CHAPTER

17

Indefinite
Integrals

| IRE LT JEE Advanced/ IIT-)EE

1.

Fill in the Blanks

(1990 - 2 Marks)

MCQs with One Correct Answer

The value of the integral J' w dxis (1995S)
sin? x +sin® x

(@ sinx—6tan~!(sinx)+c

(b) sinx—2(sinx) ! +c¢

(c) sinx—2(sinx)"! —6tan~!(sin x) + ¢
(d) sinx—2(sinx)"' + Stan”!(sinx)+ ¢

1
. 1.
If [ /2 f(t) dt=1-sinx, then f (—) is (2005S)
J V3

sin x

1

1
@ 3 (b) NE
© 3

x2—1
x3\/2x4 —2x2 +1
V2x* —2x% +1 Vaxt —2x2 41
——+c

@ ~—+c () ;

X X

dx =

(2006 - 3M, 1)

4 _9y? 2x* —2x% +1
© N2xT-2x7 41 c (@ -
X 2x

. Then,

for an arbitrary constant C, the Value of J-1 equals
(2008)

(e4x e2x+ \

@ -logL

R

1. (e —eF+1)
—log| =———|+C (d —lO
© 3 gLe2x+e"+1J @ gL

seczx

+é? +1\
+1J e

The integral J- 5 dx equals (for some arbitrary

(secx+tanx)2

constant K) (2012)

@ -— " _ {ll——(secxﬁanx) }

(secx+tanx)2

(b) ;“{%—%(secxﬁanx)z%K

(secx+tanx)2

© —

T {%+;(secx+tanx)2}+K
(secx+tanx)2

(G ;“{11—1+;(secx+tanx)2}+K

(secx+tanx)2

E Subjective Problems

sin x

Evaluate j _SMY ok (1978)
SInX —COSXx
dx
Evaluate j ~ = (1979)
(a+bx)

Evaluate J. (€!°8* +sinx) cos x dx . (1981 - 2 Marks)

(x— l)e

(x+ l) (1983 - 2 Marks)

Evaluate :
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5.

10.

11.

Topic-wise Solved Papers - MATHEMATICS

dx
374 (1984 -2 Marks)

Evaluate the following.[ > ( 4 1)
x(x™ +

. 1-x
Evaluate the following j mdx (1985 - 2% Marks)

(cos 2x)1 /2
— | (1987 - 6 Marks)

sin x

Evaluate : _[ {

Evaluate _[(Jtanx + yJcot x)dx

(1989 - 3 Marks)

1 n(+$x)

(
Find the indefinite integral _[ L T + Vet \/;J dx

(1992 - 4 Marks)

cosG+an9) 46
cos0—sin 0

(1994 - 5 Marks)

Find the indefinite integral I c0s201n (

(x+1)

Evaluate ,[ *(1+ xe* )2 :

(1996 - 2 Marks)

12.

13.

14.

3
Integrate I ﬂdx

3 (1999 - 5 Marks)
(x2 + 1) (x + 1)

2x+2

)
\/4x2+8x+13J

For any natural number m, evaluate

(
Evaluate I sin~! k (2001 - 5 Marks)

I(x3m +x2M 4 XM 2% +3x™ +6) M dx x>0

(2002 - 5 Marks)

1. 3 Assertion & Reason Type Questions

Let F(x) be an indefinite integral of sin’x.

STATEMENT-1 : The function F(x) satisfies F(x + 1) = F(x)
for all real x. because

STATEMENT-2 : sin’(x + 1) =sinx for all real x.
(2007 -3 marks)

(a) Statement-1 is True, statement-2 is True; Statement-2
is a correct explanation for Statement-1.

(b)

Statement-1 is True, Statement-2 is True; Statement-2
is NOT a correct explanation for Statement-1

(c) Statement-1is True, Statement-2 is False

GV

Statement-1 is False, Statement-2 is True.
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Indefinite Integrals

I Section-B

P
.

