Let’s study.

e  Geometric progression (G.P.)
e n"termofaG.P.

e Sum of nterms of a G.P.

e  Sum of infinite terms of a G.P.

e  Sigma notation.

4.1 SEQUENCE:

A set of numbers, where the numbers are
arranged in a definite order, is called a sequence.

Natural numbers is an example of a sequence.
In general,a sequence is written as {t }.

Finite sequence — A sequence containing finite
number of terms is called a finite sequence.

Infinite sequence — A sequence is said to be
infinite if it is not a finite sequence.

In this case for every positive integer n ,
there is a unique t_in the sequence.

Sequences that follow specific rule are called
progressions.

In the previous class, we have studied
Arithmetic Progression (A.P.).

In a sequence if the difference between any
termand its preceding term (t  —t ) is constant, for
all neN then the sequence is called an Arithmetic
Progression (A.P.)

Consider the following sequences.
1) 25811,14,..............

2) 4,10,16,22,28,..............

3) 4,16,64,256,................

The sequences 1) and 2), are in A.P. because
t .,—t is constant.

But in sequences 3) and 4), the difference is not
constant. In these sequences, the ratio of any term
toits preceding termthatis tn+tl isconstant [neN].

n

Such a sequence is called a ‘GEOMETRIC
PROGRESSION’ (G. P.).

(c

Let’s learn.

(
4.2 GEOMETRIC PROGRESSION (G.P.)

Definition : A Sequence{t } is said to be a

t
Geometric Progression if % = constant.
n

t
n+t1 is called the common ratio of the G.P. and

n

itisdenoted by r (r#0) ,foralln e N.

It is a convention to denote the first term of
the geometric progressionby a(a#0).

The terms of a geometric progression with
first term 'a' and common ratio 'r' are as follows.

aarardardar, ...,

Let’s see some examples of G.P.

(i) 2,8,32,128,512, ..cciiiiiiinann, is a
G.P.witha=2andr=4.
(i) 25, 5,1 % i is @ GLP.

1
witha:25andr:§.




4.3 General term or the n™term of a G.P.

If a and r are the first term and common
ratio of G.P. respectively, then its general term is

given by t =ar*"
Let’s find n term of the following G.P.

1) 2,832,128 512,....ccciiniinnnn...
Here a=2 ,r=4
t=armt=2(4)"

1

1

Here a=25 I=5
1

t =armt=25 (E) n-1

i) 25,5,1

4.3.1 Properties of Geometric Progression.
1)  Reciprocals of terms of a G.P. are also in

G.P.

i1) If each term of a G.P. is multiplied or
divided by a non zero constant ,then the

resulting sequence is also a G.P.

iii) If each term of a G.P. is raised to the same

power , the resulting sequence is also a G.P.

SOLVED EXAMPLES

Ex.1) For the following G.P.s find the n™ term
3,-6,12,-24,. ...
Solution:

Here a=3 ,r=-2

st=art=3(=2)"

. -3 9 27
Ex 2) Verify whether 1, D g 0T

isa G.P. If it is a G.P., find its ninth term.

-3 9
Solution : Heret,=1,t="5",t="7",
-3
. L 2 3
Consider =t =7 =
2
L _4_3
L 7372
2
-27
L _8 _3
L, 79 72
4

Here the ratio of any term to its previous term

is constant hence the given sequence is a G.P.

8
- 6561
Nowt,= ar'=ar®= 1(—;) =556

Ex3)ForaG.P.if a=3andt =192, find rand
t,.
Solution : Given a=3 ,t =ar’=192
192
23(nf=192 r6:—3
Sore= 26,
r=42,
t,=art®=3(£2)"°=3(1024 )=3072.

=64

Ex4)ForaG.P.t,=486,t,= 18, find t |

Solution : We know that t = ar"?

Now from ( 1) ar?= 486




2
1) _
a(?) = 486.

1, _
a(g)—486,
a=486x9
a=4374.
1 9
Now t, = ar®= 4374 (?)
_243><2><9_ 35 x 2 x32
- 3° T 3P x32x3?
' 2
"tlo_?

n-2

Ex 5) If for a sequence {t },t = =R
show that the sequence is a G.P.

Find its first term and the common ratio.

5n-2
403
5n-l

t, = e
gn-1

e
Consider —-= =

t
4n73

gn-1 4n-3 5
= gz Xgez T g T constant,

Solution: t

v neN.

5
The given sequence is a G.P. with r = vy and
52 51 16
t=a=gm =25

Let’s Note.

1)  To find 3 numbers in G.P., it is convenient to
take the numbers as

a
—,a,ar
r

. . a a
ii) 4 numbers ina G.P. as iy ar, ard,

r
(here the ratio is r?)

. a a
iif) 5Snumbers inaG.P. asF,T,a,ar,ar2

Ex 6) Find three numbers in G.P. such that their
sum is 42 and their product is 1728.

a
Solution: Let the three numbers be Toasar.
According to first condition their sum is 42

a
.'.T+a+ar:42

a (% +1+r) = 42

_2
..T+1+r— a

1 42

A= (1)

From the second condition their product is 1728

% .a.ar=1728

sad=1728 =(12)°
sa=12.

substitute a = 12 in equation (1), we get
1 42

L 2+2r°=5r
2rr-5r+2=0
~(2r-1) (r-2)=0

w2r=lorr=2

o1 _
.r=73 orr=2
1

Now ifa=12,andr="7" then the required numbers
are 24,12,6.

