Definition 1:

An ellipse is the locus of a point which moves in a plane
such that the sum of its distances from two fixed points is
always constant and the constant is greater than the distance
between the fixed points.

AT
\i

Fig. 19.1

(i) Two fixed points are called the foci of the ellipse.
(i) Mid-point of the line joining the foci is called the
centre of the ellipse.
(iii)) The line segment through the foci of the ellipse is
called the major axis of the ellipse.
(iv) The line segment through the centre and perpendicular
to the major axis is called the minor axis of the ellipse.
(v) The end points of the major axis are called the vertices
of the ellipse.
(vi) A line segment through a focus perpendicular to the
major axis is called a Latus rectum of the ellipse.

(vii) Major axis and minor axis are called the principal
axis of the ellipse.

Standard Equation of the Ellipse

Let F| (- ¢, 0) and F, (¢, 0) be the foci of the ellipse. Then
0 (0, 0), the mid-point of F; F), is the centre of the ellipse.

Let P (x, y) be any point on the ellipse. Then by definition
PF,| + PF, = 2a (constant)

= \/(x+c)2 +y2 +\/(x—c)2 +y2 =2a. 2a>2c)
Also [(x + ¢)* + ¥*] = [(x — ©)* + y*] = 4ex.

= \/(x+c)2+y2 —\/(x—c)2+y2 = 2— =

2
=>(x—C)2+y2=("_Ej
a
2 2
:>x_2+ 2y 2 =1
a a -c
2 2
Let a® — ¢* = b?, then locus of P(x, y) is _2+b_2 =1
a

where a > b > 0.

Definition 2:

An ellipse is the locus of a point which moves in a plane in
such a way that the ratio of its distance from a fixed point in
the plane to its distance from a fixed line in the plane (not
passing through fixed point) is a constant and equal to e,
where O < e < 1.
(i) Fixed point is called a focus of the ellipse.
(i1) Fixed line is called a directrix of the ellipse.
(iii) The constant ratio e is called the eccentricity of the

ellipse.
Standard Equation of an Ellipse referred to its principle
2 2
axes along the coordinate axes is — + Z—z =1,
a
P =a (1-é)
Y A
B|(0,-b)
’ _\L P
M oM
/ S'(~ae, 0) S am
VG t o0 ) > X
C(,
(-a,0) ©.0 /a,o)
—7/
B(0,-b)
x=—ale | x=ale

Ellipse (e, —b)

Fig. 19.2
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Let P (x, y) be any point on the ellipse.

S = (ae, 0) be a focus and x = a be a directrix.
e

Then according to the definition
2
(x— ae)2 +y2 =¢ (g—x)
e

x2 y2

a* " a* (1- ez)
Sincee< 1,1 —¢*>0so let @ (1- ez) = b*and the required
equation is
2 2
x—z + y_2 =1
a b
In the figure
(1) A’ A is the major axis of the ellipse along x-axis of
length 2a; A(a, 0), A" (—a, 0) are the vertices of the
ellipse;
(i) BB’ is the minor axis of the ellipse along y-axis of
length 25b.

(>iii)) 0(0, 0) is the centre of the ellipse.

2 2

(iv) e= is the eccentricity of the ellipse.

2
a

From symmetry we observe that if

—-a .
S’ = (- ae, 0) be taken as a focus and x = — is taken as
e

a directrix, same ellipse is described. So
(v) S’ (—ae,0)and S (ae, 0) are the two foci of the ellipse.
(vi) x = - and x = a are the two directrices of the
e e
ellipse.
(vil) x =t ge are the two latera recta of the ellipse.
(viii) Latus rectum x = age meets the ellipse at point

b . 2b?
ae,x— |, so length of each latus rectum is —.
a a

| Illustration | 1 E

Find the length and equations of the latera recta of the ellipse
2 2

X_+y_ =1
36 25
2 )2
Solution: Let the equation of the ellipse be _2+b_2 =1,
a
where =36, =25 = =1 2> = 11
36 36

Equations of latera recta are x = * ae

I

=S>x=x6x — =%

2
and length of each latus rectum = & = 2X25

a 6

= é units.

Illustration | 2 E

Find the centre, foci, the length of the axis, eccentricity and

the equation of the directrices of the ellipse.
9x* +16y* — 18x + 32y — 119=0
Solution: The equation of the ellipse can be written as
9x—1%+16 (y+1)* =144
2 2
L G o)
16 9
x>y
Which can be written as 7 + ?
where X=x—-1,Y=y+1,a=4,b=3.
centreis X=0, Y=01.e.(1,-1)

2
fociare X=tae, Y=0=>x—1=14 1/1—b—2 =7
a

—x=1%£+7;y=-1

Length of the major axis =2a =8
Length of the minor axis =2b=16.

V7

b2
eccentricity = 1__2 =X
a 4

=1

Equations of the directrices are X =+

Q|

| +4><4 1+16
Sx-l=t —F= =x=1% =
* N J7

Illustration | 3 E

. . . S|
Find the equation of the ellipse whose eccentricity is > a

focus is (2, 3) and a directrix is x = 7. Find the length of the

major and minor axes of the ellipse.
Solution: Equation of the ellipse by definition is

(x72>2+(yfs)2=% (72

=37+ 4y —2x—24y+3=0
which can be written as

2
1 1 100
3(x——) +4(y-3y=3x - +4x9-3=—
3 0-3) 5 3
(3]
3) (-3
or @ + @ =1
9 12



So length of the major axis = 2 % = ? .
Length of the minor axis =2 100 _ 20 = 10 .
12 23 3

Some Properties and Standard Results for the

x2 yZ
Ellipse -+ =1
ipse 7+

1. The parametric equations of the ellipse or the
coordinates of any point on the ellipse are x = a cos 6,
y = b sin 6. The point is denoted by “6”. 0 is called
the eccentric angle of the point.

2. An equation of the tangent at the above point “0” is

X . , . xx’ ’
L cos 0+ 2 sin@=1 and at (x",)") is —2+% =1.
a b a b
Ilustration | 4 E
2 yz
Find an equation of the tangent to the ellipse — +4—9 =

at the point P whose eccentric angle is 7/6. Also find the
coordinates of P,

Solution: Coordinates of P are (900S%,7Sin%) =

93 7
272
An equation of the tangent at P to the ellipse is
fcos£+1sinz =1
9 6 7
3y oy
5 —+—=1= + 9y =126.
9%2 T2 T3+

3. An equation of the normal at P(6) is

ax__ by =a? - b?

cos@ sin@
and at (x’, ") is

x—x’ _ y=y
x'la* = y'Ib?

| Illustration | 5 E

2 2
53x + 7y =70 is a tangent to the ellipse %+J2}— =1at
5

the point P. Find the coordinates of P and the equation of the
normal at P.

Solution: Let the coordinates of P be (7 cos 6, 5 sin 6)
Equation of the tangent at P is

Ellipse 19.3

X cos0+Lsing =1 (D
7 5

Given equation can be written as

o3y @
14 10

Comparing (1) and (2) we get

3

cos 0= — ,sin 6= l = 0=130°
2 2

73 5]

So the coordinates of P are ( ) ’5

Equation of the normal at P is

xSy

cos@ sinf

= 14x—10/3 y= 3

4. The condition that the line y = mx + ¢ is a tangent
to the ellipse is ¢* = a’m® + b*. So equation of any
tangent to the ellipse (not parallel to y-axis) can be

written as y = mx £  ¢%m? + b2

| Illustration | 6 E

If y=mx + 5 is a tangent to the ellipse 4x” + 25y = 100, then
find the value of 100m”.

Solution: Equation of the ellipse is

2 2
X_+ y_ =1
25 4
If y = mx + 5 touches the ellipse.
Then (5)* =25 m? + 4 = 25m* =21
= 100 m* = 84.

5. An equation of the chord of contact of the point (x’, ")

joining the points of contact of the tangents drawn
from (x’, ") to the ellipse is

Q This equation is same as the tangent at (x, y’) to the ellipse.
When P (x, y’) lies on the ellipse the two points of contact
coincide with P and the tangent at P and the chord of contact
of P are same).

6. An equation of the chord of the ellipse whose mid-
point is (x’, y") is T= S, where
xx/ yyr ’2 ’2

T + land§'= —+2— =1
—+= _—land &= — =1.
. a’ b?
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. An equation of pair of tangents from a point P(x’, y")

outside the ellipse to the ellipse is S’ = T2,
2 2
Xy

S=—+— -1
2 B

Illustration | 7 E

8.

Find the equation of the chord of contact of the point (3, 1) to
the ellipse x* + 9y* = 9. Also find the mid-point of this chord
of contact.
Solution: Equation of the ellipse is
2 2
r LY oo
1

Equation of the chord of contact of (3, 1) is

@+@ =l=>x+3y=3

@)
9 1
If (h, k) is the mid-point of this chord, then its equation is
2 2
E+Q71=h—+k—71 2)
9 1 9 1
From (1) and (2) we get
h _ 9% _ W +9%
1 3 3
—h=3 k=1L
2 2

31
So the mid point of the chord of contact is (E,Ej .

Director circle of the ellipse is the locus of the
point of intersection of the tangents to the ellipse
which intersect at right angles and its equation is
x2+y2:a2+b2.

So a pair of tangent draw from any point on the
director circle to the ellipse are at right angles.

Auxiliary circle of the ellipse is the circle on the
major-axis as a diameter and its equation is x> + °
= g% If P is a point on the ellipse and Q is a point on
the auxiliary circle such that O lies on the ordinate
produced of the point P. If C is the centre of the
ellipse and CA is the semi-major axis of the ellipse
then ACQ = Ois called the eccentric angle of the point
P and the coordinate of P are (a cos 6, b sin ). Also
PO =(a—-b)sin 6.

P
CIA0 A

N

Fig. 19.3

| Ilustration | 8 E

10.

Find the equation of the ellipse whose auxiliary circle is the

2 yZ

director circle of the ellipse ;C_6 + ) =1 and the length of a
latus rectum is 2 units.
Solution: Equation of the director circle of the ellipse is
X +y?=36+13=49.
2 2

So if the required equation of the ellipse is —2+? =1,
a
then auxiliary circleis ¥’ + )’ =a* =49 = a* =49 = a="7.

2
Also length of a latus rectum = — =2

a
=b=a=7
and the required equation is

2 2
XY o=

49 7

A diameter of an ellipse is the locus of the mid points
of a system of parallel chords of the ellipse and its
equation is

where m is the slope of the parallel chords of the
ellipse which are bisected by it. This is a line through
the centre of the ellipse. Two diameters of an ellipse
are said to be conjugate when each bisects that chords
parallel to the others. Thus two diameters y = mx and

, . . b
y = m'x of the ellipse are conjugate if mm’ = — a_2 .
Ilustration | 9 ¢
2 2
Find the equation of the diameters of the ellipse — + 2=

11.

12.

bisecting the chords parallel to the line y = x — 1. Also find
the equation of the conjugate diameter bisecting the chords
parallel of this diameter.

Solution: Slope of the given line is m = 1.

So equation of the diameter bisecting the chords with slope 1

. 16 . .
isy= Y x = 4x + 9y =0. Slope of the conjugate diameter

is m” such that — E m =— E = m’ =1 and the required

36 36

equation of the conjugate diameter is y = x.

’

The tangent and normal at any point of an ellipse
bisect the angle between the focal radii to that point.
The locus of the feet of the perpendiculars from the
foci on any tangent to an ellipse is the auxiliary circle.



13. If W, W’ are the feet of the perpendiculars from the
foci S and S’ respectively on the tangent at any point
P of an ellipse with centre C, then CW is parallel to
S’P and CW is parallel to SP.

® Example 1: Equation of a directrix of the ellipse

x2 y2
—+— =1is
36 4
(a) 9x—8=0 () 8x-9=0
©) V2x+9=0 @ x+92 =0
Ans. (c)

Solution: Leta’ = 36, b* =4 then if e is the eccentricity
of the ellipse

Equation of the directrices are

_+a_ 6x3 9
yNING)
J2x £9=0

® Example 2: The locus of a point whose distance from
the point (3, 0) is 3/5 times its distance from the line x = p is
an ellipse with centre at the origin. The value of p is

(@) 5 (b) 7
25 25
c) — d) —
(c) 3 (d) 9
Ans. (¢)
© Solution: Let the equation of the ellipse be = + y—2 =
a b
1 where e = % is the eccentricity Focus is (3, 0) = (ae, 0)
=a=5
Equation of the directrix is x = - 53L5 = ? which

issameasx=p:>p=?.

