CONCEPT TYPE QUESTIONS

Directions : This section contains multiple choice questions. Each
question has four choices (a), (b), (¢) and (d), out of which only
one is correct.
1.  Let P(n) be statement 2" < n!. Where n is a natural number,
then P(n) is true for:
(@) alln (b) alln>2
(c) alln>3 (d) None of these
2. IfP(n)=2+4+6+...+2n,neN, then P(k)=k(k+1)+2
= P(k+1)=(k+1)k+2)+2 for all x eN. So we can
conclude that P(n) =n(n+1)+2 for
(@ allneN (b) n>1
(c) n>2 (d) nothing can be said
3.  Let T(k)bethestatement 1 +3+5+....+ (2k—1)=k*+10
Which of the following is correct?
(@) T(1)istrue
(b) T(k)istrue = T(k+ 1)istrue
(¢) T(n)istrueforall n eN
(d) All above are correct

4. Let S(K)=1+3+5..4(2K —1) =3+ K>, then which of the
following is true?
(a) Principle of mathematical induction can be used to

prove the formula

(b) S(K)=S(K+1)
() S(K)= S(K+1)
(d) SQ@) is correct

5. LetP(n):“2"<(1 x2x3x ..xn)”. Then the smallest
positive integer for which P(n) is true is
(@ 1 (b) 2
(¢ 3 @ 4

6.  Astudent was asked to prove a statement P(#) by induction.
He proved that P(k + 1) is true whenever P(k) is true for all
k>5 e Nand also that P (5) is true. On the basis of this he
could conclude that P(n) is true
(@) forallm e N
(b) foralln>5

(c) foralln =5
(d) foralln<5
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IfP(n):2+4+6+...+(2n),n € N,then P(k)=k (k+1)+2
implies P (k+1)=(k+ 1) (k+2)+2istrue forallk € N.
So statement P(n) =n (n+ 1)+ 2 is true for:

@ nx1

(b) n=2

(¢) n=3

(d) None of these

IfP(n):“46" + 16" + k is divisible by 64 for n € N” is true,
then the least negative integral value of & is.

@ -1 (b) 1

© 2 d -2

Use principle of mathematical induction to find the value
of k, where (102n “ly 1) is divisible by k.

@ 11 b) 12
© 1B d 9
Foralln21,12+22+32+42+ ..... +1n?=
n(n+1)
(a) 6
(b) nn+1)2n-1)
n(n-1)(2n+1)
(©) - 5,
n(n+1)(2n+1)
(d) - 6
P(n) : 2.7% + 3.5" — 5 is divisible by
(@ 24, VneN
(b) 21, VneN
(¢ 35, VneN
) 50,VneN
Foralln 1, ——4—— 4y 41 __
rain= 223 34 n(n+1)
b n
@@ n (b) 1
(n+1) q 4n +3
(©) " (d) n
For every positive integer n, 7" — 3" is divisible by
@@ 7 (b) 3
(c) 4 (d 5



14.

15.

16.
17.
18.

19.

20.

21.

22,

23.

PRINCIPLE OF MATHEMATICAL INDUCTION

By mathematical induction,

1 1 1 .
1.2.3+2.3.4+ ..... +mlsequalto
n(n+1)
@ Zm+2)(m+3)
n(n+3)
® I arDm+2)
© n(n+2)

4(n+1)(n+3)

(d) None of these

By using principle of mathematical induction for every
natural number, (ab)" =

(a) a"b" (b) a"b

(c) ab" d 1

Ifn e N, then 11°*2 + 1221 is divisible by
(@ 113 (b) 123

(c) 133 (d) None of these
For all n € N, 41" — 14" is a multiple of

(@ 26 (b) 27

() 25 (d) None of these
The remainder when 5*" is divided by 13, is
(@ 1 (b) 8

© 9 @ 10

If m, n are any two odd positive integers with n < m, then

the largest positive integer which divides all the numbers
2

of the type m“ — n” is
(@ 4 (b) 6
© 8 @ 9

For natural number n, 2" (n — 1)! <n", if

@ n<2 () n>2 (gn=22 (dn>3

Forall n € N, 3.5 1 + 23" 1 jg divisible by

@ 19 by 17

(c) 23 d 25

Principle of mathematical induction is used

(@) to prove any statement

(b) toproveresults which are true for all real numbers

(c) toprove that statements which are formulated in terms
of n, where n is positive integer

