = 100, N(P N M)
=n(P) + M(M) — n(P U M)

R = {1, 3), (1, 5), (2, 3), (2, 5), (3, 5)}

(1,2) e Rbut (1, 2) ¢ Ry or R, or Ry so R # R,
or R, or R;.

L, is not L L, so R is not reflexive

L, 1lL,= L, 1L, = Ris symmetric.
LiLlLyand L, | Ly = LIl Ly = R is not transitive.
See the definition of function

= [+ 1) -1+17-1=x

= (x+1)2:x+1:x=00rx:—1

So § = {0, - 1}.

A X A has n X n = n” elements and any subset of A
X A is a relation on A. The number of such subsets
is 2"

—1<sinx<1=1<flx) £5 = fix) is not onto,
f(x) = f(x + 2m) = f is not one-one and f is not
bijective.

In (a) a = 2a and a — — 2a, so it is not a function
In (b) for each x € R there is unique | x | = y €
R, so it is a function.
f=x*+2=y=x=(@u-2)"

= ffw=@-2"
= £ @®3)=68n"==+
and f'(-2) = - H"™ = ¢.
R is reflexive if (x, x). € R for all x € {1, 2, 3}
= (1,1),2,2,3,3) R

R is symmetric if (1, 2), (2, 3) €R

= (2,1),@3,2) eR

R is transitive if (1, 2), (2, 3) €R

= (1,3)eR also (3, 1) €R as

R is symmetric.

So the total numbers of elements is 9.
ANA=A=#¢if A# ¢ So R is not reflexive.
ANB=¢ = BNnA=9¢

ARB = BRA = R is symmetric

Note R is not transitive and not an equivalence
relation.

3

31.

32.

33.

34.

35.

Sets, Relations and Functions 1.33

2A2) - 3f(1/2) =2 = 4
2A(112) - 3f(2) = (1/2)* = 1/4
= 5(f2) - f(1/2)) = 4 — 1/4 = 15/4
= A1/2) = f(2) - 3/4.
So 2f(2) - 3[f2) - 3/4] = 4
9 7

= f(2) = 2—42—2.

Applying C; — C; — (C; + C,) we get fix) = 0 for
all x.

al+a =1

= a@'=1-a"= (y- Dlog a = log(1-a"")
R.H.S is defined if 1 — a*' >0

= ad'<l=a"=>x-1<0asa>1

= x < 1 and the required domain is — oo < x < 1.

If x is an integer, fix) = 0

if x is not an integer x — [x] = p where p and g are

P

1
< —

positive integers and p < g, so that f{x) = >

1 1
so 0 < fix) < 5 and the required range is [0, 5]

206 + 3f(1x%) = x> - 1

= 2/ + 3D = 1% - 1
Subtracting, f(x?) — f(1/x*) = 1/x* — x*
= fxP) = 1x%

36. fix + 3y, x — 3y) = 12xy = (x + 3y)* — (x — 3y)?

37.

38.
39.

= flry) =" -y

Let fix) = y = 2@~ D

= logy=x(x-1)log?
= X —-x-logy=0

1+\1+4log, y

= X =
2
) 1+ /1+41o
= x=f0= T
1+ 1+41
= )= 98 ¥ as f'(x) 2 1.

2
Number of one-one functions = 5 X 4 x 3 = 60.

If we take f(x)= 1, then f{y) # 1 as the function is
one-one. So f(x) # 1

If f(z) = 1, then statements 2 and 3 both are true,
s0 fz) # 1 hence f(y) = 1 and f (1) = y.

[Note fix) = 2, f(y) = 1, f(z) = 3)]

40. fix + 4m) = f(x)

sinn(x+4r)  sinnx
x+4r . x
n sin —
n n
which holds if n = 2.

If
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41

42.

43.

44,

45.

46.

47.