@® Example 3: An equation of the ellipse whose length of
the major axis is 10 and foci are (£ 2, 0) is

Ellipse 19.5

14. If the normal at any point P of the ellipse x*/a* + y*/
b* = 1 meet the major and minor axes in G and g
respectively and CF' is perpendicular from the centre
C on the normal then

PF .PG=0b*and PF. Pg=d*

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

2 yz 2P
—+— =1 b) —+— =1
(@) 25 21 ®) 25 4
2 2 22
x° 0y y
c) —+— =1 —+=—
(©) 16 @ 29 25
Ans. (a)
P
© Solution: Let the equation of the ellipse be — +-5 o2
a

=1
where 2a=10=a=5

ae=2=e=

W | N

4
2_ 21 AN 1-— | =
b*=a (1-¢€) 25( 25) 21
Required equation of the ellipse is

2 2
X
LA

25 21

@® Example4: If F,=(3,0), F,=(-3,0) and P is any point
on the curve 16x* + 25y* = 400, then P F, + P F, equals

(a) 8 (b) 6
(c) 10 (@ 12
Ans. (c)
22
© Solution: Equation of the curve is — + 6 =1
25-1
Here =25 1P=16= 2109
25 5
. 3
Fociare | 5><§,0 =(3,0)
= F,, F, are the foci of the ellipse.
So P F, + PF, = e x distance between the directrices

= exz_a =2a=10
e
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® Example 5: Equation of a common tangent to the circle
2 2

X+ y2 = 16, parabola X = y — 4 and the ellipse % + i}— =

0is

(a) x=4 b)x=-4
(c)y=4 dy=5
Ans. (¢)

Solution: From the figure we find y = 4 is a common
tangent to the three curves.

A

& J Parabola

4

Circle Ellipse

Fig. 19.4

® Example 6: If y = x + ¢ is a normal to the ellipse

2 2
AT 1, then ¢? is equal to

9 4

13 25

(a) —= (b) =

25 13

25 13

(c) = (d) —

9 4
Ans. (b)

Solution: Any point on the ellipse is P (3 cos 6, 2 sin 6)
equation of the normal at P is

3.xsec @—2.ycosec 0=9—-4

Comparing it with y = x + ¢, we get

| 1 _ ¢
3sec®  2cosecH 5
= cos@=_—3c,sin9=_—2c.
5 5
= 9¢% +4¢* =25 as cos® O+ sin? 6= 1
2= 25

13
® Example 7: If F| (- 3,4) and F, (2, 5) are the foci of an

ellipse passing through the origin, then the eccentricity of
the ellipse is

5+26 5+29
J26 J29

d T

© 5++29 @

Ans. (¢)

Solution: If 2a is the length of the major axis and e is
the eccentricity of the ellipse
then F, F,=2ae

= \/7 = 2ae (D

Also OF | + OF, = 2a, O being the origin.
(As O lies on the ellipse)

= 25+29 =2a )
From (1) and (2)
R
© 5+429

2 2 2 2
® Example 8: E,: LA and E,: T
81 »? p* 49

two ellipses having the same eccentricity if 5% is equal to

(a) 32 (b) 63
(c) 65 (d) 64
Ans. (b)

2 2
Solution: We have 81-b" _ -4

B2
= b*=49x 81 = b*=63.
@® Example 9: If the normal at any point P on the ellipse
2 2
X Y =1 meets the major axis at G, and the minor axis
64 36
at G, then the ratio of PG, and PG, is equal to
() 6:8 (b) 8:6
(©)9:16 (d)16:9
Ans. (c)

Solution: Equation of the normal at P(8 cos 6, 6 sin 6)
is 8x sec O — 6y cosec =64 — 36 = 28.

So G, is (%COS0,0J and G, is (O,%sinej
2 28Y 2 )
(PG = 8—§ cos” 6+ 36 sin” 0

_ 36 (36 cos® 6+ 64 sin® 0)
64

2
28
(PG,)* = 64 cos” 6+ (6 + Z) sin” @

64 .
= % (36 cos® 6+ 64 sin® 6)

9
f —_— .
PG, 6 16

2
(PGIJ zﬁxﬁ PGlzﬁ
PG, 64" 64



4 3
® Example 10: The tangent at the point P (—,—) to
P g p \/E \/E

the ellipse 9x* + 16)* = 144 meets the axis of x at 4 and the
axis of y at B. If C is the centre of the ellipse, then area of the
A ABC is (in sq. units)

(a) 12 (b) 16
©9 (d) 24
Ans. (a)
X2 2
Solution: Ellipse is ~—+2— = 1.
16 9
Equati f the t ttP(4 3)'
uation o € tangent a == |18
q g NoND
x4 y-3

+

L A |
1682 92
coordinate of A are (4x/§ ,0)

and of B are (O,3x/§)
Cis (0,0)
1
Area of the triangle ABC = > X42x32 =12 Sq. units

® Example 11: A point on the ellipse 4x*> + 9y* = 36.
Where the normal is parallel to the line 4x — 2y — 5 = 0 is:

9 8 8 9

(a) [g,gj (b) [ga—gj
9 8 89

(© (—gag) (d) (g,gj

Ans. (a)
Solution: Slope of the normal is 2, so slope of the tan-
. 1
entis— —.
g 2
. . 1 [ 1
Equation of the tangent is y = —Ex +,./9x% " +4
= x+2y=%5 €]

If it touches at (x;, ), then equation of the tangent at
(x}, ) to the ellipse is

il WA 2)
9 4
Comparing (1) and (2) we get
H_on 4l
9 8 5

= (X,

I
VR
W | \©
W | oo
N——

Ellipse 19.7

® Example 12: The equation of the parabola whose vertex
2 2

is at the centre of the ellipse X 42 1 and the focus

coincide with the focus of the ellipse on the positive side of
the major axis of the ellipse is

(a) y° =3x (b) ¥ = 4x
(c) y* =5x ) y*=12x
Ans. (d)

Solution: Centre of the ellipse is the origin and focus
is (ae, 0) = ( a* — b? ,0) = (3, 0). Required equation of the

parabola is
y2=4><3xﬁy2= 12x.

2 2
@® Example 13: Consider the ellipses E|: % + y? =1and

2 2
E,: x? + % = 1. Both the ellipses have
(a) the same foci (b) same major axis

(c) the same minor axis (d) the same eccentricity
Ans. (d)

Solution: Major axis and minor axis of E; are respec-
tively the minor axis and major axis of E,

2 3
Xy
5 9
A
2 2
El > L + L = 1
9 5
EZ
Fig. 19.5
Foci of £/ are (+2, 0)
Foci of E, are (0, +2)
- /9 -5 2
Eccentricity of both= | — = —
9 3
2 2

® Example 14: If the area of the ellipse x_2+y_2 =1is

a b

4, then the maximum area of a rectangle inscribed in the
ellipse in sq. units is

(a) 4 (b) 8
(c) 16 (d) 32
Ans. (b)

Solution: Area of the ellipse
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4_[2 a® —x*dx
0d

b

a4 a* —x*dx
[4V

= é (Area of the circle of radius a)
a

L Y - 47 (given)
a
=ab=4

B(0, b)

\ 0

a cos 6, b sin 6)

/

Fig. 19.6

A(a, 0)

Area of a rectangle inscribed in the ellipse is
4a cos O x b sin 0= 2ab sin 2 6 which is maximum when
sin2 =1

® Example 16: The eccentricity of an ellipse with its
centre at the origin is %2. If one of the directrix is x = 4, then
the equation of the ellipse is
(a) 4% + 3y’ =12
(©) 3 +4y° =1
Ans. (b)

Solution: Let the equation of the ellipse be

(b) 3x° +4y* =12
d) 4x*> +3y° =1

2 2 2_p2

XY
— +~— =1then =
a b 2

and directrixx=ale=4 = a =2, b =3
and the ellipse is x*/4 +1%/3 =1

® Example 17: In an ellipse, the distance between the foci
is 6 and minor axis is 8, then the eccentricity is

(a) 1+/5 (b) 3/5
(c) 172 (d) 4/5
Ans. (b)

2 2
Solution: Let the equation of the ellipse be x_2 + Z—2 =1
a

where b = 4.

Hence the maximum area of the rectangle is 2ab = 8
(sq. units)
® Example 15: Equation of a circle described on the Latus

2 2

rectum of the ellipse ;— +2_ =1 as a diameter with centre

on the + ve x-axis is

(a) 25x° +25y* - 150y =31 =0

(b) 25x> + 25y — 150x + 31 =0

(c) 25x% +25y* - 150x - 31 =0

(d) 25x* +25y* = 150y + 31 =0
Ans. (c)
Solution: Coordinates of the centre which is the focus
of the ellipse on the +ve x-axis is (v25—-16,0) i.e (3, 0) and
radius of the circle is equal to the length of the semi-latus

rectum i.e. 10 So the required equation of the circle is

) o (16Y
(x=3)"+y —(5)

or 25x% + 25y - 150x =31 =0

LEVEL 1
Straight Objective Type Questions

If e is the eccentricity then 2ae = 6
= a’e* =9
Sd-b=9=d =25
=a=5and e=3/5

® Example 18: The locus of the point of intersection of
the tangents to the ellipse x*/a* + y*/b* = 1 which are at right
angles is
(a) acircle
(c) an ellipse
Ans. (a)

Solution: Equation of the tangent to the given ellipse
with slope m is

y=mx+ Ja*m® + b ey

and the equation of tangent perpendicular to (1) is

my +x = \a* +b*m* 2)

Squaring and adding (1) and (2) to eliminate m, we get
(yfmx)z+(my+x)2=a2m2+b2+a2+ b* m?

= o7 407 (L+m?) = (@ + %) (1 +m?)

N 2y =dt+ b

which is a circle.

(b) a parabola
(d) a hyperbola



Q The circle x* + y* = a* + b? is called the Director Circle of
the ellipse la® + yz/b2 = 1, whose centre is at the centre of
the ellipse and whose radius is equal to the length of the line
joining the end points of the major axis minor axis of the
ellipse.

® Example 19: The normal at an end of a latus rectum
of the ellipse la® + y2/b2 = 1 passes through an end of the
minor axis if
() ' +e’=1
(c)+e=1
Ans. (a)

b) E+e2=1
(d) Sre=1

Solution: Letan end of alatus rectum be (ae, 1-e? ) ,

then the equation of the normal at this end is
X—ae y—byl-é?
aela® ~ b N _ /b2
It will pass through the end (0, — b) if
2 [ 2
_b (1+ 1_€ ) b2 '1—62

—-a = or — =

1-¢ A N
or (1-¢% [1+\/1—e2} = -2

or \]—e2 +1-€’=lore*+e°=1.

® Example 20: The locus of the middle points of the
portions of the tangents of the ellipse x*/a*> + y*/b* = 1
included between the axis is the curve.

(a) Xa* + P =4 (b) x> + b =4

() ¥ +b*y' =4 )bV +d>y =4

Ans. (b)

Solution: Equation of a tangent to the ellipse can be

written as Ec0s9 +% sin 8= 1 which meets the axes at 4
a

(a/cos 6, 0) and B (0, b/sin 0). If (4, k) is the middle point
of AB, then
h=al/2 cos 0, k=5b/2sin
Eliminating 6 we get (a/2h)* + (b/2k)* = 1
= locus of P (h, k) is /x> + b*/y* = 4.

® Example 21: In a model, it is shown that an arc of a
bridge in semi-elliptical with major axis horizontal. If the
length of the base is 9 m and the highest part of the bridge is
3 m from the horizontal; the best approximation of the height
of the arch at 2 m from the centre of the base is

(a) 11/4m (b) 8/3m

() 712 m (d)2m

Ellipse 19.9

Ans. (b)
Solution: Let the equation of the semi elliptical arc be
Pla* + bt =1 (y > 0).
Length of the major axis =2a=9 = a=9/2
Length of the semi minor axis = b = 3.
2 2

So the equation of the arc becomes Tl + % =1
1
If x =2 then ) = % Sy= 3 65 = § approximately.

® Example 22: The locus of the foot of the perpendicular
drawn from the centre to any tangent to the ellipse
Xla® +yb* = 11is
(a) acircle
(c) a hyperbola
Ans. (d)

Solution: Equation of any tangent to the ellipse is
y=mx+ \a*m® +b* (D

Equation of the line through the centre (0, 0) perpendicular
to (1) is

(b) an ellipse
(d) none of these

y=(-1/m)x 2)
Eliminating m from (1) and (2) we get the required locus of
the foot of the perpendicular

2 2
as y:—x—+ azx—2+b2
y y

or %+ yz)2 =a’x* + b2y2.
which does not represent a circle, an ellipses or a hyperbola.

® Example 23: Sum of the focal distance of any point on
the ellipse x*/a” + y*/b> = 1 is equal to the length of the

(a) major axis (b) minor axis

(c) latus rectum (d) none of these
Ans. (a)

Solution: If P be any point on the ellipse, then distance
of P from a focus is e times its distance from the correspond-
ing directrix (by definition of ellipse). So that the sum of the
focal distance is equal to e times the distance between the
two directrices of the ellipse, x = ta/e. Hence the required
distance = e X 2a/e = 2a = the length of the major axis of
the ellipse.

® Example 24: The line passing through the extremity A
of major axis and extremity B of the minor axes of the ellipse
X’ + 16y2 = 144 meets the circle x> + y2 = 16 at the point
P. Then the area of the triangle OAP, O being the origin (in
square units) is

(a) 96/25 (b) 192/25
(c) 48/25 (d) 96/50
Ans. (b)
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Solution: Coordinates of A are (4, 0) and of B are (0, 3).

