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Applications of
Derivatives

TOPIC1

Rate of Change of Quantity,
Approximation and Errors

01 If the surface area of a cube is
increasing at a rate of 3.6 cm”/sec,
retaining its shape; then the rate of
change of its volume (in cm?®/sec),
when the length of a side of the

cubeis10cm,is
[2020, 3 Sep. Shift-II]

(a)18 (b)10 (c)9 (d)20
Ans. (¢)
Since, surface area of cube, A =6a% cm?.

Itis given, 9A ~3cm? Isec

0 120[;—(;=3.6cm2/sec 0

Now, as volume of cube,v=a‘cm®

o = ——=3a° == [fromEq.(i)]
dt dt a
o}

So,ata=10cm, d\t/ =09x%x10=9cm*/sec

Hence option(c)is correct.

02 The position of a moving car at
time t is given by f(t)=at” +bt +c,
t>0 where a, band c are real
numbers greater than 1. Then,
average speed of the car over the
time interval [t ,t, ]is attained at the
point [2020, 6 Sep. Shift-I]
(a) (t,—t,)/2 (b) alt, —=t,)+b
(c) (t,+t,)/2 (d) 2a(t, +t,)+b

Ans. ()
The average speed of the car, for time
interval[t,,t, ]is

flt,) -flt,) _alt; —t7) +b(t, -t)

t, —t t, —t
_ d(f(t))
dt
| 2at+b=alt, +t) +b
t:ﬁ
2

OThe average speed of the car over the
time interval[t, t, ]is attained at the

t,+t
point 2.
2

03 A spherical iron ball of 10 cm radius

is coated with a layer of ice of
uniform thickness that melts at a
rate of 50 cm®/min. When the
thickness of ice is5 cm, then the rate
(in cm/ min.) at which of the

thickness of ice decreases, is
[2020, 9 Jan. Shift-I]

5 1
-~ b) ——
(@) BTt (b) 54Tt
1 1
I d) —
(c) 36Tt (@) 181T
Ans. (d)

Itis given that, a spherical iron ball of

10 cm radius is coated with a layer of ice
of uniform thickness, let the thickness is
‘X cm, then volume of the ball is

V:§T[(1O+x)3

On differentiating w.r.t. t, we get
WV = 410 + 52 9

X (i)
dt dt

wheretis time in min.

Itis given, the((jTV =~ 50 cm/min,
t

Now when xis b cm, then
~50 =4mg10 +5) &

t
dx _ 50 _ 1 )
Z=- =—_—_cm/min
dt 414225) 181
Negative sign indicates the thickness of
ice layer decreases with time. Hence,
option(d)is correct.

[from Eq.(i)]

0_4 A spherical iron ball of radius 10 cm

is coated with a layer of ice of

uniform thickness that melts at a

rate of 50 cm®/min. When the

thickness of the ice is 5 cm, then

the rate at which the thickness

(in cm/min) of the ice decreases, is
[2019, 10 April Shift-I]

1 1

(a) ﬁ (b) ﬁ

1 5
(C) m (d) ﬁ
Ans. (b)

Let the thickness of layer of ice isxcm,
the volume of spherical ball (only ice
layer)is

V:§T¢(1O+x)3 ~10%] )

On differentiating Eq. (i) w.r.t. t, we get
dv _4
a3
[-ve signindicate that volume is
decreasing as time passes].

0 41010 + x)2 ¥ = —50
dt

m3(10 + X)Z)Z%( =-50 [given]



Atx=5bcm
X410 +5)7] = -50
dt

o ___ 50
dt 225(4m)
_ T _ 1 )
=- =—_—_ cm/min
921 181

So, the thickness of the ice decreases at

the rate ofi cm/min.
181

04 A spherical balloon is filled with

45007tcu m of helium gas. If aleak in
the balloon causes the gas to escape
at the rate of 721tcum/ min, then
the rate (in m/min) at which the
radius of the balloon decreases

49 min after the leakage began is
[AIEEE 2012]

9 7
2 9
Ans. (¢)
Given

() Volume (V =4500 1tm°’/min) of the
helium gas filled in a spherical
balloon.

(i) Due to a leak, the gas escapes the
balloon at the rate of 72 tm’ /min.

0 Rate of decrease of volume of the
balloonis
Y — 72 mtm /min
dt
To find The rate of decrease of the
radius of the balloon 49 min after the
leakage started.
i.e., gatt—49 min
dt
[assuming that the leakage started at
timet =0]
Now, the balloon is spherical in shape,
hence the volume of the balloon is

VzﬁTIrEIZI
3

On differentiating both sides w.r.t.t, we
get

dav _4 drd
2 =T rdr? x 2L H
dt 3 dt
0 dr _dV/dt )
dt 41’
dr

Now, to findFat t =49min, we require
t

ﬂand the radius(r) at that stage,
t

4V = _72 tm? /min
t
0 Amount of volume lost in 49 min
=72 tx49m’
0 Final volume at the end of 49 min
=(4500 m-3528 Tim®

=972 m®
If ristheradiusatthe end of 49 min, then
S =97
O rf=729 0O r=9

[0 Radius of the balloon at the end of
49min=9m

Hence, from Eq. (i), we get

dr _dV/dt
dt 41’
- Hro (dV/dt)[ “
tH 49 4nir?)
_ 72m _2 .
_4n(92)_§m/mm

E A spherical iron ball 10 cm in radius

is coated with a layer of ice of
uniform thickness that melts at a
rate of 50 cm®/min. When the
thickness of ice is 15 cm, then the
rate at which the thickness of ice
decreases, is [AIEEE 2005]

(a) icm/min (b) LCm/min
61T 54Tt

(c) Lcm/min
181U

Ans. (¢)

(d) Lcm/min
36Tt

v 50cm®/min

0 %%nﬂ@:w

0 32 dr _50x3
dt 4TT
0 dr _ 50
dt 41’
HrQ 50 1
O EF =—— cm/min
H 4T[><225 181

E A lizard, at an initial distance of

21 cm behind an insect, moves
from rest with an acceleration of 2
cm/s” and pursues the insect
which is crawling uniformly along a
straight line at a speed of 20 cm/s.
Then, the lizard will catch the
insect after [AIEEE 2005]
(a) 24s (b) 21s

(c)1s (d) 20s

Ans. (b)
Let lizard catch the insectC.
And distance covered by insect =S

Time taken by insect, t -5 (1)
20

Distance covered by lizard =21+ S
O 2143 :%(2) B i)

[-S=ut +%at2 hereu =0,a =2cm/s’
andS =20t]
21+20t =t [from Eq.(i)]
t* =20t -21=0
t2 =21t +t =21=0
t(t —21) + 1(t =21) =0
(t+ 1t -21)=0
t=-1,21
t=21s [ neglectingt = -1]

Oooooog

E A point on the parabola y* =18x at

which the ordinate increases at
twice the rate of the abscissa, is
[AIEEE 2004]
a) (2, 4)

(2,-
% b %2
Ans. (d)

Equation of parabolais y” =18x.
On differentiating w.r.t.t, we get

Zydl:18d—x
dt dt
0.dy _ a
O 20y = = 2 ,g|ven
" B 5
9
O ==
y 2
From equation of parabola,

P gy 0 8o 0 x=?
FH
4 8

) ... [0 90
Hence, required pointis -, =
q p % 2%

TOPIC 2

Increasing and Decreasing
Functions, Rolle’s Theorem,
Mean Value Theorem

09 The function f(x)=x* —=6x% +ax +b

is such that f(2) =f(4) =0. Consider
two statements.

(S,)there exists

X, x, 0(2,4), x, <x,, such that
f'(x,)=-1andf'(x,)=0.(S, ) there
exists x,, X, 0(2,4), X, <x,,such



thatfis decreasingin(2 x,),
increasingin(x,,4)and
2f'(x, )= 3f(x, ). Then,
[2021, O1 Sep. Shift-II]

(a)both(S,)and(S,)are true
(b)(S,)is falseand(S,)is true
(c)both(S,)and(S,)are false
(d)(S,)istrueand(S,)is false
Ans. (a)
f(x)=x" =Bx" +ax +b

f2)=0 O 2a+b=16
and f(4)=0 O 4a+b=32
Onsolvinga=8,b=0
O flx)=x"=6x" +8x=x(x =2) (x —4)

flix)=3x> —=12x + 8
2
flx)=00 x=2+
NS
f'(x,)=0andx, 0(2 4)
2
] X, =2+ -— and f'(x,)=-1
2 \/g 1
O 3x2-12x, +8=0
o x, =13(S, is true)
Now, 2(3x? = 12x + 8)
ﬁz D2 Dz _-H
3 3 H
ﬁ(S istrue)
3

10 The number of real roots of the

equation e +2e* —e* -6 =0is
[2021, 31 Aug. Shift-1]
(a)2 (b)4 (c)1 (d)0
Ans. (¢)
flx)=e™ +2e* —e* -6
f'(x)=te™ +6e’ —e*
=e(4e™ +6e?* -1)
Letg(x)=¢e”
h(x) =4e® +6e”* -1
g(x)>0, 08 R
h(x) =122 +12e** =12e**(e* +1)
h(x)>0, 01 R
h(x)is an increasing function.
Minimum value of h(x) will be when
X - —ooat[h(x)] ,, =—Tand[h(x)],, =
f"(x) = g(x)t(x)
Now, h(x) is an increasing function and
h(x) varies from = 1to + 0. So, this

implies that h(x) cuts the X-axis at one
point and which further impliesf(x)
changes its sign only at one point. Let's
sayatx=a

flx)=e™ +2e™ —e* -6
When, x —» — o0; f(x) - —

X - + 00 f(x) 5 +

So, f(x) cuts the X-axis at a single point.

F If R is the least value of a such that

the function f(x)=x? +ax +1is

increasing on

[1,2]and Sis the greatest value of

a such that the function

f(x)=x* +ax +1is decreasing on[1,

2], then the value of [R = 8] is
[2021, 31 Aug. Shift-1]

Ans. (2)

fix)=x* +ax +1

f'(x)=2x+a

According to the question, f'(x)= 0 for

x0[1,2]

Forthe least value2x + a =0

g a=2-2x 0 a=2-2 0 R=-2

Forthe greatest value2x + a<0

] as<-2x {xO0.21
O as -4
0O S=-4

IR=Sl=|-2+4]=2

12 Letf be any continuous function on

[0, 2] and twice differentiable on
(0, 2). Iff(0)=0, f(1)=1and f(2) =
then [2021, 31 Aug. Shift-1I]
(a)f"(x) =0forall xO(0, 2)

(b)f"(x) =0 for some x0(0, 2)
(c)f'(x)=0for some xO[0, 2]
(d)f"(x)>0forall x (0, 2)

Ans. (b)

f(0) =0,f(1) =1andf(2) =2

Leth(x) =f(x) =

Clearly h(x) is continuous and twice
differentiable on(0,2)

Also, h(0) =h(1) =h(2) =
O h(x)satisfies all the condition of Rolle’s
theorem.

O There existC, 0(0, 1) such thath'(c,) =0

O f(c)-1=0
o flc)=1
also there exist ¢, 0(1,2) such that

h'(c,)=0

] f'(c,)=
Now, using Rolle’s theoremon[c,, ¢, Jfor

f'(x)

We havef''(c)=0,c0O(c, c,)
Hence, f" (x)= 0 for some x (0, 2).

ﬁ Let

f(x)=3sin* x +10sin® x +65sin? x =3
xD—E E,—TEThen,fis
62 [2021, 25 July Shift-I]

(a)increasingin %El@
6 2

Lo g
b)decreasing in @D,f
(b) g 29

(c)increasingin %go@
o i

d)d —.0

(d) ecreasmgm%6 Q

Ans. (d)
f(x) =3sin“ x + 10sin® x +6sin’ x =3
O f'(x)
=cosx(12sin’ x +30sin’ x +12sinx)
0 f'(x) =6 sinx cosx(2sin’ x + 5sinx +2)
O f'(x) =3sin2x(2sinx + 1(sinx +2)
I(X)_

sin2x=0or2sinx+ 1= [Osin¥ - 2]

O x=0orx=nm+(- Q g@
As, xIZID_T[ ™

He 28

+ — | + |
t t t

- 0 /2
6

So, f(x)is increasing in the interval

xD@J Q

Andf(x)is decreasing in the interval

XD% fog

14 Letf:R - R be defined as

E—ﬁx3 +2x% +3x , x>0
03 .
H 3xe” . x<0

Then, fisincreasing functionin
the interval [2021, 22 July Shift-1I]

a)%%,zg (b)(0, 2)
o

f(x)=

(d)(=3,-1)



Ans. (¢)
B_—x +2x% +3x x>0

f(x)=

Q 3xe* x<0
oo OFax? +4x +3 x>0
f'(x) =0

0 3ef(x+1) ,x<0
) O-2x +1)(2x =3) x>0
f'(x) =0 .