(d) in deductive reasoning

Foralln e N, 1.3 +2.3% +3.3% + ...+ n.3" is equal to

(2n+1)3"*1 13

(@) 2
(2n—1)3"*1 43
(b) I E—
© (2n+1)3" +3
n+1
@ (2n-1)3" " 41

4

24, Foralln € N,

1+L+;+ ..... + !
142 1+2+3 1+2+3+..... +n
is equal to
3n b n
@ n+1 ®) n+1
2n 2n
d
© n-1 @ n+1
25. 10"+ 3(4"*?) + 5 is divisible by (n € N)
(@ 7 ® 5
© 9 (d 17

26. The statement P(n)
UIx+2x21+3x31+ .. +nxnl=mn+1)-1"is
(@ True for alln>1 (b) Not true for any n
(c) Trueforalln e N (d) None of these

n
27. Ifn is a natural number, then ( j >n! is true when

@ n>1 (b) n>1
(¢) n>2 d n=2
28. For natural number n, (n!)*> > n", if
(a n>3 (b) n>4
(c) n>4 (d n>3

STATEMENT TYPE QUESTIONS

Directions : Read the following statement and choose the correct
option from the given below four options.

1
29. Statement-I:1+2+3+ ... +n<§(2n+1)2,neN.

Statement-II : n(n + 1) (n + 5) is a multiple of 3, n € N.
(@) Only Statement I is true

(b) Only Statement II is true

(c) Both Statements are true

(d) Both Statements are false

ASSERTION - REASON TYPE QUESTIONS

Directions : Each of these questions contains two statements,

Assertion and Reason. Each of these questions also has four

alternative choices, only one of which is the correct answer. You

have to select one of the codes (a), (b), (c) and (d) given below.

(@) Assertion is correct, Reason is correct; reason is a correct
explanation for assertion.

(b) Assertion is correct, Reason is correct; reason is not a
correct explanation for assertion

(c) Assertion is correct, Reason is incorrect

(d) Assertion is incorrect, Reason is correct.

30. Assertion : For every natural number n > 2,

+—=+.... +—=2>4+n

Reason : For every natural number n > 2,

n(n+1) <n+ 1
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31. Assertion : 11™"2 + 12”™" 1 s divisible by 133 for all
m € N.

Reason : x" — y" is divisible by x +y, V n e N, x # y.
CRITICALTHINKING TYPE QUESTIONS

Directions : This section contains multiple choice questions.
Each question has four choices (a), (b), (c) and (d), out of which
only one is correct.
32. The greatest positive integer, which divides n (n+ 1) (n+2)
(n+3)forall n eN,is
@ 2 (b) 6
(c) 24 (d 120
33. LetP(n):n%+n+1isan even integer. If P(k) is assumed
true then P(k + 1) is true. Therefore P(n) is true.
(@ forn>1 (b) forallmeN
(c) forn>2 (d) None of these

34. By the principle of induction V n € N, 3" when divided
by 8, leaves remainder
(@ 2 (b) 3
(c) 7 @ 1

35. If n is a positive integer, then 5202 _ 24n - 25 s
divisible by
(@) 574 (b) 575
(c) 674 (d) 576

36. The greatest positive integer, which divides
m+Dm+2)(n+3)... (n+r1)foralln e W, is
@ r (b) 1!
(¢) n+r (d (+1)

n !
37. If 4 <@

, then P(n) is true for

n+l (n!)z
(@ nx1 b n>0
(c) n<O0 (d n=2

38.

39.

40.

41.