So the equation of AB is %-k% = 1. Which meets the circle

X+ y2 = 16 at points whose y coordinate is given by

2
yz + (—12_4y) =16
3
= y=0ory=96/25
y = 0 corresponds to the point 4.

So the y-coordinate of P is 96/25
Area of the triangle OAP

= (1/2) OA x (y-coordinate of P)

= (1/2) x 4 x (96/25)

= 192/25.

® Example 25: The ellipse X+ 4y2 = 4 is inscribed in a
rectangle aligned with the coordinate axes, which in turn
is inscribed in another ellipse that passes through the point
(4, 0). Then equation of the ellipse is

(a) 4x° + 48y> = 48 (b) 4x* + 6y = 48

(c) ¥ + 16y =16 @) x> +12y* =16
Ans. (d)

Solution: Let the equation of the required ellipse by
la* + )12/192 =1

N
NS

Fig. 19.7

It passes through (4, 0) and (2, 1) as OB =1 and OA =2 are
respectively the lengths of the semi-minor axis and semi-
major axis of the given ellipse, coordinates of P are (2, 1)

16 4 1
So, a—2=1anda—2+b—2=l
= a* =16 and b* = 4/3.
and the required equation is
%'f‘ % =1

= x*+12)°=16.

@® Example 26: A parabola has its latus rectum along PQ,

where P(x,, y,;) and Q(x,, y,), ¥; > 0, y, > 0 are the end points
2 2

of the latus rectums of the ellipse % + yT = 1. Coordinates

of the focus of the parabola are

(a) (0,-1/2)
(©) (0, 1/2)
Ans. (¢)

(b) (0,0)
(d) 0, 1)

O(—3,1/2)

o

Solution: Eccentricity of the ellipse is

~ |

Fig. 19.8

2 a2_b2 4—1 3
e = P = =
a 4 4

= e=3/2
= coordinates of the foci of the ellipse are

(2 x~/3/2,0) = (+4/3,0)
. . 2x1
Length of the latus rectum of the ellipse is N =1. So

the coordinates of P are (\/§ ,1/2) and of Q are (_\/5 ,172).
Focus of the parabola is the mid point of PQ i.e., (0, 1/2)

BB v
[

O There are two such parabola.

@® Example 27: Tangents are drawn from the point P(3, 4)

e

to the ellipse %+T = 1 touching the ellipse at point A
and B. The equation of the locus of the point whose distances
from the point P and the line AB are equal is

(a) 9x* +y? — 6xy — 54x — 62y + 241 =0

() x> +9y? + 6xy — 54x + 62y — 241 =0

(c) 9x* + 9y — 6xy — 54x — 62y — 241 =0

(d) X +y —2xy+27x+31y-120=0
Ans. (a)

Solution: AB being the chord of contact of the ellipse
from P(3, 4) has its equation.

3_x+4_y =1=x+3y=3

If (4, k) is any point on the locus, then

Jh=3)? + (k-4 =

h+3k—3‘

J1+9



= 10(h* +k* - 6h— 8k +25)=(h+3k—3)?
Locus of (h, k) is
Ox? + y* — 6xy — 54x — 62y + 241 =0

@® Example 28: Equation of the ellipse whose axes are the
axes of coordinates, which passes through the point (- 3, 1)
and has eccentricity /2/5 is

(@) 5x° +3y°=32=0
(c) 5x* +3y*-48=0

(b) 3x* + 5y =32=0
(d) 3x° +5y°-15=0

Ans. (b)
Solution: Let the equation of the ellipse be
2 2
L
a b

We have b” = a” (1 - €*) = @ (1 - 2/5) = 3a°/5
Since it passes through the point (- 3, 1)

i+i =1 = i+i =1
at b a* 3d®
= a?=9+5/3=32/3. = b*=32/5
So the required equation is
2 2
x

323 32/5 1or3x”+5y" =32

® Example 29: An ellipse is drawn by taking a diameter
of the circle (x — 1)2 + y2 = 1 as its semi-minor axis and a
diameter of circle x* + (y — 2)* = 4 as its semi-major axis. If
the centre of the ellipse is at the origin and its axes are the
coordinate axes, then the equation of the ellipse is

(a) 4> +y* =8 (b) X* +4y* =16

(c) 4x* +y* =4 ) x> +4y*=38
Ans. (b)

Solution: Diameter of (x— 1)> +)*=1is2x1=2=5
and of x> + (y—2)*=4is2x2=4=gq
So the required equation of the ellipse is

2 2
X
W+()2)7 =1l=x*+47°=16

2 2
@® Example 30: The ellipse E,: % + yT = 1 is inscribed

in a rectangle R whose sides are parallel to the coordinate
axes. Another ellipse E, passing through the point (0, 4)
circumscribes the rectangle R. The eccentricity of the ellipse
E,is

(a) 2/2 (b) /3/2
(c) 172 (d) 3/4
Ans. (c)

2 2
Solution: Let the required ellipse be x_2 + Z—z =1 since
a

it passes through (0, 4) = b* = 16.

Ellipse 19.11

It also passes through the point (3, 2)

9 4
= S+—=1
a- 16

=d*=12

2 2

Equation of the ellipse is T— +2 =1

2 16
. L a’ 3 1
So eccentricity of the ellipse is 4|1 - =i 1- i

Note Fig ia Similar to the Fig of Example 25.

® Example 31: A rod of length 12 cm moves with its ends
always touching the coordinate axes. The locus of a point P
on the rod, which is 3 cm from the end in contact with x-axis
is an ellipse whose eccentricity is:

@ 2 ® Y2
3 3
© 22 @ 2B

3 2
Ans. (c)
Y
B
0 P(x, y)
o Rol A
P
Fig. 19.9

Solution: Let AB be the rod making an angle 6 with
x-axis and P(x, y) be any point on the rod such that AP =3 cm.
= PB=AB—-AP=12-3=9 cm.

g T2 _ X
I
. PR _y
sin 6= A3
22
so eliminating 6 we get the required locus as §+% =1
which is an ellipse with eccentricity % = ¥ .

® Example 32: Eccentricity of the ellipse whose latus
rectum is half of its major axis is:

1 1
- b) ——
@ > 0 5
© 2 @ 1
3 3
Ans. (b)
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2 2
Solution: Let the equation of the ellipse be x_2 + )b}_z =1.
a

2
Length of the latus rectum = 26" a, half of major axis

® Example 33: If the equation 5[(x — 2)* + ¢y — 3)*]
=(A*~2A+1) (2x +y— 1)* represents an ellipse then

(a) Ae (0,2) (b) Ae (-1, 1)
(c) A€ (0,2) - {1} (d) Ae (- 1,1)- {0}
Ans. (c)

Solution: Given equation represents an ellipse with ec-

centricity \JA2 —21+1 =¢
Since 0 <e<1

= 0<|A-1]<1
= Ae (0,2) ~ {1}

® Example 34: If the line Ix + my + n = 0 cuts the ellipse
2 2

— + =5 at points whose eccentric angles differ by r , then
a b 2

P12+ b2
the value of 3 is equal to
n
(a) 1 (b) 2
1 3
(© = (d =.
2 2
Ans. (b)

Solution: Let the line meet the ellipse at P(a cos 6,

b sin ) and Q(a cos (5 + 9) ), b sin (E+ 9). Since they

lie on the line Ix + my + n=10
lacos 0+ mbsin 0+n=0
and—/asin@+mbcos 0+n=0
Eliminating 6 by squaring and adding we get
AP+ bm? = 2n*
272, 22 2
a’l +2b mo_,
n

® Example 35: An ellipse has OB as semi minor axis
F and F’ its foci and the angle FBF’ is a right angle. The
eccentricity of the ellipse is

1 1
- b) —
(3)4 ()\/5
1 1
— d) =
(C)ﬁ ()2

Ans. (¢)

2 2
Solution: Let the equation of the ellipse be x_2 + Z—z =1
a

F(ae, 0), F’ (—ae, 0)
BF is perpendicular to BF’

B(0, b)

(~ae, O)& y (ae, 0)

Fig. 19.10

b b
= —x— =—1= b =d%*
—ae ae

2 2N_ 22 2_ _ 1
a(l-e)=ae =2 =1>e¢ N
® Example 36: The locus of the foot of the perpendicular
drawn from the centre of the ellipse x* + 3y* = 6 on any
tangent is

(@) (2 =y>)? =6’ +2y7

(b) & -y =627 -2y

©) P +y)=6x"+2y°

) @4y’ =6x" -2y
Ans. (c)

Solution: Equation of any tangent to the ellipse

2 2
%er? =1isy=mx=* Jem? +2.1f (h, k) is the foot of

the perpendicular from (0, 0), the centre of the ellipse on this

tangent then k = mh £ \/;;2 +2 and % xm=-1

Eliminating m, we get (h* + k*)* = 6h* + 2k
So, required locus is (x2 + )/2)2 =6x% + 2y2

@®@ Example 37: The area (in sq. units) of the quadrilateral
formed by the tangents at the end points of the latera recta to

2 2

the ellipse x_+y_ =11is:
9 5

@ 27 (b) 18
4
27
2/ d) 27
(© 5 (d)
Ans. (d)



(0,3)|8

c A
02,0

Fig. 19.11

Solution: we have a*=9, > =5

f=1- 5o 4
9 9
2
= e==
3
. b 5
Coordinates of L are | ae,— | = 2,5
a

Equation of the tangent at L is

2—x+§(1)—1 2x+3y=9

9
It meets the axes at A (E,OJ and B(0, 3)

From symmetry, we observe that the quadrilateral is a rhom-
bus whose area is 4 x area of the A 4OB.

Hence the required area is 4 x %x 3 x%

=27 sq. units.

® Example 38: If the distance between the foci of an
ellipse is half the length of its latus rectum, then eccentricity
of the ellipse is:

1 242 -1
(@ - (b) 2
2 2
J2-1
(c) \/5 -1 (d) T
Ans. (c)
Solution: Let the equation of the ellipse be
2 2
x_2 + Yo 1, then
a b

2
e - 1[&]
20 a

Ellipse 19.13
= b*=2d%

= (1 -ée’)=2d%

= ez+Ze:1=>(e+l)2:2

= e=J2-1.

® Example 39: The tangent to the ellipse 3x> + 16y* = 12,
3
at the point (LZ) intersects the curves y2 +x=0at:

(a) no point
(c) two distinct point

(b) exactly one point
(d) more than two points.

Ans. (b)
3
3 ox1 24
Solution: Tangentat 1,Z totheellipseis T+T
4
=l=x+4y=4
which intersects the curve y* + x = 0 at points for which
V4 (4—-4y)=0

=Sy -2 =0=y=2
and the point of intersection is (— 4, 2) i.e. exactly one point.

@® Example 40: The line 2x + y = 3 intersects the ellipse
4x* + y* = 5 at two points. The tangents to the ellipse at these
two points intersect at the point:

(E 5) b (E é)
@ %3 ® %%

(5 E) d (E E]
©13% @133

Ans. (a)

Solution: Let the line intersect the ellipse at P and
Q and the tangents at P and Q to the ellipse intersect at
R(h, k), then PQ is the chord of contact of R w.r.t. the ellipse;
so its equation is 4hk + ky =5

But the equation of the chord of contact is given as
2x+3y=3

4h k5
2 _——_ = —
2 1 3
= h=§,/’c=é
6 3

55
and the required point is (gyg)
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® Example41: E:2x>+3y*=6,e:x° +y*=2x+4y+4=0

Statement 1: The area of the ellipse £ is more than the area
of the circle C.

Statement 2: The length of the semi-major axis of E is more
than the radius of C.
Ans. (b)

2 2
Solution: Equation of the ellipse is %-4-% =1

whose area is 74/3v2 = 7.6 - $q. units.

Equation of the circle is

x—1)2+@p+2)72=1

whose area is 7 sq. units

So area of E > area of C and thus Statement 1 is true.

Length of the semi major axis of E'is /3 > 1, the radius of C
so statement 2 is also true but does not justify statement 1.

® Example 42: Statement 1: The line 2x + 3y = 1
2 2

intersects the ellipse XI + y7 =1 at P and Q. The tangents

to the ellipse at P and Q. intersect at the point (8, 6).

Statement 2: Equation of the chord of contact to the

2 2
ellipse x—2+Z—2 = 1 from an external point (x;, y;) is
a
XX
_]+& =1.
2 2
a b

Ans. (a)

Solution: Statement 2 is true (see theory).
In statement 1, let the coordinates of the required point be
(h, k), then 2x + 3y = 1 is the chord of contact of the ellipse

ky _

and by statement 2, its equation is }iTx + E 1. Comparing

the two equations, we get & = 8, k = 6 and the statement 1
is also true.

@® Example 43: Statement 1: The locus of the centre of a
variable circle touching two circles C: (x — 2)2 +(y-1 )2 =16
and C,: (x —4)* + (y — 1)? = 1 is an ellipse.

Statement 2: If a circle S, = 0 lies completely inside the
circle S, = 0, then the locus of the centre of a variable circle
touching both the circles is an ellipse.

