M ATHEMATICS

TRIGONOMETRIC EQUATIONS

SOLUTIONS OF TRIGONOMETRIC EQUATIONS

? What What

« Trigonometric functions « Trigonometric equations

« Trigonometric ratios of multiple and « Solving trigonometric equations

submultiple angles « Principal solutions

« Transformations formulas, Periodicity of
trigonometric functions

- General solutions

« Graphs of trigonometric functions,
Transformation of graphs

Trigonometric equations

Any equation involving trigonometric functions of unknown angles is known as a trigonometric
equation. Solving these trigonometric equations to find the unknown angles give us the solutions
of respective trigonometric equations.
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B What is/are the solution(s) of sin x 5

% a.2nn+%\7’nez b.mt+%\7’nez c.2n1t+56—“VnEZ d.nn+56—“VnEZ

Step 1:
Given, sin x = >

1

Let’s consider f(x) = sin x and g(x) = i.
Now, the x coordinate of intersection points of the these two functions will give the solution

for sin x = 1
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Step 2:
1

From the graph we can observe that the number of solutions of for sin x = - are infinite as sin x
is a periodic function and with domain R and g(x) = % is a straight line parallel to x-axis with
domain R.

Let us consider the points of intersection in the domain [O, 2mt]. The first intersection point is

at x = E The next point of intersection will be at x = 56“

Step 3:

As we know that sin x is a periodic function with period 2m, the points of intersection repeat
after every 2. Therefore, in the domain [2m, 4mt] the two points of intersection will be

atx = 2w+ and x = 2 + 2, With similar explanation in the domain [-2m, O] the two points of

6 6
intersection will be at x = -2+ L & andx=-2m+ 561T
_ il
6,21‘[+€, 21T+€,41T+€, 4T[+€, ..... }_{2n11+ 6VnEZ}
{5“ 21'[+51T 21‘[+56T[,41T+56T[, 41T+56T[, ..... }:{2nn+%‘v’nez}

Step 4:
To generalise we can say that the points of intersection are

X = 2mT+6 and x = 2nn+5éTVnEZ

Therefore, options a and c are correct.

Types of Solutions

1. Principal Solution
when 0 £ 0 <2t i.e. domain of 8 =[O0, 2m)

2. General Solution
for 8 € Ri.e. domain of 6is R

General Solutions of Standard Trigonometric Equations

m y sinB6=0

sinB=0<0=0, +m, + 2m.......
=>sin8=00=nnVnezZ
Therefore, general solution of sSin8=0is@=nnV n € Z.



~ sin 6 =1
1 . S
:
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A4
i =] = _7_1T _3_1-[15_‘”:
sinf=10=.., 2 T oy
=>sin9:1<:>6=(4n+1)%VnEZ
Therefore, general solution ofsin9:1ise=(4n+1)%VnEZ.
sin 0 =-1
i1 5n
> X
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sinf=-10=...,
:sinez-1@6:(4n-1)%\7’nez

Therefore, general solution of sin 8 =-1is 8 = (4n - 1) T2—[ VneELZ

cose=0=)6:iT2—[,i3—“ .......
=>cos0=0<0=(2n

Therefore, general solution of cos 6 =0is 6 = (2n +1) % VneLZ



y cos =1

Vv

cos0=1<06=0, £2m, +4m......
=cos0=10=2nmVnez
Therefore, general solution of cos 6 =1is0=2nntV n €Z.

y cos 0 =-1
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cosf=-10=xm +3m....
=>cosf=-10=2n+1)tVneEZ
Therefore, general solution of cos 6 =-1is8=2n+1) TV n € Z.

tan6=0<0=0, £, + 21......
=>tan6=0©0=nnVneZ
Therefore, general solution of tan 6 =0is@=nmVneZ.
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Find principal solutions of the equation V3 tan x- 1= 0.

T
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Step 1: 1
Given,V3tanx-1=0 ﬁ/ ;

As we are finding principal solutions, x € [0, 2) 0

N
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=1
= tan x = =

— g1y
= = o
tan x = tan 5

And tan x = tan (11 o l)

= tan x = tan In

6
»>x=1 It

6’ 6
Therefore, principal solutions are as follows:

_T /1

6’ 6

%@

The principal solution(s) of 2sin x -v3 = 0 is/are

m 21 11511
33 bxe{

Quick Query 1

a.x € mIn d.xe{IL 4n

CXEl6 6 )

i

@ Concept Check 1

The principal solution(s) of 2cos x - 1=0 is/are as follows:

21 bT[5T[ m /T th51T

g I 2m
"33 6’3 "6 6 "33

sin B = sin
=>0=nm+(-1)"a; ae[%%]

Step 1: Leta € [— % %]

We have, sin 6 = sin a
=sinB-sina=0

= 2cos (9;r a) sin (G_Ta) -0 [sin C-sin D =2cos (C ; D) sin (%)]

= cos (95“) sin (G'T“)=O
e+°‘)=Oorsin(e'T°‘)=O

=)COS( >



Step 2: Now this gives us two cases.

We know, We know,

cos®=0 sin®=0
=(2n+1)%\7’nEZ >0=nnVneZ

Similarly, Similarly,
B+a)_ ; (6 - ) _

cos (T) =0 sin 5 0

0-a _
:950‘ (2n+1)— = S5%=nmn

>0=2n+1)m-avVneZ =>0=2nmt+aVneZ

( n 0 1 2

Step 3:

Observe from both the tables that when coefficient of m is odd, coefficient of a is negative
which implies coefficient of a is (-1)°% and when coefficient of m is even, coefficient of a is
positive which implies coefficient of a is (-1)*v*". Let’s say the coefficient of m is n and coefficient
of ais (-1)", where n € Z. Now, this satisfies both the cases. Hence the solution is

“] vnez

0=nm+ () ac [-%,7

Solve for stin(e + %) =

Step 2:
We know,

sine=sina@9=nn+(—1)”a;a€[—%,%]vnEZ
=>6+%=n11+(—1)”(—%)\7’n€2

=>9:nn+(—1)“(—%)—%VnEZ

Step 3: Now, we’ll be dividing this in two cases i.e. when n is odd and when n is even.