48
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.(n,n) € Ronly forn =1

m=n*> = n=m’unlessm=n=1

m:r122111dn:p2 = m:pzform,n,p;tl
hence (a), (b), (c) none is true.
Let B, H, F be the sets of the three teams respec-
tively

so n(B) =21, n(H) =26, n(F) =29,
n(HNB)=14nHNF)=15,n(F nB)=12,
nBNHNF)=8
and n(BU HU F) =n(B) + n(H) + n(F) — n(H N B)
-nHNF)-n(FNB)+n(BNHNF)=21+26
+29-14-15-12+8=43
An equilateral triangle cannot be obtuse angled or
right angled but is an isosceles triangle.
SoEcland EnI=E.
A={3,9,27, 81,243,729}, B = {9, 81, 729, 6561}
AU B=1{3,09, 27, 81, 243, 729, 6561}
AN B=1{9, 81, 729}
A ~ B = {3, 27, 243}
B ~ A = {6561}
AAB=(A~B)u (B ~A)={3, 27, 243, 6561}
For a # 0, the range of f is R. f is differentiable
function so f is one-one and only if fis monotonic.
f(x)=a+cosx

If a > 1, f(x) > 0 i.e. fis increasing
If a < -1, f(x) < 0 i.e. fis decreasing
Thus f is monotonic if a € R ~ [-1, 1].

fooy = Y 1+[sinkx]= n + [sin x] + [sin 2x] + -
k=1

+ [sin nx]. If kx # g for any k = 1, 2 ... n then 0
< kx < mand kx # m/2 so 0 < sin kx < 1. Hence
[sinkx]:O,k:1,2...n.i.e.f(x):n.lka=g

T . .
for some k then x = i, hence sinx, sin2x, ...,

sin(k—1)x will lie between 0 and 1 so [sinjx] = 0
1 £j<k-1; sinkx =1 so f(x) can be n + 1 or n.
(AA B)AC is disjoint union of (A ~ B) ~ C, (B ~
C)~A, (C~A) ~Band AN BnC.

Threfore, number of elements is (AAB)AC is 10
+ 15 + 20 +5 = 50.

P00 = foft) = flfw) = f(x—_3)
x+1
x—3
_ x+1 ~_ x+3
X—3+1_ x—1
x+1
—x-3
3 _ (_X+3)_ xx_l _3_
ffx=f )T 23 =x.

Henc

e f3k(x) =X

20102014) = 270 (2014) = 2014.

49. (1, 2) € R, But (2, 1) ¢ R = R is not symmetric

50.

51.

52.

53

and hence not an equivalence relation.
= Statement-1 is True. Staement-2 is False as 1 —
1, 2, 3.
Statement-2 is True. Because if A has m elements,
then first elements can be mapped to n elements.
For the 2™ element the choice is n — 1 and so on.
So the total number of injective mappings is n(n —
1) (n-2) n—-m+1)=n!/(mn - m)! Which
shows that statement-1 is False.
f(=x) = —sin x + cos x # fix) or — fix), = fis
neither odd nor even. So statement-1 is True

—sin x

g=x) = = — (g(x)) = g is an odd function

1—cosx
= Statement-2 is also True but does not lead to
statement-1.
Taking y = 3, f(x) - f3) =x -3
=>fx)=x-3+fB3)=x-3+2=x-1
= f(xy) = xy — 1 = Statement —1 is True
2+ x+1

fo =5

X" —=x+

2
S fky = Y gy
l-x+x
and f(z) = 7/3 = Statement-2 is also True, but does
not lead to statement-1.
. Statement-2 is true by definition of a bijective map-
ping, using which statement-1 is also true.

Level 2

5. - R <x<nl2 = [x]=-2,-1,0, 1

= f(x) = cos[x]

cos (=2), cos (=1), cos (0), cos 1

=cos 2,cos 1, 1cos 1

55.

x2 —10x+24

et >O0andx +5> 0

=x>5x>6=x>6=x¢c (6, )

orx<5 x>4=4d4<x<5=>xe 4,5
56.Let gx) =1+ 3y =y=x"=y-1

s0 f(gx) =3 - 3x® + x

=fN=3-3-D+ -1

57. f(=x)

=y3—3y2+5
= - _ﬁ + 1
e —1 2
_ X
_ —xe _£+1
1-¢* 2



_ XM —1+D x
e -1 2

X

e’ —

+§+1:f(x)

X
58. (fog) (x) = f(g)) = f(:j

X

X +1 x+1—-x
1-x

= (fog)! (x) = x

59. f(x) = cot™! is clearly one-one as
1-x
Fxp) =f(xy)
= X1 = Xy
2x
Next, let y = f(x) = cot y =
1-x?