JEE Main / GIEEE

Isins(l;l—fa)dx = Ax+ Blogsin(x — a),+C, then value of
(4, B)is 2004]
(@ (—cosa,sina) (b) (cosa,sina)

(¢) (-sina, cosa) (d) (sina,cosa)
dx .
Im is equal to [2004]
1 (x 31!:)
—log|tan| —+—||+C
(@) 7 og|tan 2+ 2 +
Llo cot[x) C
(b) \/5 g 2
1 (x 31!:)
—log|tan| ——— ||+ C
(© 7 og|tan 58 +
Llo tan(i—ﬁ) +C
(@) \/5 g 2 8
2
I {l(loﬁLl))z} dx is equal to [2005]
+ (logx
log x X
(a) —2+C (b) P 1 +C
(logx)” +1 X"+
xe* x
+C d ————+
© 1+ %2 @ (logx)2+1
I cosx+dx3 sin x equals 12007]

a) logtan (£+1)+C

(@ log BT

(b) logtan (——1)4-(:'
2 12

(©) - logtan (§+1)+C

d = logt [i-l) c
(d) og tan 5 12+

S.

sin xdx

— _is
sin (x - E)
4

(@) x+log|cos (x

[2008]

The value of \/2 I

b) x- loglsm(x E)|+c
(© x+log|sm(x

d x- loglcos(x—%)lw

S5tanx
tanx -2

Ifthe

dx=x+aln [sinx -2cosx|+k, thenais

equal to:
@@ -1
© 1

If I Sf(x)dx =wy(x), then I X f(x*)dx is equal to

[2012]
(b) -2
@ 2

@ %[xﬂ,,(ﬁ )-[FPyeHax]+C IEEM2013)

(b) lx3\./(x3)—3j Xy(x*)dx+C

3

lx3\./(x3)— j Py )de+C

© 3

@ [P [Pvedn]

1
The integral j (1 +x— l)e’”?arx isequal to [JEE M 2014]
X

@ (x+l)ex X+tc ®) Ty re

xk 1
© (x-1e x +c (@) xex+" ‘e
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] dx
9. Theintegral Iw equals :

@

©

Topic-wise Solved Papers - MATHEMATICS

x4+ D4+

(x4+1\\%

(

X4

+C

[JEE M 2015]

(x4+1 4

\1
(b) —L J +c

X4

1
d *+D4+c

10.

12, c.9
The integral .[2)(4+5x3dx is equal to:
(x5 +x3 +1
[JEE M 2016]
5 10
X —X
@ ————+C () ———+C
2(x5 +x3 +1) 2(x5 +x3 +1)
.5 10
© ————+C (@ ———+C
5 3 5 3
(x +X +1) 2(x +X +1)

where C is an arbitrary constant.
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10.

11.
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13.

Indefinite
Integrals

Section-A : JEE Advanced/ IIT-JEE

-3 35
BE 36> anyreal value
(c) 2. (¢) 3. (@ 4. (¢) 5 (¢

2
1 ) X 1 a
el _ —|a+bx—2alog|a+bx|- +C
2Iog|sxnx cosx|+2+C 2. b3{ g | a+bx}

ex

(x+ 1)2

: 1
xsinx+cosx——cos2x+C 4.
4 o

+C 5, —[1+L]4 +C

—2\/1—x+cos_l x+xl-x+C
( Jtanx —Jcotx )
\[Z_tan_l tan cotx 4

\/E—Vl—tanzx

L & J c 9. %xm 12 9 502 12 S0 4 134 14 g 106 g 1112
. . 1/613
s1r12291n(cosg+s%ngj —%lnseCZG-i—C +1210g|x1/2+1|+6H7(1+x3 ) —%(l+xl/6)2+3(l+xl/6)}
COSU —SIn
(14 xe* L /63
log ltxe") 1 . In(1+x/6)— 1+x"") _§(1+x1/6)2+3(1+x1/6)
L xe™ J 1+ xe” 9 4
L /632
—llog|x+1|+llog(x2+1)+itan_1x+ al +C +M +C
2 4 2 1+x2 0 1
m+
Dt 3m 2m TS
(x+l)tan_1( s ]—élog(4x2+8x+13)+C 10, LX) M
4 6 m+1
(d)
Section-B : JEE Main/ AIEEE
(b) 2. (@ 3. (d) 4. 5 () 6. (d) 7. (©)

(d) 9. (b 10. (d)

f1_ 2
7. %log[\EJr L tan x:|—log(cotx+\/cot2x—1)+C
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I Section-A

