Session 2

Ordered Pair, Definition of Relation, Ordered Relation,
Composition of Two Relations

Ordered Pair

If Abe a set and a, b € A, then the ordered pair of elements
a and b in A denoted by (a, b), where a is called the first
coordinate and b is called the second coordinate.

Remark
1. Ordered pairs (&, b) and (b, a) are different.

2. Ordered pairs (a b)and (c, d) are equal iffa=cand b =d.

Cartesian Product of Two Sets

The cartesian product to two sets A and B is the set of all
those ordered pairs whose first coordinate belongs to A
and second coordinate belongs to B. This set is denoted by
A X B (read as ‘A cross B’ or ‘product set of A and B’).

Symbolically, AX B={(a,b):a€ A andb e B}
or AXxB={(a,b):ac Anbe B}
Thus, (a,b)e AXB&ae AAbe B

Similarly, = BXxA={(b,a):be BArac A}

Remark
1. AxBBx A

2. If Ahas p elements and B has g elements, then A x Bhas pg
elements.

3. fA=¢and B = ¢, then AxB = 0o.

4. Cartesian product of nsets A, Ay, As..., A, is the set of all
ordered ntuples (&, &, ..., a,) g € A,/ =123 ..., nand is
n

denoted by A x 4 x...x A, or H1 A
i=

Example 11. If A={1,2,3} and B ={4, 5}, find AxB,
B x A and show that A xB # B x A.
Sol. A x B=1{1,2,3} x {4,5} = {(1, 4), (1, 5), (2, 4), (2, 5), (3, 4),
3, 5)

and Bx A = {4, 5} x{1, 2, 3} = {(4, 1), (4, 2), (4, 3), (5, 1),
(5,2), (5, 3)}
It is clear that A X B# BX A.

Example 12. If A and B be two sets and A x B = {(3, 3),
(3, 4), (5, 2), (5, #)}, find A and B.
Sol. A = First coordinates of all ordered pairs = {3, 5}
and B = Second coordinates of all ordered pairs = {2, 3, 4}
Hence, A = {3, 5}and B = {2, 3, 4}

Important Theorems on Cartesian
Product

If A, B and C are three sets, then
(i) AX(BUC)=(AXB)U(AXC(C)
(i) AX(BNC)=(AXxB)n(AXC)
(iii) AX(B—C)=(Ax B) —(AXC)
(iv) (AXB)N(SXT)=(AN S)X(BNT),
where S and T are two sets.
(v) IfAC B, then(AXC)c(BxC)
(vi) If AC B, then (A x B) N (B x A) = A*
(vii) fAC Band CC D, then AXCC BXD

Example 13. If A and B are two sets given in such
a way that A x B consists of 6 elements and if three
elements of A xB are (1, 5), (2, 3) and
(3, 5), what are the remaining elements?
Sol. Since, (1,5),(2,3),(3,5)€ A X B, then clearly 1,2,3€ A and
3,5€ B.
AXB=1{1,2,3}x(3,5)
=(1,3),(1,5),(2,3), (2,5). (3, 3), (3, 5)
Hence, the remaining elements are (1, 3), (2, 5), (3, 3).



Relations

Introduction of Relation

We use sentences depending upon the relationship of an
object to the other object in our daily life such as

(i) ‘Ram, Laxman, Bharat, Shatrughan’ were the sons of
Dashrath.
(ii) ‘Sita’ was the wife of Ram.
(iii) ‘Laxman’ was the brother of Ram.
(iv) ‘Dashrath’ was the father of Ram.
(v) ‘Kaushaliya’ was the mother of Ram.

If Ram, Laxman, Bharat, Shatrughan, Sita, Kaushaliya and
Dashrath are represented by a, b, ¢, d, e, f and y
respectively and A represents the set, then

A={a,b,c,d,e, f,y}
Here, we see that any two elements of set A are related
many ways, i.e. a, b, ¢, d are sons of y. ‘a’ is the son of y is
represented by aRy. Similarly, b is the son of y, ¢ is the son
of y and d is also son of y are represented asb Ry, c Ry
and d Ry, respectively.