N



Ifa=12,and r=2 then the required numbers are
6,12,24.

. 24,12,6 or 6,12,24 are the three required
numbers in G.P.

Ex 7) In a G.P. ,if the third term is% and sixth

1 _—
term is 625 , find its n"term .
1 1

Solution : Here t = T t,= 625

1
t.=ar’ =5

Divide equation (2) by equation (1)
we get,

r'=——~- ===

125 ~ 53

1 1
- r=7 . Substitute r =5 in equation (1)

=5

QD
~~
1 U"I|H
N———
N
'—\

1
t=ar=5(5)=5x5m=52

Ex 8) Find four numbers in G. P. such that their
product is 64 and sum of the second and third
number is 6.

. !
Now using second condition ra +ar=6

242
Tf + 24/2r =6. dividing by 2 we get

2
4 + /2 r=3 now multiplying by r we get

2+ 2 r2=3r=0
J2r2-3r+ 2 =0,

J2 r2-2r-r+ 2 =0,

J2 r(r-J2)-1(r—/2)=0.

1
r=+2orr=—
J2

Ifa= 22,andr=+/2 thenl,2,4,8 arethe
four required numbers

1
Ifa=22,andr= NG then 8 4, 2, 1 are the

four required numbers in G.P.

Ex 9) If p,q.1,s are in G.P. then show that

(g-r)?+(r-p)?+(s-q)* = (p-s)’

rs
Solution : As p,q,1,s are in G.P. a = a = =k

p r
(say)

S QP=pr,r’=qs,qr=ps
consider L.H.S.

(g-r)?+(r-p)?+(s-q)y

= 7-2qr + r’+ r>-2rp + p? + s>-2sq+ g°

pr -2gr +qs + gs -2rp + p? +s? -2sq + pr

. a a
Solution : Let the four numbers be oo oan = -2qr +p2+s2 = -2ps +p?+s? (qr = ps)
3 101 2
ar® (common ratio is r?) = (p-s)= R.H.S.
According to the first condition
% & ar x ar® = 64 EX.10) Shraddha erosited Rs. 8000 in a bank
r which pays annual interest rate of 8%.She kept it
sat=64 with the bank for 10 years with compound interest.
az o7 Findthetotalamountshe willreceiveafter 10 years.
N ' [ given (1.08)*=2.1589)]
AN

N



Solution:

The Amount deposited in a bank is Rs 8000 with
8% compound interest.

Each year, the ratio of the amount to the principal
f1h ) _ 108
of that year Is constant = 100

Hence we get a G.P. of successive amounts.

For P =8000,

the amount after 1 year is 8000 x 108
100
: 108 108
the amount after 2 years is 8000 x 700 X 100
: 108 = 108
the amount after 3 years is 8000 x 100 X 100
108
100"

Therefore after 10 years the amount is

108
—~"\10 = 10.
8000 ( 100) = 8000 (1.08)
= 8000 x 2.1589 = 17271
Thus Shraddha will get Rs 17271 after 10 years.

Ex 11) The number of bacteria in a culture doubles
every hour. If there were 50 bacteria originally in
the culture, how many bacteria will be there after
5 hours ?

Solution : Given that the number of bacteria

doubles every hour .

The ratio of bacteria after 1 hour to that at the
begining is 2

after 1 hour =50 x 2
after 2 hour = 50 x 22
after 3 hour=50x 23
Hence itisa G.P. witha=50,r=2.

To find the number of bacteria present after
5 hours, that is to find t, .

t.= ar’=50 (2) 5= 50 (32) = 1600

ACTIVITIES
Activity 4.1:
o whether 1 =2 16 =64 .
\erify whether 1, 309 97 e isaG.P.

Ifitis a G.P. Find its ninth term.

Solution : Herert =1, t,= |:| t,= lgﬁ

b 4
Consider T = ?
—64
L 27
E - 1& - I:I
9

Here the ratio is constant. Hence the given
sequence is a G.P.

8
ot == =i ) =L

Activity 4.2:
ForaG.P.a=3,r=2,S =765, find n.
Solution : S =765=| ] (2"-1),

765
T =255=2"-1,

2= J=25n=[_]

Activity 4.3:
Fora G.P.if t, =486, t,= 18, find t,

Solution : We know that, foraG.P.t = I:I
t,=[ ]=18..()
t,=[ ]=486...(I)




=L
Now from (I), t, = ar* = 18

a=|_|

t,=ar’= D
Activity 4.4:

If a, b, ¢, d are in G.P. then show that (a — b)
(b —c) and (c — d) are also in G.P.

Solution : a, b, c,d are in G.P.
b= ||
[ J=bd
ad = E

To prove that (a—Db), (b —c), (c—d) are in G.P.
i.e. to prove that (b —c)?=(a—b) (c — d)

RHS = (a-Db) (c—d)
= ac-[J-be+[]
= b?—bc-bc+| |
= b*-2bc +¢?
= LHS
Activity 4.5:

For a sequence, S = 7(4" —1), find t_and show
that the sequence is a G.P.

