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Complex Number

QUICK LOOK

Algebra of Complex Numbers: z=x+iy is a complex
number where xe R,y e R,i=\/——1, ie., i’ =—1; real part of
z =Re(x) = x, imaginary part of z=1Im(z)= y.
= Ifz =x+iy,z, =x, +iy, then,

z,+z, =(x, £x,)+i(y, £ y,) and

2.2, = (XX, =y ¥,) Hi(x, ), + 1, X,)

i _ 1 _ X, — iy, _ 5y,
z, X, +iy, (%, +,)(x, —iy,) xz2 —i2y§
_% -, X . W

-2 27 2 2 2 2
XNFY, %ty, XNt
" x,+iy,=x,+1y, & X +Xx,,y =y, Thus, one complex
equation is equivalent to two real equations.

= " =1,i,—1,-iaccording as n=4m,4m+1,4m+2,4m+3.

Note

The values of different integral powers of i are i or —1 or —i and
1. The digit in the units place of the value of a positive integral
power of a digit also follows a sequence of digits. The digits in
unit places of 7',7°,7°,7*, 7 etc., are 7,9, 3, 1, 7 etc. Using this
fact we can determine the digit in the unit place of a power of a
natural number.

For example: What is the digit in the unit place of (193)*?

Consider the value of 3',3% 3% 3%,3°,3% etc. The digit in the unit
place will be in the sequence 3, 9, 7, 1, 3, 9, 7, 1,..The 50th
term in it is 9. So the digit in the unit place of (193)*is 9.

Representation of complex numbers in Argand plane
= The complex
z=x+1iyis represented in a

number

z=(x,y)
plane by the point (x, y). The

[maginary axis —>
~

plane in which complex
-+ ++
numbers are represented by -
. . Real axis —
point is called the Argand
plane. If x>0,y>0 then
T +,—

the complex number will be
represented by a point in the Figure: 3.1
first quadrant. Similarly for other possible signs of x and y

the location of the point is as shown in the figure.

Modulus, Amplitude (Argument), Conjugate of a Complex
Number: If z = x +iy then

* modulus of z = z|=+x” +)°

* amplitude of z=ampz(orargz)=tan™ 2 We know
X

that tan™' £ has many values. The smallest numerical value
X

falling in the quadrant of the complex number is called the

fundamental amplitude (or simply amplitude).The general

value is 27rr+tan’11 where tan’ll is the fundamental

X X
amplitude, and this value is called the general amplitude.
The amp z lies between —p and p, i.e., 0> ampz < 7 or

-7 < ampz < 0.If z belongs to the first quadrant then its

amplitude is between 0 and %; if z belongs to the second

quadrant then the amplitude is between %and z; if z
belongs to the third quadrant then the amplitude is between

—p and % and if z belongs to the fourth quadrant then the

amplitude is between % and 0.
= Method of calculating amp z is as follows.

Calculate tan™'

Y
X

(=a) in

the first quadrant. ]
.. a=tan" Y
If z is in the first quadrant, x

amp z=q«

If z is in the second quadrant,

amp z=7—-«
-

If z is in the third quadrant,

amp z=a -7
If z is in the fourth quadrant, Figure: 3.2

amp z=-a.

Note
The complex number z = 0 has indeterminate amplitude.
= Conjugate of z=7z = x—iy.

= The trigonometrical form (or polar form) of a complex



number is z=|z| {(cos (ampz)+isin(ampz)}, i.e.,
z =r(cos+isinf) where r = |z| and q = amp z.
=  Unimodular complex number z is such that | z |= 1 and hence

unimodular complex number. z=cosf+isinfd where
O=ampz.

While taking a complex number z in working out a problem
or solving an equation we take z = x + iy (in algebraic form)

or z=r(cos@+isind) (in trigonometrical form). If the

modulus or amplitude of the complex number is known, it is
always convenient to take z in the trigonometrical form.

1) ‘i is always a unimolecular complex number if z # 0.

z|
(i) If amp z:g or —%,z is purely imaginary; if amp

z=0or 7,z is purely real.

To Express Real Part and Imaginary Part in Terms of the
Complex Number
= Let z=x+iy; then z=x-iy

Adding these, z+Zz =2x;
1 _ .
Lx= E(Z +Z) Subtracting these, z —z = 2iy
1 _
SLy=—(z-Z
y=5 (z-2)
Note
(1) z+z is always real and z —Z is always imaginary.

(i) zz is always real.

Properties of Conjugate, Amplitude and Modulus

— = =
"= ztz,=z 2z zl.zz—zl.zz[ J—

*  amp(z,.z,) = ampz, +ampz,

z
amp (—1] =ampz, —ampz,
Z

z

amp—=2amp z
z

ampz* =2amp z.

Note

If z, =#(cos 6, +isinG,), z, =r,(cosb, +isinb,)
Then z,.z, =, (cos 6, +isinf,)(cos b, +isinb,) =rr,
{cos(6, +6,) +isin(6, +6,)}

Z
and—L =

r,(cos 6, +lSl.n€1) :i{cos(gl_ez)+isin(91—92)}
,  n(cosf, +isind,) r,

Z

. amp(z,z,)=ampz +ampz,

z
and amp—-=ampz, —amp z,

%

Clearly, these results on amplitude hold when we take

fundemantal amplitudes only.

|Zl|

=2 Azl

|ZZ|

z
|22, H 2 || 2, | —
)

lz,+2, |z |+]z, |
equality holding if z=0, z,z, are collinear with z =0 at
one end.

|Zl—22 |2Hzl |_‘Zz ”

zZ =z ‘E‘ =1l
z

Power of a Complex Number (De Moivre’s Theorem)

If z, =cosé, +isinb,,z, = cos b, +isin ,, etc., then

z,.z, =(cos 6, +isinf,)(cos &, +isinb,)

=cos(f, +6,)=isin(6, + 6,)

z,.2y.25....=C0s(0, + 0, + 6, +...)+isin(6, + 0, + 6, +....)
(cos@+isinf)" =cosnf+isinnf, where n is a positive
integer.

(cos@+isin@)™" =cosnf—isinnd

(cos@—isin )" =cosnd—isinnb

(cos@+isin@)?'? = {cos(2rr +0) +isin2rz+ )}

— cos Q2rr+0)p +isin Q2rr+0)p ’

q q
where r =0,1,2,.......,q—1.

nth roots of unity =1"" = (cos0+isin0)""

2rme .. 2rmw
=cos—— +isin——,
n n

=(cos2rr +isin2rz)""

where »=0,1,2,.....,n—1.

2 .. 2& .
If cos—+isin— =z, then the nth roots of unity are

n n

2 3 -1 . .
L,zy,2y,255 2y Which are in G.P.

Cube Roots of Unity

Cube roots of unity

=1"% = (cos 0+isin0)""* = (cos 27z +isin 2rr)">



2rr .. 2rmw
=CcoS—— +isin—,
3 3

where r =0, 1,2

1 3 1 B

=l i -
2 27 2 2

= If one of the non-real complex roots be w then the other

—i—.

non-real complex root will be w’.
. 3\/IZI,W,W2 where w* =1 and 1+ w+w? =0.
= The value of 1+w" +w* = 3 if n=3m, i.e., n is divisible

by 3= 0if n+#3m,i.e., nisnot divisible by 3

Note

Any complex number for which
_realpart | 1. [3or 311,
imaginary part

can be expressed in terms of w and 1.

Application of Complex Numbers in Geometrical Problems
The geometrical meaning of complex expression, equations and
inequations are as follows:
®  z=x+iy=>z isapoint whose coordinates are (x,y)

Y

P(z)

0 (=)
Figure: 3.3 X

Note

The complex number z is also represented by a vector. If P
represents z in the Argand plane we say OP represents the
complex number z, O being the origin. If P and Q represents

complex numbers z and z1 respectively then Q—P =z-2z.

= |z|= distance between the origin and the point

z| z—z, |=distance between the points z and z;.

= ampz=/Z0X,where Z represents z

amp === £20Z,.

Z

|z—z|

X

Figure: 3.4

Ifz,,z,z, are three points taken in the anticlockwise sense

Zy, — Z,
then amp =—=—-1
274

=/7,7,7,

The angle between two line segment joining the points z, z,
Z
and z;,z,1is
z, —Z

1 2

amp =
zZy -2z,

zZ,—z

zZ, -z,

2

or T—amp =

Z 23

Figure: 3.5

Complex numbers z satisfying |z -z, |= p represents points
on the circle whose centre is z, and radius = p.