A. Fill in the Blanks

J’de Ax+ BIn(9e¥ —4)+C

9¢* — 4

X —X
= Llgr+ BIn@ —a)+ )= 10
dx 9¢* —d4e™*

18Be™  4e” +6e™"

A+ =
9¢* —4e™  9e¢* —4e™*

(94+18B)e* —44e™™
9¢* —4e™*

_4e" +6e7"
9¢* —4e™*

= 94+18B=4;—44=6 = 4 3;
2

B= (4+ 2—7) i _33. C can have any real value.
18 36’

C. MCQs with ONE Correct Answer

2 4
cos’ x+cos®x , _ [(cos”x+cos” x)cosx

© Letl= j : .
sin? x+sin* x sin’ x(l+ sin’ x)

[1—sin? x+ (1—sin? x)?Jcos x

dx
sin? x(1+ sin’ x)

2-3 sin® x +sin* x)cosx

sin? x(1+ sin’ x)
Put sinx=t¢ = cosxdx =dt

2-32 444 ( 2 6 ]
I=)| ———dt I= l+—=————|dt
I 4 f? I 2 4l

=t—§—6tan_l(t)+C

=sinx—2(sinx)"! =6 tan~! (sinx)+ C

1
(© Given that j 2 f(t)dt = 1—sinx
Sin x

drl _d .
= dxjsinxt f(t)dt—dx(l sin x)

= —sin? xf(sin x).cos x =—cos x

1
/J3) =
s1nx:f( \/—) (/\/_)

= f(sinx)=

2 2
x“ -1 x -1
(d) I3 4 2 dx:—“
xN2xY - 2x% +1 7 2_i+i

Topic-wise Solved Papers - MATHEMATICS

JEE Advanced/ lIT-)EE

4 4
7 7
=—I x
4
X X
1
Put 2- st 7=t = [13 isldx dt
b b X X
2—%+L4
j =Sre= 2 2
4
4 _ 5.2
=\/2x ix +1+C
2x
x
Given [ = dx
J‘4"+e *+1
x e3x
J= dx = dx
Ie4x 2 +1 Ie4x+e2x+1
& (e?
I 1= %
+1

Let e =t = e'dx=dt

1
_ 2
J-1= j4’ ! dr =| dt
+12 41 t +1+l
£

1
SR (AP

1 _
1-1=] a1l c
Wr-1 2 Clu+l
t2+1
1 - 1, [ —e* +1
=—log 2 +C=—=log———|+C
2 741 2 e e 41

+1
t

I- J' sec? x i
(secx+ta1nx)9/2

1
Let secx +tanx=t = secx—tanx=?

>3]
secx=—|t+—
2 t

Also secx(secx + tanx) dx = dt
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o M-S-271

Indefinite Integrals

= secx dx=%

I_lj(t+;)dt

=% I( §9/2 | 41372 ) it

C2d 2y
1| 9/241  ;13/2+1
=219 +—13 +K
20 741 224
2 2

e W/ R SV R
7 11

1 1 1 (1 ¢
=‘W‘ml—1/2+K=‘t1W(ﬁ+7J+K

-1 l+%(secx+tanx)2}+K

(secx + tan x)11/2 {11

E. Subjective Problems

7= J‘ sin x J' 2sinx
sinx — cosx sinx — cosx

sin x + COS X + Sin x — COS x
=§ dx

Sin x —cos x

cosx+sinx Sin x —cos x cosX o
2 —dx+

sin x —cos x sin x —cos x

=llog | sin x —cos x| +£+C
2 2

2
2 Letl=| X
(a+bx)
Leta+bx=t = x:(t__a) = dx:ﬂ
b b
2 2
(t—a)2 _ 1 rt"-2at+a
I_b_3 t—zdt = 3J—t2 dt
( 2) 2
L 1_2_a+a_ dt L t—2a10g|t|—a— +C
& t & t
1 a®
=—|a+bx—2alog|a+bx|- +C
b a+bx