0 3e(x+1) x<0

f(x)<0 f'(x)>0 f(x)>0 f'(x)<0

R Y

Flx)>0 O xuﬁngﬁ

E Let f be areal valued function,
defined on R —{-11t and given by

f(x)=3log B<;+B— 2

-1

Then, in which of the following
intervals, function f(x)is
increasing? [2021, 16 March Shift-I1]

a)(~e0, <) 01 %w H-01

—°°°°) {-11
@1
d [-1
(d) 2@ ]
Ans. (a)
) _ x=1 2
Given, f(x) =3log, | =—— |- ——
x=1
Pl=—3 et 0-be-l, 2
D[ﬁ 1% (x+1) (x=1)
x+ 10
1gg 2 O 2
g &D
ro= ]I:IEX ZH+ (x=1?
0 rr=H2HES + LE
[x = 1[ID< 1 =10
02 OBx-3+x+10
a f'(x)= 00O
x-10Hx-1(x+ 1 H
O f’(x):%
(x=1%(x+1)
So,f(x)=__A2x=1
(x=17(x+1)
Now,
+ - + +
— >
-1 1/2 1

Forf(x)to be anincreasing function,

f'(x)>0.
10 % @

Andf'(x)>0at x [ oo ~

D G )
EDH}O )

But domain of f(x) is x [ o
So,f'(x)>0atxH o ~ 10

D % @—{1}5

16 Leta be aninteger, such that all
the real roots of the polynomial
2x° +5x* +10x° +10x* +10x +10lie
in the interval (a,a +1). Then, lalis
equalto______.

orxf o -

[2021, 26 Feb. Shift-II]

Ans. (2)

Let
f(x) =2x° +5x* +10x° +10x*> +10x +10

Using hit and trial method,

f(=2) = =34 <0andf(-1)=3>0
Hence, f(x) has a root in (=2, = 1).
Again,

f'(x)=10x* + 20x° +30x* +20x + 10

=10x Qﬁ wox+3+2 4
x x

0 f(x) is strictly increasing function,
since degree of f(x) is odd.

OIt has exactly on real root.
Therefore, f(x) has atleast one root in
(=2.-1) =(a,a+7)

O lal=1-2l =

17 If Rolle's theorem holds for the
function f(x)=x° —ax® +bx +4,

x0[1.2] with f' %@: 0, then ordered

pair (a,b)is equal to

[2021, 25 Feb. Shift-1]

(a)(5, 8) (b)(-5, 8)

(c)(5,-8) (d)(-5,-8)

Ans. (a)

Given, f(x) = x* —ax? +bx +4,xO[12]
Here, f(1) =(2)

O 1-a+b-4=8-4a +2b —4

O 3a-b=7 (1)
Also, f'(x)=3x* = 2ax + b

According to the question, f' %Q: 0

u 3x%§ —2a%@+b:o

O —

E The fur;ction

8¢ 33— 16 (i)

From Egs. (i)and (ii),
a=bb=8
O (a,b)=(58)

18 Letf:R - R be defined as

O -55x, if x<-5
flx)=H 2¢ -3¢ -120x,  if -5sx<4
Fox® -3x* -36x =336, if  x>4

Let A={xOR:fisincreasing}. Then,
Aisequalto [2021, 24 Feb. Shift-1I]
(a)(= o0, =5) O ) (b)(=5, )

(c)(= o, =5) Ot 4po ) (d)(=5, —4) O4o )

Ans. (d)
Given,
D —bbx ., x<-5
f(x) = D 2x* =3x* =120x , -5<x<4
ox® =3x% =36x +10 , x4
0 -5 . x<-b
0O F=Hx?-x-200 , -5sx<4
EB(xz—x—B) , X =4
0 -55 . x<-5b
F=Hx -5 (x+4 , -5sx<4
Blx-3)(x+2) . x=4

Forfto beincreasing, f'(x)> 0.

Now, f'(x) = = 55is always less than zero.
f'(x)=B6(x = 5) (x + 4) <0, -5 x <4
Critical points =5, =4

e S S
-4 i 5
-5 4
x O 5 4) ()
andf'(x)=6(x =3)(x +2) <0, x=4
Critical point, =3, -2
e
-2 3 |
4
x O(40 ) . (i)

From Egs. (i)and (ii), f(x) is increasing in

xOt 5~ 40 (& ).

_ 22
f(x):l'x 3x’

—-2sinx +(2x —1) cos x

[2021, 24 Feb. Shift-1]

(a)increasesin @wg
o

(b)decreases in BTZoo@

(c)increasesin %oo 75

d)decreasesin @—oo,f
(d) 2H



Ans. (a) 0 f'(X):M<O 0 f(0) = (=3)

a <2
Given, X 7
§-3x° O f(x)is decreasing function f 1
f(X)Zu—ZSiﬂX+(2X -1 cosx DES)IS) ecreasing function for O . f(O)nSH (i)
X L{Upo ). From Egs. (i)and (i), we get
2 _ OThe given functionf(x) is decreasing _
f'(x) = 12X =8X 5 cosx + (2x=1) function for (=1, ). =)+ 1) <20

OFf(=1) + f(0) lies in the interval (—oo, 201.

(= sinx) + cosx(2) Hence, option(d)is correct.

=(2x? —x) =2cosx —2xsinx 215 23 The value of ¢ in the Lagrange’s
+ sinx +2cosx 21 The function, flx) =(8x =7)x mean value theorem for the
=2x% —x —2xsinx +sinx xR, is increasing for all x Iy|ng in function f(x)=x° —4x? +8x +1],
=2x(x —sinx) =1(x —sinx) 4 [2020, 3 Sep. Shift-1] when x D[O, ]] is [2020, 7 Jan. Shift-I11]
f'(x) = (2x = 1) (x — sinx) (a)(—O0,0)DQ»w Q J7-2 2
5 (a) (b)
forx>0 3 3
x=sinx>0 (b)(—mO)D%w @ (c) 4 =6 4 «/7
x<0,x-sinx<0 14 3
for x (Koo ,010 % @f'zo (C)Q‘WIE Ans. (d)
14 Given functionf(x) = x° —=4x” +8x +11,
10, (d)%oo,——QD(O;o ) when x 0[O0, 1]is a continuous function in
forxDE},zaf (=<0 15 interval x [0, 1]and differentiable in
5 Ans. (a) intervalx (0, 1), so according to
Hence, f(x)increasesin 5 00@ Since, the given function Lagrange’s mean value theorem for
on . f(x) =(3x = 7)x*"* isincreasing for xOR x=c0o.1 1 - 0)
20 Letf:(-1 ) - R be defined by 0 £(x20 f'(c)= .
_ _ 1 2 . -
f(U)—1andf(x)—;loge(1+x),x¢0. 02X Ex =T+ X920, x#0 00 —gxsg),  =1-4+8+10) -1
' - 1-0
Then the function f g 28xX=7+9x 4 20 i
[2020, 2 Sep. Shift-II] N O 3¢’-8c+8=5
(a) decreasesin(-1,0)and increasesin 5>< 14 O 3c? =8¢ +3=0
’ O 200 xUOf e 000 %ﬂq
(0, o) Q 0 8 —,/64—36 4 «/7 0, 1)
(b) increasesin(-1, o) B " 6 et
(c) increasesin(-1,0) and decreases in (-0 Q%po QD{_ .00 Q_g‘ Q .
» goé:;)eases e Hence, option (a)is correct. 24 |f c is a point at which Rolle’s
Ans. (d) ’ I theorem holds for the function,
ns. 22 | et the function, f:[-7,0] - R be EZ +al
Given functionf(x) = Eﬂ"’ge“* X x#0 . [~7.0] f(x)=log, Oin the interval
- EX ] =0 continuous on[-7, 0]and O 7x 0O
for x O Teo ) 1 o e d|ffer'ent|able on(=7,0). If f(=7)=- [3, 4], where o OR, then "' (c) is
Now, f/(x) = -9 U7X, andf*(x)< 2 for all x L 7,0) then equal to [2020, 8 Jan. Shift-I]
x(1+ x) X for all such functions f, f(=1) +£(0) 1 . 13
forx Ot 1w ¥ {0)=>—U +2X)'09e(1 +x) lies in the interval (a)—ﬁ (b)—E (c)E (d)7
x“(T+ x) [2020, 7 Jan. Shift-I]
Let another function (a) (=00, 11] (b) [=3,11] Ans. (¢)
= _ 2
,g(x) x =(1+x)log, (1 +x) (c) [-6,20] (d) (—o0,20] The given functionf(x) =log, H< +a{
g'(x)=1-1-log,(1+ x)=-log, (1 + x) Ans. (d) O 7x 0O
Since, forx Ot 1,0), g'(x)>0, So g(x)is If functionf :[~7,0] - R be continuous holds the Rolle’s theorem for the interval
increasing function for x (i 1,0) but as on[-7,0]and differentiable on(~7,0), [3, 4] s0
g(x)< g(0), Ox+( 1,0) then according to LMVT, we have f(3) f(4)
f(=1) =f(=7) Me+aQ
O g(x)<0, Ox3-( 1,0) =f'(x)<2, ] log, —Iog
)= I (=) =(=7) BB B
U f(X) D D)D—( ;’ ]) 0 9+G:]6+G
. : , f(=1) =(=3) 3 4
)IEIEfH(_x)]%)decreaS|ngfunct|on for O TSZ 0 36+ 4o =48 +3a
Similarly, for xO(Ose ), g'(x)< 0, so g(x) is o (=<8 () - . a= 12 i)
decreasing function for x 0(0po ). f(o)_f(_7)=f'(x)52, andf'(c)=0, for some ¢ 0(3, 4)

Similarly, ————— 2
So, g(X)< g(U) 0 _(_7) O 0 7x % 7X(2X + 0) —(X +CX)7D

=0
O gx)<0,00 (& ) 0x+-( 7,0) H +a (7x)? -




c(2c)=(c” +12) _

0

(c? +12)c
0 c?-12=0 e 0(3,4)
a0 c =412 e 0(3,4)
O f'(c=412)

_cle? +12(2¢) = (c* —1203c” +12)
((c® +12c)?
_(2%12 x24) —(0 x48) _ 1
- (24)7(12) 12
Hence, option(c)is correct.

25 Let f(x)=xcos™ (= sinlx |),

><D—DTTTlD

H2 28
following is true?
[2020, 8 Jan. Shift-I]

then which of the

(a) f'is decreasingin E{—g [J%and

) R T[]
increasing in @75

(b) f'lsmcreasmgmB— . @and

decreasingin @J,f
9N 2H

(c) fisnot differentiable atx=0
(d) f'(0)=-—

Ans. (a)
Given function

f(x) = x cos™ (—sinlx|), x O g

mig

2H
=x(m—- cos’(sinlxl))
{.cos™ =1 —-cos” x}

_XH'[ Q— sin” smlxl%

H-cos"x="-sin" xH
0 2 O

{sin'sinx =x}

Of(x)=

om0 . )
Of"isdecreasingin [+—, 0Jandincreasin
g Er ’ Ea g

o

Hence, option(a)is correct.

E Let S be the set of all functions

f:[0,1] - R, which are continuous
on [0, 1]and differentiable on (0, 1).
Then for every f in S, there exists
ac (0,1, depending on f, such that
[2020, 8 Jan. Shift-II]

(b) I f(c) - f(1)|<|f ()1

(c) Ifle)+ f) I<(1+c)If'(c)]

(d) [fle) = fM 1< =c)I(f'(c)]

Ans. (%)

Since, the functionsf:[0, 1] - R which

are continuous on[0, 1]and
differentiable on (0, 1).

Iffis a constant function then options
(b).(c)and(d)are incorrect.

According to LMVT, for ¢'0(C, 1)
o2 = fle)
1-c¢c

but ¢'# ¢, so option(a)is alsoincorrect.

27 Letf be any function continuous on

[a,b] and twice differentiable on
(a,b). If for all xO(a,b),f (x3 Oand

f" (x)< 0, then for any

cOla,b)——— fle) ~fla), is greater than
f(b)—f(c)

[2020, 9 Jan. Shift-1]
@27 (o)1 (c) &9 (g) DO
c-a b-c b-a
Ans. (¢)
Itis given that a functionfis continuous
on[a,bland twice differentiable on(a, b),
such that for all xO(a, b), f'(x)> 0 and
f"(x)<0. Now, by LMVT for ¢ O(a, b), there
isaO(a, ¢), such that
f(c) -f(a)
c-a
and there isB O(c, b), such that
f’(B):M (i)
b-c
~f"(x)<0 O (a,b), thenf'(x)isa
decreasing function, so
f'(B)<f'(a) [ra<pB]
From Egs. (i)and (ii), on putting the
values of f'(a) and f'(B), we get

fib) - flc) _ f(c) ~f(a)

f'la) = (i)

b-c c-a
0 f(c)—f(a)> c-a
f(b)=f(c) b-c

[-f'(x)>0, sof(x)is an increasing
function OXJ (a,b)anda<c<b]
Hence, option(c)is correct.