Complex numbers z satisfying|z —z, |< p represents points
inside the circle whose centre is zyand radius = p.

Complex numbers z satisfying |z —z, |> p represents points

outside the circle whose centre is z, and radius = p.

‘zz>p

Figure: 3.6

If z is on the circle | z|= p then iz is also on the circle, the

radius vector being shifted by 7 /2 in the anticlockwise sense.

iz
‘ z
Figure: 3.7
The line segment joining the complex numbers zj,z, is
divided by the complex number z in the ratio m:n if
mz, + nz
z =% 1

m+n
General equation of a line is @z+az + # =0 where £ is a

real constant and « is a non-real complex constant.

n
Z
/
Zl

Figure: 3.8
General equation of a circle is zz +az + @z + f =0 where

d is areal constant and ¢ is a non-real complex constant.



MULTIPLE CHOICE QUESTIONS

Basic Concepts of Complex Number

1.

200
If i = -1, then the value of Zi” is:

n=1

a. 50 b. - 50 c.0 d. 100

If i=J-1 and n is a positive integer, than
lvn + lvn+l + in+2 + l-n+3 — r)

a. | b. i

c. i d.o

If x=3+i,then x* —3x*-8x+15="?

a.6 b. 10
c.—18 d.-15
n \2n
The complex number a 2 ~ + a J;i) , (ne2)is equal to:
—1
a.0 b. 2

c. [1+ (=1 d. None of these

Algebraic Operations with Complex Numbers

5.

1-2i 4-i
240 3420
24 10 . 24 10, 10 24 . 10 24 .
a—+—i b.———i ¢ —+—i d ———i
13 13 13 13 13 13 13 13
1 3 \(3+4i
—_—t ?
(1—21‘ 1+ij(2—4ij
a l-i-—l b. l—21
2 2 2 2
c. l——z d —+2i
4 4 4

Which of the following is correct?
a. 6+i>8—i b. 6+i>4-i
c. 6+i>4+2i d. None of these

6i —3i 1
If |4 3i —1|=x+iy, then:

20 3 i
ax=3y=1 b.x=1, y=3
c.x=0, y=3 d.x=0,y=0

The real values of x and y for which the equation (x* + 2x7)

—(3x” + yi) = (3=5i) + (1+ 2 yi) is satisfied, are:
1
a. x=2,y=3 b.x=—2,y=§

c¢. Both (a) and (b) d. None of these

10.

11.

12.

13.

14.

15.

16.

J-24-3=2
a. \/g b. _\/E
c. ix/g d. None of these

4n+1
. e 1+
If » is apositive integer, then (—j =7
—i

a. l b.-1 c. i d. —i

If (1-i)"=2",then n="?
a.l b. 0

c. —1 d. None of these

The smallest positive integer n for which (14)*" = (1-i)*"
is

b. 2

d. 4

a. 1
c.3

If z,=(4,5) and z, =(-3,2) then Z equals?
Z;

23 2 2 -23
a | —,— b. | =, =2
(12 13] [13 13)
P a2 2

13713 13713

1+2i

—1

The complex number lies in which quadrant of the

complex plane:
a. First
c. Third

b. Second
d. Fourth

If z=x+iy,z'* =a—ib and 1—%:k(a2 —b?) then value
a

of k equals:
a.2 b. 4
c.6 d. 1

Conjugate of a Complex Number

17.

18.

If the conjugate of (x +iy) (1-2i) be 1 + i, then:

1 3
a x=— b. y=—
5 7 5
c. x+iy= 1= d x—-iy= 1=
Y STy
The conjugate of complex number 4__ is:
—1i
a. 3i b, 11+10i
17
. 11-10i d 2+43i

17 4i



19.

20.

The real part of (1—cos 8+ 2isin @)™ is

1 1
a — b. ——
3+5cos@ 5-3cosd
€ —1 d —
3-5coséd 5+3cosd

The reciprocal of 3+47i is

3 7.

———i

b. 3-+7i

4
3 7

 ———1 d. V7 +3i

c16 . J7+3i

Conjugate, Modulus and Argument of Complex Numbers

21.

22.

23.

24,

25.

26.

27.

(1+,-)@ =
(B+i)
a.—1/2 b. 1/2 c. 1 d.—1

For x,,x,,,», €R, if 0<x, <x,,y,=y,and z =x, +iy,,
1 .
z, =X, +iy, and z, :E(Zl +z,),then z,,z, and z, satisfy

a. ‘Zl‘:|22‘:|23‘ b.\Zl\<\Zz|<|Z3|

|z [>[z [>]z] d. |z [<[z |<]z |

Amplitude of (l;lj is:
1+i

a.—m/2
c. /4

b. n/2
d. /6

The amplitude of sin % +i (1 —cos %) ?

b. 27/5
d. /15

a. 7/5
c. 7/10

If | z|=4 and arg z:%z, then z =

a. 243-2i

C. —/3+i

b. 24/3 +2i
d. 2J3+2i

If z and @ are to non-zero complex numbers such that
| zw|=1 and arg (z) — arg () :g, then zw is equal to

a. 1 b. -1 () d.—i

The complex numbers sinx +icos2x and cosx —isin2x
are conjugate to each other for:

b. x :(n +l]7r
2

d. No value of x

28.

29.

30.

31.

32.

33.

34.

35.

There exists no value of x common in (i) and (ii).
Therefore there is no value of x for which the given
complex numbers are conjugate.

If z is a complex number such that z* = (z)’, then

a. z is purely real

b. z is purely imaginary

c. Either z is purely real or purely imaginary
d. None of these

The number of solutions of the equation z> +z =0 is

a. 1 b. 2
c.3 d. 4
. 2+i) . .
The conjugate of (3+l_) , in the form of a + ib, is
i

13 (15 13 -15
a —+i| — b, —+i—

2 (2) 10 [ 2 ]

13 (-9 13 (9
Cc —+1| — d. —+i| =—

10 (10] 10 (10)

If z; and z, are any two complex numbers then | z; +
ol +|z, -z, is equal to

b. 2|z, +2]z, [

d. 2[z ]z

2 2

a. 2]z z|
2 2

¢ [z [ +lz]
The maximum value of | z | where z satisfies the condition

2 .
z+—{=218

a.43 -1 b.v3 +1
) d.v2+43

If z andz, be complex numbers such that z #z, and

| z,|=|z, | . If z, has positive real part and z, has negative

. . +

imaginary part, then (2+2) may be
474

a. Purely imaginary b. Real and positive

c¢. Real and negative d. None of these

The product of two complex numbers each of unit
modulus is also a complex number, of:

b. Less than unit modulus

d. None of these

a. Unit modulus
c. Greater than unit modulus
_ (1), .

For any complex number z,z = | — |if and only if
z

a. z is a pure real number

b.|z|=1

c. z is a pure imaginary number

d.z=1



36. Letzbe a complex number (not lying on X-axis of maximum

modulus such that |z +§ =1. Then:
a.Im(z) =0 b.Re(z) =0
c.amp(z) =7 d. None of these
37. Modulus of (3 t 22) is:
a.l b. 172 c.2 d. V2

38. If|z|=1and a):z—_i (where z # —1) , then Re(w) is:
z+

|z+1]
z 1 V2

c. . > d ——~
z+1| | z+1| |z+1]

39. If z; and z, are two non-zero complex numbers such that

|z, +z, |5z, | +]| z, |, then arg (z,)—arg (z,) is equal to:

-z b.- % .z d.0
2 2

Square Root of a Complex Number

40. The square root of 3 — 4i are
a. £(2-10) b.£(2+17)

c. +(/3-2i) d.+(/3+20)

41. \/Eequals?
a.l+i b.1-i

c. —2i d. None of these

Representation of Complex Number

42. If —1++/-3 = re”  then is equal to

a. z b. -Z
3 3
o 2z a -
3 3
43. Real part of e’ is
a. ¢ ?[cos(sin 6)] b. e*?[cos(cos 6)]
c. e™"[sin(cos 6)] d. ¢™"’[sin(sin 6)]

4. If 1 +x=2cos6, then x" +in is equal to
X

x
a. 2cosné b. 2sinn@
¢. cosnd d. sin n8

45.

i'is equal to:

) 2
a.e” b.e™

c.—m/2 d. None of these

Complex Numbers in Co-ordinate Geometry

46.

47.

If in the diagram, A4 and B represent complex number z;
and z, respectively, then C represents:

Y
C
B
A
b X
a.Zl+Zz b.ZI*Zz
C.Z1.2p d.21/22

If the complex number z,,z, and the origin form an

equilateral triangle then z7 + 23 =
a. z,z, b. z,z,

C. 7,z d |z ['=|z

Rotation Theorem

48.