3.  Toevaluate I(eIng +sin x) cos x dx
=I(x+ sin x)cos xdx [Using e /8% = x]

=Ixcosx+ljsin2xdx
2

. . 1(—cos2x)
=x51nx—js1nxdx+—
2 2
. 1
= xsmx+cosx—20052x+C

(x+1-2)¢e"
(x+1)3

(x-Dée*
(x+1)°

1 2 e~
= - - c
Ian)2 (x+1)3} (x+1)2+

(Using ["(f(x)+ f'(x)dx =" £ (x)))

dx
Let]:.[ N
x3x2[l+—4]
X
1 —4 dx dt
Put l+—=t = —gx=dr = —_—=—
x* 3 S 4
_dr _l(t-3/4+1\
I= I a4l 3 |7¢
4 —+1

1 1/4
=—t”4+C=—(l+—4] +C

ol

Putx=cos’?0 = dx=-—2cos 0 sin0do

=—H1‘°°SG 2sin0cos0do
1+ cosO

=_I sin®/2
c0s0/2

- —2j (1-cosB) cosOdo

.2.2sin(0/2)cos(6/2)cos0dO

= —2j (cosB— cos? 0) O

=_zj(
- —2[sine—l(e+ sze) +C}

2 2
= —2\/l—x+[cos'l x +«/;x/1—x]+C

[Using sin® = +1—x ]
=—2f-x+cos 'Vx+/xlI-x+C

1+cos29) 46
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cot xX—

7. Izj'mdx J‘VCOSx smxdx J‘

sin x sin? x
Let cotx =sec ® = —cosec?x dx=sec O tan0d 0

2
Y _
We get, [ = I/sec g_; _SecOtand secetane +2 y+log|y+1| [+ G
—(l+sec 9)
323 12 7/120 512 12 spi2 4 13
2 -2 ==x""-=x +2x ' ——x +3x
=_J'sece.taI21 ede =_J‘ sin“ 0 40 2 7
1+sec” 0 cosO+cos” 0 —4xM4 4 6x!0 _126 12 L 1210g | X112 1114
2 20y 2 2
=_J‘ 1—-cos 92 4o —— (1+cos” 0) 2;:03 Gde e
cos0(1+ cos” 0) cos (1 + cos“ 0) I = J‘ In(1+(x)"")
c0s6 )13 + ()2
Isec@d9+2.[ d® Let x = 28 so that dx = 62° dz
1+cos® 0 ,
ln(1+z) 5 6z In(z +1)
=—log|secO+tan 0|+ ZJ.&dG I22+z3 Zdz I z+1 dz
sin”@ Putz+1=¢ = dz=dt
1 \/§+sin9| 3
=—log|secO+tan O |+2. lo +C . _(6¢-1)"Ins . 2 1
8| 20 8 3 —sino) © = [T a6 @ 33 dr
1
1 J2 +41-tan? =6[ 2 =3t+3)Intdr - —lntdt}
=—10gcotx+\lcot2x—1 +Tlog;anzx+C J.( ) J.t
2 V2 -1-tan’x
6 (’3 3 3tj]nt jf 3 3:}
Vsinx «/cosx T T
I =] (vtanx ++/cot x)dx = 2
j ) J‘\/cosx x/smx
. : 1 (nt)?
=jsmx+cosxdx =ﬁJ'51nx+cosx _dt_T
v/sin xcosx \sin2x d
Putsinx—cosx =t = (cosx+sinx)dx=dt 3 2
also (sinx—cosx)? =1 = 1—sin2x = ¢? -6 (t__i_,__v,t lnt—j (t__it_,__v,\d
Ls 2 J Ls 2 J !
= sin2x=1-7£
_(lnt)2:|
2sin” 1+ C =«/§sin'l(sinx—cosx)+C 2
9 (t3 £2 ) (13 £2 )
LetI=IL L a+¥) 6 L——3—+3tJl t—L——3—+3tJ
Yx+dx Yx+x 32 9 4
Int)?
J‘ det Iln(l+«/_)dx _(np)” G,
e +Yx Ve ++x 2
I=1,+1, (1) 6.
1 P PECRE S0 S VU T S Y L
where 11=J‘ﬁdx 3 2
P+ 4x
Letx =y!2 sothatdx=12y”dy 1/613
| In(l+x"%)— —(1”9 )
12y
I = dy=12 —dy
[

1/642
( 1 \ _%(14'36'1/6)2+3(l+xl/6)}+W:|+C
=121Ly7 -0+ —y4+y3—y2+y—l+—de
y+1 0
Thus we get the value of 7 on substituting the values of /;

and 7, from (2) and (3) in equation (1).
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Indefinite Integrals