Solution: S = 7(4"-1)
S(nfl) = 7|:|
t, =[]

7@ -1-7( )
T[4 —1— 4" +1]

7]

Activity 4.6:
10 people visited an exibition on the first day. The

number of visitors was doubled on the next day
and so on. Find i) number of visitors on 9" day. ii)

Total number of visitors after 12 days.
Solution : On 1% day number of visitors was E
Number of visitors doubles on next day.

.- On 2" day number of visitors = E

.- On 3" day number of visitors = D

and so on

. Number of visitors are 10, 20, 40, 80, ...............

These number forms a G.P. with a = D

=

. No. of visitorson 9" day i.e.t; = a.r®*

@
[]

1
-
o
X
N

1
=
o
X

1

Total number of visitors after 12 days

=s,=a[ |
|_on7 10x(1-4096)
10[ }—

-2 []

10 x 4095

[ ]

Activity 4.7:

Complete the following activity to find sum to n
terms of 7+77+777+7777+..............

Let Sn ="T7+77+T7T7T+TTT T+
=Tx(C R T

upto n terms

upto n terms)
upto n terms)

= S A0-1( = )+~ (=) ()

upto n terms)




= % [(10+10%+.......... + upto n terms)

3)

3 successive terms in G. P. are written as

a aar
— (1+1+......... upto n terms)] r
Y 4) 4 successive terms in G. P. are written as
7 . a.(r"=1)
—g[lj( =L ... using | ———= a a _
r—1 =, ar, ar’® (ratio r?)
r r
s 7 D O) 5) 5successive terms in G. P. are written as
=—| — —nN =
"9 a a 2
]
Activity 4.8:
] EXERCISE 4.1
An empty bus arrived at a bus stand. In the first
m!nute two persons_boarded _the bu_s. In the second 1) Verify whether the following sequences are
minute 4 persons, in the third minute 8 persons GP. If so. find t
boarded the bus and so on. The bus was full to o ’ "
its seating capacity in 5 minutes. What was the ) 261854, ..
number of seats in the bus? i) 1,-525,-125.......cccccininnn.
Solution : In the first minute, 2 persons board. 1 1 1
) 5, —=  —= —= 1 e
In the second minute, 4 persons board. 5505 2545
and SO ON ...eovvereenn. iv) 3,4,56,........
Hence it is al:l V) 7, 14, 21, 28, .........
witha=[ |, r=[ | 2) For the G.P.
The bus was full in 5 minutes i) ifr = % a=9;findt,
Cafro oot I S
: a<r1> (DJ )i =g =g hindt,
i) if a=7r=-3find t
:2(%>:D iv) ifa :%,t6:162,ﬁndr
The number of seats in the bus = I:I 3) Which term of the G.P. 5,25,125,625,...... is
5107
) 4)  For what values of x.
Let’s remember! )
i,x,i arein G.P. ?
3 27
ForaG.P. {t }, 5n-3
¢ 5) If for asequence,t = on3 ) show that the
1) g[_+1: constant , v n e N sequence is a G.P.
2) t=ar™a#0,r£0,yneN Find its first term and the common ratio.
FEON




6)

7)

8)

9)

10)

(c

[

Find three numbers in G.P. such that their
sum is 21 and sum of their squares is 189.

Find four numbers in G.P. such that sum of
the middle two numbers is 10/3 and their
product is 1.

Find five numbers in G. P. such that their
product is 1024 and fifth term is square of the
third term.

The fifth term of a G.P. is x, eighth term of
the G.P. is y and eleventh term of the G.P. is z
Verify whether y? = x z.

If p,q,r,s are in G.P. show that p+q, g+r, r+s
are also in G.P.

Let’s learn.

4.4

term
then

S, =

(

Sum of the first n terms of a G.P.

If {t }is a geometric progression with first
a and common ratio r ; where a # 0, r # 0;

the sum of its first n terms is given by

atar+ar’+ard+ ..................+armt=

1-7"
,r£1
1—rj ?

Proof : Consider

S=1+r+r2+r3+........... rnt —())
Multiplying both sides by r we get
rS=r+r+r’+.......... rn .. (i)

Subtract (ii) from (i) we get S—Sr=1-r"

S(1-r) =1-rm

1-7"
' S_(l—r]’

Multiplying both sides of equation (i) by a

. (iii), r

we get ,

aS=a+ar+ar*+..............+ ar'=s§

1

_ (1-r
Sn—a(1 )r;él

If we Subtract (i) from (ii) we get,

: -1
S = Ar=1)

(1 r) S, {from (i) and (iii)}

Let’s Note.

1. §=as$
2. Ifr=1thenS =na

Solved Examples
Ex1) If a=1,r=2find S forthe G.P.

Solution: a=1,r=2
1-r 1-2 )
S—a1 =1 =D =2"n-1.

Ex 2) For a G.P. 0.02,0.04,0.08,0.16,...,
Solution : Herea=0.02,r=2

1—r 1-2
55 =a ]_ =0.02 1 )

=0.02.(2"-1)

find Sn.

Ex 3) For the G.P. 3,-3,3,-3,
Solution :

Ifniseven, n=2k
Sy_(3-3) + (3-3) + (3-3) + ---vovre- +(3-3)=0.
If nisodd ,n=2k+1
Sy = Sy

2k+1

t,,,=0+3=3.

Ex4) ForaG.P.ifa=6,r=2,find S




Solution: S_ = L=r
olution: S =a 1-1)"

-1 —
5, =6 (172" <612 1024
o 12 -1
- 1023
= 6{——7 )=6(1023)=6138.

