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PAIR OF LINEAR EQUATIONS
IN TWO VARIABLES

3.1 Introduction
You musi have come across sitvations like the one given below ;

Akhila went to a [air in her village. She wanted to enjoy rides on the Giant Wheel
and play Hoopla (2 game in which you throw a ring on the items kept in a stall, and if’
the ring covers any object completely, you get it). The number of times she played
Hoopla iz half the number of fdes she had on the Giant Wheel. If each ride costs
Fs 3, and a game of Hoopla cosis Rs 4, how would you find oot the number of nides
she had and how many times she played Hoopla, provided she spent Rs 20,

May be you will try 1t by considering different cases. IF she has one ride, 15 it
possible? Is it possible 1o have two rides? And so on. Or you may use the knowledge
of Class IX, to represent such sitnations as linear equations in two variables.

I“Il""'l"'

| '*“ j‘.,;'; "H'Ef'
r{lﬁ :_ -; E-_;‘{!n '1.1.

v Vi




i
=]

Pair oF Lingar Equanons is Two VARIABLES

Let us try this approach.

Denote the number of rides that Akhila had by x, and the number of times she
plaved Hoopla by v. Now the simation can be represented by the two equations:

= [
J"I_ 2‘1: {:}
3x+4dy= 20 (2)

Can we find the solutions of this pair of equations? There are several ways of
finding these, which we will study in thiz chapter.
3.2 Pair of Linear Equations in Two Variables

Recall, from Class LX, that the following are examples of linear equations in two
variables:

2x+3y=35
1—2vy-3=0
and x—0y=2 ie, x=2

You also know that an equation which can be put in the form ax + by + ¢ =0,
where a, I and ¢ are real numbers, and @ and b are not both zero, is called a linear
equation in two variables x and y. (We often denote the condition g and & are not both
zero by a* + b # (), You have also studied that a solution of such an equation is a
pair of values, one for x and the other for y, which makes the two sides of the
cquation equal,

For example, let us substitute x = | and y = 1 in the left hand side (LHS) of the
equation 2x + 3y = 5. Then

LHS = 2{1+3%1)=2+3=5,
which is equal to the right hand side (RHS) of the eqoation.
Therefore, x = 1 and y = 1 is a solution of the equation Zx + 3y = 5.
Now let ns substitute x = 1 and vy = 7 in the equation 2x + 3y = 5. Then,
LHS = 2 +3(N=2+21=23
which is not equal to the RHS.
Therefore, x = 1 and y = 7 is not a solution of the equation.

Geometrically, what does this mean? It means that the point (1, 1) lies on the lina
representing the equation 2x + 3y =35, and the point {1, 7) does noi Lie on it. So, every
solution of the equation is a point on the line representing it.
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In fact, thiz is true for any linear equation, that iz, each solution (x, ¥) of a
linear equation in twe variables, ax + by + ¢ = 0, corresponds te a point on the
line representing the eqnation, and vice versa,

Now, consider Equations (1) and (2) given above. These cquations, taken
together, represent the information we have abowt Akhila at the fair.

These two linear equations are in the same two variables x and y. Equations
like these are called a pair of linear equations in two variables.

Let us see what such pairs look like algebraically,
The general form for a pair of linear equations in two variables x and y is
ax+by+o=0
and ax+by+e,=0
where a,. b, ¢, a,, b,, c, are all real numbers and a] + b} 2 0, a] + b} 2 0.
Some examples of pair of linear equations in two variables are:
x+3y-T=0and 9x-2y+8=0
Sx=yand Tx+2y+3=0
x+y=Tand [T=y
Do you know, what do they look like geometrically?

Recall, that vou have studied in Class IX that the geometrical (i.c., graphical)
representation of a linear equation in two variables is a straight line. Can vou now
suggest what a pair of linear equations in two variables will look like, geometrically”?
There will be two straight lines, both to be considered together.

Yon have also stndied in Class LX that given two lines in a plane, only one of the
following three possibilities can happen:

{i) The two lines will intersect al one point.
(i} The two lines will not intersect, i.¢., they are parallel,
{iii} The two lines will be coincident.

We show all these possibiliies in Fig. 3.1
In Fig. 3.1 (a), they intersect.
In Fig, 3.1 (b), they are parallel.
In Fig. 3.1 {(c). they are coincident.
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(2) (b) (®)
Fig. 3.1
Both ways of representimg a pair of linear equations go hand-in-hand — the

algebraic and the geometric ways. Let us consider some examples.

Example 1 : Let us take the example given in Section 3.1. Akhila goes to a fair with
Rs 20 and wants to have rides on the Giant Wheel and play Hoopla. Represent this
sitnation algebraically and graphically (geometrically).

Solution : The pair of equations forimed is :
1

¥ EI
[ x—2y=10 1)
Ix+4v=2 (2}

Let us represent these equations graphically. For this, we need at least two
solutions for each equation. We give these solutions in Table 3.1.

Table 3.1
o 0 2 % 0 E 4
3
X 20 =3«
(i) (i)

Recall from Class TX that there are infinitely many solutions of each hinear
equation. So each of you can choose any two values, which may not be the ones we
have chosen. Can you guess why we have chosen x =0 in the {irst equation and in the
second equation? When one of the variables is zero, the equation reduces (o a linear
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equation in one variable, which can be solved easily. For instance, putting x =0 in
Equation (2), we getdy =20, i.e., y = 5. Similarly, putting ¥ = 0 in Equation (2}, we get

. 20 X
3.11:2[},!..&.,.1::?.31]‘;&8 ? is

not an integer, it will not be easy io

plot exactly on the graph paper. So, :
we choose y = 2 which gives x =4,

an integral value,

Plot the points A0, 0), B(2, 1)
and P(0, 5), Q(4, 2), corresponding
to the solutions in Table 3.1. Now
draw the lines AB and PO,

representing  the  equations

x—2v=0and 3x + 4y = 20, as

Fig. 3.2
In Fig. 3.2, observe that the two lines representing the two equations are

shown in Fig. 3.2

intersecting at the point (4, 2). We shall discuss what this means in the nex! section.