If we write here y Ra it means that y is the son of a which
is impossible, since a is the son of y. Hence, y and a
cannot be related like this. Its generally represented as
yRa. Hence, we can say that a and y are in definite order. a
comes before R and y after R. Therefore, aRy may be
represented as a order pair (a, y). Similarly, bRy, cRy and
dRy are represented by (b, y), (¢, y) and (d, y), respectively.
If all pairs will represented by a set, then we see that first
element of each pair is the son of second element. Hence,
the set of these pairs may be represented by set R, then

R={(a,y).(b,y).(c.y).(d, y)}
Symbolically, R ={(x,y): x,y € A, where x is son of y}
It is clear that R is subset of A X A
ie., RC AXA
Corollary In above example, if
A={a,b,c,d} and B={e, f, y}, then
R={(x,z):x€ A,z € B, where x is son of z}
It is clear that RC A X B.

Definition of Relation

A relation (or binary relation) R, from a non-empty set A
to another non-empty set B, is a subset of A X B.

ie., RC AXB or Rc{(a,b):ac A,be B}

Now, if (a, b) be an element of the relation R, then we
write aRb (read as ‘a is related to b’)

ie, (a,b)e R < aRb

and if (a, b) is not an element of the relation R, then we
write a Kb (read as ‘a is not related to b°),

ie. (a,b)¢ R a Rb.

Remark

1. Any subset of Ax Ais said to be a relation on A

2. If Ahas melements and B has nelements, then Ax B has
m x nelements and total number of different relations from A
toBis2™",

3. IfR=Ax B, then Domain R = Aand Range R = B.
4. The domain as well as range of the empty set ¢ is 0.
5. If A=DomRand B = Ran R, then we write B= R [ A].
For example,
Let A={1,2,3} and B ={3,5,7}, then
AxB={(1, 3),(1,5),(1,7), (2, 3), (2,5), (2, 7),
(3, 3), (3,5), (3, 7)}
But RcC AXB
i.e., every subset of A X Bis a relation from A to B. If
we consider the relation, R ={(1,5),(1,7),(3,5),(3,7)}
Then,1R5,1R7;3R5,3R7
Also,1R3;2R3;2R5,2R7;3R3;
Clearly, Domain R ={1,3} and Range R ={5,7}
For example,
Let A ={1,2,3} and B ={4,5}, then number of different
relations from A to Bis 2% =2° =64 because A has 3

elements and B has 2 elements.

Types of Relations from One Set to
Another Set

1. Empty Relation

A relation R from A to B is called an empty relation or a
void relation from A to Bif R = Q.
For example,

Let A={2,4,6} and B={7,11}

Let R={(a,b):ac A,be Band a — b is even}

As, none of the numbers2 —7,2—-11,4—-7,4—11,

6 —7,6 —11is an even number, R = .

Hence, R is an empty relation.

2. Universal Relation
A relation R from A to B is said to be the universal
relation, if R= A X B.
For example, Let A ={1,2}, B={1,3} and
R={(1,1),(1,3),(2,1),(2,3)}
Here, R=AXB
Hence, R is the universal relation from A to B.



Types of Relations on a Set
1. Empty Relation

A relation R on a set A is said to be an empty relation or a
void relation, if R = ¢.

For example,
Let A={1,3}and R={(a,b):a,be Aand a + b is odd}
Hence, R contains no element, therefore R is an empty
relation on A.

2. Universal Relation

A relation R on a set A is said to be universal relation on
AifR=AXA.
For example,

Let A={12}

and R=[(11),(1,2),(2,1),(2,2)]

Here, R=AXA

Hence, R is the universal relation on A.

3. Identity Relation

A relation R on a set A is said to be the identity relation on
A, if
R=[(a,b):ae A,be A and a = b]

Thus, identity relation, R =[(a,a):V a€ A]
Identity relation on set A is also denoted by I ,.
Symbolically, I, =[(a,a):a€ A]
For example,

Let A={1,23}

Then, I, ={(1,1),(2,2),(3,3)}

Remark

In an identity relation on Aevery element of Ashould be related to
itself only.

4. Inverse Relation

If R is a relation from a set A to a set B, then inverse

relation of R to be denoted by R is a relation from
Bto A.

