Session 3

Linear Combination of Vectors, Theorem on Coplanar
& Non-coplanar Vectors, Linear Independence

and Dependence of Vectors

Linear Combination of Vectors

A vector r is said to be a linear combination of vectors a, b

and c... etc., if there exist scalars x, y and z etc., such that
r=xa+yb+zc+..

For examples Vectorsr; =2a +b +3cand
r, =a +3b ++/2¢ are linear combinations of the vectors

a,bandc.

Collinearity and Coplanarity of
Vectors

Relation between Two Collinear Vectors

(or Parallel Vectors)

Let a and b be two collinear vectors and let x be the unit
vector in the direction of a. Then, the unit vector in the

direction of b is X or =% according as a and b are like or
unlike parallel vectors. Now, a =|a| X and b = £|b| x.

ad Oa|O
SR PRI A
b b
O a=Ab, where)\:i||ab||

Thus, if a and b are collinear vectors, thena = Ab or
b =Aa for some scalar A i.e, there exist two non-zero
scalar quantities x and y so that xa + yb =0

An Important Theorem

Theorem : Vectors a and b are two non-zero,
non-collinear vectors and x, y are two scalars such that

xa+yb =0
Then, x =0,y =0
Proof Itis given that xa +yb =0 (1)

Suppose that x # 0, then dividing both sides of (i) by the
scalar x, we get

a=-2b ...(ii)
X

Y.
Now, = is a scalar, because x and y are scalars.
x

Hence, Eq. (ii) expresses a as product of b by a scalar, so
that a and b are collinear. Thus, we arrive at a
contradiction because a and b are given to be
non-collinear.

Thus our supposition that x #0, is wrong.

Hence, x =0. Similarly, y =0

Remarks
@=0b=0
or
1.xa+ yb=0 0 %(:O,y:O
0 or
B allb

2. If a and b are two non-collinear (or non-parallel) vectors, then
xa+ yb=xa+ yb

u X1 =Xy and y; =y,
Proof x;a + y;b =x,b + y,b
g (x; = x0)a + (y; — yo)b =0
ad X; = Xo=0and y; =y, =0
[-a and b are non-collinear]

] X; =xoand y; = yo
Ifa=aﬁ+agi+a3Randb=ai+bgi+b3R,thena\|b
O i:@:@

b by b

Test of Collinearity of Three Points
(i) Three points A, B and C are collinear, if AB = ABC

(ii) Three points with position vectorsa, b and ¢ are
collinear iff there exist scalars x, y and z not all zero
such that xa + yb +zc =0, where x +y +z =0
Proof Let us suppose that points A, B and C are
collinear and their position vectors are a, b and ¢
respectively. Let C divide the join of a and b in the
ratio y : x. Then,

+
Lo yb
x+y
or xa+yb —(x +y)c =0

or xa +yb +zc =0, where z = —(x +y)



Also, x+y+z=x+y —(x +y) =0
Conversely, let xa + yb +zc =0, where x +y +2z =0.
Therefore,
xa+yb=-zc =(x +y)c (-x+y=-2)
+
or c=2tib
x+ty

This relation shows that ¢ divides the join ofa and b
in the ratio y : x. Hence, the three points A, Band C
are collinear.

(iii) Ifa = a, i +a23, b =bi+ sz andc=c,1 +czj, then
the points with position vector a, b and ¢ will be

a, a, 1
collinear iff| b; b, 1[=0.
¢, ¢y 1

Proof The points with position vector a, b and ¢ will
be collinear iff there exist scalars x, y and z not all
zero such that,

x(ayi+a,) +y(bid +b,]) +2(cii +c,)) =0and
x+y+z=0
0 xa; +yby +zcy =0
xa, +yb, +zc, =0
x+y+z=0
Thus, the points will be collinear iff the above system
of equation’s have non-trivial solution

Hence, the points will be collinear

a, b ¢ a;, a, 1
iff |a, b, ¢y, |=0o0r|b;, b, 1/=0.
1 1 1 ¢ ¢y 1

Example 34. Show that the vectors 2i —3j+4k and
—4i+6j -8k are collinear.
Sol. Let a=2i -3j+4k and b= -4i+6j -8k
Consider, b = —4i +6j -8k = —2(2i —3j +4k)=-2a

[0 The vectors a and b are collinear.

Example 35. Show that the points A(1,2, 3),B(3,4,7)

and C(-3, -2, —5) are collinear. Find the ratio in
which point C divides AB.