_ 2tan(60/2)

= tan@
1—tan?(0/2)

= y=m2- 0= m2 - 2tan”'x. Taking x = tan(6/2)
soye 0O,m)=>0<y<nrm

= — /4 <tan” x < 7w/4

S>-l<x<l=xe (-1, 1

and thus f is onto.

60. As —V52+12% < 5 sinx + 12 cosx < V52 +12% for

all x

= 14-13<5sinx+2cosx< 14+ 13
= 1< f(x) £27

f is not one-one as it is periodic.

): f(tan®(x/2))

1—cosx

61. fof (cos x) = f(
1+ cosx

2
_ 1—tan“(x/2) R

1+ tanz(x/Z)

62. Since fix + T) = sin Vx+T # sinv/x for any value
T.

f(x) is not periodic.

63. Let y = f(x) = i?,ye Y=R- {1}

64.

65.

66.

67.

68.

69.

70.
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Sx=2"2 yeXx=R-~{1)
y—1
= fis onto
Also f(x)) = f(x,) = x; = x, = f is one-one.

f&x+y) +fx-y
a™ +a O Y 4 Y

+
2 2

a'(@+aN+a (a+a”)
2
~ (ax + a_x)(ay + a_y)
2
= 2. f(x) f(y) = k = 2.

x-320=x23and-1<

x—3 <1
=S x<4. = xe [3, 4]
x[x] = VIxl = ¥* = x if x is an integer

= x=0,1

fx) = xﬂ = f(=x) = f(x) = fis not odd.

a*—a”

Fx) = ax+x = (o) = 1—xax £ —f(x)
a —x + xa

= fis not odd

fx) = a -l = f(-x) = 1-a = —f(x) = fis odd.
a*+1 I+a*

f(x) = x log, (x+\/x2+1) = f(-x)
= —x log (—x+\/x2+l) # f(=0).

g(x) =1+ x—[x] >0 for all x
= (fog) (x) = f(glx) = 1.

The function f(x) = log, (log, ,2(x2 +4x + 3) + sin_l[x]
is defined if

0<x*+4x+3<land-1<x<2 @)
I
(111

P +4x+3>50=>x>-1lorx<-3
x2+4x+3<1:>—2—x/§ <x<—2+x/§

So the domain of the function is
-l<x<-2+ x/E .

g (f(x)) = Isin xl = Vsin?x
which is satisfied if f(x) = sin? x and g(x) = Vx
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Also it satisfies f(g(x)) = f(Vx) = (sinVx )’
y+5

T.fx)=3x-5=y=x=2—= =f"1y
-1 _X+5
=f 0= 3

72. (&%) =1 ¥ = al # (f(x))*
SUx)y =1 1xl —al #1 fx)l
fx+y)=x+y—-a#lx—al +1ly-al
73. Required number is 4! = 24.

Previous Years’ AIEEE/JEE Main Questions

1. R is not symmetric as (2, 3) € R but (3,2) ¢ R
2. We must have
7-x21,x-320and7 —x=>2x-3
= x<6,x=>23andx <5
Thus,
3<x<5
Range of f= {*P, P, ?P,)
= {1, 3, 2}

3.Wehave -1 <x—-3<land 9—x*>0
= 2<x<4and 3<x<3
domain of fis [2, 3,)

4. We have

— Va2 +p? Sasinx+bcosx < Ag24+p?

Thus,

— 143 <sinx— 3 cos x < 143
- 2+1<fx)<£2+1 = —-1< fix)<3
5. A function f(x) is symmetrical about the line x = a if
Sfla—x)=f(a+x).

6. Relation R is clearly reflexive. Since (6, 12) € R but
(12, 6) ¢ R, R is not symmetric.

Also, as (3,3) € R, (3,6) € R = (3, 6) eR;
3,3)e R (39 R=3,9¢eR

(3,3) e R 3, 12)e R=(3,12)e R
(6,6) € R, (6,12) e R= (6,12) € R
Thus, R is transitive.