Lxample 2 : Romila went to a stationery shop and purchased 2 pencils and 3 erasers
for 9. Her friend Sonali saw the new variety of pencils and erasers with Romila, and
she alzo bought 4 pencils and 6 erasers of the same kind for ¥ 18. Represent this
sitnation algebraically and graphically,

Solution : Let us denote the cost of | pencil by ¥ x and one eraser by ¥ y. Then the
algebraic representation is given by the following equations:
2x+3p=9 (1
dr+6Gy= 18 (2)
To obtain the equivalent geometric representation, we find two points on the line

representing each equation. That is, we find (wo solutions of each equanon,
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These solutions are given below in Table 3.2,
Table 3.2

x 0 |45 ' * 013
9-2x . 18— d4x
= a I ¢ = 1
y="7 0 ¥ 5 3
(i) ﬁil
il e 3 i 1 E'Eﬁﬁgaaé|[ﬂaﬁa§%

both the lines coincide (see Fig. 3.3). :Jﬂ.ﬂEE,;:T.aar o
This is so, because, both the
equations are equivalent, i.e., ongcan
be derived from the other,

Example 3 : Two rails are - g%ﬁ:m E:;; Ja;;' EEHE =
represented by the egquations - EEE EEE
x4+ 2v—d=0and x+4y—-12=0, =

L
o -'1|||=mm:|'n

WA G R BEE
Represent this situation geometrically, g%ﬁ;ﬁﬁwﬁaﬁﬂ
Solution : Two solutions of each o | :.;;m_a:j:—_:z_—':"_ L
the equations ; = ERiEEE
Fig. 3.3
x+2y-4=0 (1)
Iy +4y—-12=10 (2)
are given in Tahle 3.3
Table 3.3
£ 0 4 x 0 6
4-x 12-2x
(i (@)

To represent the equations graphically, we plot the points R(0), 2) and S(4, 0), to
get the line RS and the points P(0, 3) and Q(6, () to get the line PQ.
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lines do not intersect anywhere, 1.e.,

they

situations which can be represented
by a pair of linear equations. We
have seen their algebraic and
geometric representations. In the

next
how

used to look for solutions of the pair
of linear equations,

1.

We observe in Fig. 3.4, thatthe ©

are parallel.

S0, we have seen several

few sections, we will discuss
these representations can be

EXERCISE 3.1
Afiab tells his danghter, "Seven years ago, [ was seven fimes as old as yon were then.
Alzo, three years from now, I shall be three times as old a8 you will be.” (Tan’t this
interesting?) Represent this situation algebraically and graphically.
The coach of a ericket team buys 3 bats and 6 balls for T 3900. Later, she buys anather

bat and 3 more balls of the same Yand for ¥ 1300, Represent this situation algebraically
and geornetmcally.

The cost of 2 kg of apples and 1kg of grapes on a day was found to be T160, After a
maonth, the cost of 4 kg of apples and 2 kg of grapes is T 300. Represent the situation
alpebraically and geometrically.

3.3 Graphical Method of Solution of a Pair of Linear Equations

In the previous section, you have seen how we can graphically represent a pair of
linear equations as two lines. You have also seen that the lines may intersect; or may
be parallel, or may coincide. Can we solve them in each case? And if so, how? We
shall try and answer these questions from the geometrical point of view in this section.

Let us look at the earlier examples one by one.

# In the situation of Example 1, find out how many rides on the Giant Wheel
Alhila had, and how many times she played Hoopla.

In Fig. 3.2, you noted that the equations representing the situation are
geometrically shown by two lines intersecting at the point (4, 2). Therefore, the
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point (4, 2) lics on the lines represented by both the equations x — 2y = 0 and
3x + 4y =20, And this is the only common point.

Let us verify algebraically that x = 4, v = 2 is a solution of the given
pair of equations. Substituting the valueg of x and y in each equation, we get
4—2x%2=0and 3(4) + 4(2) = 20. So, we have verified that x =4, y=2 iz a
solution of both the equations, Since (4, 2) is the only common point on hoth
the lines, there is one and only one solation for this pair of linear eguations
in two variables,

Thus, the number of ndes Akhila had on Giant Wheel 15 4 and the nomber
of tmes she played Hoopla is 2.

® In the situation of Example 2, can you find the cost of each pencil and each
graser?

In Fig. 3.3, the situation is geometrically shown by a pair of coincident
lines. The solutions of the equations are given by the common points.

Are there any common poinis on these lines? From the graph. we observe
that every point on the line is a common solution to both the equations. So. the
equations 2x + 3y = 9 and 4x + 6y = 18 have infinitely many solutions. This
should not surprise us, because if we divide the equation 4x + 6y =18by 2 . we
gel 2x + 3y =9, which is the same as Equation (1). That i3, both the equations arc
equivalent. From the graph, we see that any point on the line gives us a possible
cost of each pencil and eraser. For instance, each pencil and eraser can cost
T3 and ¥ respectively, Or, each pencil can cost ¥3.75 and eraser can cosi
F0.50, and so on.

® In the situation of Example 3, can the two rails cross each other?

In Fig. 3.4, the situation is represented geometrically by two parallel lines.
Since the lines do not intersect at all. the rails do not cross. This also means that
the equations have no common selution.

A pair of linear equations which has no solution, is called an inconsistent pair of
linear equations. A pair of linear equations in two variables, which has a solution, is
called a consistent pair of linear equations. A pair of linear equations which are
equivalent has infimtely many distinct common solutions. Such a pair is called a
dependenr pair of linear equaiions in rwo variables. Note that a dependent pair of
linear equations is always consistent.

We can now summarige the behaviour of lines representing a pair of linear equations
in two variables and the exisience of solutions as Tollows:
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(i) the lines may intersect in a zingle point. In this case, the pair of equations
has a unique solution {consistent pair of equations).
(i) the lines may be parallel. In this case. the equations have no solution
(inconsistent pair of equations).
{iii) thelines may be coincident. Tn this case, the equations have infinitely many
solutions |dependent (consistent) pair of equations].
Let us now go back to the pairs of linear equations formed in Examples 1, 2, and
3, and note down what kind of pair they are geometrically.
(i) x=2y=0and 3x+4dy-20=0 {The lines miersect)
i) 2r+3vy-9=0and4x+ 6y - 18=0 (The lines coincide)
i) x+2y—-4=0and2x+4y-12=0  (The lines are parallel)

b ;

Let ug now write down, and compare, the values of i E}_I and ::—' in all the
; 3

three examples. Here, a, b, ¢, and dy, hz, ¢, denote the coefficents of equations

given in the general form in Section 3.2.

