M ATHEMATICS

QUADRATIC EQUATION

INTRODUCTION TO QUADRATIC EQUATIONS

[f:é/) What you already know

General expression of a polynomial of degree ‘n’

ax"+ax"+ax?+ax+ax+.+a where a,a,a,. ER and neEW a #0

©

%@

Identify which of the following is/are a polynomial.

Quick Query 1

(@) VBx3+2x -7 (b) 3x2-6x"+5
Q2 x2-6V3x+7 (d) 3x% + —2_ + 4x
7 3

General expression of a quadratic polynomial

A polynomial of degree 2 is known as a quadratic polynomial For example:
ax?+bx+c,a,b,ceR,anda#0
For example:
—-2X+5=12+(-2)x+5 — Degree =2
~L \L \L — a,b,ceR } Quadratic polynomial
¢ —> a=12z0
it b



General form of a quadratic equation: ax?+bx+c=0,a,b,c€R,andaz0

For example:
2x2-7x+10=0 -Xx?2+5x+6=0

2x2+1=2x 3x2—4x+4=(x—1)?

Methods to find roots of a Quadratic Equation

g Completing the square method

ax’+bx+c=0,ab,ceR,andaz0 ¢« Quadratic formula
¢ Factorisation method

Solve 4x2+4V3x+3=0

Step 1:
Wehave4x2+4V§x+3=O=>4(x2+w/§x+%)=0=>x2+\/§x+%=O

Step 2:

2 2 2 2
V3) (V3) 3 ( V3 3.3 +/ v3 V3
2 '\/_ —_— | | —— —_= _| . — 4 == 3 = =St o =
x? + 3x+(2 > * 0= Ix+ > 272 O=>G(+_2 0=>x )

Concept Check 1

Find the roots of the equation: x2+ 2x-11=0

Relation between Roots and Coefficients

ax’+bx+c:a,b,ceR,anda=0

Let p and g be its roots.

S =Sum of the I’OOtS=p+q:-%

P = Product of the roots = pq = %

D = Difference of the roots = lp - gl = VFQTG’C = Ya?
Proof

Consider,

(p+q)22=p2+q2+2pq
_Q):z 2,5C b2 5c_ o, 2
:(a ID+q+2a:>a2 2a P**q

2 _
- baz28C =p2+ Q2 ;o



Now,
(p-q)P=p°+q*-2pq
- b’-2ac _,c
a? a
_ b?%-2ac-2ac
a2
_ _b?-4ac
aZ
Vb2-4ac _ VD

= - = =
p-dl al lal

Hence proved.

X2+ 6x+9=0=>x?+3x+3x+9=0
X+3)(x+3)=0=>(x+3)2=0

x = -3,- 3 are the roots of the equation.
Sum of the roots =-3 + (-3) = -6
Product of the roots = (-3)(-3) = 9
Difference of the roots =-3-(-3) =0

%@

equation as x> - Sx + P = 0.

Quick Query 2

Herea=1,b=6,c=9
D=Db%-4ac=36-4%x1x9=36-36=0
b _-6

Sum of the roots = — = == -6
Product of the roots = % = % =9
Difference of the roots = %= %= 0

The quadratic equation whose roots are p, q is given by x2 - (p + g)x + pq = 0.
If S =sum of roots = p + g and P = product of roots = pq, then we write the

Let -2 and 5 be the roots of a quadratic equation. Find the quadratic equation.

5

Find the sum of all the real roots of x satisfying the equation B0 +5x-50) = 4

Step 1:
faP=1=>p=0

X=1*+5x-50)=0= (x-1N)(x*+10x-5x-50)=0 = (x - )(x+10)(x - 5) =0 =>x=-10,1,5

Step 2:
Sum of the real roots = (-10 + 1+ 5) =-4



%@

The sum of all the real roots of x satisfying the equation
2 -
(X2 - Bx + 5)(x +4x-60) _ 1

(a) 6 (b) 5 (€3 (d)-4

Concept Check 2

(2

% Concept Check 3 JEE MAINS 2018

Let a, B be the roots of x*-6x-2=0.Ifa =a"-B"forn>1,

then the value ofm is
2a9
(@) 3 (b) -3 (c)6 (d) -6

Nature of Roots

_ -b++vb2-4ac
- 2a

SR

—

ax’+bx+c=0:a,b,ceR,andaz0 Two roots:

_b-vb?-4ac ]

D = Discriminant = A = b? - 4ac

v v l

A=0o0orb?-4ac=0 A>0orb?-4ac>0 A<Oorb?-4ac<0
Vv Vv J/
Real and equal roots Real but unequal roots Non-real roots

@@ If one root of the equation x? + px+ 12 = 0 is 4, while the equation x*+ px+ q=0
has equal roots, then q =

(a) 4 (b) 12 (c)3 ) ‘2_9




Step 1:

Solving equation 1: x2+ px + 12 = 0. Let a =4 and 3 be the roots of the equation.
Sum of the roots=Ct+B='ai >4+B=-p

Productoftheroots=c1><B=§z4><[3=12=>[3=3$p=_7

Step 2:
Solving equation 2: x2 + px + q = 0. For equal roots, D=0
D=b2-4ac=o=>p2-4q=o=>(-7)2-4q=0=>q=4T9

Concept check 4

If both roots of the equation 2x?+ px + 8 = 0 are equal, then p =
(a) 8 (b) 4 (c)-8 (d) -4

Concept Check 5

The number of integral values of k for which the equation (k —2)x?+8x +k+4 =0
has real roots is

(@) 9 (b) 10 (c) 11 (d) 12

Summary sheet

T

For quadratic equation, ax?+ bx + ¢ =0, a,b,c € R, and a # 0, having a and 3 as its roots:

Key takeaways

N

If A =Db?-4ac =0, then equation will have real and equal roots.
If A =b?-4ac >0, then equation will have real and unequal roots.
If A =b?-4ac <0, then equation will have non-real roots.