49.

In the arg and diagram, if O ,P and O represents
respectively the origin, the complex numbers z and z + iz,
then the angle ZOPQ is

a. /4 b. /3

c. /2 d. 27/3

If complex numbers z;,z, and z; represent the vertices 4, B
and C respectively of an isosceles triangle 4ABC of which
ZC is right angle, then correct statement is

a. zl +z; +z; = 22,2,

b. (z, —21)2 =2z,-z,

¢ (z, —zz)2 =(z,—23) (23 — z,)

d. (z, —ZZ)2 =2(z, —23)(z3 — z,)

Triangle Inequalities

50.

51.

The points 1+33, 5+i and 3 + 27 in the complex plane are
a. Vertices of a right angled triangle

b. Collinear

c. Vertices of an obtuse angled triangle

d. Vertices of an equilateral triangle

If z = x + iy, then area of the triangle whose vertices are
points z, iz and z + iz is

1 3
a. 2|z[ b.5|z\2 c |z d.5|z\2



Standard Loci in the Argand Plane
52. The locus of the points z which satisfy the condition arg

z—-1 T
=— 1S:
(z+1j 3

a. A straight line

b. A circle
d. None of these
53. The locus of z satisfying the inequality log;s |z + 1| >

c. A parabola

logs |z — 1] 1s:
a. R(z)<0
c. I(z)<0

b.R(z)>0
d. None of these

54. Ifa+iff=tan"'(z),z=x+iyand o is constant, the locus
of '7'is:
a. x’+y’ +2xcot2a=1 b. cot2a(x’ +y*)=1+x

c. x*+y’ +2xsin2a =1 d. x> +y* +2ytan2a =1

De' Moivre's Theorem and it’s Applications

1_4100
55. If( lj =a+ib, then:

1+1i
a.a=2,b=-1 b.a=1,b=0
c.a=0,b=1 d.a=-1,b=2

56. If x, =cos (%)Hsin [5} , then x,.x,.x,...00 is:

b. 2
d.0

a. -3
c.—1

Roots of a Complex Number

5§7. If ® is the cube root of unity, then (3+5w+3a’)

+ (B+30w+50%) =2

a. 4 b.0
c.—4 d. 5
58. If i=+-1 ,then 4+5(_l+£Jm +3[_l+£J365 is
2 2 2 2
equal to:
a. 1-i3 b. —1+i\3

c. i3 NEY
59. Let o is an imaginary cube root of unity then the value of
2@+ 1) (0> +1)+3Q0 +1) 20> +1)+.....
+(n+1) (no+1)(no* +1) is:
b. [n(n +1) T

2 2

d. None of these

60.

The roots of the equation x* — 1 =0, are:
a.1,1,i,—1i

b.1,-1,i,—i

c.1,-1, o, o’

d. None of these

Logarithm of Complex Numbers

61.

62.

63.

64.

65.

66.

67.

68.

If 1 +i/3) =a+ib, then b is equal to:
b. 256
d. o’

a. 1
c.0

The amplitude of ¢* " is equal to:

a.siné b.—siné
c.ecose d. esin&
If - = LEA3 , then (@) lies in:

V3 +i

a. [ quadrant b. II quadrant

c. II quadrant d. IV quadrant

Ifx+l:\/§, thenx=7?
X
T ... T
a.cos — +isin—
3 3
b. cos = +isin =
2 2
. T . T
C.sin— +icos —
6 6
d.cos = +isin =
6 6
L (56 .
The imaginary part of tan 3 1s:

a.0
c.log?2

b. ©
d. log4

ilog[x—_ZJ is equal to:
X +i
a.z+2tan " x

b.7z-2tan "' x

c.—z+2tan ' x

d.-7-2tan " x

Ife = cos @ +isin @, then in AABC value of e e ¢ is:

a.—i b. 1
c.—1 d. None of these
If z= 7_1. then z'* =2
— 4l
a2’ b.2"i c.2Mi d.—27i



Shifting the Origin and Inverse Points

69.

Inverse of a point a with respect to the circle |z —c| =R (a

and ¢ are complex numbers, centre C and radius R) is the
2

point ¢ + ——
a—c¢
R? R’

a c+—— b. c———
a—c¢ a—c¢
C.ct—— d. None of these

c—a

Dot and Cross Product

70.

Ifz;=2 + 5i, =3 —i then projection of z, on z, is

a. 1/10 b. 1/410
c. =7/10 d. None of these

NCERT EXEMPLAR PROBLEMS

More than One Answer

71.

72.

73.

74.

If z, =a+iband z, = c +ib are complex numbers such that
|z, |5z, =1 and Re(z,z,) =0, then the pair of complex
numbers w, = a +ic and w, = b +id satisfies?

b. w,| =1

d. None of these

a. |W1| =1

c. Re|ww, |=0

Let z; and z; be complex numbers such that z; # z, and
|z|=|z|, If z; has positive real part and z, has negative
. . +
imaginary part, then arn may be:

)
a. zero
c.0

b. real and positive
d.0

Let z; and z, be two distinct complex number and let
z = (1-¢) z; = tz, for some real number ¢ with 0 <¢ < 1. If
arg (w) denotes the principle argument of a non-zero
complex number w, then:

alz—z|+|z—-2|=z) - 7

b. arg (z—z) = arg (z —z»)

z—z Z -z
1 1
_ =0

T4

277
d. arg (z—z;) = arg (z; — z1)

Let wbe a complex cube root of unity with @#1 and P = [p;]

be a nxn matrix with p, =" . Then, P> # 0 when n is

equal to:
a. 57 b. 55
c. 58 d. 56

75.

76.

71.

78.

79.

80.

If 21,25, z3, z4 are the four complex numbers represented by
the vertices of a quadrilateral taken in order such that

z,—z, | & . .
z1—z4=2, —zzand amp [Lj :5 ,then the quadrilateral is:
74

a. thombus b. square

c. rectangle d. cyclic quadrilateral

Let z;,z, be two complex numbers represented by points
on the circle [z] = land |z| = 2 respectively, then :

a.max 2z, + z,| =4 b. min |z, —z;| =1

C |z, +—|=3 d. none of these

Z

If o is a complex constant such that ¢z” +z+& =0has a
real root, then:

a. a+a=1

b. a+a=0

c.at+ta=-1

d. the absolute value of the real root is 1

If z,,2,,73,74 are roots of the equation ast + a2 + a +
asz +a, =0 where ay, a;, ay, as, and a, are real, then:
a. z,,z,,2,,z,are also roots of the equation

b. z,is equal to at least one of z,,z,,z,,z,

¢. —z,,—z,,—z;,—z, are also roots of the equation

d. none of the above
The reflection of the complex number % (where
i :x/—_l)in the straight line z(1+i)=z({—1)1is:
-1-i —1+i i(i -1
5 - c. 1(1;1) d. E

a.

The common roots of the equations z° + (1+i)z” +(1+1)

z+i=0 (where i =+/—1)and 2" + 2" +1=0are:

a. 1l b. ® c. o d. !

Assertion and Reason
Note: Read the Assertion (A) and Reason (R) carefully to mark
the correct option out of the options given below:

a.

If both assertion and reason are true and the reason is the
correct explanation of the assertion.

If both assertion and reason are true but reason is not the
correct explanation of the assertion.

If assertion is true but reason is false.

If the assertion and reason both are false.

If assertion is false but reason is true.



81. Assertion: If z,z,z, are such that|z |+|z, |5 z,|=1,then 87, Letzbe any pointin ANBNC .The |z +1—i’ +|z=5—i[

maximum value of |z, —z, " +|z,—z [ +|z, -z, is 9. lies between:
Reason: If z,z,,z, are such that |z |5z, |Hz|=1, a.25 and 29 b. 30 and 34
¢. 35 and 39 d. 40 and 44

henRe(z,z; + z,z, +z,z,) 23/2
88. Let z be any point in ANBNC and let w be any point

82. Assertion: If z is a root of the equation z' +2x+3=0, satisfying| w—2—i|<3.Then, | z|— | w|+3 lies between:
then 1<|z|<3/2. a.—6 and 3 b.-3 and 6
Reason: If z lies in the annular region 1< |z |<3/2, then ¢.—6 and 6 d.-3 and 9
. 1 1 1 .
z satisfies the -1 + o + i 1 where w#lis a Paragraph —II

Read the following passage and answer the questions. Let
S=85Nn8,NS;, where S, ={zeC:|z|<4},
83. Assertion: If =1 is a cube root of unity, then 4*> =0,
z—1+3i
=<zeC:Im| ———
1-+/3i

89. Area of Sis equal to:

cube root of unity.