For alln € N,
2n +1
(1+§)(1+§)(1+1) ..... 120D
1 4 9 n2
is equal to
2 3
(n + l) (n + 1)
(a) 2 (b) 3
(© (n+1) (d) None of these
5 n3
For all n € N, the sum of —+—+— is

15
(b) a whole number
(d) anatural number

(a) a negative integer
(¢) areal number

For given series:
PP+2x22+32+2x42+52+2%x 6>+ ...
if S, is the sum of n terms, then

n(n+ 1)2 o

(@ S, = - if n is even
n2 (n + 1) . .

(b) S,= ———=, ifnis odd

() Both (a) and (b) are true
(d) Both (a) and (b) are false

When 2°°! is divided by 5, the least positive remainder is
@ 4 (b) 8
(¢ 2 d 6
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HINTS AND SOLUTIONS

CONCEPT TYPE QUESTIONS

1. (o
2. @
. M
4. O
5 @
6. (0

Let P(n):2"<n!

Then P(1):2'<1!, which is true
Now P(2) : 22 < 2!, which is not true
Also P(3) : 23 < 3!, which is not true
P(4) : 2*< 4! which is true

Let P(k) istrueif k > 4

Thatis 2k< k!, k > 4

= 2.2 <2(k)y = 2 < k(k)) [ k24>2]

= 28 < (k+1)! = P(k +1) is true.

Hence, we conclude that P(n) is not true for n =2, 3
but holds true for n > 4.

We note that P(1) =2 and hence,
P(n)=n(n+1)+2isnottrue forn=1.

So the principle of mathematical induction is not
applicable and nothing can be said about the validity of
the statement P(n)=n(n+1)+2.

When k=1,LHS=1but RHS=1+10=11

- T(1)is not true

Let T(k) is true.

ie, 143+5+ .. +(2k—-1)=k*>+10
Now, 1+3+5+ ...+ (2k — 1)+ 2k +1)

k2 410+ 2k +1=(k+1)> +10
S T(k+1) istrue.
i.e., T(k)istrue = T(k +1) istrue.
But 7(n) is not true for all n e N, as 7(1) is not true.
S(K)=1+3+5+..+2K-1)=3+K?
S(1)=1=3+1, which isnot true
~+ S(1)isnot true.
.. PM.I cannot be applied
Let S(K)is true, i.e. 14+3+5+....+(2K-1)=3+K?
=1+3+5+...+2K-1)+2K +1
=3+K?+2K +1=3+ (K +1)?
~S(K) = S(K +1)
Since P(1):2<1is false
P(2):22<1x2isfalse
P(3):23<1x2x 3 isfalse
P(4):24<1x2x3 x4istrue
Since P(5) is true and P(k + 1) is true, whenever P (k)
is true.

7.

10.

@

@

@

@

P(1) =2 and k(k + 1) + 2 = 4, So P(1) is not true.
Mathematical Induction is not applicable.

Forn=1, P(1): 65+ kis divisible by 64.

Thus %, should be —1

Since 65 — 1 =64 is divisible by 64.

Let P(n) be the statement given by

P(n) : 10>~ + 1 is divisible by 11
Forn=1,P(1): 10®* V-1 +1=11,

which is divisible by 11.

So, P(1) is true.

Let P(k) be true, i.e. 102~ + 1 is divisible by 11
= 10%" 1+ 1 =112, for some A € N (@)
We shall now show that P(k + 1) is true. For this, we
have to show that 10°®* D=1+ 1 is divisible by 11.
Now, 10?® D=1 41 =101 10> + 1
=(11A-1)100+1  [Using (i)]
=1100A—99=11(100A—9) =11p,

where 1 = 100L -9 € N

= 10*®* D=1 4 1 ig divisible by 11

= P(k+ 1) is true.

Thus, P(k + 1) is true, whenever P(k) is true.
Hence, by the principle of mathematical induction,
P(K) is true for all n € N, i.e. 10*~ ! + 1 is divisible
by 11 for all n € N.

Let the given statement be P(n), i.e.

P(n): 12+22+32 + 4%+ +n2:n(n+1)(2n+1)
D127 374 .

