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Remember :

1. If g and b are collinear, then a = mb, where m is a non-zero scalar.

2. Ifa, b, ¢ are coplanar vectors, then any one of them can be expressed as the
linear combination of the other two.

|a1

3. Unit vector a along the vector ais given by a =

Q|

lal
4. If ¢ and b are the position vectors of A and B respectively, then AB=b—a.
5. If a, b, ¢ are position vectors of the points A, B, C respectively, then the

position vector of :
(1) the point P dividing seg AB internally in the ratio m : n is given by

—_m5+n5

m+n

(i1) the point Q dividing seg AB externally in the ratio m . n is given by

- mb—na
q =
m—n
(iii) midpoint M of seg AB is m = 42
(iv) centroid G of AABC is § = %b—i—c.

IBC|a + |AC|b + |AB| ¢

6. If H(Z) is incentre of AABC, then h = ——— =12 T T
IBC| + |AC| + |AB]

Sl REPRESENTATION OF VECTOR, COLLINEARITY,
COPLANARITY, SECTION FORMULA

’ Theory Questions ‘ 3 or 4 marks each

Q. 1. Ifaand b any two non-zero, non-collinear vectors lying in the same
plane, then prove that any vector ¥ coplanar with them can be uniquely

expressed as r= tlz + tzz, where #; and ¢, are scalars.



Proof : Take any point O in the plane of a, b and r. Represents the vectors a b
and r by OA, OB and OR. Take the point P on a and Q on & such that OPRQ is

a parallelogram. B

Now, OP and OA are collinear vectors. /
". there exists a non-zero scalar ¢, such that Q
@:tl m:tl E

Also O_Q and OB are collinear vectors.

al

". there exists a non-zero scalar #, such that
0Q=1t,-OB=t,-b.
Now, by parallelogram law of addition of vectors,
OR=0P+0Q ..r=ta+tb

Thus, r is expressed as a linear combination #a + t,b.

Uniqueness :

Let, if possible, r= tl’E +t b, where t/', t,’ are non-zero scalars. Then
tha+nubb=ta+t'b

S —=t)a=—(b—1)b ()
We want to show that 1, =¢" and t, =1,".

Suppose t; #t,',1.e. t;—t;' #0and t, #1,, i.e. t,— 1, #O0.

Then dividing both sides of (1) by #; — ¢, we get

a- _<m) b
H—t
This shows that the vector a is a non-zero scalar multiple of b.
*. a and b are collinear vectors.
This is a contradiction, since 5, b are given to be non-collinear.
Lh=t
Similarly, we can show that t, =¢,".

This shows that 7 is uniquely expressed as a linear combination tia+ tb.

Q. 2. If a, b and ¢ are three non-zero, non-coplanar vectors, prove that
any vector rin space can be uniquely expressed as a linear combination
xa + yz + zE, where X, y, 7 are scalars.

Proof : Let OP represent the vector rand OA, OB, OC represent the three non-

coplanar vectors a, b and ¢ respectively.

Through P draw planes parallel to the planes BOC, COA and AOB intersecting

the lines OA, OB and OC in L, M and N respectively.



il
N

Now, OL and « are collinear vectors. Hence, there exists a non-zero scalar x such
that OL = xa.
Similarly, OM and b are collinear and ON and ¢ are collinear. Hence, there exist
non-zero scalars y and z such that OM = yb and ON = zc.
Now, OP=0OL +LP
. r=OL+LQ+ QP
=OL + OM + ON
=xa + yE +zc.
Thus, r is expressed as a linear combination xa + yb + zc.
Uniqueness :
Let, if possible, » =x'a + y'b + z'c, where x/, )/, z' are scalars. Then
xa+yb+zc=xa+yb+zc
So(x=x)a+(—y)b=(Z —2)c ) . (D)
We note that uniqueness of the linear combination for » will be established
if we show that x=x', y=)"and z =z".
Suppose on the contrary that z #z/, i.e. 2/ —z # 0.
Then dividing both sides of (1) by z/ —z ( #0), we get
()
zZ —Z z —Z
This shows that ¢ is expressed as a linear combination of aand b.

. a, b and c are coplanar. This is a contradiction, since a, b and ¢ are given

to be non-coplanar.
Lz=7
Similarly, we can show that x =x"and y ='".

This proves the uniqueness of the linear combination xa + yE + zc.




Q. 3. Prove that three non-zero vectors E, I_), ¢ are coplanar if and only
if there exist scalars x, y, z, not all zero simultaneously such that
xa + yz +z¢=0.

Proof : Let a, b, ¢ be coplanar vectors.

Case I : Suppose that any two of a, b and ¢ are collinear vectors, say a and b.

.. there exist scalars x and y at least one of which is non-zero such that

xa+ yz =0.

Coxa+ yE +z¢=01is required non-zero linear combination where z = 0.

Case II : None of the two vectors E, b and ¢ are collinear.

Then any one of them, say a, will be the linear combination of b and c.

", there exist scalars o and f§ such that @ = ob + fic

So(=Da+oab+pc=0, ie.xa+yb+zc=0

where x = — 1, y = o, z = f§ which are not all zero simultaneously.

Conversely : Let there exist scalars x, y, z not all zero such that

xa +yb +zc=0 ()

Let x # 0, then divide (1) by x, we get

i.e.a+<l>5+<5>z:5 g:<_x>g+<_z>—
X X X X
.= - - y z

ie.a= otb—l—ﬂc,whereoc:—;c and f = — = are scalars.

X

", a is the linear combination of 5 and c.

Hence, a, b, ¢ are coplanar.

Q. 4. If a, b and r are position vectors of the points A, B and R respectively
and R divides the line segment AB internally in the ratio m : n, then
mb + na

prove that r= (March °22)

m+n
Proof : Let a, b and r be the position vectors of the points A, B and R respectively
w.r.t. some origin O. Then,
AR = (p.v. of R) — (p.v. of A) =r —a
RB = (p.v. of B) — (p.v. of R) = b — r
R divides seg AB internally in the ratio m : n
AR m
“RB n
. n"'AR =mRB and A-R-B




Now AR and RB are in the same direction
" n-AR=m-RB
n-(r—a)=m-(b—r)
nr—n-a=m-b—m-r
mor+nr=m-b+na
. (m+n)r=mb+na

;:mE+nE.
m-+n

‘ Solved Examples | 2 marks each

Ex. 1. Find a vector in the direction of a =i —2 f that has magnitude 7 units.
Solution : g =i — Zf
Solal =124+ (=22=/5

. e - A i—2f
Unit vector in direction of a =a = =4

la| /5

". vector of magnitude 7 in the direction of ais

7&:7<’—2f>zig_ﬁﬂ

NE NN

Ex. 2. If a, b, ¢ are the position vectors of the points A, B, C respectively
and 5a —3b —2¢ =0, then find the ratio in which the point C divides
line segment BA.

Solution : 5a—3b —2c=0

. 2c=5a—3b
..Ezsé—ﬁist—%
2 5-3
*. C divides line segment BA externally in the ratio 5 : 3.

EX

Q|

Ex. 3. If the vectors 2i — q f + 3k and 4i — Sf + 6k are collinear, find q.
Solution : The vectors 27 — q]A + 3k and 4i — Sf + 6k are collinear.

. the coefficients of 7, f, k are proportional.

. 2_—q_3
4 —5 6
g1 5




Ex. 4. If a=i+2j, b= —2i+j, c=4i+3j, find x and y such that
sz;—}—yz.

Solution :

c=xa+yb

S A3 =x(i42) +y(—2i+))

A4 3 = (x—20)i+ (2x+y)]

By equality of vectors, we get

x—2y=4 .. (D)
and 2x +y=3. -2
Multiplying equation (2) by 2, we get

4x+2y=56 ..(3)
Adding (1) and (3), we get

S5x=10 Sox=2

Substituting x = 2 in equation (2), we get

2(2)+y=3

Coy=3—4=-1

Hence,x=2,y= —1.

Ex. 5. Find the position vector of point R which divides the line joining the
points P and Q whose position vectors are 2i— f +3kand —5i+ Zf — 5k
in the ratio 3 : 2 externally.

Solution : It is given that the points P and Q have position vectors

p= Zf—f+ 3k and g=— 5i+ Zf— Sk respectively.

If R(r) divides the line segment joining P and Q externally in the ratio 3 : 2,

by section formula for external division

;:35—2;3: 3(—5i+2j —5k)—22i—j +3k)

3-2 3-2
= —19i+ 8 —21k
Hence, the position vector of R is — 19i + 8}— 21k.