Table 3.4
R G | A |a . .
Sl | Pair of lines 3 b | e Compargthe | Graphical Algebraic
Neo. ] 3 ratios represenlation finterpretation
1| <) o |m. B
I |x=2y=0 E S E e E Intersecting  |Exactly ane
Ix +4y-20=0 4 % lines g0l tlﬂ"mn
[(umigue)
sl st | 2 2= ﬂ_l_ﬁ_ﬂ[?"det Infinitsly
x+3y=8= F=e] st =753 — . |Comciden L
4 (] =8 [+ 7 tﬁ Lo
dx+6y—18=0 liner lman}r solonons
3 s |22 = ﬂ_lzﬂ*c_'l’arallallin No scluri
|22y —=4= 3 3 21z | a ‘&2 & es [No solution
e+ dy—12=0

FFrom the table above, you can obgerve that if the lines represented by the equation
qx+by+c =10

and aIx+hg+:'2:U
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i@ b
are (i) intersecting, then - #
4; b

i eaineident, then 2 <2 _ 4.,

gy £y

(iii} parallel, then o6 _b =5,

fy Cy

In fact, the converse is also true for any pair of lines. You can verily them by
considering some more examples by vourself.

Let us now consider some more examples to illustrate it,

Example 4 : Check graphically whether the pair of equations

x+3y=6 (1)
and 2x=3y=12 (2)
is consistent. If so, solve them graphically.

Solution : Let ug draw the graphs of the Equations (1) and (2). For this, we find two
solutions of each of the equations, which are given in Table 3.5

Table 3.5
x 0|6 x 0 3
6—x =12
y=-3 2 0 : 3 =4 | =3
Plot the points A(0.2), B(6,0). EElEE
P(0, — 4) and Q(3, — 2} on graph

paper, and join the poinis to form the
lines AB and PQ as shown 1in
Fig 3.5

We observe that there is a poing
B (6, D) common to both the lines
AB and PQ. So, the solution of the
pair of linear equations is x= 6 and
y=0, i.e., the given pair of equations
1% comsistent,
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Example 5 : Graphically, find whether the following pair of equations has no solution,
unique solution or infinitely many solutions:

Sx—-8+1l=0 (1)
3 s 2 0 (&
Solution : Multiplying Equation (2) by 5 We get
S5x—-8By+1=0

But, this is the same as Equation (1), Hence the lines represented by Equations (1)
and (2} are coincident. Theretore, Equations (1) and (2) have infinitely many solutions.

Plot [ew points on the graph and verify it yourself,
Example 6 : Champa went to a *Sale” to purchase some pants and skirts. When her
friends asked her how many of each she had bought, she answered. “The number of
skirts 1s two less than twice the number of pants purchased. Also, the number of skirts

13 four less than four times the number of pants purchased”. Help her friends to find
how many pants and skirts Champa bought.

Solution : Let us denote the number of pants by . and the number of skirts by v Then
the equations formed are ;

y=2x-2 (1)
and y=dx—4 (2)

Let us draw the graphs of b

HHIEEE "‘_:iﬂ ! E |_ qﬁ 1
Equations (1)and (2) by findingtwo — = ¥ b
soluions o sch of te squations, 1 1 %%wﬁamg@;g@”%”%m
They are given in Table 3.6, “fE| '%EE’&QE;@
Table 3.6 - @lfﬁzﬁﬁ Bz
x 2] o ﬁ:Jﬁ%ﬂﬂﬁnﬁ

B Gk
| i
i

E
= |% 65

%;m,%

|-| T -1
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Plot the points and draw the lines passing through them to represent the equations,

as shownin Fig, 3.6.

The two lines intersect at the point (1, 0). So, x= 1, y =015 the required solution

of the pair of lincar equations, i.¢., the number of pants she purchaged 13 1 and she did
not buy any skirt,

Verify the answer by checking whether it satisfies the conditions of the given
problem.

31

EXERCISE 3.2
Form the pair of linear equations in the following problems, and find their solutions
graphically,
it 10 smdents of Class X wok part in a Mathemartics quiz, If the number of girls 15 4
more than the number of boys, find the number of boyz and girls who ook part in
the quiz,
(i} 5 pencils and 7 pens wogether cost § 50, whereas 7 pencils and 5 pens together
cost § 46. Find the cost of one pencil and that of one pen.

On comparing the ratios i) LA and L , find out whether the lines representing the

h ="
following pairs of linear eu;luzatin;s intersect at a poind, are pardllel or coingident;
i} Sx—4y+8=0 (m Sx+3y+12=0
Te4by—9=0 184+ 6y+24=10
(i} Ga—3y+10=0
2x—y+9=0

¢
On comparing the ratios aﬁ" g‘- and EJ{ , find out whether the following pair ol linear
2

3
equations are consistent, or inconsistent,
i 3x+2y=5: 2e=-3y="T iy 2e-3y=8; dx—fy=9

{1] gz-v %y =7 :0e=-T0=14 (v} Sx=3y=11; - 0w+ 6y=-22

4
t“r} ix—i— 1}'=E ;1;[{-3}!:[2

Which of the following pairs of linear equations are consistent/inconsistent? If
congistent, obtain the golution graphically:
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i} x+y=35, Zx+2y=10
(i} x-y=8 Jx—3y=16
(i) Zx+y-6=0, dx-32y-4=10
fiv) 2x=2p=2=0, 4i—4y—5=0
5. Half the perimoeter of a rectangular garden, whose length is 4 o more than its width, is
36 m. Find the dimsengions of the garden.
6. Given the linear equation 2x + 3y — 8§ =), write another linear equation in two variables
such that the geometrical representation of the pair so formed is:
(i) intersecting lines (i parallel lines
(i} coincident lines
7. Draw the graphs of the equations x— 3 + 1 = 0'and 3x 4 2y — 12 = (). Detarmine the

coordinates of the vertices of the triangle formed by these lines and the x-axis, and
ghade the triangular region.