28 Letf:[02] -

E Letf(x)=

R be a twice

differentiable function such that
f'' (x)> 0, for all xO(0,2). If
@x) =f(x) +f(2 —x), then @is
[2019, 8 April Shift-I]
(a) increasingon(0, 1) and decreasing on
(1.2)
(b) decreasingon(Q, 2)
(c) decreasingon(0Q, 1)and increasing on
(1.2)
(d) increasingon(0Q, 2)
Ans.(¢)
Given, @x) =f(x) +f(2 =x), 0 (0,2)
o ¢ OF 'f (>f) f2 x i)
Also, we havef"' (x)>00 X (0,2)

0O f'(x)isastrictly increasing function
00X (0,2).
Now, for @x) to be increasing,
@'(x)=0
O f'(x)=f (2= x)=0 [using Eq.(i)]
O f(x)=f(2-x0 x>2-x
[-f'is a strictly increasing
function]
O 2x>2 0 x>1
Thus, @x)is increasing on (1, 2).
Similarly, for @x) to be decreasing,

@'(x)<0
O f(x)-f@2-x<0 [usingEq.(i)]
O f'(x)<f(2-x)

O  x<2-x

[--f"is a strictly increasing function]
O 2x<2 0O x<1
Thus, ¢@x)is decreasing on (0, 1).

“ —xandg(x)=x" —=x,

O x] R. Then, the set of all xR,
where the function h(x) =(fog)(x)is
increasing, is [2019, 10 April Shift-I]

1D D 1D Dl
b)
@ @oghte ) gt za 57
[H
0, 0
(c) [0, o) (d) X E ([ )
Ans. (a)

The given functions are
flx)=e* —=x andg(x)=x* —x,0X R
Then, h(x) —(fog)(x) =f(g(x))

Now, h'(x)=f"(g(x)y (x)
( g (x) _1 [[IX ])
=(e™ M =1)@2x -1
=" =) (2x =)

-+t is given thath(x)is an increasing
function, so h'(x)=0



O (=" —12x - 1) =20
Casel(2x=1N=0and(e** " -

1)=0

=0
O le and x(x —
2

O x0O[1/20 Jand xOF e 010 [
x0[To )

Casell(2x —1)<0and[e**~"

O xs%andx(x—])so

), so

-1]<0

0 10
0 xﬂgw,f nde[O,ﬂSo,xDE],—
s 2H

From, the above cases, XDEJ,%D[I [0 ).

30 If mis the minimum value of k for

which the function f(x) = x/ kx —x*

is increasing in the interval [0, 3]
and M is the maximum value of f in
the interval [0, 3]when k =m, then
the ordered pair (m, M) is equal to

[2019, 12 April Shift-1]

(a) (4,342) b) (4,3+/3)
(c) (3,34/3) (d) (5,36)
Ans. (b)

Given function, f(x) = xy/ kx — x* (i)

the functionf(x) is defined if

kx = x* 20
| x* = kx<0
0O x 0[O0, k] ... (i)

because it is given thatf(x) is increasing
ininterval x [0, 3], so k should be positive.

Now, on differentiating the functionf(x)
w.r.t. x, we get

Fx)=Jhx-x* +— X
24Jkx = x*
_ 2Akx = x*) + hx =2x* _ 3kx —4x”
2\/k><—><2 2\/kx—x2
asf(x)isincreasing ininterval x O[0, 3], so
f'(x)=00x (0,3)

x (k —2x)

| 3kx —4x* 20
O 4x? =3kx <0
0 3kO
g 4x 0
H W B
d XDE],—H (as kis positive)
So, 3<% 0 k=4

O Minimum value of k=m=4
and the maximum value of fin[ 0, 3]isf(3).

-~ fisincreasing functionininterval
x0[0,3]

wM=1(3) =34 x3 -3 =343

Therefore, ordered pair(m, M) =

(4,3/3)

Hence, option(b)is correct.

31 Letf(x)= d-x ,
\/a +x° \/b2+(d—x)z
xR, where a, band d are non-zero
real constants. Then,
[2019, 11 Jan. Shift-11]
) fisanincreasing function of x
) f'is not a continuous function of x
)
)

fisadecreasing function of x
fis neither increasing nor decreasing
function of x

Ans. (a)
We have,

(a
(b
(c
(d

X _ (d=x)
(OZ +X2)”2 (bZ +(d_X)2)1/Z

Differentiating above w.r.t. x, we get

1 2x
2oy o X
f'(x)= O e
(@ +x)
(b + (d = xP)"(=) ~(d —x)— 29 =X
_ 2(b2 + (d _ X)Z)HZ
(b” + (d = x)’)

[by using quotient rule of derivative]

_al+x =X . b? +(d -x)* =(d =x)*
(02 +X2)3/Z (bz +(d_X)2)3/Z
2 2
= o 4 b >0,00 R

(02+ X2)3/2 (b2+ (d _X)2)3/2

Hence, f(x) is an increasing function of x.

32 ffandg are differentiable
functions in (0,1) satisfying
f(0)=2=g(1),g(0) =0and f(1) =6,then
forsomec 01  [JEE Main 2014]
(a) 2f(c)=g'(c) (b)2f(c)=3g (c)
(c) fle)=g'lc)  (d) flc)=2g"(c)
Ans. (d)

Here, f(0)=2=g(1),g(0) =0andf(1)=6

-+ fand g are differentiable in(1,0).

Let h(x) =f(x)—=2g(x)
h(0) =f(0)-2g(0)
h(0)=2-0=2

Now, h(1)=f(1)-2g(1)
h(1)=2,h(0) =h(1) =2

Hence, using Rolle's theorem,

There exists ¢ [J]0, 1, such that
h'(c)=0

0 f'(c)-2g9'(c)

0 f'(c)=2g'(c)

33 How many real solutions does the
equation
x7 +14x° +16x° +30x —-560 =0
have? [AIEEE 2008]
(a) & (d) 3

=6-2(2)

=0, for some ¢ 0JJ0, 1[

(b) 7 (c) 1

Ans. (c)

Letf(x) =x” + 14x" +16x* +30x —-560
O f'(x)=7x"+ 70x" + 48x" +30>0,
0o4ad Rr

So, f(x)isincreasing.

Hence, f(x) =0 has only one solution.

3_4 The function

f(x)=tan™' (sinx +cosx)is an
increasing functionin [AIEEE 2007]
L (o) B- T T

35, > H H72'%0

0 m g

o) 974 W58
Ans. (b)

Since, f(x) =tan™ (sinx + cos x)
On differentiating w.r.t. x, we get

L
1+ (sinx + cosx)?

ﬁ ﬁ:osx@:osg - sianinZ’Tﬁ

1+ (sinx + cosx)?

oo

1+ (S|nx+ cosx)?

(cosx —sinx)

Forf(x)to be increasing,
E<X+l[<j[| 37“<X<I[
2 4 2 4 4
Hence, option(b)is correct, which lies in
the above interval.

g A function is matched below

against an interval, where it is
supposed to be increasing. Which
of the following pair is incorrectly

matched? [AIEEE 2005]
Interval Function
(@) (oo, =4) X' +6x* +6
10
b)@wo,f X2 =2x+1
3H
(c) [2, ) 2x° =3x% —=12x +6
(d) (=00, o) X*=3x* +3x+3
Ans. (b)
(a)Let f(x)=x® +6x> +6

On differentiating w.r.t. x, we get
f'(x) = 3x% + 12x =3x(x +4)
Forf(x)to be increasing,

f'(x)>0
+ , _ , +
[ A
| xOfeo = 400 (8 )
(b) Let f(x)=3x* =2x +1



O f(x)=6x-2 (a) 4 (b) 16 From Egs. (i)and (ii),

6

Since, f(x) is a polynomial function and is
continuous as well as differentiable in its
entire real set.

2a+3b+6c +6d _6d

O fu=20+3b+6c+bd_6d_,
6 6
[+20 +3b +6 ¢ =0,given]
andf(0)=2% =4 0 f(0) =)

Hence, according to Rolle’s theorem,
atleast one root of ax” + bx + ¢ =0lies
betweenOand1.

37 The function f(x)=cot™ x +x

increases in the interval
[AIEEE 2002]

(a) (1, 00) (b) (=1, o)
(c) (=00, o) (d) (0, o)
Ans. (¢)

Since,  f(x)=cot™ x + x

On differentiating w.r.t. x, we get
2
Flg=-—'_+1= %

>0
T+ x2 T+ x2

Hence, f(x) is increasing function for all

X[ oo g0 ).

TOPIC 3

Tangent and Normal,
Maxima and Minima

38 Let A be the set of all points (a,B)

such that the area of triangle
formed by the points

(5, 8), (3, 2)and (0,B) is 12 sqg units.
Then, the least possible length of a
line segment joining the origin to a
pointin A, is [2021, 31 Aug. Shift-II]

0 100+32=0 0 a=—§
O = Q +8 :§
5 5
o o= FH +%§:§@:i
5 5 5
Similarly, if B =2a — 16
_6
J5
So, least possible length of line segment
=8/\/5

39 Let f(x) be a cubic polynomial with

f(1)=-10, f(—1) =6, and has a local
minima at x =1, and f'(x) has a local
minima at x =—1. Then f(3) is equal
to [2021, 31 Aug. Shift-II]
Ans. (22)
Letf(x) =ax® +bx* +cx +d

f'(x)=3ax* + 2bx + c

f'"(x)=Bax+ 2b
f'(x) has local minimaatx = -1, so
fr(=1)=0
0- 6a¢ 25 O
O b =3a D)
f(x) has local minima at x =1
f'(1)=0
J3a+6a+c=0
O c=-% (i)
f()=-10
O -5+ &- 10 L)
f(=1) =6
O 1Mo +d =6 .iv)

Solving Egs. (iii)and (iv)
a=1d=-5

0 (x>0, 00 %; ] 5 \5 b=3c=-9
8 912 O flx)=x*+3x" -9 -5
_ o (c) (d)
Since, thisis wrong. \/g \/E So, f(3) =27 +27 =27 =5 =22
Hence, option(b)is the required answer. Ans. (¢) —
— Area =12sq units 40 An angle of intersection of the
35 If 20 +3b +6c =0, then atleast one XT .y 2 . 2
) ) a B 1 curves, —+=—=land x” +y° =ab,
root of thg equationax” +bx +c =0 0O |5 & 11=+24 a® b
lies in the interval [AIEEE 2004] 3021 a>b,is [2021, 31 Aug. Shift-1I]
(a) (0,1 (b) (1,2) L o+b0O ~1La-bQ
- a)tan b)tan
(c) (2,3) (d (1,3) O 4-2B-8=x24 S e B = v e
Ans. (a) O Lo -PB =324 -PB+16= O -b0O
—B-16= - = c)tan”! d)tan™'(2/ab
Letf'(x)=ax’ + bx + ¢ 0 2a-B-16=020-B+8=0 (c) AL Jtan™'(2\/ab)
B ) Distance from origin when3 =2a + 8is
On mtegratlng both sides, we get Ans. (¢)
bx? D=.a* +(2a +8)* :
flx)==——+=—+cx+d -~ Given curves
3 2 =,/50° + 320 +64 2 2
_2ax’ +3bx? +B6cx +6d ., XY o i)
O f(x) = | D? =5a’ +320 +64 a’  b?

and x* + y? =ab, i)
From Egs. (ii)
y? =ab —x*

From Eq. (i),

b?x* +a’(ab —x*) =a’b’

(6% —=a®)x* =a’b(b —a)

a’b ,
a+b
a’b _ ab?

a+b a+b

2
Point of mtersectlon a b ab
a+b Va+b

Now, differentiating Eq. (i) w.r.t. x, we
have

] X% =

y? =ab -

o X, (Let)
dx a’y
and different|at|nq Eq. (ii)w.r.t.x,
WXy (Let)
ax vy
Letangle be#.
Then,
_bZZX +1
tang=| "M o) @Y ¥
T+ mm, 1+ b?x’
GZyZ
_| xy(a® -b%)
a’b’

a’h® {a® -b?)
(@+b)*  a’p’

a-b
Jab
S -b0O

0 6=tan BEB




H A wire of length 20 m is to be cut

into two pieces. One of the pieces
is to be made into a square and the
other into a regular hexagon. Then,
the length of the side (in m) of the
hexagon, so that the combined
area of the square and the hexagon
is minimum, is [2021, 27 Aug. Shift-I]

a)L (b) 10
2+43 2+ 343
5 10
_— d
C)3+ﬁ ( )3+2ﬁ
Ans. (d)

Let two pieces of wire one of length x
and other of the length20 - x.