N

Key formulae

Sum of the roots =a + 3 =%

Product of the roots = a3 = a£

Difference of theroots=la - 1= T;—I?, where D = b%-4ac



Sum of the roots = % | Difference of the roots | = % Product of the roots = %

Factorisation Relation between
method roots and coefficients

Quadratic Solving quadratic Quadratic equation
formula equation ax2+bx+c=0

Completing the Nature of the roots
square method

If D=b?%-4ac=0, If D=Db?-4ac>0,
IfD=b?-4ac<0,
then real and equal . . then real and
then imaginary roots
roots unequal roots

Self-Assessment

1. Find the values of a for which one root of the quadratic equation
(@%-5a + 3)x2+ (3a - )x + 2 = O is twice as large as the other.

2. If the difference between roots of the equation x2+ ax + 1= 0 is less than V5, then find
the possible values of a.

3. If f(x) = ax?+ bx + c and g(x) = -ax?+ bx + ¢ = 0 and ac # 0, then prove that f(x)g(x) have at
least two real roots.

@ Answers

Quick Query:

1.
(@) VBx3+ 2x - 7: This is a polynomial expression as coefficients are real numbers and
exponents are whole numbers.

(b) 3x2- 6x" + 5: This is not a polynomial expression as exponent -1is not a whole number.
(©) %xz- 6V3x + 7: This is a polynomial as coefficients are real numbers and exponents are

whole numbers.



. . . . -2 s
3 .
> : m m
(d) 3x° +—=-+4x:This isnot a polynomial expression as exponent is 3 which is not a whole number

X
w

2. Given, -2 and 6/5 are the roots of a quadratic equation.
Sum of the roots =S =-2 +% = %

Product of the roots =P =-2 X% - 12

5
‘ ‘ , 4x 12
The equation will be x*-Sx+P=0=Xx"+"g~ - 75~ =0

Concept Check 1
1.x2+2x-1=0

Given quadratic equation, x?+ 2x-11=0
Herea=1,b=2,and c=-1
-b+Vvb?-4ac _ -2+4V3

= = = - ’\/_
e N 2a Lz ..
Concept Check 2
Step 1:

Solving case 1. &P =1, when a =1
X2-5x+5=1=2x2-5x+4=0=2x?-4x-x+4=0= (x-4)(x-1)=0=>x=1,4
Step 2:

Solving case 2: a®rerem =1, = exponent = 0
x?+4x-60=0=>x*+10x-6x-60=0= (x +10)(x-6)=0 = x=-10, 6

Step 3:

Solving case 3: a®*°"" =1, when a =-1and exponent is even
X2-Bx+5=-1=2x2-5x+6=0=>x%x2-3x-2x+6=0=>(x-3)(x-2)=0=>x=2,3
Checking exponent = x? + 4x - 60 for x =2, 3

X=2 > x*+4x-60=22+4-2-60=-48, which is even
X=3=x?+4x-60=32+4-3-60 =-39, which is odd, - x = 3 is rejected.
Step 4:

All possible real roots are: @, &, I, —21A,

Sum of alltheroots =+ + @+ (-B@) + A =1

Concept Check 3

Solution

We have, a =a"- 3" forn>1

a and B be the roots of x> - 6x-2=0

=a’-6a-2=0=>a’=6a+2=>a°=6a’+2a° — 5 @)
>BR2-6B-2=0=>p2=6B+2=>pR0=6p°+23° >€)

Subtracting €) from €)

Qo - B1o = 6((19 _ B9) + 2((18 _ 88)
:>a1o=6a9+2a8 o o

>a -2a,=6a > —10 8 =3
10 8 9 za

9



Concept Check 4

Given, the roots of the equation 2x?+ px + 8 = 0 are equal.

Roots are equal if D=0=b?-4ac=0=>p?-4x2x8=0=p?=64=>p=-8,8.
Therefore (a) and (c) are the correct answers.

Concept Check 5

Step 1:

For real roots,
D>0=>b?-4ac>0=>8%2-4(kk-2)k+4)>0=>16-(k-2)(k+4)>0
=216-k?-2k+8>20=-k?-2k+24>0=>k?+6k-4k-24<0=>(k+6)k-4)<0
Step 2:

= k € [-0,[]

N
Vv

N
Vv

Self-Assessment

1. Let a and 2a be the two roots of (a?- 5a + 3)x?+ (3a-1)x+2=0

Sum of the roots =a + 2a=3q=2 = _1-3a
a a’-5a+3

- —oq2=C 2
Product of the roots = a x 2a = 2a 3 o

1 (1-3a |_ 2
:;’2[3(32-5a+3)2 - a2-5a+3

_ 2
a -Sa+3
=>39a=26:>a:%

2. If the difference between roots of the equation x2+ ax + 1= 0 is less than V5, then find the
possible values of a.

Let a, B be the roots of x?+ax+1=0

=la-Bl<VE=a2-4<5 la-Bl= TaBI: 821'4

= a’<9=lal<3=>a€(-3,3)

3. Let D, and D, be the discriminants of ax>+ bx + ¢ =0 and -ax*+ bx+c=0
respectively, then
D, =b?-4ac and D,=b*+ 4ac
Now ac # 0, eitherac>0orac<0
If ac > O, then D, > 0 and g(x) = -ax*>+ bx + ¢ = 0 have real and unequal roots.
If ac < O, then D, > 0 and f(x) = ax*+ bx + ¢ = 0 have real and unequal roots.
Thus f(x)g(x) have at least two roots.