Ans. (a)

Assertion-Reason Type Questions

Fig. 19.12

Solution: Let C,, C, be the centres and r, r, the radii
of the circles S, and S, respectively. C be the centre and r
the radius of the circles touching S, and S,.

Then CC,=r,—rand CC,=r, +r

= CC, + CC, = r| + r, (constant)

So distance of C from two fixed points C; and C is constant
and hence by definition of the ellipse locus of C'is an ellipse.
In statement 1, the circle C, lies inside the circle C; and
hence by statement 2, the required locus is an ellipse and
thus the statement 1 is also true.

S

Fig. 19.13

® Example 44: Statement 1: If the line £+% =2
a

2 2
touches the ellipse x_2 + Z—z =1, and O 1is the eccentric angle
a

. . 1
of the point of contact, then sin’6 = 5

Statement 2: If the length of the semi major axis of an el-
lipse is /2 times the length of the semi-minor axis, then the

eccentricity e of the ellipse satisfies 2¢°-1=0.
Ans. (b)

Solution: Let the coordinates of the point of contact in
statement 1 be (a cos 6, b sin 6). Equation of the tangent at
this point to the ellipse is
xcosf N ysin@ _ 1

a b




Comparing with the given line

cos O0=sin 0= L = sin’0= l

NG 2

and the statement 1 is true.

2 2
In statement 2, let the equation of the ellipse be x_2 + y_2 =1

a
sta= 2 b

a’ - b

= a*=2b"and &’ =

2
a

= — thus statement 2 is also

true but does not justify statement 1.

® Example 45: Statement 1: If L and M are the feet of the

2 y2

perpendiculars draw from the foci of the ellipse XL 0
= 1 on any tangent to it, then L and M lie on the circle
x>+ y* = 150.

Statement 2: The locus of feet of the perpendiculars from
the foci upon any tangent is the auxiliary circle of the ellipse.
Ans. (d)

2 2
Solution: Let the equation of the ellipse be x_z + }b}_z =1.
a

Equation of any tangent is

E(:osewLXsinG =1 (D)
a b

Equation of the perpendiculars from (z ae, 0) to the tangent
(1) is

in @ 0 i
X Sin _yCOS _ +aes]n9 (2)

b a - b

Eliminating 6 from (1) and (2) we get the required locus by
squaring and adding

) {cos2 0 sin’ 9} 5 {sin2 0
X + +y

a’ b*
b*cos’O+a’sin’ 0
= ()c2 +y2) ( 7%
a

b* +a2

2 .
cos” 6 a’e’sin’ 0
I+ —

- .

| B? +(a® —=b*)sin?0 | ,
- a’b? “

b? cos® 0+ a” sin” 6 5

- 2,2 a
a’b

= X+ y2 =d

which is the auxiliary circle of the ellipse. Hence the state-

ment 2 is true. Using it, we find statement 1 is false.

Ellipse 19.15

(Note x> + y* = 150 is the director circle of the ellipse
2 2
S S
100 50
® Example 46: The tangent at a point P(a cos «, b sin o)
2 2

to the ellipse x_2 + )b/—z = 1 meets the auxiliary circle at 4 and
a

B such that |40B = % , O being the origin.

Statement 1: Equation of the directrices of the ellipse are

x=1* gyl+sin’a -

Statement 2: Eccentricity e of the ellipse satisfies ¢ sin’a
2

+e"—1=0.

Ans. (a)
Solution: Equation of the tangent at P to the ellipse is
Xcosa+Lsino = 1 (D
a b
Y
A
A
P
B
Fig. 19.14
Equation of the auxiliary circle is X2+ y2 =4 2)
Equation of the pair of lines O4 and OB is x* + y* = &*
2
(icosa +2sin aj
a b

(Making (2) homogeneous with the help of (1))
Since 04 1L OB

2
(1 — cos’ o) + (I—Z—zsin2 a} =0

=S b= -b)sin*a=1-=e’sin’ o

=esinfot+e’—1=0

So statement 2 is true.

Using it we find the directrices of the ellipse are x = +4 =
e

+44/1+sin? o and the statement 1 is also true.

@® Example47: The tangent and normal at a point P(x;, y,),
2 2
x; >0, y; > 0 on the ellipse x_2+b_2 = 1 meets the major
a

axis at T and N respectively.
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Statement 1: PN is the internal bisector of |[£1PF; ; F|, F,

being the foci of the ellipse.
Statement 2: PT is constant for all positions of the point P.
Ans. (c)

Solution: Equation of the tangent at P(x;, y,) is

XX
e

2
. . . a
= 1 which meets the major axis at [—,0)
a

X

) 2
So  (PT’= [xl—“—] %

X

(2 — a*)?
= =+
X
Which shows that PT depends on the position of P and thus
the statement 2 is false.

Y
/‘PN
> X

Fig. 19.15

For statement 1, equation of the normal at P(x,, y,) is

So coordinates of N are (eQxl, 0)
F, are (— ae, 0), F, are (ae, 0)

a
Also PF =e|—+X
e
=a+ex,

PF, =a—ex,

NF, = ele + ae = ePF,

NF, = ae — ¢’x, = e(PF,)

PF, NF,

= P_F; = N_F; which shows that PN bisects the |F1PF;

and the statement 1 is true.

® Example 48: Statement 1: Equations of the
tangents drawn at the ends of the major axis of the ellipse
9x? + 5y —30y=0isy=0, y=6.

Statement 2. The tangents drawn at the ends of the major

2 2
axis of the ellipse )C—2+—2 = 1 are always parallel to the
: b
y-axis. a

Ans. (c)

Solution: Equation of the ellipse in statement 1 is:
2 a2

¥ L =3
5

the major axis are (0, 0) and (6, 0) as the length of semi
major axis is 3.

= 1 whose centre is (0, 3) and the ends of

Y
J

0, 6)

<?3) Minor axis
X

0l©,0

Fig. 19.16

The tangents at these ends are y =6 and y = 0.

Statement 1: is true.

Statement 2: is false as the tangents at the ends of the major
axis are parallel to y-axis only when a > b.

@® Example 49: Statement 1: If the length of the latus

rectum of an ellipse is % of the major axis, then the

2
eccentricity of the ellipse is \/; .

Statement 2: If a focus of an ellipse is at the origin, direc-

.. . . 2
trix is the line x = 4 and the eccentricity is \/; , then the

length of the semi major axis is 4./6 -

Ans. (b)
Solution: In statement 1, if the equation of the ellipse
2 2 )
X LY 2b 1
is —+= =1,then — = —(2qa
a2 b2 a 3( )
b’ _1_ 2 . .
= a_2 = g =1 - ¢, e being the eccentricity

2 .

=e= \/; and the statement 1 is true

In statement 2, the equation of the ellipse is
2

Xyt = 3 (4 - x)*

= 3% +)%) =2(16 - 8x +x7)
= x>+ 16x + 3> =32

2 2
= M+)}_ =1
96 32



Length of the semi major axis = \/96 = 4./6 -

Thus statement 2 is also true but does not justify statement
1.

@® Example 50: Statement 1: An equation of a common
tangent to the parabola y2 = 16+/3x and the ellipse 2%° + y2 =4
isy=2x+23.

Statement 2: If the line y = mx + 43/m ,(m#0)is acom-
16v3x and the ellipse

mon tangent to the parabola * =

2x? +y? = 4, then m satisfies m* + 2m* = 24
Ans. (a)

Solution: Equation of a tangent to y* = 1633 x is
y=mx+ 43/m .

® Example 51: If p is the length of the perpendicular
from a focus upon the tangent at any point P of the ellipse
“la® + yZ/b2 =1 and r is the distance of P from the focus,

2
then 2_a_b_ =

r p2

(@) -1 (b) 0

©1 d) 2
Ans. (c)

Solution: The equation of the tangent at P(a cos 6,

b sin 6) to the ellipse x*/a*+1%/b2 = 1 is ~cos + %sin 0=1
a

length of the perpendicular from the focus (ae, 0) on the
line is

= ecosf—1 ‘ 3 | ab(ecosf —1) |
\/cosz 0 + sin? @ ‘\/bz cos® 0 +a*(1- cos? 9)‘

2 2

a b

| ab(ecos@ 1) | _ b [1—ecosO
| 2.2 cos 9| 1+ecos@
ﬁ _ l+ecos6
PZ 1—ecos@

Ellipse 19.17

2 2
And to x?+yT =lisx=my+ Jaml +2

1 2 1
or = —x- [4+—.m=—
my m m
2 2
43 2
and | — | = |- [4+—
m m;
48 5
= — =4+ 2m
m
= m*+2m* —24=0
= m=4=m==x2.

Showing that both the statement are true and statement 2 is
a correct explanation for statement 1.

LEVEL 2
Straight Objective Type Questions

Now 72=(ae—acos 0)2+b2 sin® O
=4 [(e—cos 0)> + (1 — ¢*)sin® 6]
=a2 [e cos? 60— 2e cos 0+ 1]
=d (1 —ecos 9)

= r=a(l —ecos 6)

Now 2a ﬁ _ 2 1+ecosf _

r P’ 1-ecos® 1—ecosd

® Example 52: If y = x and 3y + 2x = 0 are the equations
of a pair of conjugate diameters of an ellipse, then the
eccentricity of the ellipse is

(@ +2/3 () 1143
) 12 ) 2/45

Ans. (b)

Solution: Let the equation of the ellipse be
xla* + yz/b2 =1

Slope of the given diameters are m; =1, m,
= mymy=—2/3=— b*ld*

[using the condition of conjugacy of two diameters]
3b% =24* = 3d%(1 —€%) =24,

=-2/3.

13=e=13

® Example 53: If o, f are the eccentric angles of the
extremities of a focal chord of the ellipse x*/16 + y*/9 = 1,
then tan (0/2) tan (f/2) =

1-e*=23=¢*=
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J7+4 9

b) -2

® J7 -4 ®) 23
\/_ 4 8\/7—23
) N7

© J5+4 ) 9

Ans. (d)

9 7
16 4

Let P (4 cos , 3 sin &) and Q (4 cos f3, 3 sin ) be a focal

Solution: The eccentricity e =

chord of the ellipse passing through the focus at (\/7 ,0).

Then 3sin __ 3sinax
4005ﬂ—\ﬁ 4cosa—+/7
- sin(e-fB) ﬁ
sina —sin 8 4
o—p)/2
. cos((a - B)/2] _ 7

cos[(o+B)/2] 4

= tan(g)tan(ﬁ) _V7-4 23847
2 2

JI+4 -9
® Example 54: If an ellipse slides between two
perpendicular straight lines, then the locus of its centre is
(a) a parabola (b) an ellipse
(c) a hyperbola (d) acircle

Ans. (d)

Solution: Let 2a, 2b be the length of the major and
minor axes respectively of the ellipse. If the ellipse slides
between two perpendicular lines, the point of intersection P
of these lines being the point of intersection of perpendicu-
lar tangents lies on the Director circle of the ellipse. This

means that the centre C of the ellipse is always at a constant
distance /4% +p2 from P. Hence the locus of C is a circle.

A

P A
Fig. 19.17
® Example 55. The locus of the points of intersection of

the tangents at the extremities of the chords of the ellipse
X+ 2y2 = 6 which touch the ellipse X+ 4y2 =4is

(@) ¥’ +y =4 (b) X*+y*=6
(©) X+ y2 =9 (d) none of these
Ans. (¢)

2 2
Solution: We can write x> + 4y> =4 as >+ 2 =1(i)
41

Equation of a tangent to the ellipse (i) is

% cos O+ ysin 0=1 (i1)
Equation of the ellipse x* + 2y = 6 can be written as
2 2
L= (i)
6 3

Suppose (ii) meets the ellipse (iii) at P and Q and the tan-
gents at P and Q to the ellipse (iii) intersect at (4, k), then
(i1) is the chord of contact of (%, k) with respect to the ellipse
by _ 1 (iv)

(ii1) and thus its equation is h_6x + 3

Since (ii) and (iv) represent the same line

W6 k3
(cos6)/2 ~ sin@
= h=3cos 6, k=3sin 6.

and the locus of (A, k) is x> + > =9

® Example 56: The sum of the squares of the
perpendiculars on any tangent to the ellipse x*/a” + y*/b* = 1
from two points on the minor axis each at a distance

a* — p?* from the centre is

(a) 2d* (b) 2b°
(c) a* + b* (d) & -b*
Ans. (a)

Solution: The eccentricity e of the given ellipse is given
by &® =1 - b*/a* = a* — b* = a*¢*. So the point on the minor

axis, i.e. y-axis at a distance /42 — p2 from the centre (0, 0)

of the ellipse are (0, £ ae).

The equation of the tangent at any point (a cos 6, b sin 0)
on the ellipse is

X cosO+Lsing =1
a

So the required sum is
2 2

aesin @ —aesin @

b N b

\/cosz 0 + sin’ @ \/cosz 0 N sin’ @
a’ b* a? b*

(aes1n9 b) +(aesm9+b) % &
(b2 cos® 0 +a* sin 9)

_ 2a*(a*e*sin? 0+ b%)

b? cos® 0+ a® sin’ 0




_ 24*[(a® —b*)sin® 0+ b%)
- b? cos® 0 +a*sin* 0
® Example 57. y = mx + ¢ is a normal to the ellipse
xla® + yIb* = 1if ¢* is equal to
(a® - B*)?

a’m? +b*

=24°

(b) ————

am

(a)

(@ = b2 m?

a* +b°m?