Symbolically, R~ ={(b,a):(a,b)€ R}

Thus, (a,b)e R=(b,a)e R™',Vaec A be B.
Remark
1. Dom (R™") = Range (R) and Range (R™") = Dom (R)
2. (RHY =R

For example,
If R={(1,2),(3,4),(5,6)}, then
R ={(2,1),(43),(6,5)}
S(RHT={1,2),(3,4),5,6) =R

Here, dom (R) ={1,3,5}, range (R) ={2, 4,6}
and dom (R_l) ={2, 4,6}, range (R_1 ) =1{1,3,5}
Clearly, dom (R™") = range (R)

and range (R7')=dom (R).

Various Types of Relations

1. Reflexive Relation

A relation R on a setA is said to be reflexive, if
aRa, VYae A

ie,if(a,a)e RVae A

For example,
Let A={1,23}

R, ={(1.1),(2,2).3.3)}

R, ={(1,1),(2,2),(3,3),(1,2),(2,1),(13)}

R; ={(1,1),(2,2),(2,3),3,2)}

Here, R, and R, are reflexive relations on A, R4 is not a

reflexive relation on A as (3,3) € R5, i.e. 3 K5 3.

and

Remark

The identity relation is always a reflexive relation but a reflexive
relation may or may not be the identity relation. It is clear in the
above example given, R, is both reflexive and identity relation on A
but R, is a reflexive relation on Abut not an identity relation on A

2. Symmetric Relation

A relation R on a set A is said to be symmetric relation, if
aRb=bRaVabeA
ie.,if (@, b)e R=(b,a)e RVa,be A

For example,

Let A={1,23}

Rl = {(1’ 2)’ (2> 1)}

RZ = {(15 2)’ (2’ 1)9 (15 3)’ (3> 1)}
and R; ={(2,3),(1,3),(3, 1)}

Here, R, and R, are symmetric relations on A but R; is
not a symmetric relation on A because (2,3) € R4
and (3,2) ¢ R;.

3. Anti-symmetric Relation

A relation R on a set A is said to be anti-symmetric,
ifaRb,bRa=a=bVabe A

ie,(a,b)e Rand(b,a)e R = a=b,Va,be A

For example,

Let R be the relation in N (natural number) defined by, “x
is divisor of y”’, then R is anti-symmetric because x divides
yand ydividesx = x =y



4. Transitive Relation
A relation R on a set A is said to be a transitive relation,
ifaRband bRc=>aRc,V a,b,ce A
ie, (a,b)e Rand(b,c)e R=(a,c)e R,V a,b,ce A
For example,
Let A={123}

Ry ={(12),(2,3),(1,3),(3,2)}

R, ={(2,3),(3, 1)}

R; ={(1,3),(3,2),(1,2)}
Then, R, is not transitive relation on A because (2,3) € R,
and (3,2) € R, but(2,2) ¢ R,. Again, R, is not transitive

relation on A because (2,3) € R, and (3,1) € R, but
(2,1) € R,. Finally R; is a transitive relation.

Example 14. Let A={1,2,3} andR={(a,b):a,be A, a

divides b and b divides a}. Show that R is an
identity relation on A.
Sol. Given, A ={1,2,3}
a€ A, be B,adivides b and b divides a.
= a=b
R={(a,a),ae A}=1{(1,1),(2,2),(3,3)}

Hence, R is the identity relation on A.

Example 15. Let A={3,5}, B={7,11}.

LetR={(a,b):ae A beB, a—b is even}.

Show that R is an universal relation from A to B.
Sol. Given, A ={3,5}, B= {7, 11}.

Now, R={(a,b):a€ A,be Banda - bis even}
={(3,7),(3,11),(5,7),(511)}

Also, AXxB={(37),(311),(57),(511)}

Clearly, R=AXB

Hence, R is an universal relation from A to B.

Example 16. Prove that the relation R defined on the
set N of natural numbers by xRy & 2x? —3xy + y? =0

is not symmetric but it is reflexive.
Sol. (i) 2x* -3x-x+x?=0,V xe N.
. x Rx,V x € N, ie. Ris reflexive.
(ii) For x =1,y =2,2x* —=3xy + y* =0
. 1R2
But2-2°-3-2:1+1*=3%0
So, 2 is not related to 1 i.e., 21}(1

. Ris not symmetric.