M ATHEMATI CS

QUADRATIC EQUATIONS

NATURE OF ROOTS AND COMMON ROOTS OF
QUADRATIC EQUATIONS

0
g@ What you already know What you will learn

- General expression of quadratic equations - Nature of the roots

« Solving quadratic equations « Common roots
» Roots under particular conditions

————
If we have a quadratic equation with roots a and B, ax?+ bx+c=0;a,b,c€Randa # 0

_-bt+b?-4ac
2a

a B

D = Discriminant = A = b? - 4ac

Casel: Casell:
Ifa,b,ceR and A=0 Ifa,b,c€R and A<O
ax’+bx+c=0 ax’t+bx+c=0
Roots are real and equal Roots are non-real and unequal
g -b a, B occurs in conjugate pairs
afpf=—
2a

a=p+igandB=p-ig i=+-1

Caselll :

Ifa,b,c€R and A>0
ax’+bx+c=0

y

= a,b,c € Qand A is a perfect square of
a rational number.

y

= Roots are rational and unequal.

Example:

For3x?+5x-2=0

a=3,b=5,c=-2

A=b%-4ac=5%-4(3)(-2)=25+24=49

A >0 and A is a perfect square of a rational

number.

L _-brvbdac _ -5+ +/49 51
2a 6 3

Roots are rational and unequal.




CaselV:
Ifa, b,ceR,and A>0 Example:
ax*+bx+c=0 For x2-4x+1=0

a, b, c € Q,and A'is not a perfect g=li==e=t

square of a rational number. A=Db?-4ac=-47-4(1)(1) =16 - 4 =12

l A >0 and A is not a perfect square of a rational number.
Roots are irrational and unequal “xX2-4x+1=0
which aIV\{ays exist§ as conjugate o b+ /b?-4ac =50 4+V12 4+ 23 - 2+4/3
pairs i.e, if p + +/q is one root, 2q 2 2

then p - Vg is the other root. Roots are irrational and unequal.

CaseV:

If z, b,c€R,and A>0 Case | : When b is an even integer.

ax*tbx+c=0 Then, -b, b? - 4ac are even integers.
2

a=1,b,c €Z and A is a perfect square of an So,- b £ vb* - 4ac will be integers.

integer.

Roots a & B are distinct integers.
Roots are distinct integers.

Proof:
We have, x? +bx+c=0 (a=1)

A=b?-4ac >0 and A is a perfect
square of an integer

Case Il : When b is an odd integer.
Then, -b, b? are odd integers and 4c is
an even integer.

-b++/b?-4ac
o

_b++vb’-dac -b+-b?-4ac So, are integers.
Now, x = = 2
2a 2 Roots a & B are distinct integers.
-b++/b?-4ac
Roots a, 3 = >

A >0 and A is a perfect square of an integer.

If the two roots of (p - 1) (x2+ x + 1) + (p + 1)(x2+ x + 1)2 = O are real and distinct, then what is
the set of all values of ‘p’?

@ ,1) (b (;1 o) u (o, %) (c) ( = 71) (d) (-00, -2) U (2, o0)

Step 1:
Simplify (p-N(x2+x+N+E+N+x+12=0=(2+x+)(p-)+(P+N*+x+1))=0

But(x*+x+1)#0,asA=1-4.1.1=-3<0=(p-1)+(p+1)x*+x+1) =0 have real and distinct
roots



Step 2:
P-N+PE+Nx+x+N)=0=>(pP+NWx2+(p+1Nx+2p=0=>a=p+1,b=p+landc=2p
For real and distinct roots A=b2-4ac>0=>(p+1?-4(p+1)2p)>0=>(p+1)(p+1-8p)>0

1
(p+1)(1—7p)>0:(p+1)7(p—?)<O

Step 3:
Using wavy curve method

1
+1N1-70)>0=>(p+N7(p——)<O
(o +1)(1- 7p) (o )(p 7) i e ) 1o

\ / @p=1g=-2
+ +
(b)p=0,qg=1
1
7

If p and g(p # q) are the roots of the equation

A\ 4

N -1 i
(Ap=-2,g=0

(dp=-2,q9=1

Consider two quadratic equations a x>+ b.x+ ¢, =0and a x>+ bx+c,=0

Spe (-1%)

Case 1:

Only one common root, say a

a will satisfy both equations

=a,a0*+ba+c =0and
a,®+ba+c,=0

By cross multiplication

o? a B 1
I b1C2 - b2C1| I ¢,a,-C,q, L G1b2' 02b1|
b.c,-b,c,
Q-0-u- 2
¢,a,-C,q,
©-0-a-— 1"
a1b2 - azb1
N bic,-b,c, _ G2
€,a,-C,q, a1b2 - azb1

= (b,c, - b,c)ab,-ab)=(ca,-c,a)

This is the required condition for one root of two quadratic equations to be common.



@ If one of the roots of the equations x> + 2x + 3k = 0 and 2x? + 3x + 5k = 0 is common, then
what is the value of k?

(@) 0 (b) -2 (c) 2 (d) -1

Solution : 1+ 2x+3k=0 and 2x2+3x+5k=0

s N s LN

la,=1] (b,=2] (¢,=3k] [a,=2] (b,=3] (c,=5k]

Let a be the common root

bc,-b,c, ca,-c,a, 3k x2-5kx1
>a= = > o= =>a=-k
c,a,-c,a, a1b2- azb1 1x3-2x2

I\l (c.a,-c.a) =(bc,-b,c)lab,-a,b)

= (3kx2-5kx1)2=(2x5k-3x3k)(1x3-2x2)
=>k*=-k
=>k’+k=0
=>kk+1)=
~k=0,k=-1

Case 2:

Both roots are common, say a, 3

Two quadratic equations a,x*+bx+c,=0andax*+bx+c,=0
Conditions :

Sum of the roots of the both the equation should be equal.

i _ 2 :
o(+B— a, a, o(+B:__2
a
a, b 2
1
O

IS
c
a
S -

C2

a
So required condition is a—’ T



@] If x>+ 2x + 3 =0 and ax? + bx + ¢ = 0 have a common root, then whatisa:b:c?