Ex. 6. Show that the points A=3, 2, —4), B=(9, 8, —10) and
C=(—2, —3,1) are collinear. (Sept. °21)

Solution : Let a, b, ¢ be the position vectors of the points.

A=(3,2, —4),B=(9,8, —10)and C=(—2, —3, 1) respectively.



Thena=3i+2j—4k, b=9i+8 — 10k, c= —2i—3j+k
AB=b—a
= (97 + 8 — 10k) — (3i + 2 — 4k)
— 6 + 6] — 6k (1)
and BC=c—b
(—2i—3j+k)— (9 + 8 — 10k)
= —11i—11j + 11k

—11(i4j—k)= —%(65+6j—61})

_ _1_61@ . [By ()]

.. BC is a non-zero scalar multiple of AB.
". they are parallel to each other.

But they have the point B in common.

. BC and AB are collinear vectors.

Hence, the points A, B and C are collinear.

Examples for Practice l 2 marks each |

1. If AB=2i—4j+ 7k and initial point A = (1,5,0), find the terminal point B.
Find a unit vector in the direction of u, where u = 8i + 3 f —k
If a, b and ¢ are the position vectors of the points A, B and C respectively,
such that

@) 3a 4 5b = 8¢, find the ratio in which C divides line segment AB.
(2) 3a+ 5b — 8¢ =0, find the ratio in which A divides BC.
(3) 2a+3b—5¢ =0, find the ratio in which C divides AB.
4. If two of the vertices of a triangle are A (3, 1, 4) and B (—4, 5, —3) and the

centroid of the triangle is at G (— 1, 2, 1), then find the coordinates of the
third vertex C of the triangle.

5. If the vectors 3 — Sf +k and 9i — ISf + plAc are collinear, then find the value
of p.

6. A and B are two points. The position vector of the point A is 6i— Zf. A point P
divides AB internally in the ratio 3 : 2. If i— f +k is the position vector of P,
then find the position vector of the point B.



7. Find the coordinates of the point which divides the line segment joining the
points A(2, —6,8) and B(— 1,3, —4) externally in the ratio 1 : 3.

8. Let PQRS be a quadrilateral. If M and N are the midpoints of the sides PQ
and RS respectively, then prove that PS + QR =2MN.

9. If G (a, 2, —1) is the centroid of the triangle with vertices P (1, 3, 2),
Q (3, b, —4)and R (5, 1, ¢), then find the values of a, b and c.

10. If two non-zero vectors a and b are collinear, then prove that there exist
scalars m and n such that ma +nb =0 and (m, n) # (0, 0). (Sept. 21)
ANSWERS

8i+3j—k
V74

3. (1) 5: 3 internally (2) 8 : 5 externally (3) 3 : 2 internally

1. 3,1,7) 2

4. (—2,0,2) 5. p=3 6. —%(72+}—51})
7. <Z’ —2,14> 9. a=3,b=2,c=—1.
2 2

‘ Solved Examples ‘ 3 or 4 marks each |

Ex. 7. If the points A3, 0, p), B(—1,¢,3) and C(—3,3,0) are collinear,
then find
(1) the ratio in which the point C divides the line segment AB
(2) the values of p and 4.
Solution : Let a, b and ¢ be the position vectors of A, B and C respectively.
Then a =3i+ 0+ pk, b= —i+¢qj +3k and ¢ = —3i+3j+ 0k
(1) As the points A, B, C are collinear, suppose the point C divides line segment
AB in the ratio 4 : 1.
.. by the section formula
Jb+1-a
A+1

e
I(—i+qi+3k)+@i+0]+ph)
J+1
A (=304 3]+ 0 k) =(— Ai + Agj + 34k) + (3i + 0] + ph)
—30+Di4+3A+1)j+0k=(—2+3)i+iqj +Bi+pk

—3i4+3j+0k=



By equality of vectors, we have

—3(l+1H)=—1+43 o (1)

3+ 1)=Jq .. (2

0=31+p . (3)
From equation (1), —34—3= —1+3

—24=6 CoA= =3

.. C divides segment AB externally in the ratio 3 : 1.

(2) Putting A= — 3 in equation (2), we get
3(=3+1)=—3¢q

—6=—13¢q Coq=2
Also, putting 2 = — 3 in equation (3), we get
0=—-9+p S.op=9

Hence p =9 and g = 2.

Ex. 8. Express —i —3f +4k as the linear combination of the vectors
2i +j — 4k, 2i —j + 3k and 3i +j — 2k.

Solution : Leta=2i+j —4k, b=2i—j + 3k, c=3i+/ — 2k and

p= —i—3]+4k

Let p = xa + yb + zc.

Then —i—3j+4k=x(2i +j — 4k) +y (2i —j + 3k) + z (3i +] — 2k)
— =3 +4hk=0Qx+2y+32)i+(x—y+2)j +(—4x+3y—22)k

By equality of vectors
242y +3z= —1

X—y+z= -3
—4x+3y—2z=4
We have to solve these equations by using Cramer’s Rule.
2 2 3
D=| 1 -1 1
—4 3 =2

=202 -3)—2(—2+4)+3(3—4)
= —2-4-3=_—9£0

-1 2 3
D,=|-3 —1 1
4 3 =2

= —12-3)—2(6—4)+3(—9+4)
=1-4-15= —18



2 -1 3
D= 1 -3 1
—4 4 -2

=206—4)+1(—2+4)+3(4—12)
—4+2-24=—18

2 2 —1
D.=| 1 -1 =3
—4 3 4

=2(—4+9)—-24-12)—-1(3—-4)
=104+164+1=27

Ex. 9. If Z, Z, ¢ are non-coplanar vectors, then show that the vectors
—a+3b—5c, —a+b+cand 2a — 3b + ¢ are coplanar.
Solution : Letp= —a+3b—5¢c,g= —a+b+cand r=2a—3b+c.
Then in order to prove that these vectors are coplanar, we should be able to find
scalars x and y such that r= x; + ya.
Now, xp +yg=x(—a+3b—5¢)+y(—a+b+c)
=(—x—y)a+Gx+»)b+(—5x+y)c
and r =2a —3b +c
. r=xp+yq gives
2a—3b+c=(—x—y)a+@x+y)b+(—5x+y)c
By equality of vectors

—x—y=2 .. (D)
Ix+y=-3 )]
and —5x+y=1 .. (3

Adding (1) and (2), we get
2x=—1 Sox= —

1
2

—x—y=2 gives%—y=2



For these values of x and y,

IR Y

Thus, these values satisfy the third equation also.

o2

Hence, the given vectors are coplanar.

Ex. 10. In AOAB, E is the midpoint of OB and D is the point on AB such
that AD : DB =2 : 1. If OD and AE intersect at P, then determine the
ratio OP : PD using vector methods.

Solution : Let A, B, D, E, P have position vectors a, b, d, e, p respectively

w.r.t. O. )
" AD:DB=2:1.
.". D divides AB internally in the ratio 2 : 1.
Using section formula for internal division, we get p E
il 22b:1a
A D B
o 3d=2b+a (D
Since E is the midpoint of OB, e = OE = % OB = g
S b=2e (2
.. from (1)
3d =202¢)+a .. [By 2)]
=de+ta
C3d+2:0 4de+a
3+2 4+1

LHS is the position vector of the point which divides OD internally in the
ratio 3 : 2.

RHS is the position vector of the point which divides AE internally in the
ratio 4 : 1.

But OD and AE intersect at P.

.". P divides OD internally in the ratio 3 : 2.

Hence, OP : PD =3 : 2.




Ex. 11. IfA (5, 1, p), B (1, ¢, p) and C (1, —2, 3) are vertices of a triangle
and G (r, —g y %) is its centroid, then find the values of p, ¢, r by vector

method. (March ’22)
Solution : Let a, b, ¢ and g be the position vectors of A, B, C and G respectively.
Then a =5i +]+pk b—z-l—q]-l-pk 0—1—21+3kandg—rz—gf+; k.
Since G is the centroid of the A ABC, by the centroid formula

g= “+b+c . 3g=a+b+e

<rz——]+ k> <5?+f+pl}>+<f+qf+pl}>+<f—2f+3l}>

C3ri—4j+hk=G+1+1)i+(1+qg—2)j+@p+p+3)k
L 3ri—A4j+k=Ti+(g—1)j+@Qp+3)k

By equality of vectors

3r=7, —4=q—1land 1 =2p+3

7
371

Lr=—,g=—3,andp=—1

Hence,p=—1,q9g= —3, andrzg.

