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2 APPLICATION OF DERIVATIVES

APPLICATION OF DERIVATIVES

1. DERIVATIVE AS RATE OF CHANGE 2. EQUATIONS OF TANGENT & NORMAL

In various fields of applied mathematics one has the quest (1] The value of the derivative at P (x, y,) gives the
to know the rate at which one variable is changing, with slope of the tangent to the curve at P. Symbolically
respect to other. The rate of change naturally refers to time.

But we can have rate of change with respect to other , dy|

variables also. Jox) = (x1,¥1) - Slope of tangent at
An economist may want to study how the investment P (x,,y,) =m (say).

changes with respect to variations in interest rates. . .
@) Equation of tangent at (X, y,) is ;

A physician may want to know, how small changes in dosage
can affect the body’s response to a drug. ( ) dy ( )
-y, )=l — x(x—x
A physicist may want to know the rate of change of distance Yo dx (x.3,) 1
1"
with respect to time.

All questions of the above type can be interpreted and (I Equation ofnormalat (x,y)is;
represented using derivatives.

Definition :
The average rate of change of a function f(x) with respect to ( - ) = -1 x (X —x )
y YI dy 1
ath)-f(a dx
x over an interval [a, a + h] is defined as w . dx (x;-%)
Definition :
The instantaneous rate of change of /' with respect to x is y
defined as
a+h)—f(a
f (x) =lim M , provided the limit exists.
h—0 h
L%;‘&. . /
|/

~TO
To use the word ‘instantaneous’, x may not be representing I(— length
time. We usually use the word ‘rate of change’ to mean length of subtangent of
‘instantaneous rate of change’. sbmoroal
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1. The point P (x,, y,) will satisfy the equation of the
curve & the equation of tangent & normal line.

2. If the tangent at any point P on the curve is parallel to
X-axis then dy/dx = 0 at the point P.

3. If the tangent at any point on the curve is parallel to
Y-axis, then dy/dx = oo or dx/dy =0.

4. If the tangent at any point on the curve is equally
inclined to both the axes then dy/dx = +1.

5. If the tangent at any point makes equal intercept

on the coordinate axes then dy/dx = +1.

6. Tangent to a curve at the point P (x, y,) can be
drawn even though dy/dx at P does not exist. e.g.
x = 0 is a tangent to y = x** at (0, 0).

7. If a curve passing through the origin be given by a
rational integral algebraic equation, the equation
of the tangent (or tangents) at the origin is obtained
by equating to zero the terms of the lowest degree
in the equation. e.g. If the equation of a curve be
x2—y? +x*+ 3x%y — y° =0, the tangents at the origin
are given by x> — y? =0 i.e. x + y =0 and

x—y=0.
: 1 oy 1 2
(a) Length of the tangent (PT) = %

Yy
(b) Length of Subtangent (MT) = Tlxl)

(c) Length of Normal (PN) = y, /1 + [f (% )]2

(d) Length of Subnormal (MN) =y, /" (x,)
(V) Differential :

The differential of a function is equal to its derivative
multiplied by the differential of the independent variable.
Thus if, y = tan x then dy = sec?x dx.

In general dy =/ (x) dx.

s A

d (c) = 0 where ‘¢’ is a constant.
du+v—-w)=du+dv—dw

d (uv) = udv + vdu

* The relation dy = f”(x) dx can be written as

d_ . : : :
i =f (X); thus the quotient of the differentials

of ‘y’and ‘x’is equal to the derivative of ‘y’ w.r.t. ‘x’.

3. TANGENT FROM AN EXTERNAL POINT

Given a point P (a, b) which does not lie on the curve
y =f(x), then the equation of possible tangents to the curve
y = f(x), passing through (a, b) can be found by solving for
the point of contact Q.

And equation of tangent is y—b = f(h_);b (x—a)
Qrh, /()]
P(a, b)
y=f(x)

4. ANGLE BETWEEN THE CURVES

Angle between two intersecting curves is defined as the
acute angle between their tangents or the normals at the
point of intersection of two curves.

m, —m
tan@ = |——2

I+ mm,

where m, & m, are the slopes of tangents at the intersection
point (X, y,).
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@) The angle is defined between two curves if the
curves are intersecting. This can be ensured by
finding their point of intersection or by graphically.

(i)  If the curves intersect at more than one point then
angle between curves is found out with respect to
the point of intersection.

(i) Two curves are said to be orthogonal if angle
between them at each point of intersection is right
angleie.m m,=-1.

5. SHORTEST DISTANCE BETWEEN TWO CURVES

Shortest distance between two non-intersecting
differentiable curves is always along their common normal.
(Wherever defined)

6. ERRORS AND APPROXIMATIONS

@  Errors

Lety=/(x)
.. . . dy dy
From definition of derivative, lim —=—
d3x—0 6X dx
Sy _dy matel
5x  dx approximately

or Oy = (j—ij dx approximately

Definition :
@ Ox is known as absolute error in x.
; ox . . :
(i) — is known as relative error in x.
X

dx . .
(i) —x100 is known as percentage error in X.
X

s A

ox and dy are known as differentials.

() Approximations

From definition of derivative,

Derivative of f(x) at (x=a)=f"(a)

o e lim L@@

8x—0 Ox

- f'(a)

(approximately)

S(@a+dx)—f(a)
ox

fa+8x)=f(a)+8x/f (a)

7. DEFINITIONS

1.  Afunctionf(x)is called an Increasing Function at a point x

(approximately)

= a if in a sufficiently small neighbourhood around

x=a we have
f(a+h)>f(a)
fa=h)<f(a)

Similarly Decreasing Function if
f(a+h)<f(a)
f(a=h)>f(a)

Above statements hold true irrespective of whether fis non
derivable or even discontinuous at x = a

2. A differentiable function is called increasing in an interval
(a, b) if it is increasing at every point within the interval (but
not necessarily at the end points). A function decreasing in

an interval (a, b) is similarly defined.

3. A function which in a given interval is increasing or

decreasing is called ""Monotonic" in that interval.
4.  Tests for increasing and decreasing of a function at a point :

If the derivative f ' (x) is positive at a point x = a, then the
function f(x) at this point is increasing. If it is negative, then

the function is decreasing.
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Even if f "(a) is not defined, f can still be increasing or
decreasing. (Look at the cases below).

F<0 N\ <0
S7>0/I° increasing at x = ¢

Ol € decreasing atx=c¢

Note : /" (c) is not defined in both the cases.

s A

Iff” (a)=0, then for x = a the function may be still increasing
or it may be decreasing as shown. It has to be identified
by a seperate rule.

eg.f(x) =x’is increasing at every point.

Note that, dy/dx = 3x>

ol X=a

s A

L. Ifa function is invertible it has to be either increasing
or decreasing.

2. If a function is continuous, the intervals in which it
rises and falls may be separated by points at which
its derivative fails to exist.

3. If f'is increasing in [a, b] and is continuous then
f(b) is the greatest and f'(a) is the least value of
fin[a, b]. Similarly if fis decreasing in [a, b] then f(a)
is the greatest value and f'(b) is the least value.

@) ROLLE'S Theorem:

Let f(x) be a function of x subject to the following
conditions :

(1)  f(x)isacontinuous function of X in the closed interval
ofa<x<b.

() f (x) exists for every point in the open interval
a<x<b.

@)  f(a)=f(b).
Then there exists at least one point x = ¢ such that
a<c<bwheref (c)=0.

(b) LMVT Theorem :

Let f(x) be a function of x subject to the following
conditions :

(1)  f(x)isacontinuous function of X in the closed interval
ofa<x<b.

(i) f (x) exists for every point in the open interval
a<x<b.

Then there exists at least one point x = ¢ such that

, b)- f(a
a<c<bwheref (c)= M
b-a
Geometrically, the slope of the secant line joining the curve
at x = a & x = b is equal to the slope of the tangent line drawn

to the curve at x =c.

Note the following : Rolles theorem is a special case of LMVT
since

f(a)=f(b):>f'(c)=%§(a)=0

b
s A

Physical Enterpretation of LMVT :
Now [ f(b) — f(a)] is the change in the function f as x

b)— f(a
changes from a to b so that % is the average

rate of change of the function over the interval [a, b]. Also
£ (c) is the actual rate of change of the function for x = c.
Thus, the theorem states that the average rate of change
of a function over an interval is also the actual rate of
change of the function at some point of the interval. In
particular, for instance, the average velocity of a particle
over an interval of time is equal to the velocity at some
instant belonging to the interval.

This interpretation of the theorem justifies the name "Mean
Value" for the theorem.
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Application of rolles theorem for isolating the real roots of
an equation f(x)=0

Suppose a & b are two real numbers such that ;

()  f(x) & its first derivative f ~ (x) are continuous for

a<x<b.
(i)  f(a) &f(b) have opposite signs.

(i) f ' (x)isdifferent from zero for all values of X between
a&b.

Then there is one & only one real root of the equation
f(x)=0Dbetweena & b.

8. HOW MAXIMA & MINIMA ARE CLASSIFIED

L.

A function £(x) is said to have a local maximum at x =a if (a)
is greater than every other value assumed by f (x) in the
immediate neighbourhood of x = a. Symbolically

f(a)>f(a+h)

f(a—h)

:l = X=a gives maxima

for a sufficiently small positive h.

Similarly, a function £(x) is said to have a local minimum value
atx =biff(b) is least than every other value assumed by f(x) in
the immediate neighbourhood at x =b. Symbolically if

b)< f(b+h
4 ( ) 4 ( ) = x=b gives minima for a sufficiently

f(b)<f(b-h)

small positive h.

No greater value of /.
Also a local maximum

Absolute maximum

local maximum
No greater value of f.
near by

local maximum
No greater value of /.
near by

A .B

local minimum
No smaller value of f.
near by

Absolute mmimum
No smaller value of /. 1
Also a local minimum

x=a x=b

s A

(1) The local maximum & local minimum values of a
function are also known as local/relative maxima or
local/relative minima as these are the greatest &
least values of the function relative to some
neighbourhood of the point in question.

(i)  The term ‘extremum’ is used both for maxima or a

@iii) A local maximum (local minimum) value of a function
may not be the greatest (least) value in a finite
interval.

(iv) A function can have several local maximum & local
minimum values & a local minimum value may even
be greater than a local maximum value.

(v)  Maxima & minima of a continuous function occur
alternately & between two consecutive maxima there
is a minima & vice versa.

A necessary condition for maxima

& minima

If f (x) is a maxima or minima at x=c & if /" (c) exists then

£ (c)=0.

s A

(1) The set of values of x for which £~ (x) = 0 are often
called as stationary points. The rate of change of
function is zero at a stationary point.

(i) Incase £ (c)doesnotexistf(c) may be a maxima
or a minima & in this case left hand and right hand
derivatives are of opposite signs.

@ii))  The greatest (global maxima) and the least (global
minima) values of a function fin an interval [a, b] are
f(a) or f(b) or are given by the values of x which are
critical points.

(iv)  Critical points are those where :

@) % =0, if it exists; (ii) or it fails to exist
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Sufficient condition for extreme values

First Derivative Test

f(c=h)>0

=> x = ¢ isapoint of local maxima,
f (c+h)<0

where h is a sufficiently small positive quantity

Flemmy<o]
i = x = ¢ isapoint of local minima,

Similarly I (c N h) 50

where h is a sufficiently small positive quantity

Note :— " (c) in both the cases may or may not exist. If it
exists, then f " (c) =0.

s A

If £ (x) does not change sign i.e. has the same sign in a
certain complete neighbourhood of c, then f'(x) is either
strictly increasing or decreasing throughout this
neighbourhood implying that f(c) is not an extreme value

of f.

Use of second order derivative in

ascertaining the maxima or minima

(@ f (c) is a minima of the function f, if
ST (©=0&f" " (c)>0.

(b) f (c¢) is a maxima of the function f, if
f(©=0&f"" (c)<0.

s A

If /" (c) = 0 then the test fails. Revert back to the first
order derivative check for ascertaining the maxima or

Summary-working rule

First : When possible, draw a figure to illustrate them
problem & label those parts that are important in the
problem. Constants & variables should be clearly
distinguished.

Second : Write an equation for the quantity that is to be

maximised or minimised. If this quantity is denoted by ‘y’, it
must be expressed in terms of a single independent variable
x. This may require some algebraic manipulations.

Third : If y=f£(x) is a quantity to be maximum or minimum,
find those values of x for which dy/dx=f" (x) = 0.

Fourth : Test each values of x for which £~ (x) =0 to determine
whether it provides a maxima or minima or neither. The usual
tests are :

(@)  Ifd?y/dx?is positive when dy/dx =0
= y is minima.
If d*y/dx? is negative when dy/dx =0
= yis maxima.

If d%y/dx? = 0 when dy/dx = 0, the test fails.

positive for x<x,
dy .
(b) If —=ZLis zero

X negative for x>X,

for x=x, |= amaxima occurs at X = X,.

But if dy/dx changes sign from negative to zero to positive
as x advances through x, there is a minima. If dy/dx does
not change sign, neither a maxima nor a minima. Such points
are called INFLECTION POINTS.

Fifth : If the function y = f(x) is defined for only a limited
range of values a < x < b then examine x =a & x = b for
possible extreme values.

Sixth : If the derivative fails to exist at some point, examine
this point as possible maxima or minima.

(In general, check at all Critical Points).

s A

) If the sum of two positive numbers x and y is
constant than their product is maximum if they are
equal, iie. x + y =¢, x > 0, y > 0, then

xy =g (o) - (x-y)]

) If the product of two positive numbers is constant
then their sum is least if they are equal.

ie. (X +ty)y=(x—y)*+4xy
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6. Useful formulae of mensuration to remember

Volume of a cuboid = /bh.
Surface area of a cuboid = 2 (/b + bh + h/).
Volume of a prism = area of the base X height.

Lateral surface of a prism = perimeter of the base x height.

Total surface of a prism = lateral surface + 2 area of
the base

(Note that lateral surfaces of a prism are all rectangles).

1
° Volume of a pyramid = 3 area of the base X height.
o Curved surface of a pyramid =

1
3 (perimeter of the base) x slant height.

(Note that slant surfaces of a pyramid are triangles).

[ ) Volume of a cone = %nr2h.

° Curved surface of a cylinder = 2nrh.

o Total surface of a cylinder = 2ntrh + 27,

4
[ Volume of a sphere = gnr3.

° Surface area of a sphere = 4nr?.

. 1, .. .
® Area of a circular sector = 5 r°0, where Oisinradians.

. Significance of the sign of 2nd order

derivative and points of inflection

The sign of the 2™ order derivative determines the concavity
of the curve. Such point such as C & E on the graph where
the concavity of the curve changes are called the points of
inflection. From the graph we find that if :

d’y
0] pel > 0 = concave upwards
X

2
(i) % < 0= concave downwards.
X

2
At the point of inflection we find that d—}; =0 and—=
dx dx

changes sign.

2
Inflection points can also occur if j—}; fails to exist (but
X

changes its sign). For example, consider the graph of the
function defined as,

x"* forx e(-w»,1)

f(x){z_xz for x & (1,00)

s A

The graph below exhibits two critical points one is a point
of local maximum (x = ¢) & the other a point of inflection
(x=0). This implies that not every Critical Point s a point
of extrema.

ﬂ o
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SOLVED EXAMPLES

Example—1

A point P (x, y) moves along the line whose equation is

X — 2y + 4 =0 in such a way that y increases at the rate of
3 units/sec. The point A (0, 6) is joined to P and the segment
AP is prolonged to meet the x-axis in a point Q. Find how
fast the distance from the origin to Q is changing when P

reaches the point (4, 4).

Sol. The rate of change of y is given and it is desired to find the
rate of change of OQ, which we denote by z. If MP is

perpendicular to the x-axis, MP =y and OM =x.
The triangles OAQ and MPQ are similar, hence
z_z-X

= =>yz=62-6Xx=>z2=——
y 6-y

Substituting the value of x from the equation of the given

line, we have

L 12-2)
6-y
dz__ 48 dy
dt  (6-y)* dt

. d . d L
Setting y = 4 and d_i] =3, we obtain d—f =36 that is, z is

increasing at the rate of 36 units/sec.

Example -2

The ends A and B of a rod of length +/5 are sliding along
the curve y = 2x*. Let x, and x, be the x-coordinate of the
ends. At the moment when A is at (0, 0) and B is at (1, 2),

find the value of the derivative dXp .
dx,

Sol.

or

We have y = 2x?
(AB)*= (xz—X A)2 + (2X23_ 2x? A)2 =5

(Xg—x, ) +4 (X, —x*,) =5

dxg

Differentiating w.r.t. X, and denoting dx.
A

2(x,—x,)(D-1)+8(x*,—x*,) 2x,D-2x,)=0
Putx,=0,x,=1
2(1-0)(D—1)+8(1-0)(2D-0)=0
2D-2+16D=0=D=1/9.

Find the approximate value of (0.007)"*

Sol.

Let/(x)=(x)""

, 8
Now, f(x +8x) —f(x) = f'(x).5x = ?’2‘,3

we may write, 0.007 =0.008 — 0.001
Taking x =0.008 and 6 x=—0.001, we have

0.001
0.007)—f(0.008)= —————~
g e ) 3(0.008)""
or f(O 007)_(0 008)1/3: _ 0.001 or
o 3(02)
£(0.007)=0.2— 0001 _,, 1 _23
3(0.04) 120 120

23
Y ———
Hence (0.007) 120 -
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Example —4

The period T of a simple pendulum is

()

g

Example—6

Verify Rolle’s theorem for f(x) = x (x +3)e™ in[-3,0].

T=2xn

Sol. Wehave f(x)=x (x+3)e 2

Find the maximum error in T due to possible errors upto F1x)=02x+3)e ™ +x(x+3)e ™ (-1/2)

1% in/and 2.5%in g.

1/2
Since T =2n /@ = 2n[£j
g g

Taking logarithm on both sides, we get

1 2
= ——(x*-x—-6)e *?
2( )

Sol.

which exists for every value of x in the interval [-3, 0].

Hence f'(x) is differentiable and so also continuous in the
interval [-3, 0]. Also f(-3)=£(0)=0.