Example 17. Let N be the set of natural numbers and
relation R on N be defined by xRy < x divides y,
V x,y €N.
Examine whether R is reflexive, symmetric,
anti-symmetric or transitive.
Sol. (i) x divides x ie., xRx,VY x€ N
. Ris reflexive.
(ii) 1 divides 2 i.e., 1 R 2 but ZR 1 as 2 does not divide 1.
(iii) x divides y and y divides x > x =y
ie,xRyandyRx =>x=y
. Ris anti-symmetric relation.
(iv) xRy and y Rz = x divides y and y divides z.
= kx =y and k’y =2, where k, k" are positive
integers.
= kk’x =z = xdividesz = xRz

. Ris transitive.

Equivalence Relation

A relation R on a set A is said to be an equivalence relation
on A, when R is (i) reflexive (ii) symmetric and (iii)
transitive. The equivalence relation denoted by ~.

Example 18. N is the set of natural numbers. The
relation R is defined on N x N as follows
(a,b)R(c,d) & a+d=b+c
Prove that R is an equivalence relation.
Sol. (i) (a,b)R(a,b) =a+b=b+a
. Ris reflexive.
(i) (a,b) R(c,d) =>a+d=b+c
= c+b=d+a = (c,d)R(ab)
*. Ris symmetric.
(iii) (a,b) R(c,d)and(c,d)R(e, f)=a+d=b+c

and c+f=d+e
= a+d+c+f=b+c+d+e
= a+ f=b+e =(ab)R(e f)

. Ris transitive.

Thus, R is an equivalence relation on N X N.

Example 19. A relation R on the set of complex
Z1 =2y
zZ1+2,
that R is an equivalence relation.

numbers is defined by z,Rz, < is real, show

21— %

Sol. (i) z;Rz; = Vz;€ C = 0is real

zZ1+zy

. Ris reflexive.



217 %

(ii) z; Rz, = is real

zZ1t+ 2z,

Zy — 21 . Zo — 21 .
= — |22 Llisreal = |Z2—"1|isreal
zZ1+ 2, Z1+ 2,

= z,Rz;,V z,,z, € C

.. Ris symmetric.

21— 2

(iii) vz, Rz, = is real

z +2,
z—z -z
N 1~Z | _ (A2
zi+7, z+ 2z,
zZ1—z z1—2
o (AR (AT,
Z,+2, z,+2,
- - 2 2 .
= Az121-2222) =0 = [z)]" =|2,] (1)

(i)

Similarly, z, Rz, =|z,|* =|z;|*

From Egs. (i) and (ii), we get
z;Rz,5,z, Rz,

= EAREA

= z;Rz;4

~.Ris transitive.

Hence, R is an equivalence relation.

Ordered Relation

A relation R is called ordered, if R is transitive but not an
equivalence relation.

Symbolically, aRb,bRc = aRc¢,Va,bce A

For example,

Let R=1{(1,2),(2,1),(2,3),(3,2),(1,3)}.

Here, R is symmetric.

Since, (1,2) € R=(2,1)€ R,(2,3) e R=(3,2)e R
and R is transitive.

Since, (1,2)€ R,(2,3) e R = (1,3)€e R

but R is not reflexive.

Since, (1,1) & R,(2,2) & R,(3,3) ¢ R

Hence, R is not an equivalence relation.

. Ris an ordered relation.

Partial Order Relation

A relation R is called partial order relation, if R is
reflexive, transitive and anti-symmetric at the same time.

For example,
Let R ={(1, 1),(2,2), (3,3),(1,2),(2,3),(1,3)}

R™ ={(11),(2.2),(3,3),(2,1),(3,2),(3, 1)}

RN R ={(1,1),(2,2),(3,3)} = Identity

. Ris anti-symmetric.

It is clear that R is reflexive.

Since, (1,1) € R, (2,2) € R,(3,3) € R and R is transitive.
Since, (1,2) € Rand (2,3) € R=(1,3)e R

Hence, R is partial order relation.

Composition of Two Relations

If A, B and C are three sets such that RC A X B and
S C BxC, then (SOR) 1 =R0OS™. 1t is clear that aRb, bSc
= aSORc.

(T

More generally,
(R,OR,OR;0...0R,) " =R,;'O...OR;*OR;'OR;"!