Sol. Clearly, AB =(3-1)i +(4 -2)j +7 -3)k
=2i +2j +4k
and BC=(-3-3)i +(=2 -4)j H 5 )k
=6i —6j 12k
= -3(2i +2j +4k)= —3AB
BC = —3AB

O A, Band C are collinear.
Now, let C divide AB in the ratio k : 1, then

OC:kOB+lBDA
k+1
0 _3;_23 _sk _k(Bi+4j+7k)+(i +2j +3k)
k+1
coon o~ Bk+1 [k +20% [Vk+3§(
O  -3i-2j-5k = + +
17 Ek+1%l Ek+19 Bk+l
0 Sk+1_ g akv2_ o GTRHES
k+1 k+1 k+1

2
From, all relations, we get k = ?
Hence, C divides AB externally in the ratio 2: 3.

Example 36. If the position vectors of A B,C and D
are 2i + ]’, i- 3], 3i+ 2] and i + )\j, respectively and
AB||CD, then A will be
(@) -8 (b) -6
©8 (d) 6
Sol. (b) AB = (i —3j) —(2i +j) = i —4j;
CD =(i +Aj) —(3i +2j) = —2i +(A -2)j;
AB||CD 0 AB=xCD
-i-4j=x{=2i +(A -2)j}
- £- 2x,~4=(N -2)x

1
xZEandA =-6

Example 37. The points with position vectors
60i + 3j, 40i —8j and ai - 52j are collinear, if a is

equal to
(@) —40 (b) 40
(c) 20 (d) None of these
Sol (a) The three points are collinear if
60 3 1
40 -8 1|=0
a —52 1

0  60(-8+52) —3(40 —a) +( 2080 +8a) =0
0 2640 —120 +3a —2080 +8a =0

11a = —440
0 a=-40

Example 38. Let a, b andc be three non-zero vectors
such that no two of these are collinear. If the vector
a+2b is collinear with c and b+ 3c is collinear with a
(A being some non-zero scalar), then a+2b+6c is
equal to
(@0
(c) Ac (d) Aa



Sol. (a) Asa+2b and c are collineara +2b = Ac ..()

Again, b + 3cis collinear with a.
g b+3c =pa ...(1d)
Now, a+2b+6c=(a+2b) +6¢c =Ac +6¢

=(\ +6)c ...(ii)
Also, a+2b +6¢c =a +2(b +3c) =a +2ua

=(2u +1)a (1v)
From Egs. (iii) and (iv), we get

(A +6)c=(2 +1)a
Buta and ¢ are non-zero, non-collinear vectors,
ad A+ & F R+ 1

Hence, a+2b +6c =0

Theorem of Coplanar Vectors

Let a and b be two non-zero, non-collinear vectors. Then
any vector r coplanar with a and b can be uniquely
expressed as a linear combination xa + yb; x and y being
scalars.

Proof Let a and b be any two non-zero, non-collinear

vectors and r be any vector coplanar with a and b.
We take any point O in the plane of a and b

B
b
P
) M a A
Let OA=a,0OB=b and OP=r

Clearly, OA, OB and OP are coplanar.

Through P, we draw lines PM and PN, parallel to OB and
OA respeetively meeting OA and OB at M and N
respectively.

We have, OP = OM + MP
= OM +ON [ MP =ON and MP || ON] ...(i)
Now, OM and OA are collinear vectors
OM = x OA =xa, where x is scalar.
Similarly, ON = yOB = yb, where y is a scalar.
Hence, from Eq. (i), OP =xa +yborr =xa+y'b
Uniqueness: If possible, let r =xa +ybandr =x'a+y'b
be two different ways of representing r.
Then, we have xa+ypb=x'a+y'b
O (x=x")a+(y-y')b=0
But a and b are non-collinear vectors
g x—x'"=0andy —y'=0
U x'=xandy'=y

Thus, the uniqueness in established.

Test of Coplanarity of Three Vectors

(i) Three vectors a, b, c are coplanar iff any one of them
is a linear combination of the remaining two, i.e. iff
a = xb + yc where x and y are scalars.