Forn=1,

I(1+1)((2x1)+1
R (+)((6><)+):1><2><3=1,

which is true.
Assume that P(k) is true for some positive integer k,

k(k+1)(2k+1
Metlak)

We shall now prove that P(k + 1) is also true,
fe P+22+ 32+ 42+ L+ K+ (k+ 1)

e 12+ 22+ 32 +4%+ . +K=

(k+1)(k+2)(2k +3)

- 6

Now, LH.S.=(12+22+32+ 4%+ . +kH) + (k +1)?
k(k+1)(2k +1

= % +(k+1)* [Using (i)]
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1. @)

12. ()

k(k+1)(2k +1)+6(k +1)°
6

(k+1)(2K2+7k+6)  (e1)(c+2)(2k +3)

6 6

Thus, P(k + 1) is true, whenever P(k) is true.
Hence, from the principle of mathematical induction,
the statement P(n) is true for all natural numbers n.
P(n) : 2.7" + 3.5" — 5 is divisible by 24.

Forn =1,

P(1) : 2.7 + 3.5 — 5 = 24, which is divisible by 24.
Assume that P(k) is true,

ie 2.7+ 3.5-5=24q, whereq e N ...(Q)
Now, we wish to prove that P(k + 1) is true whenever
P(k) is true, i.e. 2.7% 71 +3.55 "1 _ 5 is divisible by 24.
We have,

275 4358 _s=0 7% 7 4355 51 5
=727 +3.5-5-35+5]+355.5-5
=7[24q - 3.5+ 5] + 15555

= (7 x 24q) — 21.5 +35 + 155 -5

= (7 % 24q) — 6.5 + 30 = (7x 24q) — 6(5* - 5)
=(7%x24q) —6(4p) [-- (5k —5) is a multiple of 4]
= (7 x 24q) — 24p = 24(7q - p)

=24 x r;r=7q — p, is some natural number ... (ii)
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction,
P(n) is true for all n € N.

=R.H.S.

1 1 n
et —t— .t =
Let Pm): 15 %557 34 n(n+1) n+l
Forn=1,
1 1 1
P(1) : — =—=-——, which is true.
1.2 2 1+1

Assume that P(k) is true for some natural number k,

) 1 1 1 1 k

1.e. —+t—+—+.... + =—
1.2 23 34 k(k+1) k+1

We shall now prove that P(k + 1) is true, i.e.

1 1 k+1
—t—t—t..... + + =
k+2

. ()

+ =

k(k+1) (k+1)(k+2)

1 1
k(c+1) | (rD)(k+2)

1,1
= |—+—+
LHS. L.z 23 3.

k N 1
k+1 (k+1)(k+2)

[Using ()]

~ (k2+2k+1) ~ (k+1)2

Sk (k+2)  (k+1)(k+2)

k(k+2)+1
T (k+1)(k+2)

_ k+1
k+2

Thus, P(k + 1) is true whenever P(k) is true. Hence,

=R.HS.

by the principle of mathematical induction, P(n) is true for
all natural numbers.

13. (¢)

14. ()

Let P(n) : 7" — 3" is divisible by 4.

Forn=1,

P(1): 7' — 3! =4, which is divisible by 4. Thus, P(n)
is true for n = 1.

Let P(k) be true for some natural number k,

ie. P(k): 7% - 3% is divisible by 4.

We can write 7% — 3X = 4d, where d € N ... (1)
Now, we wish to prove that P(k + 1) is true whenever
P(k) is true, i.e. 77! — 3" ! ig divisible by 4.
Now, 7K D _ 30+ D) g+ D) _ 7 3k 7 3k~ 3+ 1)
=7(7% = 35 + (7 - 3)3% = 7(4d) + 4.3 [using (i)]
=4(7d + 3k), which is divisible by 4.

Thus, P(k + 1) is true whenever P(k) is true.
Therefore, by the principle of mathematical induction
the statement is true for every positive integer n.