3.4 Algebraic Methods of Solving a Pair of Linear Equations

In the previous section, we discussed how to solve a pair of linear equations graphically.
The graphical method is not convenient in cases when the point representing the

solution of the linear equations has non-integral coordinates like {-uﬁ, W7 )

13 19

such coordinates. Is there any alternative method of finding the solution? There are
several algebraic methods, which we shall now discuss.

4 ]
f~1.75, 3.3}, [ =" —] . etc. There is every possibility of making mistakes while reading

3.4.1 Substitution Method : We shall explain the method of substitution by taking
some examples:
Example 7 : Solve the following pair of equations by substitution method:
Tx—13y=2 (1)
x+2y=13 (2)
Solution :
Step 1 : We pick either of the equations and write one variable in terms of the other,
Let us consider the Equation (2) :
x+2y=3
and wrile il as r=3=13y (%)
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Step 2 : Substitute the value of x in Equation (1). We get
HWI-2¥)}—15v=2

ie 21 - 14y - 15y =12

ie., -~ 29y = 19

Therefore, y= 2
29

Step 3 : Substimting this value of y in Equation (3), we get

19 49
x=193- 2(3{:‘3]— 29

i 49 19
Therefore, the solutbon is x = 29 = 3"
T - 49 19 , :
Verification : Substituting x= 79 andy= 5g *youcan verify that both the Equations

(1) and (2) are sausfied.

To understand the substitution method more clearly, let us consider 11 stepwise:
Step 1 : Find the valve of one vaniable, say;_.lin terms of the other vanable, 1.e., x from
either equation. whichever is tonvenient.

Step 2 : Substitute this value of y in the other equation, and reduce it to an equation in
onevariable, ie. interms of x, which ¢an be solved. Sometimes, as in Examples 2 and
10 below, you can get statements with no variable. If this statement is true, you can
conclude that the pair of linear equations has infinitely many solutions. If the statement
is false, then the pair of linear equations is inconsistent.

Step 3 : Substitute the value of x (or ¥) obtained in Step 2 in the equation used in
Step 1 tw obtain the value of the other variable.

Remark : We have substituted the value of one variable by expressing it in terms of
the other variable 1o golve the pair of linear equations. That is why the method is
known as the substifution mefhod.

Example § : Solve Q.1 of Exercise 3.1 by the method ol substitution,

Solution : Let s and ¢ be the ages (in vears) of Altab and his daughter, respectively.
Then. the pair of linear equations that represent the situation is

Fs—T=T{-T,le,5-Tt+42=0 (13
and s+3=30t+3,1e,.5-3=06 (2)
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Lh

Uszing Equation (2}, we get s = 3r+ 6.
Putting this value of 5 in Equation (1), we get
(5t+6)—Tr+42= 0,
1E.. 4r= 48, which givesr= 12,
Putting this value of 1 in Equation (2), we get
g=3(12)+6=42

So, Aftab and his daughter are 42 and 12 vears old, respectively.

Verify this answer by checking if it satisfies the conditions of the given problems.
Example 9 ; Let us consider Example 2 in Section 3.3, i.e., the cost of 2 pencils and

3 erasers is ¥ 9 and the cost of 4 pencils and 6 erasers is ¥ 18. Find the cost of each
pencil and each eraser.

Solution : The pair of linear equations formed were:

Ix + 3:_,-' =4 i1
dx + Gy=18 (2)
We [irst express the value of x in terms of y [rom the eguation 2x + 3y =9, (o get
9-3
i= T}I (%)
Now we substitue this value of x in Equation (2), to get
49 —3y)
o +6y= 18
2
1.e., I8 —G6v+oy= 18
LE; 13= 18

This statement is true [or all values of y. However, we do not get a specific value
of y as a solution. Therefore, we cannot obtain a specific value of x. This sitvation has
arizen beanse both the given equations are the same. Therefore, Equations (1) and (2)
have infinitely many solutions. Observe that we have obtained the same solution
graphically also. (Refer o Fig. 3.3, Section 3.2.) We cannot find a unique cost of a
pencil and an eraser, because there are many common solutions, to the given situation.

Example 10 : Let us consider the Example 3 of Section 3.2. Will the rails cross each
other?
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Solution : The pair of linear equations formed were:

x+2y—4=10 (13
x+4y—12=10 (2)
We express x in terms of y from Equation (1) to get
x=d=2y

Now, we substitute this value of xin Equation (2) to get
2d—-2y)+dy—12=10
e, 8-12=10
ie;, —4=10
which is a false statemendt,
Therefore, the equations do not have a common solution. So, the two rails will not
cross each other,

EXERCISE 3.3

1. Solve the following pair of insar equanons by the subsutuion method,

i x+y=14 (i) s—1=3
e |
s —_—t— = ﬁ
r-y=4 373
i) 3—y=3 Gv) 0.2c+03y=13
Ox—3y=9 O0dx+D5y=23
3z 5
(v ﬁ:+\lr§_:p=l] {vi) -2——5:-2
Vix-VBy=0 1423
FoNE 32 6
2. Solve 2e+ 3y = 11 and 2x - 4y = — 24 and hence find the value of ‘m* for which
_y:m+3,

3. Form thi pair of lincar equations for the following prohlems and find their solution by
substitution method,
(i} The difference berween two numbers is 26 and one number is three tdmes the other.
Find them.

(iir The larger of two supplementary angles exceeds ihe smaller by 18 degrees. Find
therm.

(i} The coach of a cricket team buys 7 bats and & balls for 3 3800, Later, she bouyvs 3
bats and 3 balls for ¥ 1750. Find the cost of each bat and each ball,
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iiv) The taxi charges in a city congist of a fixed charge together with the charge for the
distance covered. For a distance of 10 km, the charge paid is ¥ 105 and fora
journey of 15 km, the charge paid is T 155, What arc the fixed charges and the
charge per km? How much does a person have to pay for travelling a distance of
25km? 9

(v} A fraction bgcomes ﬁ ,Af 2 13 added to both the numerator and the denominator.