Ex. 12. Using vector method, find the incentre of the triangle whose vertices
are P(0, 4, 0), Q (0, 0, 3), R(0, 4, 3).
Solution : The position vectors p, g, r of the vertices P, Q, R are p = 4f, g= 3k

andr—4j+3k
. PQ=g—p=3k—4
= —4j+3k
QR=r—q=(4+3k) — (k)
=4/
and PR = r — p = (4 + 3k) — (4))
=3k

Letx=|QR|, y=|PR | and z = |PQ|
Sox=/0+4+0=4

y= 0T =3
andz=./0+(—4)?+32=5

6/Navneet 21 M. L. Q. Sets : Mathematics & Statistics — Std. XII (Science) | D0217 | (2023)



If H(%) is the incentre of the triangle PQR, then
7 — x1_7 + yg +zr

xX+y+z

_4(4) +33k) + 54 + 3b)

44345
1

=—(16] + 9% + 20j + 15k)

12

1 N A
=—(36] + 24k
12( )j )

ch=3j+2k
S H=(0,3,2).

wn N

| Examples for Practice ‘ 3 or 4 marks each ‘

If the points A(3, 2, p), B(q, 8, —10) and C(—2, —3, 1) are collinear,
then find

(1) the ratio in which the point C divides the line segment AB

(2) the values of p and gq.

Express 1_9 as a linear combination of a, b and ¢, where ; =i+ 4f — 4k,
a=2—j+3k,b=i—2+4k c= —i+3]—5k.

If a, b, ¢ are non-zero, non-coplanar vectors, then show that the vectors
2a —5b+2¢, a+ 5b — 6¢ and 3a — 4c¢ are coplanar.

If a+2b+3c, —2a+3b—4c, a—23b+5c are coplanar, then find the
value of /.

In a AABC, D and E are the points on BC and AC respectively such that

BD=2:DC and AE=3-EC. Let P be the point of intersection of AD and
BE. Find BP/PE using vector methods.

Using vector method, find the incentre of the triangle whose vertices are
A(0,3,0), B(0,0,4) and C(0,3,4).

ANSWERS

. (1) 5: 11 externally 2)p=—4,9=9
.p=a+2b+3c 4. J=—2
. 8:3 6. (0,2, 3)



Solved Examples | 2 or 3 marks each

Ex. 13. If G and G’ are the centroids of A ABC and A A'B'C’ respectively,
show that AA’ + BB’ + CC' =3GG'.
Solution : Let a, b, ¢, d, b, ¢, g and g’ be the position vectors of the points
A, B,C, A", B, C', G and G’ respectively.
G and G’ are the centroids of A ABC and A A'B'C’ respectively.

". by the centroid formula

- a+b+c - d+b+
g=—— and g=———
3
a+b+c=3g and d +b +c =3¢ o (1)

NowAA' =d —a, BB'=0'—b, CC'=c —cand GG' =g — g
S AA +BB +CC =(d —a)+ (' —b)+(c —¢)
—(d+b+c)—(a+b+c)

=3¢ =3¢
=3(g —g) ~ [By ()]
=3 GG,

Ex. 14. ABCDEF is a regular hexagon. Show that
AB +AC + AD + AE + AF = 6A0.
Solution : ABCDEF is a regular hexagon. A B

- AB=ED and AF=CD ‘
By the triangle law of addition of vectors, F C

AC + AF =AC + CD = AD
AE + AB = AE + ED = AD

. LHS = AB + AC + AD + AE + AF : v
— AD + (AC + AF) + (AE + AB)
—AD +AD + AD
=3AD =3(2A0) .. [ Ois the midlloint of AD]
— 6A0 = RHS.

Ex. 15. Prove that the line segments joining the midpoints of the adjacent
sides of a quadrilateral form a parallelogram.

Solution : Let ABCD be a quadrilateral and P, Q, R, S be the midpoints of the

sides AB, BC, CD and DA respectively.



D R C

Leta, b, ¢, d, p, g, r and s be the position vectors of the points A, B, C, D, P, Q,
R and S respectively.
Since P, Q, R and S are the midpoints of the sides AB, BC, CD and DA

respectively,
;:5+§5:E+5j22 d 4s_d+ta
2 2 2
 PQ=q-p

q-

<E E) <E+E>
2

—%(b—}-c—a—b)——(c—a)

SR=r—g
:<E+E>_<E+E>
2 2

:l<z+3_a_z):%(z_a>

. PQ=SR .. PQ|SR
Slmllarly, QR || PS
. [JPQRS is a parallelogram.

‘ Examples for Practice | 2 or 3 marks each

1. D, E, F are the midpoints of the sides BC, CA and AB respectively of AABC
and O is any point in the plane of AABC. Show that

(1) AD + BE4+CF =0
(2) AD +2BE + - CF = 1AC,
3 3 2
ABCDE is a pentagon, show that AB + AE + BC + CD + ED = 2AD.

If G is the centroid of AABC and O is any point in the plane of AABC,

show_that_ o .
(1) GA+GB+GC=0 (2) OA + OB + 0OC =30G.



4. E and F are the midpoints of the diagonals AC and BD of the quadrilateral
ABCD and G is the midpoint of seg EF. Show that

(1) AB+AD+CB+CD=4EF (2) GA+GB+GC+GD=0.

PRODUCT OF VECTORS

Remember :
1. If @ and b are two vectors inclined at an angle 0, then their scalar product
(denoted by a-b) is defined by a-b = ab cos 0.
2. Ifa = alf+ azf + a3lAc and b = blf+ bzf + b3lAc, then a-b
=a1b; + ayb, + a3bs.

3.a-b=b-a

4. a-a=a> L a=+/a-a.

5. If ¢ is the unit vector, then a-a = 1.

6. Angle 0 between a and b is given by cos 0 = %
a

7. ais perpendlcular to b, if a-b = a,b; + arby + ash; = 0.
In partlcular i z—] ]=/} k=1

z] j l—O] k=ksz,l%~f=f’lAc=0.

8. (i) Scalar projection ofaonb= Eb—z.
Vector projection ofaonb= <E|E|Z )(13).

(ii) Scalar projection of b on a = ?.
Vector projection of bona= < % >(Zz).

9. Vector product of two vectors a and b which are inclined at an angle 0 is
denoted by a x band is defined as a x b = absin 0 - n, where n is the unit
vector perpendicular to both ¢ and b such that a, b and n form a right-
handed set.

10. axb= —bxabut|axb|=|bxal

11. If @ and b are non-zero vectors and a x b=0, then a is collinear

(or parallel) to b. In particular, a x a = 0.




12. sinf) =—"+—

13, ixi=jxj=kxk=0,ixj=kjxk=ikxi=]
14. Unit vectors perpendicular to both a and b = %.
a x

15. If a = ayi + ayj + ask and b= b,i + by + b3k, then

i j k
axb=la a a
by by, b

16. If a and b represent the adjacent sides of a parallelogram, then the vector

area of the parallelogram is a x b and its area is |a x b]|.
17. If ¢ and b represent the diagonals of a parallelogram, then its area is
%ﬁxﬂ
18. Vector area of AABC = l(ﬁ X E)
", area of AABC —%| x AC|.
19. If Z, b, ¢ are the position vectors of the vertices of A ABC, then the vector
areaofAABC=%(5 Xb4+bxcH+cxa).

20. (a x b)? = a®h> — (a - b)?
This is called Lagrange’s Identity.

| Solved Examples I 2 marks each

Ex. 16. Find the value of a for which the vectors 3i + 2f+ 9% and i + af—i— 3k
are perpendicular.
Solution : Let p = 3i+ 2f+ 9 and q= i+ af—i— 3k
Since p is perpendicular to q p q 0
o (Bi+ 2/ +9%)- (l+9j+3k)
Co3(D)4+2a+93) =
S 342a+27=0
. 2a= —30 Joa= —15.




Ex. 17. Find the cosine of the angle between the vectors a and b, if
a=i—2j+kandb=2i—2j+ 2k

Solution : 5=f—2f+l},5=2f—2f+21}

La=lal=1P (=2 12
—T+411=1/6

b=bl=y/22+ (=27 +2

Vét+at+a=/12=2/3

ab=(i—2f+ k)2 -2/ +2h
=1Q) +(-2(-2) +12)

=2+4+2=38
If 0 is the angle between a and b, then
ab 8 4 4

cosfh=—==

ab  J6x2/3 VI8 3/2

Ex. 18. Find the projection of a on b, where a = i —f—i— kand b= ;+f —2k.

Solution : 5=f—f+l},5=f+f—2l}
Cab=0G—j+k)-(G+j—2k
=1+ (=D +1(=2)
=1-1-2=-2
and b=|b|=/12+ 12+ (—2)
=/1+1+4=6
ab 2

.". projection ofaonb= = ——.