~. R is reflexive and transitive.

7. Putting x =y = 0, we get
A0)=7(0) f(0) - fla)fla)

10.

11.

= fla=1"-1=0 = f(a)=0
Putting x = a, y = a, we get
f0) = [f(@)]* - £(0) f(2a)
1=0-f2a) = fQa)=-1
Next, we put x = 0, y = a to obtain
f(=a) =f(0) f(@) - f(a) f(2a) = 0
Now, putting x = 2a, y = x, we get
M2a - x) = f2a) fix) - fi-a) fla + x)
= (=1 fx) = (0) fla + x)= -1 (x)

.Let w e W, then (0, ) € R.

R is reflexive.
Also, if @, ®,, € W and (w,, ®,) € R, then (w,, ®,)
e R.
R is symmetric.
Next, let @, = ink @, = link and @;, = let, then (w,,
w,) € R,
(@,, w5) € Rbut (v, @3) ¢ R.

Thus, R is not transitive.

.47 is defined for all x € R.

cos™! (f_l) is defined if
2

—1S§—1£10rf0r0£x£4

and log cos x is defined if

T T
cos x > 0 or for 2nm — E <x<2nm+ E

where n € N.

Thus, domain of fis 0 < x < % or [0, E)
As x # x + 1, S is not reflexive :
= § is not an equivalence relation.
Asx—x=0¢€ 1, T is reflexive
xXy=>x-yel =y-xel=ylx
T is symmetric
Suppose x7y and y7Tz
=>x—-yel, y-zel
Sx-t+@r-2el=>x-zel=xIz
T is transitive

As f is one-one and onto, f is invertible. So

1
y:4x+3:>x:Z(y—3)

1
Thus, inverse of fis g(y) = 2 y - 3).



12.

13.

14.

15.

B=(4UB)-A4) U (4N B)
=((Au0)-AHudnC=C

Note that R is not symmetric as (0, 1) € R but (1, 0)
¢ R.

3

Next, note that gm = pm & —=

p
noq

Thus, ﬂ’ﬂ) es= 2L
n q noq

Clearly, S is reflexive and symmetric

Next, note that

Thus § is transitive so is an equivalence relation.
A is reflexive

Let x € R. (x, x) € 4 as x — x = 0 is an integer.
A is symmetric

Suppose (x, y) € A = x — y is an integer

= y — x is an integer

= (,x)e 4

A is transitive

Let (x, y) € 4 and (y, z) € 4

= x — y and y — z are integers

= (x — y) + (y — z) is an integer

= x — z is an integer.

= (x,z)e 4

Thus, 4 is an equivalence relation.

B is not symmetric

Note that (0, \/5) € Bas 0=(0) V3 and 0 is a ra-
tional number, but (\/g , 0) ¢ B as there is no rational
number @ such that V3 = (a) (0).

Statement-1 is true but statement-2 is false.
TIP As statement-2 is false, only possible answer is

().
Lety = fix) = (x - 1)* + 1

Sy-l=@x-1% =>x=1+Jy-1,y>1.
Thus, /' (x) =1+ vx—1, x> 1.

Now, fix) = /' (x)
S@x-1DP+1=+x-1+1
= Jx-1[x-1D?-1]1=0

=x=1,2

16.

17.

18.

19.

Sets, Relations and Functions 1.37

As A =T" AI, we get
(4, A) € R for all 4.
R is reflexive.
Next, assume (4, B) € R
= there exists a non-singular matrix P such that
A=P'BP
= B= PAP' = (P y'4pP!
Thus, (B, 4) € R
R is symmetric.
Next, assume that (4, B) € R and (B, C) € R
= there exist non-singular matrices P and Q such that
A=P'BP and B=0'CO

A=P1 (O CQP

=(Pg™) cop)
= (oP)" C(OP) [using statement-2]
=4, C)e R

Statement-1 is true and statement-2 is true and is
correct explanation for statement-1.

For each x € X, we have the following four choices:
(a)xe Yandxe Z (b)xe Yandxe Z
(c)xe Yandx¢Z (d)xe¢ Yandx ¢ Z

As we do not want x € Y N Z, we are left with three
choices for each x € X.