(ii) If three points with position vectors
a=ai+a,j+ask,b=bji+b,j+bsk
andc=c,i+ 023 +c,k are coplanar,
a, ad; 4as
then|b; b, bs|=0.
Ci € C3
If vectors a,b and c are coplanar, then there exist
scalars x and y such thatc = xa + yb.
Hence, ¢, 1 +czj +c5k =x(ayi +azj +ask)
+y(bii + b, +bsk)
Now, i 3 and k are non-coplanar and hence
independent.
Then,

and

¢y =xa; +yby,c; =xa; +yb,

c3 =xaz +ybs

The above system of equations in terms of x and y is
consistent. Thus,

ap by ¢ a a; as
a, by, c,|=0o0r|b; b, bs3|[=0
as bs c; € €3 C3

Remark
Ifvectorsx;a + y,b+z,¢, x,a + yob+z,cand xza + ysb + z5¢
are coplanar(where a, b and ¢ are non-coplanar).
XN 4
Then, [xo yo Zzp|=0

X3 Y3 Z3

Test of Coplanarity of Four Points
(i) To prove that four points A(a), B(b), C(c) and D(d)
are coplanar, it is just sufficient to prove that vectors
AB, AC and AD and coplanar.

(i) Four points with position vectorsa, b, ¢ andd are
coplanar iff there exist scalars x, y, z and u not all
zero such that xa +yb +zc +ud =0, where
x t+y+z +u =0.

(iii) Four points with position vectors
a=a,i+a,j+ask,
b=b,i+b,j+bsk
c= cli +023 +c3lA(

and d=d,i+d,j+d;k



a, a; asz 1
. el b1 b2 b3 1
will be coplanar, iff =0
¢, ¢ c¢3 1
dl —a1 d2 _az d3 _a3
or by —a; by, —a, by —a;|=0

€ —ap Cp —dy; C3 —das

Theorem on Non-coplanar
Vectors

Theorem 1

Ifa, b, c, are three non-zero, non-coplanar vectors and
X, Y,z are three scalars such that

xa +yb +zc =0.
Then
Proof Itis given that xa +yb +zc =0 (i)

x =y =z =0.

Suppose that x Z0
Then Eq. (i) can be written as
xa =—yb —zc

O a:—zb—ic
x x

...(ii)

y z
Now, = and — are scalars because x, y and z are scalars.
x x

Thus, Eq. (ii) expresses a as a linear combination of bandc.
Hence, a is coplanar with b and ¢ which is contrary to our
hypothesis because a,b and ¢ are given to be non-coplanar.
Thus, our supposition that x Z0 is wrong.

Hence, x =0

Similarly, we can prove that y =0 and z =0

Theorem 2

If a,b and ¢ are non-coplanar vectors, then any vector r
can be uniquely expressed as a linear combination
xa +yb +zc; x, y and z being scalars.

or

Any vector in space can be expressed as a linear
combination of three non-coplanar vectors.

Proof Take any point O.

Leta, b, c be any three non-coplanar vectors and r be any
vector in space.
Let OA=2a,0B =b,

OC=c,OP=r

Here, the three lines OA, OB, OC are not coplanar. Hence,
they determine three different planes BOC, COA and AOB
when taken in pairs.

Through P, draw planes parallel to these planes BOC, COA
and AOB meeting OA, OBand OCin L, E and N
respectively. Thus we obtain a parallelopiped with OP as
diagonal and three coterminous edges OL, OF and ON
along OA, OB and OC, respectively.

B
Ab
E S
M A P
r
@) > L; A
N >
c R
C
O OL is collinear with OA.

[0 OL = xOA = xa, where x is a scalar.

Similarly, OE =y b and ON = zc,

where y and z are scalars.

Now, OP =OR + RP =(ON +NR) +RP
=ON +OL +OE [*NR=OL and RP = OE]
=OL + OE +ON =xa +yb +zc

Thus, r=xa +yb +zc

Hence, r can be expressed as a linear combination of a, b
and c.
Uniqueness If possible let
r =xa+yb +zc

and r=x'a+y'b+z'c
be two different ways of representing r, then we have

xa+tyb+ze=x'a+y'b+z'c
O (x—x")at+(y—-y")b+(z—-2")c=0
Now a, b and ¢ are non-coplanar vectors
g x—x'=0,y—-y'=0 and z-2z'=0
z=z'

g x=x,y=y" and

Hence, the uniqueness is established.

Remark
Ifa, b, ¢ are any three non-coplanar vectors in space, then
xva+yb+zc=xa+yb+zc

u XN =X V1=V 2y =2

Proof x;a + y,b+z¢c =xa +y,b +z,¢

O Xy = x0)a +(y; —yo)b +(z; —z,)c =0

O Xp =X, =0,y -y, =0 and 2z —-2z,=0
u X1 =X Y1 = Ve and 5 =2y



Example 39. Check whether the given three
vectors are_coplanar or non-coplanar.
=2i —2j+ak, -2i +4j -2k, 4i -2j -2k
Sol. Let a = -2i —2j +4k
b=-2i+4j-2k and c=4i-2j-2k
Now, consider
-2 -2 4
-2 4 —2|=-2(-8—4) +2(4 48) +4(4 —16)
4 -2 2
=24 +24 —48 =0
0 The vectors are coplanar.