(@)1:2:3 (b)3:2:1

(c)1:3:2 (d)3:1:2

Step 1:

Observe equation 1: x2+2x+3=0
A=b?-4ac=22?-4(1)(3)=-8<0

= Equation 1 have imaginary roots.

Step 2:

Recall, imaginary roots always occur in pairs, so equation 1: x> + 2x + 3 =0 and

equation 2: ax? + bx + ¢ = 0 have both common roots.

@ Non-real roots occur in conjugate pairs. Therefore, quadratic equations with non-real
common roots will always have both roots common.

%ﬁ] Concept Check 2

If the equation x2+ bx-1=0,b #1 and x> + x - b = 0 have a common root, then what is |b|?

(@) 0 (b) 3 (c) V3

(d) v2

Roots under particular conditions

ax’+bx+c=0wherea,b,c€R,a#0

Case | : With constant termc=0 5
=>ax?+bx+0=0=>x(ax+b)=0 =>x=0,_7

¢ =0 = Roots are O, %

Casell : Withb=0

/-c
=>ax2+0x+c=0=>ax2=-c=>x=ig
For real roots %<O

b =0 = Roots arei/%

Case lll : Witha=c
=>ax*t+tbx+a=0
Example:
xX?-4x+1=0

Here,a=c=1

bt bPdac | _AtVi2 5,5
2a 2
Leta =2 ++/3
1 1
—= =2-3
a 2++3

If a = c, then the roots ar1e reciprocal to each
other i.e., roots are a & o where a # 0



CaseVll:a-b+c=0
3Bx?2-x+2=0
> (xH1)(3x+2)=0=x=1,2

CaselV:Withb=c=0
S>ax?+0x+0=0=>ax*=0=>x=0,0
a=c=0>x=0,0

a—b+c=O=Rootsare—1,%:

Case V: a, b, c are of same sign
X*+5x+6=0=>Kxx+2)x+3)=>x=-2,-3

a, b, c are of same sign = Roots are
negative.

Case Vlll:a-c>0

xX?+bx+6=0=>Kx+2)x+3)=0=>x=-2,-3

CaseVl:a+b+c=0 Roots are of same sign.

2x*-x-1=0
Here,a=2,b=-1,c=-1;a+b+c=0

2x2—x—1:O:(2x+1)(x—’I):O;x:%,’l

CaselX:a.c<O0

3Bx2-x+2=0=2(x+1)(3x+2)=0=>x=-1, =

Roots will be of opposite sign.

c
a+b+c=0:>Rootsare1,F

The quadratic equations x?- 6x + a = 0 and x* - cx + 6 = 0 have one root in common. The other
roots are integers in the ratio 4 : 3. Then the common root is .

For quadratic equation,ax?+bx+c=0,a,b,c€e Randa # 0
1.1f A= 0, roots a,  are real & equal.
2.1f A<O, roots a, B are non-real & unequal. a & 3 are conjugates of each other.
3.IfA>0 & A is a perfect square of a rational number, roots are rational & unequal.
4. IfA>0&a,b,c € Q&Ais not a perfect square of a rational number, roots are irrational and
conjugates.
5.1fa=1,b,ce€Z&Ais perfect square of an integer, roots are distinct Integers.

For quadratic equation, ax?+bx+c=0,a,b,ce Randa #0
1. For constant term ¢ = 0O, roots are O, %.

2. For b =0, roots are i,%

3. For a =c, roots are o and &

4. Forb=c=0, roots are O, O
5.1f a, b, c are of the same sign, roots are negative.

6. Ifa+b+c:0,rootsare1,%
7.1fa-b+c=0, rootsare—1,%

8. If a.c > 0, roots are of the same sign
9. If a.c <0 roots will be of opposite sign



Two quadratic equations a, x> +bx +c,=0and ax’ +bx+c,=0

For both common roots

g, b, <

For one common root
b,c, - by, _ ek Ee

=

€,a,-C,q, ab,-a.b, i a, b, c,

= (bc,-b,c)ab,-a,b)=(ca,-c,a)

=10 = [eels e ieal ane — —> For constant term ¢ = 0, roots are 0, -2
equal a
< - -
IfA<O = Root; are non-real <« o1 5= ) [E6HE e & [_c
and conjugate o a
3
N
If A>0 and A is a perfect Q
. P I —> For a = ¢, roots are a and 1
square of a rational number. €] b o
Roots are rational and unequal.
If A>0 and A is not a perfect c : FeIR IS A DI
square. Roots are irrational & <— o .g
conjugate. > S
+ 9 If a, b, c are of the same sign, roots are
xo [ i
8 5 negative.
a=1b,c€ Zand Ais a perfect + ©
square of an integer. Roots are  €¢— N>é }E
distinct integers. O e R ER e -] %
One common root
) g e <
(bc, - b,c)ab,-ab)=(ca,-ca) e RN Ifa—b+c=0,roots are -1, =
C
o
£
For both common roots g
a, b, c, O —> If a.c < 0 roots will be of opposite sign
a, b, ¢,

— If a.c > 0, roots are of the same sign



Self-assessment

1.Ifa, b, c € Rand 2b = a + ¢, then check nature of roots of equation ax? + 2bx + ¢ = 0.
2. Ifax? + bx+a =0 and x® - 2x? + 2x - 1= 0 have two roots common, then find the value of a + b.

3. If the equation 4x?-x-1=0and 3x>+ (A + u)x + A - u = 0 have a common root, then what are
the rational values of A and u?