Thus, the total number of ways in which Y and Z can
be chosen is 3°.

A X B contain (2) (4) = 8 elements.

The number of subsets of A X B having 3 or more
elements

= Number of subsets of A X B — [number of subsets
with at most 2 elements]

=28 (8¢, + 8¢, + ¥cy) = 219
P = {(a, b) : sec’a — tan’h = 1}
P is not reflexive as (n/2, m/2) ¢ P.

P is symmetric.

Suppose (a, b) € P, then

sec’a — tan’h = 1

= 1+ tanza) - (seczb -1H=1

= sec’a — tan’bh = 1

= (b, a) € P.

Suppose (a, b) € P, (b,c)e P

= sec’a — tan’bh = 1 and sec’h — tan’c = 1
Adding, we get

= sec’a + sec’h — tan’h — tan’c = 2
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20.

21.

= sec’a + 1 - tan’c =2
= sec’a — tan’c = 1

s (a, c) e P

1 3n

—+—<1 = n <22
3 100
1 3nm
1S—+ﬁ<2 = 300 < 100 + 91 < 600

3
= 23 <n<55;
Also’ l+@zzl

100 75
56 22 55
Thus, > f(n)= Zlf(n)+ 223f(n)+ /(56
n=l1 n= n=
55
=0+ 3 f(n)+2(56)
n=23

= %(55+23)+112=1399

Period [sin(4x)| is n/4 and period of |cos 2x| is /2.

.. period of f{x) = |sin 4x| + |cos (2x)] is

(32

22.f(=1) = A1) = 0 .. fis not one-one.

[xI—1 2
Also fix) = 211 =1

Thus f cannot be onto.

<1 for all x eR

Cxl+1

23.4=1{2-1,0,1,2}

24.

25.

R=1{(2,2),(0,0), (1, 1), (2,2);

As R has four elements, the power set of R contains
16 elements.

n(A x B) = n(An(B) = 42 = 8

The number of subsets of 4 X B which contains at
least three elements.

=8¢, + 8¢, + 8¢y + 8¢, + B, + ¥y
=28 — 8¢, + 8¢, + 8C,) =256 — (1 + 8 + 28)
=219

Let total number of families in the town be x. Then
n(P) = 0.25x, n(C) = 0.15x, n(P’ N C’) = 0.65x,

nPuUC)=x-nlP nC)=0.35

i.e. 35% of the families own either a car or a phone.
n(P U C)=n(P)+ n(C) —nP nC)

= 0.35x = 0.25x + 0.15x — n(P n C)

= n(P N C) = 0.05x

i.e. 5% of the families own a car and a phone

26.

27.

28.

29.

As 0.05x = 2000 = x = 40,000
Thus, (a), (b), (c) are all true.

We can choose three elements out of seven in 'C,
ways. These three elements are mapped to y,. The
remaining 4 elements are to be mapped to y; and y;.
This can be done is 2* ways. But these include two
ways in which all the four elements are mapped to
either y, or y;. Therefore, there are 2 2=14 ways
to map containing four elements to y, and y;. Thus

the required number of onto mappings is 14.7C3.
1
Jfx) + 2f (;) =3xVx#0 @)

1
Replacing x by —, we have
X

1 3 .
(3)e2rw=2 (i
X X
(1) — 2(i1) gives fix) — 4f(x) = 3x — 9
X
=) = 2ox
X
fx) = fix) = g—x = —z+x = 4 =x=> =2
X X X

Xx = ++/2 . Thus S has exactly two elements.
Lety=3"" s0y>1

= logyy =x(x - 1)

=>x2—x—log3y:0

_ 1£{1+4log; y

2

X = %[1+1/1+4log3y]
Thus £'(x) = %[1+«/1+4log3y].

