CONTINUITY AND DIFFERENTIABILITY

TOTAL MARKS (15)
FOUR MARK:

Find the values of k so that function f is continuous at the indicated points in the
following
_ (kx?ifx <2 _
1. f(x) = { 3ifx > 2 ,atx = 2.

Solution: Given f(x) = kx?



f(2) =4k
RHL= le1£1+ f(x)

= lim 3
x—27F

=3
LHL= lim f(x)
xX—a
= lim kx?
x—-27
=4k
Since f(x) is continuous at x = 2
- f(a) = RHL = LHS
4k =3 =4k
~4k =3
3
k ‘- Zf 5
x4+ 1,ifx <
2.0 = {3x—5,ifx>5 atx=s
Solution: Given f(x) = kx + 1
f(5) =5k+1

RHL= lim, f(x)
x—at

= lim 3x —5
x—5%

=3(5) -5
=10
LHL= lim f(x)
x—-a
= lim kx+1
x—>57
=5k+1
Since f(x) is continuous at x = 5
~ f(a) = RHL = LHS
5k+1=10=5k+1
5k+1=10

k=22
5

kx+1ifx<m
3. f(x) = {cosx ifx>m atx =1
Solution: Given f(x) = kx + 1
f(5) =nk+1
RHL= lim f(x)
x—at

= lim cosx
x-mt

= COST
=-1

LHL= lim f(x)
x—-a
= lim kx+1

X1~
=nk+1
Since f(x) is continuous at x = 7
~ f(a) = RHL = LHS



nk+1=—-1=nk+1

nk+1=-1

-2

..k—;

kcosx’xiz -

4. f(x) = {2 Zatx=-
3, X=E 2

Solution: Given f(x) =3
RHL= lim, f(x)
x—at

kcosx

= lim
x_)ﬂ/2+ m—2X
. kcos(721+h)
= lim —_—
h—-0 7T—2(5+h)
[k.(—sinh)]
n—n—-2h
—k sin h]
—2h

= lim
h—0

= lim[
h—0

LHL= lim f(x)
x—-a

. kcosx

= lim

x_)n/z_ T—2X

=)

= lim =
h—>0 n—Z(E—h)
. k.(sinh
= llm[ (sinh)
h—0 Lm—m+2h
. ksinh
= lim
h—-0 2h
k,. sinh
= —lim
2h-0 h
_k
T2

Since f(x) is continuous at x =
« f(a) = RHL = LHS

NS

sk _k
2 2
.‘.523
2
k=6

S. Find the relationship between a and b so that the function f defined by
Flx) = {ax +1,ifx <3
bx + 3,ifx > 3

Solution: Given f(x) = ax + 1

f(3) =3a+1
RHL= lim f(x)
x—at
= lim bx + 3
x—-3%

=3b+1



LHL= lim f(x)
x—-a

= limax+1
x—3"

=3a+1
Since f(x) is continuous at x = 3
~ f(a) = RHL = LHS
3a+1=3b+3=3a+1
~ 3a+1=3b+3
3a= 3b+2

3b+2

5. Find the value of a and b such that the function defined by

5 ifx<2
fx) = ax+b if 2<x<10 TRY
21 ifx>10

Solution: At x =2
f(x)=5 RHL=2a+b, LHL=5

~2a+b=5.....(0)

Atx =10

f(x) =21, RHL =21, LHL=10a+b
~10a+b =21......(2)

From (1) and (2) we geta=2and b =1

SECOND ORDER DERIVATIVES

FIVE MARK:

2
1. If y = Asinx + B cos x then prove that %+ y=0

Ans : Given, y = Asinx + B cos x

Differentiate w.r.to x
d .
sd—z=Acosx—Bsmx

Differentiate w.r.to x



d?y .

= —5 = —Asinx — Bcosx
dx
d?y

= —=
dx?

= —(Asinx + B cosx)

d?y
= —==-
dx?

2
d—y+y=0

dx?
2
2.If y =5cosx — 3sinx then prove that %+ y=0
Ans : Given, y = 5cosx — 3sinx

Differentiate w.r.to x

d .
:%= —5sinx — 3 cosx

Differentiate w.r.to x

d?y .
= — =—5cosx + 3sinx
dx

daz .
d—x}; = —(5cosx — 3sinx)

d?y
= dx? -y

. d’y
" dx?