Case 1: For n = 2k(even), where k € Z Case 2: For n = 2k + 1(odd), where k € Z

6=2kﬂ+(—1)2k(—2) Tkez = (2k + )+ ()2 (—) T kez

6,
mo_m =0 =2k + ) (1)-1T KeZ
=0 =2kn- % 6kEZ 4
T[
=9= 2kn+1132“,kez

Final solution set will be a union of solutions from case 1 & 2.

Therefore, 6 € {(2kn - 515—2“) U (2k11 ¥ 13“)} VkeZ



@@

Solve for 8:sin 6 =

Concept Check 2

1
2

cos 0 =cos a
=>0=2nm+to;a€[0,n;nEZ

Step 1:

Let a € [0, ]

cos B =cos a
=>cosB-cosa=0

= -2sin (G L O‘) sin (G'TO‘) =0

o (6;5) o (G-Ta) o [cosC-cos D =-2sin (CerD) sin (C '2D )]
= sin (e;“)=00rsin (G'Ta)=0
Cstep2
sin(ega)=0 sin(eéa)=0
We know, We know,
sin®d=0&d=nm;n€EZ sin®=0 d=nm, n€E€Z
Similarly, Similarly,
sin(ega):o sin(eéa):o
=>e§—a:nﬂ =>9'2—°‘:mt
=>0=2nmt-aVneZ >0=2nm+aVneEZ

Combining both, we get
0=2nmto;a€[0,Mn€EZ

at is the number of solutions of cos == in the interval [0, 2m]7
@@Wh'h ber of soluti fcos 20 =33 inthe | 1[0, 2m]?

2
a. 1 b.2 c. 4 d. 6

Step 1:
Given, cos 20 =

Step 2:
We know,
cosB=cosae0=2nm+ta;a €0, M;nEZ

~ COS 20 = cos (%):29 :2nT[i%;nEZ

_ T,
=>6—nni12,nEZ

G

—
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e[o, 1'[]}

= cos 20 = cos



Step 3: Now, for

Values of 0 satisfying the equation in [0, 2]

m lim 13m 23m
aC 12" 12" 12

Therefore, there are 4 solutions in [0, 2T].

@@

If cos 3x = -1, where 0° < x < 360° then what is x?

m 5. s bn
a.3,1T,3 b. C.3,T[ d.1T,3

Concept Check 3

tan 6 =tan a
O=nm+a; ae(%%);nez

Step 1: : Step 2:
Letae(—%,%) : =>sin(0-a)=
tan 0 = tan a : =@0-a=nm VneZ
|
|

sin® _ sina >0=nm+aVneEZ
cosO cosa
= sin B cos a=sin a cos O [+ sin A cos B - cos A sin B =sin (A - B)]

=sinB cosa-sinacosB=0 [vsind=0d=nnVneZ]

@ If tan O tan (120° - ) tan (120° + 0) = =

% a.ﬂ—lneZ
12

3

Step 1:

tan 6 tan (120° - 6) tan (120° + 0) = =

= tan 0 tan [(180° - 60°) - 6] tan [(180° - 60°) + 0] =

ﬂl

= tan 0 tan [180° - (60° + 0)] tan [180° - (60° - e)]=—

<‘

= tan 0 (-tan (60° + 0)) (-tan (60° - 8)) =

= tan 30 = % {tan @ tan (60° - ®) tan (60° + @) = tan 3P}

[ tan (1 - x) = -tan x]

al—*



Step 2:

= tan 39=tan% {%E (_% %):}

L
6. NEL

=>e=%+%;nez

Therefore, option c is correct.

@@ Concept Check 4 @ﬁ Concept Check 5
1

Solve for B:tan 0 = 3 Solve: tan 50 = cot 20

=30 =nm+

Summary sheet

?

—_—

Key Takeaways Key Formulae

—_—

« Principal solution lies in [0, 2m) « General solution of sin 8 =sin ais

0 =nn+(—1)“a;a€[—%,%]Vn €7
« If cos B = cos a, then general solution is
0=2nmta;a€[0, M]VNEZ

- General solution is for the whole domain of
the function which is usually R.

- General solution of tan 6 =tan a is

O:nn+a;ae(—%,%);nez

Trigonometric Equations

General Solutions Principal Solutions
sin B =sin a

= 6=mr+(—‘|)”a;oc€|:—%,%:|‘v’nez

cos 0 = cos a
> 0=2nmza;,a€[0, M VNnEZ

|

tan 6 =tan a

=>9=mr+a;ae(—%,%);nez




Self-Assessment

Answers







5. Step 1:
We have,

= tan50 = cot 20 = tan(% — 26] { cot ¢ = tan (% - q)j}

:>59:nn+g-29 {"- tan¢ =tana < ¢ =nn+o;n € Z}

:>79:mc+E
2

:>6=E+£whereneZ
7 14

= 9=(2n+1)%,wheren ez

Step 2:

But, forn=...., 3,10, 17..... tan 50 is not defined. Hence, the above solution holds for all n
except these values.

= 6= (2n +1)%,Where neZbutn#...,310,17,...