1 1 1
Let P(n) : —— +———+... _
) 3 s T ) (n2)
__ nm+3)
~ 4(n+1)(n+2)
Forn=1,
LHS = — =1
123 6

1(1+3) 1
and RHS. = ————"—=—

41+1)(1+2) 6
P(1) is true.
Let P(k) is true, then

1 1 1

P s s )k 2)
C k(k+3) .
T Ak+D)(k+2) -
Forn=k +1,
1 1
Pk+1): ——+ + ...
1.2-3 2.3-4
1 N 1
Tkk+D)(k+2) (k+1)(k+2)(k+3)
(k+1)(k+4)
4k +2)(k+3)
Lo,
LHS. = 1o 5% 553
1 1

TRt (k+2) (k1) (k+2)(k+3)
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©

)

@

©

k(k +3) 1
Ak k) ke k2 (k+3)
[from (i)]
(k+l)2(k+4) _ (k+1)(k+4) —RHS.

T 4k+1)(k+2)(k+3) 4(k+2)(k+3)

Hence, P(k + 1) is true.
Hence, by principle of mathematical induction for all
n € N, P(n) is true.
Let P(n) be the given statement,
iie. P(n): (ab)" =a"b"
We note that P(n) is true for n = 1, since (ab)1 =alp!
Let P(k) be true,
ie. (ab)=akb" . (i)
We shall now prove that P(k + 1) is true whenever
P(k) is true.
Now, we have (ab)k+1 = (ab)k (ab)
=(a" b") (ab)
= (@5 al) O bly=aktl.pktl
Therefore, P(k + 1) is also true whenever P(k) is true.
Hence, by principle of mathematical induction, P(n)
is true for alln € N.
On putting n = 1 in 1 , we get
1124 12007 =113 4+ 12% = 3059,
which is divisible by 133 only.
Let P(n) be the statement given by
P(n) : 41" — 14" is a multiple of 27
Forn =1,
ie. P()=41"-14"'=27=1x27,
which is a multiple of 27.
P(1) is true.
Let P(K) be true, i.e. 415 — 145 =27, .. (D)
Forn=k + 1,
41T gt =ik 41145 14
=270 +14%41-14% 14 [using (i)]
=(Q7hx41)+ (145 x41)— (145 x 14)
=71 x 41) + 145 (41 — 14)
= (271 x 41) + (145 x 27)
=27(411+ 145,
which is a multiple of 27.
Therefore, P(k + 1) is true when P(k) is true. Hence,
from the principle of mathematical induction, the
statement is true for all natural numbers n.
Forn=1,
54=625=(624+ 1)=(48 x 13) + 1,
ie 5%leaves 1 as remainder when divided by 13.
Letm=2k+1,n=2k—-1(k € N)

m>—n>=4k>+1+4k—4k>+4k -1 =8k
2

[by using (i)]

11’1+2 + 122n+1

Hence, all the numbers of the form m? —n? are always

divisible by 8.

20. () The condition 2" (n — 1)! < n" is satisfied for n > 2.

21. (b

22. (o)

23. ()

3520+ 1 | 530+l

Put n = 1, we get

(3 x 5%) + 2% = 391, which is divisible by 17.

Put n = 2, we get

(3 x 5%) + 27 = 9503, which is divisible by 17 only.
In algebra or in other discipline of Mathematics, there
are certain results or statements that are formulated in
terms of n, where n is a positive integer. To prove such
statement, the well-suited principle, i.e. used-based
on the specific technique is known as the principle of
mathematical induction.

Let the statement P(n) be defined as
P(n)=13+232+33%+ ... +n3"

(2n-1)3"*1 +3
4
StepI: Forn=1,

21-1)3"1+3 3243

P(1): 13 = ; 7

—i_2—3—13 hich is t
= 7 3= 1.3, which is true.

Step II : Let it is true for n =k,
e 13+232+33+ ... +k3

2k —1)3K* 1 43
SRS e

StepIII : Forn=k + 1,
(13 +23%+3.3 + ...+ k39 + (k + 1)3K!

k+1
2k —1)3 +3
= % +(k+ 1)3k !

[Using equation (i)]

(2k —1)3% 1 43+ 4(k +1)38 !
4

2k~ 144k +4)+3
N 4
[taking 3" ! common in first and last term of numerator
part]
ek +3)+3  3FFT.3(2k+1)+3
N 4 N 4
[taking 3 common in first term of numerator part]

36D+ ok 42 1] +3
- 4
[2(k+1)-1]306 D1 43
- 4
Therefore, P(k + 1) is true when P(k) is true.