1 Thus all the three conditions of Rolle’s theorem are satisfied.
B Ing So f'(x)=0 for at least one value of x lying in the open

Differentiating both sides, we get interval (=3, 0).

ar _,,1dl_1dg
T 21 2'g

or (d—Txloojzl(ﬂmej—l ExlOO
T 2\ 7 2\ g

1 (1+£2.5) ['.‘gXIOO:landEXIOO:z.S
2 ’ i g

1
mnT=In 2ﬁ+5 Inl-

Forf (x) = —% xX2-x—-6)e¥?=0

=e ¥#£0, .. x*-x-6=0
=>x-3)x+2)=0 =x=-2,3

Since the value x =— 2 lies in the open interval ( — 3, 0), the
j Rolle’s theorem is verified.

Maximum errorin T =1.75%. Iff(x)=(x—1) (x—2) (x—3)anda=0,b=4, find ‘c’ using

Lagrange’s mean value theorem.

If2a+3b+6¢=0,a, b, c € R then show that the equation Sol.

ax’+ bx + ¢ = 0 has at least one root between 0 and 1.

Wehave f(x)=(x—1) (x-2) (x-3)=x*-6x>*+11x-6
S@=/(0)=0-1)(0-2)(x-3)=-6
and f(b)=f(4)=@4-1)4-2)(4-3)=6

Sol. Given2a+3b+6¢=0

a b , LSO f@ 6 12
or —+—=+c=0 _. () b_a 4-0 4
3 2
o) — 242
On integrating both sides, we get gives f(c)=3c¢* —12c+11
700 =2 Pk o) f@
3 b From LMVT, E— =f'(c) - (2)
a b — 2 +
Now, f(1)=§+5+c+k [From (i)] = 3=3c-12ct1l {From(1)and (2);
= 3c°-12c+8=0
=0+k=k
and f(0)=0+0+0+k=k c=12i\/144—96=2i2\/§

Since f(x) is a polynomial of three degree, it is continuous 6 3

and differentiable and f'(0) = (1), then by Rolle’s theorem
f'(x)=0 i.e., ax’ + bx + ¢ = 0 has at least one real root
between 0 and 1.

As both of these values of ¢ lie in the open interval (0, 4).
Hence both of these are the required values of c.
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Example -8
) ) Xm ym
Find the equation of the tangent to —m+b—m =1 at the
a
point (X, y,)-
x"y" . .
Sol. —+ PO 1 Differentiating wrt X,

me—l . 1,nym—l dy B
a™ b™ dx

dy_ b (x)"
= dx a"\y

= at the given point (x, y,), slope of tangent is

m m-1
=_[Ej (X_]
(x0.y0) a Yo

= the equation of tangent is

Sl

m__m m

—1 —1
a"yy,  —a"y, =-b"x x; +b"x,

dy
dx

amyygl’l +b™x x:)"’l =a"y, +b"xy

using the equation of given curve, the right side can be
replaced by a™ b™.

a"yyr ! +b"x xI =a"b™

= the equation of tangent is

EE. EEEL m-—1 4_.2£ .EKSL m-—1 _ 1
al a b\ b

Find the equation of tangent to the curve
x* +y*=a’?at(x,,y,). Hence prove that the length of the
portion of tangent intercepted between the axes is constant.

Sol. Method1:

X3 +y?3=a?? Differentiating wrt x,

2 2 2 idy_

3
= equationisy-y,= —[h] (X—XO)

X0
1/3 13 _ 13 1/3
= XY VYeXo =7XYy tXp¥
13 13 _ 1/3 1/3
= XY, t¥XeT =X0Yo T YoX
13 1/3
X Yo YXoo s 2/3
=X, +y
= /3 _1/3 1/3 _1/3 0 0
Xo Yo X0 Yo

. . X
= equation of tangent is : TJF% =327
0 0

Length intercepted between the axes :

length = \/ (x intercept)” + (y intercept)”

2 2
:\/(X})/s az/z) +(Xg/3 az/s)
_ [o23_ a3 2/3_4/3
=4Xya’ " t+y,a

o3 [, 23
=a Xy Yo

=a2/3 [a2/3

=ai.e. constant.
Method 2 :

Express the equation in parametric form

x=asin’t, y=acos*t

Equation of tangent is :

—3acos’tsint

_ 3 1) = - _asind
(y—acos’t) 3 asin’t cos t (x —asin’t)
= ysint—asintcos’t=—xcost+asin’tcost
= xcosttysint=asintcost
X
- 7t ’_—a
sint cost

in terms of (x, y,) equation is :
X y
+ =
1/3 1/3
(xo/a) " (y,/a)
Length of tangent intercepted between axes

(Xint )2 + (yint )2

:\/a2 sin®t+a’cos’t =a
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s A

1. The parametric form is very useful in these type of
problems.
2. Equation of tangent can also be obtained by

substituting b = a and m = 2/3 in the result

z(ﬁ)m’l LY (Y—J i
a\ a b Db

Example - 10

For the curve xy = ¢?, prove that

) the intercept between the axes on the tangent at
any point is bisected at the point of contact.
(i)  thetangent at any point makes with the co-ordinate

axes a triangle of constant area.

Sol.

@

(i)

Let the equation of the curve in parametric formbe x =ct, y=c/t
Let the point of contact be (ct, c/t)

Equation of tangent is :

2

y—c/t= (x—ct)

c
= ty-ct=—=x+ct
= x+ty=2ct
Let the tangent cut the x and y axes at A and B respectively.

. . X y
Writing th t o+ =1
11 1ng € €quations as ot 2C/t

= =2cty 2c/t

X. f
tercept intercept

2¢
- A=(2ct,0)and B= (O, Tj

mid point of AB E(20t+0,0+2c/t)
2 2
=(ct,c/t)
Hence, the point of contact bisects AB.
If O is the origin,
Area of triangle A OAB=1/2 (OA) (OB)

:%(zct)@

=2¢c?

i.e. constant for all tangents because it is independent of t.

Find the equation of the tangent to x* = ay* at the point A
(at?, at®). Find also the Point where this tangent meets the
curve again.

Sol.

Equation of tangent to : x = at?, y = at® is

=  2y-—2at*=3tx—3at’

ie.  3tx—2y—at’=0
LetB (atl2 ,at) ) be the point where it again meets the curve.

=  slope of tangent at A = slope of AB

3 3
3at2_a(t ‘tl) 3t 4t +tt,
2at a(-1)7 2 t+1,

3 +3 =20+ 262+ 2 tt,
2t2-tt, —2=0
(t,-t2t,+t)=0
t,=tort =—1/2

u Uy U

The relevant value is t,=— t/2

Hence the meeting point B is
=) | o
2 47 8

Find the interval in which
f(x)=x*—8x*+22x?—24x + 5 is increasing.

Sol. Givenf(x)=x*-8x*+22x>-24x+5
L) =4x3-24x*+44x - 24
=4(x*-6x+11x-6)
=4x-1)(x-2)(x-3)

For increasing function /'~ (x)>0
4(x-1)(x-2)(x-3)>0
x-1)(x-2)(x-3)>0
xe (1,2) U (3, »)

or

or
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Find the interval in which f(x) =x—2sinx, 0 <x <27 is
increasing

Sol. Givenf(x)=x—2sinx
S f (x)=1-2cosx

, 1
f x)>00r1—2cosx>0 cosx<5
1
or —COSX>— —
2
2n
or cos (m+x)> cos?
or 2n7‘c—27n<n+x<2mc+%,nel

or 2nrr—z<x<2mc—E
3 3

i S5n L
For n=1, - <X<-— whichistrue (- 0<x <2m)

’3 3
Hence, X E(E,S_th
’ 3°3

=  g®<g)

3

= x—%—sinx<0 (- g(0)=0)
X3
= X—Z<sinx ...... 2

3
X .
For 0 <x <=, show that x=o<sinx<x.
2

Sol. Letf(x)=sin x—x
f'(x)=cosx—1=—(1-cosx)=—2sin*x/2<0

f(x) is a decreasing function

x>0
fX)<f(0) = sinx—x<0(-- £(0)=0)
=  sinx<xX ... 1)

3 2
Now let g (x) = x—%—sin X - g'(x)ZI—%—cosx

2
To find sign of g'(x) we consider ¢ (x) =1 _%_ cos X

¢ (xX)=-x+sinx<0 [From (1)]
¢ (x) is a decreasing function = g'(x) <0
= g (x) is a decreasing function - x>0

Sol. The given function f(x) can be written as :

Ix—1] = ;o x<lL,x=0
2 =

X x—1

fx)=

; x>1

Consider x<1

, -2 1 x-2
S X)=—F+—F=""7"
X X X

. . . x—2
For increasing, /'~ (x)>0 = 3 >0

=  x(x=2)>0 [asx?is positive]
= X € (—0,0) U (2, ).

Combining with x < 1, we get f(x) is increasing in x < 0 and
decreasinginx € (0, 1) (1)

Consider x> 1

, -1 2 2-x
X)=—+—=
/' (x) e R
+ L — PR —

I 1 I

0 1 2
Forincreasing /" (x)>0
= (2-x>0 [as x*is positive]
=  (x-2)<0.
= x<2.

Combining with x > 1, f(x) is increasing in x € (1, 2) and
decreasing inx € (2, o) .. (1)

Combining (i) and (ii), we get :

f(x) is strictly increasing on x € (— o, 0) U (1, 2) and strictly
decreasingonx € (0, 1) U (2, ).
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Example-16

The function f(x) =log (x — 2)*— x>+ 4x + 1 increases on the

interval
(@)(1,2) (®)(2,3)
() (5/2,3) (2,4

Sol. (b),(c)
f(x)=2log(x—2)—x*+4x+1

= f'(x):i—2x+4
x—2

N f,(x):z{l—(x—Z)z}2_2(x—1)(x—3)
Xx—2 X—2

2(x-D)(x-3) (x-2)
(x-2)°

= =

fx)>0=>-2(x-1)(x-3)(x-2)>0
= -DE-2)x-3)<0
= X e (-, 1)U (2,3).

N
- ] 2 3

Show that x/(1+x)<log(l+x)<x

for x > 0.

Sol. Let f(x)=log(1+x)-——
1+x

v L (d+x)-x
f(x)_1+x (1+x)*
o X
f (X)_(1+x)2 >0 for>0

= f(x)isincreasing.

Hence x>0 = f(x) > £(0) by the definition of the increasing
function.

S log(l4x)—— > Tog (14+0)———
I+x 1+0

—  log(I1+x)———>0
1+x

X
= log(+x)>——— - (1)

Now, letg (x)=x—log (1 +x)

1
’X :1——:
&) 1+x  1+x

>0forx>0

=  g(x)isincreasing.
Hencex>0= g (x)>g(0)

=  x-log(1+x)>0-log(1+0)
= x—log(1+x)>0
= x>log(1+x) (1))

Combining (i) and (ii), we get :

L<10g(1+x)<x
1+x

Example-18

Find critical points of f(x) =x**(2x— 1).

Sol. f(x)=2x¥-x23

Differentiate w.r.t. X to get,

=Ex2/3 _EX—I/S =2 (SX_I).

S 3 3 3 x3

For critical points,

f (x)=0o0orf" (x)isnot defined.
, 1
Putf (x)=0to get ng'

f (x)is not defined when denominator = 0.

= x"=0 = x=0

1 . .
Now we can say that x =0 and X = 3 are critical points as

f(x)exists atbothx=0and x = %

= Critical points of f(x) are x=0, x = %
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Example-19

Discuss concavity and convexity and find points of
inflexion of y =x?e™*.

Sol.

Letf(x)=x%¢™
Differentiate w.r.t.x to get :
' (x)=e*(2x) + (e ) x>
=xe*[2-x]
Differentiate again w.r.t. X to get :
F7x)=(2-2x)e*+(2x—x%) (—e¥)
=e*(2-2x-2x+x%)

=eX(x*-4x+2)

= e (x—(2-+2)) (x—(2++/2))

See the figure and observe how the sign of f ** (x) changes.

+ — +

G 2443

Convex Concave

Concave

Sign of f ”'(x) is changing at x =2++/2.
Therefore points of inflextion of f(x) are x =2+ \/5 .
F7(x)20V x e[-0,2—-2]U[2++/2, ]
Therefore f(x) is “Concave upward”
V x € (—0,2—+2]U[2+4/2, )
Similarly we can observe

f"(X)SOVXG[Z—\/E,Z_f\/E]

Therefore f(x) is “Convex upwards”

Vxe[2-+2,2+42]

Example - 20

1
Critical points of f(x) are X = 35 and x=0.
Using the following figure, we can determine how sign of /'
. . 1
(x) is changingatx=0and x = 3
from figure,
+ 1 - +

i t
1/5

Sign of £ (x) in various intervals

x =0 is point of local maximum as sign of f * (x) changes from

1
positive to negative and X = 3 is point of local minimum as

sign of f* (x) is changing from negative to positive.

Determine the absolute extrema for the following function

and interval.

g(t)=26+3t—12t+40n[0,2]

Find points of local maximum and local minimum of

f(x)=x*(2x-1).

Sol.

Let f(x) =2x>*—x%?

Differentiate w.r.t. x to get :

, 5) 05 2 a5 2(0x-1)
:2 — —_—— = —
S (%) (3jx 3X 3 X3

Sol.

Differentiate w.r.t. t
g (M)=62+6t—12=6(t+2)(t—1)

Note that this problem is almost identical to the first problem.

The only difference is the interval that we were working on.

The first step is to again find the critical points. From the
first example we know these aret=—2 and t= 1. At this point
it’s important to recall that we only want the critical points
that actually fall in the interval in question. This means that
we only want t = 1 since t =— 2 falls outside the interval so
reject it.

Now for absolute maxima

We have,

Max {g(1),g(0).g(2)}

Max {-3,4, 8}

ie.,

On comparing all these values we get g (t) has absolute max.
as 8 at t =2 and similarly absolute minimum of g (t) is—3 at
t=1.
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Example 22

Find the local maximum and local minimum values of the

function y = x*.

Sol. Let f(x)=y=x*

= logy=xlogx

ﬂ:xx (1+logx)
dx

=0 =

=  logx=-1 =

x*(1+logx)=0
x=e'=1/e.
Method 1 : (First Derivative Test)

£ ()=x(1+logx)

[ (x)=x"logx

x<l/e ex<l1
= [ (%<0

x>1/e ex>1
= f x>0

The sign of / "(x) changes from — ve to + ve around

x=1/e.

In other words, f(x) changes from decreasing to increasing

atx=1/e.

Hence x = 1/e is a point of local minimum.
Local minimum value = (1/e)°=¢"'*,
Method II : (Second Derivative Test)

f"x)=(1+log x)i X" +x* (lj
dx

X

=x*(1 +logx)*+x*!
£ (1/e)=0+(e)c Vex>0.
Hence x = 1/e is a point of local minimum.

Local minimum value is (1/e)c=¢e,

Find the maximum surface area of a cylinder that can be

inscribed in a given sphere of radius R.

Sol.

Let r be the radius and / be the height of cylinder. Consider

the right triangle shown in the figure.
2r=2Rcos0 and h=2Rsin0

Surface area of the cylinder=2 nrh +2 n 1

= S(0)=4nR?sin0cosO+2mR2cos’0

=  S(0)=2nRsin260+2 n R*cos’0

=  S'(0)=4nR%cos20-2 nR?sin20
S"®=0 = 2c0s20—5in20=0

= tan20=2 = 0=0,=1/2tan"'2

S”(6,)=—8nRsin 20— 4 nR*cos 20

S”(0)=-8 Rz[ij 4 Rz[L]<O
O)=-8nR| 7= | -4nRe| =

Hence surface area is maximum for 6 = GO: 1/2 tan™'2

S,..=2nR*sin2 0 +2nR*cos’0,

max

— S =21R’ ERPITE M
J5 2

= 8, =nR’(1+5)
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Example — 24

Find the semi-vertical angle of the cone of maximum curved
surface area that can be inscribed in a given sphere of radius R.

A

Sol.

Let 4 be the height of cone and r be the radius of the cone.

Consider the right AOMC where O is the centre of sphere
and AM is perpendicular to the base BC of cone.
OM=h-R,0C=R,MC=r
R*=(h-R)*+12 (1)
and r*+h*=P ... (1)
where / is the slant height of cone.
Curve surface area=C=rmr/

Using (i) and (ii), express C in terms of / only.

C=nrvr’+h? = C=n+/2hR -h? V2hR

We will maximise C2.
Let C2=f(h)=2 nh R (2hR - h?)
=  f’(h)=2mR (4hR-3h?)
f7 (h)=0=4hR-3h*=0
=  h=4R/3.
f"(h)y=2 R (4R - 6h)

1 (%)—271R2(4R8R)<0

Hence curved surface area is maximum for h = 4TR
Using (i), we get :

2
r? =2hR —h? =%:> r

_A2,

3

Semi—vertical angle =0 =tan'r/h=tan' 1/ V2.

Prove that the minimum intercept made by axes on the
XZ y2

tangent to the ellipse — +F =1 isa+b. Also find the
a

ratio in which the point of contact divides this intercept.

4
/ P (a cost, b sint)
!_// ~

Intercept made by the axes on the tangent is the length of
the portion of the tangent intercepted between the axes.

Sol.

Consider a point P on the ellipse whose coordinates are
X = a cost, y =b sint (where t is the parameter)
The equation of the tangent is :

b cost

y-bsint= " (x—acost)
—asint
x .
= —cost+lsmt:1
a b
a b
= OA=——,0B=—
cost sint
. a’? b?
Length of intercept=/=AB = | —5—+———
cos“t st
We will minimise /2.

Let [ 2=f(t) = a’sec’t + cosec’t
=  f’(t)=2a’sec’ttant— 2b’cosec’ t cot t
£ @®=0 = a’sin*t = b>cos*t
= t=tan' /p/a
7 (t) =2a% (sec*t + 2 tan’t sec?t)
+2b?(cosec*t + 2 cosec’t cot?t), which is positive.

b
Hence f(t) is minimum for tant = \/; .

= I, =ya’(+b/a)+b*(1+a/b)
= [ =a+b
2
PA? :[a cost—LJ +b*sin’t
cost
_a’sin't

—+b’sin’t
t

cos
= (a’tan’t + b?) sin’t

=(ab+b2)—b =b?
a+b

PA b . . .
Henceﬁ = ; = PdividesAB intheratiob:a
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EXERCISE - 1 : BASIC OBJECTIVE QUESTIONS

Question Based on Rate of Change

1.