Wire of length x is made into a square.
x/4

X/4 x/4

x/4

OArea of square = %g S(let)

Wire of length (20 - x) is made into a
regular hexagon.

f o

_33 gMg Gos

Area of hexagon =6 x ~= (Let)

_20-x0
6 B

Sum of both area

N&

2
A=A, +A, :% #2120

A _x 3 0y

dx 8 12
_3x—404/3 +24/3x

24

A _gg = 4043 _

dx 3+243 f

dA_3+2A3

dx* 24

[0 Area will be minimum, when

X =40(2-+/3)
20 —40(2 —/3)

_20J3-30 30

3
_10(23 -3) 10
3 2J§+3

=40(2-+/3)

0 Side of hexagon=

42 A box open from top is made from

a rectangular sheet of dimension

a xb by cutting squares each of
side x from each of the four
corners and folding up the flaps. If
the volume of the box is maximum,

then x is equal to
[2021, 27 Aug. Shift-II]

a+b—4a’ +b? —-ab
(a)

12
(b)a+b—\laz +b? +ab
6
a+b—,a’> +b® —-ab
(c)
6
(d)a+b +\la; +b% —ab

Ans. ()

Length of box=a —2x

Breadth of box=b —2x

Height of box =x

Volume of box, V =(a =2x) (b =2x)x

| V =4x® —20x? =2bx” +abx

DifferentiatingV w.r.t. x,

Vi, =12x* =4(a +b)x +ab

Critical Point, V', =0

0O 12x* =4(a +b) x +ab =0

0 X:4(G+b) +./16(a +b)* 42 @b

2(12)

_(a+b)x4/a” +b” —ab
- 6

V' (x)=24x = 4(a + b)

- 2 2 _
Forx:(a+b) 06 *b ab,\/”(x)<0

Hence, for maximum volume

_(a+b)—4/a* +b* —ab

6

E A wire of length 36 mis cut into

two pieces, one of the pieces is
bent to form a square and the
other is bent to form a circle. If the
sum of the areas of the two figures
is minimum and the circumference

of the circle is k (m), then % +1§<

is equal to
Ans. (36)
Letx+y =36

where, xis perimeter of square and y is
perimeter of circle.

[2021, 26 Aug. Shift-I]

Then, side of square =§and radius of

circle=_
21
Now, Sum of areas of square and circle,
XZ 2
A=X 4V
16 4m
Y
0 a=X 486X [ry =36 -x]
16 41T
For minimum area,
dA -0
dx
Now, %—Z—X 7266_)020
dx 16 411
0 _ 144
T+4
Circumference of circle=y
=(36-x)
_ 144 _ 361
T+4  Ti+4
According to the question,
K= 36T
Ti+4

SBT[
o BBy
H The local maximum value of the

function f(x)= %g , x>0

[2021, 26 Aug. Shift-II]

1 04 [F

a)(2Je) (b)%a
2

(c)(e)e (d)1
Ans. (¢)
flx) = x>0
(x) %g x>
O logf(x)=x*(log2-logx)

f'(x) = f(x)[=x +(log2 —log x)2x]
f'(x) =f(x) X (2log2 —2log x =1)
For maxima or minima putf'(x) =
we get

2l0g2-2logx ~1=log @%Qq =0
X

O X =

ok

Sign of f'(x) + -

2He

, f(x) has maximum value.

Maximum = %

2

Q‘

2

ee

ED;M



45 If arectangle is inscribed in an

equilateral triangle of side length
2+/2 as shown in the figure, then
the square of the largest area of
such arectangle is ......... .

[2021, 25 July Shift-11]

Ans. (3)
LetEG=xandDE=h
Area of rectangle (A) =xh i)

A
DT F
’E
B E G C
—X—>
In ABDE,
h=BE tan60°
-x0
O h=FVZ~xH3 i)
o 2 0O
From Egs. (i)and (ii),

B3

Area(A) =73 242 -x) x

| Azg(Zﬁx—xz)

Differentiating w.r.t.’x,

%:ﬁ(zﬁ_zx)
dx 2
) dA _ .
Subsmutedf—o. To determine the
X
critical points.
O ?(2&—2@:0 O x=42
2
For ma><ima,d A =ﬁ(—2)<0
dx?> 2
From Eq. (i),
h:%@%\/g: §
020 2

N

So, area:ﬁDz—s=ﬁ

Squaring both sides, (area)’ =3

46 Leta be areal number such that

the function f(x)=ax* +6x —15,
xR is increasing in

%w,%@and decreasing in %wg

Then, the
function g(x)=ax* —=6x +15, x OR
has a [2021, 20 July Shift-1]
. 3
(a)local maximum atx=—2
(b)local minimum atx:—g
(c)local maximum atx:g
(d) local minimum atx=g
Ans. (a)
f(x) =ax? +6x =15
f'(x)=2ax + 6
f'(x) = 2(ax + 3)
f(><)isincreasingforD oo,§|:|
H a8
So, X:—E :§
a 4
a=-4
g(x) =ax? —Bx + 15
g'(x)=2(ax =3)
If g'(x)=0
x=-3/4
g
_5_ 3
X=—=-=
a 4
. . _ 3
g(x)is maximum atx——z.

47 The sum of all the local minimum

values of the twice diffrentiable

functionf:R - R defined by
_3f(2)

f(x) = x* =3x* — % +1(1)is
[2021, 20 July Shift-I1]
(a)=22 (b)5 (c)=27 (d)0
Ans. (¢)
3

Given, f(x) = x* —=3x* _Ef"(Q) O+ f"(1)

Then, f'(x) = 3x - Bx —gf"(Z)

f"(x) =6x —6
Put x=Tlandx=2,
f"(2)=12-6=6andf"(1)=0

Therefore, f(x) = x* —=3x* —% x6x +0
O f(x) = x® =3x* =9x )

and f'(x)=3x*> —=6x -9
and f"(x) =6x -6

Equate f'(x)=0gives,
0O 3x*-6x-9=0
0O 3(x*-2x-3)=0
Ax+N(x=3)=0 O x==1,x=3
Now, f"(=1) =6(=1) -6 =-12 <0
f"(3) =6(3) =6 =12>0
0 (= 1) is maxima. 3is minima.
Local minimum value =f(3)
f(3) =(3)° =3(3)* —9(3) Lusing Eq. ()]
=27-27-27
f(3) = -27

48 The maximum value of z in the

following equation z =6xy +y?,
where 3x +4y <100and 4x +3y <75

forx=0and y=>0is ......... .
[2021, 17 March shift-1]

Ans. (904)
z=Bxy +y’
3x + 4y <100
4x +3y<7b
X, y20
z=yBx +y)

©, 0) N\ (10073, 0)

z will be maximum at the corner points.
X< 75 =3y
4
z=y(Bx+Y)

m5-3yn, O
ZSV%BTH* &
zs%(ZZB ~7y7)

(225y — 7y?)is a quadratic in y whose
maximum value is ——.

4a
2 _
Here, D = 225° —4010-7)
4=17)
2
0 ZS225 :50625:904
2007 56

49 Letf:[-11 - R be defined as

f(x)=ax® +bx +c for all xOF 11],
where a,b,c OR, such that
f(=1)=2f'(-1)=1and for xOf 11)the

maximum value of f"(x)is % If
f(x)<a, xOF 11, then the least

value of a is equal to ............... .
[2021, 17 March Shift-11]



X'

Ans. (5)
Given,f:[-11] - R
andf(x) =ax” +bx +c
f(=1) =a -b +c =2(given) 1)
f'(=1)==2a +b =1(given) .. (i)
"(X)_
o fr (x)=2a
Also, given maximum value of f"(x) =1
i.e.2a =1 Ue 1
2 4
3
From Eq.(ii) b ==
2
From Eq. (i) ¢ =13
0 f(X):L éx E

YY
ForxOF 1.1]
f(x)O[2, 5]

[OLeast value ofais b.

E The range of a R for which the

function
f(x)=(4a =3)x +log, 5) +2(a -7)

cot%@sin2 %@ x#2nt nON, has

critical points, is
[2021, 16 March Shift-I]

04 |:|
(a)(=3,1) (b)ﬁ 328
(c)[1, ) (d)(=co, =1]
Ans. (b)
Given, f(x) = (4a =3) (x +log, 5)

+2(a -7 cotX@in? X
2 2

O f(x)=(4a =3)x +log, 5)

+2(a=7) cosZsind
2 2

O f(x)=(4a =3)x +log, 5) +(a =7)sinx
O f'(x)=(4a-3)(1+0)+(a =7) cosx

O f'(x)=(4a—-3) +(a —7) cosx
Whenf'(x)=0, (4a = 3) + (a —=7) cosx =0

4a -3
7-a

O COosSx =

As, —1<cosx<1
So—1<40 3
7-a

40 -3

7-a
0 401—3+7—a20
7-a
3a+4
7_
4

O +1=0

0 20

+ —
—4/3 7

aOF 4/3,7) )
Now, 075 140
7-a
0 40—3—7+0S0
7-a

501—1[]S
7-a
— % + —
2 7

alf o 200 [ ) (i)
From Egs. (i)and (ii),
04,0
Og =2
"TB3H

O

5_1 The triangle of maximum area that

can be inscribed in a given circle of

radiusr is [2021, 26 Feb. Shift-11]

(a)anisosceles triangle with base equal
to2r

(b)an equilateral triangle of height%

(c) anequilateral triangle having each of
its side of length+/3r

(d) aright angle triangle having two of
its sides of length2rand r

(e) LetaAABC inscribed in a circle with
centre Oand radius .

Ans. (¢)

LetaAABC inscribed in a circle with
centre Oand radiusr.
A

LetOOBG= ©
Now, area of AABC = % x Base x Height

A=%MB@XMM

Now, BC =2BP

Consider AOBP, where OB =r
Then, BP =rcosB

Hence, BC =2rcosb

Again, AP=A0 + OP

where, AO=r

Consider AOBP, where OB =r
Then, OP=rsin®

g AP=r+rsinf

From Eq. (i), we get

Area= % x(2r cos) x(r +rsing)

A=r? cosB(1+ sinf)
Now,
dA

=r?(—sinB)1 +sin6) +r® cos* O

=r*(cos’@-sinB-sin’ @
=r*(1-2sin*0 —sinf)

=r%(1+ sinBf1-2sinH)
Equate%=0
daoe
O  r?’(1+sin6(1-2sing =0
O sinG:l
2
0O Q:E
6

<0, wheng=""

2
Now,d A
ae’
0 Ais maximum,whenezg
OMaximum area
=r? cos@ﬂﬁwsmﬂgzﬂr?
6 6 4
e ap 9
Helght—AP—Er

Consider AABP,
(AB)* =(AP)* +(BP)?

% ﬁ E{ g ["BP=rcosf]
9 P

r+4r =3r*0 AB= \fr

Hence, the AABC is an equilateral
triangle with side V3r.

E The maximum slope of the curve

y:%x" -5x° +18x* —19x occurs at
the point [2021, 26 Feb. Shift-1]
(a)(2,2) (b)(0,0)

(c)(2,9) 02T



Ans. (a)
Given, curve is

y— x —-6x" +18x* =19x  ..(i)

First, find the slope of given curvei.e.
dy /dx,
Differentiate Eq. (i),
B = 1) - 53x7) + 18026 —19
dx 2
=2x% = 15x” +36x —19
Now, let f(x) =2x* = 15x” +36x —19
is slope of the curve and find its
maximum value as follows,
f'(x) = 23x?) - 15(2x) + 36
=6x* —30x +36
Equatef'(x)=0and solve for’x,
Bx? —=30x +36 =0
x* =bx +6 =0
x? =3x =2x +6 =0
(x=3)(x=-2)=0
x=2and 3

Now, F*(x) = 2 (6x> —30x +36)

ax

=12x —-30
Then, f"(2) =12(2) =30 =24 =30

=-6<0
andf"(3) =12(3) =30 =6 >0
~f"(2)<0, this implies 2’ is point of
maxim a.
OAt x =2, slope will be maximum.
Since, atx =2, slope will be maximum,
then y-coordinate will be,

y %(2)“ ~5(2)° +182)2 —19(2)

OO0ooo

=8-40+72 -38
=72-70=2
OMaximum slope occurs at point (2, 2).

E The shortest distance between the

line x—y =1and the curve x> =2y is

[2021, 25 Feb. Shift-11]

1 1 1
— (b)— 0 d)-
V2 ( )zﬁ © ( )2
Ans. (b)

Let(x, y) be any arbitrary point on curve
x* =2y and find the tangent line equation
at this point, such that tangent line at
(x,y)is parallel to linex —y =1.

(a)

To find tangent equation, differentiate
the following equation so that we can
find slope,

x> =2y =0 i)
2x— Zdy ngesdy—x
dx dx

Slope (say m,)=x

Also, slope of linex—y =lory =x —Tis 1
(say m,). Since, x =y =1and tangent line
is parallel.

Therefore, their slope be equal.