(@ = b2 m?

a’m? +b*

() (d)

Ans. (¢)

Solution: Equation of a normal to the ellipse
xla* +yHb? = 1s

@by o ¢ — ¢, th
050 sind a — b, if it represents, mx — y = — ¢, then
a _ b _ —(a-b")
mcos6  sin@ c
ac bc
= 0=—"> 5_,sinf=—- ———
cos m(az_bz),sm R
2 2
- | b =1
(a=b")|m
2 12\2.2
a —b")Y'm
= 02:( 2 2) 2
a +b°m

® Example 58: A tangent at any point to the ellipse
4x% + 9)* = 36 is cut by the tangent at the extremities of the
major axis at T and 7”. The circle on 77’ as diameter passes
through the point.

(@) (0,4/5) (b) (+/5,0)
© 2,1) @ (0,—5)
Ans. (b)

Solution: Any point on the ellipse is P(3 cos 6, 2 sin 6).
Equation of the tangent at P is gcose + %sin@ =1 which

meets the tangents x = 3 and x = — 3 at the extremities of
the major axis at

- (3’ 2(1—.c059)) and T° (_3’ 2(1+.cose))
sin 0 sin 0

Equation of the circle on T7T” as diameter is

(r—3) (x+3)+ (y_2(1—0059))(y_2(1+cos9)) o

sin@ sin@

=x2+y - y —5=0, which passes through (\/5,0)

sin @

Ellipse 19.19

2 2
® Example 59: P is a point on the ellipse E: x_2 + Z—z =1
a
and P’ be the corresponding point on the auxiliary circle C:

x* +y? = d’. The normal at P to E and at P’ to C intersect on
circle whose radius is

(@a+b (b)a-b
(©) 2a (d) 2b.
Ans. (a)

Solution: P(a cos 0, b sin ), P’ (a cos 6, a sin 6)
Equation of the normal at P is

ax sec O— by cosec 0= a* — b* Q8
Equation of the normal at P’ is
x sec O—y cosec 8=0 2)

From (1) and (2) we get

(a—b) y cosec 0=da*— b

= y=(a+b)sin 6.

From (2) we get x = (a + b) cos 6.

So point of intersection of (1) and (2) lie on a circle of radius
a+b.

® Example 60: If the common tangent in the first quadrant

2 2

of the circle x* + y* = 16 and the ellipse ;—5 + yT = 1 meets

the coordinate axes at A and B, the length of AB is
(a) 7/ V3 units
(¢) 447 units

Ans. (b)
Solution: An equation of the tangent to the ellipse

(b) 14//3 units
(d) 14 units

.X'2 y2
42 =1is

25 4
y=mn+ \25m* +4 M
As the tangent is in the first quadrant m < 0.

\
B

_5%0 a's/a

Fig. 19.18

The line will touch the circle x> + »* = 16 if

m(0)—0+25m” +4 _
m? +1
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= 25m* +4=16 (m*>+ 1)
S N T
3 NG)

So equation of the tangent is

i) 4

= Tt 25| 244
mBTY [3)

- 2+ W3y = 47

47
which meets the coordinate axes at A4 (—,Oj and

o[+%5)
0

o
L

1. Equation of an ellipse with centre at the origin passing
through (5, 0) and having eccentricity 2/3 is:
(a) 4x* +9y* =100 (b) 9% + 5y* =225
(c) 5x*+9y* =125 (d) 6x% +4y* =150

2 2

2. Equation of a tangent to the ellipse ;C_6+y_ =1,

25
passing through the point where a directrix of the
ellipse meets the + ve x-axis is
(@) 5y+/11x=36 (b) 6y+~11x=25
©) 6y+V11x=36 d) 5y—+11x=36

3. Equation of a line joining a foci of the ellipse

2 2 2 2
X 42 =1 toafoci of the ellipse P AR T
25 9 9 25
(a) x+y=4 d) x+y=5
(c) x+y=3 (d) 5x+3y=1

52 2
4. If the eccentricity of the ellipse 2_5+y_2 = 1 and
a
2 yz
—t— = 1 is same, then the value of a* is:
a- 16
(@ 9 (b) 41
(c) 15 (d) 20

2 2

5.If y = mx + 4 is a tangent to the ellipse %4—% =1,

then 625m* + 25m®> — 156 is equal to
(a) -1 (b) 0
(© 1 d) 4

so that (4B)> = [gj +[%]

- 2, 1
(47) X

AB 14 it
= = —= units
V3

EXERCISE

Concept-based
Straight Objective Type Questions

2 2

6. Length of a latera recta of the ellipse %4-)6)_3 =1

is (in units)

(@ 9 (b) 7
(c) 14 (d) 18
7. The normal at the point (3, 2\/5) on the ellipse
2 2
X 42 =1 meets the major axis of the ellipse at
36 16
(o, 0), the value of « is:
5 3
(@ = (b) =
3 5
2 3
(© = d =
3 2

8. In an ellipse, the distance between the foci is 6 and
length of semi minor axis is 4, then eccentricity of
the ellipse is

(a) b 3
5

(© (d)

Wi w»| N

1
V2
9.If F, and F, are the foci of the ellipse 4x*> + 9)° = 36,
P is a point on the ellipse such that PF, : PF, =
2 : 1; then area of A PF|F, is:
(b) 2 sq. unit
(d) 4 sq. unit

(a) 1sq. unit
(c) 3sq. unit



10.

11.

12.

13.

16.

17.

18.

19.

g
'n

If the eccentric angles of two points P and Q on the

2 2
ellipse x—2+’Z—2 are , B such that o + 3= %, then
a

the locus of the point of intersection of the normals

Ellipse 19.21

lines through P and Q parallel to y-axis and x-axis
respectively meet at the point R, then the locus of R
is

(@) ¥ +y =a’>+b° (b) >y =a*-b*

. 2 2 2 2
atPandQlS (C) )C_2+y_2=1 (d) x_2+y_2=1
(a) ax+by=0 (b) ax-by=0 a b b a
() x+y=0 (d x+y=a+b ) 2
P,(0)) and P,(8,) are two points on the ellipse 14. P is a point on the ellipse x—2+“Z—2 =1(a>b)and Q
2 2 2 a
x_2+y_2 = 1 such that tan 6, tan 6, = Lz' The is the point corresponding to P on the auxiliary circle
a b b X+ y2 = a’. N is the foot of the perpendicular from
chord joining P, and P, of the ellipse subtends a right ) . . PN
angle at the P on the major axis of the ellipse. P_Q is equal to:
(a) focus (ae, 0) (b) focus (- ae, 0)
(c) centre (0, 0) (d) vertex (a, 0) @ 2 ®) ¢
Coordinates of the foci of the ellipse a=b a=b
207 +3y% —4x — 12y + 13 = 0 are © b @ 9
1 1 a+b a+b
a) [1x—=.,2 b) |2,1x—
o (g2 o (e . oy
15. If the normal at any point P on the ellipse — + b_z =1
11 a
(© (1,2) (d) (E,ﬁj meets the axis of x at G and the axis of y at g, then
PG : pg is:
Cp: x* +y* = a* and Cy: x* + y* = b* are two con- (@) a’: b () a:b
tentric circles. A line through the centre of these () b:a ) b :d*
circles intersects them at P and Q respectively. If the
LEVEL 1

- |

On the ellipse 4x* + 9y2 = 1, the point at which the
tangent is parallel to the line 8x = 9y is

(a) (2/5,1/5) (b) (=2/5,1/5)
(c) (=2/5,-1/5) (d) none of these

The coordinates of the foci of the ellipse 4x* + 9y2 =
1 are

(@) (£/5/3,0)
©) (0,£+5/3)

(b) (+5/6,0)
d) (0,£~/5/6)

The distance of the point (\/g cos0,~/2 sin 6) on the

ellipse from the centre of the ellipse is 2 if 8 =

(a) 6 (b) /4
(c) m/3 (d) none of these
An equation of the normal to the ellipse x*/a* + y*/b* = 1

with eccentricity e at the positive end of the latus

20.

21.

22.

Straight Objective Type Questions

rectum 1is
(a) x+ey+63a=0
(©) x—ey+e3a:0

(b) x—ey—ae3=0
(d) x+ey—e*a=0

The circle x> + y2 =

Xla* + b = 1 if
(a) c<a
(¢) ¢>max{a, b}

contains the ellipse

(b) c<b
(d) ¢>b
In an ellipse, if the lines joining a focus to the extre-

milites of the minor axis make an equilateral triangle
with the minor axis, the eccentricity of the ellipse is

(a) 3/4 (b) /372

(c) 172 (d) 2/3

An equilateral triangle is inscribed in the ellipse
X+ 3y2 = 3 such that one vertex of the triangle is (0, 1)

and one altitude of the triangle is along the y-axis.
The length of its side is
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23.

24.

25.

26.

27.

28.

29.

() 4/3/5 (b) 3/3/5
©) 6/3/5 d 23
2 2
If the equation +- = 1 represents an
10-2a 4-2a
ellipse, then a lies in the interval
(@) (=<, 5) () 2,5)
(©) (—o,2) (d) (5, )

The curve represented by x = 3 (cos ¢ + sin ?),
y =4 (cos t — sin ) is an ellipse whose eccentricity
is e, such that 16¢ + 7 is equal to:

(a) 14 (b) 12

(c) 11 (d) 21

The eccentricity of an ellipse, with centre at the origin
is 2/3. If one of directrices is x = 6, then equation of
the ellipse is

2 2
Xy

@ —+2 =1 O
9 4 9 5

(c) 5x* +9y* =80 (d) 3x*+2y*=6

The locus of the foot of the perpendicular from a
2 2
focus of the ellipse z—2+y—2 = 1 on any tangent is

(b) 2+ y2 =a’
d) x>+ y2 =24’

(a) )c2+y2=az+b2
(©) xz+y2=b2

y_
pr

2

If the elhpse —+ =1 and the circle x* + y2 =r
a’

where b < r < a intersect in four points and the slope
of a common tangent to the ellipse and the circle is

=, then #* is equal to

a
25 2a°b*
@ —5—7% ®
a*+b? a* +b?
24° 24°b*
© = @ S
The product of the perpendiculars from the foci of
2 2
the ellipse x_+y_ = 1 on any tangent is:
P 144 100 y e
(a) 144 (b) 100
(c) 122 (d) 200
The locus of the foot of the perpendicular drawn from

2 2

the centre on any tangent to the ellipse ;—5+i}— =1

is:
(@) 25x% + 16y* = (x* + y*)?

30.

31.

32.

33.

34.

(b) 25x* +16y*=9
(c) 16x*+25y°=1
(d) x*+y* =41

33

If the normal at P (2’7] meets the major axis of

2 2
the ellipse )16—6+% =1 at Q, S| and S, are the foci

of the ellipse, then S,0 : S,0 is equal to:

8 7+8
7 ® %

8+7 J7
87 4

(a)

(c) (d)

2 2

y

Chord of the ellipse ;—5 + T = 1 whose middle point

1
s (E,gj meets the minor axis at A and major axis

at B, length of AB (in units) is:

V41 2441
(a) — (b)) —
5 5
34 TV41
() — d —
5
x* y
If Bis an end of the minor axis of the ellipse —- >+ b_2 =1,
a’

F, and F, are the foci such that the triang BF|F, is
equilateral, then eccentricity of the ellipse is:

1 1
(@) — (b —=
2 V2
1 3
(c) - (d) £
3 2
Length of the major axis of the ellipse (5x — 10)?
4
(a) ? units (b) 5 units

(©) ? units (d) gunits

2 2

y

A tangent to the ellipse x_+_ = 1 at any point
g P 25 16 v P

meets the line x = 0 at a point Q. R is the image of
Q in the line y = x. The circle on QR as a diameter



35.

36.

37.

41.

42.

passes through a fixed point whose coordinate are:

@ 5,5) (b) 4,5

(© (1,1 (d) (0,0

P is a point on a directrix of an ellipse S is the cor-
responding focus and C is the centre of the ellipse.
The line PC meets the ellipse at 4. The angle which
the tangent at 4 makes with PS is o. If the eccentric-
ity of the ellipse is e, then « is equal to

(a) tan' e (b) tan™' (1/e)

/4 n
c) — d —
(© > (d) 2
P
If the tangent with slope -2 of the ellipse — + b_2 =1
a

is a normal to the circle x> + y2 —4x + 1 = 0, then
the maximum value of ab is

(@) 1 (b) 2

(c) 3 (d) 4

If a line 3 px + 2y1—p° y =1 touches a fixed ellipse

E for all p € [- 1, 1], then equation of a directrix of
the ellipse is:

s
L

The tangent at a point P on the ellipse, which is not
an extremity of major axis meets a directrix at 7.

Statement 1: The circle on PT as diameter passes
through the focus of the ellipse corresponding to the
directix on which T lies.