1
Si0) = folfox) = % - I N
1

b
1-x

= X Asx 21, so

_ 1-x :1_1

1-x-1 X

_r __ 1
I-A() 1_(1_1)

X
S0 = fo(h(x) = fo(x)
Thus f3,(x) = fo(x), fip1(X) = f1(0),

Frx) = folfix) =

=X



Sake2(X) = fo(x) forall x € R~ {0, 1}, k20

S0, fi00(3) + /i (%j +f (%)

= £3) + 1, @ f @

Previous Years' B-Architecture Entrance
Examination Questions

1. fis defined if 2x —3 20, x > 1

So the domain of f'is l:g,oo).
2

N+2  x+2

2. 1If = xXx, +2x —x; —2

-1 x-1
=XX+2x —x,—2
= 3x=3x =
So f is one-one

+2
Ify=j(x)=x I = yx-y=x+2
x_
= (- Dr=y+2
+2
= x= 2 e (1)
y—1

Thus f is onto
3.x° 4+ = (& + D) — B+ Y, s0if (v, )) €
AN Bthen 1 =x* —x)? + )" = 2 +)%)% - 3xH?
=1 -3x%?
=x’=0 = x=0o0ory=0butx>0,y>0
soANB=¢

458 =n (Fu Bu C)
=n(f) + n(B) + n(C) —n (FN B)—nBn (O
—nFNnCO)+nFnNBnNO
=38+15+20-n (FNn B)—nB N O
-n(FNnC)+3
S>nFNB)+nBNC +nFnNnC)=18

Number of medals received in exactly two of three
sports is

=nFNBNCY+nBnNCnNF)
+nFnCnB)

=n(FNB)+nBNC)+nFnCOC
-3nFnNnBNO

=18-9=9

Sets, Relations and Functions 1.39

5.Since 1 + x*> > 0 for all x € Q, so R is reflexive. If
x,))e R = 1+xyx>0
= l+»w>0 = (,x)e R

1

Thus R is symmetric. Take x = 2, y = ke -1

1
l+xy=1- =E>0 so (x,y) € R

l+yz=1+

= % >0 so(y,z)e R
l+xz=1-2=-1
transitive.

6. f is defined if x > 3 and 3 # log;(x — 3)
=>x>3, x-3#271e. x € (3, ») ~ {30}
= (3, 30) U (30, o}

7. fis continuous function and f{x) = 2009 x**%® + 2009
> 0. So fis one-one and onto.

= (x,z) ¢ R. Hence R is not

8. For x € [—g,g} 0<cosx<1. So

0<cos’x<land-5<-2cos>x—2cosx—1<—1
= — 4 < cos*x — 2 cos’x —2cos x — 1 <—1
= -12<fix) £-3

2
9. f (=x) = (x)* e ™ sin |- x| = X% sin | = A¥).
Product of two odd functions is an even function.

10.x=1x so (x,x) € R,. If (x,y) € R, then x = ay
or y = ax for some integer a

= y=axorx=ay = (¥, Xx) € R,
Ifx=ayory=axand z=by ory = bz

for some integer a and b then x = abz or z = abx, so
(x, z) € R,. Thus R, is an equivalence relation.

Since (2, 2) ¢ R, so R, is not reflexive. Thus R, is
not an equivalence relation.

2
1. gof (x) =g(L) _ (L) oo HEED

x+1 x+1 (x+1)2
so gof is not onto, gof is not one-one as gof (1) =
gof (=3).

12. Since g: cd (b, ¢) = 1 so bc = l.c.m (b, ¢). Hence
d = bc

By=f)=@+1)>-1= x=Jy+1 -1
Hence f'(x) = Vx+1— 1. Now fix) = f'(x)
Sx+1)P-1=Vx+l-1= (x+1)*=x+1

SE+F D) +3%+3x]=0
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S+ Dxx*+3x+3)=0

=x=0, -1

—X e—x

4. Forx<0,lx)= & —¢ =9
ef+e”

f cannot be one-one

X -X
e —e
=0

For x 2 0, f(x) =
o) ef+e”

Thus f{x) cannot take negative values so range of f
cannot be R. Therefore f is not onto.

15 fc+4) - fx+2) +f) =0V xe R

Replace x by x + 2,
fa+6)—fix+4+fix+2)=0
Adding above two equations, we have
fx+6)+f(x)=0vVxeR

Replace x by x + 6, we get

Sx+12) + f(x+6)=0

= flx + 12) = —fix + 6) = fw)

f is periodic with period 12.
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