Hence, m, =m, gives, x =1

Put x =1in Eq. (i), we gety=%

10

Thus, (x, y) = @EB

Perpendicular distance between line

x —y =Tand point éll %%is given as,

)+ %Q-n -£

010
o JOP+(=0* g

g ad
_ -1
2J20
[Ousing p19rpendicular distance formula]
02

5_4 If the curves x =y“ and xy = k cut

at right angles, then (4k)® is equal
1o IR . [2021, 25 Feb. Shift-11]
Ans. (4)
If the curves cut at right angle, then
product of slopes will be —1.
First curve x = y*
Differentiate it, we get

124y YW

dx dx 4y’

Slope of first curve (m,) :%
Yy
[at point(x,.y,)]
Second curve xy = k
dy

Differentiateit,0 =x—= +y
ax
O dy -y
dx X
Slope of second curve(mz)zl
XW
[at(x, y,)]
a m,.m, = =1
0
O 1 HH-
4y 0x, O
O al =-1
4yrx,
_’I .
u =-1 [using x, =y,']
4()/1)6 1 1
1
|:| )/WB:Z

Also, x,y, =k, usingx, = y;, we get k=y;
ork® =(y,)*

1 I
y? :Z, then yfo = %g

0 (4k)6 _48 kB _48()/ )30

_45%§

0 (4k)® =

55 Let f(x) be a polynomial of degree 6

in x, in which the coefficient of x®
is unity and it has extrema at x = -1

and x=1If I|mﬁ—1 then 5[A(2) is

x- 0 X
equal to ....cceueee. .
[2021, 25 Feb. Shift-I]
Ans. (144)
fix) =x® +ax® +bx" +cox® +dx? +ex +f
As, lim === fix) =1 non-zero finite
x-0 Xs

So,.d=e=f=0
andf(x) = x*(x* + ax® +bx +¢)
Hence, lim === (X) =1

x- 0 X3

Now, asf(x) = x® +ax® +bx* +x°
andf'(x)=0atx=Tlandx=-1
i.e. f'(x)=6x° + bax" + 4bx® +3x’

Now, f'(1)=0

O 6+ 5a+4b +3 =0

O b5a +4b =-9 (i)
and f'l=1=

0- & 5¢ 4+ F 0

O 50 —4b =3 .. (i)

From Egs. (i)and (ii),
a=-3/5andb=-3/2
D f(X) 6 3 '5 _2 4 +X3

a0

H
o0
H

0 5f2)= 5% 2)5— ) +(2)°
5%4 3x32_3x16

=320 -96 -120 +40=14

56 If the tangent to the curve y =x° at

the point P(t,t*) meets the curve
again at 0, then the ordinate of the
point which divides PQ internally in

theratio1:2is
[2021, 24 Feb. Shift-I]

(a)o (b)2t*

(c)-t° (d)-2t°

Ans. (d)

Given, curve 0 y = x° (i)

P(t,t%)



Equation of tangent at P(t, t*)
(y—t*) =3t*(x —t) (i)

0On differentiating both sides w.r.t. x,
we get

Oy=(1+x" +1-x*
[as sin(sin™ x) =

From Egs. (i)and (ii), dl:1+cosydl So, at x=0,y=2
x* —t* =3t (x —t) dx dx Now, let a point P(0,2) on the curve.
O (x—t)(x* +t +xt) =3t*(x —t) ] @ v (i) On differentiating the Eq.(i) both sides

a x% + xt =2t =0 dx 1-cosy W.Ir.t. x, we get
0 (x—1) (x +2t) =0 -stangent at point(a, b) at given curve is Z—y:2y(1+x)“” +9(14+x)”
o X=torx==2t parallel to line joining ﬁ]éﬁand %2% X dy
This is not possible. 2 (log.(1+ x))d—x—Zx
Now, the coordinate of 0 =(x, y) So ay :2_(3/2) = dy
=(=2t,(=2t)0°)  [vy=x°] dX|ig5y (1/2)-0 So, at point P(0,2) =X| =4
. : <,
0 0=(-2t -8t") 0_! =101=1-cosbO cosb=0 .
OOrdinate of the point dividing PQ in the 1-rcosh . 'qufa,t_'on ofnorma}lto the curve at
ratio1:2is 0 Sinb = + 1 point'P'is y—2=_—4(x—0)
MZ—ZIS Now, as point(a, b) on the given curve, 0 x+hy=8
1+2 So b=a+sinb O b-a=sinb

57 If p(x) be a polynomial of degree

three that has a local maximum

O Ib=al=lsinbl O Ib=al=1

59 Let P (h,k) be a point on the curve

y=x? +7x +2, nearest to the line

Hence, option(c)is correct.

61 If the tangent to the curve, y =e*
at a point (¢, e®) and the normal to

i)

x]

value 8 at x =1and a local minimum 2 _ ;
. the parabola, y* =4x at the point (1,
=2: i =3x —3. Then the equation of the - .
value 4 at x =2; then p(0)is equall to ﬁormal to the curve aqt Pis 2) intersect at the same point the
[2020, 2 Sep. Shift-1] . X-axis, then the value of c is ......... .
(a) -24 (b) 6 [2020, 2 Sep. Shift-1]
(c)12 (d)-12 (a)x—Sy—H =0 (b)X—3y+22 =0 [2020, 3 Sep. Shift-I1]
Ans. (d) (C)x+3y-62=0 (d)x+3y+26 =0 Ans. (4)
Th ti ft ttoth ;
Since, p'(x)=0at x =1and x =2and p(x) is Ans. (d). ) . _eeexqaliaalogirc])t(snegce)rss o Hhecurve
cubic polynomial, so As the point P(h, k) is the nearest point on y= p '
oy _ the curvey =x> + 7x +2, to the line y—-e®=e‘(x-c) i)
p'(x)=alx=N(x-2) =a(x’ =3x +2) - .
o . y—3>z<—3,sothetangenttothe parabola and equation of normal to the curve,
O p(x):g%—éx2 +2oxO+ b y=x% + 7x + 7at point P(h, k) is parallel y? =4xat the point (1, 2)is
3 2 E totheliney =3x =3 y-2=-1x-1) (i)
According to the question, O dy =2h+7=30h=-2 ..(i) ~-Thelines(i)and (ii)intersect at same
dx |, point on the X-axis, so puty =0in both

3,0
()=80aFx-=-+20+b=8
7 2
0,10 .
O af-+-O+b=8 0 ba+6b=48 ..(i)
M 28

and p2) =40 a%—swgw =4

and the point p(h, k) on the curve, so
k=h> +7h+2=(-2)* +7(-2) +2

O k=4-14+20k=-8

O Point P(-2, - 8)

Now, equation of normal to the parabola

the equation and equate, we get
x=3=c—-10c=4
Hence, answer is 4.00.

6_2 Which of the following points lies

O 20 +3b =12 (i) y=x%*+7x +7atpoint P(-2, —8)is O? t?e tangent to the Curve_
From Egs. (i)and (i), we get y+8 =i(x+2) x‘e’ +2,/y +1=3 at the pOInt(1., 0)?
a=24b=-12 dl [2020, 5 Sep. Shift-II]
pl0)=b=-12 dx |, (a) (2,2) (b) (2, 6)
— O y+8=—(x+2) O x+3y +26 =0 (c) (-2.6) (d) (-2, 4)
58 If the tangent to the curve 3 Ans. (b)

60 The equation of the normal to the

y =x+siny at a point (a,b) is parallel Equation of the given curve is

x‘e’ +2,[y+1=3

to the line joining @,E%nd

%,2@ then
[2020, 2 Sep. Shift-I]

(a)lb =al=1 (b)la+bl=1
(c)b =a (d)b =" 4q

2
Ans. (a)

Givencurveisy =x + siny

curve y =(1+x)* +cos’(sin™ x)at

x=0is [2020, 2 Sep. Shift-II]
(a)y+4x=2 (b)y=4x+2
(c)x+4y =8 (d)2y+x=4

Ans. (¢)

Equation of the given curve is
y=(1+x? +cos’(sin” x)
O y=(1+x?" +1=sin’ (sin™x)

On differentiating w.r.t.’x, we get
ydl+ ! dy =0

dx 1/y+1&

e’(4x*)+ x"e

OAt point P(1, 0),

dy 1 dy
e®LxnN+1.e" 2L+ =0
dx ~0+1dx

o ¥ =2
ax|s



OEquation of tangent at point P(10) is

y=-2x-N02x+y=2 A1)
From the option point (-2, 6) contain by the
tangent (i).

E If x =1is a critical point of the

function f(x)=(3x* +ax -2 —a)e*,
then [2020, 5 Sep. Shift-II]

(a) x=Tandx = —% are local minima of f

(b) x=Tandx = —%are local maxima of f

(c) x=1is a local maxima andx = -2 isa
local minima of f 5
(d) x=1is a local minima and x = -2 isa
local maxima of f S
Ans. (d)
Itis giventhat x = 1is a critical point of
the functionf(x) = (3x* +ax-2-a)e”
So,
f'() = e*(6x+a) +e"(3x” +ax-2-a)l_, =0
0 6+a+3+a-2-0a=00 a=-7
O f(x)=e[3x* -x-2]1=0
ad x:1or§g§
3
and "' (x)= e*(6x -1+ 3x” -x-2)
=e*(3x? +5x-3)
f""(1)=5e>0
[0 x =1is the point of local minima.

and f" QEQZ e’z“%—E%Q
3 3
= 56?7 <0

Ox= —% is the point of local maxima.

6_4 If the tangent to the curve, y =f

(x)=xlog, x, (x>0)at a point (c,f(c))
is parallel to the line segment
joining the point (1, 0)and (e, e) then

cisequalto [2020, 6 Sep. Shift-II]
1
(a)ei_‘] (b)eDeﬂD
e
gy 1
(C)eU—BD (d)i
e-1
Ans. (b)

Equation of given curve,
y =f(x) =xlog, x (x>0)
dy

0 el
dXx:c

=f'(c)=1+log, c

-+ The tangent to the given curve y =f(x)
at point x = c is parallel to line segment
joining points (1, 0)and (e, e).

e

So, 1+log, ¢ =
e-1

e 4= 1
e-1 e-1
i

O c=e™ "ispositive.

O log,c=

65 The set of all real values of A for

which the function
f(x)=(1-cos? x).(A +sinx),

X D% ;E has exactly one maxima

and exactly one minima, is
[2020, 6 Sep. Shift-1]

(a)%%%@—{o} (b)@%é
(C)E‘%% (d)@—%é -0}

Ans. (d)
Given function,
f(x) =(1-cos” x) (A + sinx)
=sin® x(A + sinx)
O f'(x)= sin2x(A + sinx) + sin® x(cosx)
0
B

:sin2x§\+sinx +%sinx
:sin2><§+gsinx|:|

H

For maxima and minima, as
f'(x)=00 sin2x @ + 3 sin xﬁzo
2
So, eithersin2x =00 x=0as

0 m g
BB 5

orA+ g sin x =0 as there must exactly

one maxima and exactly one minima, so
0 330

DR 2 oH O

66 Let f(x) be a polynomial of degree 3

such that f(=1) =10, f(1) = -6, f(x) has
a critical point at x=—1and f'(x)
has a critical point at x =1. The f(x)
has a local minimaat x =.............

[2020, 8 Jan. Shift-1I]
Ans. (3)

Let a cubic polynomial
fix) =ax® +bx? +cx +d

2 f(=1) =10

O - & b & & 10 i)
f()=-6

d a+b+c+d=-6 (i)
2 f'(=1=0

O 3a-2b+c =0 i)
f"(1)=0

O 6a +2b =0

O da+b=0 iv)
From Egs. (i)and (ii), we get

—2a —2¢ =16
O a+c=-8 Av)

From Egs. (iii), (iv)and (v), we get
3a —=2(=3a) +(-a —8) =0
0 8-8=00 a=1
So, b=-3 c¢=-9andd=5
O f(x)=x* =3x* =9x +5
f'(x)=3x* =6x -9 =0
(for local maxima and minima)
O x*-2x-3=0 0 x* =3x+x-3=0
O (x+0(x=3 =00 f(x)=0
O x=-13
f'"(x)=6x—6
f'"(=1)==12andf" (3)=12
Ox =3is point of local minima.
Hence, answeris 3.

6_7 Let the normal at a point P on the

curve y? =3x* +y +10 =0intersect
the y-axis at @J g@ If mis the slope

of the tangent at P to the curve,
then|mlis equal to ......... .

[2020, 8 Jan. Shift-I]
Ans. (4)
Letapoint P(x,, y,) on the curve
y? =3x” +y +10 =0, then slope of
normal to the curve at point Pis

Checl

On differentiating the curve w.r.t. x, we
get

oy _px+ ¥ =g
dx

vy

dx
O dl: 6x
dx 2y +1
0 mN——L‘*-1
Bx

1

Now, the normal to the curve at point P

intersect the Y-axis ﬁ] %ﬁ so slope of

3 -
1

normalism, = 2

0-x,
On equating the value of m,, we get

3=2y, 2y, +1

X, 3x,
O 9-8y, =2y, +1  (x,20)
O 8y,=8 O y,=1

~Point P(x,, y,) on the curve, so
(12 =3x? +1+10 =0



68

69

0 3><12 =12

O X! =4

O X, =+2

Now, slope of tangent to the curve at
P(x,.y,)is

_ 1
m=—-__
mN
:dl = BX‘
dX(xw,yw) 2y1+1
O R B FpsE2E 12

ytooivh 3
Hence, answer is 4.