Statement 2: PT subtends a right angle at the focus
of the ellipse corresponding to the directix on which
T lies.

Statement 1: If the normal at an end of a latus rectum
2 2
of the ellipse x_2+;)/_2 = | meets the major axis at G,
a

O is the centre of the ellipse, then OG = ae3, e being
the eccentricity of the ellipse.

Statement 2: Equation of the normal at a point

2 2
(a cos 6, b sin 6) on the ellipse z—2+Z—2

=1 1is

e +_.by =+ b
cos@ sinf

38.

39.

40.

43.

44.

45.

Ellipse 19.23
@ x= 25 o y= 35
10
(©) x= ? @ y= g

If a and b are the natural numbers such that a + b =
ab, then equation of the chord of the ellipse x* + 4y”
= 4 with (a, b) as the mid point is:

(@) x+4y=2 (b) x+4y=10
(c) dx+y=2 (d) 4x+y=10
2 32
If ——+——— =1 represents an ellipse with ec-
sec 0 tan” 0

centricity e and length of the major axis / then

(a) eis independent of 6

(b) /1is independent of 6

(c) el is independent of 0

(d) - ¢ is independent of 6

3% + 4y* — 6x + 8y + k = 0 represents an ellipse with
eccentricity 1/2,

(a) for all value of k
(c) k<7

(b) fork>7
@) k=7

Assertion-Reason Type Questions

Statement 1: In a triangle POR, if the base QR is
fixed and perimeter of the triangle is constant, then
vertex P traces an ellipse.

Statement 2: If the sum of the distances of a point
A from two fixed points B and C is constant > BC,
then A traces an ellipse.

Statement 1: The locus of a moving point (x, y)
satisfying \/(x_z)z + 7 +\/(x+2)2 +y? =4is an
ellipse.

Statement 2: The distance between (-2, 0) and (2, 0)
in 4 units.

Statement 1: Product of the perpendiculars drawn

2 2

from the foci on any tangent to the ellipse )IC_S + y7 =1

is 7.

Statement 2: Foot of the perpendiculars drawn from
the foci on any tangent lies on the circle X+ y2 = 15.
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46.

47.

48.

51.

52.

53.

Statement 1: Origin is the centre of the conic
X+ y2 + xy = 1.

Statement 2: A point is the centre of a conic if all
chords of the conic through this point are bisected at
this point.

For all real p, the line 2 px + yy/l—p° = 1 touches
a fixed ellipse whose axes are the coordinate axes.

Statement 1: Equation of the director circle of the
ellipse is 4x* + 4y* = 5.

Statement 2: Length of the major and minor axes of
the ellipse are 2 and 1 units respectively.

Statement 1: If the extremities of the latus rectum of the
2 2
y

ellipse x_2+b_2 =1 (a > b), having positive ordinates
a

lies on the parabola ¥ == 2(y — 2), then a = 2.

Statement 2: If the length of the latus rectum of the

Y

ellipse x_+_2 1 is equal to the distance between
a b

o
L

If chords of contact of the tangent from two points
2 2

(x;, yp) and (x,, y,) to the ellipse z—2+}b/—2 =1 are at

right angles, then —>< y1y2 is equal to
a’
2 _»?
(@) —3 () —5
a
-a* b*
© —7 d —
b a

2 2

If the normal at the point P(6) to the ellipse T—4 + y? =

intersect it again at the point Q(26), then cos 6 =

-2 2
-6 6
(c) = (d P

Let E be the ellipse x/9 + y*/4 = 1 and C be the
circle x* + y2 =9.Let P (1, 2) and Q (2, 1) be two
points, then

(a) Q lies inside C but outside E

49.

50.

54.

55.

56.

the foci, then the eccentricity e of the ellipse satisfies
2
eet+e—-1=0.

Statement 1: Two diameters y = mx and y = m'x
2 2 2
x_+y_2 = 1 are conjugate if mm’ = —a—z.
a b b
Statement 2: Two diameters of an ellipse are said to
be conjugate when each bisects the chords parallel
to the other.
X yz 2
E: —+= =1land P:)y" =4bx,a>b.
a b
Statement 1: The tangent at the positive end of the
minor axis of the ellipse. £ passes through the positive

end of the latus rectum of the parabola P.

Statement 2: If the latus rectum of the parabola P is
same as that of the ellipse E, then eccentricity of F

is 1/42 .

LEVEL 2

Straight Objective Type Questions

(b) Q lies outside both C and E
(c) P lies inside both C and E
(d) P lies inside C but out side E

If CF is perpendicular from the centre of the ellipse

2 2
;—5 + % =1 to the tangent at P, G is the point where
the normal at P meets the major axis, then CF - PG =
(a) 9 (b) 18
(c) 25 (d) 34

If the tangent at P(6) on the ellipse 16x* + 11y = 256

touches the circle x> + y* + 2x — 15 = 0, then 6 =
@ * ® =

6 3

2r 5w
© — (d) —

3 6

If Ix + my + n = 0 is an equation of the line joining
the extremities of a pair of semi-conjugate diameters

22 9/% + 4m*

of the ellipse %4-)/7 = 1, then is equal

to



57.

58.

(@ -1 (®) 0

(© 1 (d 2

Let fbe a strictly decreasing function defined on R such
2 2

f(a® +5a+3) ’ f(3cyz +15)

= 1 represents an ellipse with major axis along the
y-axis, then

(@) a& (—,—-0)
(c) ag (-6,2)

that fix) >0 V x € R, and

(b) ag (2,)
d) a>0

Number of points from which two perpendicu-
lar tangents can be drawn to both the ellipses E;:

2 2 2 2

X v X y .

+— =1and E;: —+ =1is

at+2 b Y2+
(@) 0 (b) 1
(c) 2 (d) infinitely many

. The eccentricity of an ellipse, with its centre at the

origin is 1/2. If one of the directrix is x = 4, then the
equation of the ellipse is
(a) 4x*+3)° =12

(c) 3x*+47%=1

(b) 3x*+47 =12

(d) 4x*+3y°=1  [2004]

. Area of the greaterst rectangle that can be inscribed
in the ellipse x*/a* + y*/b* = 1 is
@ Jab (b) alb
(c) 2ab (d) ab [2005]

. An ellipse has OB as semi minor axis. F and F” its foci

and the angle FBF” is a right angle. The eccentricity
of the ellipse is

(a) 1/4 (b) 13
() 12 d 172 [2005]
. In an ellipse, the distance between foci is 6 and minor
axis is 8. Then its eccentricity is
() 145 (b) 3/5
1 4
(c) 5 (d) 3 [2006]

59.

60.

l l Previous Years' AIEEE/JEE Main Questions

5.

Ellipse 19.25

Let d be the perpendicular distance from the centre

2 2

Y

of the ellipse x—2+b—2 = 1 to the tangent at a point
a

P on the ellipse. If F| and F, are two foci of the el-
lipse then (PF, — PF,)* =

2 bz
(a) 4b° [1—%] (b) 4d* (1_57]

bz
(c) 4d° [1—?]

If from a point (a, 0) three distinct chords of the el-
lipse X+ 2y2 = 1| are drawn, which are bisected by
the parabola y* = 4x, then

(@) 4<a<38 (b) 8<a<44+17
(c) 0<a< J17-4 (d 0<a<4

(d) 44

A focus of an ellipse is at origin. The directrix is the
line x = 4 and the eccentricity is 1/2. Then the length
of the semi-major axis is
(a) 5/3
(c) 2/3

(b) 8/3

d) 43 [2008]

. The ellipse X+ 4y2 = 4 is inscribed in a rectangle

aligned with the coordinate axes, which in turn is
inscribed in another ellipse that passes through the
point (4, 0). Then the equation of the ellipse is

(a) 4x* +48)* =48 (b) 4x* + 6> =48

(c) x¥*+16y>=16 (d) X*+12)*=16 [2009]

. Equation of the ellipse whose axes are the axes of

coordinate, which passes through the point (— 3, 1)

and has eccentricity +/2/5 is

(@) 5x*+3)7=32=0 (b) 3x*+5*-32=0

(c) 5x*+3)7—48=0 (d) 3x*+57-15=0
[2011]

. An ellipse is drawn by taking a diameter of the circle

(x- 1%+ y2 =1 as its semi-minor axis and a diam-
eter of the circle x* + - 2)* = 4 as its semi-major
axis. If the centre of the ellipse is at the origin and



19.26 Complete Mathematics—JEE Main

10.

11.

12.

13.

14.

1.

its axes are the coordinate axes, then the equation of
the ellipse is

(a) 4x° +)* =8
(c) 4x*+)* =4

(b) x*+4° =16

d) x> +47=8 [2012]

.If a and c¢ are positive real numbers and the ellipse

2 2

:—2+y—2 = 1 has four distinct points common with
c” ¢

circle x> + y2 = 9a2, then

(a) 9ac — 94> - 22 <0 (b) 6ac + 94> -2 <0

(¢) 9ac—9a*-2c*>0 (d) 6ac+9d> -2 >0

[2013, online]

2 2

Let the equation of two ellipses be E;: x?+y7 =1

2 2

and E,: )16_6 + Z—z = 1. If the product of their eccentrici-

ties is 1/2, then the length of the minor axis of E, is:

(a) 8 (b) 9

(c) 4 (d) 2 [2013, online]
2 2

If the curves x_+y7 =1 and ) = 16x intersect at
o

right angles, then a value of « is

(a) 2 (b) 4/3

(c) 12 (d) 3/4 [2013, online]

A point on the ellipse 4x* + 9y2 = 36 where the normal
is parallel to the 4x — 2y — 5 = 0, is:

+3) o (57)
@ {5753 ® 1573

98 9 .
(©) (—g,gJ (d) (— —j [2013, online]

The focus of the foot of perpendicular drawn from the
centre of the ellipse x* + 3y* = 6 on any tangent is:
(@) (=) =6’ +2)” (b) (2 —y")' =627~ 27
(©) (@ +y)=6x"+2)" (d) (& + %) = 67 — 7
[2014]
If OB is the semi-minor axis of an ellipse, F; and F,
are its foci and the angle between F|B and F,B is a

Previous Years'

15.

16.

17.

18.

right angle, then the square of the eccentricity of the
ellipse is

1 1
a) — b) —
@2 ® 7
1
(©) d - [2014, online]
2[
The minimum area of the triangle formed by any
2 2
Y

tangent to the ellipse T_6+a = 1 and the coordi-

nate - axes is:
(a) 12 (b) 18
(c) 26 (d) 36 [2014, online]

The area (in sq. units) of the quadrilateral formed by

the tangents at the end points of the latera recta to
2 2

the ellipse LY ol
9 s
@ 2 (b) 18
4
© % d) 27 [2015]

If the distance between the foci of an ellipse is half
the length of its latus rectum, then the eccentricity of
the ellipse is:

®) zf

1
(2) 5

f 1

(©) V2-1 (d) [2015, online]

2 2

If the tangent at a point on the ellipse %4_)/? =1

meets the coordinate axes at A and B, and O is the

origin, then the minimum area (in sq. units) of the
triangle OAB is

(@) 33

(c) 9

9
(b) 5
(d) 93

[2016, online]

B-Architecture Entrance

Examination Questions

In an ellipse, the distance between its directrices is
four times the distance between its foci. If (— 2, 0) is
one of its vertices, then the equation of the ellipse is

(@) 3x*+4° =1
(c) 3> +4y*=12

(b) 4x* +3y* =12

(d) 4x*+3y*=1  [2007]



2.

The tangent to the ellipse 37 + 16y2 = 12, at the
point (1, 3/4), intersects the curve y2 +x =0 at:

(a) no point

(b) exactly one point

(c) two distinct points

(d) more than two points [2012]

. Let P be a point in the first quadrant lying on the el-

lipse 9x* + 16y = 144, such that the tangent at P to
the ellipse is inclined at an angle 135° to the positive
direction of x-axis. Then the coordinates of P are:

V143 1 8 V77
@ (737 b) |93~

[2014]

o (5
(d o

o (53

. The line 2x + y = 3 intersects the ellipse 4x° + y2 =

S at two points. The tangents to the ellipse at these
two points intersect at the point:

(52] b (iij
@ %3 ® %%

55 55
(© (g»g) (d) (3’}) [2015]

)
P Answers
Concept-based

1. (¢) 2. (¢) 3. (a) 4. (d)

5. (b) 6. (c) 7. (a) 8. (b)

9. (d) 10. (2) 11. (¢ 12. (a)
13. (¢) 14. () 15. (d)
Level 1

16. (b) 17. (b) 18. (b) 19. (b)
20. (c) 21. (b) 22. (¢) 23. (c)
24. (a) 25. (c) 26. (b) 27. (b)
28. (b) 29. (a) 30. (¢ 31. (a)
32. (a) 33. (b) 34. (d) 35. (c)
36. (d) 37. (b) 38. (b) 39. (c)
40. (¢ 41. (a) 42. (¢ 43. (a)
44. () 45. (b) 46. (a) 47. (a)
48. (b) 49. (d) 50. (d)
Level 2

51. (c) 52. (a) 53. (d) 54. (a)

55. (¢)
59. (c)

56. (d)
60. (b)

57. (¢)

Ellipse 19.27
58. (a)

Previous Years’ AIEEE/JEE Main Questions

1. (b) 2. (c) 3. (¢) 4. (b)
5. (b) 6. (d) 7. (b) 8. (¢)
9. (a) 10. (¢) 11. (a) 12. (a)
13. () 14. (a) 15. (d) 16. (d)
17. (¢) 18. (¢)
Previous Years’ B-Architecture Entrance
Examination Questions
1. (¢) 2. (b) 3. (d) 4. (a)

L o - -
%F Hints and Solutions
Concept-based

2 2
1. Let the equation of the ellipse be x_2+y_2 =1.1It
passes through (5, 0) = a*=25 @ b

4
P=d(1-&)=b=25 (l—gj _125

Hence the required equation of the ellipse is 5x> + 9)°
=125

2. Equation of a tangent to the ellipse is

y=mx+ 36m*+25 (H

Equation of the directrix is
6%6 36

x: R e —
J36-25 A1
which meets the +ve x axis at (—6,Oj .
N

The tangent (1) passes through this point if

{m(%ﬂz =36m* + 25

Since the tangent meets the directrix on positive
x-axis, m < 0, and the required equation is

i1 11

y=—x+,/36X—+25
6 36

6y + J11x = 36.