}>O} and S;:{zeC:Rez>0}

1 o &
S|

where 4| ®

o 1 o

a 107 b 207 c 16z d 2
Reason: If o+1 is a cube root of unity, then © 3 T3 "3 T3
x+1 @ o 90. min|1-3i-z| is equal to:
A=| o x+a* 1 |=x° =
@* 1 X+ o a. & b. 243
2 2
84. Assertion: If z2—z+1=0 and » is a natural number, 3—\/5 d 3+\/§
c. —— .
2 2

then Zn:(zk +z%) =n+3 [%} where [x] denotes the
k=1

greatest integer < x. Match the Column

Reason: If @ =1 is a cube root of unity, then 91. Match the statements/expression given is Column-I with
. ~1 if kisnota multipleof 3 the values given in Column-II:
o' +(w)=
(@) {2 if kisamultiple of 3. Column I Column IT
(A) In Ry, if the magnitude of 1.1
. . . 2i | . 1 the projection vector of
85. Assertion: The maximum value of f(6) = —| 18— ) . o
3-ie V2 ai + fj no \/§i+j is
Reason: The minimum value of £(8) =‘3 Z.l —{ is 1. V3 and if @ = 2 +
e V3 B then possible value
Comprehension Based (s) of |of is (are)

(B) Let a and b be real number 2. 2

Paragraph -1 such that the function

Read the following passage and answer the questions. Let 4, B,
f(x): —3ax2—2 x<l1
bx+a*, x2>1

is differentiable for all
C={Z;Re((l —i)z)+\/§} x€R Then possible value
(s) of a is are
(C) Let ® # 1 be a complex 3.3
cube root of unity. If

C be three sets of complex number as defined below
A={z:Imz>1},B={z:|z-2—-i|=3|}

86. The number of elements in the set ANBNC is:
a.0 b. 1
c.2 d.



92

(B-3w+20*)""
+(2+30—-20*)"""
+(=3+20+30°)""? =0,
then possible value (s) of n
is (are)
(D) Let the harmonic mean of 4.4
two positive real
numbers a and b be 4. If
2, is
number such that a, 5, ¢,

a positive real

arithmetic
then the
value (s) of |g — a is are|

b is an
progression,

5.5
a.A—>2;B—>4,C—>2;D—3
b.A—3;B— 1;C—>5;D—4
¢c. A—>4;B— 3;C— 5; D—1
d.A—1;,B—2;,C—>3;D—4

Match the statements of Column I with these in Column
II: [Note: Here z takes values in the complex plane and
Im(z) and Re(z) denote respectively, the imaginary part
and the real part of z]

Column I Column IT
(A) The set of points z 1. an

eccentricity 4/5

ellipse  with
satisfying |z —i| z || = |z
+ i [z|| is contained in or
equal to

(B) The set of points z 2.

satistying |z + 4|+| z— 4]

the set of points z
satisfy Im(z) = 0
= 0 is contained in or
equal to
(C) If w|=2 then the set of 3. the set of points z
satisfying |Imz<1

Z=W— is
w

point

contained in or equal to

(D) If w|=1, then the set of 4. the set of points

. tisfyi <
zzw4~1 s satisfying |Rez[<2
w

point

contained in or equal to
5. the set of points z
satisfying | z |< 3
a.A—2;B—> 1;C— 5 D—3
b.A— 1; B— 2; C— 3,5; D—1
¢c.A—>4,B—>2;,C—>3;D—>2
d.A—1,B—2;,C—>3;D—4

93.

Let z, =cos 2k—” +isin 2k—” ; k=12,....,9?
10 10

Column II
1. True

Column I

(A) For each z, there exists a
z;such that z,.z; =1

(B) There exists ake{1,2,..9} 2. False
such that z.z =z, has no

solution z in the set of

complex numbers
(C) ‘l_zl ||1_22""|1_Z9‘ 3.1
10
equals

4.2
D) 1- z; cos (Zlk—oﬁj equals

a.A—»2;B—»1,C—-2;D—1
b.A—1;B—2;C—>3;D—4
¢.A—>4,B—>2;C—3;D—>2
d. A—>1;B—>2;C—>4;,D—>3

Integer

94.

9s.

96.

97.

98.

99.

100.

If z is any complex number satisfying|z —3—2i|< 2, then
the maximum value of |2z — 6 + 5iis:

ir/3

Let w=¢""and a,b,c,x,y,zbe non - zero complex numbers

such that a+b+c=x,+bw+cw’ =y,a+bw’ +cw=z. Then,

[xP+ly P +]zf

the value of — 5 5
lal” +|D]" +]c|

If |z,|=2,]z,|=3,|z;|1=4 and |2z, +3z,+4z,|=9, then
absolute value 8zyz3 +27z3z1 + 64z,z, must be equal to:
If a,b,c, are distinct integers and @ # 1 is a cube root of unity

and if minimum value of |a+bw +ca’ | +|a+ba’ +20|

1/4

=n"" then the value of n must be equal to:

If the equation of all the circles which are orthogonal to |z|
= land |z+1|=4is|z+7—ib| =+/(A+b%), i=~/-1 and

b € R, then the value of A must be equal to:

If i(3p +2) {i{sin (%j —icos (2%

4p
”j}} =/ (where
p=1 q=1 1

i =~/—1), then the value of A must be equal to:

If Zy that
|15z, 13z, [ +[13z,+15z, ) =A( z ' +|z,[’), then the

value of /Ay Ay AV A...c0 must be equal to:

and 2z, are complex numbers, such



ANSWER

1. 2. 3. 4. 5. 6. 7. 8. 9. 10.
c d d d d d d d c b
11. 12. 13. 14. 15. 16. 17. 18. 19. 20.
c b b c b b c b c c
21. 22. 23. 24. 25. 26. 27. 28. 29. 30.
c d a c c d d c d c
31. 32. 33. 34. 35. 36. 37. 38. 39. 40.
b b a a b b a a d a
41. 42. 43. 44. 45. 46. 47. 48. 49. 50.
a c a a b a a c d b
51. 52. 53. 54. 55. 56. 57. 58. 59. 60.
b c a a b c c c a b
61. 62. 63. 64. 65. 66. 67. 68. 69. 70.
c b c d c b c d a b
71. 72. 73. 74. 75. 76. 77. 78. 79. 80.
ab,c a,d a,c,d c,d cd | abc | acd ab b.c,d b.c
81. 82. 83. 84. 85. 86. 87. 88. 89. 90.
a c b a d b c d b c
91. 92. 93. 94. 95. 96. 97. 98. 99. | 100.
a a b 5 3 216 | 144 48 1648 | 394
SOLUTION
Multiple Choice Questions
1. (o) %i”:i+i2+i3+...+im°=@
n=1 -

2.

=

3.

=

ZE€ro.

-n+1

i"+i

(since G.P.)=

n+2

+1

X —6x+10=0

i(1-
1_

=i"(l14+i-1-i)=o.

D_y,

+i" =0, nel.

@i+ " = (i 4

(d) Given that; x—3=i=(x—3)* =i’

Since the sum of four consecutive powers of i is always

Now, x* —3x” —8x+15=x(x* —6x+10)+3(x* —6x+10)—15

4.

=0+0-15=-15.
@A+ = +)*) = +2+2) =1 —1+2)" =2"1"
(A=) =((1-i)")" =1 +i* =2i)" =(1-1-2i)" = (=2)"{"

17"

1"

2" (1+1)* 2" 2" 1
+ = + = +i
(1-i)2" -2)"i" 2" (=D"i"
L EDTE D @)

-n

1-2i  4-i

_+_

241 342

(=203 +2i))+(4-)(2+1)
(2+1)(3+2i)

_50—1201’_2_&1,

65 13 13°

6. (d)( 1 +i)£3+4zj
1-2i 1+i)\2-4i

_[ 1+2i 3—31}[6—16“2”81}
F+2° 1'+1° 2P+ 4

[ 2+4i+15-15i \( —1+2i
- 10 2

C(7-10)(-1+2i) 5+45i 1 9.