Hence, from the principle of mathematical induction, the
statement is true for all natural numbers n.
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24,

25.

26.

27.

28.

@

©

©

)

@

Let the statement P(n) be defined as

1 1
+ —+ + o
P T e T 243
1 2n
+ =
1+24+3+..... +n n+l
1 1 2 2
ie. P(n): I+——+ +.t =0
1+2 14243 n(n+l) n+l
n(n+1)
-+ sum of natural numbers = 5
StepI: Forn=1,
P(1): 1= 22 =2 _ |, which i
H:1= 1 o L whic is true.
Step II : Let it is true for n = k,
'1+1+l++2—2k @)
S T T k(k+1) k+1 TV
StepIIT : Forn=k + 1,
PRI B ) R
+2 w23 () | () (k)
p— 2k + 2 . . .
= K+l (k+1) (k+2) [using equation (i)]
2
2k(k+2)+2_2[k +2k+1}

S o(k+D)(k+2)  (k+1)(k+2)

[taking 2 common in numerator part]

2(k+1)°
= m [ (a+b)*=a’+2ab +b’]
2(k+1)  2(k+1)
k+2  (k+1)+1

Therefore, P(k + 1) is true, when P(k) is true.
Hence, from the principle of mathematical induction,
the statement is true for all natural numbers n.

10"+ 34" ) + 5

Taking n = 2;

10%+ 3 x 4%+ 5 =100 + 768 + 5 = 873
Therefore, this is divisible by 9.

Check forn=1, 2, 3, ....., it is true for all n € N.

n+1)
Check through option, the condition (T) >n!

is true for n > 1.
Check through option, condition (n!)2 > n" is true
when n > 3.

STATEMENT TYPE QUESTIONS

29.

@ L

Let the statement P(n) be defined as

1
Pn):1+2+3+...+n< §(2n+1)2

StepI: Forn=1,

1 2 1 2
P(): 1< gL+ 1P = 1< x3

9
= 1< 3 which is true.

Step II : Let it is true for n = k.
1+2+3+..... +1<<%(21<+1)2 . (i)
StepIIl : Forn=k + 1,

(1+2+3+.... +k)+(k+1)<%(2k+1)2+(k+1)

[using equation (1)]

(2k +1)° +k+1_(2k+1)2+8k+8
8 1 8

4k% +1+4k +8k +8

8
4k +12k+9 (2 +3)
N 8 S8
_(2k+2+1)2_[2(k+1)+1]2
- 8 - 8
2
[2(k+1)+1]
= 12434tk (k< ==

Therefore, P(k + 1) is true when P(k) is true.
Hence, from the principle of mathematical
induction, the statement is true for all natural
numbers n.

Let the statement P(n) be defined as

P(n) : n(n + 1) (n + 5) is a multiple of 3.
StepI: Forn=1,
P:11+1D)(1+5)=1x2x6=
which is a multiple of 3, that is true.
Step II : Let it is true for n =k,

ie. k(k+1)(k+5)=3A

= k(K> +5k+k+5)=3%

= k> +6k>+ 5k =3%r...(Q)

Step III : Forn=k+1,(k+1) (k+1+1)(k+1+5)
=(k+1)(k+2) (k+6)=(K>+2k+k+2) (k+6)
= (K> +3k+2) (k + 6)

=1’ + 6k* + 3k* + 18k + 2k + 12

12=3 x4,
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=13+ 9k% + 20k + 12
= (3% — 6k* — 5k) + 9k + 20k + 12

[using equation (i)]
=30+ 3k% + 15k + 12
=3(L+ K> + 5k + 4), which is a multiple of 3.
Therefore, P(k + 1) is true when P(k) is true.
Hence, from the principle of mathematical
induction, the statement is true for all natural
numbers n.
Hence, both the statements are true.