Ex 5) If fora G.P.r=2, S ,=1023, find a.

1-21
Solution: S  =al 71—

- 1023 =a (1023)

soa=l.
Ex 6) Fora G.P.a=5, r2:n2’18n =5115,findn.
Solution :S = 5115 =5 51 5(2"-1),
5115
LT = 1023 =2"-1
2"=1024 =21
. n=10

Ex 7) If fora G.P. S,= 16, S,=144, find the first

term and the common ratio of the G.P.

Solution : Given

1-r°
S,=al7 =16 i (1)
1-r
Sg=a\1 /=144 (2)
Dividing (2) by (1) we get ,
S, -1 144
T R T
(P-DE+)
(r*-1) =9
(1) =9,
r=8 =2

r = 2.

Substitute r=2 in (1) We get

1-2
al 17— | =16,

-8 .
alq=z| =%
a(7) = 16,

16
a ==

Ex 8) Find the sum
9+99+999+9999+. ... ..ot upto n terms.
Solution : Let S = 9+99+999+9999+............

....... upto n terms.
S,= (10-1) + (100-1) + (1000-1)... to n brackets.

= (10+100+1000+ ...... upto n terms )
—(1+1+1 ..., upto n terms)

Terms in first bracket are in G.P. with a = 10,
I = 10 and terms in second bracket are in G.P. with
a=r=1

10n—1
. Sn:10 10—-1 /=N
10
= T(lO"-l)—n.

Ex 9) Find the sum 5+55+555+5555+........ upto

n terms.

Solution: Let S,

= S5+55+555+5555+............ upto N terms.
= S(A+11+111+............ upto n terms)

5
= 9 (9+99+999+ ............ upto n terms)

5
= 9 [(10-1)+(100-1)+(1000-1)+............
to n brackets |

5
=9 [(10+ 100 + 1000 +......... upto N terms)




—(1+1+1+ upto n terms)]
5 10"-1

= o 10{ 101 )-n
5 10

= 5 [ (10"-1)-n]

Ex 10) Find the sum to n terms

0.3+0.03+0.003+.......... upto n terms
Solution : LetS

= 0.3+0.03+0.003+ upto n terms

=3[0.1++0.01+ 0.001+....... .. upto nterms]
1 1 1 1
:3[E+W+1000+ ............ +W]
_ 1-rm 1 1
=3xa 17 where a = 10 andr = 10
1
IO Y B il
=3 x 10 _L
10
1
:g(l -0.1")

Ex 11) Find the n term of the sequence
0.4,044,0444,...........cccoeiiinnn

Solution : Here t1:O.4

t,=0.44 =0.4 + 0.04

t.= 0.444 = 0.4+0.04+0.004

t =0.4 +0.04 + 0.004 + 0.0004 +

.................... upto n terms
here t_is the sum of first n terms of a G.P.
witha=0.4and r=0.1

-0.1 4 )
t=0.4 1-01/ =9 [1-(0.1)"]

Ex 12) For a sequence , if S = 5( 4"-1 ), find the

n" term , hence verify that itis a G.P. ,Also find r .
Solution :S§_=5(4"-1),S_=5(4""-1)
We knowthat t =S -S |
= 5(4"-1)—-5(4"-1)
=5(4")-5-5(4")+5
= 5(4"— 41
= 5(4"-4"47)
= 5(4) (1~ 3)
=54 ()
3
st =504 x T

Consid t"+1—5(4n+1) = 4 = constant
onsider r = 5@ - = constant ,

v nhe N.

“r=4
.. the sequence is a G.P.
Ex 13) Which term of the sequence
V3 ,3,3Y3, o, is 243?
Solution : Here a = \/§, r= \/§, t= 243

a. rmt=243

V3. (V3)" =243=3 = (\3)"

(V3) = ()"

n=10.

Tenth term of the sequence is 243.

Ex 14) How many terms of G.P.

2,22, 282% i are needed to give the
sum 2046.

Solution : Here a=2,r=2, letS = 2046.

N2



rm—1 "1
s 2046 =aly—7|=2|2=1 [=2(2"1)

1023 =2"1,2"=1024 =2" . n=10

Ex 15) Mr. Pritesh got the job with an annual
salary package of Rs. 400000 with 10% annual
increment .Find his salary in the 5 th year and also
find his total earnings through salary in 10 years.
[Given (1.1)*=1.4641, (1.1)"°=2.59374

Solution : In the first year he will get a salary of
Rs. 400000 .

He gets an increment of 10% so in the second
year his salary will be

110 )
400000 x | 750" = 440000
In the third year his salary will be

110 Y
400000 x (W) andsoon ............
Hence it is a G.P. with a =400000 & r=1.1.
Similarly his salary in the fifth year will be
110 Y
t. = ar* = 400000 (W) = 585640.

[ (1.1)* = 1.4641]

His total income through salary in 10 years

re—1
will be Sloza(r_ i )

2.59374 — 1
= 400000 x | ——+——
0.1
[-(1.1)°=2.59374]

1.59374)
0.1

=400000 [ 15.9374 ] = 63,74,960.

= 400000 (

Mr. Pritesh will get Rs.5,85,640 in the
fifth year and his total earnings through
salary in 10 years will be Rs. 63,74,960.