The rate of change of the surface area of a sphere of radius
r, when the radius is increasing at the rate of 2 cm/s is
proportional to

1 1
(a) T (b) =

(©)r

Ifthe distance ‘s’ metres traveresed by a particle in t seconds

@r

is given by s = t*— 3t%, then the velocity of the particle when
the acceleration is zero in m/s is

(@3 (b)—2
(c)-3 (d)2
The sides of an equilateral triangle are increasing at the rate

of 2 cm/s. The rate at which the area increases, when the
side 1s 10 cm, is

(a) /3 cm®/s (b) 10 cm?/s

(¢) 1043 em? /s (@ e /s

Gas is being pumped into a spherical ballon at the rate of 30

ft’/min. Then, the rate at which the radius increases when it
reaches the value 15 ft, is

1 . 1 .
(a) ﬁ ft/ min (b) E ft/min

(c) % ft/min ) % ft/ min

An object is moving in the clockwise direction around the
unit circle x>+ y>= 1. As it passes through the point

1 3
[5,7} its y-coordinate is decreasing at the rate of

3 unit per second. The rate at which the x-coordinate changes
at this point is (in unit per second)

(b) 343
(d) 24/3

(a)2

© 3

6.

10.

11.

12.

The position of a point in time ‘t is given by x = a + bt—ct?,
y = at + bt’. Its acceleration at time ‘t’ is

(a)b-c (b)b+c

(c)2b-2c (d) 24/b? +¢?

Ifv =im3, at what rate in cubic units is V increasing
3

dr
when r= 10 and T 0.01 2

(@n
(c)40m

(b) 4n
(d) 4n/3

Side of an equilateral triangle expands at the rate of 2 cm/s. The
rate of increase of its area when each side is 10 cm, is

(b) 104/3 cm’® /sec
(d) 5 cm?/sec

(a) 1052 cm? /sec

(c) 10 cm?/sec

The radius of a sphere is changing at the rate 0of 0.1 cm/s. The
rate of change of its surface area when the radius is 200 cm,
is

(a) 81 cm*/sec

(c) 1607 cm?/sec

(b) 127t cm?/sec
(d) 2007 cm?/sec

The distance moved by the particle in time t is given by
x =t} — 122 + 6t + 8. At the instant when its acceleration is
zero, the velocity is

(a)42 (b)—42
(c)48 (d)—48

For what values of x is the rate of increase of x> — 5x*> + 5x + 8 is
twice the rate of increase of x ?

1

1
-3, —=
(a) 3 3

(b) _3a

1 1

3,-—— 3,=

© 33 @ 3.3
The radius of the base of a cone is increasing at the rate of
3 cm/minute and the altitude is decreasing at the rate of
4 cm/minute. The rate of change of lateral surface when the

radius =7 cm and altitude = 24 cm, is
(a) 54m cm?/min (b) 7 cm?/min

(¢) 27n cm?/min (d) none of these
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13.

14.

15.

16.

17.

The surface area of a sphere when its volume is increasing
at the same rate as its radius, is

1 .
i ——sq. units
(a) 1 sq. units (b) i q

. 47 .
(c) 47 sq. units (d) 3 sq. units

The surface area of a cube is increasing at the rate of 2 cm?s.
When its edge is 90 cm, the volume is increasing at the rate
of

(a) 1620 cm?/sec
(c) 405 cm’/sec

(b) 810 cm*/sec
(d) 45 cm’/sec

A ladder 10 metres long rests with one end against a vertical
wall, the other end on the floor. The lower end moves away
from the wall at the rate of 2 metres/minute. The rate at which
the upper end falls when its base is 6 metres away from the

wall, is
(a) 3 metres/min (b) 2/3 metres/min

(c) 3/2 metres/min (d) none of these

If a particle moving along a line follows the law s =/l + t,
then the acceleration is proportional to

(a) square of the velocity

(b) cube of the displacement

(c) cube of the velocity

(d) square of the displacement

If a particle is moving such that the velocity acquired is
proportional to the square root of the distance covered,
then its acceleration is

(a) a constant (b) oc §?

1 1
© 7 (d) .

Errors & Approximation

18.

The circumference of a circle is measured as 28 cm with an
error of 0.01 cm. The percentage error in the area is

1
(@) 7 (b)0.01

1
(c) 7 (d) none of these

19
19. Ify=x" then the ratio of relative errors in y and x is
(al:1 (b)2:1
(©)1:n (dn:1
20. If the ratio of base radius and height of a cone is 1 : 2 and
percentage error in radius is A %, then the error in its volume
is
(@1 % (b)20%
(c)3\% (d) none of these
21. The height of a cylinder is equal to the radius. If an error of
a % is made in the height, then percentage error in its volume
is
(a) o % (b) 20%
(c)30% (d) none of these
22. If the percentage error in measuring the surface area of a
sphere is 0%, then the error in its volume is
3 2
() % (b) 59%
(c)30% (d) none of these
Roll’sand LM.V.T.
23. In the mean value theorem w: f(c),ifa=0,
1 .
b= ) and f(x)=x (x—1) (x—2), then value of c is
(a) 1_% (b) 1+4/15
21
() 1—% (d) 1+4/21
24. If the polynomial equation

a x"ta x*'+..+a x*+ax+a =0,npositive integer, has
n n-1 2 1 0
two different real roots o and 3, then between a and 3, the
equation
nax"'+(m-1)a_ x"2+..+a =0has
n n-1 1

(a) exactly one root (b) atmost one root

(c) atleast one root (d) no root
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25. Theequationofa x"+a  x*'+...+a x=0hasa positive
root x = a, then the e quatli on ' 31. The equation of the tangent to the curve y =v9—2x" at the
na x"'+(n-1)a_ x"2+...a =0 hasa positive root which point where the ordinate and the abscissa are equal, is
18 (a) 2x+y—3\/§=0 (b) 2x+y+3\/§=0
(a) smaller than o (b) greater than o
(c) equal to a (d) greater than or equal to o (©) 2x—-y-— 3x/§ =0 (d) none of these
. . . 32. If the tangent at each point of the curve
sinx sina sinb
26. If f(x)=|cosx cosa cosb | ,where r, 2
f( ) O<a<b< 2 y = 7 x*—2ax?+ 2x + 5 makes an acute angle with the
tanx tana tanb 3
positive direction of x-axis, then
, . . >1 b)-1<ac<1
then the equation /* (x) = 0 has, in the interval (a, b) @a ®) ?
(c)a < -1 (d) none of these
(a) atleast one root (b) atmost one root 33. The triangle formed by the tangent to the curve
(¢) no root (d) none of these f(x)=x2+bx —b at the point (1, 1) and the coordinate axes,
27. If f (x) is differentiable in the interval [2, 5], where lies in the first quadrant. Ifits area is 2, then the value of b is
2 : df(é : hen th i b @ o
== =—,t t t
Q@ 5 an JA®)) 5 » then there exists a number (©)-3 @1
¢,2<c<5 for whichf " (c) is equal to 34. The equation of the tangent to the curve (1 +x?) y =2 —x,
(a)12 (b) 1/5 where it crosses the x-axis, is
(c) 1/10 (d) none of these (@) x+5y=2 (b)x-5y=2
Tangents and Normals (c)S5x—y=2 (d)Sx+y-2=0
1 2 35. Equation of the normal to the curve y=—/x +2 at the
28. The tangent to the curve 5x*> + y* =1 at | —,—— | passes
33 point of its intersection with the curve y = tan (tan™ x) is
through the point (a)2x—y—1=0 (b)2x—y+1=0
(2)(0,0) (b)(1,-1) (c)2x+y-3=0 (d) none of these
©E1L1D (d) none of these 36. The curve y —e¥ + x = 0 has a vertical tangent at
29. The tangent to the curve x* +y*>=25 is parallel to the line 3x @)(1,1) (b) (0, 1)
— 4y =17 at the point )
(©)(1,0) (d) no point
@ (3,4 (b)(3,-4) . .
37. Iftheline ax + by + ¢ =0 is a tangent to the curve xy =4, then
©G,4) (d) none of these the possible answer is
30. Ifthenormalto the curve y=f(x) at the point (3, 4) makes an (@)a>0,b>0 (b)a>0,b<0
angle 3% with the positive x-axis, then f” (3) is equal to (©)a<0,b>0 (d) none of these
Angle of Intersection
3 38. The angle between the curves y = sin x and y = cos X is
(@)1 (b) =5
(a) tan™" (242) (b) tan"' (3v/2)
(©) : @1
) —
3 (c) tan™ (343) (d) tan"' (5v/2)
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39.

40.

41.

42.

43.

44.

45.

The angle between the tangents to the curve y* = 2ax at the
. a .
points where X = 01

(a) /6 (b) w4

(©)n/3 d)n2

The angle between the tangents at those points on the curve
y=(x+1) (x—3) where it meets x-axis, is

(a) tan™! (E) (b) tan™! (ﬁj
8 15

() % (d) none of these

The angle at which the curves y = sin x and y = cos X intersect
in [0, 7], is

(a) tan™ 2\/5 (®) tan™ \/5

(d) none of these

1
tan”!| —
o)
The two curves x* —3xy*+2=0and 3x’y —y*-2=0

(a) cut at right angles (b) touch each other

T T
(c) cut at an angle 3 (d) cut at an angle N

The two curves y = 3* and y = 5* intersect at an angle

@ tan”! log5—log3 ®) tan”! log3+log5
1+1log3.log5 1-log3.log5

© tan”! ( log3+1log5
c T A<

1+log3 logSj (d) none of these

The angle of intersection of the curve y =x*> & 6y =7 — x> at
(1,1)is

(a) /5 (b) /4

(c) /3 (d) m/2

The curves x* + p xy* = -2 and 3x%y — y* = 2 are orthogonal
for

(@)p=3 (b)yp=-3

(c) no value of p (d)p=13

Length of Tangent Sub-tangent, Normal Sub normal

46.

47.

48.

49.

The length of subtangent to the curve x*y?= a*at the point
(—a,a)is
(a)3a
(c)a

For the parabola y? = 4ax, the ratio of the sub-tangent to the

(b)2a
(d) 4a

abscissa is
(a)l:1
(c)1:2

(b)2:1

(d3:1

The length of subtangent to the curve x*y*= a*at the point
(—a,a)is
(a)3a
(c)a

The product of the lengths of subtangent and subnormal at

(b)2a
(d) 4a

any point of a curve is
(a) square of the abscissae  (b) square of the ordinate

(c) constant (d) None of these

Increasing and Decreasing

50.

51.

52.

53.

54.

The function f(x) =x+ cos x is
(a) always increasing
(b) always decreasing

(c) increasing for certain range of x

(d) None of the above

The function f(x) = tan™' x + x increases in the interval
(a)(1,0) (b) (-1, 0)

(¢) (—o0,0) (d)(0,0)

Which of the following statements is/are correct.

(a) x + sin x is increasing function

(b) sec x is neither increasing nor decreasing function
(c) x + sin x is decreasing function

(d) sec x is an increasing function

The function f(x) =2 log (x —2) - x> +4x + | increases in the
interval

@(1,2) (b)(2,3)
(©)[5/2,3] (d)(2,4)

The interval in which the function x> increases less rapidly
than 6x>+ 15x +51s::

(a) (o0, 1)
©(L5)

(b) (=51
(d) (5, 0)
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? 1 61. f(x)=x*+ax’>+bx+ 5 sin’x is an monotonically increasing
55. The function y = X 4_ is function in the set of real numbers if a and b satisfy the
b condition.
(a) a decreasing function for all x € R— {0} (a)a>~3b-15>0 (b)a>—3b+15>0
(b) aincreasing function for all x € R — {0} (c)a’-3b+15<0 (d)a>0b>0

56.

57.

58.

59.

60.

(c) increasing for x >0

(d) none of these

sin x

The function /' (X) =

s T
w(3) o (03]

(©)(0,m) (d) none of these

is decreasing in the interval

Iff(x):ﬁflog(l+x),x>0,thenfis

(a) an increasing function
(b) a decreasing function
(c) both increasing and decreasing function

(d) None of the above

Let f(x) = Je* (x — 1) (x — 2) dx. Then, f decreases in the
1

interval
(@) (-0,2) () (2,-1)
(©(1,2) (d)(2,)

Let the function f (x) = sin x + cos x, be defined in
[0, 27], then /(x)

(a) increases in (1/4, /2)
(b) decreases in [1/4, S/4]
(c) increases in [0, /4] U [5T/4, 27]

(d) decreases in [0, n/4) U (1 /2, 2]
If£(x)=2x+cot" x+ log (J1+-X2-x),thenj(x):

(a) increases in [0, o)
(b) decreases in [0, o)
(c) neither increases nor decreases in [0, o)

(d) increases in (— oo, c0)

62. The length of the longest interval, in which the function
3 sin x — 4 sin’x is increasing, is

I I
(a) 3 (b) 2

3
@%; (dn

63. The function f(x)=2x>—log| x | monotonically decreases for
(a)x € (—0,—1/2] U (0, 1/2]
(b)x € (—o, 1/2]
(©)xe[-1/2,0)U[1/2,0)

(d) none of these

64. The function f(x) = |Xx—_21| is monotonically decreasing on :
(@) (2, 0) (b) (0, 1)
(©) (0, H U (2,0) (d) (o0, 0)
65. HO<X<§JMn
(a)£>sinx (b)g<sinx<1
T X T X
() SBX (d) SInX g
X X

66. y=Ilog x satisfies for x > 1, the inequality

(a)x—1>y (b)x*~1>y
(©)y>x-1 () x-1)/x<y
Maxima and Minima
67. The function f(x)=2x>— 15x*+ 36x + 4 has local maxima at
(a)x=2 (b)x=4
(c)x=0 (d)x=3

68. Maximum slope of the curve y =—x3+3x>+9x 27 is
(@0 (b) 12
(c)16 (d)32
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69.

70.

71.

72.

73.

74.

75.

The function f(x) = 2x*— 3x*— 12x + 4 has
(a) no maxima and minima

(b) one maxima and one minima

(c) two maxima

(d) two minima

The minimum value of 2x + 3y, when xy = 6 is (x > 0)

(@) 12 ®)9

(©)8 (do

The greatest value of f(x) = (x +1)"”* - (x-1)"?on [0, 1] is :
(@1 ()2

(©)3 (d)2'»

The function f(x) = x? (x —2)?
(a) decreases on (0, 1) U (2, )
(b) increase on (-0, 0) U (1, 2)
(c) has a local maximum value 0

(d) has a local maximum value 1

The maximum value of the functiony=x (x—1)?,0<x < 21is
@0 (b)4/27
(04 (d) none of these

Let f(x) = (1+b%) x*+2bx + 1 and m (b) the minimum value of

f(x) for a given b. As b varies, the range of m (b) is

(@)[0,1] (b)(0,1/2]
1
(c) [E,l} (d)(0, 1]
F(x)=1+[cosx]x,in0< x< g
(a) has a minimum value 0
(b) has a maximum value 2
T
(c) is continuous in [O, E}
(d) is not differentiable at x = g

76.

77.

78.

79.

80.

81.

82.

83.

The point in the interval [0, 27], where f (x) = e* sin x has
maximum slope, is

(@0 ® 3

3n
(©2n @

The minimum value of x* is attained (where x is positive real
number) when X is equal to :

(a)e (b) e

(©1 (d)e?

The minimum value of Z(X2 _3)3”7, is

(a)2¥ (b)2

(©1 (d)4

The maximum value of xy subjectto x +y =8, is
()8 (b) 16

(c)20 (d)24

The maximum value of x> — 3x in the intveral [0, 2], is
()2 (b)0

(©)2 (d) None of these

The maximum area of the rectangle that can be inscribed in
a circle of radiusr, is

(@)mr’ (b)r
(c) nr¥/4 (d) 2r?
IfA>0,B>0andA+B =§, then the maximum value of
tan A tan B is

L !
@ 75 b)

©3 @ 3

Ina AABC,B=90°and a+b=4. The area of the triangle is
maximum when C, is

I I
(a) 7 (b) 6

(©) g (d) none of these




VedantiL

Learn LIVE Online

24

APPLICATION OF DERIVATIVES

84.

8s.

86.

The point (0, 3) is nearest to the curve x> =2y at
@ (242,0) (5)(0,0)

©)(2,2) (d) none of these

The function f(x) = J.t(et —1)(t—1)(t—2)3 (t—3)5 dt local

minimum at x =
(@0 (b)1
(c)2 (d3

The length of the smallest intercept made by the coordinate

2 2
. X .
axes on any tangent to the ellipse —2+%=1, 1s
a

+b
@a+b ®
a+b
(c) 4 (d) None of these

87. An isosceles triangle of vertical angle 20 is inscribed in a

88.

89.

90.

circle of radius a. Then area of the triangle is maximum when
0=

T T
OF ®) 5

T T
© 3 >

The maximum slope of the curve y =—x3+3x?+9x — 27 is
(@0 (b) 12

(c)16 (d) 32

X

The function f(x)zj{z(t—l)(t—2)3+3(t—1)2(t—2)2}dt

1

attains its local maximum value at x =
(@1
(©3

Iff(x) =x*+4x*+ Ax + | is a strictly decreasing function of x

(b)2
(d)4

in the largest possible interval [-2, —2/3] then
(a)rA=4 (byr=2

()r=-1 (d) A has no real value
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EXERCISE - 2 : PREVIOUS YEAR JEE MAINS QUESTIONS

The maximum distance from origin of a point on the curve

at
Xx=asint—bsin (Fj

at

y=acost—b cos [Ej,both a,b>0,is (2002)

(a)a—b (b)a+b

©) Va? +b* (d) Ja? —b?
If2a+3b+6c=0(a,b,c, € R), then the quadratic equation
ax’>+bx+c=0has (2002)
(a) at least one root in (0, 1) (b) at least one root in [2, 3]
(c) at least one root in [4, 5] (d) none of the above
The greatest value of f(x) = (x +1)"*—(x—1)"on [0, 1] is
(2002)
@1 (b)2

1
(©)3 (d) 3

The function f(x) = cot™' x + x increases in the interval
(2002)

(@) (1,0) (b) (=1, 0)

(¢) (20, 0) (d)(0,0)

If the function f'(x) = 2x>— 9ax*+ 12a’x + 1, where a > 0,
attains its maximum and minimum at p and q respectively

such that p>= q, then a equals (2003)
(@)1 (b)2

L d)3
Ok @

The real number x when added to its inverse gives the

minimum value of the sum at x equal to (2003)

(@)1 (b)-1
(©)-2 )2

10.