5. (d)

20 20
7. (d) Because, inequality is not applicable for a complex
number.
6i —3i 1
8. (@4 3 -1
203

Applying C, — C, +3iC,

6i 0 1
4 0 -1=0=0+04,
200

Equating real and imaginary parts x =0,y =0
9. (c) Given equation (x* +2xi)—(3x” + yi)
=B-5)+(1+2yi)
= (x'-3x*)+i(2x-3y)=4-5i

Equating real and imaginary parts, we get

x'-3x" =4 ()

and 2x-3y=-5 RN (7))
1
Form (i) and (i), we get x =+2 and y:3,§.
Put x =2,y =3 and then x:_z,yzé,

We see that they both satisfy the given equation.

10. (b) V-2v=3 =ik2i3
=i*\J6 =6

1. (¢) Since i _0F2A+D _,
1-i (1-9dd+9)

1 n l 4n+1
Therefore (—l j = g =
—i

(i =1)



() If (1-0)" =2" (@ 19. (¢){ (1-cos@)+i.2sin@} "
We know that if two complex numbers are equal, their
module must also be equal, therefore from (i), we have

13.

14.

15.

16.

17.

18.

[A=i)"=]2"

=i['=|2], (2" >0)
WP+ T =2"= 2y =2
2= Loy =0

By inspection, (1-i)" =2° =1=1

(b) We have (1+i)*" =(1-i)"

Gij S =12 ()" = (1)
—i

O =G = ()" =3G) =>2n=4=>n=2.

sing 1 |
(@ fo AES 32 —12-8i-15i+10 — 2 5= s
z, —3+2i —3-2i 9—(2i) 2sin2(1+300s22) 2(1+3cos22) o008
a_2 (2 (22
z, 13 \13) (13713 2. © 1 __! 3-\7i _3-4/7i
L esi e 13 347 347 370 9+7
+2i +2i 1+i -
b) z= =z = X—— =—+i— 1
® =77 =i 14i 2 2 373 7
This complex number will lie in the II quadrant. 16 1616
(b) (x+iy)”3=a—ib 21, (c)Z:(1+l')(2.+l'): 1+3.i><3_l: :3+4i =1
, (3 3 bz) (b3 3 zb) B+ 3+i 3-i
x+iy=(a-ib) =(a’ —3ab”)+i(b’ —3a
x=a>=3ab?.v=b-3a%b ShonTﬁck;|Z|:M:@:1
. BTN

(c) Given that (x+iy) 1-2i)=1+i
1-i

1-2i

. 1+1i N
x—iy=——>x+iy =
Y Y

2-3i (2-30)(4+i) 8+3-12i+2i

(b)

-1
={2sin? Q+i.4singcosg
2 2 2

-1 -1
= 2sin§ sing+i.2cosg
2 2 2

.0 . 0
oY 1 s1n5—l.200s5
:(ZSin—j . X

.0 . 6 .0 . 0
s1n5+l.2cos— s1nf—l.200s5

.0 o
sin ——1i1.2 cos —
2 2

2 siné’(sin2 g+4c0s2 9
2 2 2

Hence, real part

X Yy
;:a2—3b2,zzb2—3a2 22. (d) 0<x, <x,,y, =y, (Given)
z—%:a2—3b2—b2+3a2 = |zl|:wlx12+y12,\zz|:\[x§+y22
a
|z, +2z, |

= > = =
LYo a@? -p) =k(a® - b) |2 >z | =z =
a b
k=4.

2 2
-~ = X X i Nt
2 2

2
X, +X s
= (%j +y; <z, [>|z |

Hence, |z, |<|z, |<] z, |

4—i  (A-i)4+0) 16+1 3. () R Sl 00 ol B
11-10i 1+i 1-i
17 = 6= tan'l(_—lj -z
0 2
. 11+10i
Conjugate = 7 (Since z lies on negative imaginary axis)



V3 T
24. (¢)sin—+i(l-cos—
(o) 5 ( 5)

= ZSinl.coslﬂ'Zsin2 z
10 10 10

. T .. T
=2sin—| cos—+isin—
10( 10 10]

. T

sin —

For amplitude, tan 8 = 10

Vg
COS—
10

25. ()| |-+ and arg 2:5?’%1500,

Let z =x+iy, then |z|=r=\lxz+y2 =4

and @ :5?7[: 150°

x=rcos =4 c0s150°=—2x/§

1

and y:rsin0:4sin150°:43:2.

z:x+iy:—2\/§+2i.

:tan£:> 0=
10

T

10

Since arg z= 5?7[ =150°, here the complex number must

lie in second quadrant, So (a) and (b) rejected.

Also, | z | = 4, which satisfies ¢. only.
26. (d) |z|o|=1

[Zj 7 z
and arg| — |=— = = =i =
w 2 w

1‘21
w

From equation (i) and (ii), |z|=|w]|=1

z
and —=+==0; zo+zw=0
0 @
— — -z _
= ZW=—ZW =—0Ow
w

(D)
. (i)

)

27. (d) sinx +icos2x and cosx —isin2x are conjugate to each
other if sinx =cosx and cos2x =sin2x
or tanle
7 St 97w
= x=—,—,— ...
4 4 4
and tan2x=1
T St 9w
= 2X=—,—,— .
4 4 4
T St 97
or x=—,—,— ...
8§ 8 8

28.

29.

and

30.

31.

32.

33.

(¢) Let z=x+1iy, then its conjugate Z:x—iy
Given that z* = (z)?

x2 =y +2ixy =x? —y? = 2ixy = 4ixy =0

If x#0 then y=0and if y#0then x=0

(d) Let z = x +iy, so that z = x — iy, therefore
z? Jr;:0<:>(x2 -2+ x)+iQRxy —y)=0
Equating real and imaginary parts, we get
x2-yr+x=0 . (1)
2xy —y=0 = y=0or x=%

If y =0, then (i) gives x> +x=0 = x =0o0r x =-1

Ifx:l,
2

1 1 3
=t —=—>y==
s 27 37

Hence, there are four solutions in all.

V3
2

Then x? —p? +x =0=> >

_@+)* 344 3-i 13 .9

©z="- =—+i—
3+ 3+ 3-i 10 10
. 9
Conjugate = — —i—.
JUEAte =10 "o

(b)| z, +Zz‘2 +| z, _22‘2
=(x, +x2)2 +0 "'J’z)2 +(x, —x2)2 +0 _J/2)2
=2(x7)+20)) + 2x7)+2(03) = 2] z,|* 42| 7, |?
2 2
=242 -2 <239 21 2] 2| 250
z
+
PrEEahsis “24+8§1J_r\/§.

(b)

2
z +
z

Hence max. value of | z|is 1 + V3

(a) Let z, =a+ib=(a,b)and z, =c—id =(c,~d)
Where a>0and d>0

Then | z,|d z,| = a* +b* =c* +d°’

()

zy+z, (a+ib)+(c—id)
" (a+ib)—(c—id)
_[a+o)+ib—d)][(a—c)—ib +d)]
" [@-c)+ib+d)[a—-c)-ib +d)]

Now

Z1 72,

(@ +b*)—(c* +d*)-2(ad + be)i

© a*+c—2ac+b* +d* +2bd
—(ad + be)i

a’ +b* —ac +bd

(z, +25)

(z) -2,

[using (i)]

is purely imaginary.



. . . Let z, = j s = i si
However if ad +bc =0, then G ¥2) Wil be equal to 39. (@ Let z, = (cos6, +isinG),z, =1, (cos6; +isinb,)
2175 | 2, +2,|=[( cos 8, +r,cos6,)
zero. According to the conditions of the equation, we can . . 241/2
+(r, siné, +r,sinb,)"]
have ad +bc =0

Assume any two complex numbers satisfying both =0’ +13 + 251y cos(6; ~0,)]'"? = [ +1,)]"?
conditions i.e., z, #z,and | z,| 5 z, | Oz, +z,19 z, | +| z,))
zy+z, 3-i ) Therefore cos(d, —0,)=1=6,-0,=0=06, =0,

Let z, =244z, =1-2;, - L722 =22
zy -z, 1+3i Thus arg (z,)—arg(z,)=0.
Hence the result. | z, +z,| = z,| +| z,|= z,,2, lies on same straight line.

(a)If\zl|:1and|zz|:1, then|2122‘# Z]H Zz|:1.1:1 argzlzargzzzargzl—argzz:O

(b) Given that z =L = 27 =1 = | z|?= 1= z|=1 40 (@)|z]|=5,.3-4i
z

(b) Let z =r(cos @ +isin6). (JSL—IJS 3} =+ (2-i0)

2
Then z+1:1:> !
z 41 @) z=2i=a+bi=>a=0,b=2,|z]=2

z+—| =1
| 2
r(cos¢9+isin0)+;(cos9—isin0* =1. r\/;:i[ /2_;0_,_1' /2—;0]=i(l+i)

z
2 2 . . .
(r ¥ lj cos? @ + (r _ lj sin2@=1 It is always better to square the options rather than finding
r r

the square root.