) “answers

Concept Check 1: If p and g are the roots of the equation x2 + px +q =0, then

Step 1: x> + px +g = 0 = Sum of the roots = % = -p ; Product of the roots = % =q
Given,pandgareroots=>p+qg=-p=>qg=-2pandpg=q = p(-2p)=-2p
=>-p’=-p=>p=0,1

Step 2: Given p # g, rejecting p =0 sinceforp=0,g=0
Therefore,p=1and g=-2p=-2
Hence, (p, q9) = (1, -2)

Concept Check 2: If the equations x? + bx-1=0, b #1and x> + x - b = 0 have a common root,
then bl is

Step 1: Let a be the common root of the equation 1: x2 + bx - 1= 0 and equation 2: x>+ x-b =0
s>a’t+tba-1=0.1anda’*+a-b=0..2

Step 2: Subtracting equation 1 from equation 2
a?+ba-1-(a®+a-b)=0=ab-1)-1+b=0=>a=-1andb=0
Therefore, |bl =0

Concept Check 3 :

Step 1: Let their common root be a. Other roots are in ratio 4 : 3 = Other two roots are 43, 33
For equation 1: x? - 6x + @ = 0, Product of the roots = . 4B = .cceeveeveeeeererercrcerceae, 1
Similarly for equation 2: x2- cx + 6 = 0, Product of the roots = a.3 = 6 .................. 2

Step2:From1and2,a=8=x?-6x+ta=0=>x-6x+8=0=> (x-2)(x-4)=>x=2,4

Step 3: For x =2, 4; a = 2, 4 respectively

Butfora=4= = 17 other roots 4, 3 are 2, % resulting in non-integral roots.

Therefore, a # 4 and aa = 2 . Hence, the common root is 2



Self-assessment :

1. Given equation ax? + 2bx + ¢ = 0 and 2b = a + c. Hence,
D=4b?-4ac=(a+c)’-4ac=(a-c)*=0
Thus, the roots are real.

2. By observation, x = 1is the root of the equation . Thus we have,
xX-1N2-x+1)=0
Now roots of x? - x + 1= 0 are non-real
Then equation ax? + bx + a = 0 has both roots common with x> -x+1=0
Hence we have,

3. Roots of 4x? - x - 1= 0 are irrational. So, one root common implies both roots are common.

Therefore,

4 __1 1 _,_3 -
3_)\+IJ_/\-IJ:>A 4and/,l 0




M ATHEMATI CS

QUADRATIC EQUATION

GRAPHS OF QUADRATIC POLYNOMIAL

n
g@ What you already know What you will learn

« Solving quadratic equations « Transforming quadratic equations

- Nature of roots - Visualisation of a quadratic equation

Transformation of a Quadratic Equation

Changing the sign of the roots of f(x) = 0

Given: f(x) = ax?+ bx + ¢ = O with roots a, 8
Required: Transformed quadratic equation with roots -a, -

= S =Sum of the roots=-a-B=-(a+B)=%

C

= P = Product of the roots = (-a)(-B) = =

Recall, a quadratic equation with S as the sum of the roots and P as the product of the roots
isx?-Sx+P

= Required transformed equation is ax?-bx +c=0

f(-x)=ax?-bx+c=0

Conclusion: Replace x with -x

Adding constants to the roots of f(x) =0

Given: f(x) = ax?+ bx + ¢ = 0 with roots q, 3

Required: Transformed quadratic equation with roots a + k, B + k, where k is some constant.
= If x is the root of given equation, and y is the root of transformed equation, theny = x + k
=>x=y-k

=>fly-k)=aly-k?+bly-k)j+c=0

Example: Given f(x) = x? + 5x + 6 = (x + 2)(x + 3) = O with roots -2, -3
Required transformed equation with roots a+1,B+1i.e. -1, -2
Here S = Sum of the roots =-1+ (-2) =-3 and P = Product of roots =2
=2>x2-Sx+P=x2+3x+2=0
For f(x) = x>+ 5x+6 =0
f(x-1)=(x-12+5(x-1)+6 =x%+3x + 2 =0 = Required transformed equation

Conclusion: Replace x with x - k



Multiplying the roots of f(x) = O by a constant

Given: f(x) = ax?+ bx + ¢ = O with roots a and 3

Required: Transformed quadratic equation with roots ka and k@, where k is some non zero

constant

= If x is the root of given equation, and y is root of transformed equation, then y = kx
_Y

=X=
Yy oy by 4 c =

= f) =al)+bl)+c=0

X
Conclusion: Replace x with M

Using linear combination of roots of f(x) = 0

Given: f(x) = ax?+ bx + ¢ = O with roots a and
Required: Transformed quadratic equation with roots pa+ q and p + q
= If x is the root of given equation, and y is root of transformed equation, theny = px + g

_y-q =}fy-q):a(y-q)2+by-q)
P P P
Example: Given f(x) = x? - 9x + 20 = O with rootsa=4 and =5
Required transformed equation with root 2a+1=9and 2 +1=1

= X +c=0

fx—'I x—’I2 9x—’I S x2-Sx+P=0
= - + =
(22) (=) (12) 2 S=9+11=20; P=(9)(11)=99
:>X_2x+’|_9x- +2O=O:>X_2X+1_18X+18+80=0 —32-20x+99=0
4 2 4
x2-20x + 99
ﬁT:O

= x?-20x+99=0

X =
Conclusion: Replace x with Tq p#0

Reciprocating the roots of f(x) = 0

Given: f(x) = ax?+ bx + ¢ = O with roots a and 3
Required: Transformed quadratic equation with roots @R

1
= If x is the root of given equation, and y is root of transformed equation, theny = x