Ex 16) A teacher wanted to reward a student by

giving some chocolates. He gave the student
two choices. He could either have 50 chocolates
at once or he could get 1 chocolate on the first
day, 2 on the second day, 4 on the third day
and so on for 6 days. Which option should
the student choose to get more chocolates?

ANs : We need to find sum of chocolates in
6 days.

According to second option teacher gives
1 chocolate on the first day, 2 on the second day,
4 on the third day, and so on. Hence itis a G. P..
with a= 1,r =2,

If the number of chocolates collected in this
way is greater than 50 we have to assume this is

the better way.

. rn—1
Byusing S, = a(rTl)

_ (2
- 2

=64-1 =63

Hence the student should choose the second way
to get more chocolates.

EXERCISE 4.2

1) For the following G.P.s, find S
) 3,6,12,24, ...

9 o

p o p?

2) ForaG.P.if

i) p.q,

) a=2,r=-

e

, find S,
ii) S,=1023,r=4,Finda

3) ForaG.P.if
i) a=2,r=3, 5 =242 findn.
i1)  sum of first 3 terms is 125 and sum

of next 3 terms is 27, find the value of'r.
4) ForaG.P.

N2



i) If ,=20,t=160,findS,
i) Ift,=16,t,=512,find S,

5) Find the sum to n terms
i) 3+33+333+3333+..........
ii) 8+88+888+8888+.........

6) Find the sum to n terms
i) 04+044+0444+ ...
i) 0.7+0.77+0.777 + ..........

7) Find the n'" term of the sequence
i) 0.5,0.55,0.555, ...
i) 0.2,0.22,0222, ........

8) For asequence, if S =2 (3"-1), find the n"

term , hence show that the sequence is a G.P.

9) IfS,P.R are the sum , product and sum
of the reciprocals of n terms of a G. P.

respectively , then
: SY
verify that (ﬁ) =P2
10) IfS .S, .S, are the sum of n,2n,3n terms of

a G.P. respectively , then verify that
Sn (SSn- SZn) = ( SZn- Sn) 2

4.5 Sum of infinite terms of a G. P.

We have learnt how to find the sum of first n
terms of a G.P.

If the G.P. 1s infinite, does it have a finite
sum?

Let’s understand

Let’s find sum to infinity.How can we find it?

We know that for a G.P.

(1 _ a [ &),
Sn_a(l—r)_1—r (l—r}r

If|r| <1 then,as n tends to infinity, " tends to zero.

a
Hence S tends to

n 1-r
a
-r

(as ( 1 ) r" tends to zero)
Hence the sum of an infinite G.P. is given

byﬁ,when|r|<1.

Note : If [r] >1 then sum to infinite terms does not

exist.

SOLVED EXAMPLES

EX 1) Determine whether the sum of all the terms

in the series is finite ?

In case it is finite find it.

p L 1 1
373 3
i) l_li__l ...................
2’48
iy -3, 2 =27 81

595 105 g5
1v) 1,-3,9,-27.81, oooiiiiiiiiiiiii

L 1
Solution: i) r= 3

1 1
Herea = 3 1=73 <1

.. Sum to infinity exists.
8
_[\3/ |
= [Zj =
3

1
i) Here a:1,r=—7,|r|<1

1
2




.. Sum to infinity exist

2
o @ __ 1 _ 1 _2

1-r 1. (3)
- (3

3 3
iii) Hereaz—?,r=?,|r|<1

.. Sum to infinity exists

P 6 Y
) ()

iv) Herea=1l,r=-3

As|r| £ 1

.. Sum to infinity does not exist.

’%e Let’s learn.

RECURRING DECIMALS:

We know that every rational number has

decimal form.

For example ,

% =1.1666686......... =116

% —0.833333....= 0.83

T3 1.666666= 1.6

22

o =3.142857142857......~ 3.142857
23 _

o5 =0.23232323............= 0.23

We can use G.P. to represent recurring

decimals as a rational number .

SOLVED EXAMPLES

Ex i) 0.66666.....
=0.6+0.06+0.006 +............
6 6 6

=107 100 T 1000 " !
the termsarein G.P.witha=0.6,r=0.1<1

.. Sum to infinity exists and is given by

a __06 06 _6 _2
I—-r

~1-01 09" 9 T3

ii) 0.46 = 0.46+0.0046+0.000046 + ........ the
terms are in G.P. witha=0.46 ,r=0.01 < 1.
.. Sum to infinity exists

__a __ 046 046 _ 46
" 1-r 1-(001) T 099 ~ 99

iii) 2.5=2+0.5+0.05+ 0.005+0.0005 + .......
After the first term,the terms are in G.P. with
a=05,r=01<1

.. Sum to infinity exists
a 0.5 05 5

—01 09 ~ 9

I—r

5. 2.5=2+0.5+0.05+0.005 +0.0005 + ......

5 23
=249 ="g"
EXERCISE 4.3

1) Determine whether the sums to infinity of
the following G.P.s exist ,if exist find them

2 48 16

i) 2,4 8 16

39 27

i) =3, 1, | ,i.
9




2) Express the following recurring decimals as
a rational number.

i 0.32.
ii) 3.5

iii) 4.18
iv) 0.345
v) 3.456

3) If the common ratio of a G.P. is % and sum

of its terms to infinity is 12. Find the first term.

4) If the first term of a G.P. is 16 and sum of its

terms to infinity is 1;—6, find the common
ratio.