+y=0

_ 2x 3x ﬁ _ ﬂ _
3. If y = 3e“* 4+ 2e°* prove that Tz de +6y=0
Ans : Given, y = 3e?¥ + 2¢3¥

Differentiate w.r.to x

ay _ o2 3
dx—Be *(2) + 2e°*(3)

d
= 2 = 6e2X 4 6e3*
dx

Differentiate w.r.to x

2
22 = 6e2%(2) + 6e3%(3)
2
= LY — 12e2% 4 18¢%*
dx
i - &y _gdy
Consider, LHS= ——= —5-=+ 6y

= 12e?* + 18e3* — 5(6e%* + 6e3%) + 6(3e2* + 2¢3%)



= 12e2% + 18e3% — 30e2¥ — 30e3* + 18e2¥ + 12¢3*
= (12 — 30 + 18)e?* + (18 — 30 + 12)e3*

=0

= RHS

dz
25
dx

dy _
E + 6y =0
— mx nx d%y dy _
4. If y = Ae™ + Be™™ Show that Tz (m+n)a+mny =0
Ans : Given, y = Ae™ + Be™

Differentiate w.r.to x, we get

= % = Ae™¥(m) + Be™(n)

= 2 = Ame™* 4+ Bren*
dx
Differentiate w.r.to x, we get

2
= % = Ame™*(m) + Be™(n)

d’y 2 ,mx 2 ,nx
zﬁzAm e™ 4+ Bn“e

- e a
Consider, LHS = — (m+n) -, T mny
= Am?e™* + Bn?e™ — (m + n) (Ame™* + Bne™) + mn(4e™* + Be™)
= Am?e™* + Bn?e™ — Am?e™* — Bmne™ — Amne™ — Bn?e™ + Amne™* + Bmne™*

(Am? — Am? — Amn + Amn)e™ + (Bn? — Bn?> — Bmn + Bmn)e™

=0
= RHS
d?%y

. aty dy _
i (m+n)dx+mny—0

2
5.If y = 500¢7* + 600e~7* Show that -3 = 49y

Ans : Given, y = 500e”* + 600e~7*

Differentiate w.r.to x
L — 7(500e7%) — 7(600e~7%)
dx

Differentiate w.r.to x



2
22 = 49(500e7%) + 49(600¢~7%)
LY _ 49(500e7* + 600e~7%)
dx?

2

dx?
6. If y = 3 cos(log x) + 4sin(log x) show that x*y, + xy; + y =0
Ans : Given, y = 3 cos(logx) + 4 sin(log x)
Differentiate w.r.to x

dy —3sin(logx) 4 cos(logx)
o A +
dx x x

Multiplying x on both sides

:xi— = —3sin(log x) + 4 cos(log x)

Differentiate w.r.to x

d?y dy _ -3cos(logx)  4sin(logx)
dx? = dx x x

Multiplying x on both sides

2
227 4 @ - 3 cos(log x) + 4 sin(log x)]

=X
dx? dx

dy dy

2

=X X—=—
+ o y

=x zdy +x—+y—0

Xy +xy1+y =0

7. 1If y = sin"! x show that (1 - xz)%_x% - 0.

Ans : Given, y =sin"1x

Differentiate w.r.to x

dy _ 1
:dx T V1-x2
Multiplying V1 — x2? on both sides
T—x2 2=
dx

Differentiate w.r.to x, we get

T=2 2422 (020 =0




d’y dy «x
V1I—x%2 — —=—= =0
dx? dx+V1-x2

Again, multiplying V1 — x2 on both sides

N Y
(1 x)dx2 xdx—O.

8. If y = (tan! x)z show that (x? + 1)2y2 +2x(x2 + 1)y, = 2.
Ans : Given, y = (tan"! x)?
Differentiate w.r.to x

dy 2tan"lx

dx 1+ x2
Multiplying (1 + x2) on both sides

1+ xz)j—y— 2tan"lx

> =
Differentiate w.r.to x, we get
2y&y | dy =21
1+ x )dx2 +- 0+ 2x)+= 21+x2
Again multiplying (1 + x?) on both sides
2 2d%y 2 ay _
(x*+1) dx2+2x(x +1)dx—2
o (2 + 1%y, + 2x(x? + Dy, = 2.