If S, and S, are respectively the

sets of local minimum and local
maximum points of the function,
f(x)=9x* +12x° -36x> +25, xR,

then [2019, 8 April Shift-1]
(a) S,={-2};S, ={01}

(b) S,={-2,0}; S, =(1i}

(c) s, ={-21}: S, ={0}

(d) S, ={-1}; S, ={0.2}

Ans. (¢)

Given function is
f(x)=9x* +12x° —=36x% +25 =y(let)

For maxima or minima putzl =0
X

Y —36x° +36x% —72x =0

ad
ax
| x*+x? =2x =0
O x[x” +x-2]=0
| x[x” +2x —x =21 =0
d x[x(x +2) =1x +2)] =0
O x(x=1)(x+2) =0
ad x=-201
By sign method, we have following
e
-2 0 1
) dy N ;
Since, o changes it's sign from negative
X
to positiveatx ="-2"and T, sox =-2,1
dy

are points of local minima. Also, ]
X

changes it's sign from positive to
negative at x =0, so x =0 is point of local
maxima.

0 S,={-21 and S, ={0}.

The height of a right circular

cylinder of maximum volume

inscribed in a sphere of radius 3 is
[2019, 8 April Shift-Il]

(@6 ()23 ()3 (d)%ﬁ

70

Ans. (b)

Key Idea
(i) Use formula of volume of cylinder,
V = 1r’h where, r = radius and h=
height
(i) For maximum or minimum, put
first derivative of V equal to zero

Let a sphere of radius 3, whichinscribed
aright circular cylinder having radius r
and heightish, so

Fromthe figure,g =3cosB0 h=6cosb

and r=3sin® D)
-+ Volume of cylinderV = 1r’h
= 1(3sin§*(Bcos H

=b41sin® Bcos 6.

) o dV o
For maxima or minima, 0 =0

0 541(2sinBcos’ 6-sin® 6 =0
O sinB[2cos’ 0—sin’ 8] =0

0 tan’0=2 E'GD@I?%D tan® =42

) 2 1 .
O SIDGZ\ﬁ and cosB=— (i)
3 V3

From Egs. (i)and (ii), we get
h=6_L =23
3

e

If f(x)is a non-zero polynomial of
degree four, having local extreme
points at x=-1,0,1, then the set
S={x0OR:f(x¥ f(0)} contains exactly

[2019, 9 April Shift-1]
(a) four rational numbers

(b) two irrational and two rational
numbers

(c) fourirrational numbers
(d) two irrational and one rational number
Ans. (d)
The non-zero four degree polynomial f(x)
has extremum points at x=-1,0,1 so we
can assume

f'(x)=alx + Nx =0)(x = 1) =ax(x* =1)
where, ais non-zero constant.

f'(x) = ax® - ax
0 flx=2x-2x +c
4 2
[integrating both sides]
where, C is constant of integration.
Now, since f(x) =f(0)

4 2
0 9¢-9¢4c=coX=X

4 2 4 2
O X2 (x? =2)=0 0 x=—+/2,0,+2

Thus, f(x) =f(0) has one rational and two
irrational roots.

71 If the tangent to the curve,

y=x° +ax —bat the point (, - 5)is
perpendicular to the ling,
—x +y +4 =0, then which one of the

following points lies on the curve ?
[2019, 9 April Shift-I]

(a) (-2,2) (b) (2,-2)

(c) (=2,1) (d) (2,-1)

Ans. (b)

Given curveisy = x° +ax —b A1)

passes through point P(1, =5).

ad - %+ & bOb-a=6 (0
and slope of tangent at point P(1, =5) to
the curve (i), is

=[3x* +a], =a +3

1,-5)

-~ The tangent having slope m, =a +3at

point P(1,—5)is perpendicular to line

-x+y+4 =0, whoseslopeism, =1

] a+3=-10a=-4 [+mm,=-1]

Now, on substitutinga = =4in Eq. (ii), we

getb=2

Onputtinga = =2andb =2inEq.(i), we get
y=x"—b4x =2

Now, from option (2, =2)is the required

point which lie on it.

ﬁ Let S be the set of all values of x

for which the tangent to the curve
y=f(x)=x* =x* —2xat(x,y)is
parallel to the line segment joining
the points (1, (1)) and (-1, f(=1)), then S

is equal to [2019, 9 April Shift-I]
o .0 o .0
(a)x. -0 (b) 3.1
B H ' H
1 1
(c) =10 (d) F-=, -1
03 0 o3 0O
Ans.(c)
Givencurveisy =f(x) =x* =x* =2x  ...(i)
So, f()=1-1-2==2
and f(-1)=-1-1+2 =0



Since, slope of a line passing through
(x,,y,)and(x,. y,)is given by
m=tang=22""1
X, TX
OSlope of line joining points (1, f(1))and
(=1, f(-1)is
=== _~2-0
1-(-1) 1+1
W =3y —ox—2
dx
[differentiating Eq. (i), w.r.t.’X]
According to the question,
Yom o 3 -2x-2=-
dx
O 3x? =2x=1=0
O (x-1Bx+1)=0 O x=1,-

Therefore, set S = %% 1@

=

Now,

ﬁ A water tank has the shape of an

inverted right circular cone, whose
. . . |
semi-vertical angle is tan™ %@

Water is poured into it at a constant
rate of 5 cu m/min. Then, the rate
(in m/min) at which the level of
water is rising at the instant when the
depth of water in the tank is 10 m is
[2019, 9 April Shift-1]

(© 1 (@
15

@Z (o)
T 51T ) 10m

Ans. (b)

Key Idea Use formula :

1 )
Volume of cone =g 1r’h, where r =radius

andh =height of the cone.

Given, semi-vertical angle of right
circular cone

= tan']%a
Let o=tan” %%
]
O tana = —
2
d r-l [fromfig.tana=£]
h 2 h
O r=th ()
2

--Volume of coneis(V) = % r’h

_1_m I )
n| V—gn%hg(h)—ﬁnh [from Eqg. (i)]

On differentiating both sides w.r.t.t’, we

get
ﬂ:i 3#)@
dat 12 dt
o dh_-_4 dv
dt  mh’ dt
O @:ix
dt T

[ givenﬂ =5m®/min]
dt

Now, ath=10m, the rate at which height

... _dh
of water level is rising = —
th:lD

:L X B:Lm/min
m10)* 51T

ﬁ If the tangent to the curve

X

 xOR, (x#++/3) ata

y:Xz

point (a,B)#(0,0) on it is parallel to
the line 2x +6y —11=0, then

[2019, 10 April Shift-II]

(a) 16a +2B1=19 (b) |6a +2B[=9
(c) 12a+6B1=19 (d) |20 + 6B =T
Ans.(a)
Equation of given curve is

y=X2X XOR (x2+43) (i)

On differentiating Eq. (i) w.r.t. x, we get
dy _(x* =3) =x(2x) _ (- x* -3)
dx (x* =3)* (x* =3)*?

Itis given that tangent at a point

(a,B)#(0,0) on'itis parallel to the line

2x + 6y =11 =0.
O Slopeofthisline=-2 =%
x| p)

O a3 1

@ -3> 3
| 3a’+ 9=a“—6a’+9
O a ‘-8 *=0 o= 0,-33
0 a= 3Jor-3 [va#0]
Now, from Eq. (i),

_ a

B a’ -3
0O B:i or i:lor —1

9-3 9-3

2
According to the options, [6a + 2B =19
at

2

_0 10
(GIB)_%SfiEE

75

The maximum volume (in cum) of
the right circular cone having slant

height 3mis [2019, 9 Jan. Shift-1]
(a) %n (b) 2+/3m

(c) 3J3m (d) 6T

Ans. (b)

Leth=height of the cone,
r =radius of circular base
=./(3)* —h? [/ =h* +r?]

=9-hn’ i)

Now, volume (V) of cone :%T[rzh

0 \/(h):%n(Q—hz)h

) i)
3

[from Eq.(i)]

For maximum volume V'(h)=0and
V"(h)<0.

Here, V'(h=00 (9-3h%) =0

0 h=+3 [--h¢0]
and V"(h):%n(—sh)<0forhzfs

Thus, valume is maximum whenh = ﬁ
Now, maximum volume

ViW3) =%n(9«5 ~343) [from Eq. (ii)]
:Zﬁn

% If 8 denotes the acute angle

between the curves, y =10 —x* and

y=2+x* at a point of their

intersection, then|tan@l is equal to
[2019, 9 Jan. Shift-1]

@l o ©f @l
17 15 9 17
Ans. (b)

Key Idea Angle between two curves is
the angle between the tangents to the
curves at the point of intersection.

Given equation of curves are
y=10-x* i)
and y=2+x’ (i)
For point of intersection, consider
10-x*=2+x"
| 2x* =8



0 X’ =4
g X=%2
Clearly, whenx =2, theny =6

(using Eq. (i)
and whenx =-2,theny =6
Thus, the point of intersection are (2, 6)
and (-2 6).
Let m, be the slope of tangent to the
curve (i)and m, be the slope of tangent
to the curve (ii).

For curve(i)dl =-2xand for curve (ii)

d
d—y:2x *
dx
0 At(2, 8), slopes m, = —=4and m, =4, and
in that case
|tane|:w
T+ mm,
1-16) 15
At(-2,8), slopesm, =4and m, = —4andin
that case
|[tanB| = , — M :ﬂ:i
1+mm,| [1-16] 15

F A helicopter is flying along the
curve given by y —x** =7,(x 20). A
soldier positioned at the point

%, 7gwants to shoot down the
helicopter when it is nearest to

him. Then, this nearest distance is
[2019, 10 Jan. Shift-II]

1[7 NG
(a)g g (b)?
117 1
(C)E g (d) 5

Ans. (¢)

The helicopter is nearest to the soldier,
if the tangent to the path, y = x*'2 +7,
(x=0) of helicopter at point(x, y) is
perpendicular to the line joining(x, y) and

the position of soldier %, 7@

(1/2,7)

--Slope of tangent at point(x, y)is
dy 3

=m,(let) ()|
dx

and slope of line joining(x, y) and % 7@13

m, :y—_z i)
X——
2
Now, m, 0, = -1
0 S,z Hy=7 Ho
2 x=(1/2)0
[from Egs. (i)and (ii)]
3 ><3/Z
0 O 2 =] ['.'y:xM +7]
2 x=1/2
a S a——
2 2
O 3x?+2x=-1=0
O  3x*+3x-x-1=0
O 3x(x+1)-1x+1)=0 O x=%,—1
x=0 O ><=l
3
.I 12
and so, y:%g +7 [ey=x""+7]

O 2 O
Thus, the nearest point is %% +7§

Now, the nearest distance
\/m 1@7 %@3
/ /i 1
3
3+4 _ _
108 108 6

12

A
:

% The tangent to the curve,

y= xe* passing through the point
(1 e) also passes through the point

[2019, 10 Jan. Shift-II]
(a) %,zeg (b)(3 6e)

(c)(2.3e) d) ﬁgze@
Ans. (a)
Given equation of curve is

y=xe* )
Note that (1, e)lie on the curve, so the
point of contactis(1, e).
Now, slope of tangent, at point(1,e), to the
curve(i)is
dy
dx (le)

=(x(2x) e +e*),, .,

=2e+e =3¢
Now, equation of tangent is given by
(y=y,)=mlx-x)
y—e =3e(x-1) O y=3ex-2e

On checking all the options, the option

%, Zegsatisfy the equation of tangent.

79 The maximum value of the function
f(x)=3x® —=18x* +27x —400n the
set S={x[R:x™ 3& 1x}is

[2019, 11 Jan. Shift-1]
(a) 122 (b) =122 (c) =222 (d) 222

Ans. (a)

We have, f(x) =3x° —18x* +27x —40

O f'(x)=9x* =36x +27

=9(x* =4x +3) =9(x =1 (x =3)..(i)
Also, we have
S={xOR:x+ 3& 1x}

Clearly, x* +30<11x

O x*>-1x+30<0

O (x=5(x-6)<00 x0O[5,6]

So, S =[56]

Note thatf(x) is increasingin[5, 6]

[--f"(x)> 0 for x O[5, 6]

0 f(6) is maximum, where

f(6) =3(6)° —18(6)* +27(6) —40 =122

E If the function f given by

f(x)=x" —3(a —2)x* +3ax +7, for
some a OR is increasing in (0, 1]and
decreasing in[1, 5), then aroot of

the equation, f(x) 11[' =0(x#1) is
[2019, 12 Jan. Shift-1]

(a) =7 (b) B

(c) 7 (d) 5

Ans. (¢)

Given that function,
fix)=x® =3(a =2) x* +3ax +7, for some
aORisincreasingin(0, 1Jand decreasing

in[15).

f'(1)=0 [-~tangent at x = Twill be parallel

to X-axis]

O (3x* =6la-2)x +3a),_, =0

O 3-6(a -2) +3a =0

| 3—6a+12+3a =0

O 15-3a=0 0O a=5

So, f(x)=x* =9x* +16x +7

0 f(x) = 14=x° =9x? +16x =7

] f(x) = 14=(x =1 (x* =8x +7)

=(x =1 (x=x=7)

A G P (i
(X—1)

Now, =14 g (1)
(x—1)

] x=7=0 [from Eq.(i)]

| x=7



81 The tangent to the curve

y=x? —5x +5, parallel to the line
2y =4x +7, also passes through the

point [2019, 12 Jan. Shift-11]
17 1
o1 -0 ]l O
—,7 d =7
9B’ YEBH
Ans. (d)
The given curveisy =x* =5x+5 i)

Now, slope of tangent at any point(x, y)
onthecurveis

Y _9x-5 (i)
dx

[on differentiating Eq. (i) w.r.t. x]
-+Itis given that tangent is parallel to line
2y =4x+1

So, Y9
ax

[--slope of line2y =4x +1is 2]
0 2x-5=2 0 2x=7 0O x=%

On putting x =%in Eq. (i), we get

y:ﬁ—§+5 :@ —ﬁ :—l
4 2 4 2 4
Now, equation of tangent to the curve (i)

at point %,—lgand having slope 2, is
y+7—2§< %D v+ 1 _ox-7
29
O =2x-== (i)
Y 4

On checking all the options, we get the
point % —7§satisfythe line (iii).