11.

A point on the parabola y>= 18x at which the ordinate

increases at twice the rate of the abscissa, is (2004)
(a)(2,4) (®)(2,-4)
99 99
-2, ==
(C)(Mj ()[8 zj

A function y = f (x) has a second order derivative
f"=6(x-1). Ifits graph passes through the point (2, 1) and
at that point the tangent to the graph is y = 3x — 5, then the

function is (2004)

(@) (x=1y (b) (x—1)’

(©) (x+1) () (x+1y

The normal to the curve x =a (1 + cos 0), y=asin 0 at 0

always passes through the fixed point (2004)

() (a,0) (b)(0,a)

(c)(0,0) (d)(a,2)

Area of the greatest rectangle that can be inscribed in the
2 2

ellipse a_z + b_z =1lis (2005)

(a)ab (b)2ab

() a/b (d) v/ab

The normal to the curve x =a (cos 6 + 0 sin 0),

y =a (sin 0 —0 cos 0) at any point 6 is such that (2005)

T
(a) it makes angle 3 +0 with x—axis

(b) it passes through the origin

(c) it is a constant distance from the origin

T
(d) it passes through [az,—a)
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12.  Aspherical ironball 10 cminradius is coated with alayerofice | 17. A triangular park is enclosed on two sides by a fence and
of uniform thickness that melts at a rate of 50 cm*/min. When on the third side by a straight river bank. The two sides
the thickness ofice is 5 cm, then the rate at which the thickness having fence are of same length x. The maximum area
ofice decreases, is (2005) enclosed by the park is (2006)
Lcm/min b Lcm/min 3 5 X’
@ T8z ®) 36z (a) 5% )y 5
icm/min d Lcm/min 1
© 6r @) Sz © Exz (d) X2
13. Let fbe differentiable forall . 18.  Angle between the tangents to the curve y = x*— 5x + 6 at
Iff(1)=-2andf (x)>2forx € [1, 6], then (2005) the points (2, 0) and (3, 0) is (2006)
(2)f(6)<8 (b)f(6)=8 (a)m/2 (b)n/3
(©)f(6)=5 (d)f(6)<5 (c) /6 (d) /4
14.  Afunction is matched below against an interval whereitis | 19. A value of ¢ for which conclusion of Mean Value Theorem
supposed to be increasing. Which of the following pairs holds for the function f(x) = log_x on the interval [1, 3], is
is incorrectly matched ? (2005) 2007)
Interval Function (a) log, e (b) log, 3
() (—o0,—4) xX*+6x2+6
1
1 (c)2log,e (d) ) log, 3
(b) (—oo, E} 3x*-2x+1
20.  The function f(x) = tan"! (sin X + cos X) is an increasing
(c) [2, ) 2%x3-3x2—12x+6 function in (2007)
— 3_ 2 + +
(d (o0, ) X =3x*+3x+3 \ o
3x% +9x+17 @2 22
15.  Ifxisreal, the maximum value of X;—X+ is
3x°+9x+7
T T T T
(2006) (©) ey (d) 4
() i (b)41 21.  If p and q are positive real numbers such that p’>+ ¢*>=1,
then the maximum value of (p + q) is (2007)
©1 @ 1 1
c — - —
7 @ 3 ®) 75
16.  The function g (x) = %4—2 has a local minimum at © 2 ()2
X
22.  How many real solutions does the equation
(2006) X'+ 14x°+ 16x3+ 30x — 560 =0 have ? (2008)
(a)x=2 (b)yx=-2 @5 (b)7
(c)x=0 (dx=1 ©1 )3
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23.

24,

25.

26.

Suppose the cubic x*— px + q has three distinct real roots
where p > 0 and q > 0. Then which one of the following
holds? (2008)

(a) The cubic has maxima at both \/g and — \/g

(b) The cubic has minima at \/% and maxima at — \/%

(c) The cubic has minima at — \/g and maxima at \/g

(d) The cubic has minima at both \/g and — \/g

Given P (x) =x*+ ax’+bx?+ cx + d such that x =0 is the only
red root of P(x) = 0. If P(-1) < P(1), then in the interval
[-1,1] (2009)

(a) P (~1) is the minimum and P(1) is the maximum of P
(b) P (1) is not minimum but P(1) is the maximum of P
(¢) P(—1) is the minimum and P(1) is not the maximum of P

(d) neither P(-1) is the minimum nor P(1) is the maximum of P

4
The equation of the tangent to the curve y = x +—, that
X
is parallel to the x-axis, is (2010)
(@)y=0 (b)y=1
(c)y=2 (d)y=3
Let f: R — R be defined by
k-2x, ifx<-1
f(x)= .
2x+3, ifx>-1
If fhas a local minimum at x =—1, then a possible value of
kis (2010)
@1 (b)0

() L -1
2

27.

28.

29.

5 X
For x € (0, 7“), define f(x) = IO «/? sin t dt. Then, f'has

(2011)
(a) local minimum at wand 27
(b) local minimum at 7t and local maximum at 27t
(c) local maximum at 7 and local minimum at 27t
(d) local maximum at wand 27t

Let fbe a function defined by

tan x
f(X) = X
1, x=0

, x#0

Statement I x =0 is point of minima of /.
Statement I1/” (0)=0 (2011)
(a) Statement I is false, Statement II is true.

(b) Statement I is true, Statement 11 is true;

Statement I1 is correct explanation for Statement I.

(c) Statement I is true, Statement I1 is true;

Statement II is not a correct explanation for Statement I.

(d) Statement I is true, Statement I1 is false.

A spherical balloon is filled with 45007 cu m of helium gas.
If a leak in the balloon causes the gas to escape at the rate
of 727 cu m/ min, then the rate (in m/min) at which the
radius of the balloon decreases 49 min after the leakage

began is (2012)
9 7

@ b) 5
2 9

© 7 @3
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30. Leta, b e R be such that the function f given by | 34.  If fand g are differentiable functions in [0, 1] satisfying
f(x) = log [x| + bx*> + ax, x # 0 has extreme values at f(0)=2=g(1), g(0)=0and f(1) =6, then for some ¢ € 10, I[:
x=-landx=2. (2014)
Statement I fhas local maximum at x=—1 and x=2. (a) f(c)=2¢/(c) (b)2f(c)=g£'(c)
1 -1 (c) 2f(c)=3g'(c) (d) f'(c)=g(c)
Statement IT a=— and b=—. (2012) ]
2 4 35. If the Rolle’s theorem holds for the function
hs 5 . . i .
(a) Statement I is false, Statement II is true. fix) = 2x’+ax® + bx in the interval [-1, 1] for the point
(b) Statement I is true, Statement I is true; c= %’ then the value of 2a + b is
Statement II is a correct explanation for Statement I.
(c) Statement I is true, Statement II is true; (2014/Online Set-1)
Statement I1 is not a correct explanation for Statement I. @1 ®)-1
(d) Statement I is true, Statement II is false. ©2 (d)-2
31. A line is drawn through the point (1, 2) to meet the | 36.  For the curve y =3 sin § cos 0, x =¢’sin0,0<0 <,
coordinate axes at P and Q such that it forms a A OPQ, the tangent is parallel to x-axis when @ is:
where O is the origin, if the area of the A OPQ is least, then .
the slope of the line PQ is 2012) (2014/Online Set-2)
1 3_7T' b r
® - (b)-4 @3 ®3
1 b o
(c)-2 () - © 4 (d) 6
32.  The intercepts on x-axis made by tangents to the curve, 37.  Two ships A and B are sailing straight away from a fixed
point O along routes such that / AQB is always 120°. At
yzj |t|dt, xeR, which are parallel to the line y=2x, are a certain instance, OA =8 km, OB = 6 km and the ship A is
0 sailing at the rate of 20 km/hr while the ship B sailing at the
equal to (2013) rate of 30 km/hr. Then the distance between A and B is
(@)% 1 ()2 changing at the rate (in km/hr):  (2014/Online Set-2)
(©)£3 (d)+4 @ 260 . 260
) —— ki
33. Ifx=-1and x=2 are extreme points of V371 37
f(x)=a log|x| + Bx>+x then : (2014)
© 80 @ 80
o) —— ik
1 1 37 37
(@a=2p=7 (b) ¢==6,p=7 V37
38.  The volume of the largest possible right circular cylinder

©u=-6p=-3  @a-2P-—

that can be inscribed in a sphere of radius — /3 is:

(2014/Online Set-2)
4 8
(@) 5 V3r (b) 33

(©) 4n d) 2n




Vedanti,

Learn LIVE Online

APPLICATION OF DERIVATIVES

29

39.

40.

41.

42.

43.

1 cos0 1
£(6)=|-sin0 1 o 2%
If (6) =|-sin ~O08%3 _| 5 andAandBare
-1 sin6 1

respectively the maximum and the minimum values of

f(@), then (A, B) is equal to: (2014/Online Set-3)

@) (3,-1) (b)(4.2-2)

©) (2+J§,2—\/§) (d)(2+ﬁ,—1)

If the volume of a spherical ball is increasing at the rate of
47 cc/sec, then the rateof increase of its radius (in cm/

sec), when the volume is 288 mcc, is:
(2014/Online Set—4)

1 1
@)g w);

1 1
© 36 @ >
The normal to the curve, x>+ 2xy -3y?=0, at (1, 1):
(2015)
(a) meets the curve again in the third quadrant.
(b) meets the curve again in the fourth quadrant.
(c) does not meet the curve again.

(d) meets the curve again in the second quadrant.

Let f(x) be a polynomial of degree four having extreme

. f(x)
valueatx=1andx=2. If ng)l 1“‘? =3, then f(2) is

equal to: (2015)
(@)0 (b)4
(c)-8 ()4

IfRoll’s theorem holds for the function f(x) = 2x> + bx?+cx,

1
x € [-1, 1], at the point x =, then 2b + c equals :

2 2
(2015/Online Set—1)
(a1 (b)2
(c)-1 (d)-3

44.

45.

46.

47.

Let k and K be the minimum and the maximum values of

the function f (x)=

(1+x)%
1

oa in [0, 1] respectively, then
+XxX

the ordered pair (k, K) is equal to:
(2015/Online Set-2)

(a) (2—0.4’1) (b) (2—0.4’ 20.6)

(©) 27,1 (d) (1, 2°%

A wire of length 2 units is cut into two parts which are
bent respectively to form a square of side =x unit and a
circle of radius = r units. If the sum of the areas of the
square and the circle so formed is minimum, then :

(2016)

(a) 4—myx=mr (b)x=2r

(c)2x=r (d)2x=(n+4)

Consider

o] [1+sinx T

f(x)=tan 1[\/mj> X e [0: Ej , Anormal to

y=f(x)at X= % also passes through the point :
(2016)

2n T
0, — —,0
(a) [ 3 j (b) [ 6 j

o[3)

If the tangent at a point P, with parameter t, on the curve

(d)(0,0)

x =4t>+ 3, y=8t"—1, t € R, meets the curve again at a
point Q, then the coordinates of Q are :

(2016/Online Set—1)
(b) (42 +3,-8t—1)
(d) (16t*+3,-64t— 1)

(a) (£ +3,~£—1)
) (E+3,6-1)
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48. The minimum distance of a point on the curve 53.  Ifthecurves y” = 6x,9x” +by” = 16 intersect each other
y =x%—4 from the origin is : (2016/Online Set—1)
at right angles, then the value of b is
@ \19 ) 115 (2018)
q) —— ikl
2 2
9
Ok ®)6
V15 19
© 5 @45
7
. © 5 (d)4
49.  Thenormal to the curve y(x —2) (x—3) = x + 6 at the point 2
where the curve intersects the y-axis passes through the
point; @017) | 54, Let f(x)=x>+—= and g(x)=x .
x? X
) el
(a) 2’ 2 (b) 2’2 f(x)
xeR—{-10,1}.If h(x) = (—),thenthe local minimum
g(x
b1 11 .
(c) 273 (d) 23 value of h(x) is : (2018)
b)3
50.  Twenty meters of wire is available for fencing off a flower- @ 242 ®)
bed in the form of a circular sector. Then the maximum ©)-3 ) —242
area (in sq. m) of the flower-bed, is: (2017)
55.  If a right circul , havi i lume, i
(@125 ()10 ! a ?1g .c1rcu ar cone av.mg maximum volume, is
inscribed in a sphere of radius 3 cm, then the curved
(©)25 (d)30 surfacearea(in cm?) of this cone is :
51.  The tangent at the point (2, “2) to the curve, X?y*—2x =4 (2018/Online Set-1)
(1 —y) does not pass through the point :
(2017/Online Set-1) (@) 632 (b) 6+/37
4 ] () 82 d 831
@ |43 (b)(8,5) , _
56. Letf(x)beapolynomial of degree 4 having extreme values
(©) (-4,-9) (@ (2,-7) atx=landx=2.
52.  The function fdefined by f(x) = x> - 3x2+ 5x + 7, is f(x)
(2017/Online Set-2) If 'xi_,mo( 2 +1]= 3 then f(-1) is equal to:
(a) increasing in R.
2018/Online Set—2
(b) decreasing in R. ( nline Set-2)
_ . _ 9 5
(c) decreasing in (0, oo ) and increasing in (—o, 0). (a) E (b) 5
(d) increasing in (0, oo ) and decreasing in (-0, 0). 3 1
— d —
© 5 @3
57.  Let M and m be respectively the absolute maximum and

the absolute minimum values of the function, f (x)= 2x3-
9x2+12x+5 in the interval [0, 3]. Then M-m is equal to :
(2018/Online Set-3)
@5
(c)4

)9
@1
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EXERCISE - 3 : ADVANCED OBIJECTIVE QUESTIONS

APPLICATION OF DERIVATIVE-I

Single Type Questions

1.

The altitude of a cone is 20 cm and its semi-vertical angle
is 30°. If the semi-vertical angle is increasing at the rate of
2° per second, then the radius of the base is increasing at
the rate of

() Ecm/sec (b) i cm/sec
27 27

() 16—chm/sec (d) 4 cm/sec
27 27

n
Aparticle’s velocity v at time tis givenby V = 2¢* COS?.

The least value of time at which the acceleration becomes
Zero, is

3
@0 ®) 5

3. (6 3 6
(c) ;tan ; ) ;cot ;

A variable triangle is inscribed in a circle of radius R. If the
rate of change of a side is R times the rate of change of the
opposite angle, then that angle is

(a) /6 (b) /4

(c)m/3 (d)n/2

A particle moving on a curve has the position at time t
givenby x=f" (t) sint+ /" (t) cos t,

y=f"(t)cost— f" (t) sint, where fis a thrice differentiable
function. Then the velocity of the particle at time t is
@f" O+ ® ®) S O+ (®

©f O+ @1 (d) none of these

The radius of a right circular cylinder increases at a
constant rate. Its altitude is a linear function of the radius
and increases three times as fast as radius. When the
radius is 1 cm the altitude is 6 cm. When the radius is 6 cm,
the volume is increasing at the rate of 1 cu cm/sec. When
the radius is 36 cm, the volume is increasing at a rate of n
cu cm/sec. The value of ‘n’ is equal to

(a)12 (b)22
(c)30 (d)33

The circle shown in figure has radius of 10 cm. If point P
moves towards right with a speed of 5 cm/sec, then the
rate at which the length of arc BQ is increasing at; the
instant when ZBAQ is 45°

5
(a) 10 cm/sec (b) E cm/sec

10
(©) ﬁ cm/sec (d) 5 cm/sec

[, and [, are the side lengths of two variable squares
S, and S, respectively. If /, =1,+ I; + 6 then rate of change
of the area of S, with respect to rate of change of the area
of S, and /,= 1 is equal to

(a)3/4 (b)4/3

(c)3/2 (d) None

Let x be the length of one of the equal sides of an isosceles
triangle, and let 6 be the angle between them. Ifx is increasing
at the rate (1/12)m/h, and O is increasing at the rate of /180

radians/h, then the rate in m*hr at which the area of the triangle

is increasing when x = 12m and 0 = /4, is

1/2 2’
w2 (1) () 52

1/2

b 1/2 l v
(© 5 +3 (d) 2 (2+5]
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9. A flu epidemic hits Pune. Health officers estimate thatthe | 17.  The sum of the intercepts made on the axes of coordinates
number of persons sick with the flu at time t (measured in by any tangent to the curve Jx + \/; ~2 is equal to
days from the beginning of the epidemic) is estimated by
P(t) =60t - t*, 0 < t<40. At what time t is the flu spreading (a)4 (b)2
at the rate of 900 people per day ? (©8 (d) none of these
(a)t=10and 30 (b)t=10 only 18.  The number of values of ¢ such that the straight line
(c)t=38 (d)t=25and 32 x*
3x + 4y = ¢ touches th —=X+Yy i
10. InaAABC ifsides a and b remain constant such that o is Ry T e louches the cuve 2 v
the error in C, then relative error in its area is (@)0 )1
(a)acotC (b) asinC ©)2 )4
(c)atanC (d)acosC 19.  Equation of normal drawn to the graph of the function defined
11. In a AABC the sides b and c are given. If there is an error .,
AA in measuring angle A, then the error Aa in side a is as f (x) =X , X #0 and £(0)=0 at the origin is
given by (where S area of triangle)
(a)x+y=0 b)x-y=0
S 28 _ _
(a) ZAA (b) :AA (©)y=0 (d)x=0
20.  The tangent to the curve 3xy?—2x*y =1 at (1, 1) meets the
(C) be sin A AA (d) none of these curve again at the point
12.  The value of (127)"? to four decimal places is 6 1 6 1
(2)5.0267 (b) 5.4267 (a) (—?, - %j (b) (?, %j
(c)5.5267 (d)5.001
13.  If m be the slope of a tangent to the curve e¥ = 1 + 4x?, (L 16) d (_i E)
then ©1%20°s @720 s
(@m<1 (b)|m|<1 21. A curve is represented by the equations, x = sec’t and
(c)m>1 (d) none of these y = cot t where t is a parameter. If the tangent at the point
14. Tangents are drawn from the origin to the curve P (?nttheﬂclurvi)wh.ere t :171/4 meets the curve again at the
y = sin X. Their points of contact lie on the curve point Q then [PQ is equal to
(a) Xy’ = x>+’ (b) Xy?=x*~y? @ 5V3 ®) 55
2) 2 NS
(c) Xy =y*— x> (d) none of these 2 2
15.  The equation of the tangent to the curve
o205 @
3 2
x’sin—, x#0
y= X at the origin is 22.  Atany two points of the curve represented parametrically
0, X = byx=a (2 cost—cos2t); y=a (2 sin t—sin 2t) the tangents
are parallel to the axis of x corresponding to the values of
(2)x=0 (b)x=y the parameter t differing from each other by
(©y=0 (d) none of these (a)2m/3 (b)3m/4
16. Number of possible tangents to the curve (c)m/2 (d)n/3
y =cos (x +y), 3m < x < 3m, that are parallel to the | 33 The ordinate of y = (a/2) (€% + & **) is the geometric mean

linex+2y=0,is
@1
©3

(b)2
(d)4

of the length of the normal and the quantity
(a) a2 (b)a
(©)e (d) none of these
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24.