— d?y _ (dy 2
9.If eY(x +1) = 1 Show that = (E)

Ans : Given, eY(x+1) =1
1
(.X + 1) = e_y
s (x+1)=e7Y
Differentiate w.r.to x, we get

1= —e_yd_y
dx

WYLy
" dx € (1)

Differentiate w.r.to x, we get

2
Y _ _ey ¥

dx? dx

Z=(2)(2) wusing)



dzy_ d_y 2

ﬁ_(dx)
_ pacoslx 2\ 4%y d 2., —
10.Ify=e Show that (1 —x2)-——= —x—=—a’y =10

dx? dx

. -1
Ans : Given, y = %5 ¥

dy acos_lx( —a )

=e
dx V1-x2

Multiplying V1 — x2? on both sides

V1 = x2 ay _ —qedcos tx

dx

Differentiate w.r.to x, we get

d’y = dy 1 -1 -a
1/ 22 =7 _ —— acos "~ x
1-x dx? + dx 2vV1-x2 (O 2x) ae (Vl—xz)

Multiplying V1 — x? on both sides

d’y dy «x 2 -1
1 — x2 _ay = qZeacos™'x
( )dxz dx V1-x2
d’y dy «x
1— 2\ vy 4y — 2
( x )dxz dx V1-x2 ay

d*y dy 2
t(1=x)=—-x=—-0a%y=0
( )dxz dx y

THREE MARKS

Rolle’s Theorem

Let f:[a, b] - R be continuous on [a, b] and differentiable on (a, b) such that f(a) = f(b)
where a and b are some real numbers. Then there exists some c¢ in (a,b) such that

f'(c)=0
Problems

1. Verify Rolle’s theorem for the function y =x*+2, a=-2 and b = 2
Solution: The given function f(x) = x? + 2 is polynomial function, is continuous in
[-2,2]
And f(x) =x?+2
Diff w.r.t x
f'(x) =2x
~ f(x)is differntiable in on (-2, 2)
Also, f(a) =f(-2)=4+2=6
f)=f2)=4+2=6
fa) = f(b)
Then there exists atleast one real number c € (-2, 2) such that f'(c) =0
~2c=0



c=3=0€(-22)
Hence Rolle’s Theorem is varified
2. Verify Rolle’s theorem for the function y=x*+2x-8,a=-4and b =2
Solution: The given function f(x) = x? + 2x — 8 is polynomial function, is continuous
in [—4,2]
And, f(x) =x>+2x—8
Diff w,r.t to x
f'(x) =2x+2
~ f(x)is differntiable in on (-4, 2)
Also, f(a) = (-4)*+2(-4)—-8=16—-8-8=0
f)= (2)?+2(2)—8=4+4-8=0

f(a) = f(b)
Then there exists atleast one real number c € (-2, 2) such that f'(c) =0
~2c+2=0
2c = -2
c= —2/2

c=-1€(-42)
Hence Rolle’s Theorem is varified

Mean Value Theorem
Let f:[a, b] » R be continuous on [a, b] and differentiable on (a, b). Then there exists some

¢ in (a,b) such thatf’'(c) = %
3. Verify mean theorem if f(x) = x? in the interval [a, b] where a=2b = 4
Solution: The given function f(x) = x? is polynomial function, is continuous
in [2,4]
And, f(x) = x?
Diff w,r.t to x
f'(x) =2x
~ f(x)is differntiable in on (2, 4)
Also, f(a)=(2)*?=4
fb)=(®H?=16
f(a) # f(b)
Then there exists atleast one real number c € (2, 4) such that
() = [OT@

b—-a
2 = 16—4
4-2
2c = 12
2
2c=6
c= 3€(2,4

Hence Mean value Theorem is varified
4. Verify mean theorem if f(x) = x* — 4x — 3 in the interval [a, bl wherea=1b =4
Solution: The given function f(x) = x? — 4x — 3 is polynomial function, is continuous
in [1,4]



And, f(x) =x?—4x -3
Diff w.r.t to x
fl(x) =2x—4
=~ f(x)is differntiable in on (1, 4)
Also, f(a)=1-4-3=-6
f(h)=16—-16—-3=-3
Then there exists atleast one real number c € (1, 4) such that
£ = f)-f(@)

b-a
20— 4 =239

4-1
pe_ g 346
cTrTT3
2c—4=1
2c=1+4
c=2€(14)