ASSERTION - REASON TYPE QUESTIONS

1 1
30. Assertion : Let P(n) 1 —=+—=+ ...+ —=>n
(@) Assertion : Let P(n) : \[ \/_ N
For n =2,
P(2): > \/— which is true.
N
Assume P(k) is true,
1 1 1
ie. —+—=+...+—=>Vk @)
J142 Jk

Reason : For n =k,

k(k+1) <k+1
= JkJkrl<k+1fk+1

= \/E<1/k+1
1/k+1>\/E fork > 2

Jk
= 1>
k+1
= (Multiplying by Jk )
= —:> \/E> k+1-
J \/_
= \/E+\/1_1>‘/k+1 . (iv)

k +

From (iii) and (iv),

+

1
\/ﬁ > Jk+1 [Using (i)]

Hence, (ii) is true forn =k + 1
Hence, P(n) is true for n > 2
So, Assertion and Reason are correct and Reason is
the correct explanation of Assertion.

31. (¢) If11™72 + 122! is divisible by 133, then
11™F2 412271 = 1334, 4 e N ... (i)
Hence, 11+ D*+2 4 1p2m+ D)+
S (12 % 1)+ (12207 x 122)
=(1330—-122"" Yy x 11+ (144 x 122™* 1) [using (i)]
= (11 x 1330) — (11 x 1277 1) + (144 x 122+ 1
= (11 x 133%) + (133 x 122m* 1

CRITICALTHINKING TYPE QUESTIONS

32. (¢) The product of  consecutive integers is divisible by
r!.Thusn(n+1)(n+2)(n+3)isdivisible by 4 ! =24.
33. (@ P(1)isnottrue (Principle of induction is not applicable).
Also n(n+1) + 1 is always an odd integer.
34. () Let P(n) be the statement given by
P(n) : 32" when divided by 8, the remainder is 1.
or P(n):3*=8\k+1 for some A € N
Forn=1,
P(1):3°=@8x1)+1=8\+1, where L = |
P(1) is true.
Let P(k) be true.
Then, 3% = 8 + 1 for some A € N .. (i)
We shall now show that P(k + 1) is true, for which
we have to show that 3¢ D when divided by 8, the
remainder is 1.
Now, 326D =32k 32— (&) + 1) x 9 [Using (i)]
=T2A+9=72A+8+1=801L+1)+1
=8u+1,whereu=91+1 €N
= Pk + 1) is true.
Thus, P(k + 1) is true, whenever P(k) is true.
Hence, by the principle of mathematical induction
P(n) is true for all n € N.
35. (d) Let P(n) be the statement given by
P(n) : 522 — 24n — 25 is divisible by 576.
Forn=1,
P(1): 57224 -25=625-49 =576,
which is divisible by 576.
P(1) is true.
Let P(k) be true,
ie. P(k):5™"2 - 24k — 25 is divisible by 576.
= 5%*2_24k —25=576L ..(I)
We have to show that P(k + 1) is true,
ie.  5%*%_ 24k — 49 is divisible by 576
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36.

37.

38.

)

@

©

Now, 574 — 24k — 49
= 5KT2F2 o4k 49 = 52257 04k — 49
= (576 + 24k + 25) - 25 — 24k — 49 [from (i)]
=576.25) + 600k + 625 — 24k — 49
=576.25AL+ 576k +576
=576{25\ + k + 1}, which is divisible by 576.
P(k + 1) is true whenever P(k) is true.
So, P(n) is true for all n € N.
The product of r consecutive natural numbers is
divisible by r! and not by (r + 1)!

4" (2n)!
Let P(n) : <—=
n+1 (n!)
Forn=1,
P(n) is not true.
For n =2,
2
4 4! 16 24 Lo
P(2): -——<-—5 = — <— which is true.
2+1 (2) 3 4

Let for n = m > 2, P(n) is true, i.e.

4" <(2m)!
m+1 (m!)2

m+1 m
Now, 4 4 4(m+1)<

(2m)! 4(m+1)
m+2 m+2 m+2

(m1)* (m+2)

(2m)!(2m +1) (2m + 2) 4(m + 1) (m + 1)
(2m +1) (2m + 2) (m!)* (m +1)* (m + 2)

_ [2(m+l)]!. 2(m+1) [2(m+1) ]!