25.

26.

27.

28.

29.

30.

The two tangents to the curve ax? + 2hxy +by?=1,a>0 at

the points where it crosses x-axis, are

(a) parallel (b) perpendicular

T
(c) inclined at an angle a1 (d) none of these

The two curves y*> = 4x and x> + y? — 6x + 1 = 0 at the point
(1,2)

T
(a) intersect orthogonally (b) intersect at an angle 3

(c) touch each other (d) none of these

3 2
The lines y = _EX and YZ—gX intersect the curve

3x%+4xy + 5y* — 4 = 0 at the points P and Q respectively.
The tangents drawn to the curve at P and Q

(a) intersect each other at angle of 45°

(b) are parallel to each other

(c) are perpendicular to each other

(d) none of these

of the curve

The sub-normal at any point

x%y* = a? (x* — a?) varies as
(a) (abscissa)™

(¢) (ordinate)™

(b) (abscissa)?
(d) none of these

The sub-tangent at any point of the curve x™y" = a™*"

varies as
(a) (abscissa)® (b) (abscissa)?
(c) abscissa (d) ordinate

If at any point on a curve the sub-tangent and sub-normal are

equal, then the length of the normal is equal to

(a) /2 ordinate

(c) /2 ordinate

The length of the perpendicular from the origin to the normal

(b) ordinate

(d) none of these

of curve x=a (cos 0+ 0sin 0), y=a (sin 6 — 0 cos 0) at any
point O is
(a)a (b)a/2

(c)a/3 (d) none of these

31.

32.

33.

34.

3s.

36.

37.

The sum of tangent and sub-tangent at any point of the
curve y =a log (x? — a?) varies as

(a) abscissa

(b) product of the coordinates
(c) ordinate

(d) none of these

For the curve x™*"=a™ " y>™ where a is a positive constant
and m, n are positive integers

(a) (sub-tangent)™ oc (sub-normal)®

(b) (sub-normal)™ o« (sub-tangent)"

(c) the ratio of subtangent and subnormal is constant
(d) none of the above

|sin 2x| — x| —a = 0 does not have solution if a lies in

3x/§—7t 3\/§+TC
(a) 6 " (b) e "

(©(1,00) (d) None of these

A curve is represented parametrically by the equation
x=t+e*andy=-t+e*whent € Randa>0. Ifthe curve
touches the axis of x at the point A, then the coordinates
of the point A are

(@) (1,0) (b)(1/e,0)
(©)(e,0) (d)(2e,0)
Let /' be a differentiable function with f (2) = 3 and

f'(2)=5, and let g be the function defined by g(x) =x f(x).
y-intercept of the tangent line to the graph of ‘g’ at point

with abscissa 2, is
()20
(¢)-20

()8
d)-18

The number of points with integral coordinates where

tangent exists in the curve y = sin™' 2x Vl_xz is
@0 (b)1
(©3 (d) None

2 for

0
. Then the x-intercept of
+8, for x>0

—X
Let/(x) = { )
X

the line that is tangent to both portions of the graph of
y=/(x)is

(a) zero

(©)-3

(b)-1
(d)—4
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38. Ifpx*+qgx+r=0,p,q,r € Rhasnoreal zero and the line /n x
P _ 44. For function f(x)=—-, which of the followin
y+2=0istangent to f(x) = px* + qx +r then ) X g
(@ptq+r>0 (b)p-q+r>0 statements are true.
(©)r<0 (d) None of these (a) f(x) has horizontal tangent at x =
39.  Tangent of acute angle between the curves y = [x>—1| and (b) f(x) cuts the x—axis only at one point
5 (¢) f(x) is many — one function
=+7-X" at thei ints of int tion i
Y at thett pomnts of iersection 15 (d) £(x) has one vertical tangent
45.  Which of'the following pair (s) of curves is/are orthogonal.
5\3 3J5
(a) BN (b) > (a) y*=4dax;y=e>¥*
(b) y*=4ax ; x*= 4ay at(0,0)
2o y2 2 —T2
573 35 (c)xy=a*;x* —y*=b
© = @ (d)y=ax;x’ +y’ =¢’
L 46.  The length of the perpendicular from the origin to the normal
40. Ift,n,t ,n arethe lengths of tangent, normal, subtangent of curve x=a (cosb + 0sin0), y=a (sin 0 — 0 cos 0)
& subnormal at a point P (x,, y,) on any curve y = f(x) then atapoint 0 is a’, if 0 =
1 1 (a) w4 (b) /3
t+n’=t'n’ b) 5 +—5="—
(@) ¢+n’=tn ® T e (©) /2 (d) /6
(©)t'n’ =tn (@nt”=n't 47.  Anursery sells plants after 6 year 9f growth. Two seedlings
A and B are planted each of height 5 cm whose growth
41.  Find the shortest distance between xy =9 and x*ty*= 1. dh
rates are — = 0.5t+2 and —— =t+ 1 where heights
(@) 3V2+1 (b) 2 dt dt
h, and h, are in cms and t is the time in years. Then
(c)4 (d) 332 -1 . s
(a) the height of the plants are equal at t =3 (in years)
42. A curve passes through the point (2, 0) and the slope of (b) the height of the plants are equal at t =4 (in years)
the tangent at any point (x, y) is x* - 2x for all values of x (c) when the plants are sold, their heights are 26 cms and
then 3y, . is equal to 29 cms.
(a)4 (b) 3 (d) none of these
©)1 ()2 48.  The angle between the tangent at any point P and the line
joining P to the origin, where P is a point on the curve
Multiple Type Questions
y . .
2 2\ — 1L
43. The abscissa of a point on the curve xy = (a + x)?%, In(x*+y*) = c tan x ¢ 1s a constant, 1s
the normal at which cuts off equal intercepts on the () independent of x and y
coordinate axes is (b) dependent on ¢
@ _a/\2 (b) J2a (¢) independent of ¢ but dependent on x
(d) none of these
(©) J2a/2 (d) ~2a 49.  Let the parabolas y =x (¢ — x) and y = — x*> — ax + b touch

each other at the point (1, 0), then
(a)a+b+c=0 (b)a+b=2
(c)b+c=1 (da—c=-2
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50.

51.

52.

The point on the curve xy? = 1, which is nearest to the
origin is

(a) (2"%,2"%) (b)(27%,2'%)

()@ "-2") (@ (-21,27)

The value of parameter a so that the line
(3—a)x+ay+(a*—1)=0is normal to the curve xy = 1, may

lie in the interval
(a) (=0, 0) (®)(1,3)
(©)(0,3) (d)(3,2)

The points on the curve y =x /1-x*, =1 <x <1 at which

the tangent line is vertical are

1 1
@)(-1.0) ®) [—3’ —gj

1
©(1.0 @ [—2’ —zj

Assertion Reason Type Questions

53.

54.

Assertion : The tangent at x = 1 to the curve

y =x’—x*—x +2 again meets the curve at x =—2.
Reason : When a equation of a tangent solved with the
curve, repeated roots are obtained at point of tangency.
(a)A (b)B

©C (dD

Assertion : The ratio of length of tangent to length of

normal is directly proportional to the ordinate of the point

of tangency at the curve y*= 4ax.

Reason : Length of normal & tangent to a curve

yyl+m’ dy

and ,where m=—.
dx

y=f(xyis [y m?

(A (b)B
(©C (d)D

5S.

56.

Assertion : Tangent drawn at the point (0, 1) to the curve

y=x*-3x+ 1 meets the curve thrice at one point only.

Reason : Tangent drawn at the point (1, —1) to the curve

y=x3-3x + 1 meets the curve at 1 point only.
(@A (b)B
(©C (d)D

Assertion : Shortest distance between

x|+ |y|=2&x2+y2=161s 4—~/2

Reason : Shortest distance between the two non

intersecting differentiable curves lies along the common

normal.
(A (b)B
(©C (dD

Paragraph Type Questions

Using the following passage, solve Q.57 to Q.59

57.

58.

59.

Passage

Lety=a 4/x +bxbecurve,(2x—y)+A(2x+y—4)=0be

family of lines.

If curve has slope —% at (9, 0) then a tangent belonging

to family of lines is
(a)x+2y-5=0 (b)x-2y+3=0
(©)3x—y-1=0 (d)3x+y-5=0

A line of the family cutting positive intercepts on axes
and forming triangle with coordinate axes, then minimum

length of the line segment between axes is
(a) (22/3_ 1)3/2 (b) (22/3+ 1)3/2
(c) 72 (d)27

Two perpendicular chords of curve y’—4x —4y +4 =0
belonging to family of lines form diagonals of a

quadrilateral. Minimum area of quadrilateral is
(@16 (b) 32
(c) 64 (d)50
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Using the following passage, solve Q.60 to Q.62

60.

61.

62.

Passage
v(x)

ify= |

f(t) dt, let us define % in a different manner
u(x)

iy{,v X)L (VX)) —u X)f (u(x))and the equation

of the tangent at (a, b) as

y—b=(ﬂj (x-a)
dx (a5)

x2

Ify= I t? dt, then equation of tangent at x =1 is

(@y=x+1 (b)x+y=1
(0)y=x-1 (d)y=x
IfF (x) :je‘z/z (1-) dt, then % F(x)atx=11is
(@0 (b1
(©)2 (d)-1
X . dy.
Ify= Ifnt dt, then lim —is
3 x—0T dX
(@0 (b1
(©)2 (d)-1

Using the following passage, solve Q.63 to Q.65

63.

64.

65.

Passage

If y = f(x) is a curve and if there exists two points
A (x,, f(x))) and B (x,, f (x,)) on it such that

L )=
A T S

X, i1s normal at X, for that curve.

, then the tangent at

Number of such lines on the curve y = sinx is

(a)l (b)0

(©)2 (d) infinite
Number of such lines on the curve y = |In x| is
(a)l (b)2

©)0 (d) infinite
Number of such line on the curve y*= x31is
(a1l (b)2

(©3 (@0

Match The Column

66.

67.

(D) Rate of increase in area of )

Column-I Column-1I
(A) If portion of the tangentatany (P) 0
point on the curve x = at3, }ﬁat4
between the axes is divided by
the abscissa of the point of
contact in the ratio m : n externally,
then |n + m| is equal to
(m and n are coprime)
(B) The area of triangle formed by Q 12
normal at the point (1, 0) on the
curve x = ¢ with axes is
(C) If the angle between curves XzFl ® 7
¥ at the point (1, 1) is
0 then tan 6 is equal to
(D) The length of sub- tangent atany (S) 3
point on the curve y = be”

2(1-
andy=e

equal to
Column-I Column-1I
(A) Circular plate is expanded by P 4
heat from radius 5 cmto 5.06 cm.
Approximate increase in area is
(B) If an edge of a cube increases by (Q) 0.67
1% then percentage increase in
volume is

(C) If the rate of decrease of ® 3

2
X . .
7 —2x+5 is twice the rate

of decrease of x, then x is equal to
(rate of decrease is non-zero)

3J3 /4

equilateral triangle of side 15cm,
when each side is increasing at
the rate of 0.1 cm/sec; is

Subjective Type Questions

68.

69.

70.

If the length of the interval of ‘a’ such that the inequality
3 —x*> [x — a| has atleast one negative solution is k then
find 4k.

2 2

Let a be the angle in radians between %+YT =1land

the circle x>+ y?= 12 at their points of intersection. If
k
a=tan" —=, 2
23 then find the value of k*.

If A is the area of the triangle formed by positive x-axis
and the normal and the tangent to the circle x* + y>*=4 at

(1\/5) then A /./3 is equal to
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APPLICATION OF DERIVATIVE-II

Single Correct

1.

If £(x) and g (x) are differentiable functions for 0 <x <1
such that £(0)=2, g (0) =0, f (1) =6, g (1) =2, then in the
interval (0, 1)

(@) £ (x)=0, forall x

(b) " (x)=2g" (x), for atleast one x
(©) f (x)=2g" (x), for atmost one x
(d) none of these

Ifa+b+c=0, then the equation 3ax?>+ 2bx + ¢ =0 has, in

the interval (0, 1)
(a) atleast one root (b) atmost one root
(c) no root (d) none of these

Between any two real roots of the equation e* sinx =1, the

equation e* cos x =— 1 has
(a) atleast one root (b) exactly one root
(c) atmost one root (d) no root

Ifa<0,f(x)=e*+e™and S = { x : f(x) is monotonically
decreasing}, then S is equals
(a) {x:x>0} (b) {x:x<0}
() {x:x>1} (d) {x:x<1}
Letf(x) and g (x) be defined and differentiable for x >x and
S@)=g().f " (9>g’ (x)forx>x,, then
@f (x)<g(x),x>x, (b)) =gx),x>x,
©f (®)>g((x),x>X, (d) none of these

i
The function f(x) :—H(TH X) is

In(e+x)
(a) increasing on (0, )
(b) deceasing on (0, )

(c) increasing on (0, 7/e), decreasing on (1/e, )

(d) decreasing on (0, m/e), increasing on (7/e, )

10.

Letf(x)=cot [g(x)], where g (x) is an increasing function

for 0 <x <m. Thenf(x) is
(a) increasing in (0, )

(b) decreasing in (0, )

DA

4

¢) increasing in 0,E and decreasing in
g > g

(d) none of these

Letf (x)>0and g’ (x) <O forallx € R. Then,

@f [gX®)]>f[gkx+1D)]
(b)f [g(®]>f [gx-1)]

(©)gl/®]>glf x-1)]
(d) none of these

Consider the following statements S and R :

S : Both sin x and cos x are decreasing functions in the

] T
interval E’ n

R : If a differentiable function decreases in an interval
(a, b), then its derivative also decreases in (a, b).

Which of the following is true ?
(a) Both S and R are wrong.

(b) Both S and R are correct, but R is not the correct

explanation for S.
(c) Sis correct and R is the correct explanation for S.
(d) Sis correct and R is wrong.
If the function f (x) increases in the interval (a, b) then the
function ¢ (x)=[f(x)]%
(a) Increases in (a, b)
(b) decreases in (a, b)
(c) we cannot say that ¢ (x) increases or decreases in (a, b)

(d) none of these
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e e 4. Ifo¢X)=fx)+fQRa-x)and f "” (x) >0, a>0,
11. Iff(x)zm;g(x):m where 0<x <1, 0<x<2athen
then - (a) ¢(x) increasesin [a, 2a]
(a) both ¢ /> and ‘g’ are increasing functions (b) #(x) increases in [0, a]
(b) “ f” is decreasing and ‘g’ is increasing function (c) #(x) decreasesin [0, a]
(c) “f’ isincreasing and ‘g’ is decreasing function (d) ¢(x) decreases in [a, 2a]
(d) both * /7 and ‘g’ are decreasing function 15.  Iffis an even function then
5 (a) f* increases on (a, b)
12. For x €| 0, tan™ ,|— |, the function )
( \/;J (b) f'cannot be monotonic
(¢) f? need not increases on (a, b)
F(x)=cot" ( V2sin Xj?\/g cosX J (d) f'has inverse
16.  Letf(x)=x""forx € R where m and n are integers, m even
and n odd and 0 <m <n. Then
(a) increases in (0, tan ™' \/g ] (2) f(x) decreases on (—, 0]
(b) f(x) increases on [0, o)
(b) decreases in {0, tan ! \/E J (¢) f(x) increases on (—o, 0]
2 (d) f(x) decreases on [0, )
17. The greatest and the least value of the function,
(c) increases in (O, tan™ \/EJ and decreases in
’ f(X):\/172x+x2 f\/1+2x+x2 ,X € (—o0, o0) are
(tan1 \/2, tan™" \/EJ (a)2,-2 (b)2,-1
3 2 (©2,0 (d) none
2 s 18.  The difference between the greatest and least values of
(d) increases in [tan \/;, tan \/; ] and decreases in | 1
the function, f(x) =cos x + 5 cos 2x—§ cos 3xis:
[O’ tan” \E J (2)4/3 )1
(c)9/4 (d)1/6
1B, If £(x)- e, ¢(x)= e g | 19, The function £ s defined by £ (x) = x* (1 —x)? for all

x € R, where { } &[] denote the fractional part and integral
part functions respectively, then which of the following
statements hold good for the function h (x),
where (Ina) h (x) =(In f (x) + In g (x)).

(a) ‘h’ is even and increasing
(b) ‘h’ is odd and decreasing
(b) ‘h’ is even and decreasing

(d) ‘h’ is odd and increasing

x € R, where p,q are positive integers, has a local maximum

value, for x equal to :

(@) 2L

b)1
ptq (b)

p

D g

©0 ptq
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20.

21.

22,

23.