1
2 _ .
Aoyt 2020 =1 42. (c) Here -1+ 3 = re”
= —1+i3 =re” =rcos@+irsin@
Equating real and imaginary part,
We get rcosd=—1 and rsin@=+/3

Since | z|=r is maximum, therefore % =0

Differentiating (i) w.r.t. 9, we get

dr 2 dr
2P dé)__3d_0_4 sin260 =0 Hence tan 6 = —/3

. dr . i 27 2
Putting d—Q:O,weget sin20 =0 = 9=OOI‘? = tang:taﬂTjgz_'

z is purely imaginary or purely real. 3. (a) 00 (cosOrising) _ cosd isind
. . . e =e =e".e
(- @=0 is not given)

cosé[

340 3420\ 3 +2i cos(isin @) + isin(sin )]
w32 (23] 322 sl

3-2i 3-2i \3+2i o, Realpartof ¢® is e“*’[cos(sin 8)].
C9-4+12i 5 (12 _
- 13 FERARE) 44. (a)Let x=cos@+isinf=e"

1 . 1 . .
5 12 then x" +—=¢"" + — =e"0 y e

Modulus = ' 'R =1. x" e

=cosnb+isinn@+cosnf—isinn =2cosnéb.
@) z]=1= x+iy|=1=x2 +y% =1

_io1_@-Diy @eD-iy 45. (b) Let 4 =i' then log A =1logi' =ilogi

z+1 (x+D+iy (x+D-iy = logAd=ilog(0+7)
:(xz +y2,1)+ 2iy _ 2iy = logAd=illogl+iz/2] (-@)=1andarg(i)=7x/2)
@+D?+y? DT+t (D) 4y log A =i[0+iz/2]=—m/2
(x?+y?=1) = Ad=e7".
Re(@)=0. 46. (a) It is a fundamental concept.



47. (a) Let O4, OB be the sides of an equilateral A OAB and ~ 51. (b)Letz=x+iy z+iz=(x—y)+i(x+y),iz=—y+ix

04,08 represent the complex numbers or vectors 2,2, If A denotes the area of the triangle formed by z, z + iz and iz,
respectively. | x b1
then4A=—|x—y x+y 1
21—y x 1

(Applying transformation R, > R, - R —R,)

1 x y 1
Weget A=—| 0 0 -1
2l -y x 0
From the equilateral A OA4B, AB = Z,-Z7, 1., L. 1
= (¢ 4y ==
z, -z, P 2 2
arg . =arg(z, —z)—argz, = 3 L
-1 y—1 -1)+2i
’ 52. (c¢) We have XY :(x ry > )+2 i
- . z+1 x+iy+1 (x+D)"+y
and arg| = |=arg(z,)—arg(z,) ==
z 3 z-1 0 2y
= arg —=tan —————
z+1 x4y -1
zZ,—zZ
Also, |[>—L|=1=|-%{, since triangle is equilateral. 2y
2 Z Hence tan™' -5 —==
x+y -1 3
Thus the vectors > and —2 have same modulus and 2y i
= “ = g stngs V3
same argument, which implies that the vectors are equal, Ay
2
Z,—Z Z 2 2 -
thatis 2—1="2 = zz -z’ =z = Xty -l=—y
22 Zl 12 1 2 \/5
2 S . .
= zi+z =2z, = x*+y’——=y-1=0, which is obviously a circle.

J3

53. (a)log,, [z+1|>log, ; [z—1]

48. (c) It is a fundamental concept.

49. (@ " = |z+1|<|z—1]
= X Hl4+2x+yt <x?+1-2x+)°
= x<0
B(z2) (1¢(z) = Re(z2)<0.

BC=AC and ZC=7/2

By rotation about C in anticlockwise sense CB = CAe

/ 54. (a) tan(a+if)=x+iy
ir/2

i tan(e —if) = x —iy (conjugate)

= (z,—-2z,)=(z,—z,)e"" " =i(z, —z;)
2 , Lo , Lo a is a constant and £ is known to be eliminated
= (5,-z) =—(z,-z) ; ;
tan2a =tan(a +if+a—if)
=  z; 4z —2zz, =—z -z, +22z,z, ) )
—  tan2a X+iy+x—iy
2 2 2 B e———
=  z +z, =27z, =22z, +2z,z, =2z, —2zz, 1-(x% +?)
= (5-2) =2A(z2,-2) (32, ~2,2)] =  1-(x*+y’)=2xcot2a
= (21_22)2 =2z —z)(z,—2,). S x4y +2xcot2a =1.
50. (b)Let z, =1+3i, z, =5+i and z; =3+2i. 1—i 1—i
1 ’ : 55. (b)—’,x—’_=—i=cos[—5]+ism(—fj
E 1 31 1+i 1-i
Then area of triangle A=—|x, y, 1| =—|5 1 1=0, 100 . .
x oy, 123 21 = (=)' =cos(-507) +isin(-507) = 1+i(0)

Hence z,z, and z, are collinear. = a=1b0=0



56.

57.

58.

59.

60.

61.

© x.x,.x;,..... uptooozﬁcoszﬂ' sinzj
’ 2 2
T .. T T (T 7
COS— +18in— |.... cOs| —+—+... |+isin| —+—+...
[omsprisn o el Zpisn( 2
i 7z
= cos| —2— |+isin| 2 |= cosz +isinz =—1
1 1
1-— 1-—
2 2
©) G+50+30”) +(B+3w+50")

=(B+30+30" +20) +(3+30+30° +20°)’
=(20)" +(20’)? =40’ +40" = 4(-1)=—4
(cl+o+o’ =0,0° =1)

(c) Given equation is

334 365
4+5 —l+i£ +3 —l+i£
2 2 2 2

=4+50™ +30™ =4+50+30°

:1+2w:1+2[#] =i\f3

@) 2w+ (0° +D+3QRo+1) 20> +1)+.....

+(n+1) (no+)(no® +1) = ZH:(H Do +1D)reo? +1)

r=1

:Zn:(r+1)(r2a)3 +ro+ro’ +1)
=i:(r+l)(r2 —-r+l)

n
:Z:(r3 - +r+rt —r+l)

=3 )+ 2 0= [”(”“)}

(b) Given equation x* —-1=0

x> -DE*+)=0

x*=land x> =-1 = x=+1,4
(c)l+ix/_:2[%+igj:2{cos%+isin%}:26i”/3
(1+if3) =

=2%(cos 37 +isin37z) =2

a+ib=(1+i3) =-2°
b=0.

17[/3 29 ei(}ir)

9

62.

63.

64.

65.

66.

—i0 .
(b) Let z = e¢ :ecosﬁ—zsmﬁ

z = ¢**?[cos(sin 0) — i sin(sin 0)]

— ecosee—zsmﬁ

cos [4 cos [4

z= cos(sin §) — sin(sin )
cos 6
amp (z) = tan ! _w
cos COS(Sln 9)
=tan! [tan(f sin 9)] — _sing.

1+i\/§ 1+z\/_ x/_—z

©)z= =>z=
x/§+i \/§+z x/g—z
CA343i-i+3 263 +0)
a 3+1 4
x/§+i { T 71':|
zZ= =|CcCOS— +1ISIn—
2 6 6

_ T .. 7
Now z = cos — —isin—
6 6

100
@) = cos = —isin
6 6

507 .. 507 2z 2r
—1SIn _COST—ZSH’IT

@)™ = cos

@' lies in IIT quadrant.

5i 5 i 3+1

¢) tan'| = |=itan'| = | = =1
(c) tan [3) itan [3] 2og 5
3

5i 1 1
Im| tan~'| = | |=—1log4 =—.2log2 =log2.
[ [3j] 5 g 5 g g

(b) Let = :ilog(:) 35_ = log(x _lj

X +i
z x—i x-—1I x2- i
—=log| ——x | =log|l ————
i X+i Xx—1

x? -1 2x .
—1 —i— R (1
i g{x +1 X +1 @

log(a +ib) = log(re”) = logr +i6

= logva® +b* +itan”'(b/a)

.| ’ 2
z X — —2X
Hence, —=1o +
i g [x2+lj (x2+1




67.

68.

69.

U

70.

[by eq". ()]
\/x4 +1-2x2 +4x?
(x? +1)?