5) The sum of the terms of an infinite G.P. is 5
and the sum of the squares of those terms is
15. Find the G.P.

Q

(c

[ Let’s learn.

Harmonic Progression ( H. P.)

Definition : A sequence t,t,,t,,t,,............... .

(t#0,n € N) is called a harmonic progression if
1111

H 1 b

el R

1 2 3 n

,.....are in A.P.

For example ,

p L1 11
71115

j) 1,01 11
4791419

i) L, L L 1
58 1114

v +, 3 3 1
4°'14°16' 6

SOLVED EXAMPLES

Ex1) Find the nterm of the H.P.
1 2 1 2

SRR T

5
Solution : Here 2, — , 3, —
olution : Here 2, > >
1
in A.P. witha:2andd=7hence
12 1 2
7 5 ] 3 L] 7 b

For A.P.

........... are in H.P.

t :a+(n-1)d=2+(n-1)%

N R
=2+5n--

3 n 3+n
L=5+5="73

For H.P. t =

3+n

: " 1 -1 -1

Ex2) Find the n" term of H.P. —,1, —, —,
e scssscs s 5 3 7

Solution: Since 5,1,-3,-7,............... are in A.P.
witha=5andd=-4
Hencet=a+ (n-1)d

=5+(n-1) (-4)
=5-4n+4= 9-4n.
1

For H.P. t= 9—4n

Activity : 4.9
Find the n™ term of the following H.P.
1 1 1 1

1 X =+ 2L
D7 120 ATs 22

Solution : Here 2, 7,12, 17,22 .... are in |:|

witha=| |and(@)=] |




11 1 1 1
hence 5, 5 12, 17, 221 e areinD

t =a+(n-1)d=
= J+en[ ]
.t of the H.P.:D

&
( 2! Let’s learn.

Types of Means:
Arithmetic mean (A. M.)

If x and y are two numbers, their A.M. is defined

_ Xy
by A=—

We observe that x, A, y form an AP.
Geometric mean (G. M.)

If x and y are two numbers having same sign
(positive or negative), their G.M. is defined by

G= \/E We observe that x, G,y foorma GP.
Harmonic mean (H. M.)
If x and y are two numbers, their H.M. is defined

2xy
X+y -

by H=

We observe that x, H, y form an HP .

These definitions can be extended to n numbers

as follows
X+ X+ X +........ X
A — 1 2 r(]%
G =
n
HM.=
1 1 1
—t—t
xl x2 xn

Theorem : If A, Gand H are AM., GM., HM.
of two positive numbers respectively, then

i) G=AH i)H<G<A
Proof : let x and y be the two positive numbers.
X+y 2xy
A= 2 ’G:\/E’ H= X+y
X+y  2xy
RHS=AH="7 " S5~
=xy=G?*=L.H.S.

X+y
ConsiderA-G=""7  — /xy
1
=% (x+y -2 Jxy)

1
AG= (Jx — |y )>0

Y T (1)
. % S T 0
Now consider G?=AH
% = % > 1 (FROM 1I)
. % >1.2G>H oo, (1)

From (1) and (Ill) H<G<A
Note : Ifx=ythenH=G =A

n arithmetic means between a and b :

Let ALALA,, oo be the n A.M.s
betweenaand b ,
then aALAA, A b isan A.P.

Here total number of terms are n+2

b =1t , =a+[(n+2)-1]d
b = a+(n+l)d
b—a
d = T+t
b—a
A = a+rd=a+ n+1
b—a
A = a+2d=a+2 37




b
a+3d=a+3— o+

A3 = n+1
A = a+nd
b—a a(n+1) b—a
T AN e TNl TN e
_ a(n+l) +n(b-a)
n+1
a+nb
An = n+1
n geometric means between a and b :
LetG,,G,G,G,, ........ G, be the n G.M.s between
aand b,
thena,G,,G,,G,, ........ G, ,bareinGP

Here total number of terms are n+2

=b

n+2

r n+l o

®
I

)
N
|
o))
]
N
1
o))
VR
Q| >
N
i‘m
. N

Examples based on means

Ex : 1 Find AM.,G.M_H.M. of the numbers 4

and 16
Solution : Letx= 4andy = 16
Xty 20
A="75 =5=10 ~A=10
G = Jxy =64 =8 ,G=8.,

32

2xy  2(4)(16) _ﬁ

H="%y ="4+16 = 20 = 5

Ex2) Insert 4 arithmetic means between 2 and 22.

Solution:

let A, A, A, A, be 4 arithmetic means between
2 and 22

2, Al, AZ, A3, A4, 22 are in AP with

a=2, t=22, n=6.

22 = 2+(6-1)d=2+5d

20 = 5d,d=4

A = a+d=2+4=6,

A, = a+2d=2+2x4 =2+8 = 10,
A, = a+3d= 2+3x4=2+12=14

A, = a+4d =2 + 4x4 =2+16 =18.

the 4 arithmetic means between 2 and 22 are
6,10,14,18.

Ex: 3 Insert two numbers between % and 1—12

so that the resulting sequence is a H.P.

1
Solution : let the required numbers be "R and Hi
1 2
iiii areinH.P.
9 H H, 12
%, H,,H, 12 arein AP.
9

_ 9 _249 15
3d = 12- 5= =7
;.5
2 9 5 14
t, = H1:a+d =7+7:7=7.
o _9 5 _19
t, = H2—a+2d—2+2x7—2..