10. Let = j c0s201n (M} do
cosO—sin0

Now we observe that
d ln(cos(9+sin9]
do cos0—sind
d . .
= E[ln (cos 0 +sin 0) — In(cos 6 —sin 6)]

_cos®—-sin® —cosO—sinO
cosO+sin® cosB-—sinB

_ €c0s0—sin®  cosO+sinb
cosO+sin® cosO-—sin

cos® 0+sin® 0 —2sinBcosO +cos> O

+sin?0+2sinBcosd = 2

= cos20
cos2 0 —sin2 0

Integrating I with respect to 0, by parts we get

7 _5in20 n(cos9+sine]_jsin29 2
2 cosO—sinO 2 cos20

=sm291n(cose+s%n9) —jtanZGdG
2 cosO—sin®

_sin20 ln(cose+s¥ne)—llnse029+C
2 cosO—sin®/ 2

I j (x+1) =I efx+l) o
X xX\2
x(1+ xe® ) xe” (1+xe™)

Put 1+ xe* =t = (xe* + &) dx = dt
I= L2=J.( L +l+ )dt
t-Dr -t ¢t 2

1
=—log|1—t¢|+log|¢| —;+C

‘1+xex‘ 1

=10gl ‘ —xe* ‘ 1+ xe*

_log(1+xex\_ 1 L
\ xe® J 1+ xe*

= J‘ X +3x+2
(x +l) (x+1)

x> 43x+2 A Bx+C Dx+E
2 2 T B
(x“+D7(x+1) x+1 x"+1 (x°+1)
Comparing and solving, we get,
1 1 1

A=—,B=—,C=—,D=0,E=2.
2 2 2

L‘_1+C =log — +C
-t t

1=—— — —j g +2j

x+1 x2 41 (x2+1)2

= —%log |x+1| +%log(x2 +l)+%tan_1 x+2I+C

where I =J‘% ,puttingx=tan 0,
(x“+1)
1 =jse° 9 do= j (cos?8) d6 = — j (1+cos 20)d0
SCC
=l(9+lsin29)=ltan_lx+—. 2x
2 2 2 414 x°

1 1 2 3.
I=—=lo +1|+—log(x* +1)+ —tan
> glx+1] 2 8( ) 5 x

+ +C
1+
where C is constant of integration.
( 3
I = Isin_l LLJ‘;X
Vax? +8x+13
- J.sin'l x—+113 dx
x? +2x+—
=J.sin_1 x+l dx
G+ 1)2)+(3/2)?
Putx+1=3/2tan 0, dx = %sec2 de
(3 tan 9) 3
I= J.31 —= [ Zsec’0d0
ta 20+ 912
4 4
S j sin™! [—S‘“ 0 —"°‘°‘e}sec2 046
2 cosf 1

=§jeseczede =i[etane—jtanede]
2 2

=%[9tan9—log |secO|]+C

I= %B(ﬂ l)tan_l}[g(JHl)}
f 4 2
—log l+§(x+l) 1+C

) M-S-273
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M-S-274 ¢

— (x+1)tan”! (%} —%10g(9+4x2 +8x+4)

3
+=log9+C
4 8

2x+2

- (x+1)tan_l( ]—%log(4x2+8x+l3)+C

14. 1 =I(x3m + x5 4 ™Y 2xP™ 3™+ 6) ™ dx

m

1/m
3m 2m m
=J.(x3m+x2m+xm){2x +3x +6x:| &
X

=J'(x3’" +xj'”+x'”\

J(2x3m +3x%™ + 6x™) ™ dx
Put 2x3"+3x" +6x™" =y

I=— dy=— +C
6mjy Y=o\ 1/m+1)

Topic-wise Solved Papers - MATHEMATICS

[ m+)
=1Ly i J+C
6| m+1
m+1

13" 1333 4 6x™) m
6 m+1

+C

H. Assertion & Reason Type Questions
. @ F(x)-= j sin2 x dx = % j (1— cos 2x)dx
= i(Zx—sin 2x)+C
Now, F(x+n)= %(2x+ 2n—sin(2x+2n))+C

=%[2x+2n—sin2x]+C¢F(x)

Statement —11s false.
Also sin? (x + ) =sin’x, Vx € R
Statement -2 is true.
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Indefinite Integrals