Self-Assessment
1. Step 1:
We have,

:>2(’I—sin29)+3sin6:0 [ cosz¢:1—sin2¢]
= —2sin” 0+ 3sin0+2=0

= 2sin*0-3sind -2=0

= (sin@—2)(2sin6+1)=0

= sin0=2 or sinf=—

N | —

Step 2:
Since, range of sin 0 is [-1, 1]. Hence, sin 8 = 2 is not possible.

; 1 ; T T T T
= sinf=——=sin| —— Ve—g| == =
o) a3l
n 7T . . n T T
:>6:nn+(—1) (—gj;neZ {‘.'Slnd)= SInOL<:>d)=nTE+(—1) a;ae{—;,i};nez}
O=nm+ (—1)[7+1 (gj, nez

2. Step 1:
We have, cos 6 + cos 36 - 2cos 260 =0

= 2cos 20cos0—2cos 260=0 { cosC +cosD = 2cos[C+Dj cos(c%j}
=> 2cos 26(cosh-1)=0
=cos20=0o0rcos6-1=0

= cos 20 =0 or cosO =1
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METHOD TO SOLVE TRIGONOMETRIC EQUATIONS

=)

« Trigonometric ratios

What you already know

« Trigonometric ratios of multiple angles

« Extreme values of trigonometric functions
« Periodicity of trigonometric function

« Linear trigonometric equations

@ Common transformation formulae

E@D What you will learn

» Non-linear trigonometric equations

« Various types of trigonometric equations and
their methods to solve (Equations
reducible to quadratic form, Introducing
auxiliary angle, solve by transforming sum
into product and product into sum)

-
sin 20 = 2sin® cos O

N
cos 20 = cos’0—sin?0 = 2cos’0 — 1 = 1 — 2sin’0

2sin Acos B = sin (A + B) + sin(A - B)

2cos A sin B=sin (A+B)-sin (A -B)

2cos Acos B=cos (A +B)+cos (A -B)

2 sin A'sin B=cos (A-B)-cos (A+ B)

— 4 -
sinC + sinD = 25in(C+D) cos(C—ZDJ sin C-sinD=2cos(C Dj sin(—czDJ
cosC +cosD =2 cos (C hi Dj cos (C;D cos C-cos D= -2 sin(C i D) sin(CéDJ
~ Y,
Some common trigonometric equations and their general solutions:
i R

Trigonometric equations

General solution

sinx=0 X=nm,NneZ

o
sin x =1 x:(4n+1)5,neZ
sinx =—1 X =

(4n—1)§, neZ




cos x =0 x=(2n+1)g,neZ

cos x =1 xX=2nm,neZ
cos x =—1 x:(2n+1)7'c,neZ
tanx =0 X=nm,nek

-

Solutions of Linear Trigonometric Equations

-
Form 6= o€
2 2
cos@=cosa 2nmta,VneZ [0, 7]
T T
tan 0 =tan a nmt+ao, VvneZ =, =
L 2 2

We have solved the linear trigonometric equations, now we will solve the non-linear trigonometric
equations like, cos’0 =cos’a etc.

sin6=sinPfaO0=ntta;a€E {O,%}Vnez

Proof

Let, o {0,1} As the given angle

We have, 2 ar{o,g}

sin’0 =sin’ o {sin2 =@} ~0<2a<x =2ae[0.n]

= 20=2nm + 2a
1-cos 20 1-cos 2a

2 2 :annia;ae{o,g}nez
= cos 20 = cos 2o

Here, 26 is unknown and 2a is known. We know, (Hence proved)

" COS X =COS y
o x=2nm + y;ye[O,n]




@@ Quick Query 1

Prove cos29=cos2oc<:>9=nnioc;ae[o,g};‘v’nez

@@ Quick Query 2

Prove tan29=tan2a<:>9=nnira;ae[o,g);VneZ

%@ Solve for x, cos®x =§1'

2
We have, cos’x = (Lj

NG

So we can apply the formula: cos’8=cos’a < 0=nn+tao;aec [O, E}; neZ

2
1 0 T 1 b 0
=cos’x=| —=| =cos’= scos—=—and—e|0,=
[\/2j 4 { PG 46{ 2}}

T : . .
= Xx=nnzt Z; neZ, is the required solution.

%@ Concept Check

Find the interval of x satisfying 4sec?x =5 + tan?x

Points to keep in mind before solving trigonometric equations

Consider, sin x =1

CORRECT APPROACH : We know, sin =1« 6 =(4n +1)g; neZ

.. Solution set = {x:x = (4n +1)g ine Z}, this is the correct approach.






3. The solution should not contain values for which the equation becomes undefined.

Example

CORRECT APPROACH : tan x x
Consider, tanxcot x =1 tan x

WRONG APPROACH : tanxxcot x =1 . = X € R—{cases where tanx =0 or tan x = undefined}
ctanx 0 = x#nn,neZ

=1

:>tanx><t =1=1=1

anx and tan((2n+ 1)£j is, undefined ;ne Z
=>xelR 2
Here, we did not consider the case, Thus,tan xcot x =1

where tan x = 0. So this is an incorrect P
—=xeR- (2n+1)—;neZ —{nn; neZ},
approach. 2

is the required solution.

4. The solution should not contain values for which the denominator is zero at any
stage of solving.

Example
Consider, S”_] 2x =0
sinx
WRONG APPROACH : CORRECT APPROACH :
Suppose we multiply sin x on both sides, sin2x 0
sin2x . ) . : sinx
= x sinx = 0xsinx, looks like a valid step — sin2x =0 and sinx =0
—sin2x =0 {sinB=0 < 0=nn;neZ} =2x=nn;neZandx#nn;nez
nm
=2x=nn;neZ > x=""'nez =SS SIS A GRS IS G
T 37n
- x=0,+% +m, 43" 1on... =P X=Eo, E o
2 2

This is an incorrect solution set. B e (et selifen st

Methods to solve trigonometric equations

Type 1: Factorisation Method



The number of solutions of 2cosx cos 2x =cosxin X € [—n,n] is

Solution




@@

Solution

The genral solution of 2cos?x - 3cos x-2=0is

[7’3\\) Trigonometric equation of the form,asinx+b cos x=c; V a,b,c ER

Algorithm







Find the general solution of V3 cos x +sin x = -2.