(meti]2 o (m+2) " [(ma1)]?

2(m +1)°
o<1V m>2
(2m+l) (m+2)
Hence, for n > 2, P(n) is true.
Let the statement P(n) be defined as
3Y,.5\..7 (2n+1) 5
P(n): [1+= | I+= || I+=|.|I+——"|=(n + 1
® [ 1)( 4)( 9) ( n? ] (e

StepI: Forn=1,

ie. P(1): (1+%) —Q 1P =2=4= (1+%),

which is true.
Step II : Let it is true for n =k,

ie. (1%)(“%)(“%}..(”Z;rlj:(m 1 ... (0)

39. @

Step III : Forn=k + 1,
{(HE)(HEJ(HZJ...(HZk;l}} 1+2k+1+22
U409 k (k+1)

2k +3
(k+1)*

= (k+ 1)2 1+ J [using equation (i)]

= (k+1)

(k+1)% +2k +3
(k +1)°

=K>+2k+1+2k+3

= (k+2*=[(k+ 1)+ 1] [ (a+b)*=a’ + 2ab + b’]

Therefore, P(k + 1) is true when P(k) is true.

Hence, from the principle of mathematical induction,
the statement is true for all natural numbers n.

Let the statement P(n) be defined as

n’

P(n): 3 + 3 + % is a natural number for all n € N.

StepI: Forn=1,

M:5+3+=1e

Hence, it is true for n = 1.

Step II : Let it is true for n =k,

5 3
i.e.k—+k—+3=7\eN .. (1)
5 3 15

Step IIl : Forn=k + 1,

5 3
(k+1) +(k+1) +7(k+1)
5 3 15

(k° + 5k* + 10k + 10k + 5k + 1)

| —

+l(k3+3k2+3k+1 + Lie L
3 R TARRT:

543
Y LS S + (kK + 27 + 3K% + 2Kk)
5 3 15
1 1 7
+ -t
5 3 15

=n+k*+2K3 + 3K2 + 2k + 1

[using equation (i)]
which is a natural number, since A k € N.
Therefore, P(k + 1) is true, when P(k) is true.
Hence, from the principle of mathematical induction,
the statement is true for all natural numbers n.
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n (n + 1)2

— when n is even
40. (¢) LetP(n):S = 2( . 1)

% ,  whenn is odd

Also, note that any term T of the series is given by

n? , ifnisodd

Tn = 2 . .

2n“ , ifniseven

We observe that P(1) is true, since
12 12-(1+1)
P():S,=1’=1=—=—"—
D:§, > 5

Assume that P(k) is true for some natural number
k, ie
Case I : When k is odd, then k + 1 is even. We have,

Pk+1):8, ., =17+2x2"+ ...
+1+2 % (k+ 1)
K2 (k+1
=¥+2x(k+l)z

k+1
askisodd, 12 +2x2% +..... +k2=k2u}

—~

k+1)
2

k+1

2

(k% +4(k + 1)]

[k + 4k + 4]

k+1 3
=T(k+2)

[(c+1)+1]°

= (k+1) 5
So, P(k + 1) is true, whenever P(k) is true, in the case
when k is odd.
Case II : When k is even, then k + 1 is odd.
Now, P(k+1):S, ., =1>+2x2°
o+ 2 K+ (k+1)?

k+1

k(k+1)
:%ﬂkﬂ)z

k+1)°

(k+17 (k+2) _(k+1)* ((k+1)+1)

2 2

Therefore, P(k + 1) is true, whenever P(k) is true for
the case when k is even.

Thus, P(k + 1) is true whenever P(k) is true for any
natural number k. Hence, P(n) true for all natural
numbers n.

2 = 1 (mod 5) = 2H"° =
2390 — 1 (mod 5) = 23 x
= 2 (mod 5)

Least positive remainder is 2.

(1)”® (mod 5)
2 = (1.2) (mod 5)

2301