2 2 2 2
3. Fociof - +2_ =1is(+4,0)and thatof 2 4+ 2 =1
25 9 9 25
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10.

is (0, £ 4). So the equation joining two foci (4, 0) and
0,4)isx+y=4.
a’—16 _25-d?
a’ - 25
=a’>=20.

=a'=16x25

. @=25m?+4=25mP=12

S0 625m* + 25m* — 156
=144 +12-156=0

2
Length of the latera recta of x_ + y_2 lis 26" SO
a b a
. . 2Xx63 .
the required length is = 14 units

Equation of the normal is
x=3 Y- 243

3 _ 23

36 16
= 123 x-3)=8 (y-23)

which meets the major axis y = 0 at point for which

123 (x=3)=_163 = x=

[SSRNV

= 0= —.

2ae=6and b =4. So a’e® = a* — b*

=a*=25ande= %

. Equation of the ellipse is

x2 2

_+y_ =1

9 4

PF, +PF,=2(3)=6
= PF,=4,PF,=2

FF,=

2ae=2.J9_4 = 25

(PF) +(PF) =16 +4= (25)? = (F\F,)

So A P F|F, is right angled and hence its area is
% (P F)) (PF,)=4sq. units.

Equations of the normal at P and Q are
ax sec o— by cosec o= a* — b*

ax sec f— by cosec f=da* — b*

If they intersect at (4, k).

ah sec o — bk cosec o = ah cosec o — bk sec «
(v B=m2-0)

I1.

12.

13.

(ah + bk) (sec ¢ —cosec @) =0 = ah + bk=0
Locus of (4, k) isax + by =0
P, (acos 6, bsin 0)), P, (acos 6,, bsin 6,)

bsin 6, b
Slope of OP, = m = ” tan 6,
bsin6, b
Slope of OP, = 20056, = - tan 0,
B
Product of the slope = — tan 6, tan 6,
a

)

So PQ subtends a right angle at (0, 0), the centre.
Equation of the ellipse is

x—1)° —2)?
GV 0=2P
(lj (1)
V2 V3
X r?
Le. —+— =1
a
where X=x-1,Y=y-2
ae L, L

Coordinates of the foci are
X=xae, V=0

=>x-1l=+x—

_f\f

9y_2:O

=S>x=1ft—

,y=2
f

Hence the required coordinate are (1 + L,2)

J6
Coordinates of P are (a cos 6, a sin 60) and of Q are
(b cos 6, b sin 8). Equation of the line through P parallel
to y-axis is x = a cos O and of the line through Q parallel
to x-axis is y = b sin 6. So the locus of the point of

2 2

) .. (x )

intersection is (—j + (%j = cos’0 +sin’H=1
a



14.

15.

/?Qﬁv,
/

¥ +y =a

2+ =b?

Fig. 19.19

Let the coordinates of P be (a cos 6, b sin 6) then
coordinate of Q are (a cos 0, a sin 6)
PN=bsin 8, DN =asin 6
= PQO=(a-b)sinb
PN b

d - 7=—.
an PQ a—>b

A
=2

Fig. 19.20

Equation of the normal at P (a cos 6, b sin 6) on the
ellipse is ax sec 6 — by cosec 0= a* — b*.
a* —b*

M’OJ and of g are

So coordinates of G are [
a cosec 0

2 2
(PG)2= (acos@—a b

2

= b—2 (b* cos® O+ a” sin® 0)
a

2
and (Pg)* = Z—z (b* cos® 0+ o sin® 6)

So PG : Pg=10b": d*

Level 1

16.

Let the point be ((1/2) cos 6, (1/3) sin 6), then the

lope of the tangent is ——=> cot 6= 3
Sopeo (§] angen 1S 1/2 CO 5

17.

18.
19.

20.

21.

22.

23.

24.

Ellipse 19.29

= tan 9=% =sin == % and cos =% % and the

redpointcanbe (41 31) - (2.1
required point can o€ 5 2,5 3 = 5,5

Coordinates of the focii are (£ ae, 0) where a* = 1/4,
b*=1/9 and a’e* = a* — b* = 5/36.

6 cos®> O+ 2 sin’> =4 = cos® 0=1/2 so 0= /4.
Positive end of the latus rectum is (ae, bz/a)
equation of the normal is

y—b*la=(1/e) (x — ae)

:>aey—ax+(a2—b2)e=0
:>aeyfax+a2e3=0:>xfeyfae3=0

Radius of the circle must be greater than the major
axis of the ellipse.

aet + b= (2b)2 = a*e® =34 (1- e2)

= e*=3/4.
Point C on the ellipse is (\/3 cos6,—sin0),
OBC = 71/6
Asinb o (w2 + ) =— 3
—/3cosH

= (1 +sin 6)*> =9 cos” 6.
= sin 8= 4/5, cos 0=3/5, BC= 6:/3/5.

YA
B|(0,1)

=
S

C(+/3 cosB,—sin6)

Fig. 19.21

10-2a>0,4—2a>0
=a<5,a<2.
= ae (—oo,2)

2 2
x
(—j + (Z] =2(cos® t+sin’ 1) =2

3 4
2 2
L
RETREY
which is an ellipse with = 32-18 _ 7
32 16

=162-7=0
= 16¢* +7 =14
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25.

26.

27.

28.

29.
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2y
Let the equation of the ellipse be — + b_2 =1 then
a
2
e= %, L =6=a=4e= l—b—2 = b= @
3 e a 9

Hence the required equation is

2 2
LA =1=5x>+97%=280

16 80

Equation of a tangent is y = mx + /22 +p* (1)
Equation of the perpendicular from the focus (ae, 0)
on it is

1
y=—— (x—ae)ormy+x=ae 2)
m

Squaring and adding (1) and (2), eliminating ma,
- mx)2 + (my + x)2 =d’m’ + b* + a*e’

= (L+m)) (07 +)) = (1 +m’)

= x*> + )% = 4* is the required locus

An equation of the tangent to the ellipse with slope
b

— is
a

b |, b
y=—xzt az><—2+b2
a a

As it touches the circle x> + y2 =2

20° =7 [1+%]

a

2a°h’
== —2a =

a +b
The product of perpendiculars from foci upon any
tangent to the ellipse is equal to square of the semi-
minor axis (see theory). So the required product is
100.

Let P(h, k) be the foot of the perpendicular, O the
centre then slope of OP = % and the slope of the

tangent is —% . Equation of the tangent is
h
—k=—-——(x-h
y P
n+k°

k
which touches the given ellipse

2
' W+ k? 2
lf k :25 % +16

h
Sy= -t

= 25K + 16k* = (h* + x*)*
Locus of (4, k) is
25x2 + 16y* = (x* + %)?

30, &¥= — =e=—

Directrix
Directrix

Fig. 19.22
Coordinates of S| are (—\/7 ,0) and S, are (\/7 ,0) PO

is the internal bisector of |5,

16
S0 _PS

50507 Ps, ~ 6 .

+2

_8+47
NG

31. Equation of the chord is
1/4  4/25 1/2)x (2/5
AR Tl ae
=4x+5y=4

-1(T=S5)

which meets minor axis at 4 | 0,

B(1,0).

7~ N\

4
5

N—

and major axis at

1
So the length of AB = 1+—6 = %
32. F,(—ae,0), F, (ae, 0), B (0, b)
(F\Fy)* = (B F))’
— 4PP = L+ b
=3’ =d* (1-¢Y)
1 1

2_ — _
=e=, me=

33. Equation of the ellipse is
2 2
1Y |3x—4y+7
(=2 + (437 = (5) {%}

. . 1 . .
Centre is (2, — 3), eccentricity e = 5 and a directrix
is3x—4y+7=0.



34.

35.

Length of the perpendicular from the centre on the
directrix is

3x2-4(=3)+7
5

=>£ =5=2a=5
e

Hence the length of the major axis is 5 units.

The equation of the tangent to the ellipse at

P(5 cos 6, 4 sin 0) is

xcos@ N ysin@ _
5 4

which meets x = 0 at Q (0, 4 cosec 0)

Image of Qiny =xis R (4 cosec 6, 0)

1

Equation of the circle on QR as a diameter is
x(x —4 cosec 0) + y(y — 4 cosec 6) =0
= x>+~ 4(x+y) cosec =0
which passes through the point of intersection of
x*+y*=0and x + y =0 i.e the point (0, 0).
2 2

Let the equation of the ellipse be x_z + ;;—2 =1
a

A be the point (a cos 6, b sin 6)

A A

A P

—
P

[

Fig. 19.23
Equation of AC is

y= b tan 0 x.
a

which meets the directrix
ab
x=2 atp (—,—tan@]
e e e
)

slope of the tangent at 4 = .
atan

S'is (ae, 0)

étan 0

So Slope of PS = e M . btan O

N a(l—ez) B b?
axX—
e a2

tan 6.

>

36.

37.

38.

39.

Ellipse 19.31

So PS is perpendicular to the tangent at 4. = o= g

Equation of a tangent with slope-2 is

y==2xt J44% + b*

This is a normal to the circle x* +y* —4x + 1 = 0 if it
passes through the centre (2, 0) of the circle.

0=-4% a4’ +1*
=4+ b* =16
Using AM. >G. M.

2 2
ﬁeyL?a;ﬁ

8>2ab.

= ab<4.

Let p = cos 0, 0 < 0 < m. The equation of the line
becomes (3 cos 0) x + (2 sin )y =1

X y .
—cosf+—sinb =
13 1/2 !

which touches the ellipse

S8}

X y2
—+— =1
L

9 4

eccentricity of the ellipse is

and the equation of a directrix is

1/2 3\/5

Y= B3 100

Since a and b are natural numbers such that a + b =
ab,a=b=2
2 2

Equation of the chord of the ellipse xT+yT =1

having (a, b) as the mid point is %4-@_1 =

1
22 22
2 2=y
41 :
=x+4y=10.
sec’0—tan’ @
[=2secO,e= ,|———— =cos 0

sec’ 0

= el =2 which is independent of 6.
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40. Given equation can be written as 3(x — 1) + 4(y + 1)*

41.

42.

43.

44,

45.

=7 — k which represent an ellipse if £ <7

@-D* 0+)* _,
77—k 7—k
3 4
T-k T-k
3 4 _ o_ 1 <
So Tk e 2 forall k<7
3

Tangent at P(a cos 6, b sin 6) be

X cosO+2sing =1
a b

It meets the directrix x = < at the point T
e
(g b(e— cosG))
e’ esinf '

Focus S(ae, 0)

Slope of Sp = 2500
opeo a(cosf—e)’
ol - b(e—cos0)
OPEOTIET L esind(1 - ¢?)
B>
Product of the slope = _—a2 (- e2) =—

= Statement-2 is true using which statement-1 is also
true.
Statement-2 is false. Equation of the normal is
b
ax : Y P
sin 0
In statement-1 L(ae, bz/a) = (acos 6, b sin 6)
= cos O=e.

cosf

@by _pp

€ _\/1—62

which meets the major axis y = 0 at x = ae’ and the
statement-1 is true.

So normal at L,

By definition of the ellipse statement-2 is true and
using it statement-1 is also true.

Statement-2 is true but statement-1 is false as the
locus represents a straight line.

Statement-1 is true as p,p, = b* = 7. Statement-2 is
also true as the foot of the perpendicular lie on the
auxiliary circle which is x* + y* = 15 but does not
justify statement-1.

46.

47.

48.

Let y = mx be a chord of the conic x> + y* + xy = 1

through (0, 0), which meets the conic at points for

which x> + m>?> + mx> —1=0.

S(0+m+m?)x*—1=0
=x1Tx%=0=y,+y,=0
Showing that (0, 0) is the mid point of the chord and

hence statement-1 is true using statement-2 which is
true.
2 P
Let the equation of the ellipse be —+-— =1
a b

Equation of any tangent is y = mx t /4252 + b2 .