Upon comparing with the standard equation a sin x + b cos x = ¢, we get: \/§ COSX +sinx = —2.

=a’+b? = (\/§)z+12=2
We have,\/§ COSX +sinx =-2

Dividing both sides by va? + b? = 2 we get,

V3 1 . -2 .m A3 T 1
= = CcosxX+—sinx =— sin—=——, cos— = —
2 2 2 3 2 3 2
— sincos x + COS~ sinx = —1 { sin AcosB + cos AsinB = sin(A + B)}

) T
= sin| x+— |=-1
( 3)
{'.'sin6=—1<:>6=(4n—1)g;neZ}

:>x+£=(4n—1)£;neZ
3 2

The number of solution(s) of cos 3x + sin 2x - sin 4x = O in the interval [0,27] is?

Solution







AN
g/’ Summary sheet

Key Takeaways

Key Results
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Self-Assessment

1. Find the general solution of cot x — cosx =1 — cot xcos x.

2. Find the general solution of tan® x —(\/5—1)tanx -3 =0.

3. Find the general solution of sinx + cosx = \/5
4. The most suitable general solution of sinx +sin5x =sin2x +sin4x is

| A Answers



















MATHEMATICS
TRIGONOMETRIC EQUATIONS

SOME MORE METHODS TO SOLVE
TRIGONOMETRIC EQUATIONS

n
g@ What you already know What you will learn

» Trigonometric ratios » Non-linear trigonometric equations
« Trigonometric ratios of multiple angles « Various types of trigonometric equations and
- Extreme values of trigonometric functions methods to solve them (Equations reducible

ic f
« Periodicity of trigonometric functions to quadratic form

: . ; . « Introducing auxiliary angle
« Linear trigonometric equations 9 yang

« Solving by transforming sum into product and
product into sum

Common transformation formulae

s N
sin20 =2sin 0 cos O cos20=cos’0—sin?0=2cos’0-1=1-2sin’0
2sin A cosB = sin(A + B) + sin(A - B) 2cos AsinB = sin(A + B) - sin(A - B)
2cosAcosB = cos(A +B)+cos(A-B) 2sin AsinB =cos(A-B)-cos(A+B)

sinC+sinD=2 sin[C+Dj cos(%j sinC-sinD=2 cos(CJrDj sin(c—;Dj

DJ cos(C—;Dj cosC—-cosD=-2 sin(C;Dj sin(C;D)

cosC+cosD=2 cos(C+




Some common trigonometric equations and their general solutions

p
Trigonometric equation General solution
sinx=0 X=Nnm,NeZ
; T
sinx =1 x=(4n+1)5,neZ
; T
sinx = —1 x=(4n—1)5,neZ
T
cosx =0 x:(2n+1)§,neZ
cosx =1 X=2nT, N Z
cosx = —1 x:(2n+1)n,neZ
tanx =0 X=Nnm, NeZ
\

Typical trigonometric equations and their solutions

p
Form

sin® =sina

nn+(4YaVneZ

cosO =cosa

2nt =t aVvVneZ

tan0 =tana

nt+oVneZ

-
sin0 =sina nt+aVneZ O’E
-
cos’ 0 =cos’ a nt+aVneZ O’E
PR
tan’0 =tan’ a nt+oaVvVneZ 0,5




Type V: Solve by transforming product into sum




Concept Check 1

Type VI: Problems based on method of completing the square







%@ Concept Check 2

The general solution of 2cot’x + 2/3cot x +4cosec x +8=0 is:

T T
(a)x=nn+%;neZ (b)x=2nn—£;neZ (c)x=nn+€;neZ (d)x=2nn—g;neZ

Type VII: Problems based on boundary condition

Range of trigonometric functions

sin® [11]
cos0 [-1.1]
tan® (—o0,0)
cosecH (—o0,=1]U[10)
secO (—o0,~1]U[1,0)
L coto (—00, 00) )







Concept Check 3

Solve













Concept Check 4













Step 4

Combine the solutions of both the cases.
.. Final solution set = Case [uUCase

=AUB=AU¢}

s

Hence, total number of solutions in |:O, n]= 2.

» Range of trigonometric functions

f Trigonometric function Range
sin® [-11]
cos0 [-1.1]
tan® (—o0,00)

cosecH (—o0,~1]U[1,0)
secH (=oo, 1] 10)
L cot0 (—00,00)

 Replacing the trigonometric functions with common algebraic variables (like a, b) help in

simplifying the equation.

« In problems based on completing the squares and boundary condition, the trigonometric
equation is broken into two or more cases with generally AND in between. So, after finding the
solutions for all the cases, we perform INTERSECTION operation on the solution sets to get the

final solution set.

« In all other types of problems that are solved by factorisation method, using transformation of
trigonometric functions formulae, the trigonometric equation is broken into two or more cases
with generally OR in between. So, after finding the solutions for all the cases, we perform

UNION operation on the solution sets to get the final solution set.