NG

Ex. 19. Find a unit vector perpendicular to the vectors f +2k and i + f

Solution : Leta =/ + 2k b=i+)

Then a x b =

—_— O =~
—_— =~
S N

=(0-2)i—(0—-2)j+(0— Dk
= —2i+2/—k
colaxbl= (=27 + 22+ (— 1)

—ATAT1=0=3




Unit vector perpendicular to both aand b

:+5x52+<—2f+2j—1}>
axbl 3

T lax b
= i( —z°+zf—ll}>.
33 3

Ex. 20. Find the area of the parallelogram whose adjacent sides are the
vectors 2i — Zf +kandi— 3f —3k. (Sept. ’21)
Solution : Let : a = 2?—2f+l}, b= f—3f—3l}
i j k
Laxb =2 =2 1
1 -3 -3
=(643)i—(—6—1)j+(—6+2)k
—9i 47— 4k
laxb|=/9P+72+(—4)? = /81 +49+16 = /146
Area of the parallelogram whose adjacent sides are aandb is

la x b| = /146 sq units.

‘ Examples for Practice ‘ 2 marks each ‘

1. Ifa=3i+ Sf— 7k, b="7i+ 3k, find a-b. Interpret the result.
2. Ifa=(3,4,x)and b= (2, — 1,4), find x, so that a is perpendicular to b.

w

. The diagonals of a parallelogram are given by a=2i—3 f + 5k,
b= —2i+2 j + 2k. Prove that parallelogram is a rhombus.
. Find the projection 0f5=2f+f+ 3konb= f—f—i— 2k.
.If|a-b|=|axb|anda-b <0, then find the angle between a and b.
L Ifa=2i+3j—k, b=i—4j+2k, find (a +b) x (a —Db).
If 5=2§+f—3l} and b= f—2f+l}, find a vector of magnitude 5

N SN A

perpendicular to both @ and b .

°]

. Find the area of parallelogram whose diagonals are 2i+ f— 3kand i — 3f +4k.
9. Find the area of the parallelogram whose adjacent sides are a = 3i+ f — 2k
and5=2—3f+47c.
10. Find the sine of the angle between the vectors aand b, if a=i+ f + k and
b=2i—j+2k.
11. If |a|=2,|b|=5and |[ax b|=38, finda-b.
12. Ifa-b=+/3 and a x Zsz—}-f—i—ZlAc, find the angle between aand b.



ANSWERS

1. 0, a is perpendicular to b 2. x= 5
4. 5,37 6. —4i+10j +22k
V6 4
7. i\%(f—f—f—k/}) 8.%\/195 sq units.
. 2
9. 2\/75 sq units.  10. /; 11. +6
12. 60°.

‘ Solved Examples ‘ 3 marks each ‘

Ex. 21. Ifa+b+¢=0,|a|=3,|b|=5and |c| =17, find the angle between
aandb.

Solution : Let 0 be the angle between a and b.

“(a+b)-(a+b)y=(—c)(—¢)
a-(a+b)+b-(a+b)=c-c
“aa+ab+ba+bb=cc

S|
Q|
Il
Q|
S
=

laP+ab+ab+|bP=|cP o
L laP42a-b+[bP=|c]
laP+2]al-|blcosO+|bP=]|c?

(3R +203)(5)cos 0+ (5)2 = (7)

. 9+30cos0+25=49

. 30cosO =15

" 005021200560O
2

. 0=060°.

Ex. 22. If 0 is the angle between the unit vectors ¢, and e,, prove that sin

0 15 —4
2 2 1 21



Solution : Since e; and e, are unit vectors, |e,| = 1, |e,| = 1

Also, e;-e; =1, ey-0,=1

and e,-e, = |e;| |e,] cos @ =1-1-cos 0 =cos 0 =e,-e,

Consider, |e; — &,2 = (e; —ey)-(e; —ey) =ej-e;—ej-ey—ey-e1 + €3,
=1—cosf—cos0+1=2—2cos 0
=2(1—cos 0)=2-2sin?(6/2)

L sin2(0/2) = ilél — 5P

. sin (0/2) =%|é1 —al.

Ex. 23. Find the projection of AB on CD, where A = (2, — 3, 0),
B=(1, —4, —2),C=(4,6,8),D = (7,0, 10).
Solution : Let 5, B, ¢ and d be the position vectors of A, B, C and D respectively
with respect to the origin O.
a=2i—3},b=i—4] —2k,c=4i+6]+ 8k, d="7i+ 10k
S AB=b—a=(i—4j —2k)—(2i —3])
=—i—j—2k
and CD =d — ¢ = (7i + 10k) — (4i + 6] + 8k)
=3i—6j+2k
o AB-CD=(—i—,—2k) 3i —6]+2k)
=(—DOG)+(=D(=6)+(—=2)2)
= —34+6—4=—1
|CD|=+/32+(—6)*+2?
=/9+36+4=49=7

.". projection of AB on CD = AB;CD = —l,
|CD| 7

Ex. 24. Ifazf—i—f—kl}andzzf—l}, find a vector b satisfying a x b = ¢ and
ab=3.

Solution : Given : E=f+f+/}, Ezf—/}

Let b =xi + yj + zk

Then a-b =3 gives (f+f+l})-(xf+yf+zl})=3

S (ME) + M) + (D) =3

L xdy4z=3 . (1)



Also,Ezg x b

~

~
—_ .

L i—k=]1
Xy
=@—y)i—(@E—x)j+( -k
=E—y)i+@—z2)j+ -k

By equality of vectors

k
1
z

z—y=0 .. (2)
x—z=1 ..(3)
y—x=—1 . (4
From (2), y =z.

From 3),x=1+z

Substituting these values of x and y in (1), we get

l4+z+z+2z=3 .'.z=§
. —z—%
.y 3
‘.x—l+z—l-|—g 3
3 3

b= é j+2]}

3 3 3
=l

ie. b 3 (51—|—2]+2k).

Ex. 25. IfA(1,1,1), B(—2,4,3), C(—1,5,5) and D (2,2, 6) are four points,
find the vectors of magnitude 4 units perpendicular to both AB and
CD.

Solution : Let a, b, ¢ and d be the position vectors of A, B, C and D respectively

with respect to the origin O.

a=i+j+k b= —2i+4+3k c=—i+5+5k d=2i+2j+6k
" AB=b—a=(—2i+4+3k)—(i+j+k)

= —3i+3/+2k
and CD =d — ¢ = (2i + 2/ + 6k) — (— i + 5] + 5k)

=3i—3/+k



P

" ABxCD=|-3 3

3 -3

=(B+6)i—(—3—6)j+(9—9)k
=9i+9/=9(i+))

" |ABxCD| =912+ 12=9./2

", unit vectors perpendicular to AB and CD

—_— N

:i(ﬁxc_n):+9(f+j): i+j

[ABxCD| = 92 T2

". the vectors of magnitude 4 perpendicular to both AB and CD = + 4(17\/—%])
Ex. 26. Find the area of the triangle with vertices (1,2,0), (1,0,2) and

0,3,1).
Solution : Let ABC be the triangle where A(1,2,0), B(1,0,2) and C(0, 3, 1).
Let a, b, ¢ be the position vectors of A, B, C respectively w.r.t. the origin.
Thena=i+2j, b=i+2k, c=3j+k
" AB=b—a=(i+2k)—(i+2))
= —2j+2k
AC=c—a=3j+ k) —({+2))
= —itj+k

—1
=(—2-2)i—(04+2)j+(0—2)k
= —4i—2j—2k

", area 0fAABC=%|E x AC|

V(2

=%«/16+4+ =%\/2_4
= /6 sq units.



‘ Examples for Practice | 3 marks each ‘

. Find the projection of PQ on RS, where 2i+ 3f— 3k, i+ 3f+ 5k, Zf—f—i— 3k
and 4i + j + 6k are the position vectors of the points P, Q, R and S respectively.

.Ifa+b=cand |a|=1, |b|=1 and |E|=ﬁ, find the angle between b
and c.

Mfa=i—2j+3k,b=4i—3j+k, c=i—,+ 2k, verify that
ax(b+c)=axb+axec.

4. Find a unit vector perpendicular to ﬁ and PR where P = (2,2,0),Q=(0,3,5)

and R = (5,0, 3). Also, find the sine of angle between % and PR.

5. fu+v+w=0,showthat u x V=0 X w=w X u.