Hence Mean value Theorem is verified
5. Verify mean value theorem if f(x) = x3 — 5x? — 3x in the interval [1, 3]
Solution: The given function f(x) = x3 — 5x? — 3x is polynomial function, is
continuous
in [1,3]
And, f(x) = x3 —5x? — 3x
Diff w.r.t x
f'(x) =3x*—-10x -3
~ f(x)is differntiable in on (1, 3)
Also,f(a) = (1)* -5(1)?-3(1)=1-5-3=-7
f(b) =(3)®-5(3)2—3(3) =27—-45-9 =-27
Then there exists atleast one real number c € (1, 3) such that
£ = f)—f(a)

b—-a
3¢% — 10c — 3 = Z20=CD
3—-1
3¢ —10c — 3 = £2EED
3¢2 —10c — 3 = 227
2
3¢2 —10c — 3 = =22

3¢2 —10c —3=-10
3¢2—-10c= —-10+3

3¢?2 —10c = -7
3¢2—-10c+7=0
3¢2-3c—7c+7=0
3c(c=1)—-7(c—-1) =0
Bc—7(c-1=0
(Bc—7)=0and (c—1)=0
c:gec(1,3)andc=1e(1,3)

Hence Mean value Theorem is verified

THREE MARKS



IMPLICIT FUNCTIONS

Find % in the following :

l. x—-y=nm
Diff. w .r .t .x
dy
1-——==
dx 0
dy
T 1.
2. x +siny = cosx.
Diff. w. r. t. x
ay _ .
1+ cosy._ - = —sinx.
dy . 1
c0Sy.—— = —sinx —
dx
ay _ —[1+sin x]
dx ~ cosy
3. Vx+. y=x
Diff. w. r. t. x
1 1 d
—+— 2=
2\/x 2\/} dx
1 dy 1
2fy dx T 2yx

d 1
2= [1-=] 2.
4. y+siny=cosx
Diff. w. r. t. x.
dy d

— 4 cos & = —sinx
dx Y “dx

dy .
x [1 + cosy] = —sinx

dy  —sinx

dx  1+cosy
5. 2x + 3y = sinx

Diff. w. r. t. x.

d
2+3_y: CcoSX
dx

dy
3 Ix cosx — 2
dy _ cosx—2
dx 3
6. ax + by? = cosy
Diff. w. r. t. x.
dy . dy
a+ Zby.a = —siny.—~
dy
dx
dy ,
a+ a[Zby +siny] =0

dy .
a+ 2by. Ix + siny. 0



10.

11.

dy [
dx
d_y _ -a

2by + siny] = —a

dx ~ 2by+siny’

xy +y? =tanx +y
Diff. w. r.t.x.

dy dy d

cd 2y.—= = sec?x + —
xdx+y+ Y3, = sec x+d

dy dy d )
x.a+2y.a—d——sec xX—y

dy dy )
X.a+ y.a—d——sec xX—y
d
d_ic/[ + 2y — 1] = sec?x — y.
dy _ sec’x—y
dx [x+2y-1]
x% +xy +y%? =100
Diff. w. r. t. x

dy dy

2 = 2y.—=

x+x dx+y+ y I 0
d
%[x+2y] = —2x—y
dy _ [2x+y]
dx ~ (x+2y)
x3+x2y+xy?+y3=81
Diff. w. r. t. x
3x?% + x? d_y+ 2x + x.2 d_y+ 2 +3y2

ety 2y.o-ty y

dy . » 21 — 2 2
E[x +2xy +3y°%] = —-3x* —2xy —y
dy _ -(3x2+y?%+2xy)
dx ~ x242xy+3y?
sin®x + cos?y =1
Diff. w. r. t. x.
2sinx.cosx + 2cosy. (—siny).z—z= 0
2sinx.cosx = Zcosy.siny.%
dy _ 2sinxcosx _ sin2x
dx  2cosysiny  sin2y’
sin?y + cos(xy) = k

2 siny.cosy. Z—z — sin(xy) (x. % + y) =0
. dy . dy . _
sin 2y.a — xsin(xy) e ysin(xy) =0

dy. . . :
dr [sin2y — xsin(xy)] = y sin (xy)

dy _ ysin(xy)
dx  [sin2y—xsin(xy)]

dy_
dx

0.