Self-Assessment

E] Answers

Concept Check 1

Step 1
Use the transformation formulae to simplify the equation.



sSin6x

We have, 8 cosx cos2x cos4dx =

sinx
sin6x . . .
S RHS =— = sinx # 0, for the equation to exist,
sinx
= X N7
Sin6x
Now, 8 cosx cos2x cos4x = —
sinx

= 8 sin X C0S X COS 2X COS 4X = sin 6X {sin2 ©=2sin 6 cos 6}
= 4 sin 2X cos 2x cos 4x = sin 6x

= 2 sin 4x cos 4x = sin 6x

= sin 8X = sin 6x

= sin8x —sinbx =0 { sinC-sinD=2 cos(CJr

+ -
=2 cos(8X26xj sin(gx 6Xj =0

0)u(2)

2

= 2 cos 7xsinx=0

Step 2

Divide the equation into linear factors and solve them separately.
= cos 7/xsinx=0

=>cos 7/x=0orsinx=0

CASEI: cos7x=0 CASE II: sinx =0
{... C056:O<:>e:(2n+1)£ : nEZ} {‘,- S|n9:9<:>9=nn; nEZ}
2 —>X=NT
= 7x = (2n+’|)E neZ But, sinx#0, for RHS = S'h6x to exist
2 SINX
=x=(2n+1)-=;neZ <« Letthis be Set A. =x#nmineZ
= L xed < Let this be Set B

Step 3
Combine the solutions to get the final solution set.
. Final Solution=AuUB=AU¢=A

= x:x:(2n+1)£;neZ
14
However, general solution is,

X = (2n+1)§ (Given)

=x=(2n+1)>=(2n+1)

= a =14, is the required value.
Option (c)



Concept Check 2
Solution

Step 1
Use the transformation formulae to simplify the equation.
Here, we have terms containing cot x and cosec x, so we try to form squares of cot x and cosec x.

= 2cot’x + 2\/§C0t X +4cosecx+8=0

— cot?x + cot®x + 24/3cot x + 4cosec x +8 = 0 { cot’x+1= coseczx}

— cot?x + cosecx - 1+ 2+/3cot x + 4cosec x +8 = 0

— cot?®x + 24/3cot x + 3+ cosec®x + 4cosec x +4 = 0

= (cot2x +2/3cot x + (\/5)2) + (coseczx +4cosec x + 22) =0

= (cot x+\/§)2 +(cosec x+2)2 =0

Step 2
Divide the equation into linear factors and solve them separately.
2
= (cotx + \/5) =0 and  (cosecx+ 2)2 =0 {'and' means}

:>(cotx+x/§)=0 and (cosecx+2)=0

CASEI: (cot x++/3)=0 CASE-Il:(cosecx +2) =0
1
- . _ = cosecx = -2 v cosech=——
= cotx = —/3 { COte_tane} sind
—1 i —_
= tanx=— = sl ===
J3 2
N s AN
e - S ks :—_1 - sin ? = —sin g :?
6 6) 3
T = sin x = sin| —
:tanx:tan(gj (6}

. : "o T T,
{'.'taneztanaceznn+a ;ae(_?n, gj : neZ} { sme—sma<:>9—nn+(—1) * ’ae[ 2’ 2] neZ}

-7 —-mT T q o

-T (- T . . As,— | —, — |, we can use this relation.
As, — e | —,— |, we can use this relation. 6 22

6 2 2

i = V[ -Z|inez
=x=nt-—;neZ  «Letthisbe SetA = x=nm+(-1) “5) "€
=X = nrc+(—1)"+1 (gj neZ « Let this be Set B.

Step 3

Put values of n to get the values of x. Also check whether the value comes in the interval or not.



e N
CASE I: (cotx+\/§) =0
n 0 1 2 3 4
X - 5m N 17 23m
6 6 6 6 6
\_ Y,
e N
CASE Il: (cosecx+2)=0
n 0 1 2 3 4
X e hi il 19m 23m
6 6 6 6 6
\_ Y,
Step 4

Find a pattern in the solution. Rewrite in terms of n. Combine the solutions to get the final solution
set.
.. Final general solution = Case I Case |

=ANB

_ [z ftr 237
6 6 6

We need to find a pattern in order to write a general solution in terms of n. Combining both
solution sets,

Letx:2nn—g;neZ

Then,n:O:x:—E

n=1: x=—
6

n:2:x:&
6

Hence, x = 2nn —g ; n e Z, is the required solution.
Option (d)

Concept Check 3

Solution

Step 1

Use the transformation formulae to simplify the equation.

We have, sin x cos X cosS2X = ?

= 2sinx cosx cos2x = - {sin20 = 2sin® cose}
= sin2x cos2x -1
Multiplying and dividing by 2 inLHS,

:>%><2sin2x cos2x =—1



Step 2

Recall the range of the trigonometric functions.
sin 4x = -2, not possible as sin € [-1, 1]

Hence, no solution exists.

Option (a)

Concept Check 4

Solution

Step 1

Observe the LHS of the equation and compare with the standard form.

We have, 7 cos x + 5 sin x =2k + 1

On observing the equation, we find that it is of the form a sin x + b cos x = ¢,
Wherea=5,b=7c=2k+1

Step 2
Recall the range of the standard form asin x + bcos x = c.
We know if f(x) = asin x +b cos x

then fe[—\/02+b2,\/02+b2J
= —Ja’ +b* <7cosx +5sinx <+a’ + b’ { Ja? +b? =52 + 72 = \/ﬁ}

= —VJ74 <7cosx +5sinx <74
= —74 <2k +1<V74 {"" 7cosx +5sinx =2k +1}

Step 3

Find the approximate value of the square root and solve the inequality from both sides to reach k.
=-86<2k+1<86

=-8.6-1<2k<8.6 -1

=-96<2k<76

:>_9'6£/<sE
2
= 48<k<38

AskeZ=>k=-4,-3,-2,-1,0,1,2,3
k can take 8 integral values.
Option (b)

Self-assessment 1
Solution

Step 1

Divide the whole equation into parts and simplify the terms involved using transformation
formulae and the standard form asin x + bcos x = c.