6. Find the area of the triangle whose vertices are (1, —2, 1), (2, —1, 2) and

(-1, =1, =1).

| S

7. If a and b are two vectors, show that

QI

SR

.b’=(a><b)2.

S

8. Find the vector area of the triangle, whose vertices are (2,3,1), (1, —2,4)
and (3, — 1,2).

ANSWERS
L 22 5 T 4 131+21j+k,sin0: /611
V17 4 V611 V300 /22
6. \%sq units 8. 7i+ 4f+ 9k.
SCALAR TRIPLE PRODUCT |
Remember :

1. Ifa = alf + az;+ a3/A€, E = bl;‘l‘ bz]A+ b3]} and E: le‘l‘ Cz;+ C3]}, then

a; ap az
[abcl=a(bxc)=|b by, byl

¢l G G
.labcl=[bcal=[cab]

c
. If any one of Z, E, ¢ is a zero vector, then [E b E] = 0.

. If any two of a, b, ¢ are collinear or equal, then [a b ¢] = 0.

N A W N

.If a, b, ¢ are the coterminus edges of a parallelopiped, then its

volume = [a b c].




6. The vectors a, b and ¢ are coplanar if [5 b E] =0.

7. Volume of tetrahedron A—BCD =% [AB

@)

AD].

8. The points A, B, C, D are coplanar if [E AC E] = 0.

9. If a, b, ¢ are vectors in space, then vector triple product is defined as
ax(bxc)=(a-c)b—(a-b)c

10. (a xb)xc=(a-c) b—(b-c) a.

‘ Solved Examples ‘ 2 marks each

Ex. 27. If a=3i—2j+7k, b=5i+j—2k and c¢c=i+j—k then find
a-(bxec).
3 -2 7
Solution : a-(b x ¢) = |5 |
11 -1
=3(—1+2)4+2(=5+2)+75-1)
—3—6+28=25.

Ex. 28. If the vectors 3 -+ 5k, 4i + Zf —3kand 3i + f + 4k are the coterminus
edges of the parallelopiped, then find the volume of the parallelopiped.
(Sept. °21) (3 marks)

Solution : Let a = 3i + 5k, b =4i + 2] — 3k, c = 3i +/ + 4k

30 5
“labcl=|4 2 =3
301 4
=3(843)—0(16+9) +5(4 — 6)
=33-0—10=23

*. volume of the parallelopiped = [a b ¢] =23 cu units.

Ex. 29. If the vectors — 3i+ 4f —Zic, i+2kand i— pf are coplanar, then
find the value of p.
Solution : Leta= —3i +4] —2k, b=1i+2k c=i—pj.

-3 4 =2
Then[a b c]=| 1 0 2
1 —p O

= —3(0+2p) —4(0—-2)—-2(—p—0)
—6p+8+2p=—4p+38



Now, a, b, ¢ are coplanar.

“labc]=0
—4p+8=0
—4p= -8

C.op=2.

Ex. 30. If ¢ = 3a — 2b, then prove that [a b ¢] =0.
Solution : We use the results : 5 x b =0 and if in a scalar triple product, two
vectors are equal, then the scalar triple product is zero.
[a b c]l=a-(bxc)
=a-[bx(3a—2b)]
=a-(3bxa—2bxb)
=a-3bxa—0)=3a-(bxa)=3x0=0.

Ex. 31. If 4, b and c are any three vectors, prove that
1) [a+b b+c c+al=2[a b c]

Q@) [a b+c a+b+c]=0.

Solution : We use the following results :

(i) If any vector in a scalar triple product [@ b c] is repeated, then [a b ¢] = 0.

(i) a<(bxc)=b-(cxa)=c-(axb)

M) [a+b b+c c+al=(a+b)[(b+c)x(c+a)]
—(a+b)-[bxc+bxa+cxc+cxal
=a-(bxc)+a-(bxa)+a-(cxc)+a-(cxa)+b-(bxc)+b-(bxa)

+b-(cxc)+b-(cxa)
=a-(bxc)+0+04+0+0+04+0+a-(b xc)
=[a b cl+[a b c]=2[a b c].

@) [a b+c a+b+cl=a-[(b+c)x(a+b+c)]
—a-(bxa+bxb+bxc+ecxat+cxb+exc)
—a-(bxa)+a-(bxb)+a-(bxc)+a-(cxa)+a-(cxb)+a-(cxc)
=04+0+a-(bxc)+0—a-(bxc)+0=0.




Ex. 32. c_z, E, ¢ are three non-coplanar vectors.
ip=_bxe G__cexa L _axb |
a (b xc) a(bxc) a (b xc)
show thata-p+b-q+c-r=3.
Solution : We use the results : If in a scalar triple product, two vectors are equal,

then the scalar triple product is zero and
a-(bxc)=b-(cxa)=c-(axb).

Cap by er=a( SR b (s g (Saxh )
a(bxc) a(bxc) a(bxc)

_abxe)  blexa), cl@axb)

a.(bxc) abxc) a((bxc)
label  labe] [abe]
[abc] [abc] [abc]

Ex. 33. Showthatax(zxz)+5><(EXE)+E><(E><E)=6.

Solution :

LHS = ax(bxc)+bx(cxa)+cx(axb)
=(a-c)b—(a-byc+(b-a)c—(b-c)a+(c-bya—(c-a)b
=(c-a)b—(a-byc+(a-byc—(b-c)a+(b-c)a—(c-a)b ... [
=0 = RHS.

Q|
S|
I
S|
Q|
=

‘ Examples for Practice | 2 marks each ‘

1. Find [a b c], where :

(1) a=2i4j—k,b=3i—j —k, c=j+3k

() a=i—j+4k b=i+]—4k, c=i+]+k.
2. Ifa=3i+pj+6k b=2i—5—13k c=i+2j + 7k, find p, if [a b ¢] =0.
3. Show that the vectors i + Sf— 2k, 3f—f and Sf+9f—4l} are coplanar.
4. Find the volume of the parallelopiped whose coterminus edges are :

(1) i +2j +3k, —i+j+2k 20+ +4k

Q) i+j,j+hki+j+k

() i +)+2k, i+2] +4k, 2i+]+3k.
5. Find J, if the vectors i +/ + k, 2i + Aj + 3k and 5 + 9] + 7k are coplanar.
6. If E, E, ¢ are any three vectors, prove that

(1) [a+b a+c b]l=[a ¢ b]

) [a—b b—c ¢c—a]=0.



cXa

a-(bxc)

7. Ifa, b, c are three non-coplanar vectors and;:_b_#c_, 5:
a-(bxc)
r=—9%D_ then show that (a+5)-p+(b+c)-g+(c+a)-r=3.
a-(bxc)
ANSWERS
1. (1) —16 (2) 10
2. p=1 4. (1) 9cuunits (2) 1 cuunit (3) 1 cu unit.

5. /=4

‘ Solved Examples ‘ 3 marks each ‘

Ex. 34. If A, B, C, D are (1,1,1), (2,1,3), (3,2,2), (3,3,4) respectively,
then find the volume of the parallelopiped with AB, AC and AD as the
concurrent edges.

Solution : The position vectors a, b, ¢ and d of the points A, B, C and D w.r.t.

the origin are a=i+j + k, b =2i 4+ + 3k, ¢ = 3i+2j +2k and d = 3i + 3]+ 4k.

C AB=b—a=Qi+j+3k)—(+j+k

—i+2k
AC=c—a=0Gi+2i+2b)—G+j+h
=2i+j+k
and AD=d —a=(3i+3/+4k)— (i +j + k)
—2i+2/+3k
102
. [AB AC AD]=|2 11
323
=13-2)—0(6—2)+2(4 —2)
=1-0+4=5

*. volume of the parallelopiped = | [AB AC AD]|

=5 cu units.

Ex. 35. Show that the points (5, 3, 4), (4, 1, 6), (4, 5, 1) and (3, 3, 3) are
coplanar.

Solution : Let P=(5,3,4),Q=(4,1,6),R=(4,5,1)and S=(3, 3, 3)

Let 1_7, 5, 7, 5, be the position vectors of the points P, Q, R, S respectively w.r.t.

the origin.



Then p=5i+3j+4k, q=4i+j+ 6k, r=4i+5/ +k s=3i+3j + 3k
" PQ=q—p=(4i+]+6k)—(5i+3j +4k)= —i—2/ +2k
PR=r—p=(4i+5j+hk) —(5i+3j +4k)= —i+2j—3k
and PS=5—p=(3i+3j+3k) — (5i+3] +4k)= —2i —k
—1 -2 2
" [PQ PR PS] = 2 -3
-2 0 —1
—1(=240)+2(1—6)+2 (0+4)
2—104+8=0
" m, PR, PS are coplanar.
Hence, the points P, Q, R, S are coplanar.