8_2 The equation of a tangent to the

parabola, x> =8y, which makes an
angle @ with the positive direction
of X-axis, is  [2019, 12 Jan. Shift-II]
(a) y=xtanB —2cot0
(b) x=ycot® +2tanb
(c) y=xtan® +2cot®
(d) x=ycot@ —2tan®
Ans. (b)
Given parabolais x” =8y i)
Now, slope of tangent at any point(x, y)
on the parabola(i)is

ay _x =tan@

dx 4

[-tangent is making an angle®with the
positive direction of X-axis]

So, x=4tan® O 8y =(4tand)’
[on putting x =4tanBin Eq. (i)]

O y=2tan’0

Now, equation of required tangent is
y—2tan’@=tanB(x —4tan@

| y =xtanB8-2tan’ 8

g X =ycotB+2tan@

83 If the curves y? =6x,9x* +by” =16

intersect each other at right angles,
then the value of bis [JEE Main 2018]

@6 L (@4 (@
2 2
Ans. (d)
Wehave, y? =6x 0 2y¥ =g 0 ¥ =3
dx dx vy

Slope of tangent at(x,, y,)is m, =3

¥y
Also, 9x? +by2 =16
O 18><+2byd =0

O dl:;gb(
dx by

. _ —9x

Slope of tangent at(x,, y,)ism, = 5 1

Y

Since, these are intersection at right

angle.

o mm,=-1

0 27x, -1
by

0 27X, -
Bbx,

O b:g
2

[y? =6x,]

8_4 Let f(x) = x? +i2 and g(x)=x —l,
X

f(x)

X
xOR- £ 10,1 Ifh(x)= ) , then

the local minimum value of h(x) is
[JEE Main 2018]

(a)3 )=242 (d)242
Ans. (d)

We have,

(b)-3

_ 1 _
f(x)=x* + XTand g(x) =

0 hix) =¥
glx)
1 1g
X2+ -—0 +2
0 hix) XZ:QX X
w1 =1
X X
1 2
O hix)=Ho-—
(x) §< X§+ 1

[ Local minimum value |32f.

85 If 20 m of wire is available for

fencing off a flower-bed in the

form of a circular sector, then the

maximum area (in sqm) of the

flower-bed is

(a)12.5

(c)25

Ans. (¢

Totallength =2r + r =20

0 6—20 2r
r

(b)10
(d)30

Now, area of flower-bed,

A

re
:lrze
2

_] 2 0-2r
O A—frg;
2 r @

A=10r-r?
9A 10 -2r

dr
For maxima or minima, put% =0.

dr

|

10-2r=0
O r=5

s =l 20-2680

2 H 5 H

= %95 x2=25sqm

2

86 The normal to the curve

y(x—2)(x =3) =x +6 at the point,
where the curve intersects the
Y-axis passes through the point

[JEE Main 2017]

[JEE Main 2017]

o1 10 o 1Qg
(a) > 7 (b)%f

o 1g o 10
(c)%,—gg (d) '35
Ans. (b)
Given curveis

Y(x =2fx =3) =x +6
Putx=0in Eq. (i), we get

y(=2)(=3) =
a y=1

So, point of intersection is (0, 1).



X+6
(x =2_x =3)
dy _ Tx=2x=3) =(x +6)x =3 +x 2)
dx (x=2)(x -3
_6+30_36 _

Now, y =

XHo.1)
O Equation of normal at (0, 1)is given by

y—]z_T1(x—O) O x+y=-1=0

which passes through the point % %@
87 The radius of a circle having

minimum area, which touches the

curve y =4 —x” and the lines y =|x|,

is [JEE Main 2017]
(@)2(v2+1) (b)2(2 -
(c)4(v2-1) (d)4(2+1)

Ans. (¢)

Let the radius of circle with least area be
r.

Then, coordinates of centre =(0,4 —r).

%
y=1x]|

@]
-4
>
;

X
5 X )
=4
y e

Since, circle touches the liney = xin first

quadrant.
0 0—(4—r)_r
Ny
g r—4=x+r42
o r= 4 or 4
J2+1 1-42
4 O 4 O
But r# 5 <0
1-V2 Hi-v2 H
4
r=—_=4(2-1)
N2+

_— UN+sinxd
88 Consider f(x)=tan™ anx@
1-sinx
T
XD@LE%

A normal toy=f(x) at x :galso

passes through the point
[JEE Main 2016]

(b)@)%”@
(d)%o@

(a)(0,0)

c) @go@

Ans. (b)

We have, f(x) = tan™ 1+ sinx

,
1-sinx

O f(x) =tan™’

Ecosi + sinfg

=tan"0_ 2 23

ECOS% - sinié

@cosx>sm forU<X<n§

2 2 4
E‘mangg
=tan”' 00— <[]

@—tan%%

. m. .
Now, equation of normal at x :E is given

Rl
S
g @*@ ”j‘%n EE

— BQ

89 A wire of length 2 units is cut into
two parts which are bent
respectively to form a square of
side = x units and a circle of radius
=r units. If the sum of the areas of
the square and the circle so formed
is minimum, then

[JEE Main 2016 (Offline)]

which passes through @J

(a)2x =(mt+4)r (b)&-Tx =TT
(c)x=2r (d)2x=r
Ans. (¢)

According to given information, we have

Perimeter of square + Perimeter of
circle =2units
ad 4x+210 =2
0 r= 1-2x
s

A1)

Now, let A be the sum of the areas of the
square and the circle. Then,
A=x* + Ur?
(1-2x)?
™

=x" + T

Y
0 Alx)=x" + (1-24
i
=0
0 o+ 2072 g9 o0
s
0 :2—4x
s
O T X+4x =2
O X = ... (i)
T+4
Now, from Eq. (i), we get
1202
_ T+ 4
s
_mHb=4_ ] (i)
(m+4)  TH4

From Egs. (ii)and (iii), we get
X=2r
90 The normal to the curve
x* +2xy =3y? =0at (1)
[JEE Main 2015]
(a) doesnot meet the curve again
(b) meets the curve again in the second
quadrant
meets the curve again in the third
quadrant
meets the curve again in the fourth
quadrant
Ans. (d)
Given equation of curve is
x? +2xy =3y? =0 i)
On differentiating w.r.t. x, we get

(c)
(d)

2x +2xy'+ 2y —6yy'=0

0 y= Xty
3y —x
At x=1ly=1y=1
[y O

i.e. BTHW ;

Equation of normal at(1, 1) is

y—1:—%(x-1)

O y=1==(x-1
O X+y=2 (i)
On solving Egs. (i)and (ii) simultaneously,
we get

x* +2x(2 =x) =3(2 =x)* =0
O x* +4x=2x* =34 +x* —4x) =0
] - x* 4x 12 3x% 122 0
| - 4x% 18Bx 12 0
| 4x* =16x +12 =0
] x* —4x +3 =0
ad (x=Nx=3) =
| x=13



Now, when x =1, theny =1

andwhen x=3 theny=-1

O P=(1and0=(3 -1

Hence, normal meets the curve again at
(3, =1)in fourth quadrant.

Aliter
Given, x* +2xy —=3y* =0
O (x=yAx +3y) =

0 x-y=0or x+3y=0
Equation of normal at(1, 1) is
y=1==1x -1
O x+y=-2=0
Itintersects x + 3y =0at(3,-1)
and hence normal meet the curve in fourth
quadrant.

X+y=2 y=x
Y

X+3y=0

X' <

91 Let f(x) be a polynomial of degree

four having extreme values at x =1

and x =2 Ifim +l)5r3 then f(2)

is equal to [JEE Main 2015]
(a)-8  (b)=4  (c)O (d)4

Ans. (¢)

Central Idea Any function have extreme
values (maximum or minimum) at its
critical points, wheref'(x) = 0.

Since, the function have extreme values
atx=Tlandx=2.

0 fl(x)=0atx=1andx=2
O  f()=0andf'(2)=0
Also it is given that

”mé f(x)D

x-0 X E
0 1+ im™ =30 im0 =)
X”UX x-0 x

O f(x)will be of the form
ax“ +bx* +2x*
[--f(x)is of four degree polynomial]
Let f(x)=ax"+bx® +2x*
O f(x)=4ax® + 3bx* + 4x

0 f'()=4a+3b+4=0 (1)
and f'(2)=32a+ 12b + 8=0
ad 8a+3b+2=0 i)

Onsolving Egs. (i)and (ii), we get
a=lb=-2
2
Xlo
0 1‘(><)=7 -2x* +2x?
0 f(2)=8-16+8 =0

92 If x=-Tand x =2 are extreme

points of f(x)= alogl x| +Bx* +Xx,
then
[JEE Main 2014]
1 1

0(=—B,B:? (b)0(=—6,[3—]—E
(c)O(:Z,B:—E (d)O(:2,B:E
Ans. (¢)

Here, x = =1and x =2are extreme points of
f(x) = alog|x|+Bx* +x, then

f'(x) = 7+2B><+1
X

O f'(-)=-a-2B +1=0 (i)
[at extreme point, f'(x)=0]
and f'(-2) :%MB +1=0 i)

On solving Egs. (i) and (ii), we get
1
a=2p=——
B 2

ﬁ The intercepts on X-axis made by

tangents to the curve,
=J'O [t|dt, x OR, which are parallel

to the line y =2x, are equal to
[JEE Main 2013]

(@) £1 (b) +2
(c) £3 (d) £ 4
Ans. (a)

Given,y:ﬁ:ltldt O glzlxl
X

Since, tangent to the curve is parallel to
liney =2x.

u dy

dx
] xX=%2
O Points, y:J'iZItldt:J_rZ
0

=2

0 Equation of tangents are
y=2=2(x-2
y+2=2(x+2)

For x-intercept, puty =0, we get
0-2=2(x-2)
0+2=2(x+2)

O x==%1

9_4 Leta,b0R be such that the

function f given by
f(x)=logl x| +bx* +ax,x Z0has
extreme values at x=—-Tand x = 2.

Statement | f has local maximum
atx=-land at x =2.
Statementlla :1andb—;1
2 4
[AIEEE 2012]
(a) Statement | is false, Statement Il is
true

(b) Statement | is true, Statement Il is
true; Statement |l is a correct
explanation of Statement |

(c) Statement | is true, Statement Il is
true; Statement Il is not a correct
explanation of Statement |

(d) Statement | is true, Statement Il is
false

Ans. ()

Given,

(i) Afunction f, such that
f(x) =log Ix | +bx* +ax,x 20
(i) The functionfhas extremaatx = -1
and x=2, i.e., f(-1)=f(2)=0 and
f =120z (2.
Now, given function fis given by
f(x) = Iog|><|+b><2 + ax

O f'ix)= 7+2bx+a
X

0 = e
X

Since, f has extrema at x =-1and

X=2.
Hence, f'((=1)=0=f(2)
f'(-1)=0
0 a-2b=1 i)
and f(2)=0
ad a+4b:_—1 (!
2

Onsolving Egs. (i)and (ii), we get
a=l and b=;1
2
_ _ 2
O f"(X):—1+—1=—ME
X 2 O 0O

] f"(=7)<0 and f"(2)< 0
Hence, fhas local maxima at both
x =—Tlandx =2.Hence, Statement |
is correct. Also, while solving for
Statement |, we found the values
of aand b, which justify that
Statement Il is also correct.
However, Statement Il does not
explain Statement | in any way.