If, 3 is added o both the numerator and the denominator it becomes g . Find the
fraciiomn.

ivi} Five years hence, the age of Jacob will be three times that of his son. Five years
ago, Jacob's age was seven times that of hig son. What are their present ages?

3.4.2 Elimination Method

MNow let us consider another method of eliminating (i.e., removing) one variable. This
is sometimes more convenient tham the substitution method. Let us see how this method
works,

Example 11 : The ratio of incomes of two persons is 9 : 7 and the ratio of their
expenditures is 4 : 3. If each of them manages to save ¥ 2000 per month, find their
monthly incomes.

Solution : Let us denote the incomes of the two person by ¥ 9x and ¥ 7x and their
expenditures by ¥ 4y and T 3y respectively. Then the equations formed in the situation
1sgiven by :

Ox — 4y = 2000 (1
and Tx = 3y = 2000 (2)

Step 1 : Multiply Equation (1) by 3 and Equation (2) by 4 to make the coefficients of
y equal. Then we get the equations:

27x — 12y = G000 (3)
28Bx = 12y = BOOO 4)

Step 2 : Subtract Equation (3) from BEquation (4) to eliminare y, becanse the coefficients
of v are the same. 50. we get

{28x = 27x) = (12y = 12y) = 8000 - 6000
ie. x = 2000
Step 3 : Substituting this value of x in (1), we get
9(2000) - 4y = 2000
1e., v = 4000
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So, the solution of the equations 15 x = 2000, ¥ =4000. Therefore, the roonthly incomes
of the persons are ¥ 18,000 and T 14,000, respectively.

Verification : 18000 : 14000 = 9 : 7. Also, the ratio of their expenditures =
15000 — 2000 ; 14000 - 2000 = 16000 : 12000=4:3

Remarks :
1. The method used in solving the example above is called the efimination method,
because we eliminate one variable first. to get a linear equation in one variable.

In the example above, we eliminated ¥. We could also have eliminated x. Try
doing it that way,
2. You could also have used the substitution, or graphical method, to solve this
problem. Try doing o, and see which method is more convenient.
Let us now note down these steps in the elimination method :
Step 1 : First multiply both the equations by some suitable non-zero constants to make
the coefficients of one variable (either x or v) numerically equal.

Step 2 : Then add or subtract one equation from the other so that one variable gets
climinated. If you get an equation in one variable, go to Step 3.

If in Step 2, we obtain a true statement involving no variable, then the original
pair of equations has infinitely many solutions.

TFin Step 2, we obtain a false statement involving no vanable, then the original
pair of equations has no solution, i.e., it is inconsistent,
Step 3 : Solve the equation in ome variable (x or y) so obtained to get its value,

Step 4 : Substitute this value of x (ory) in either of the original equations to get the
value of the other variable,

Now to illustrate it, we shall solve few more examples.

Example 12 ; Use elimination method to find all possible solutions of the following
pair of linear equations ;
2e+3y=8 (1)
de+b6y=17 2}
Solution :

Step 1 : Multiply Equation (1) by 2 and Equation (2) by 1 to make the
coefficients of x equal. Then we get the equations as :

dx+ 6y = 16 (3)
dx+by=7 4
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Lh

Step 2 : Subtracting Equation (4) from Equation (3),

{4x —4x) + (6y-6v)= 16-7
1.e., 0= 9, which iz u false statement,
Therefore, the pair of equations has no solution.

Example 13 : The sum of a two-digit number and the number obtained by reversing
the digits is 66. If the digits of the number differ by 2, find the number. How many such
numbers are there?

Solution : Let the ten’s and the unit’s digits in the first nurnber be x and y, respectively.
So. the first nomber may be writien as 10x 4+ y in the expanded form (for example.
56 = 10(5) + 6).

When the digits are reversed, x becomes the unit’s digit and y becomes the ten's
digit. This number, in the expanded notation is 10y + x (for example, when 56 is
reversed, we get 65 = 1{6) + 5).

According to the given condition.
(10 + )+ (10y +x)= 66

ie. ix+y)= 66

1E., x+y=~0 (1
We are also given that the digits differ by 2, therefore,

either x=—y=12 (2
or Y=x=2 (3)

If x — v =2, then solving (1) and (2} by elimination. we geta =4 and vy =2
In this case, we get the number 42,

If y —x = 2, then solving (1) and (3) by elimination, we getx=2 and yv=4,
In this case. we get the number 24,
Thus, there are two such numbers 42 and 24,
Verification : Here 42 + 24 =66 and4 - 2=2, Also 24 + 42 =66 and 4 - 2=2,

EXERCISE 34
1. Solve the following pair of linear equations by the slirdnation niethod and the substtution

method ;
(i) x+»=35 and Ix-3y=4 @) 3x+dy=10 and Zx-2y=12
a2
() 3r—Sy-4=0 and 9r=2y+7 (iv) E+Ty=—lmdx—§:3
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2. Form the pair of linear cquations in the following problems, and find their solutions
(if they exist} by the elimination method :

i Ifweadd | tothe numerator and subtract | from the denominator, A fraction reduces
1
2

(if} Fiveyears ago, Nuri was thrice as old as Sonw, Ten vears later, Nun will be twice as
old as Somu. How old are Nuri and Senu?

to 1. It becomes — if we only add 1 to the denominator, What is the fraction”?

(it The sum of the digits of a two-digit number iz 9. Also, nine times this nunber is
rwice the number obtained by reversing the order of the digits. Find the number.

(v} Meena went 10 a bank to withdraw ¥ 2000, She asked the cashier to give her
750 and 100 nows only. Meena got 25 notes in all, Find how many notes of
F30and T 100 she received,

(v} A lending library has a fixed charge for the first three days and an additional charge
foreach day thereafter, Saritha paid ¥27 for a book kept for seven days. while Susy
paid ¥ 21 for the book she kept for five days. Find the fixed charge and the charge
for each exira day,

3.4.3 Cross - Multiplication Method

So far, you have learnt how to solve a pair of linear equations in two variables by
graphical, substitution and ehmination methods. Here, we introduce ome more algebraic
method to solve a pair of linear equations which for many reasons is a very useful
method of solving these equations. Before we proceed further, let us consider the
following situation.