= =log
1

+itan71[ 2x2j
1-x

=logl+i(2tan" x)
=0+i(2tan"" x)
z=i*2tan ' x=-2tan"'x =7 —2tan"' x.
(c)eiA.eiB.eiC — pHATIBHC _ i(A+B+C) _ in
[A+B+C=r]

= cosz+isinz =(-1)+i0)=-1.

@) z = 7—i ><3+4l
3-4i 3+4i

_21+25i+4 _ 25(1+i) _ 1 +i)
16 +9 25

M=+ =[+i'T = i) =277 =274

(@)

z—c|=R

Let a' be the inverse point of a with respect to the circle

|z—cl=R, then by definition the points ¢, a, a' are

collinear.

We have, arg(a'-c)=arg(a—c)=—arg(a—c)

(. argz =—argz)

arg(a'-c)+arg(a—-c)=0

arg{(a'=c)(a—c);=0

(a'-c)(a—c) is purely real and positive.

(v CP.CQ=1r?%)
¢zl 2]

By definition |a'-c||a—c|=R’
la'-c||a-c|=R’
[(a'-e)@-2)|=R?
(a'-c)@-¢)=R?

{ (a'-c)(a—c) is purely real and positive}

R’ . . .
a'-c =——. Therefore, the inverse point a’ of a point
a-c
R2
a, a'=c+——
a-c
. z0z
(b) Projection of z,on z, = |1 |2
z
2

_aa, +bb, 1

Ja ;10

NCERT Exemplar Problems
More than One Answer

71. (a, b, c)Since, z, =a+ib and z, =c+id

= |z P=d*+b*=land |z, P=c? +d* =1 G
Colz =z =)

Also, Re(z,2,)=0 = ac+bd =0

= i:—i:ﬂb (say)
b c

From Eqs. (i) and (ii), b*A* + b = ¢* + 1%¢?
= b’=c* and o’ =d?

Also, given w, =a+ic and w, =b+id

Now, |w |=Va’ +¢* =va’ +b* =1
|, =B +d? =\a* +b* =1

and Re(w,w,)=ab+cd =(bA)b+c(—Ac) [From Eq. (i)]
= Ab*-c*)=0

72. (a,d) Given, |z ||z, |,

zZ,+z, AT _nh—47 +2,2,— 2,2,

Now,

2
5724 5174 |z, -2, |
2 - - 2 - —
_ |z, | +(z,2,—2%,)-| 2| _5Z4 4%
2
|z, -2z, |Z1_Zz|2

2 2
Clz Pz 1)
As, we know z—Zz =2ilm(z)
2,2, — 2,2, = 2ilm(z2,2)) z,z;-z,Z, = 2ilm(z,Z;)

_ 2iIm(z,7)

ZI+ZZ

2
-2 |z-z

Which is purely imaginary or zero.

(A-t)z, +1z,
(I-t)+t
A P B

Z] z Z
t:(1-1)
Clearly, z divides z; and z, in the ration of
t:(1-1),0<t<1

73. (a,c,d) Given, z =

= AP+BP:ABie,|Z—zl|+|z—22|=|zl—22|
= Option (a) is true.

and arg(z-—z) =arg(z, —z) =arg(z, — z;)

= (b) is false and (d) is true. Also, arg(z—z,) =arg(z, —z,)

= arg[ZZ_ZZ1 JZO
277

.. (i)



Z—Z

is purely real. and
LS|

Z—Z Z—Zz zZ—Z zZ—Z
it B 1 .
= or =0 -

Tz T4 T4 T4

74. (c, d) It is the simple representation of points on argand

plane and to find the angle between the points. 76

n
T .. 7 nro .. nxw
Here, P=W" :(cosgﬂsm—j :COS—+lSII’1?

HI:{ZEC:Re(z)>%}

. . nr .
P H, represents those points for which cos? is +ve
It belongs to I or IV quadrant
V3 .
= z=PnH = cos€+ism—

Or COSM-Fl'SinM
6 6

7.
V3oi B .
— Oor —

Similarly, z, = PN H, i.e., those points for which cos% <0

78.
. Sz .. 57 cosTnm .. Tx
z, :COS7Z'+lSlIl7Z',COS—+lSln—,—+lS11’1?
-3 i B
= z=-l,—/—+—,———
2 22 2
1 )
Thus, /2,02, =2 2% 7
36
s - 79.
75. (¢, d) amp| =— |==but z,—z, =z, -z,
z,—z 2 ;
ie,
D(_ZA_)________________C_(ZJ
=
=
712 =
A(z,) =

w2223

ABCD is rectangle and cyclic quadrilateral (.- A+C=180°)
(a, b, ¢) Since zand z,lieon |z|=1and |z]=2,

then |z |=1and |z, |=2

(@)|2z,+z,|<2|z, |+|z,]=2-1+2<4

max |2z, +z, |=4

() [z, -2z, Rl z | =]z [H1-2[=1

|z,=z,[21min |z, -2z, |=1

1
=z, [+— =2+1=3

EA

1
(©) 2|z, |+
1

1
z, +—
Z

z, +—|<3.

Z

@@, c,d) az’+z+a=0

Let z = o be a real root,

Then aa’ +a+a =0 ()]
and let = p+ig

(p+ig)a’ +a+p—ig=0

pa’+a+p=0and a’qg—q=0

a=%1(-q#0)

From (i) az1+a=0Also |a|=1.

(@,b) a)z* +az’ +a,z2’ +a,z+a, =0

Taking conjugate on both sides.

a,z)' +a,(z) +a,(z)’ +a,(z)+a, =0

Z,,2,,25,2, are the roots of the equation if z is real, then
z, =z and is zif non real, then Zis also root because
imaginary roots occur in conjugate pair.

2—-i (2-0)(3-i) 5+5 1 i

3+ 10 10 2 2

(b, ¢, d)

(%,—%j and z(1+i)=z(i—1)

(z+2)+i(z—-2)=0

S

x+i({y)=0 (z=x+1iy)

x—y=0



Reflection of (%,—%} wrt. y=x is (—l,lj

22
1 i —-1+i
——+—== Alternate (b
ie 7t 3= [ (®)]
iT+i i@+
= == Alternate (c
5 3 [ (c)]
Ci(l+i)?i(l+i +2i0)
2(1+17) 2(1+1)
A [Alternate (d)]
== ernate
1+i 14§

80. (b,c) Z2+(1+)z>+(1+i)z+i=0

= Z(z+)+(E+)+(z+i)=0

= (z+)EZ+z+1)=0

= (+)z-w)(z-0*)=0
z:—i,a),a)Z

Now in z'%* + "%

Then (=)"” + (=) +1=—i—1+1=—i#0

+lput z=—i,0,0°

i l=w+ @' +1=0

and (@) + o
and (@) +(@)** +1=0’+0+1=0

2
Hence wand @ are common roots.

Assertion and Reason
81. (a) 0<|z,+2,+2z|

= 0<z [ +|z, [ +|z [ +2 Re(z,Z, + 2,7, + 2,Z,)

=  Re(z,z;+ 2,7, +22,) 23/2 [ z | =z, | =]z, | =1]
Next,|z, -z, [ +|z,—z, [ +|z, -z, [

=2(lz, | +|z, [ +|2z, ') - 2Re(z,7; + 2,7, + 2,Z,)
<L2(01+1+D)+2(3/2)=9

Maximum value is obtained when z, =1,z, = @, z, = @,

where wis a cube root of unity.

82. (c) Suppose |z|<landz’ +2x+3=0,

Then 3=|-3|=|z" +2z|<|z" |+2]z|

= 3|z +2]z|<1+2(1)=3.
A contradiction. Next, suppose that |z] > 3/2 and z° + 2z
+ 3 =0 then w 1/z satisfies the equation 1+20° +30’ =0
Now, 1 = |-1|520° +30" 22| |’ +3| @ . A contradiction.
Thus if z satisfies the equation z'+ 2z + 3 = 0 then
1 < |z| < 3/2. eason is false, as the given relation implies z°

—32%+ 1 = 0 which is satisfied by just 3 values of z where

as 1 <[z[< 3/2 contains infinite number of points.

yyy
83. (b)Itiseasytoshow 4=y y y|=0

yyy
Where y=1+w+ o’ =0.

Assertion is true. Using C, > C, +C, + C;,

1 ® @* 1 ® @*
WegetA=x|l x+o*> 1 |=x[0 x+0’'-0 1-0&
1 1 x+ao| |0 l-w x+o—-o’

=x(x+ 0’ —0)x+0-0")-1-0)1-a0”)]
=xx*—(0-0*)Y - {l-w-a*+1}]=x’

Reason is also true but is not the correct reason for the
Assertion.