M-S-275

J Section5

L

w

&

o |

© Ij

sin x J- sin(x — o + (x)

sin(x — o) sin(x— o)

dx

_ _[ sin(x —a)cos o + cos(x — o) sin o
sin(x — o)

= I {cosa +sina cot(x — o) }dx

= (cosa)x + (sina)logsin(x —a) + C
.. A=cosa, B=sina

@ [ —&

COSXx —SInXx

ﬁcos(x+g)

+C

tan[Lm)
4 2 8

J_Isec(x+ )dx =%log
tan(Z+§)H
=%log tan(%+%)

I (logx—1)° =Il+(logx)2—210gxdx
(1+(10gx) ) [1+(logx)2]2

[ 1 2logx
=.[ 2y 2 2}1"

| (I+(logx)”) (1+(logx)7)

{ Iecxdx log

+C

I t
=I e_2_2t_e22 dt putlogx=1t = dx=¢e'dt

| 1+27 (1+17)
_I L
1+£2 (l+t )

[whlch is of the form Ie

(x)+ £'(x))ex ]

e X

= 3 +
1+ (logx)
dx

2 1cosx+£sinx
2 2

:>I=j'

cosx++/3sinx

2 sin(x+£)
6

dx 1J~ dx

I n
sin—cos x + cos —sin x
[ 6 6 ]

S.

6.

= I= %.J‘cosec(x+%)dx

But we know that Jcosecxdx =log|(tanx/2)|+ C

)+C
12

(©) Let1=\/fj sin xdx put x—%=t

sin (x - E)
4
sin (t + E)
4

dx=dt = I=J§j,—dt
sin ¢

1 X
—.log tan (
2 g 2

J-(sm t+cost\
Slnt

= I=J‘(l+cott)dt=t+log|sint|+cl

= x—£+log sin (x—EJ +c
R 4)|
. s
= x+log|sin [x—zj +c(wherec=c1—
sin x
(d) J'Stanx dx=J. 'COSX dx
tanx—2 smx_2
Ccos X
(SSinx CcosXx )
=J- X - dx
cosx sinx—2cosx
_J' 5sin x dx
sinx—2cosx

_J‘(4sinx+sinx+2cosx—2cosx I
sinx—2cosx

3 J‘(sinx—2cosx)+(4sinx+2cosx)dx
sinx—2cos x

J'(smx 2cosx)+2(cosx+2smx)d
(sinx—2cosx)

sinx —2cosx cosx+2sinx
_ [sinx-Zeosxy, ,ff cosxs2sing)

sinx —2cosx sinx —2cos x

J‘d 2J‘cosx+231nx
sinx —2cosx

=1, +L wh =J' dI =2f
1+ where I = | dyand 2 sinx—2cosx

cosx+2sinx

H

dx
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Topic-wise Solved Papers - MATHEMATICS

put sin x —2cos x = ¢
= (cosx +2sinx)dx=dt

1 =2J.%=21nt+c — 2 In (sin x-2cos x) + C
Hence, I; +1, =Idx+21n(sinx—2cosx)+c
=x+2In|(sinx-2cosx)|+k =>a=2
Let [ f(x)dx=w(x)

LetI= [ x°f(x*)dx

putx3 =1t = 3x2dx=dt

I= %j3 X2 f() dx
- 3l ar = 3 roa- | roar]
- [0~ fwo]
_ %[x3\|/(x3)—3jx2\|/(x3)dx]+C
X0V - [Py )dx+C
8. (@ Let] =I(1+x—%)ex+%‘dx
[ ea + I(x—i) & iy
L x[1—xi2] e +I(x—%) &y

1
ve % _J’(x _ l) & Ve + I(x - l) & rax
X X

1
x+—

=xe *+C

dx

& 1= I2(x 4h)de IW

Letx*=y
-1
= 4x3dx=dy=dx= Tx3dy

T
3(l+y)3/4 (l+y)3/4

_ _Tlx4(1+y)”4 —QexHVA L

1/4
(x4+1\

)

2x12 1 5x°

OIS b e ere

Dividing by x'> in numerator and denominator
% + % dx
J' X~ X

3
1 1
I+—+—
( x? xs)

. 1 1
Substitute 1+ —t ==t
b X
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