For principal solution, [ O, 2m)



3x\/§

We have, \/cot3x +sin? x —% +\/sinx +\/§cosx -2 = sin7—7

Let us consider the 2™ term of L.H.S. i.e., \/sinx+\/§cosx -2

Here, (sin x ++/3cos x) is similar to(asin x +bcos x) witha=1,b = J3
Dividing and multiplying by+/a’ +b* = ,[1? +(\/§)2 =2, we get,

— sin x+\/§cos y = 2£S|nx+ 23 cosx]

1. 3
= 2| —sinx +—cosx
2 2

. T o .1 T \/5
=> sin X ++4/3 cosx = 2| sin— sinX + COS— COSX ‘. Sin—=—, coS—=——
6 6 6 2 6 2
= sin x ++/3cosx =2 cos(x—gj { cos(A—B) =cos A cosB+sin A sin B}
Step 2

Replace the term under square root with simplified expression. Enforce the conditions of square
root to find the range of the expression under square root.
The second term of L.H.S becomes,

— \sinx ++3cosx—2 = chos(x—g]—z

:\/2[cos(x—gj—’lj
As\/2£cos(x—gj—1] exists iff2[cos(x—gj—1] >0
:>2(cos(x—gj—1j20

:cos(x—zj—uo
6

= vvvﬁ/xvvgv}yvvvvvv 0e [— ]

T
=cos| x——|=1
( 6]

{cosb=1<60=2n1; neZ}

:x—g:2nn;neZ

T
=>X=2NnTt + —;,ne’



Step 3
Put values of n to get the values of x. Also check whether the value comes in the interval or not.

( n (0] 1

o3
o

L X

Here,x = 13?7[ g[O, 2m)
- For 2™ term of L.H.S. to exist : x :g

Step 4
Check whether the value of x obtained satisfies the equation completely or not.

Let us check whether x = gsatisﬁes the given equation or not.

S LHS. = \/cot 3x +sin® x —% + \/Zcos(x —gj -2

=\/cot3xE+sin2£—l+ 2cos r t -2
6 6 4 6 6

=\/cot£+sin2£—l+0
2 6 4

1" 1 1
=,/0+| = ——+0 rcot==0, sins=—
2 4 2 6 2

=LHS.=0+0=0

S.RHS. =sin [37)(} — ﬁ

2

=RHS.=0
S LHS.=RHS.

Hence, x :g is the only principal solution.

Self-assessment 2
Solution

Step 1
Rewrite the equation using transformation formulae such that square root gets resolved.



We have,+1—cosx =sinx
— /2sin2£ _9sinX cos X "> 0520 =1-2sin0 = 1-cos20 = 2sin” 0
2 2 2 sin20 = 2sin0O cosO

=2 =25in§cos% {\/?=|y|} (1)

. X
sin —
2

Step 2
Observe the graph of the term in modulus and decide the value in the interval concerned.

0<x<2n (Given) 1

:>OS§STC

% 0 T 2m
=0< sinE <1 (From graph)
4+

:>sin£20
2
x| x y,y20
sin—| = sin— |y| —
2 2 -y,y<O0

Step 3
Replace the value in the modulus function. Simplify the equation. Divide into linear factors and
solve them separately.

N
-
y

X

=

Putting the value of in the equation(1) we get,

X
sin—
2

=2

X X X
sin—| = 2sin—cos—
2‘ 2 2
= 2sin£=2sin£cos£
2 2 2

= 23in£—23in£cos£=0
2 2 2

= 2sin§£1—\/§cos§J:O

= 23in§:0 or 1—\/§cos§:0 {'or' meansu}



CASE | V2sin>=0 CASEII:1—\/§cos§=o

. X jcosi—i
:>S|n§:0 2 2
1
:>§= nm { sin6=0<0=nmt;ne Z} = cosi = c:osE cosE:—
2 2 4 4 2
=Xx=2nm;ne’ {'.'cosezcosoc<:>6:2nnia;ae[O,n];neZ}
X T
—_ = dF—7
( " 0 1 5 1 :>2 2nn_4,neZ
T
As x €[0,2m] and 4m € [0, 2m] ( n 0 1 1
= x ={0, 2m} Let this be Set A
n iy
X i2 41'[i2

Asx e[O,Zn] and %,471 + gﬁ[o, 2n]

=X = {g} <« Let this be Set B.

Step 4
Combine the solutions to get the final solution set.
.. Final solution set = Case lUCase |l

=AUB

g o5

Hence, the total number of solutions in[0,2n]: 3.



M ATHEMATI CS

TRIGONOMETRIC
EQUATIONS

TRIGONOMETRIC INEQUATIONS

% What you already know

Eé} What you will learn

« Trigonometric ratios

« Trigonometric ratios of multiple angles

« Extreme values of trigonometric functions

« Periodicity of trigonometric functions

« Trigonometric equations and their solutions

. sin (A +B) = sinA cosB+cosAsinB sin(A-B)=sinAcosB-cosAsinB

cos (A - B) = cosA cosB +sinAsinB

« Practice trigonometric
equations’ related problems
« Trigonometric inequations

cos (A +B)=cosAcosB-sinAsinB

Typical Trigonometric Equations and Their Solutions

Form 0= (1 &S
sinB =sina nn+(-1)”aVneZ [_E,E}
22

cos@=cosa 2nmtaVnel [0, 7]
tan@ =tana nn+avVnel {-E,E—l
2 2

. . PR
sin? B =sin? « nttaVnelZ 05}
cos? 60 =cos?a nttavVnelZ Og}

tan6 =tan’ a nntavVneZ o,g




Find the total number of solutions of the equation sin (%cost] =cos (ﬂsintJ

Given, sin 1cost =cos 1sint
10 10

= sin 1cost =sin E-ﬂsint Since, cos@=sin(£-9]
10 2 10 2
:ﬂcostzz-ﬂsint :ﬂ(sint+cost):£
10 10 2
. t 10
=> sint + cost = —x—
2 N
_ 1 1 51 As for equations of the the form
:>S|nt-$+cost.$=m aSinX+bCOSX:C,

We divide both sides by va*+b” .