E Let f be a function defined by

Btaﬂ,x;:o
)=0 x
H . x=0

Statement | x=0is point of
minima of f.
Statement |l f'(0)=0 [pjgee 20113

(a) Statement | is false, Statement Il is
true

(b) Statement lis true, Statement Il'is
true; Statement Il is correct
explanation of Statement |

(c) Statement | is true, Statement Il is
true; Statement Il is not a correct
explanation of Statement |

(d) Statement | is true, Statement Il is

false
Ans. (¢)
f(X):Da:X, x#0
H 1., x=0
As, fanX, 1 ox#0

X
O f(0+h)>f(0) and f(0—h)>f(0)
At x =0, f(x) attains minim(a)

0 )= lim =0 o
h- 0 h h-0 h

_ . tanh-=h
= lim
ha0 h?

2 -
=lim L:] [using L' Hospital rule]

B [-tan’ 0 =sec’ 0 —1]

0. jim N9 -
2 Ho-o
So, Statement Il is true.
Hence, both statements are true but
Statement Il is not the correct
explanation of Statement I.

tane_]D
[} B

E Letf:R - R be a positive

increasing function with

f(3 f(2
lim M =1 Then, lim M is equal
x=o f(x) x=o f(x)
to [AIEEE 2010]

@1 M2 ©> (@3
3 2

Ans. (a)

Since, f(x) is a positive increasing
function.

O 0 <f(x)<f(2x) <f(3x)

0 O<1<@<@

fx)  fx)

2 e 139

O lim1< lim <
X— o Xo 0 f(X) X 0 f(X)
By Sandwich theorem, Iim% =1
e

E The equation of the tangent to

the curve y =x+—-,i.e., parallel
X

to X-axis, is [AIEEE 2010]

(a)y=0 (b)y=1 (c)y=2 (d)y=3
Ans. (d) 4
We have, y=x+—
X
On differentiating w.r.t. x, we get
dl:]—i

dx x°
Since, the tangent is parallel to X-axis,
therefore

W0 g x=8
dx
O x=2 and y=3

98 Letf:R - R be defined by

= 20 ifxs
T Bx+3 it x> -1

If f has alocal minimum at x = -1,

then a possible value of kis
[AIEEE 2010]

@1 (0 ()= (d)-1
2

Ans. (d)
Keox 2+3

o)

k+2{ 1

-1

. k+2<1
O k< -1

99 Given, P(x)=x"“ +ax® +bx? +cx +d

such that x =0is the only real root

of P'(x)=0. If P(=1)<P(I) then in the

interval [-11], [AIEEE 2009]

(a) P(=1) is the minimum and P(1) is the
maximum of P

(b) P(=1) is not minimum but P(1) is the
maximum of P

(c) P(=1) is the minimum and P(1) is not
the maximum of P

(d) Neither P(= 1) is the minimum nor P(1)
is the maximum of P

Ans. (b)
Given, P(x)=x"+ax® +bx? +cx +d
0 P'(x)=4x° + 3ax” +2bx + ¢
Since, x=0is a solution for P'(x)=0,
then
c=0
O P(x)=x"+ax’ +bx? +d i)
Also, we have P(= 1) < P(1)
0 1-a+b+d<l+a +b +d
a>0
Since, P'(x)=0, only when x =0and P(x)
is differentiable in(=1, 1), we should have
the maximum and minimum at the points
x==10and.
Also, we have P(=1) < P(1)
O Maximum of P(x) = Max {P(0), P(1)}
and minimum of P(x) =Min{P(=1), P(0)}
Intheinterval [0, 1],
P'(x) = 4x® + 3ax” + 2bx
=x(4x? +3ax +2b)
Since, P'(x)has only one root x =0, then
4x* +3ax +2b =0 has no real roots.
O (3a)? =32b<0
O SLEP
32
O b>0
Thus, we havea>0andb>0.
O  P(x)=4x®+4ax® +2bx >0,
03 (@)
Hence, P(x)is increasingin[0, 1].
0 Maximum of P(x) = P(1)
Similarly, P(x)is decreasing in[-1,0].

Therefore, minimum P(x) does not occur
atx=-1

100 If the cubic x° — px +q has three

distinct real roots, where p>0and
g>0. Then, which one of the
following holds? [AIEEE 2008]

(a) The cubic has maxima at both P and

- P
3
(b) The cubic has minima at % and
maxima at—\ﬁ
3
p

(c) The cubic has minima at — |~ and

maxima at\ﬁ
3

[éN)

(d) The cubic has minima at both gpand
_[p
3



Ans. (b) Ans. (a) Ans. (a)

Let f(x)=x* —px +q Using mean value theorem, Letflx) = 3P +9x + 17
Then,  f'()=3x"-p flo)= @)= O flb)~fla)0 3 +9x+7
Maxima -1 Er b-a % -
/ 5 1.log,3-log, 1 3§2+3x+z§
/ -Jo73 c 2 3
. 2 [by division algorithm]
Minima O c= =2log, e 10
I 09,3 gareouT:
1
) = _ o . X 2
Put  f'(x)=0 O X—\/g‘\/g 103 The funct|onf(x)=§+—hasaIocal %} ZH 12@
X . . _ 3
Now, f"(x)= minimum at [AIEEE 2006] Hence, f(x) will be maximum at x = 5EI
(a) x=-2 (b) x=0 )
So, th I ff
0 At x = \f £11(x) = \f>0 [minima] (c) x=1 (d) x=2 0, the maximum value of f(x)
Ans. (d) 1+40 =41
and at x:—\ﬁ, o f(x) = ,+Z 3%@
3 2 X —
f'(x)< 0 [maxima] 0 f=l-2 106 Ifu :\/o2 cos’ B+b” sin’ O
— 2 x +\/012 sin’ 8+b” cos’ 8,
101 The normal to a curve at P(x,y) For maxima or minima, putf'(x)= 0 )
meets the X-axis at G. If the then the difference between the
X T o '-2_gpy= maximum and minimum values of
distance of G from the origin is 2 ¥ U is given b AEEE 2004
twice the abscissa of P, then the O x=+2 9 y L ]
curveis a [AIEEE 2007] Now = 4 (a) 2(a? +2b2) (b) 240’ ;rb2
(a) ellipse (b) parabola ' X (c) (a+b) (d) (a-b)
. Ans. (d,
(c) circle (d) hyperbola 0 f"(z):ﬁ:l>0 [minimal ' (d)
Ans. (d) 8 2 Given that,
Let the equation of normal be and  fe2=-2=-1<0 [maxima] u=4/a® cos? @+b7 sin’ B
Y-y=- dX(X —) o 8 2 ) +\/azsin28+bzcosze
dy Hence, f(x)is minimum at x =2. O u =a? cos? B4 b sin? B+ a? sint 8
It meets the X-axis atG. Therefore, — -
' 0. dy 104 Angle between the tangents to the +b? cos’ 8+24(a* cos’ 6+b? sin’ @)
coordinates of G are B erOB curve y =x” —bx +6 at the points x \J(a” sin’ 8 +b? cos’
2,0)and (3, 0)is AIEEE 2
According to given condition, ( TZ ( n) - L n006] O u?=a? +b% +2/x(a® +b* —x)
Bk b) Bk d) =t
X+ydl:2><|j ydlzx @ 2 ®) 6 © 4 (@ 3 [where, x =a’ cos’ 8 +b” sin” )
dx dx Ans. (a) O u?=(a® +b?) +2y/(@® +b?)x —x*
u ydy =xdx y=x> —5x +6 On differentiating w.r.t.8, we get
Onintegrating, we get 0 dl:zx_5 ﬁ: 2
yz _XZ ‘e ax e 2 I(QZ +b2)X—X2
2 2 Now, m, Sﬁyﬁ (a? +b% =2x) x X
0 x2 —y? = -20 2,0)
y = dx _ ;o 2\ o
) _oyno o _ _ and —==(b° —a”)sin20
which shows a hyperbola. and m, _EF =6-5=1 de
53 0 ['»x=a” cos’8+b? sin” 0]

102 A value of C for which the Now, mm, =-1x1=-1 dut _ (a® +b% ~2x) X% ~a%) in28

conclusion of mean value theorem Hence, angle between the tangents is L. dae (@” +b”)x=x"
holds for the function f(x) =log, x 2 o2
onthe interval [1, 3]s [AIEEE 2007] E If x is real, then maximum value of Formaxima and minima, pmﬁ =0
(a) 21|og3 e 3x* +9x +17 i [AIEEE 2006] O a”+b”=2(a’ cos’B+b’ sin’ )
(b) Eloge 3 Ix2 +9x +7 and sin26=0
(c) log. e (a) 41 (b) 1 0  cos20(b? —a*)=0 and sin26=0
(d) lo § 3 (©) 17 () 1 O c0s28=0

9 7 4 and 0=0



So, u? will be minimum at® =0 and will be
) T
maximum atG—ZD

O mm =(a +b)’

and max =2(a” +b?)

Hence, uZ,, —u?, =2(a” +b”) —(a +b)’
_(G _b)z

107 A function y =f(x) has a second

order derivative f'' (x)= 6(x—1). If its
graph passes through the point (2,
1) and at that point, the tangent to
the graph is y =3x =5, then the
function is [AIEEE 2004]
(a) (x=1) (b) (x=1)°
(c) (x+1)° (d) (x+1)*
Ans. (b)
Since, ' (x)=6(x=1)
Onintegrating, we get

f(x)=3(x-1?+C i)
Also, at the point (2, 1), the tangent to
graphis

y=3x-5
Slope of tangent =3
O f(2)=3
0 f(2)=3(2-17+C =3 [from Eq. (i)]
O 3+C=3
O C=0
From Eq. (i),
f(x)=3(x-1)?
Onintegrating, we get
fix)=(x=1° +k i)

Since, graph passes through (2, 1).
ad 1=(2-1? +k
g k=0
Hence, equation of function is
f(x)=(x =1)°.

108 The normal to the curve
x=a(l1+cosB) y =a sinBat O always
passes through the fixed point

[AIEEE 2004]

(a) (a,0) (b) Q@)
(c) (0,0) (d) (a.a)
Ans. (a)

Given that,

x=a(l+cosB), y=asin®
On differentiating w.r.t.6, we get

ax =qg(-sin®) and a =ag cosO
0 de

0 dy _ —cos@
dx  sin®
-1
(=cosB/sin6)
Equation of normal at the given points is
sin@ [
cos0

OSlope of normal =

y—asinf= x —a(1+cos8)]

Itis clear thatin the given options,
normal passes through the point(a, 0).

109 The real number x when added to
its inverse gives the minimum value
of the sum at x equal to

[AIEEE 2003]

(a) 2 (b)1 (c) -1 (d) -2
Ans. (b)
Let flx)=x+—
X
F1(x) = 1—Xi2

For maxima and minima, putf'(x)=0

O 1- 120 0 x=11
X
Now, f"(x)=£
X3
At x=1f"(x)=+ve [minima]
and atx=-1f"(x)=-ve [maxima]

Thus, f(x) attains minimum value at x = 1.

110 If the function
f(x)=2x° —9ax? +12a’x +1,where
a>0, attainsits maximum and
minimum at pand q respectively,
such that p? =g, thenais equal to
[AIEEE 2003]
(a) 3 (b) 1 (c) 2 (d) 172
Ans. (¢)
f(x) =2x* —9ax? +12a°x +1
O f'(x)=6x* - 18ax + 12a°
For maxima or minima, put f'(x)=0
0 B(x* —3ax +2a*) =0

O x? =3ax +2a’ =0

] x? =2ax —ax +2a” =0

] x(x =2a) —a(x =2a) =0

ad (x —alx —=2a) =

O X=a, x=2a

Now, f''(x)=12x-18a
At X=a

f'""(x)=12a-18a=-6a
So, f(x)will be maximum at x =a.
i.e. p=a
Again, at x =2a
f'""(x)=24a-18a=6a

So, f(x)will be minimum at x =2a.

i.e. qg=2a
Given, p’=q Oa’=2a
g a=2

111 The two curves x° —=3xy’ +2 =0

and3x’y—y® -2=0 [AIEEE 2002]

(a) cut at right angle
(b) touch each other

T
(c) cutatan angleg

(d) cutatan angle%

Ans. (a)

The equations of two curves are
x*=3xy’ +2=0 A1)

and X'y —-y'-2=0 (i)

On differentiating Egs. (i) and (i) w.r.t. x,
we get

[y O x? —y

it

hy O —2xy
and BTBC 7y
Now,

Dij 5 —y? 2><y
BTHC BTBC 0 2xy —y D

=-1
Hence, the two curves cut at right angle.

11_2 The greatest value of

fx)=(x +0"* =(x =0"* on[0, 1]is

[AIEEE 2002]

(a) 1 (b) 2
(c) 3 (d) 1/3
Ans. (b)

Given that,

f(X) =(X + 1)1/3 _(X _1)1/3
On differentiating w.r.t. x, we get
10 1O

f'(x)= = -
(X) 3%)("'1)2/3 (X_-I)Z/SD

_ (x - 1)2/3 —(x + 1)2/3
Clearly, f'(x) does not exist at x =+ 1.
Now, put f'(x)=0,then
(x =127 =(x + 12"

ad x=0
At x=0

fx)=0+1" -0 -1)" =2
Hence, the greatest value of f(x) is 2.