24,

25.

x*—x*+10x -5, x<I

the set of values of b
~2x+log, (b2-2), x>1

Letf(x)=
for which f'(x) have greatest value at x =1 is given by :
(a)1<b<2

(b)b=1{1,2}

(©)b € (—o,-1)

(@ [~V130,-2) U (V2,4130 |

The triangle formed by the tangent to the parabola y = x? at
the point with abscissa x,, the y-axis and the straight line
y = x> has the greatest area where x, € [1, 3]. Then x,

equals:

(@3 (b)2

(©)1 (d) none

The least area of a circle circumscribing any right triangle
ofarea Sis:

(a) ®S (b)2nS

() v27S (d) 47S

The largest area of a rectangle which has one side on the

. . 2 .
x-axis and the two vertices on the curvey = ¢ ™ is

(@) 2e” (0)2¢ "

(c)e”? (d) none

A tangent to the curve y = 1 — x* is drawn so that the
abscissa x of the point of tangency belongs to the interval
[0, 1]. The tangent at x, meets the x-axis and y-axis at
A & B respectively. The minimum area of the triangle OAB,
where O is the origin is

23

9

43

(@ (b) r

22

© =

(d) none

The minimum value of a tan® X + b cot? x equals the maximum
value of a sin? 0 + b cos? © where a > b > 0, when

(a)a=b (b)a=2b
(c)a=3b (d)a=4b

26.

27.

28.

29.

30.

31.

32.

The greatest value of /(x) = (x+1)"* — (x—1)"* on [0, 1] is
()1 (b)2
(©)3 (d)1/3

If the function f(x) = 2x* — 9ax? + 12a> x + 1, where a> 0,
attains its local maximum and local minimum at p and q
respectively such that p? = q, then a equals.

(a3 ()1

(c)2 (d)y1/2

Ifax?+ RZc for all positive x, where a, b > 0, then
X

(a) 27 ab*>4¢? (b)27 ab*<4¢?

(c)4ab*>27¢? (d) none of these

Ifax + E > c for all positive x, where a, b, ¢ >0, then
X

2

2

c c
b< — b)ab> —
(a)a<4 (b)a 1

(c)ab> (d) none of these

Ao

IfP (x) =a,+ax’ +ax*+.. +ax”beapolynomial in
x € Rwith0 <a, <a,<..<a,thenP(x) has

(a) no point of minima

(b) only one point of minima
(c) only two points of minima
(d) none of these

If (x —a)*™ (x —b)*™*! , where m and n are positive integers

and a > b, is the derivative of a function f£; then
(a) x =a gives neither a maximum nor a minimum
(b) x=a gives a maximum

(c) x =D gives neither a maximum nor a minimum
(d) none of these

Let (h, k) be a fixed point, where h> 0, k> 0. A straight line
passing through this point cuts the positive direction of
the coordinate axes at the points P and Q. The minimum
area of the A OPQ, O being the origin, is

(a) 2 kh (b) kh

(c) 4kh (d) none of these
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33. Afunctionfsuchthatf "(a)=f"(a)=...f*(a)=0and fhas | 40. Letf(x)=cos2nx+x—[x] ([.] denotes the greatest integer
alocal maximum valueb at x=a, if /(x) is function). Then number of points in [0, 10] at which f'(x)
(a) (x —a)™™ (b)b—1 —(x +1 —a)>! assumes its local maximum value, is
(©)b—(x—a)™ (d) (x-a)*™2—b. (@0 (b) 10
©)9 (d) infinite
2
34. Forafunctiony=1(x), f ﬂ =0and d_z/ —(Qatapointx=a, | 41. If x and y are real numbers satisfying the relation
dx dx x*+ y*— 6x + 8y + 24 = 0 then minimum value of
then S(x)=log,(x*+y?)is
(2) ymust be maximumatx =a (a1 (b)2
(b) ymust be minimum atx=a (©)3 (d)4
(c) ymay not have a maximum or minimum at x =a 42.  Iff(x)=2x’-3(a+1)x’+6ax— 12 has local maximum at x,
(d) it is a constant function and local minimum at x, and if 2x, = x, then value of a can
be:
35.  The sum of the legs of a right triangle is 9cm. When the ©
triangle rotates about one of the legs, a cone results which 1
has the maximum volume. Then : (@)1 (b) D)
(a) slant height of such a cone is 3/5 (c)—1 (d)2
(b) maximum volume of the cone is 32 43.  Letf(x)be defined as
(c) curved surface of the cone is 18\/5 P
_JtanT'a-5x%, 0<x<l
(d) semi vertical angle of cone is tan™' /2 J(x)= —6x, x>1
36. Moving along the x-axis there are two points with ) ] ]
x =10+ 6t, x=3 + . The speed with which they are moving f(x) can have a local maximum at x = 1 if value of aL is
away from each other at the time of encounter is @~0 (b)-1
(x is in cm and t is seconds) (c)—tan 1 (d)-2
(a) 16 cr/s (b) 20 cm/s 44. A truck is to be driven 300 km on a highway at a constant
(c) 8 cm/s (d) 12 cm/s speed of x kmph. Speed rules of the highway required that
30 <x<£60. The fuel costs Rs. 10 per litre and is consumed
2
37.  Least value of the function f(x) = 2 1+ 3 is: %2
2% +1 at the rate of 2+@ liters per hour. The wages of the
(@0 (b)3/2 driver are Rs. 200 per hour. The most economical speed to
(©)2/3 @1 drive the truck, in kmph, is
38. The set of values of ‘a’ for which the function (230 (b)60
3 ¢) 304/ d) 204
fx)= % +(a+2)x*+(a—1) x +2 possess a negative point (©)303.3 (@ 20433
. . 2x
of inflection. 45. The curve y= o has
(a) (—o0,-2) U (0, ) (b) {-4/5} b
(©)(-2,0) (d) empty set (a) exactly three points of inflection separated by a point
’ ) o ) of maximum and a point of minimum
39.  Number of solution (s) satisfying the equation,

3x*-2x’=log, (x*+ 1) —log, xis:
(@1 (b)2
(©)3 (d) none

(b) exactly two points of inflection with a point of maximum
lying between them

(c) exactly two points of inflection with a point of minimum
lying between them

(d) exactly three points of inflection separated by two
points of maximum
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46.

47.

48.

49.

50.

Slope of tangent to the curve

T X T X
y =2e*sin | 7 "5 | cos 5 pwhere 0 <x <27 is

4 2 4 2
minimum at X =
(@0 (b)n
(c)2=m (d) none of these

If the angle made by the tangent drawn at any point
(%, y) of a curve with positive x—axis is tan™' (x> — 2x),
v X € R, then number of critical points of the curve is

(@0 (b)1
(c)2 (d) none of these
The total number of values of x, where

S(x)=2"(cosx+cos /3 x)attains its maximum value is

(@1 (b)2
(c)4 (d) None

|x3 +x? +3x +sin x| (3+sinl/x), x#0
Letf(x)= then

0 , x=0

number of points (where f(X) attains its minimum value) is
(@1 (b)2
(©3 (d) infinite many

The set of all values of the parameters a for which the
points of local minimum of the functiony = 1 + a? x — x3
x> +x+2

satisfy the inequali
ty quatity x*+5x+6

<0 is

(a) an empty set

®) (-3v3.-243)
© (243.343)

@ (343.-25) o (243.343)

More than One correct Answer Type

51.

2x—1
The functiony = <—2 (x #2) with codomain=R — {2}

(a) is its own inverse
(b) decreases at all values of x in the domain

(c) has a graph entirely above x—axis
(d) is bound for all x.

52.

53.

54.

55.

56.

57.

Letg (x)>0andf ' (x)<0, v x € R, then
(@) g(fx+1)>g(f(x-1))
(b)f(gx-1))>f(gx+1))

(©)g(f x+1)<g(f(x-1))
(dggx+1)<g(gx-1)

If f(x)=x*—x>+100x + 1001, then
(a)f(2000)>/(2001)

1 1
®) / (@}f (mj

©f x+D>f(x-1)
(d)f Bx=5)>f(3%)

An extremum of the function,

2-X 1
S(x)= - Cosn(x+3)+?sinn(x+3)0<x<4
occurs at :
(a)x=1 (b)x=2
(c)x=3 (dx=m

X selo
Iff(x)= l+xtanx’ ) > then

(a) f(x) has exactly one point of minimum
(b) f(x) has exactly one point of maximum

(¢)f(x) is increasing in [0, g)

(d) maximum occurs at x, where x = cosx,
Letf(x)=(x—1)*(x—2)" n € N. then f(x) has
(a) local minimum at x =2 ifn is even

(b) local minimum atx =1 ifnis odd

(¢) local maximum at x =1 ifn is odd

(d) local minimum at x =1 ifn is even

Let g(x) = - >

(x -1 -/ x*-1

Q) :

+T xX*(x+1)—f"(0)x(x—1)(x+1)where
fis a thrice differentiable function. Then the correct
statements are
(a) there exists x € (-1, 0) such that f* (x) =g’ (X)
(b) there exists x € (0, 1) such that /"’ (x) =g" (x)
(c) there exists x € (—1, 1) such that /""" (x) =g’ (x)
(d)thereexistsx € (-1, 1) such that /" (x)=3f(1)—3f(-1)—6/'(0)




VedantiL

Learn LIVE Online

42

APPLICATION OF DERIVATIVES

58.

59.

60.

61.

If f (x) is a differentiable function and ¢ (x) is twice
differentiable function and a.and 3 are roots of the equation
f(x) =0 and ¢' (x) = 0 respectively, then which of the
following statement is true ? (o < f3).

(a) there exists exactly one root of the equation
¢ (%)./'(x) +¢"(x)./(x)=0and (a, B)

(b) there exists at least one root of the equation
O ()1 () +¢"(x).f(x) =0 and (a, B)

(c) there exists odd number of roots of the equation
¢ (%)./"(x) +¢"(x)./(x)=0and (a, B)

(d) None of these

The diagram shows the graph of the derivative of a function

f(x) for 0 <x <4 with /(0) =0. Which of the following could
be correct statements for y =£(x) ?

0123{?{

(a) Tangent line to y = f (x) at x = 0 makes an angle of
sec’! /5 with the x-axis.
(b) f1is strictly increasing in (0, 3)

(c) x=11is both an inflection point as well as point of local
extremum.

(d) Number of critical point on y = f(x) is two.

Iff: [-1, 1] — R is a continuously differentiable function
suchthat f(1)>f(~1)and |f'(y)|<1forally € [-1, 1] then

(a) there existsanx € [-1, 1] such that f"(x) >0
(b) there exists an x € [-1, 1] such that f"(x) <0
©f()<f(-1)+2

(dfE=D . f(1)<0

In atriangle ABC

33

(a) sinAsin Bsin C < Y

9
(b) sin? A+ sin’B +sin’C < 1

(c) sin A sin B sin C is always positive

(d) sin A+sin’B=1+cos C

Assertion Reason Type Questions

62.

63.

64.

65.

66.

67.

Assertion : If g (x) is a differentiable function g(1) # 0,
g (-1) # 0 and Rolles theorem is not applicable to

x* -1
Sx)= (%) in [-1, 1], then g(x) has atleast one root
in(-1,1)

Reason : Iff(a) =f(b), then Rolles theorem is applicable
forx € (a,b)

(a)A (b)B
(©)C (d)D

Assertion : The equation 3x?+4ax +b =0 has at least one
rootin (0, 1),if3+4a=0.

Reason : /' (x) =3x?+4ax +b is continuous and differentiable
in the interval (0, 1).

(@A (b)B
©C (dD
Assertion The greatest of the numbers

12 173 1/4 1/5 1/6 175 173
1,212 315 415 515 6Y6 7V71g 315,

Reason : x'™is increasing for x < e and decreasing for

X>e€.
(a)A (b)B
(©C (dD

Assertion : Letf: [0, ©0)—[0, ) and g : [0, ©)—[0, ©) be
non-increasing and non-decreasing functions respectively
and & (x) =g (f(x)). If fand g are differentiable for all points
in their respective domains and 4 (0) = 0 then 4 (x) is
constant function.

Reason : g(x) € [0,00)= A (x)>0and &~ (x) <0.
() A (b)B
(©)C @D

Assertion : If /(x) is increasing function with concavity
upwards, then concavity of /! (x) is also upwards.

Reason : If / (x) is decreasing function with concavity
upwards, then concavity of /! (x) is also upwards.

(@A (b)B
©C (dD

Assertion : Let /(x) =5 — 4 (x — 2)*3, then at x = 2 the
function f'(x) attains neither least value nor greatest value.

Reason : x =2 is the only critical point of /().
(@A (b)B
©C (dD
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68.

69.

70.

71.

Assertion : The largest term in the sequence

2 2/3
a, :m,neNis%.
XZ
Reason : f(x) ZM’ x>0, then at x = (400)'3,
f(x)is maximum.
(a)A (b)B
(©)C (dD

Assertion : for any triangle ABC

. (A+B+C)_sinA+sinB+sinC
sin >
3 3
Reason : y = sin x is concave downward for x € (0, «].
(A (b)B
(cC (dD

Assertion : Among all the rectangles of given perimeter,
the square has the largest area. Also among all the
rectangles of given area, the square has the least perimeter.

Reason : For x>0, y> 0, if x + y = const, then xy will be
maximum for y = x and if Xy = const, then x + y will be
minimum for y =x.

(@A (b)B
©C (dD

Assertion : The minimum distance of the fixed point
0<y, < 1 2%
(0,'y,), where 0=y, <=, from the curve y = x*is y,,

Reason : Maxima and minima of a function is always a root
of the equationf " (x) =0.

(a)A
(c)C

(®)B
(d)D

Paragraph Type Questions

Using the following passage, solve Q.72 to Q.74

72.

Passage
Consider a function f(x)= (a L x) (4 — 3x?) where
o

‘o’ is a positive parameter

Number of points of extrema of /(x) for a given value of a
is

@0 (b1

(©)2 ()3

73.

74.

Absolute difference between local maximum and local
minimum values of f(x) in terms of o is

4( 1Y 2( 1Y
@5 (f“g] (b) g[‘“;)

3
1
(© [Ot +gj (d) independent of o

Least possible value of the absolute difference between
local maximum and local minimum values of f(x) is

32 16
@ (b) r

8 1
© 9 (d) 9

Using the following passage, solve Q.75 to Q.77

75.

76.

77.

Passage
Letf' (sinx)<0 andf,,(sinx)>0 Y x E(O’g)

Now consider a function g (x) =f(sin x) + f(cos x)

g (x) decreases if x belongs to

w(0F]
&)
© 163

g (x) increase if x belongs to

w(0.5) o
N (
(c) 8’3 (d)

Ej
"3
The set of critical points of g (x) is

{ E}
(b) ’ 3

(d) none of these

(d) none of these

)

o3

>

~1a

oA

Y]

>

|3
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Using the following passage, solve Q.78 to Q.80

78.

79.

80.

Passage
Consider the function f(x) =max {x% (1 —x)% 2x (1 —x)}
where 0 <x<1.

The interval in which £(x) is increasing is

12 11
(a) (g’gj (b) (g’ Ej

11 12 11 2
o533 w6y
The interval in which f(x) is decreasing is

12 11
(a) (g’gj (b) (g’ Ej

1 12 1 2

o3z @l

LetRMVT is applicable for f(x) on (a,b) thena+b+cis

(where c is point such that £ * (c) = 0)

2 1
(a) 3 (b) 3

1 3
(©) 5 (d 3

Using the following passage, solve Q.81 to Q.83

81.

Passage

Consider f, g and h be three real valued differentiable
functions defined on R.

Letg (x)=x’+g"(1)x*+ (3¢ (1)-g"(D) - 1) x+3g'(1),
f(x)=xg(x)—12x+ 1 and f(x) = (h (x))*where h (0)=1.
The function y = f(x) has

(a) Exactly one local minima and no local maxima

(b) Exactly one local maxima and no local minima

(c) Exactly one local maxima and two local minima

(d) Exactly two local maxima and one local minima

82.

83.

Which of the following is/are true for the function y=g(x)?

(a) g (x) monotonically decreases in

(ool

(b) g (x) monotonically increases in

1 1
2——,2+—
F25)
(c) There exists exactly one tangent to y = g(x) which is
parallel to the chord joining the points (1, g (1)) and

(3,20))
(d) There exists exactly two distinct Lagrange’s Mean Value
in (0, 4) for the function y = g(x).

Which one of the following does not hold good for
y=h(x)?

(a) Exactly one critical point

(b) No point of inflection

(c) Exactly one real zero in (0, 3)

(d) Exactly one tangent parallel to x-axis

Match the Column

84.

Column - II
0,1

Column-1I

(A) Theequationx/ogx=3—-xhas (P)
at least one root in

B) If27a+9b+3c+d=0,thenthe (Q)

equation 4ax +3bx +2cx + d=0

(1,3)

has at least one root in

© Ifc:\/g&f(x):XﬁL%then ®) (0,3

interval of x in which LMVT
is applicable for f(x), is

D) Ifc =% &f(x)=2x—x , then ©) (L1

interval of x in which LM VT is
applicable for f(x), is
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8s. Column -1 Column - IT
(A) Ifxisreal, then the greatestand (P) 3

least value of the expression

X+2 .
22 +3x+6

(B) Ifatb=1;a>0,b>0,thenthe (Q)

W | —

minimum value of

et

(©) Themaximum value attainedby (R) 5
y=10—|x-10,— 1 <x<3,is

(D) IfP(t%2t),t [0,2]isan (S) —%
arbitrary point on parabola y>=4x.
Q is foot of perpendicular from
focus S on the tangent at P, then
maximum area of triangle PQS is
86. Column -1 Column - IT

(A) The dimensions of the rectangle ([P) 6
of perimeter 36 cm, which sweeps
out the largest volume when
revolved about one of its sides, are

(B) LetA(-1,2)and B (2,3) be two
fixed points, A point P lying on

Q 2

y = x such that perimeter of
triangle PAB is minimum, then
sum of the abscissa and ordinate
of point P, is
(©) Ifx, and x,are abscissae of two2 ®R 4
points on the curve f(X) =x — X
in the interval [0, 1], then maximum
value of expression

(X, +x)— (x] +x3) is

(D) The number of non-zero integral (S)  1/2
values of ‘a’ for which the function
2

4 3 3x .
fx)=x tax + S +1is concave

upward along the entire real line is

T 2

Subjective Type Questions

87.