84. (a) For Reason, note that " = @" =1 if k is a multiple of 3,
and if & is not a multiple of 3, then one of w*,®* equal @
and other equals «’. Next, note that roots of z* —z+1=0
are —@ and —@’ = - =-1/w.

Now, use (z* +z7%)? =[(~w)* +(@")T
1 if £ is not a multiple of 3
{4 if kis a multiple of 3

4 4 2
(3+sinf)’ +cos’@ 10+6sind@ 5+3sind

85. (@) f(0) =

A6 is maximum when cos@ =1,

and minimum when cos@=1. Thus, 1/2< f(6)<1.

Comprehension Based

86. (b) Y

P
>< (0.42)
(2,1)
y=1

e\

+2,0)
p
Let z=x+iy
Set A corresponds to the region y >1 ()]

Set B consists of points lying on the circle, centre at (2, 1)
and radius 3.

.. (@)
Set C consists of points lying on the x+ y = N .(iii)

ie., x* +y2 —-4x-2y=4

Clearly, there is only one point of intersection of the line

x+y:\/5 and circle x>+ y? —4x -2y =4



87.

88.

uu oy

90.

© |z+1-iF +|z=5-i

=(x+D)*+ (-1 +(x=5)* +(y-1)>
=2(x*+y* —4x-2y)+28

=2(4)+28 (~ x*+y* —4x—2y=4) =36

(@) y

Q

4,0
Since, | w—(2+1)|< 3

y=-3Jx

[w|—|2+i]<3
_3+\/§<\w\<3+\/g
35 <—|wl<3-+/5 Also, | z—(2+i)|=3

—3+\/§£\z|£3+\/§

-3<z|-|w|+3<9

(b) Since, S=85,nNS, NS,
Clearly, the shaded region represents the area of sector

57 20
X— =—

S=1,20=1xq?
2 2 3
(c) mi? |1-3i — z | = perpendicular distance of point (1, -3)
Ze

From the line \/gx +y=0

V3-3]_3-43
Bl 2

Match the Column

91.

(B)

©

(D)

Then |z |=

@A) -1=F—-i

Hence, it lies on the perpendicular bisector of the line
joining (1,0) and (0,1) which is a straight line passing

through the origin.

lz+Z |+]|z-Z|=2

[x|+]yl=1

Hence z lie on a square
Letz=x+iy|z+Z|+|z—Z |=|2x|+]|2iy|
[x|+|y[=x=%y

Hence, the locus of z is a pair of straight lines
Letz=2/z

2

z

2]

92. (a) (A) z is equidistant from the points i|z| and

—i | z|, whose perpendicular bisector is Im(z) = 0.

(B) Sum of distance of z from (4, 0) and (-4, 0) is a constant
10, hence locus of z is ellipse with semi-major axis 5 and

focus at (+4,0), ae = 4.

e=4/5
1
©) |zS|w|+—‘=§<3
w| 2
1
D) |z|swl+—|=2
w
Re(z) <z <2

93. (b) (A) Plan ¢ - ¢ = ¢'0*%)
2kn

A[Zﬂj .
i = |(k+))
Given Z; =e ' = 7, -7, =e¢

10

Z, is 10" root of unity.
= Z, will also be 10" root of unity.

Taking Z; as Z,, wehave Z, -Z, =1 (True)
R
(B) Plan — = P

e

[ 2kr 27

(o) _ e
z=z/z;=e =e

x
For k=2;z= elg which is in the given set (False)
(C) Plan

1-cos26 = 2sin” @

sin26 =2sinfcosfd and

J5-1
4

c0s36° =

\/§+1

cos108° = ———
4
-z [[1-z]...[1-2 |
10
Note: | 1=z, |=|1=cos 22X _sin 27K
10 10

. 7kl . 7k . rk
=|2sin—|sin— —i cos—|
10 10 10
=2 sin”—k
10

Now, required product is

9o . m . 2% .37 . 87 . 97
27 sin—-sin—-sin—...sin—-sin —
10 10 10 10 10

10




2
2

>3

2

2

|Z—3—2i|—2
2

of . m . 2m . 3m . 4rx : Y2 >
27| sin—sin——sin—sin— | sin— 2
10 10 10 10 10

10

Z—3+§i 22
2

of . T . 2r 27 Y
27| sin—cos—-sin—-cos— | -1
10 10 10 10 or |2z—-6+5i>5

10 2z
95. (3) Printing error, w=e *

2° lsmz-lsinz—” 2 2 2 2
2752 5 Then. X HIy I +1217 _
’ 2 2 2
10 lal” +|b]" +[c]
B 25 (sin36° - sin 72°)* Note: Here, @ = ¢>*'*, then only integer solution exists.
10 96. (216) The absolute value of 8z,z, +27z,z, + 64z, z,
5
= 222>< 10 (2sin36°sin 72")2 = |82223 +27z,z, + 64zlzz|
_Z 36° — 108° 2 =|ZIZZZ3|§+2+ﬁ
= (cos cos ) z oz, oz

—ZK—\B_IJ+(\/§+IHZ :|Zl||22“23|8_i+27_f2+£f3
"5 4 4 2121 %z, 434
25, ) N e

5 4 |Zl| |ZZ| |Zs|
(D) Sum of nth roots of unity = 0 =|z||z ”Z|§+E+6473
L I 1)

l+ta+a’+ad’ +.+a’ =0

1+iak =0
k=1

= |Zl||zz||z3||251 +3z, +4E3|

= |zl||zz||z3||221 +3z,+ 4z3|

2 =2.3-4.9=216
1+Z(coszlk—0”+isin21k—oﬁjzo
k=1 97. (144) Let z =(a+bw+ca’)
9 - @@ P
1+ cos 22— g o T=(atbo+ca’)=(a+bd+ca’) = (a+ba +co)
10
k=t and 2z =(a+bo+cao’) = (a+ba’* +cw)
9
So, l—zc052k—”22 =(a’ +b* +c* —ab—bc —ca)
~" 10 |
ZE{(a—b)2+(b—c)2+(c—a)2}
Integer 1
94. (5) Given,|z-3-2i|<2 () or |Z|2=E{(a—b)2+(b—6)2+(6—a)2}

To find minimum of |2z -6+ 5i | |a+ba)+ca)2|+|a+ba)2+ca)|=|z|+|E|=|Z|+|Z|=2|Z|

or 2|z-3 +%i , using triangle inequality

=2%\/(a—b)2 +(b-c) +(c—a)

ie, |lzi|-1z <z +2|

=V2\(@=b)* +(b-c) +(c—a’) 221 +1* +2%)
:\/52(144)1/2

(= a, b, ¢ are distinct integers, minimum value of
(a=bY+ (b-c)Y +(c—a)’ =1+’ +2* =6)

z—3+§i z—3—2i+2i+§i
3 2

9
-3-2i)+—i
(z i) 21




a+ba)+ca)2|+|a+ba)2 +ca)| > (144)"*

Minimum value of |a +bw+ ca)2| + |a +bw* + ca)| =(144)"*

n=144
98. (48) Let |z—a|=k 0]
(where o =a + ib and a,b,keR) be a circle which cuts the
circle|z| =1 ...
and |z-1]=4 .. .(iii)

orthogonally, then &’ +1=|a —0|2 =aa
and k*+16=|a -1 =(a-1)(@-1)=ad@ —(a+a)+1
or l—-(a+a)—-15=0ora+a=-14 or2a=-14
= a=-7
= a=a+ib=-T+ib
Also k> =|a’|-1=49+Db* ~1 =48+
=  k=4(48+b%)

Therefore, required family of circles is given by

|z +7—ib| =48+ %)

A =48

99.

100.

10
(1648) Z(sinzq—”—icoszq—”j
e QU 1

10

= —iz cos(—zqﬁ j +isin (_ZQEJ
o 11 11
i 2qrm/11 i 2gmi/l11

= _l e qr. — _l e qrt _1
q=1 q=1

=—i(sum of 11, 11™ roots of unity —1) =—i(0—-1) =i

Sor-o{ el

32

= Z(3p +2)()” =) (3p+2)

p=1
32 32 . .
=3Zp+221=w+2~32=1648
p=1 p=l 2
(394) |az, —bz,[ +|bz, +az,|" = (a* +b*) + (|2, +|z,|")
Then A=a”>+b" =(15) +(13)* =394

LR VL
ANINAVA...0 =42 48

1/2

=20 = 2 =394