:>sint~cos£+cost—sin£= 2 = sin t+E = 2 ~1.01
4 4 4

112 12

But the maximum value of sin(t+%) =1

- The above equation does not hold true. Hence, the total number of solutions of the
equation is zero.

Concept Check

5
Find the number of distinct solutions of the equation Zcosz2x +cos*x+sin*x+cos®x +sin°x = 2

in the interval [0, 2m].

@ Let S be the sum of all the distinct solutions of the equation

T
31

= 3secx+cosecx=2(cotx-tanx) = +— =2
COS X sin X

COS X Sin X
sin X Ccos X

“* COS 2X = COS>X - sin®x

xe(-n,n)-{g,o,g}

= sin x# 0, cos x=0

J3 sinx + cos x cos?x - sin’x
= - =2| —
cos X sin x sin X cos x

3 sec x+ cosec x + 2(tan x - cotx)=0, where x & (-m,7)- {-g,o,g}. Find the value of S.



. 3 . 1
= /3 sinx+cos Xx=2 cos 2x :7$|nx+5cosx20052x

. T s
= Sln§ sin X + COS§ COS X = COS 2X

= Ccos 2X :cos(x-g] :>2x=2nni[x-gj ( cosf=cosa< 0=2nnta;ae[0,n], neZ)

Case 1 Case 2
2x=2nn+[x-£j 2x=2n7- x-E
3 3
—x=2nn-= 3= Dt
3 3
:>x:(6n+1)g

n

(
R

wa | o
|
T
X

©|=l o
5

3

ql
“’l:\ -
|

«~ Sum of all distinct solutions, S=-—"-—+—-+4+—=0

Simultaneous trigonometric Equations

[

1
Find the value of x € R satisfying the equation sin 2x = -% and tanx = _ﬁ !

j »sinfd =sina

0=nﬂ:+(-1)na ;ae[ﬂ,ﬁ} ‘neZ
2 2



(2) tanx = -L

J3

= tan x = tan(-E]
6

T
:x:nn-g;neZ

s tanf@ =tana

0=nn+a;ae(£,£) ‘neZ
2 2

.'.B={x:x=nn-g where neZ}

Now, we will find a pattern between the elements of set A and B.

N7 nTC

x=—-(-1) =;neZ
2 ( ) 6
(n 0 1 1 2 2 3 3 4 )
2 1o 2n ST on /1 on A N
6 3 3 6 6 3 3 6
x:mr-E ;Nez
6
( n 0 1 -1 2 -2 ]
L . - 5n Tn fim | 3w J
6 6 6 6 6
-t 51 1n
~ANB :{E??} i.e., general solution: x = n1t+—7t sNeZ

@ Find the least positive values of x and y satisfying the following: x-y =% and

ﬁ cotx+coty=2

Considering cot x + coty =2,

COS X  COSY
= +

sinx siny

:cosxsiny+cosysinx:
sin x siny
.+ 2sinA sinB = cos(A-B)-cos(A +B)

=2 2

= sin(x+y)=2sin x siny
= sin(x+y)=cos(x-y)-cos(x+y) |(x-y)= %(Given)

1

T-
4 2

= sin(x+y)+cos(x+y)=cos
:Lsin(x+y)+icos(x+y):
V2 V2

T T
= cos| x+y-— |=cos—
( 4) 3

1 = sinlsin(x+y)+cosﬁcos(x+y) =
2 4 4

i
2

{ cosf=cosa< O=2nnta;ae[0,n], ne Z}



:>X+Y'£:2mti£;neZ :>x+y:2nni£+£;neZ
4 3 3 4

We need to find the least positive value, so we put n = 0 to get,

7 =
:>X+y:_n,_ wX,yYy>0=x+y>0,so % is rejected.

Solving both the equations simultaneously, we get,

- R 1
1277 6
Hence, the least positive values of x and y are 15—2“ and % respectively.

@ If y €(-m, ), then find the total number of ordered pairs (x, y)

satisfying the equation sec”(x+2)y +x*-1=0

We have,sec® (x+2)y +x*-1=0 {tan’x+1=sec’x}

= tan’ (x+2)y +x? =0, Square of any quantity is non-negative and the sum of two non-negatives
is zero only when each of the quantities involved is zero.

=x*=0=>x=0
=tan’(x+2)y=0 =tan’2y=0
= tan?2y =0 s tan’d =tan’a

S O=nntaV nerorae[O,gj

=2y=nn;neZ :>y=n?n;neZ

=>y= O,E’__Tc x=0
2 2
~The ordered pairs are formed as (x,y)= {(OO)(Oﬁ)(Oﬁj} Hence, three ordered pairs are
formed. 2 2

Trigonometric Inequations

To solve trigonometric equations of the type f(x) > a or f(x) < a where f(x) is some trigonometric
function and ‘a’ is a fixed real constant, we take the following steps:

Step 1: With trigonometric function being periodic, we draw the graph of f(x) in an interval of length
equal to the fundamental period of f(x). Let the fundamental period be p.

Step 2: Draw the graph of the constant function a, i.e.,y = a.