The cost of 5 oranges and 3 apples is T 35 and the cost of 2 oranges and 4 apples
is T28. Let us find the cost of an orange and an apple.

Let us denote the cost of an orange by 7 x and the cost of an apple by #v. Then,
the equations formed are :

Sr+3y=135 ie,52+3y-35=0 (1)
2x+4y= 25 1e,2x4+dy-28=10 2}
Let us use the eliminaton method to solve these equations.
Multiply Equation (1) by 4 and Equation (2) by 3. We get
(D)5 + D3y + (4)-35 =0 (3)
(32 + (Dd)y + (3)(-28) = 0 (4)
Suobtracting Equation (4) from Equation (3), we get
[(5)(4) — (3N2)hx + T(4)(3) — (3N)]y + [4(-35) — (3N-28)] =0
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~[(4)-35) — (3)(-28)]

Therefore, - (5)(#) —(3N2)
28 = (4} (=35}

ie. = 5= )

{5H4) — (203}
If Equations (1) and (2) are written as ax+ &y +c¢ =0and ax+ by + ¢, =0,
then we have

a=5b=3¢=-35a,=20b=40¢=-28

Then Equation (5) can be written as x = Regebygy i
ab; — ayhy
Simi b S L |
imilarly, you can get y= ;15.2 - ali:;’
By simiplyfing Equation (5), we get
-84 + 140
= Tw-6
Similarly, _ 392 - ()28 -T0+140
206 14

Therefore, x =4, ¥ = 3 is the solution of the given pair of equations.

Then, the cost of an crange is ¥ 4 and that of an apple is T3,

Verification : Cost of 5 oranges + Cost of 3 apples = ¥ 20 + T 13 = T35, Cost of
2 oranges + Costof 4 apples = T8 + T20= T28,

Let us now see how this method works for any pair of linear equations in two

vartables of the form
ax+by+e =0 (1)

and ax+hby+e=10 2)
To obtain the values of x and y as shown above, we [ollow the [ollowing steps:

Step 1 : Multiply Equation (1} by b, and Equation (2 by b, to get
bax+bby+be =0 3
bax+bbyv+bec,=0 (4

Step 2 : Subiracting Equation (4) from (3), we gel:

(ba, - ba) x+(bb -bb,)y+ (be~-be)=0
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1€ (bya, - ba)x=be,— by,
- G —hg -. .
So, x= Bk cprovided a b —ab #0  (5)

Step 3 : Substituting this value of x in (1) or (2), we zet

6 — 64
y= o= : (6)
thby — aghy

Now, two cases arise |

b

Case 1: ab, —ab, #0.In this case N2 Then the pair of linear equations has
aunique solution, % b

Case 2 rahb, —ab =0 1t we write i:5=.ﬁ:jI;hfma,:.Fvcmt}_, b =kb,

L]
Substituting the values of a, and b, in the Equation (1), we get
kiax+by)+c =0 (7}
It can be observed that the Equations (7) and (2) can both be satisfied only if
c,=kc, ie. i O k.
7

Il ¢ = ke, any solution of Equation (2) will satisfy the Equation (1), and vice

versa. So, if 2L = b =51 =k, then there are infinitely many solutions to the pair of
o bog
linear equations given by (1) and (2),
If ¢, 2 k¢, then any solution of Equation (1) will not satisfy Equartion (2} and vice
versa. Therefore the pair has no solution,

We can summarise the discussion above for the pair of linear equations given by
(1) and (2} as [ollows:

(1) When 4 4 i , We get a unigque solution.
a &

a C . ; i
{ii) When =1 = 5 = —Ifthcre are imfinitely many solutions.
4, b,

{iii) When L B i , there is no solution.

o b oo
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Note that you can write the solution given by Equations (5) and (6) in the
following form :

x L 1
- (8}

by —bey gy —ce ab - @b

In remembering the above result, the following diagram may be helpful to

X W I
b I X GI X a.l X hl
bl “ 4, b]
The arrows between the two numbers indicate that they are to be multiplied and
the second product is to be subtracted from the first,
For solving a pair of lincar equations by this method, we will follow the following

BIEpS
Step 1 : Write the given equations in the form (1) and (2).

you :

Step 2 : Taking the help of the diagram above, write Equations as given in (8).

Step 3 : Find x and y, provided g b,—a,b # 0

Step 2 above gives you an indication of why this method is called the
cross-multiplication method.

Example 14 : From a bus stand in Bangalore , if we buy 2 tickets to Malleswaram and
3 tickets to Yeshwanthpur, the total costis T 46; but if we buy 3 tickeis to Malleswaram
and 5 tickets to Yeshwanthpur the total cost 18 ¥ 74. Find the fares from the bus stand
to Malleswaram, and to Yeshwanthpur.

Solution : Let ¥ x be the fare from the bus stand in Bangalore to Malleswaram, and
7 v to Yeshwanthpur. From the given information, we have

2x+ 3y=46, ie. x+3y-46=0 (1)
3x+5y=T4, 1e, Ix+5v-T74=0 (2)
To solve the equations by the cross-multiplication method, we draw the diagram as

given below. - ¥ |
3 — 46 2 3
5 X_ -?'4>< 3 X 5
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x v 1
Th = : — :
= @) (—74) - (5)(~46)  (<6)3) — (=142 (2)(5) - (3)3)
Le u = Y = l
ey ~222+230 —138+148 10-9
: L
18, g = lﬂ |
~ L i S
e, q 1 and 10 = 1
ie., x=8and y=10

Hence, the fare from the bus stand in Bangalore to Malleswaram is ¥ 8 and the fare to
Yeshwanthpuris ¥ 10,

Verification : You can check from the problem that the solution we have got is correct.
Example 15 : For which values of p does the pair of equations given below has unique
solution?

dy+py+8=10

x+2y+2=10
Solution : Hereg,=4.a,=2, b =p. b, = 2.