Example 20. Let R be a relation such that
R={(14),(3,7),(4,5),4,6),(7,6)}, find
(i) R'OR™" and (i) R'OR)™".
Sol. (i) We know that,(ROR) ' = R'OR™"

Dom (R)={1,3,4,7}
Range (R) = {4,5,6,7}

We see that,
1—> 4 —>5=(1,5)€ ROR
1— 4 —>6=(1,6)€ ROR
3—>7 —>6=(3,6)€ ROR
ROR ={(1,5),(1,6), (3,6)}
Then, R'OR' =(ROR)!
={(51),(6,1),(6,3)}
(ii) We know that, (R'OR) ' = R'O(R"")'=R'OR
Since,
R=1{(1,4).(3,7),(4,5),(4,6),(7,6)}
R ={(4,1),(7,3),(54),(6,4),(6,7)}
. Dom(R) ={1,3,4,7}, Range (R) = {4,5,6,7}



Dom (R} = 4,5,6,7}, Range R Y= 1,3, 4,7 R R
(R7)=1 } ge(R={ } 4 —>6—7=(4,7)€ R'OR

R R
7 —>6—>4=(7,4)e R'OR

R R
7—6—7=(7,7)€ R'OR

. RTOR={(1,1),(3,3),(4,4),(7,7),(4,7),(7, 4)}
Hence,(R'OR) ' =R'OR={(1,1),(3,3)

We see that, (4,4),(7,7),(4,7),(7, 4)}
R R
1—4—1=(1,1)e R'OR

o Theorems on Binary Relations

3—7—3=(3,3)e R'OR If R is a relation on a set A, then

R R : (i) Ris reflexive = R is reflexive.
4——5——>4=(44)eR OR (i) R is symmetric = R™" is symmetric.
R R

4 6 4=5(4,4)e R'OR (iii) R is transitive = R is transitive.

Exercise for Session 2

1. 1fA={2,3,5}, B ={2,5,6}, then (A—B)x(ANB)is

(@){(3,2),(3,3), (3 5)} (b){(3,2), (3 5), (3 6)}

(©){(3 2), (3 5)} (d) None of these
2. Ifn(A)=4,n(B)=3,n(AxBxC)=24, thenn(C) equals

(a)1 (b) 2 (c) 17 (d) 288
3. The relation R defined on the set of natural numbers as

{(a, b): a differs from b by 3} is given by

(@){(14),(25),(36),..} (b){41,(52),(63),...} (€){(13),(26),(39),...} (d) None of these
4. Let Abe the non-void set of the children in a family. The relation ‘x is a brother of y’ on A, is

(a) reflexive (b) anti-symmetric (c) transitive (d) equivalence
5. Let n(A) = n, then the number of all relations on A, is

(a)2” (b) 2" (c)2" (d) None of these

6. 1fS={123,..,20}, K={a,b,c,d}, G=1{b,d, e, f}. The number of elements of (S x K) U(S x G)is

(a) 40 (b) 100 (c) 120 (d) 140
7. The relation R is defined on the set of natural numbers as {(a, b ):a =2b}, then R is given by
(@){(2,1) (4, 2)(6,3),...} (b){(1,2)(2,4) (3,6), ...} (c)R~"is not defined (d) None of these
8. Therelation R ={(11),(22),(3,3),(12),(2,3),(13)} onset A= {12,3}is
(a) reflexive but not symmetric (b) reflexive but not transitive
(c) symmetric and transitive (d) Neither symmetric nor transitive

9. The number of equivalence relations defined in the setS ={a, b, c} is

(@) 5 (b) 3! (c) 2° (d)33
710. 1fRbe arelation <from A={12,3,4'toB={13,5},i.e.(a,b)eR < a<b, then ROR ", is
@{(1,3), (1,5),(2,3), (2, 5), (3.5), (4, 5)} (b){(3,1), (5, 1), (3,2), (5,2), (5,3), (5, 4)}

(©) {3, 3). (3, 5), (5, 3), (5, 5)} (d) {3, 3), (3, 4), (4, 5)}



Answers

Exercise for Session 2

1.(c) 2.(b) 3. (b) 4.(c)  5.()  6.(c)
7.(b)  8.(a) 9.(a  10.(c)
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