Step 3: Study the interaction of both the graphs and extract the interval corresponding to which
the inequation is getting satisfied. This interval is known as the partial solution set.

Step 4: Add pn(n € Z) to the lower limit as well as the upper limit of the interval obtained in Step 3
and take union over the set of integers, where p the fundamental period of f(x).



E] Find the solution set of the following inequalities:

(a) sinng (b) cosng (c) tan x >+/3

(a) Sil"]XZ1 AN
2 T sin x
f(x)=sin x . /X L
Period of f(x)=p=2n ) % : : 2
( O 1 1 : 1 >X

On observing the graph, we can find that the region satisfying the inequation has x e [— E}
This is the partial solution set. 6 6

Thus % is the lower limit and %

the required solution set.

is the upper limit, we add pn = 2mtn to both the limits and get

:>£< SSTE = 2Nt +— <x<2nn+5— neZ
6 6 6 6
e A
:xe[2nn+— 2nn+5—n} n=0 X € 5n
6 6 6 6
The final solution set will be the n=1 xe|2m+® 20+ 2"
union of all these sets, written as, 6 6
U[2nn+— 2nn+@} n=-1 { 2m+— -2ﬁ+ﬁ}
nez 6 6 6 6
L n=n | . )
N
1
1 COS X
(b) cos xz— ) VAR .
N / l I E 7 y—i
f(x) = cos x it 2 '\ 2 — x
Period of f(x)=p=2n -0 0 T
1+
WV

-T T
=>Xe [?’5} is the partial solution set.



We add the n-multiple of fundamental period pn = 21tn to the partial solution set.

=X e[2nn-£,2nﬂ+£}
3 3

The final solution set will be the union of all these sets, written as, U|:2nn-g,2nn+g:|

nezZ

y
(c) tan x >+/3 . qMan x
f(x) = tan x | |
Period of f(x) =p=7 | :
< >y=v3
R VA
N _E : O ;E /X
2, 12
! 1
I
=>Xe E,E is the partial solution set. : :
3 2 ! A\ 4 :

We add the n-multiple of fundamental period pn = nmt to the partial solution set.
T T
= Xe|nNn+—,NT+—
[ 3 2)

The final solution set will be the union of all these sets, written as, U(mwg,mﬁgj

nez

Solve the following inequality: 2sin?x + V3sin x-3>0

N
We have, 2sin?x + V3sinx-3>0
T sin x
= 2sinx + 24/3sin x-+/3sin x - 3>0 /\ y=§
:>(2Sin X'\/§)(5in X+\/§)>O N \/é I I ’
{'.'SinX+ 3>OVXER} ¢ 2 : } : } > X
0 n o
:>sinx>—3 2 T 2 2m
2
3 . .
== <sinx <1 { 1< sinx < 1} 44
2 WV
= Tex<|n-Z =T <x<2® ihisis the partial solution set
— -— — — , this is the partial solution set.
3 3 3 3 >

:>2nn+%<x<2nn+%;neZ

Thus, the required solution will be,

U(2nn+£,2nn+2—nj
3 3

nezZ



Find the solution set of the following inequation: cos x - sin x 2 1 in the interval [0, 2m].

We have, cos x - sin x > 1

= —SinXx2>2—

ﬁCOS X - \/— \/_

T
= COSZ COS X sm— sin x> —

\/_

:>COS(X+EJ>L
4) 2

On observing the graph, we get the
interval satisfying the inequation as,

= Xe {O}U[?;—R,Zn}

1
As the inequation is equal to —,
2

x = 0 has to be included in the solution set.

As for equations of the the form asin x + bcos x=c¢ ]

we divide both sides by Va? + b?

We have, cos 4x + 6 =7 cos 2x
= 2c0s%2x -1- 7cos 2x+6=0 (-

— 2c0s?2x- 7cos 2x+5=0
=> 2cos 2x(cos 2x-1)-5(cos 2x-1)=0
= (cos 2x-1)(2cos 2x-5)=0

:coszx:g or cos 2x =1

c0s20 =2cos?0-1)

w-1<cosf <1 = cos 2x =g is not possible.

= cos 2x =1 {cos@=cosa<:>0=2nnia;ae[O,n],neZ}
X = 0, 1, 2T, 31 ..... 100 x € [0,314] (Given)

=x=0, , 27, 37......1007

100x3.14 #100x

»3.14<t = 314<100~%

Thus = x=0, &, 2%, 3%......,991
Sum=S=0+n+2x+37.....+997
..a=0,d=mw,n=100
n 100
=5(2a+(n-1)d)=—=(2x0+(100-1)r)

= S=4950r is the required sum of the solu

tions.



Summary sheet

Key Takeaways

— 7

« While solving trigonometric equations and inequations, always find a solution in the interval
asked.

« Always simplify the trigonometric expression as much as possible.

« Transformation of graphs and extreme values of trigonometric functions have to be kept in
mind while solving problems.

Simultaneous Trigonometric Equations
(f(x) =0 & g (x) = 0)

Trigonometric Equations

TRIGONOMETRIC INEQUATIONS
Solve f(x) =0 Solve g(x) =0

Solving Trigonometric Inequations

Solution = Set A Solution = Set B DI 2 @EfEl @ T(X) Wil
fundamental period p

\%
Draw the graph of y = a

N2
Extract out the interval which is
satisfying thf inequation

Add ‘pn : n € Z’ to both the limits and
take union over integers

Self-Assessment

(1) Find the set of values of 0 satisfying the inequation, 2sin? 8 - 5sin 6 + 2 > 0, where 0 <0 < 2m.

(2) Find the total number of values of x in the interval [0, 2] satisfying Icos x - sin x| > V2.



Answers
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