Example 40. If the vectors i +1j+mk,
7|+21+6k and |+SJ+4k are coplanar, then m is

equal to
(@) 38 (b) 0
(© 10 (d)-10

Sol. (c) Since the three vectors are coplanar, one will be a linear
combination of the other two.

O 4i+11j +mk =x(7i +2j +6k) +y(i +5j +4k)

0 4=Tx+y ..(1)
11=2x +5y ...(ii)
m=6x +4y ...(1i1)

From Egs. (i) and (ii), we get

3 23
x=—andy=—
1 Y 11
From Eq. (iii), we get
m=6X i +4 X§ =10
11 11

Trick Since, vectors 4i + 113 +mk, 71 + 23 + 6k and

i+ 53 + 4k are coplanar.

4 11 m
O 7 2 6|=0
1 5 4
O 4(8-30)—11(28 —6) +m(35 —2) =
O - 88 1x 2% 33nF O
O - & 2% 3nr O
a 3m=30 0 m=10

Example 41. If a, b and c are non-coplanar

vectors, prove that 3a —7b —4c, 3a —2b +c and
a+b+2c are coplanar.

Sol. Leta =3a —7b —4¢, =3a —2b +c¢

and y =a +b +2¢
Also, let o =x3 +y -y
| 3a—7b —4c =x(3a —2b +c) +y(a +b +2¢)

=(Bx +yJa +(2x +y)b +(x +2y)c

Since, a, b and ¢ are non-coplanar vectors.
Therefore,
3x+y=3-2x+y=-7
and x+2y=-4
Solving first two, we find that x =2 and y = — 3. These
values of x and y satisfy the third equation as well.
So, x + 2and y = — 3 is the unique solution for the above
system of equation.
O a=R-
Hence, the vectors 0,3 and Yy are coplanar, because o is
uniquely written as linear combination of other two.

Trick For the vectors 0,3, y to be coplanar, we must have

3 -7 -4
3 =2 1 |=0, whichis true
1 1 2

Hence, a, 3, Y are coplanar.

Example 42. The value of A for which the four
pOlntSZI +31 K, |+2J+3k 3i +4J -2k and

Y jt 6k are coplanar

(@8 (b) 0
(€) =2 (d) 6
Sol. (c) The given four points are coplanar.
2 1 3 1
3 2 4 A
=0
-1 3 -2 6
1 1 1 0
2 1 3 1
0 0 0 —(A+2
O ( )| = 0
-1 3 -2 6
1 1 1 1
Operating (R, - R, = R, — R,)
2 1 3
O =(A+2)-1 3 =2/=0 OA=- 2
1 1 1

Example 43. Show that the points P(a+2b+c),
Q(a—b —c),R(3a+b+2c) and S(5a + 3b +5c) are
coplanar given that ab and c are non-coplanar.

Sol. To show that P, Q, R, S are coplanar, we will show that
PQ, PR, PS are coplanar.

PQ=-3b -2c
PR=2a-b +c
PS =4a +b +4c
Let PQ = xPR +yPS
a - 3b 2 x(2a B cf y(4ar b+ 4c)
a - 3b 2 (2% 4y)a € x y)br (x+ 4y)c



As the vectors a, b, ¢ are non-coplanar, we can equate their

coefficients.

| 0=2x +4y

U - F- % y

a -z X 4y

x =2,y = —1is the unique solution for the above system of
equations.

O PQ =2PR - PS

PQ PR, PS are coplanar because PQ is a linear combination
of PR and PS

U The points P, Q, R, S are also coplanar.
Trick For the vectors PQ, PR and PS to be coplanar, we

0 -3 —2
must have|2 -1 1 |=0which is true
4 1 4

O The PQ, PR, PS are coplanar.
Hence, the points P, Q, R, S are also coplanar.

Linear Independence and
Dependence of Vectors

1. Linearly Independent Vectors

A set of non-zero vectorsa;,a,....,a, is said to be linearly
independent, if
xija; txja, t...

0 X1 =xy =...=x, =0.

2. Linearly Dependence Vectors

A set of vector ay,a;....,a, is said to be linearly
dependent, if there exist scalars x, x,,...,x, not all zero
such that x;a; +x,a, +....+x,a, =0

Properties of Linearly Independent
and Dependent Vectors

(i) A super set of a linearly dependent set of vectors is
linearly dependent.