88.

89.

90.

91.

92.

If f (x) is a twice differentiable function such that
f@=0,7(b)=2,1(c)=-1,/(d)=2,1(e) =0, where
a<b <c<d-<e, find the minimum number of zeroes of
gX)=(" )+ (x)f (x)inthe interval [a, ].

From a given solid cone of height ‘H’, another inverted
cone is carved such that its volume is maximum. Then find
the ratio of height of the cone and height of the

inscribed cone.

If o is an integer satisfying |o| < 5 —| [x] |, where x is a real
number for which 2x tan™ x is greater than or equal to
In (1 +x?), then find the number of maximum possible values
of a.. (where [ . ] represents the greatest integer function)
The circle x*> + y> =1 cuts the x-axis at P and Q. Another
circle with centre at Q and variable radius intersects the
first circle at R above the x-axis and the line segment PQ at

S. If Ais the maximum area of the triangle QSR then 33
A is equal to

A cylinderical vessel of volume 25 % cu metres, open at

the top is to be manufactured from a sheet of metal. (The
value of & is taken as 22/7). If r and h are the radius and
height of the vessel so that amount of metal is used in the
least possible then rh is equal to

If k is a positive integer, such that

7
(i) cos’xsin X > s for all x

7
(i) cos’xsin X < Tkl for some x, then k must be equal

to
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EXERCISE - 4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS

Objective Question I [Only one correct option|]

1.

If p, g, r are any real numbers, then

(a) max (p, q) <max (p, q, r)

(1982)

1
(b) min (p, q) = 3 ip+q-lp—dl}

(¢) max (p, q) <min (p, q, 1)
(d) None of the above

If y = a log |x| + bx? + x has its extremum values at

x=—1 and x =2, then (1983)
(a)a=2,b=-1 (b)a=2,b=-1/2
(c)a=-2,b=1/2 (d) None of these

The normal to the curve x = a (cos 6 + 0 sin 0),
y=a(sin 0 — 0 cos 0) at any point ‘O’ is such that  (1983)
(a) it makes a constant angle with the x—axis

(b) it passes through the origin

(c) it is at a constant distance from the origin

(d) None of the above

Ifa+b+ ¢ =0, then the quadratic equation 3ax>+ 2bx + ¢
=0 has (1983)

(a) at least one root in (0, 1)

(b) one root in (2, 3) and the other in (-2, 1)
(c) imaginary roots

(d) None of the above

LetP(x)=a,+ax*+ax*'+...+ a x’beapolynomial ina
real variable x with 0 <a <a <a, <...<a.The function P
(x) has (1986)

(a) neither a maxima nor a minima

(b) only one maxima

(c) only one minima

(d) only one maxima and only one minima

Let f and g be increasing and decreasing functions
respectively from [0, o) to [0,00). Let h (x) = £ (g(x)). If

h(0)=0,thenh (x)—h(1)is (1987)
(a) always negative (b) always positive
(c) strictly increasing (d) None of these
log ( T+ x)
The function f(x) = log(e+ x) is (1995)

(a) increasing on (0, )

(b) decreasing on (0, )

10.

11.

12.

13.

14.

(c) increasing on (0, m/e), decreasing on (1/e, )
(d) decreasing on (0, 7t/e), increasing on (1/e, )

The slope of tangent to a curve y=f(x) at [x, f(X)] is 2x + 1. Ifthe
curve passes through the point (1, 2), then the area bounded
by the curve, the x—axis and the linex =1, is

(1995)
(2) 5/6 (b) 6/5
() 1/6 )6

On the inverval [0, 1] the function x* (1 — x)” takes its

maximum value at the point. (1995)
(20 (b) 1/4
()12 (d)1/3

X

1760 = sinx

this interval :

and g(x) = = ,where 0 <x <1, thenin
tan x

(1997)
(a) both f'(x) and g(x) are increasing functions

(b) both f(x) and g(x) are decreasing functions

(¢) f(x) is an increasing function

(d) g (x) is an increasing function

The number of values of x, where the function
f(x)=cosx+cos (\/EX) attains its maximum, is

(1998)
@0 (b)1
(©)2 (d) infinite

x*-1
Iff(x)= NENTL for every real number X, then the minimum

value of f (1998)
(a) does not exist because fis unbounded.
(b) is not attained even though f'is bounded
(c)isequalto 1 (d) is equal to —1
The function f(x) = sin* x + cos* X increases, if ~ (1999)
(a) 0<x<E (b) E<x<3—rE
8 4 8

(C) 3_TC<X<5_TC (d) 5_TC<X<3_TC

8 8 8 4
Forallx € (0, 1) (2000)
(a)e"<1+x (b) log, (1 +x)<x
(c)sinx>x (d) log, x>x
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15.

16.

17.

18.

19.

20.

21.

Let £ (x) —jex (x—1)(x—2)dx. Then f decreases in the

interval (2000)
(a) (-0, -2) () (=2,-1)
(©)(1,2) (d) (2, )

for 0<|x|<2

Letf(x)= {' X1|’ Then, at x =0, fhas

for x=0
(2000)
(a) alocal maximum (b) no local maximum
(c) alocal minimum (d) no extremum

If the normal to the curve, y =£(x) at the point (3, 4) makes

an angle 3mn/4 with the positive x-—axis,
then /' (3) is equal to (2000)
(a)—1 (b)-3/4

(c)4/3 (@1

Iff(x) = xe*™, then f (x) is (2001)

1
(a) increasing in [_Eal} (b) decreasing in R

(c) increasing in R

1
(d) decreasing in {—5,1}

The maximum value of (cos &) . (cos @) . . (cos o ), under

.. T
the restrictions 0 <o, o, .... & < = and

2
(cota).(cota,). .(cota,)=1is (2001)
1 oL
(a) 2n/2 ( ) 2n
L a1
O (@

The length of a longest interval in which the function

3sin x — 4 sin® x is increasing, is (2002)
ki o

@ 3 (b) 5
3 d

© 5 @

The point(s) on the curve y* + 3x? = 12 y where the tangent

is vertical, is (are) (2002)
4 11

(@) [igﬂj (b) H?OJ

4

+—,2

@ [+ 3 ]

(c) (0,0)

22.

23.

24,

25.

26.

27.

28.

29.

The equation of the common tangent to the curves

y?=8xand xy=-11is (2002)
(2)3y=9x+2 (b)y=2x+1
(c)2y=x+8 (d)y=x+2

Iff(x) =x+2bx +2¢? and g (x) =—x*>—2cx + b?such that min
f (x) > max g (x), then the relation between
bandc,is— (2003)

(a) noreal value ofb& ¢ (b) 0<c<by/2

©) |e|<[o|v2 (d) [e[>[v|v2

Iff(x) =x3+bx*+cx+dand 0 <b*<c, then in (—o0, )
(2004)

(a) f(x) is strictly increasing function

(b) f(x) has a local maxima

(¢) f(x) is strictly decreasing function

(d) f(x) is bounded.

If £ (x) is differentiable and strictly increasing function,

then the value of / imm is

=0 ()= £(0)
(@1 (b)0
()1 (d)2

Tangents are drawn to the ellipse x> + 2y? = 2, then the
locus of the mid point of the intercept made by the tangents
between the coordinate axes is (2004)

(2004)

1 1 1 1

—+—=1 —+—=1
(a) 2x? 4y2 (b) 4x* 2y2

2 2 2 2

y x|y
—+=—=1 —+—=1

© 2 4 @ 4 2

The angle between the tangents drawn from the point

(1, 4) to the parabola y>=4x is (2004)
(a) /6 (b) /4
(c)m/3 (d)yn/2

The second degree polynomial f'(x), satisfying f (0) = 0,
f()=1,f " (x)>0forallxe (0,1): (2005)

@fx)=¢

(b)f(x)=ax+(1-a)x*; V a e (0,9
(©)f(x)=ax+(1-a)x*ae(0,2)

(d) No such polynomial

The tangent at (1, 7) to the curve x* =y — 6 touches the circle

x*+y*+16x+12y+c=0at (2005)
@(6,7) (b)(=6,7)
(©(6,-7) (d) (=6,-7)
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30. The tangent to the curve y = e*drawn at the point (c, €°)
. L . 36 47
intersects the line joining the points (¢ — 1, e°~!) and (@) == (b) ==
(c+1,eY) (2007) 73 7
(a) onthe leftof x=c¢ (b) on the right of x =¢ 78
(c) at no point (d) at all points © E (d) g
31, Let the function g : (oo, 0c) —» (_ k3 ’ k3 ) be given by Objective Questions II [One or more than one correct option]
2°2 36.  Ifthe line ax + by + ¢ = 0 is a normal to the curve xy = 1,
n then (1986)
g (w)=2tan"(e") — - Then, g is (2008) (@)a>0,b>0 (b)a>0,b<0
(a) even and is strictly increasing in (0, ) (€)a<0,b>0 (d)a<0,b<0
(b) odd and is strictly decreasing in (—o0, ) 3x7+12x—1, —1<x<2
(c) odd and is strictly increasing in (—o, %) 37. /)= 37-x, 2<x<3 then (1993)
(d) ?_esoth;; even nor odd, but is strictly increasing in (a)/(x) is increasing on [1, 2]
32.  The total number of local maxima and local minima of the (b)f(x)is continuous on [1, 3]
\ (c)f" (2) does not exist
2+x), -3<x<-1 . _
function f(x) = s i (2008) (d) f(x) has the maximum value atx = 2.
x3, -1<x<2 38. Leth(x)=f(x)-(f(x))*+ (f(x))’ for every real number x.
Then (1998)
(@0 ®)1 (a) his increasing whenever f'is increasing.
©2 d)3 (b) h is increasing whenever fis decreasing.
33. Let £, g and h be real-valued functions defined on the . . . .
(c) h is decreasing whenever f'is decreasing.
2 2 2 2
interval [0, 1]by f(x)=¢€* +e* , g(x)=xe" +¢e™ and (d) nothing can be said in general
h(x) = x%* +e* .Ifa, band c denote respectively, the 39.  The function
absolute maximum of f, gand hon [0, 1], then ~ (2010) o , S
(a@a=bandc#b (b)a=canda=b f(x)zj‘lt(e _1)(t_1)(t_2) (t=3)'dt  has local
()a#bandc#b (da=b=c minimum at X equals to (1999)
34.  The number of points in (—oo, o), for which (2)0 (b)1
x?—xsinx—cosx=0, is (2013) ©)2 @3
(a)6 (b)4 40.  Onthe ellipse 4x>+ 9y? = 1, the point at which the tangents
(c)2 @o are parallel to the line 8x =9y, are (1999)
35. A computer producing factory has only two plants T,

and T,. Plant T, produces 20% and plant T, produces
80% of the total computers produced. 7% of computers
produced in the factory turn out to be defective. It is
known that P (computer turns out to be defective given
that it is produced in plant T,) = 10P (computer turns out
to be defective given that it is produced in plant T ), where
P(E) denotes the probability of an event E. A computer
produced in the factory is randomly selected and it does
not turn out to be defective. Then the probability that it is
produced in plants T, is (2016)

21
@ |55

2 1
©(757s

21
o753
2 1
@573
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41.

42.

43.

44.

If £ (x) is cubic polynomial which has local maximum at
x=-1.1ff(2)=18, f(1)=—1 and f* (x) has local minimum at
x =0, then (2006)

(a) the distance between (-1, 2) and (a, f(a)) where x =a is

the point of local minima, is 2+/5 .
(b) f(x) is increasing for x € [1, 2\/5 ]

(c) f(x) has local minima atx = 1
(d) the value of /(0) =5

e’ 0<x<l1
If f(x)=42—¢"", 1<x<2
x—e, 2<x<3

and g(x) = .[Oxf(t)dt, x e [1, 3], then (2006)

(a) g (x) has local maxima at x = 1 +log 2 and local minima
atx=e

(b) f(x) haslocal maxima atx = 1 and local minima at x=2
(¢) g (x) has no local minima

(d) £(x) has no local maxima

For the function f(x) =x cos l, x>1. (2009)
X

(a) for at least one x in the interval
[1’ 00)7 f(X+2)_f(X) <2

(b) lim f'(x)=1
(c) forall x in the interval [1, o), f(x + 2) — f(x) > 2

(d) f' (x) is strictly decreasing in the interval [1, o)

Let f be a real-valued function defined on the interval

(0, 0), by f(x) = Inx+ [ \fI+sintdt . Then which of the
0

following statement(s) is (are) true ?

(a) f"(x) exists for all x € (0, )

(b) f'(x) exists for all x € (0, o) and " is continuous on (0,
o), but not differentiable on (0, ©)

(c) there exists o > 1 such that ' (x)| < | fix)| for all
x € (o, )

(d) there exists > 0 such that |f(x) |+ | f'(x)| < B fromall x
€ (0, 0)

(2010)

49
45. A rectangular sheet of fixed perimeter with sides having
their lengths in the ratio 8 : 15 is converted into an open
rectangular box by folding after removing squares of equal
area from all four corners. If the total area of removed
squares is 100, the resulting box has maximum volume.
The lengths of the sides of the rectangular sheet are
(2013)
(2)24 (b)32
(c)45 (d) 60
46.  The function f(x) =2|x|+ |x + 2| —|[x + 2| — 2| x|| has a local
minimum or a local maximum at x is equal to
(2013)
2 b =2
2 d 2
(c) @ 3
47. Leta € Randlet f/: R — Rbe given by
fx)=x-5x+a.
Then (2014)
(a) f(x) has three real roots ifa> 4
(b) f(x) has only one real root ifa > 4
(¢) f(x) has three real roots ifa < —4
(d) f(x) has three real roots if —4 < a <4
48. Letf: R > (0,o)and g: R — R, be twice differentiable
functions such that " and g'" are continuous functions
on . Suppose f'(2)=g(2)=0, f"" (2)#0and g' (2) 0. If
then (2016)
(a) fhas a local minimum at x =2
(b) fhas a local maximum at x =2
©/"2)=/(2)
(d) f(x)—f"(x)=0 for at least one x €
Integer Type Questions
49.  Themaximum value of the function f(x)=2x>—15x*>+36x —48
onthe setA= {x [x*+20<9x} is .........
(2009)
50.  The maximum value of the expression
1
sin® 0+3sin@cos0+5cos’® 1S (2010)
51.  LetfDbe a function defined on R (the set of all real numbers)

such that /" (x) =2010 (x —2009) (x —2010)*(x —2011)?
(x—2012)* forall x € R. If g is a function defined on R with
values in the interval (0, o) such that /(x) = 1n (g(x)), for all
x € R, then the number of points in R at which g has a local
maximumis... (2010)
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52.  The number of distinct real roots of Match the Columns
x4+ 12x2+x—-1=0is..... (2011) Match the conditions/expressions in Column I with
53.  Letp (x) be areal polynomial of least degree which has a statement in Column II.
local maximum at x = 1 and a local minimum atx =3.If | 62. Let the functions defined in Column I have domain
p(1)=6andp (3)=2, thenp’ (0)is (2012) (-n/2, /2)
54. Letf:R — R be defined as f(x) = [x| + [x* — 1]. The total Column1 Column II
number of p.o%nts at 'which fattains either a local maximum (A) x+sinx (p) increasing
or alocal minimum is (2012) .
i ) ) ] ) (B) secx (q) decreasing
55. A vertical line passing through the point (h, 0) intersects . . . .
(r) neither increasing nor decreasing
2 2
the ellipse S AN g the points P and Q. Let the (2008)
4 3
. . Passage Based Problem
tangents to the ellipse at P and Q meet at the point R. If
Al fthe APOR. A A and Read the following passage and answer the questions.
= 1 = max
(h) =area of the APQR, 4, 12<h<1 (hyan Consider the function f: (o0, ) — (-0, ) defined by
- mi 8 - X’ —ax+1
A,= min A(h), then 5 A, —8A,isequalto  (2013) (x)—m, 0<a<?2. (2008)
56.  Theslope of the tangent to the curve (y—x°)*=x(1 +x*)?at | 63.  Which of the following is true ?
the point (1, 3) is (2014) (@) 2+a)’f" (1) +(2—-a)f" (-1)=0
57. A cylindrical container is to be made from certain solid (b) (2 —a)f" (1)~ 2 +ayf" (-1)=0
material with the following constraints : It has a fixed YDV (1) = (2 — )
inner volume of V. mm’, has a 2 mm thick solid wall and is @ Mf H=C2-a)
open at the top. The bottom of the container is a solid @/ (f 1)=-Q2+a)y
circular disc .of thickness 2 mm and is of radius equal to | ¢4.  Which of the following is true ?
the outer radius of the container. (a) f(x) is decreasing on (—1, 1) and has alocal minimumatx = 1.
If the volume of material used to make the container is (b)/(x)isincreasingon (1, 1) and hasa local maximumatx=1
minimum when the inner radius of the container is 10 mm, € ’ ’
v (c) f (x) is increasing on (-1, 1) but has neither a local
then the value of 350 is (2015) maximum nor a local minimumatx =1.
T
(d) f(x) is decreasing on (-1, 1) but has neither a local
FILLINTHE BLANKS maximum nor a local minimum atx = 1.
58.  The function y = 2x? — Jog |x| is monotonically increasing . ( )
for values of x(#0), satisfying the inequalities... and AL . . 0
monotonically decreasing for values of x satisfying the 65.  Letg(x) o 1+t dt. Which of the following is true *
inequalities... (1983) . N .
59.  The setofall x for which /og (1 + x) <x is equal to... (a) g’ (x) is positive on (—e0, 0) and negative on (0, o)
(1987) (b) g’ (x) is negative on (-0, 0) and positive on (0, )
60.  IfA>0,B>0and A+B =13, then the maximum value of (¢) ' (x) changes sign on both (o, 0) and (0, e)
tan Atan B is..... (1993) (d) g’ (x) does not change sign (—o0, o)
61. LetCbethecurvey®—3xy+2=0.IfH is the set of points Paragraph
on the curve C where the tangent is horizontal & V is the Consider the polynomial f(x) =1 +2x +3x +4x". Let s be
set of points on the curve C where the tangent is vertical, the sum of all distinct real roots of £ (x) and let t = |s|
thenH=....and V=..... (1994) (2010)
66.  The real numbers s lies in the interval

3
(®) (—1 L—ﬂ
1
(d) [O,Z)

1
(a) [_Zaoj

3 1
©-3-3)
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67.