Now for the given pair to have a unigue solution : g
s -

4
Le., E = E
L p# 4.

Therefore, for all values of p, except 4, the given pair of equations will have a unique
solution,

Example 16 : For what values of k will the following pair of linear equations have
infinitely many solutions?
+3y-k-3)=0
1224 ky - k=0

k b 3 k=3
Solution : Here, e (PE S, PN, AL

For a pair of linear equations to have infinitely manv solutions :
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k 3 k=3
S0, we need 1—2' = Li:- = -_.R'_
k 3
o i
which gives 22=36,i.e. k==0,
3 k=3
Also, I = P

gives 3k = k* - 3k, i.e., 6k = ¥ which means k=0 or k=6.

Therefore, the value of &, thal satisfies both the conditions, is & = 6. For this value, the
pair of linear equations has infinitely many solutions.

EXERCISE 3.5

1. Which of the following pairs of lincar equations hag unique solution, no solution, or
infinitely manv solutions. In case there is a unique solation, find It by using cross
multiplication method.

() x=3y=3=0 {i) 2x+y=35
Ix-9y-2=0 I+ 2y=8

{iif) 3x—3y=20 vy x=3y-7=0
fx— |Oy=40 Ix-3v-15=0

2 (1) Forwhich valaes of & and b does the following pair of linsar eqaations have an
infinite number of solutions?

2x+ Iy=T
(a-Bx+{a+b)v=3a+b-2
{ii) For which value of k-will the following pair of linear equations have no solution?
Ix+v=1
(k- z+lk—1) p=2k+1

3. Solve the following pair of linear equations by the substitution and ¢ross-multiplication
methods ;

Rr+5y=9
3.I+l‘}l=4

4. Form the pair of linear cquations in the lollowing problems and find their solutions (if
they exist) by any algebraic method :
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i} A part of monthly hostel charges is fixed and the remaining depends on the
number of days ong has taken foad in the mess. When a student A takes food for
201 davs she has to pay ¥ 1000 as hostel charges whereas a student B, who takes
food for 26 days, pays T 1180 as hostel charges: Find the fixed chargss and the
cost of fond per day.

1 1
(i} A fracton becomes 3 when 1 is subtracted from the numerator and it becornes T

when 8 18 added 1o 115 denominator, Find the fraction,

(i} Yash scored 40 marks in a test, geiting 3 marks for each right answer and losing |
mark for each wrong answer, Had 4 marks been awarded for each correct answer
and 2 marks been deducted {or each incorrect answer, then Yash would have
scored 50 marks. How many questions were there in the test?

(v} Places Aand B are 100 kom apart on a highway. One car starts from A and another
from B at the same tine. If the cars travel in the same direction at different speeds.
they meet in 3 hours. If they trave] towards each other, they meet in 1 hour. What
are the speeds of the two cars?

(v} The arca of a rectangle gots reduced by 9 square units, if its length is reduced by
5 unils and breadth is increased by 3 units. If we increase the length by 3 units and
the breadth by 2 units, the arca incroases by 67 square units, Find the dimenzions
ol the rectangle.

3.5 Equations Reducible to a Pair of Linear Equations in Two Variables

In this section. we shall discuss the solution of such pairs of equations which are not
lingar but can be reduced o lingar form by making some suitable substitutions. We
now explain this process through some examples,

Example 17 : Solve the pair of equations:

+

e [ ong |

= 13

=_-32

Hlt |

Solution : Let us write the given pair of equations as
1 1

2(—]+ 3(—} = 13 (1)
X ¥
x v

(2)
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These equations are not in the form ax + by + ¢ = 0. However, il we substitute

i:z pand i =g in Equatons (1) and (2), we get
Ip+3g=13 (3)
Sp—-d4g=—212 (4)

S0, we have expressed the equations as a pair of linear equations. Now, you can use
any method to golve these equations, and get p=2, g = 3.

1 |
You know lhﬂ[p = ; andq= ;

Substitute the values of p and g to get

1
=2 ie,x=— and l S
a y g -

8 I : }
Verilication : By substituting xzsr and }*:i m the given equations, we find that
both the equations are satisfied.

Example 18 : Solve the following pair of equations by reducing them to a pair of
lincar equations :
5 1

PR A

r—1 y=-2
G 3

=1 =2

Il
b3

I I
Solution : Letusput - =7 and }1—2” =4, Then the given equations

5[_1_ s
=1 }r—lzz )

IEPERE

can be wrillen as : S5p+g=2 (3
6p—3g=1 (4
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Equations (3) and (4) form a pair of linear equations in lhri*: general fc}rm. Now,

you can use any method to solve these equations. We gel p= 3 and g = 3

Now, substifuting

for p, we have
x—

-1

b T -

&
=1
3

ie., . e, a=4,

Stmilarly, substituting —lz forq, we get
}] -

1 1
y-2 3
e, 3= v-2, ie, y=5
Hence, x =4, y =5 is the required solution of the given pair of equations.

Verification : Substitute x =4 and ¥ = 5 in (1) and (2) to check whether they arc
sausfied.

Example 19 : A boat goes 30 km
upstreamn and 44 km downsiream in
10 hours. In 13 hours, it can go
40 km upstream and 55 km
down-stream. Determine the speed
of the stream and that of the boat in
stll wazer.