(ii) A subset of a linearly independent set of vectors is
linearly independent.

(iii) Two non-zero, non-collinear vectors are linearly
independent.

(iv) Any two collinear vectors are linearly dependent.

(v) Any three non-coplanar vectors are linearly
independent.

(vi) Any three coplanar vectors are linearly dependent.

(vii) Three vectors a :ali +a23 +a3ﬁ,b :bli +b2:i +b3f(
andc =c¢,1 +¢,] +c;k will be linearly dependent
a, a; as
by |=0.

€1 €y C3

vectors iff | b; b,

(viii) Any four vectors in 3-dimensional space are linearly
dependent.

Example 44. Show that the vectors
i —3j+2k,2i —4j -k and 3i+2j-k and linearly

independent.
Sol. Let a=i-3j+2k
B=2i-4j-k
and y =3i +23 -k

Also, let xa +)f3 +zy =0
O x(i-3j+2k) +y(2i —4j —k) +z(3i +2j k) =0
or(x +2y +3z)i +(3x —4y +22)j H2x —y —z)lA( =0
Equating the coefficient of i 3 and k, we get
x +2y +3z =0
=3x —4y +2z =0
2x —y —z =0
1 2 3
Now, -3 -4 2
2 -1 -1

=1(4 +2) —2(3 —4) +3(3 +8) = 41 £ 0

0 The above system of equations have only trivial solution.
Thus,x =y =z =0
Hence, the vectors 0, and y are linearly independent.
Trick Consider the determinant of coefficients of i, 3 and k

1 -3 2
ie. |2 —4 —1|=1(4 +2) +3(=2 +3) +2(4 +12)

3 2 -1

=6+3 +32 =41 #0

U The given vectors are non-coplanar. Hence, the vectors
are linearly independent.

Example 45. If a= i+ j+k, b=4i+3]j+uk and
c= i+aj+Pk are linearly dependent vectors and

|c| =+/3, then
@a=1p=-1 b)a =13 = £1
@Qa=-1B==1 da=x1B=1

Sol. (d) The given vectors are linearly dependent, hence there
exist scalars x, y and z not all zero, such that

xa +yb +zc =0
ie. x(i+j+k)+y(4i +3j +4k) +2(i +oj +Bk) =0



ie. (x+4y +2)i +(x +3y +az)j +(x +4y Pz)k =0 Trick lc|=y1+a? +p% =43
2
=2

0 x +

4y +z =0,x +3y +0z =0, x + 4y + Pz =0 0 a B
1 4 1 11 1
For non-trivial solution |1 3 a|=0[p = 1 * a, b and care linearly dependent, hence |4 3 4|=0
148 4 a B
[c]?=301+0a*+p*=3 0 B= 1
a ‘=2B *=2-1=1 0 a =1 Oa=#+ 1
a==%= 1

Exercise for Session 3

10.

11.

Show that the points A(1, 3, 2),B (-2, 0, 1) and C(4, 6, 3) are collinear.

If the position vectors of the points A, B and C be a, band 3a - 2brespectively, then prove that the points A, B
and C are collinear.

The position vectors of four points P, Q, R and S are 2a + 4¢, 5a + 3+/3b + 4c, -2+/3b + cand2a+ ¢
respectively, prove that PQ is parallel to RS.

If three points A, B and C have position vectors (1, x, 3), (3,4,7) and (y, — 2, —5), respectively and if they are
collinear, then find (x, y).

Find the condition that the three points whose position vectors, a = ai +bj +ck, b=i +cj andc=-i —j are
collinear.

Vectors a and b are non-collinear. Find for what values of x vectors ¢ =(x —2)a+band d =(2x +1)a —-bare
collinear?

Let a, b, c are three vectors of which every pair is non-collinear. If the vectors a+ b and b + ¢ are collinear with ¢
and a respectively, then finda+ b +c.

Show that the vectors i —j -k, 2i +3j +k and 7i + 3j -4k are coplanar.
If the vectors 2i —j +k, i+ 2j -3k and 3i + aj +5k are coplanar, then prove thata =4.

Show that the vectors a—2b +3c¢, —2a +3b —4c and —b +2c are coplanar vector, where a, b,c are non-coplanar
vectors.

If a, band c are non-coplanar vectors, then prove that the four points2a+3b-c, a —-2b +3c, 3a+4b -2c and
a-6b+6¢ are coplanar.

Answers

Exercise for Session 3
4. (2,-3) 5.a-2b=1

1

6. x=— 7.0

3
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