1 1 1
>x=—>f(-)=a(=)?+b(-)+c=0=cy’+by+a=0
v ety y*+ by

. 1
Conclusion: Replace x with ~



Squaring the roots of f(x) = 0

Given: f(x) = ax? + bx + ¢ = O with roots a, 8

Required: Transformed quadratic equation with roots a?, 32

= If x is the root of given equation, and y is root of transformed equation, then y = x2
= x =y =flvy)=a(-y)+b(vy) +c=0

Conclusion: Replace x with vx

Exponentiating the roots of f(x) =0 to n

Given: f(x) = ax?+ bx + ¢ = O with roots a, 8

Required: Transformed quadratic equation with roots a", "

= If x is the root of given equation, and y is root of transformed equation, then y = x"
= x = y7 = f(y") = a(y"+ blym) + ¢ = 0

. e L
Conclusion: Replace x with xn

Concept Check: 1

If a, B are non-zero roots of f(x) = px?+ gx + r = 0, then the quadratic equation with roots

1 1
) is
pa+tq pB+q . 1
(@) f(-rx)=0 (b) f(X - q) (©) f(px " q) (d) None of the these
y = f(x) = x? y = f(x) = -2
N N
N\ N\

Graph of a quadratic expression is always a parabola



Axis of symmetry

A N 4 N
Vertex
& AN
Vertex
N 7
N v
e g Axis of symmetry
Upward-opening parabola Downward-opening Parabola

How to plot the graph?

3 pieces of information are required to plot a graph of a quadratic expression
l. Sign of the leading coefficient (a > 0 upward opening, a < 0 downward opening)

Upward-opening parabola Downward-opening parabola

a>0 a<o
-b . . : .
Il. Vertex = 3o where the min value of f(x) is achieved (upward-opening)

b ¢ b c ,b b. D

_ _ by, c b, b, D
fx) =a (+ Zx+3) =alc+ ax+ () + 7 - (Zg)) = allx + 2a)2 vyl

2 2
y+4a_a(X+2a)
Whena >0, When a <0,

R— 32 B _ 2_ 32 i _
Y+ g Al 5512 0= Minimum =0 y* 75 = alk+57)°< 0= Maximum =0
195 _ b _.D b __b _Db

(x+2a)—0:>x—-2a:>y—-4a (x+za)—0:>x—-2a:>y_-4a
T y Highest point
_B Vertex =V = (-2—2, -%)
b , 4a / | \ N
Z / b
N 2 v 4 2
_R ——\k‘_/_ b D a
4q | Vertex=V = e 1a
N4
Lowest point N

a<o



lll. Y-intercept

Y-intercept is the y-coordinate of a point where a graph of a quadratic expression, i.e., the
parabola, intersects the y-axis.

The coordinates of the point where parabola cuts the y-axis, i.e. (O, c).

4

0.9 . /N
(O, ¢) \
WV N
Example: y = x?- 3x + 2 N
Here,a=1,b=-3,c=2and D=b?-4ac=1
Three pieces of information 0, 2)
1. Leading coefficienta=1>0

= Upward-opening parabola N

E _R) = (i
2a’ 4a" 2’
3. Intercept (0, c) = (0, 2)

N
WV

-1
2. Vertex =V = (- Z) Ve, -

Example:y = -x?+ 2x - 1
= - = = - = 2_ =

Herea=-1,b=2,c=-1and D=b*-4ac=0 V{1, 0)

Three pieces of information < >

1. a=-1<0 = Downward-opening parabola
b D
2. Vertex=V=(-—,-—)=(1,0
ertex (2a 4a) (1, 0)
3. Intercept (O, c¢) = (O, -1)

Example:y = x>+ x +1
Here,a=1,b=1,c=1and D =b?-4ac=-3
1. a=1>0 = Upward-opening parabola

b D

-1 3
2. Vertex=V = (_2a’ -5) = (5, Z)

3. Intercept (0, c) = (0, 1)

WV




a > 0 = y = f(x) is an upward-opening parabola.

Case 1
/= b DI

The vertex of parabola =V = ( > 4a) is below

X-axis.

= -% <0 = D >0 = Real and unequal roots a, 3

Fora<f3 , .

Observe f(x) >0 V x € (-, a) U (B, =) (@ 0) (B, 0)
flx) <OV x € (a, B) Intersects the x-axis at two
flx) =0 = x € {q, B} distinct points.

Case 2
The vertex of parabola =V = (—2—2, —%) touches x-axis.
:-%:O:D:O:Real and equal roots a =3
Observe f(x) >0 V x € R -{a}
flx) =0 = x € {a} ¢ S
(@, 0)

Touches the x-axis

Case 3

The vertex of parabola =V = (-2—2, -%) is above x-axis.
:-%>0:>D<O:>Non real roots

Observe f(x)>0 VXER

Does not intersect the x-axis.

a>0
D>0 D=0 D<O
Intersects the x-axis at Touches the x-axis Does not intersect

two distinct points. the x-axis.



a <0 and fora>0 =y =f(x) is upward-opening parabola.

Case 1
—v=(L Dy,
The vertex of parabola =V = ( > 4a) is above
X-axis.
D

=>-—>0
4a

= D >0 as a < 0 = Real and unequal roots a,
Fora<f3
Observe f(x) <O V X € (-0, a) U (B, =)

fix) >0V x € (a, B)
flx) =0 = x €{q, B}

Case 2

The vertex of parabola =V = (- 2ba D
=>-%:o=>D:O=>ReaI and equal rootsa—B
Observe f(x) <0 V x € R - {a}

flx) =0 = x € {a}

Case 3
b

The vertex of parabola =V = (—2—8, —%) is below x-axis.

:-%<O:D<Oasa<0=>Nonreal roots

No real roots D <0
Observe f(x) <0 VX ER

a<o

D>0 D=0

N

) touches x-axis.

(@0 8.0)

Intersects the x-axis at two
distinct points.

) (@,0)

Touches the x-axis

7N

Does not intersect the x-axis.