Ex. 36. Find the value of p if the points A2, —1,1), B4,0,p), C(1, 1, 1)
and D (2, 4, 3) are coplanar.
Solution : The position vectors @, b, ¢ and d of the points A, B, C and D are
a=2i—j+k b=4i+pk, c=i+j+kandd=2i+4 + 3k
" AB=b—a=(4i+pk)—(2i—] +k)
=2i+j+(@— Dk
AC=c—a=(+j+k—Qi—j+k

= —i+2
AD=d—a=Qi+4/+3k)—Qi—j+k
=5/ +2k
21p—1
" [AB AC AD]=|—-12 0
05 2
=24—-0)—1(—=2—=0)+(@p—1)(—5—0)
=8+2—-5p+5
= —5p+15

Now, points A, B, C, D are coplanar.
" vectors AB, AC, AD are coplanar.
. [AB AC AD]=0

—5p+15=0
. p=3.




Ex. 37. Find the volume of a tetrahedron whose vertices are A(—1,2,3),
B@3, —2,1),C(2,1,3) and D(— 1, —2,4).
Solution : The position vectors E, E, ¢ and d of the points A, B, C and D w.r.t.
the origin are
a= —i+2/+3kb=3i—2/+k c=2i+j+3kandd= —i—2j + 4k
S AB=b—a=Q@Bi—2+k)—(—i+2/+3k
—4i —4j — 2k
AC=c—a=Qi+j+3ky—(—i+2/+3k
=3i—j
andAD =d —a=(—i—2j+4k)—(—i+2j+3k
= —4j+k
4 —4 -2
. [AB AC AD]={3 -1 O
0 —4 1
=4(—140)+4B3—-0)—2(—12+0)
= —4+12+24=32

". volume of the tetrahedron = é| [AB AC AD]|

= l(32) _16 cu units.
6 3

Ex. 38. If four points A(E), B(E), C (E) and D(E) are coplanar, then show
that [a b d]+[b ¢ d]+[c a d]=[a b c].
Solution : 5, E, ¢ and d are the position vectors of the points A, B, C and D
respectively.
. AB=b—a,AC=c—a,AD=d—a
The points A, B, C, D are coplanar.
*. the vectors E, A_C, AD are coplanar.
" [AB AC AD]=0
S [b—a ¢c—a d—a]l=0
(b—a)[(c—a)x(d—a)]=0
" (b—a)-(cxd—cxa—axd+axa)=0, where a x a=0
(b—a)(cxd—cxa—axd)=0
b(exd)—b-(¢cxa)—b-(axd)—a-(cxd)+a(cxa)+a-(axd)=0
.. (1)




Now, a-(¢ X a)=0, a-(a xd)=0,
—b-(axd)y=b-(dxa)=[bda]=[abd],
—a-(cxdy=a-(dxc)=[adc]=[cad]

Also, b-(¢ xd)=[b ¢ d],
—b-(cxa)=—a-(bxc)=—[abc]

.. from (1)

[bedl—[abcel+[abd]+[cad]+0+0=0

s labdl+[bcdl+[cad]l=[abc]

‘ Examples for Practice l 3 marks each |

1. Find the volume of the parallelopiped with segments AB, AC and AD as
concurrent edges, where :
(1H)A=3,7,49,B=(5 —2,3),C=(—4,5,6)and D = (1, 2, 3).
(2) the position vectors of A, B, C, D are f+f+ lAc, Zf—f—i- 3/}, 3 — 2f —2k

and 3i + 3] + 4k.

2. Find the volume of the tetrahedron whose vertices are A(3, 7, 4),
B(5, —2,3),C(—4,5,6)and D(1, 2, 3).

3. Show that the following sets of points are coplanar :
(1) 3,9,4),(0, —1, —1),(—4,4,4)and (4, 5, 1).
2 a, —-1,—-1),@3,1, =1),(0,2,1)and (=2, 0, 1).

4. Show that the points A(2, —1,0), B(—3,0,4), C(—1, —1,4) and
D (0, —5,2) are non-coplanar.

5. Find the value of x, if the points A(3,2,1), B(4,x,5), C(4, 2, 2) and
D(6,5, — 1) are coplanar.

6. If the origin and the points P(2, 3, 4), Q(1, 2, 3) and R(x, y, z) are coplanar,
then prove that x — 2y +z =0.

7. Ifu=i—2j+k,v=3i+kand w=, —k, are given vectors, then find
(D) [uxvuxw vxw]
Q) (u+w) [(x0)x@©xw)].

8. If 5=f+2f+31}, E=3f+2f and E=2f+f+3/}, then verify that
ax(bxc)=(a-c)b—(a-b)c.

ANSWERS
1. (1) 92 cuunits  (2) 41 cu units.
1

2. %cu units. 5.x= 7. (1) 16 (2) —12.



APPLICATIONS OF VECTORS |

‘ Solved Examples | 3 or 4 marks each ‘

Ex. 39. Prove that the medians of a triangle are concurrent.

Proof : Let a, b, ¢ be the position vectors of the vertices A, B, C of AABC
and d, e, f be the position vectors of the midpoints D, E, F of the sides BC,
CA and AB respectively.

Then by the midpoint formula,

b+c c+a =
2 A
2d=b+c;, 2e=c+a; 2f=a+b
2d+a=a+b+c
2e+b=a+b+c
2f +c=a+b+c

2 e =

d=

a+b
2

2d+a_2e+b_2f+c_a+b+c_

2+1  2+1 241 3

This shows that the point G whose position vector is g, lies on the three
medians AD, BE and CF dividing each of them internally in the ratio 2 : 1.

§ ...(Say)

Hence, the medians are concurrent in the point G and its position vector is
(a+b+c)3.

Ex. 40. Prove that the altitudes of a triangle are concurrent. (March ’22)
Proof : Let segments AD and CF be the altitudes of A ABC, meeting each other
in the point H.

Then it is enough to prove that HB is perpendicular to AC.

Choose H as the origin and let g, b, ¢ be the position vectors of the vertices

A, B and C respectively w.r.t. the origin H.

Then HA =g, HB =) and HC =, A
AB=bh—a,BC=c—b and AC=c—a. B
Now, HA is perpendicular to BC. F

SO HA-BC=0 .. a-(c—b)=0 H
a-c—a-b=0 (D)

Also HC is perpendicular to AB. B D C



. HC-AB=0 ce(b—a)=0
cb—ca=0
cb—a-c=0 [ ca=a-c]
Adding (1) and (2), we get
c-hb—a-b=0
(c—a)-b=0
b-(c—a)=0
HB-AC=0

*. HB is perpendicular to AC.

Hence, the altitudes of AABC are concurrent.

. (2)

Ex. 41. Prove that the perpendicular bisectors of the sides of a triangle are

concurrent.

C

Proof : Let D, E, F be the midpoints of the sides BC, CA and AB of A ABC.
Let the perpendicular bisectors of the sides BC and AC meet each other in the

point O. Choose O as the origin and let a, b, ¢, d, e, f be the position vectors of

the points A, B, C, D, E, F respectively.

Here, we have to prove that OF = f is perpendicular to AB =5 — a.
b+c

By the midpoint formula, d = , E:c—;a’ j;:a—;-b-
Now, OD =d is perpendicular to BC = ¢ — b.

Ca@-h=o (M) e-h-o

L (c+b)(c—b)=0

. ccHbc—chb—bb=0

TR =0 .A2=p [ cc=cbb=bandcb=b—c]

Also, OF = e is perpendicular to AC=c—

(1)



L e(c—a)=0

; (Ef)-(é—&):o

.. as above ¢ =a? -2
From (1) and (2), we get
b2=a? S —a?=0

S (b+a)(b—a)=0
bta\ 7 -
. “b—a)=0
SYL
L f(b—a)=0
. /7 =OF is perpendicular to b—a=AB.
Hence, the perpendicular bisectors of the sides of A ABC are concurrent.

Ex. 42. Prove by vector method, that the angle subtended on semicircle is
a right angle.

Proof : Let seg AB be a diameter of a circle

with centre C and P be any point on the circle

other than A and B.

Then ZAPB is an angle subtended on a

semicircle.

Let AC=CB =g and CP =7,

Then |a| =|r| (D

AP=AC+CP=da+r=r+a

BP=BC+CP=—-CB+CP= —a+r

S APBP=(r+a) (r—a)

=r-r—r-atar—a-a

=[rP—la?=0 [ ora=a-r]
. AP 1 BP .. ZAPB is a right angle.