Comparing with given equation we get

2 1
m= — P anda2m2+b2=1_ P
1-p? p
4p? 1
=>a2>< pz +b2: 2
lI-p 1-p

= p’(4a* - b))+ b —1=0
which is true for all p if B> =1, 4a* = > =1
so the equation of the ellipse is

2 2
<5
1
4

Length of the major axis = 2b = 2 and of minor axis

=2a=1.

Thus statement-2 is true. Using it in statement-1

equation of the director circle is x* +y? = a* + b* or

x2+y2= 1+l = é :>4x2+4y2=5andthus
4 4

statement-1 is also true.

2
Extremities of the latus rectum are [iae’;J since

they lie on the parabola x* = — 2 (y — 2)

»?
We have a?¢® =2 (——2), P=d*(1-¢)
a

=de*-2ae*+2a-4=0
=@?+2)(a-2)=0=a=2
Thus statement-1 is true.

2
In statement-2 — =2ae = b*=d’e
sda(l-d=de=e+e—-1=0
and the statement-2 is also true but does not justify
statement-1.



49. Statement-2 is true by definition of conjugate
diameters.

Let y = mx and y = m’x be two conjugate diameters of
2 2

the ellipse )C—2+Jb/—2 = 1. Let (h, k) be the mid point
a

of chord whose step is m then

b* h . -’
=>m=—- —— = Locusof (h, k) isy = —x
a’ k a*m

-b’ -b’
—— =m’' = m'm= —5 . (using statement-2)
am a

and thus statement-1 is false.

50. Tangent at the positive end of the minor axis of £ is
y = b which meets the parabola y* = 4bx at the point

b
(Z,b) which is not an end of the latus rectum of P.

so statement-1 is false.
In statement-2 if x = b and x = ae represent the same
line then b = ae

b
= < =e=d (1l -¢%) =d*
a

=>e2:l =>e=L
2 2

Thus statement-2 is true.

Level 2

51. Chords of contacts are

XX I XXy W
— 4+ =land —=+—== =1
at b a’ b*

Since they are at right angles
_b2 x2 _b2 .xl
7 XXX =
a Yo a N
XXy —a*
w5

B4RY)
52. Normal at P (\/ﬁ cos 9,\/§sin 0) to the ellipse is
Vidr 5y gy 5o
cosf sinf
Since it passes through Q (26)

MXMCOSZG_\/gxx/gSin20 —9

sin @

cos6

53.

54.

Ellipse 19.33

- 14(2cos* 0 —1) _ 5x2sinfcosf _
sin @

9
cos@

= 18 cos’0—9cos 0—14=0
= (3cosB+2)(6cosO-7)=0
= cos 8=-2/3.
C:x*+)P-9=0
E:x*9+y*4—-1=0

0, 3)

~C

0,2

Q
T (3,0
E

Fig. 19.24

For P(1,2),C:1+4-9<0, E: é+%_1>o

So P lies outside £ and inside C.

For 02, 1), C: 4+ 1 -9 <0, E: gﬁ _1<0

So Q lies inside both C and E.

Note: We get the result from the figure.
Let P(5 cos 6, 3 sin 0)

Equation of the tangent at P is

0 in 6
xcosf  ysin® _

1
5 3
1 15
= CF= = -
cos2 0 .\ sin2 0 \/9 cos> 0 +25sin’ @
25 9
F
/@P\
[/
Fig. 19.25
Equation of the normal at P is
X Y _p5_9-16
cos@ sinf
16cos@
Coordinates of G are 3 ,0

= PG= %\/9cos2 0 +25sin’ 0
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55.

56.

57.

Complete Mathematics—JEE Main
Hence CF - PG =9.

Centre of the circle is (— 1, 0) and radius is 4.
Equation of the tangent at P(0) to the ellipse is

z0059+ Y

4 16/4/11

If this touches the circle, then

sin@ —

—cos@ 1
4 -4
cos’ 0 + sin’ 0
16 256/11
s cos> 6 N 11sin* 0
= (cos 6+4)" =256 16 256

=4cos’0-8cosH-5=0
=(2cos0-5)(2cos0+1)=0
=cos 0=—-12= 60=27/3

Let the extremities of a pair of semi-conjugate
diameters of the ellipse be P(3 cos#, 2 sinf) and
0 (3 cos a, 2 sin ), C being the centre.

A

(B cosa, 2 sin @) )
P(3 cos 0, 2 sin 6)

Fig. 19.26

Then slope of CP X slope of CQ = —g

2 2 4
= —tanf@ X —tanx = ——
3 3 9

=>l+tanOtana=0= a— 0=m/2
= coordinates of Q are (— 3 sin 6, 2 cos 6) and the
equation of PQ is
2(sin @—cos B) x —3 (cos O+sin O) y +6=10
which represents /x + my + n =0, then

/ B m n
2(sin @ —cos 0) - —3(cosB +5sinH) - 6

2 2
So 9l+—24m = (sin O— cos 6)° + (cos O+ sin H)* =2.
n

We must have fla® + 5a + 3) < 3a + 15)
= a*+5a+3>3a+ 15[ fis strictly decreasing]
=d+2a-12>0

58.

59.

60.

=(@+6)(a-2)>0

=a¢ (-6,2).

The director circle of £, is x* + y* = o> + 2 + b* and
of E,is x* +y* =a* + b* + 1.

Both are concentric circle such that one lies inside the
other so that they have no point in common.
Equation of the tangent at P(a cos 0, b sin ) is

X cosO+2sing =1
a b

1 1 sin’ @
d= = = —+—
cos’@ sin’@ d a b
+
2 2
a b

Fl (_ ae, 0)7 F2 (ae, 0)

(M

=PF =e (ac089+£) =a (1 +ecos 6)
e

PF,=a(l—-ecos 0)
So (PF,—PF,)’=4d%"cos’ 0

LS
2 2
=4 (@-p)x b
R
a b

Let the middle point of the chord be (2, 27)
It must lie inside the ellipse
Sort+87-1<0

=7re 0,4+ 17)

Equation of the chord of the ellipse with (£, 2¢) as the
mid-point is

Px+aty=1'+82(T=S))

Since it passes through (a, 0)

at* = t* + 87

S>A+8-a)f=0

=F=0o0rF=a-8

=a=r+38

=ae 8,4+ /17)

Previous Years’ AIEEE/JEE Main Questions

1.

Equation one of directrix of ellipse with centre at the
origin is x = ale
L4 a=2[ce=102]

e

1
Also, b’ =d’(1-¢") =4 (I‘Z) =3



Thus, equation of required ellipse is

2 2
XY =t rat=12

. AB=2bsin 0
AD=2acos 6
Area of rectangle = 4ab sin 0 cos 6

y

A

A(a cos 6, b sin 6)

> X
0 /

B

VAR
/

Fig. 19.27

=2ab sin 20
Greatest area is obtained when 6 = 7/4 and greatest
area = 2ab.

3. Slope of BF is m = -
ae

A

B|(0, b)

F, F » X
(—ae, 0) (ae, 0)

Fig. 19.28
and that of BF” is m, = b _ b
—ae ae
As BF L BF',m, my=— 1
b2
=2 -
a’e®

=sd(l-=dé

1
=2’=lore= —

V2
. We have 2ae =6 and 2b = 8§
=ae=3,b=4
Now, b>=a* (1 — &%)
=16=a"-9=a=5
soe=3/5
. Equation of the ellipse is

Py

Ellipse 19.35

=>3x2+8x+4y2=16

( 4)2 4 , 16 16 _ 64
= x+§ +§y =—4—=—

39 9

4\2

x+—
:>( 3) + y2 =1

64 3 64

N 7><7

9 4 9
Length of the semi-major axis =, {%4 = g .

. The required ellipse passes through (4, 0) and (2, 1).

Let equation of ellipse be

y
\

I @n

> X
0 ym, 0)

RN

Fig. 19.29
2 2
a2 =1
a b
As it pass through (4, 0) and (2, 1)
16

4 1

— =1 and —2+—2 =1

a a b

=a’=16and b’ = 4/3

Thus, required ellipse is
2 2

Y 2 2
—+=— =] +12%2=1
l6 43 T TITI0

. Let the equation of the ellipse be
2 2
—2+y— =1
a b

Since it passes through (- 3, 1), we have

9 1 2 3
—+— =1,also b =d* (1——) =>4
a b 5 5

59+~ a= 2 o2
3 3 5

and the required equation is

2 2
XY =1=32+52=32
2% g

3 5

>

. Minor axis is along the x-axis and its length is 2(1) = 2.

Major axis is along the y-axis and its length is 2(2) = 4.
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E(iuatlozn of the ellipse is 24352 = 6is y = mx i\/m
xz +y_ =1 = 4y2 +y =4 If (h, k) is the foot of the perpendicular from (0, 0),
1 the centre of the ellipse on this tangent then
9. We have x* + 4y” = 4¢? as the ellipse. k
Points of intersection with the circle x* + y* = 94” are k=mh £J6m* +2 and (Zj m=-1

given by 9% —y* + 4% = 4¢?
=3y’ =4 - 94°

= 4c*>9a" = 3a<2c
=947+ 207 < 602, 9ac < 6¢*
= 9ac — (9a2 + 202) <0

Eliminating m we get
(h* + k%) = 6h* + 2k
Required locus is (x* + y%)* = 6x? + 2)°
14. Coordinates of F, F, and B are (ae, 0), (— ae, 0) and
(0, b) respectively. Slope of B F| = — b/ae and slope

o, 2-3"2_L1 »_16-# of B F, is blae.
B T R T AsF,BLF,B,
, 16-p> (1Y [0 IR F S
(eje)” = 43 “ |2 ae )\ ae
2 2N_ 22 2 _
S 16— =12 =4=Db=2 =>a(1—.e)—ae :,ee—1/2.
and the required length is 4. 15. An equation of tangent to the ellipse
11. Let P(x;, y;) be a common point. ﬁ_'_ﬁ —1is
Tangents to the curves at Pare 16 81
xx
vy = 8(x +x) and 714'% =1 %cos9+zsin0 =1
8 [ —4x )i
Product of the slopes = —X| — | =-1
Y1 on B
2
= =%x1 (1) (4 cos@, 9 sin 6)
1
As P lies on the parabola y* = 16x. o x
o A
=y = 16x, 2)
Fig. 19.30
From (1) and (2) we get oc=2 . '
1 Coordinates of 4 and B are (4 sec 6,0) and (0, 9 cosec 6)
12. Slope of the tangent is ——, so its equation is respectively.
2 36 36
Area of AOAB= - ——— -
1 0 1 A e 4 2\sm900s0| sin 260
e R S So minimum value of area 36.
4 2
, x* )2 16. Wehave a®>=9,b°=5,¢* = 1- S — =e=—.
If it meets the parabola ?—FT =1at(x,y)) 9 9 3

Coordinates of L are (ae, b*/a) = (2, 5/3)
PAG RN v
4 3

1 B

its equation is —

So M _N_42
9 8 5

0 8 / :
= (x,y)= (5 5) taking +ve sign. C\L{ A

13. Equation of any tangent to the ellipse D

Fig. 19.31



17.

18.

Equation of tangent at L is

2
2x ()
9 3\5

or2x+3y=9

It meets the axes at 4(9/2, 0) and B(0, 3).
Area of quadrilateral

= 4[area of AOAB]

= 4[%(%)(3)} =27 (unit)?

We have distance between the foci = 2ae
»
a

length of the latus rectum =

1{.b° 5 5
SoZae=5 2— | =>b"=2a%

a

=>a2(1—ez)=2aze
S +2e=1=(e+1)P2=2

=e=42-1

An equation of tangent at (3\/§ cos6,+/3 sin 0) to the
. 1 1 .

ellipse —x?>+-y%> =11is
et Y

xcosO+3ysinf = 33

It meets the axes in 4 (3\/§ secO,0), and

B (O,\/gcosec 0)
Let A = area of AOAB is % |(3\/§ sec 9)(\/§cosec9)|

2 >9
| sin 26 |

Thus, least value of A is 9 which is attained when 0=
/4, 3m/4, S5n/4, or Tr/4.

1. 2 4 =4 Xx2ae = e=

Ellipse 19.37

Previous Years’ B-Architecture Entrance
Examination Questions

N | =

e

1
=2,5007=4 |1-—|=3
a , SO ( 4)

Hence the required equation is

2 2
I A R S e )
43

3
. Tangent at (LZ) to the ellipse 3x* + 16y* = 12 is

=x+4y=4

which intersects the curve y2 + x = 0 at points for
which

VH+@-4)=0=(@-21=0=y=2

and the points of intersection is (— 4, 2) exactly one
point.

. Equation of the tangent with slope tan 135° to the

2 2
ellipse i“_6+y7 =lisy=—x+ J16(1)+9

16 9
= x +y =15 which meets the given ellipse at (?,gj

. Suppose the tangent intersect at (4, k), then equation

of chord of contact is

4hx + ky = 5.
But equation of chord of contact is:
2x+y=3

4h k5

2 1 3

= h=5/6,k=5/3.

55
Thus, required point is (g,gj .
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