2
For resulting sequence % and 19 are to be

. 2 1
inserted between 9 and 1

<59 >



Ex: 4 Insert two numbers between 1 and 27 so
that the resulting sequence is a G. P.

Solution: Let the required numbers be G, and G,

1,G,,G,,27arein G.P.

Ifx=16,theny=4 y=20-X
If x=4,theny=16.

The required numbers are 4 and 16.

4,=1,4=G, 1,26, =27 EXERCISE 4.4
a=1,t=ar*=27
1)  Verify whether the following sequences are
r’=27=33%,.r=3. HP
tZZGl:ar:1X3:3 |) %,l’i,l’ ...........
t=G, = ar=1(3)2= 9 > 708
] . 1 1 1 1
3 and 9 are the two required numbers. i) 369 12
Ex: 5 The A.M. of two numbers exceeds their i) 1 1 1 1 1
G.M. by 2 and their HM. by 18/5 Find the 79 '11'13"15° T
numbers.
Solution : GivenA=G+2 ~G=A-2 2) Find the n'" term and hence find the 8 "term
18 18 of the following H.P.s
AlsoA=H+? .'.H=A—? i 1 1 1 1
2 ] 5 ] 8 y 11, ...........
We know that G2 =AH
5 p L1101
(A—2)2=A(A—?) 46 810’
18 o1 1 1 1
A2_4A+22:A2_?A III) ?’E’E'ZO, ...........
18
?A— 4A=-4 3) Find A.M. of two positivel numbers whose
DA =—4x5 - A=10 G.M.and H. M. are 4 and 5
AlsoG=A-2=10-2=38 4) Find H.M. of two positive numbers whose
A= X;y =10, x+y=20,y=20-X. AM. and G.M. are12—5 and 6
............................... Q)
5) Find G.M. of two positive numbers whose
Now G= \[xy =8 .. xy=64 AM. and H.M. are 75 and 48
X(20 —x) = 64
( ) 6) Insert two numbers between L and L S0
20 X — x> =64 7 13
X2—20x +64 =0 that the resulting sequence is a H.P.
(x-16) (x—4)=0 7) Insert two numbers between 1 and —27 so
X =16 or x=4. that the resulting sequence is a G.P.
8) Find two numbers whose A.M. exceeds their
RO




1 ) 25
G.M. by > and their H.M. by 26

9) Find two numbers whose A.M. exceeds G.M.

by 7 and their H.M. by % .

Let’s remember!

1) ForanAP.t =a+(n-1)d
2) ForaGP.t=ar"

X+y
3) A.M. of two numbers A= " 2
4) G.M. of two numbers G = \/E

2xy
X+y

5) H.M. of two numbers H=
6) G*=AH

7) Ifx= ythen A=G =H|where x and y are
any two numbers
8) Ifx#y thenH<G<A.

4.6 Special Series (sigma Notation)

The symbol ) (the Greek letter
sigma) is used as the summation sign.
The sum a,+a,+a,+a,+...+ a_is expressed as

Zn:ar (read as sigmaa,, r going from1ton)
r=1

For example :

n

Z xi=xl+x2+x3+....+xn

i=1

9

Z X=X, FX, T X H X, P X X HX X
=

10

in=x3+x4+x5+ x6+x7+x8+xg+x10

i=3

n
Z X?2=x2+x2+x7+ .. +x?
- i 1 2 3 n
i=1

n

z XY, = XY, F XY, XY, T F XY

i=1

Let’s write some important results using )
notation

Result: 1)
The sum of the first n natural numbers
n n (n+l)
= r=
Z 2
Result 2)

The sum of squares of first n natural numbers

n n(n+1)(2n+1)

:Zrzz

r=1 6
Result 3)

The sum of the cubes of the first n natural

2
numbers = Z ri= (@j
r=1

4.6.1 Properties of Sigma Notation

) T kt=kXt,

r=1 r=1

Where Kk is a non zero constant.

i) > (a+b)=Ya+3 b
i) > 1=n

iv) > k=k >1l=kn,
r=1 r=1

Where Kk is a non zero constant.

SOLVED EXAMPLES

Ex 1) Evaluate Zn: B8r—17)
r=1
Solution :

f @Br—-7= 2 8r— Z 7
r=1 r=1 r=1

=8 Yr-7% 1:8(”(”2”)) ~7n

r=1 r=1




=4 (n*+n) =7n = 4n? + 4n —7n = 4n>-3n.

Ex2)Find 3 (3r-5)
r=1

17 17 17
Solution: Y Br—=5=Y 3r—-Y 5
r=1 r=1 r=1

17 17
=3y r-5 3 1

r=1 r=1

17(17+1)
2

=3x17x%—85
=3x17x9-85
= 51x9-85
=459 -85

=374.

=3 ~5(17)

Ex 3) Find 3% +4%+ 57 +------ +292.