D<O

Vv

N

Intersects the x-axis at
two distinct points.

Touches the x-axis

Does not intersect
the x-axis.



Concept Check 2

Concept Check 3

Summary

Key Takeaways

—_—Z

If f(x) = ax®+ bx +c =0 is a quadratic equation with roots q, 8, then
1. f(-x) is a transformed quadratic equation with roots -a, -3

2. f(x - k) is a transformed quadratic equation with roots a + k, 3 + k

3. f(%) is a transformed quadratic equation with roots ka, k3
4., f(%) is a transformed quadratic equation with roots pa+ g and pp + q

5. f(%) is a transformed quadratic equation with roots 1—, 1

a’ B

6. f(/x) is a transformed quadratic equation with roots a?, 32

1
7. f(xn) is a transformed quadratic equation with roots a", "

For parabola, graph of quadratic equation f(x) = ax?+ bx + ¢



a>0

N

A4

Intersects the x-axis at Touches the x-axis Does not intersect

two distinct points the x-axis

a<o
D>0 D=0 D<O
/ \ 7 \/ \ 7 N 7
Intersects the x-axis at . Does not intersect
e . Touches the x-axis )
two distinct points the x-axis

Forroots pa+q,pB+q
For roots -q, -8

o X7
Replace x with N Replace x with -x

1
For roots —, fix) =ax2+bx+c=0 Forroots a+k, B +k

Roots q, B Replace x with x - k

5 w|-
x|=

Replace x wit

For roots ka, k3
=S
k

For roots a?, 32

Replace x with vx Replace x with

For roots a", B"
L1
Replace x with xn



N
Vv

Upward-opening

Parabola
D<O

Graph of ) g
Quadratic
Equation
f(x) =ax*+bx +c | N
D<O

a<o
Downward-opening
Parabola

¢« D=0

Self-Assessment

1. If the roots of the equation ax?+ bx + ¢ = O are reciprocal of the roots of the equation
px2+ gx +r =0, then prove ap = rc.

2. If a, B are roots of the equation ax?+ bx + ¢ = 0 then, find the quadratic equation whose roots are
1 1

(@a +b)* (aB + b)*’
3. If the vertex of the curve y = -2 x2 - 4px — k is (-2, 7), then find the value of k.

@ Answers

Concept Check 1
-r
If x is the root of the given equation f(x) = px?+ gx+r=0=x(px+qQ)=-r=>px+q= X
1 -X
Let y be the root of the transformed equation =y = S =T EXx=y

Substituting x = -ry in f(x)
fl-ry) = p(-ry)*+ q(-ry) + r =0 = pr2y?-qry +r=0
Therefore, the transformed quadratic equation is pr2x?-grx + r = 0 = f(-rx).



Concept Check 2

We have, roots of f(x) = ax?+ bx+ 1= 0 are imaginary = D = b?-4ac=b?-4a<0
Also, f(0)=1>0 = f(x) >0 V x € R, as f(x) = ax?+ bx + 1 is upward-opening parabola with a > 1
f-2)=4a-2b+1>0

1 a b

—)=—+=+1>
f(3) 9 3 0

Options (b) and (c) represent correct answers.
Concept Check 3

We can observe a > 0, as the graph is upward-opening y-axis
Clearly, f(x) = O has two distinct real roots = D = b?-4ac >0

Vertex =V = (—23, —42) is in fourth quadrant, i.e., x>0andy <0
a 4a

:x:£>0=>b<0 S \/ — 7
2a X-axis

4

Intercept = (O, ¢) is negative = c <0

Hence, options (a), (b), (c) are the correct answers.

Self-Assessment

1. Let a, B be the roots of equation f(x) = ax*+ bx + ¢ = 0, then roots of the equation

1 1
g(x) =px2+gx +r=0, will be =, =

a B
Observe
g(%) = p% 4 q% +r =0 will have roots a, B = rx?+ gx + p = 0 and ax?+ bx + ¢ = 0 have both roots
common, i.e., a, 3.
a b c
—=—=—=k>ap-=rc
r-q p

Hence proved.

2.

We know that
a, B are the roots of
ax?+bx +c+0..(1)

The quadratic equation whose
a? 2. equation is

roots are —, B—Z is =
c’ c

(@%cH)x? + (2ac-b)x +1=0.

Hence, the required quadratic

Now,
aa’+ba+c=0

=(aa+b)=-= (@B +b)=—=
Therefore,
1 _a?
(@aa+b2 2
1 B
(@B+bp 2

X2
Lety= Pt where x=aq, 3
c’ly=x?
=>X=cVy
Putting this in the equation (1),
a(cvy)? +b(cvy) +c=0
= ac?y+ bcvy+c=0
= (ac?y + )’ = (-bcvy)?
= a%cty? + (2ac®-b2c)y+c?2=0
= (a’c?)y?+(2ac-b?)y+1=0






M ATHEMATI CS

QUADRATIC EQUATIONS

RANGE AND LOCATION OF THE ROOTS

. Solving Quadratic Equation + Range of a quadratic equation
. Plotting of graph + Range under restricted domain

. Location of roots

Range of Quadratic Polynomial Function

f(x)=ax?+bx+c,a#0,a,b,ceR

We will find the range of quadratic polynomial functions with the help of observations from graphs.
The values obtained from the graph on the y-axis, is the range of the function. A quadratic
polynomial function can have two types of graphs:

« Upward opening parabola, fora >0
« Downward opening parabola, fora <0

Observations from the graph:

« It’s an upward opening parabola.

+ As the domain of f(x): x € R, the graph
covers all values of x €R.

« The graph sweeps all the values greater
than or equal to vertex = y .