Hence, the angle subtended on a semicircle is the right angle.

DIRECTION ANGLES AND DIRECTION COSINES

Remember :
1. If o, f5, y are the angles made by a line with positive directions of X-, Y-
and Z-axes respectively, then its direction cosines are cosa, cos f3, cosy and

cos2o + cos? ff + cos?y = 1. a, f3, 7 are called direction angles of the line.




2. If [, m, n are direction cosines of a line, then any real numbers a, b, ¢ such

[

that — = Z = — are called direction ratios or direction numbers of that line.
a c

3. If a, b, ¢ are the direction ratios of a line, then its direction cosines are
+ a 4+ b 4 c .
VA +0 4+ T R+ + AT a4

4. If P(x;, ¥y, z;) and Q(x,, ¥, z»), then the line PQ has direction ratios

Xo=Xp V2=V 22— 2.

5. If 5=a12+ azf—i- a31Ac is a vector along any line, then a;, a,, aj are the
direction ratios of the line.

6. Ife= elf + ezf + e3lAc is the unit vector along any line, then e, e,, e; are the
direction cosines of the line.

7. If I, my, ny and [,, m,, n, are the direction cosines of the two lines, then
the acute angle 0 between the lines is given by cos 0 =|1,/, +mm, + nn,|.

8. If a,, by, ¢; and a,, by, ¢, are the direction ratios of the two lines, then the
acute angle 0 between the lines is given by

aay + biby +cio
VaZ+b?+c? a? + b+l

9. Two lines with direction cosines /,, m,, n; and l,, m,, n, are

cosl =

(1) perpendicular, if /;l, + mim, +nn, =0
(i1) parallel, if [, =1, my = m,, n; = n,.
10. Two lines with direction ratios a;, b,, ¢; and a,, b,, ¢, are
(i) perpendicular, if aya, + b1by + c1c, =0
by _¢

(ii) parallel, if £ =21 =51
a b o

| Theory Question ‘ 3 marks

Q. 5. If I, m, n are the direction cosines of a line, then prove that
P+m?+nt=1. OR
If o, f, y are direction angles of a line, then prove that
cos?o + cos?f + cos?y = 1.
Hence, deduce that sinZ« + sin?f + sin2y = 2.

Ans. Let o, 8, y be the angles made by the line with X-, Y-, Z-axes respectively.



. I =cosa, m=cospf and n = cosy

Leta = alf + azi + a3l} be any non-zero vector along the line.

Since i is the unit vector along X-axis,
ai= |E| . |f|cosa =acosa
Also, a-i= (alf+ azf-i- a3l})‘f
=a;xl4+ax0+a;x0=a
Lacoso = a
Since j is the unit vector along Y-axis,
E-fz la] - [fl cosff=acosf
Also, E'fz (alf+ azf—}— a3lAc) f
=ax0+a,xl+a3x0=a,
. acosf=a,
Similarly, acosy = a3
.. from equations (1), (2) and (3)

a?cos?o + a%cos?f + a?cos?y = a? + ar? + as?

" a%(cos?a + cos?f + cos?y) = a? L

". cos?a + cos?f + cos?y =1 O

ie. P+m?+n?=1.

Now, sin?o + sin?f + siny
=1—cos?a+ 1 —cos?f + 1 — cos?y
=3 — (cos?o + cos?f§ + cos?y)
=3-—1
=2.

(D

- (2)

. (3)

a = |E| =\/a12+a22+a32]

a # 0]

. [ cos?o + cos?f + cos?y =1]

| Solved Examples | 2 marks each |

Ex. 43. If a vector has direction angles 45° and 60°, find the third direction

angle.
Solution : Let o =45°, f=60°
We have to find 7.
" cos?o + cos?f + cos?y = 1

", €08245° + ¢0s%60° + cos?y = 1

() (2=



costy=1—-——=
2 4 4
cos )= +—
’ cosy—l or cosy——l
' 2 2
. m m
. €COS )=CO0S —~ Or COS7y= —COS—
3 3

< n) 2
=cos| m—= |=cos —
3 3

Hence, the third direction angle is g or 2?%

N V_E or 'y—z_n
’ 3 3

Ex. 44. Find the direction cosines of the line which bisects the angle between
positive directions of Y- and Z-axes.

Solution : Let o, f8, 7 be the angles made by the line with the positive directions
of X-, Y- and Z-axes respectively.
Since the line bisects the angle between positive directions of Y- and Z-axes,
it lies in YZ-plane.

*. the line is perpendicular to X-axis.

a=90° f=45° y=45°
If [, m, n are the direction cosines of the line, then

I=coso=c0s90°=0

mzcos[3=c0s45°=L
/2

1

n=cosy=c0s45° =——

2

L ) . 1 1
Hence, the direction cosines of the line are 0, —,

VoAV

Ex. 45. Show that no line in space can make angles % and f with X-axis and
Y-axis.
Solution : Let, if possible, a line in space make angles % and % with X-axis and

Y-axis.



T b
La=—,p=—
6 d 4

Let the line make angle y with Z-axis.

" coso + cos?f + cos?y =1

. cosz<g> + cosz<§> +costy=1

Ny N B

" cos?y=1 EN S
4 2 4
This is not possible, because cos y is real.

". cos?y cannot be negative.
. L . T T . .
Hence, there is no line in space which makes angles i and 1 with X-axis and

Y-axis.

Ex. 46. Find the direction ratios of a vector perpendicular to the two lines

whose direction ratios are —2,1, —1 and —3, —4, 1.
Solution : Let a and b be the vectors along the lines whose direction ratios

are —2,1, —l and —3, —4,1 respectively.
a=—2i+j—kandb= —3i—4+k
A vector perpendicular to both a and b is given by

ik
axb=[—2 1 —1|=(1-4)i—(—2-3)+@+3)k
—3 —4 1

— —3i45+ 11k

". the direction ratios of the required vector are — 3, 5, 11.

Ex. 47. Find the measure of acute angle between the lines whose direction
ratios are 5, 12, —13 and 3, — 4, 5.
Solution : Let 0 be the required acute angle between the lines.
aya, + biby + cic;

\/alz T b12 + 012 . \/azz + bzz + 022
where a; =5,b;=12,¢c;= —13anda, =3, b, = —4,¢, =5
503+ 12(—4) + (—13)(5)
V(122 + (= 13)2 /32 + (=42 + 52

. cosO=

. cosl=




N 15— 48 — 65 ‘_‘ -9 | 98
V25 4+ 1444169 /9 +16+25| [13./2 x 5,/2] 130

. c0s0=§ 9=COSI<£>.
65 65

| Examples for Practice ‘ 2 marks each ‘

1. A line makes angles of measures g and g with X- and Z-axes respectively.

Find the angle made by the line with the Y-axis.

2. A line lies in XZ-plane and makes an angle of 60° with Z-axis, find its
inclination with X-axis.

3. Show that there is no line in space which makes angle of 30° with each of
X- and Y-axes.

4. Find the angle between the lines whose direction ratios are 4, — 3, 5 and
3,4, 5.

5. If the direction ratios of two parallel lines are 4,—3,— 1l and p + ¢, 1 + ¢, 2,
then find the values of p and g¢.

6. Direction ratios of two lines are 3, — 2, kand — 2, k, 4. Find £, if the lines are
perpendicular to each other.

7. Find the direction ratios of a vector perpendicular to two lines whose direction
ratios are 1, 3,2 and —1, 1, 2.

8. If a line makes angles o, f, y with the coordinate axes, prove that

cos2a +cos2ff +cos2y=—1.

ANSWERS

.- 2.30°0r 150° 4. 5.p=—13,q=5
2 3

6. k=3 7.1, —1, L.

Solved Examples | 3 marks each

Ex. 48. A line makes angles of measures 45° and 60° with positive directions
of Y- and Z-axes respectively. Find the d.c.s. of the line and also find the

vector of magnitude 5 along the direction of line.

Solution : Let o, f5, y be the direction angles of the line.



Then ff =45° and y = 60°
We know that, cos? & + cos? ff + cos?y = 1

*. cos? o + cos245° + cos?60° =1

" coszoc—i-(%)z—k(%)z:l

" coszoc—i-l-l-l:l
2 4

" coszoczl—ézl

4 4

1
Lcoso =+ —
2

Let /, m, n be the direction cosines of the line.

Then [=cosa= i%

m=cos ff =cos45°=——

—_
\S)

n=c0sy=cos60°=l

.". direction cosines of the line are +

>

Sl
N\a
N | —

N | —

Let e be the unit vector along the line.