Solution: 3% +4%+ 52 +------ + 292

=1+ 2243+ - +299) - (12+ 29)

29 2
rr-xr
r=1 r=1

29(29+1)(58+1)  2(2+1)(4+1)

6 6

59 5

=29 x 30 x T—ZxBxg
=29x5x%x59-5

=5(29x59-1)=5(1711 1)
=5 (1710) = 8550

Ex4) Find 100% - 992 + 982 — 97 + ------- +22-12

Solution : 100?—-992+ 982 —972 + ------- +22-12

= (100% +98% + 96% + ------- +22) -
(99%+97% + 952+ ------- +1%)

jzj @2 - Szol @r - 1)2

0
= S (4r—4r + 4r-1)
r-l

= 3 (4r-1)

50 50
= > d4r->1

r=1 r=1

50(50+1)
2

50 50
=4y r-Y 1=4x 50

r=1 r=1

= 2x50x51-50
= 50(2x51-1)
= 50 (101)

= 5050.

12+22+32+ ___________ + r2
r+1

Ex5)Find 3
r=1

p 124224324 e r2

Solution :
rzzl r+1

r(r+1)2r+1)
6(r+1)

> (2 +7)

r=1

P ok ips

n n

= §(2§:j1r2+§1r)

Iz

1 {2 n(n+h2n+1) n(n+l)}

6 6 2
~ l[n(n+l)(2n+l)+n(n+l)}
G 3 2
n(n+1)(4n+5)

- 36
Ex6)Find1x5+3x7+5x9+7x11
.................... + upto n terms .

Solution Consider first factor of each
term.1,3,5,7,------ are in A.P. with a =1, d=2.

t=a+(r-1)d=1+(r-1)2 =2r-1.

Also the second factors 5,7,9,11,----- are in A.P.
witha=5,d=2.

t = 5+(r—1)2=5+2r-2=2r+3




w
1

Y (2r-1)@r+3)

S (4r2 + 4r - 3)
r=1

4 PP+4 Sr—3 3
r=1 r=1

r=1

n(n+1)(2n+1) n(n+1)
6 +4 2 -3n

= n{%} +2n(n+l)_3n

3

n
3 [2(2n2+n+2n +1) + 6(n + 1) — 9]

n
3[(4n2+ 6n + 2) + 6n — 3]

n
E) (4n?+12n—1)

2+4+6+ --- +uptonterms 20
1+3+5+ --- +uptonterms ~ 19~

Find the value of n.

Ex 7) If

Solution :

Here the terms in the numerator are even numbers
hence the general term is 2r, terms in the
denominator are odd numbers hence the general
termis 2r — 1.

19n +19=20n+20-20
n =19.

EXERCISE 4.5

1)

2)

3)

4)

5)

6)
7)

8)

9)

Find the sum 2 (r+1)@2r—1)
r=1

Find 3 (3r2—2r + 1)
r=1

n 14243+ - +
Find 3 123r d
r=1

a2+ -t

Find Z:jl T D)

Find the sum 5 x 7+ 9 x 11 + 13 x 15 + ---

upto n terms.

Find the sum 22+42 + 6% + 82 + --- upto n terms

Find (70? - 69°) + (682— 67%) + (66%— 65%)

+--- + (2%12)

Find the sum 1x3x5 + 3x5x7 + 5x7x9 + ---
(2n-1) (2n+1) (2n+3)

Find n, if
1x2+2%x3+3%4+4%x5+ --- +upto n terms
1+2+3+4+ --- +upto n terms

2+4+6+ --- +uptonterms 20 100
1+3+5+ --- +uptonterms ~ 19 =3
i 2r 20 10) If S,, S,and S, are the sums of first n natural
A = 19 numbers, their squares and their cubes
2(2r-1) respectively then show that
r=l1
4 9S2=S§, (1+8S).
2 2 3 1
>N MISCELLANEOUS EXERCISE - 4
r=1 r=1
n(n+1) ~ n(n+1) 1) InaG.P, the fourth term is 48 and the eighth
2——x19=20x2—5—=20xn term is 768 . Find the tenth term.
n(n+l) 19=20n(n+1l) -20n 4 243
_(_ _) (+D) 2) ForaGP.a=— andt =_—— find the
dividing by n we get, 19 (n+1) = 20 (n+1) -20 3 1024
value of r.
BN




n-2

3) Forasequence, ift= —— , verify whether 10) Find gl (5r +4r-3)
the sequence is a G.P. If it is a G.P. , find its 11) Find Z”: ((r -3)(r-2)
first term and the common ratio. r=l
4) Find three numbers in G.P. such that their 12y Find ¥ P42 43— +r
sum is 35 and their product is 1000. = 2r+1
5) Find 4 numbers in G.P. such that the sum of 4y g ¢ P42’ 43 4 +r’
2
middle 2 numbers is 10/3 and their product is r=l (r + 1)
L 14) Find2x6+4x9+6 %12 + ----------- upto
: : . n terms.
6) Find five numbers in G.P. such that their
product is 243 and sum of second and fourth ~ 15) Find 127+ 137 + 14% + 152 + ----------- 207
number is 10. )
16) Find (502 —492) + (482-472 )+(46%-45% ) +
7) Forasequence S =4 (7"-1) verify whether - +(2%12).
the sequence is a G.P. 17) Ina G.P.if t,=7,t,=1575find r
8) Find 2+22+222+2222+ ----------------- upton  18) Find k so that k-1,k , k+2 are consecutive
terms. terms of a G.P.
9) Find the n" term of the sequence 19) If p, g " and r" terms of a G.P. are x,y,z
0.6,0.66,0.666,0.6666,---------- respectively, find the value of
XaT X yf'P X 7P4
g e o
TR