68.

69.

70.

71.

The area bounded by the curve y = f(x) and the lines x =0,

y=0and x =t, lies in the interval

()(3 3j ) 21 11

a)|—, —,—
4 64’16

©9.10) @ ( 21)

The function f' (x) is

1
(a) increasing in (—t,—ZJ and decreasing in (—

1
(b) decreasing in E—t,—z) and increasing in (—

(c) increasing in (—t, t)

(d) decreasing in (-, t)

Paragraph
Let f(x) = (1-x)*sin’x + x*for all x € Rand let

g(x)= j(z(t ~In tjf(t)dtforallxe(l )

Which of the following is true ?

(a) g is increasing on (1, )

(b) g is decreasing on (1, )

(c) gis increasing on (1, 2) and decreasing on (2,

(d) g is decreasing on (1, 2) and increasing on (2,

Consider the statements

P : There exists some x € R such that

f(x)+2x=2(1+x3)

Q : There exists some x € R such that

2f(x)+1=2x(1+x)

Then,

(a) Both P and Q are true  (b) Pistrueand Q is

(c) Pisfalse and Q istrue (d) Both P and Q are
Paragraph

Letf: [0, 1] — R (the set of all real numbers) be a function.
Suppose the function fis twice differentiable, £ (0) =1(1)=0

and satisfies " (x) - 2f' (x) + f(x) > e, x € [0, 1].
Which of the following is true for 0 <x <1 ?

(a) 0 <f(x) <oo (b) —%<f(x)<%

(©) —%<f(x)<l (d)—0<f(x)<0

(2012)

)

)

(2012)
false

false

(2013)

72.  Ifthe function e™f (x) assumes its minimum in the interval

[0,1]at x = %, which of the following is true ?  (2013)
(@) f'(x) < f(x) l< X <é
"4 4
, 1
(b) f'(x) >f(x),0<x<z
, 1
(©f (x)<f(x),0<x<z

(d) f’(x)<f(x),%<x<l

Paragraph
Let f(x)=x+log x—xlog x, X € (0, oo) .
Column 1 contains information about zeros of f(x), f*(x) and
(x).

Column 2 contains information about the limiting behavior of
f(x), f’(x) and ”’(s) at infinity.

Column 3 contains information about increasing/decreasing
nature of f(x) and f’(x).

Column 1 Column 2 Column 3

(D) f(x) = 0 for some (i) lim,_, f(x)=0 (P) fis increasing in (0, 1)

xe(l, ¢?)

(ID) £(x) = 0 for some (ii)lim,_,, f(x)=—0 (Q) fis decreasing in (e, €?)
xe(l, e)

) £’(x) = 0 for some (iii)lim,_,, f'(x)=—= (R) f is increasing in (0, 1)
xe(0,1)

(IV) £7(x)=0 for some (iv)lim,_, f"(x)=0 (S) f” is decreasing in (e, %)

xe(le)

(2017)

73.  Which of the following options is the only CORRECT
combination ?

(@) (D (i) (R) bYAVYDH(S)
() (D) (iv) (P) (d) (D) (iii) (S)

74.  Which of the following options is the only CORRECT
combination ?

@ D @) (P) (b) D (1) (Q)
(c) (I (iii) (R) (dAV) (@) (S)
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75.  Which of'the following options is the only INCORRECT | 86.  Find the point on the curve 4x* + ay* = 4a% 4 <a’< 8§ that
combination ? is farthest from the point (0, -2). (1987)
(a) (D) (ii1) (P) (b) (D) (iii) (P) 87.  ApointP is given on the circumference of a circle of radius
. . . Chord QR is parallel to the tangent at P. Determine the
¢) (I (i) (R d) (1) (iv §
©AHOH®) @M Q maximum possible area of the triangle PQR. (1990)
True/Fal
raertalse 88.  Show that
76. For 0 <a <x, the minimum value of function
. T
log, x + log ais 2. (1984) 2sinx+2 tanx 23x, where 0 <x< - (1990)
Analytical and Descriptive Questions
77. Let x and y be two real variables such that x > 0 and 89. A Wll’l'd(?W of fixed perimeter (including the base of th.e
xy = 1. Find the minimum value of x + . (1981) a.rch) is in the .for.m ofa rect.anglle surmognted by a semi-
, B circle. The semi-circular portion is fitted with coloured glass
78. Ifax*+b/x2c fcz)r all}posmve x where a > 0 and while the rectangular part is fitted with clear glass. The
b>0, show that 27ab* > 4¢”. (1982) clear glass transmits three times as much light per square
79.  Iff(x) and g(x) are differentiable function for 0 <x <1 such meter as the coloured glass does.
that/(0)=2,g(0)=0,/(1)=6,g(1)=2. What is the ratio for the sides of the rectangle so that the
Then show that there exists ¢ satisfying 0 < ¢ < 1 and window transmits the maximum light ? (1991)
f'(©)=2¢" (o). (1982) 90. Three normals are drawn from the point (c, 0) to the curve
80.  Show that 1
y2=X. Show that ¢ must be greater than — . One normal is
1+x1log (x + x> +1)> 1+ x* forallx>0.  (1983) 2
always the x—axis. Find ¢ for which the other two normals
81. A swimmer S is in the sea at a distance d km from the are perpendicular to each other. (1991)
closest point A on a straight shore. The house of the 5
= ?
swimmer is on the shore at a distance L km from A. He can 91.  Whatnormal to the curve y =x* forms the shortest chord?
swim at a speed of u km/h and walk at a speed of (1992)
v km/h (v > u). At what point on the shore should he land | 92.  Find the equation of the normal to the curve
so that he reaches his house in the shortest possible time? y=(1 +x)+sin"! (sin’x) at x =0 (1993)
(1983) 93.  Tangent at a point P, {other than (0, 0)} on the curve
X y = x’meets the curve again at P,. The tangent at P, meets
82.  Find the coordinates of the point on the curve y = Tl the curve at P,, and so on. Show that the abscissae of
P,P,P....,P, formaGP.Also find the ratio
where the tangent to the curve has the greatest slope. [area (AP P P))/[arca (AP,P P.)] (1993)
(1984)
; (bB’-b*+b-1)
s - T T . . X +—————, 0<x<1
83. Letf(x)=sin’x+Asin’x, ——<x<—. Findtheintervalsin | 94. Let f(X)= (b®> +3b+2)
2 2
2x -3, 1<x<3
which A should lie in the order that f'(x) has exactly one
minima and exactly one maxima. (1985) Find all possible real values of b such that /' (x) has the
84. Find all the tangents to the curve y = cos (x +y), smallest value atx = 1. (1993)
—2n<x<2m, that are parallel to the line x + 2y =0. 95.  The circle x>+ y?>= 1 cuts the x—axis at P and Q. Another
(1985) circle with centre at Q and variable radius intersects the
85.  LetA(p—p) B (¢, q). C (©, — ) be the vertices of the first circle at R above the x—axis and the line segment PQ at

triangle ABC. A parallelogram AFDE is drawn with vertices
D, E and F on the line segments. BC, CA and AB
respectively. Using calculus, show that maximum area of

1
such a parallelogram is 7 Ptq(@+r)(p-1r) (1986)

S. Find the maximum area of the triangle QSR.
(1994)
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96.

97.

98.

99.

100.

101.

102.

103.

The curve y = ax® + bx* + ¢x + 5, touches the x—axis at
P (-2, 0) and cuts the y — axis at a point Q, where its
gradientis 3. Find a, b, c. (1994)

Let (h, k) be a fixed point, where h > 0, k> 0. A straight line
passing through this point cuts the positive directions of
the coordinate axes at the points P and Q. Find the minimum
area of the triangle OPQ, O being the origin.

(1995)

Determine the points of maxima and minima of the function
1 .
fx)= y Inx—bx +x% x>0 where b > 0 is a constant.

(1996)

xe™, x<0

x+ax’-x>, x>0

Let f(x) :{

where a is a positive constant. Find the interval in which
f* (x)is increasing. (1996)

Suppose, f (x) is a function satisfying the following
conditions

@f(0)=2,1(1)=1

5
(b) has a minimum value at x = 2 and

2ax 2ax —1 2ax+b+1
(0) Vx, f'(x)= b b+1 -1
2(ax+b) 2ax+2b+1 2ax+b

where, a, b are some constants. Determine the constant a,
b and the function f(x). (1998)

Let— 1 <p < 1. Show that the equation 4x* —3x —p =0 has

a unique root in the interval [%, 1} and identify it.

(2001)

A straight line L with negative slope passes through the
point (8, 2) and cuts the positive coordinate axes at points
P and Q. Find the absolute minimum value of OP + OQ, as
L varies, where O is the origin. (2002)

Find a point on the curve x>+ 2y?*= 6 whose distance from
the linex + y=7, is minimum. (2003)

104.

10sS.

106.

107.

108.

109.

For the circle x?+ y*=r?, find the value of r for which the
area enclosed by the tangents drawn from the point
P (6, 8) to the circle and the chord of contact is maximum.

(2003)
dP(x)
IfP(1)=0and d >P (x) for all x> 1, then prove that
X
P (x)>0forallx>1. (2003)

Using the relation 2 (1 — cos x) < x?, x # 0 or otherwise,

prove that sin (tanx) > x, ¥V x [O’E} (2003)
4
3x. 1
Prove that sin x +2x > MV X € [O, E} .
i 2
(Justify the inequality, if any used). (2004)

If|f(x)—f(x)|<(x,—x,)’, forallx , x, € R. Find the equation

2
of tangent to the curve y = f (x) at the point

(1,2). (2005)

If £ (x) is twice differentiable function such that
f@)=0,7(b)=2,1(c)=-1,f(d) =2, f(e) =0, where
a<b <c<d<e, then the minimum number of zeroes of
gX)={f" ®)}*+f7(x).f(x)inthe interval [a, e] is ?
(20006)

110. Forall 6 in [0, 7/2], show that cos (sin 0) > sin (cos 0).

Assertion Type Question

111.

(a)Forallx € (0,1): (2000)
(a)er<1+x (b)log, (1+x)<x
(c)sinx>x (d)log, x>x

(b) Consider the folloiwng statement S and R :

S : Both sin x & cos x are decreasing functions in the
interval (7/2, ).

R : If a differentiable function decreases in an interval
(a, b), then its derivative also decreases in (a, b).

Which of the following is true ?
(a) both S and R are wrong

(b) both S and R are correct, but R is not the correct
explanation for S.

(c) Siis correct and R is the correct explanation for S

(d) Sis correct and R is wrong.
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ANSWER KEY

EXERCISE -1 : BASIC OBJECTIVE QUESTIONS

1.(c) 2.(c) 3.(c) 4.(a) 5.(b) 6.(d) 7.(b) 8. (b) 9.(c) 10. (b)
11.(d) 12.(a) 13.(a) 14.(d) 15.(c) 16.(c) 17.(a) 18.(a) 19.(d) 20.(c)
21.(c) 22.(a) 23.(c) 24.(c) 25.(a) 26.(a) 27.(c) 28.(d) 29.(b) 30.(d)
31.(a) 32.(b) 33.(c) 34.(a) 35.(a) 36.(c) 37.(a) 38.(a) 39.(d) 40. (b)
41.(a) 42.(a) 43.(a) 44.(d) 45.(b) 46.(c) 47.(b) 48.(c) 49.(b) 50. (a)
51.(abed) 52.(ab)  53.(bc)  54.(c) 55.(d) 56.(bc)  57.(b) 58.(c) 59.(bc)  60.(a,d)
61.(c) 62.(a) 63.(a) 64.(abc) 65.(bec)  66.(abd) 67.(a) 68. (b) 69. (b) 70. (a)
71.(b) 72.(d) 73.(d) 74.(d) 75.(c) 76.(c) 77. (b) 78.(c) 79. (b) 80.(c)
81.(d) 82.(b) 83.(c) 84.(c) 85.(b,d)  86.(a) 87.(a) 8. (b) 89. (a) 90. (a)
EXERCISE -2 : PREVIOUS YEAR JEE MAINS QUESTIONS

1.(b) 2.(a) 3.(b) 4.(c) 5.(b) 6.(a) 7.(d) 8. (b) 9. (a) 10.(b)
11.(ac)  12.(a) 13.(b) 14.(b) 15.(b) 16.(a) 17.(c) 18.(a) 19.(c) 20.(d)
21.(c) 22.(c) 23.(b) 24.(b) 25.(d) 26.(d) 27.(c) 28.(c) 29.(c) 30.(c)
31.(c) 32.(a) 33.(a) 34.(a) 35.(b) 36.(c) 37.(a) 38.(c) 39.(c) 40.(d)
41.(b) 42.(a) 43.(c) 44. (a) 45.(b) 46.(a) 47.(a) 48.(c) 49.(b) 50.(c)
51.(d) 52.(a) 53.(a) 54.(a) 55.(d) 56. (a) 57.(b)

EXERCISE -3 : ADVANCED OBJECTIVE QUESTIONS

APPLICATION OF DERIVATIVE-I

1.(b) 2.(c) 3.(c) 4.(c) 5.(d) 6.(d) 7.(d) 8.(d) 9. (a) 10. (a)
11.(b) 12.(a) 13.(b) 14.(b) 15.(c) 16.(c) 17.(a) 18.(b) 19. (a) 20. (a)
21.(d) 22.(a) 23.(b) 24. (a) 25.(c) 26.(c) 27.(a) 28.(c) 29.(a) 30.(a)
31.(b) 32.(a) 33.(abec)  34.(d) 35.(c) 36.(c) 37.(b) 38.(c) 39.(c) 40. (b)
41.(d) 42.(a) 43.(ac)  44.(abc) 45.(abcd) 46.(abed) 47.(b,c)  48.(ab)  49.(acd)  50.(bc)
5l.ad)  52.(ac)  53.(d) 54.(a) 55.(c) 56.(d) 57.(b) 58.(b) 59.(b) 60. (c)
61. (a) 62.(a) 63.(b) 64.(c) 65. (b) 66. (A)-(R), (B)~Q), (C)~(P), (D)~(S)

67.(A)«Q), (B)~(R), (C)~(P), (D)(S) 68.0025  69.0016  70.0002

APPLICATION OF DERIVATIVE-II

1.(b) 2.(a) 3.(a) 4.(b) 5.(c) 6.(b) 7.(b) 8. (a) 9.(d) 10. (c)
11.(c) 12.(d) 13.(d) l4.(ac)  15.(bc)  16.(ab)  17.(a) 18.(c) 19.(d) 20.(d)
21. (a) 22.(a) 23.(a) 24.(b) 25.(d) 26.(b) 27.(c) 28.(a) 29.(b) 30. (b)
31.(a) 32.(a) 33.(c) 34.(c) 35.(ac)  36.(c) 37.(d) 38.(a) 39.(a) 40. (b)
41.(d) 42.(b,d)  43.(d) 44. (b) 45. (a) 46.(b) 47.(c) 48. (a) 49. (a) 50.(d)
Sl.(ab)  52.(bec)  53.(bc)  Sd.(ac)  55.(bd)  S6.(acd) 57.(ab,c,d) 58.(b) 59.(a, b, d)
60.(ac)  6l.(abc) 62.(c) 63.(d) 64. (a) 65. (a) 66. (d) 67.(d) 68.(d) 69. (a)
70. (a) 71.(c) 72.(c) 73.(a) 74.(a) 75. (a) 76. (b) 77.(d) 78.(d) 79.(c)
80.(d) 81.(c) 82.(d) 83.(c)

84. (A)=Q.R), (B)-(R), (CO)~Q), (D)~(P)

87.6

88.3:1

89.0011

90.4

91.4

92.0018

85.(AHQ), (), B)P), (CO)~(P),(D)R)

86. (AP, Q), B)R), (O)S), (DHT)

I A A
F Aline
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EXERCISE -4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS

1.(b) 2.(b) 3.(c) 4.(a) 5.(c) 6.(d) 7.(b) 8. (a)
11.(b) 12.(d) 13.(b) 14.(b) 15.(c) 16. (a) 17.(d) 18. (a)
21.(d) 22.(d) 23.(d) 24.(a) 25.(c) 26.(a) 27.(c) 28.(c)
31.(c) 32.(c) 33.(d) 34.(c) 35.(c) 36.(b,c)  37.(abcd) 38.(ac)

41.(b,c) 42.(a,b) 43.(b,c,d) 44.(b,c) 45.(a,c) 46. (a,b) 47.(b,d) 48. (a,d)
51.9 52.1 53.2 54.9 55.5 56.(8) 57.(4) 58.9
59xe—10uloo xe—oo—luOl 60.x>-1 61l 62.H=0,V={1,1
. 2’ 2; s E] 2 ’2 X2 = .3 . _q), _{, }.
63.(A—>p;B—r1) 64.(a) 65.(a) 66.(c) 67.(a) 68. (b) 69. (b)
ud
72.(c) 73.(d) 74. (b) 75.(c) 76.False  77.2 81. —
Vi —u
33 T _ 3n 3\/§ 2 .
83. 7»6(—5, 5)-{0} 84. x+2y = 2 and x +2y = Y 86.(0,2) 87. Tr sq.unit
91. J2x-2y+2=0, 2x+2y-2=0 92.y+x—-1=0 93.1:16 94.be(-2,-1)U[l,x]

13 (b— b2—1) |
96. a:_E’b:_Z’°:3 97.2hk  98.Maximaatx—\ ' ) andminimaatx= Z(bﬂ/bz—l)
4

2 a 1 5 1, 5 1

-, — :—’b:——; =— —_ +2 — -1
99[ a 3} 100. a 4 4 f(X) 4X 4X lOl.cos(3cos pj
104. 5 unit 108.y—2=0 109.6 I1l.a—b; b—d

Dream on !!
P oD IR & oGH R o

9.(b) 10. (c)
19. (a) 20. (a)
29.(d) 30.(a)
39.(b,d)  40.(b,d)
49.7 50.2

70. (c) 71.(d)

82.x=0,y=0

3
89.6:6+m 90.C=Z

o5, 3
9

102.18 103.(2, 1)