Then &= If + mf + nk = i§f+if+l

V22
". the required vectors of magnitude 5 along the direction of the line are
(2 2ie L+ i)
2 27 2

i.e.s<lf+i°+ lz})m s<_l;+L;+ lic).
2 2 2

V2 V2T o2

Ex. 49. Direction ratios of two lines satisfy the relation 2a —b +2c =0 and

N

ab + bc + ca=0. Show that the lines are perpendicular.
Solution : Given:2a—b+2c¢=0 .. (1)
and ab+bc+ca=0 .. (2)
From (1), b = 2a + 2¢
Substituting the value of b in equation (2), we get
aa+2c)+2a+2c)c+ca=0



. 2a% +2ac+2ac+2ct +ac=0

. 2a% +5ac+2c¢2=0

. 2a% +4ac+ac+2c2=0
Co2a(a+2c)+c(a+2c)=0

L (@a+2c)Ra+c)=0

L a+2c=0 or 2a+c=0
S.a=—2¢ or c=—2a
Now, b =2a + 2c, therefore if a = — 2c, then
b= —4c+2c=—2c

La=b=—2c

a b c

2T 2T
.. direction ratios of the first line are ¢y = —2, b= —2,¢; =1
If c = — 2a, then
b=2a—4a= —2a

. —2a=b=c
La_ b _ ¢
1 -2 =2
.. direction ratios of the second line are a, =1, b= —2, ¢, = —2
Since ayary + b1 by +cre=—21)+(=2) (—2)+1(—2)

=—2+4-2=0

Hence, the lines are perpendicular.

Ex. 50. If a line drawn from the point A (1, 2, 1) is perpendicular to the line
joining P (1, 4, 6) and Q (5, 4, 4), then find the coordinates of the foot of
the perpendicular.

Solution : Let AM be the perpendicular from the point A(1, 2, 1) to the line PQ,

where P (1,4, 6) and Q (5, 4, 4).

Let M divides PQ internally in the ratio & : 1.

M E<5k-|—1 4k + 4 4k+6>

k+17 k+1" k+1
". the direction ratios of AM are
Sk+1 _1’41(4—4_2’4/’(—{—6_1
k+1 k+1 k+1
Sk+1—k—1 4k+4—-2k—-2 4k+6—k—1

i.e. , >
k+1 k+1 k+1




o Ak 2k+2 3k+5
k41T k+17 k+1

and the direction ratios of PQ are 5—1,4—4,4—6,i.e. 4,0, —2
Since AM is perpendicular to PQ,
4< 4k >+0<2k+2>_2<3k+5 >:0

k+1 k+1 k+1

. 16k—6k—10=0

" 10k=10 Cok=1
ME<§,§,E>3 i.e.ME(3,4,5)
222

Hence, the coordinates of the foot of perpendicular are (3,4, 5).

Ex. 51. Show that the angle between any two diagonals of a cube is

cos™ 1< 1 >
3
Solution : Take origin O as one vertex of the cube and OA, OB and OC as the

positive directions of the X-axis, the Y-axis and the Z-axis respectively.

Here, the sides of the cube are 7
OA=0B=0C=aq (Say) c (09 0’ (l) L (0, a, a)

". the coordinates of all the vertices (4, 0, a) M £ a9

of the cube will be

0=(0,0,0) A=(a0,0) a Y

B =(0,4,0) C=(0,0,a) aO (0,0,0) 2B (0, a, 0)

N =(a, a, 0) L= (0, a, a) AX/A(a, 0,00 N(aa0)
ME(a: Oa a) pE(ﬂ, a, a)

Here the four diagonals are AL, BM, CN and OP.

Consider the diagonals OP and AL.

The direction ratios of OPare a — 0, a—0,a—0, i.e. a, a, a
The direction ratios of ALare 0 —a, a—0,a—0,1e. —a, a, a
Let 0 be the angle between the diagonals OP and AL.

:‘ a(—a)+a(a)+a(a)
VaA+ad+ad \J(—aP+d+ a2

. 9=cos1<l>.
3

Then cos 0

‘ —a?+a*+a?

(/3a)(\/3a)

_1
3



Examples for Practice | 3 marks each l

. Find ;_f, if direction ratios of vector r are 2, —3, 6 and |,‘,| =21 and r makes

obtuse angle with the X-axis.

.A2,3,7),B(—1,3,2)and C (p, 5, r) are vertices of A ABC. If the median

through A is equally inclined to the coordinate axes, then find the values of p
and r. Hence, find the coordinates of the vertex C.

. Find the angle between the lines whose direction cosines /, m, n satisfy the

equations 5/+m +3n=0 and Smn —2nl + 6In = 0.

. If the direction ratios of two vectors are connected by the relations

p+q+r=0and p?+ ¢*> — > = 0. Find the angle between them.

. If M is the foot of perpendicular drawn from A (4, 3,2) on the line joining the

points B (2,4, 1) and C (4,5, 3), find the coordinates of M.

ANSWERS
. cosl<1> 4. " 5-<28,41,19>~
6 3 9799

| MULTIPLE CHOICE QUESTIONS | 2 marks each |

Select and write the most appropriate answer from the given alternatives

in each of the following questions :

1.

Ifa=i+ Zf, b= —22-{—} and ¢ =4i + 3f, then the values of x and y such
that ¢ = xa + yb are

(@ 1,1 b) 2, —1 () —1,2 d 1,0

If |a| =3, || = 4, then the value of A for which a + b is perpendicular to
a—b, is

@ o O © 3 @3

If the points A(2, 1, 1), B(0, — 1, 4) and C(k, 3, —2) are collinear, then

(@) 0 (b) 1 (c) 4 (d) —4



If two non-zero vectors a and b are perpendicular to each other, then

(@) a>—b? (b) (a+ b)? (c) a-b (d) axb (Sept. °21)
If a, b, ¢ are the position vectors of the points A, B, C respectively such that
3a + 5b = 8c, the ratio in which A divides BC is

(a) 8 :5 internally (b) 8 : 5 externally

(c) 5 : 8 internally (d) 5: 8 externally

6. The value of i-(j x k)4 (k x i)+k-(ix])is

10.

11.

12.

13.

(@0 by —1 (c) 1 (d) 3 (March ’22)
If the vectors f—2f+ k, ai + Sf— 3k and 5i— 9f+ 4k are coplanar, then

the value of a is

(a) 3 (b) -3 (c) 2 d -2

If|3| =3, |Z| =5, |E| —7and a+b + ¢ =0, then the angle between a and
bis

@ 7 ) % © 5 O

The volume of tetrahedron whose vertices are (1, —6,10), (—1, —3,7),

(5, —1,4) and (7, —4,7) is 11 cu units, then the value of 1 is

(a) 7 (b) 2 (¢ 1 (d) 5
— - —_ bxc —_ cxa ~_ axb
If[a b Oandp==2"Fg=—2"—,r=—2=""th
la b c]=0andp [a b c] 1 [a b c] ' [a b c] then
5-[_7+5-;1+E-;isequalto
(@ 0 (b) 1 (c) 2 (d) 3

If o, f, y are direction angle of a line and o = 60°, § =45°, then y = .........
(a) 30°0r 90° (b) 45° or 60° (c) 90° or 30° (d) 60° or 120°

A line lies in YZ-plane and makes angle of 30° with the Y-axis, then its
inclination to the Z-axis is

(a) 30° or 60° (b) 60° or 90° (c) 60° or 120° (d) 30° or 150°

If cosa, cosf5, cosy are the direction cosines of a line, then the value of
sin?x + sin?f + sin?y is

(a) 1 (b) 2 (c) 3 (d) 4
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. The values of p and ¢ so that the line joining the points (7, p,2) and (¢, —2, 5)
may be parallel to the line joining the points (2, —3,5) and (—6, —15,11)

are
(@) p=4,q= -3 (b)) p=4,q=3
() p=—449=3 (dp=—449=-3
15. The measure of acute angle between the lines whose direction ratios are
3,2,6and —2,1,21s
1 8 1 8
a) cos— ! = b) cos— | — c) cos— = d) cos— 1| — .
® <7> ®) <15> © <3> @ <21>
e N
ANSWERS
1. (b) 2, —1 2. (b) % 3. (c) 4 4. (b) (a+b)?
5. (b) 8 : 5 externally 6. (d) 3 7. (c) 2
8. (b) g 9. (a) 7 10. (d) 3
11. (d) 60° or 120° 12. (¢) 60° or 120°
13. (b) 2 14. (b) p=4,¢9=3
8
15. (d) cos— ' — ).
@ cos ()