Solution : Let the speed of the boat : : . —=Thel
in still water be x km/h and speed of  _ B o -
the stream be y km/h. Then the

speed of the boat downstream
= (x+ y) km/h,

and the speed of the boat upstream = {x — v} kin/h

distance
peed
In the first case, when the boat goes 30 kim upstream, let the time taken, in hour,
be ¢. Then

Alzo, time =
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Let 1, be the time, in hours, taken by the boat to go 44 km downstream. Then

I = 44 - The total Gme taken, 1, + 7., 18 10 hours. Therefore, we get the equation
x4+ ¥
30 44
— = 10 (1)
X—y x4+

In the second case, in 13 hours it can go 40 km upstream and 55 km downstream. We
get the equation

4
0 - 23 =15 (2)
X£—=F x4+ Y
L =u and =y
Put -y X%y (3}

On substituting these values in Equations (1) and (2). we get the pair of linear
equations:

30u+44v=10 or 30u+44v-10=0 (4)
4w+ 55v=13 or 40u+55v-13=0 (5)
Using Cross-multiplication method, we get
u Y 1
44(-13) ;ﬁﬁf—ll}ﬁ = 40(-10) -30(-13) 3 30(55) — 44(40)
. u v 1
ie.. 227 Z10 110
) 1 1
i€, w= 3 v=17
Now pul these values of u and v in Equations (3), we get
1 1 l 1
x—y:E Ll x+}':ﬁ
ie.. x—y=15and x+y=11 (6)
Adding these equations, we get
2= 16
ie. =8

Subtracting the equations in (6), we get
2y=1H
ie., y=3
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Hence, the speed of the boat in still water is 8 knn/h and the speed of the stream
18 3 kem/he

Verilication : Verify that the solution satisfies the conditions of the problem.

EXERCISE 3.6

1. Solve the following pairs of eqoations by reducing therm to a pair of linear equations:

1 I 2 3
—_— i — =T R ey |
] 2 Ay (u) J; J;
R I o =90 I
x 2y 6 oW fy
A _ N .
(it I+3}I_M (iv) = }'—2_*
5 G 3
== =2 — e — ]
T 4'}' - x—1 ¥ -2
Ta— 2y
W) oo T (vi) 6+ 3y="6ay
B's)
Bx + Ty
- =15 2+ dy="Sxy
1 ;
LI S TR SR SRS
Ity x-¥ 3x+y Bzx—y 4
55 _ ., 1 o =1
x+y x=% 23x+y) 2Bx-y) 8

2. Formulate the following problems as a pair of equations, and hence find their solutions:

(i} Rimecanrow downstream 20 km in 2 hours, and upstream 4 km in 2 hours, Find her
speed of rowing in still water and the speed of the cuurent.

(it 2 women and 5 men can together finish an embroidery work in 4 days, while 3
women and 6 men can finish it in 2 davs. Find the time taken by | woman alone w
finish the work, and also that taken by | man alome.

(iii} Roohi travels 300 km to her home parily by train and parily by bus. She takes 4
hours if she travels 60 km by train and the remaining by bus, If she vavels 100 kmn
by train and the remaining by bug, she takeg 10 minutes longer. Find the speed of
the train and the bus separately,
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EXERCISE 3.7 (Optional)#

1. The ages of two fniends Am and Biju ditfer by 3 years. Ani's father Dharam is twice as old
as Ani and Biju is twice as old as his sister Cathy. The ages of Cathy and Dharam differ
by 30 years. Find the ages of Ani and Bijo.

2. Omne says, "Give me a humdred, friend! T shall then become twice as rich as yoo™. The
other replies, “Tf you give me ten, T shall be six tines as rich as you™, Tell me what is the
amount of their (respective) capital? [From the Bijaganita of Bhaskara TT]

[Hint : £+ 100 =2{y— 100, y+ 10=06(x— 10},

3. A train covered a certain distance at-a umform speed, IF the train would have been
10 kkm/h faster, it would have taken 2 hours less than the scheduled time. And, if the rain
were slower by 10 lema/h; it would have taken 3 hours more than the scheduled time. Find
the distanco covered by the train.

4, The students of 4 class are made 1o stand 1 rows, I 3 stodents are extra in a row, there
would be | row less, If 3 students are less in a row, there would be 2 rows more. Find the
number of students in the class,

. InaAABC, £C=3/B=2 (£ A+ £ B) Findthe three angles.

. Draw the graphs of the equanons 3x — y = 3 and 3x = y= 3. Determine the co-ordinates of
the vertices of the triangle formed by these lincs and the y axis.

7. Solve the following pair of linear equations;

iy

(i) pxe+gy=p-g @y ax+by=c
gr-py=p+q bx+ay=1+¢c
£ ¥

(iii) ;—;=ﬂ (iv) (a—bic+(a+b) y=a* - 2ab—b
ax 4 by =0t 4+ bt (a+b)x+yi=p"+b

(v) 152¢—378y=-T4
_378x 4+ 152y =— 604

8. ABCD it a cyelic quadrilareral (see Fig. 3.7),
Find the angles of the evelic guadrilateral.

* These exercises are not from the examination point of view,
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3.6 Summary

In lig chapter, you have stuched the following points:

1. Two linear equations in the same two variableg are called a pair of linear equations in two
variables. The most general form of a pair of limear equations is
ax+by+e,=0
ax+by+c,=0
where @, a,, b, b, ¢, ¢, are real nuwbers, such that af + E:,l =0, ﬂ§ +F bf # [,
2. A pair of linear equations in two variables can be represented, and solved, by the:
i1}y graphical method
(it} algeiraic method
3. Grophical Medhod ;
The graph of a par of linear cquations in two variables 18 represented by two lines.
(i} Tf the lines intersect af & peini, then that peini gives the unique solution of the two
equations. In this case, the pair of equations is consistent.

(ii} If the lines coincide. then there are infinitely many solutions — each point on the
ling being a solution. Tn this case, the pair of eguations is dependent (consistent).

(i} 1f the lines arc parallel, then the pair of cquations haz no solution. In thiz case, the
pair of equations 1s inconsistent,

4. Algebraic Methods : We have discussed the following methods for finding the solution(s}
of a pair of linear equationg :

(i} Substitution Method
(it Eliminaton Method
(iii} Cross-roaltplication Method

5. Ifapair of linear equations is given by ax + by + ¢, =0and ax+ by +¢, =0, then the
following situations can arise

{ 4 22 o this case, the pair of linsar equalions is consistent.

a b
o & B G : : : £ @ :
p —= b: #— . In this case. the pair of linear equations is inconsistent,
€y
O ; R : ; .
iy —= E = f:— : In this case. the pair of linear equations is dependent and consistent.
3 z

6. There are several situations which can be mathematically represented by two equations
that are not Tingar to start with, But we alter them so that they are reduced to a pair of
lingar equations,