= Range of f(x)=[y_ ,®)

-D
Vertex V of parabola = (L 2) 4a
2a 4a
Therefore, for a > 0, the function attains its
. _ D _ b
minimum value, y = = — atx=—=
Yin 43 2a

« Itis a downward opening parabola.

« As the domain of f(x): x € R, the graph covers all values of x € R.

« The graph sweeps all the values less than or equal to vertex =y .
= Range of f(x) = (-0, y

max]



-b

-D
Vertex V of parabola = (2a 4a )

Therefore, for a < 0, the function attains its

maximum value y__ = D atx:ﬁ
max 4a 2a

Solution :

Given, f(x) =x?-2x -3
Herea=1,b=-2,c=-3
D=b?-4ac=4+12=16

Observe:
« Upward opening parabola (Since a > 0)

b D).
Vertex V= (2 D) =(1-4
ertex e (1,-4)

« Intercept = (0, c) = (0, -3)

(@ x€eR

For x € R, we can observe from the graph,

that the parabola attains all the values greater
-D

than orequalto y = Za =-4,

Hence, range R(f) =[-4, © ), for x ER

4a

fx)

v, -4)




f(x) f(x)

\
y
A
p

v

N PN

V1, -4) V1, -4)

(b) x €0, 3]
Restricted part of domain =[O0, 3]
As x is moving from O to 3, we see that
f(x) first decreases till minima, then
starts to increase till 3.

(c)x €[-2,0]
We can see from the graph that when
x is increasing from -2 to O, f(x) is
decreasing in the interval [f(-2), f(O)].
f(-2) =5, f(0) =-3

So, sweeped values of y = [y __, f(3)] R(F) = [-3, 5], for x € [-2, O]

y...=-4,and f(3) = 0.
So range is [-4,0], for x € [0, 3]

A quadratic polynomial function f(x) = ax> + bx + ¢c;a # 0, a, b, ¢ € R. Let « and 8 be the roots
of quadratic equation f(x) = O.

To find conditions on coefficients of a quadratic polynomial, such that q, (8 lie in specified
intervals.

Example: Conditions on a, b, ¢ such that roots of f(x) =0, a, 3 € (15 00).

Graph of the quadratic function y = f(x) is an upward opening parabola (fora > 0) or a
downward opening parabola (for a < 0). When we divide f(x) by a, we end up with function

f%() =x%+ % + < that has 1as the leading coefficient.
Note that both f(x) = O and f(_x) =0 have a and 8 as roots. So, to find the condition on

a
coefficients (based on the location of the roots), we will use ]%X) instead of f(x).



All discussions are done using the graphs
of (X .

a
For example, consider the quadratic function,

f(x) = 2x2 + 3x - 2
(the red line in the given graph)

(0.5, 0)
We divide it by a = 2 and get,
f(_x)=x2+(i) X -1 (-2,0) 0
2 2

(the blue line in the given graph)

From the graph, it is clear that both these
graphs are different, but have the same roots.

@ The graph of a quadratic function (a > O) can be plotted in 3 ways.

at two distinct points X-axis

{ Intersects the x-axis J ( Touches the x-axis ) [ Does not intersect the j

These are the three questions we will be solving.

I. Both roots are greater than k _[>
Il. Both roots are less than k _[>
lll. k lies between the two roots _[>



%@ l. Bot

-b
o= ==
B 2a

Case 1: Distinct roots; k <a < 3
Observations from the graph

Case 2: Equal Roots; k<a=

Observations from the graph

« The graph intersects the x-axis at two
distinct points, a and 8

« The graph touches the x-axis at x = a = f3.

=>D=0
=D>0 - The graph lies above x-axis at k.
« The graph lies above x-axis at k. = f(k) > O
= f(k) > O . The vertex or roots a = B lie ahead of

» The vertex or midpoint of roots a and 3 lie
ahead of the k on the x-axis.

= Midpoint of o and 3

k on the x-axis.
S k<P
2a

. . _-b
= ; B - 23 (Since, a+B=—=) [ Combined condition:
a

:>k<£ D=0
23 f(k)> O
k<P
______________________________ 2a e e e ————————

%@ Il. Both roots are less than k

a, B<k

Again, there will be two cases.
Case 1: Distinct roots; a < 3 <k
Observations from the graph:

« The graph intersects the x-axis at two
distinct points o and 3

=>D>0 L
« The graph lies above x-axis at k - 2a s
= f(k)>0

« The vertex or midpoint of roots o and f3 lies
behind the k on the x-axis.
=>k>b
2a

1
O



Case 2: Equal Roots; k>a =3
Observations from the graph:

« The graph touches the x-axis at x=a =3
=>D=0

« The graph lies above x-axis at k
= f(k) >0

« The vertex or roots a = 3 lie behind

k on the x-axis.
>k>-b
2a

Combined condition:
D=0
f(k) > O
k>0
______________________________ >3 Lo e o e e e e e e e e

@@

Solution :

Observations from the graph
« The graph intersects the x-axis at two
distinct points, a and (3.
=>D>0
%

lll: k lies between the two roots = a < k< f3

« The graph lies below the x-axis at k.
= f(k)<0

Recall that for an upward opening parabola, f(k) < O will automatically satisfy the condition
of real and distinct roots, i.e. D > 0.



If both the roots of X>- 2mx+ nm?+ m-5 =0 are less than 5, then m lies in which of the
following interval?

(@) (5, 6] (b) (6, ) (€) (-, 4) (d) [4, 5]

Solution :

Given, x2- 2mx + m?+ m - 5 = 0 are having roots a and 8 such that, o, < 5,a=1,b =-2m,
c=m?+m-5
Conditions applicable: D 2 0

f(k) >0

k>
2a

D> 0= (-2m)?- 41(m’+ m-5)>0=4m?-4m2-4m +2020=5-m >0 = m € (-, 5]

f5)>0=5%2-10m+m?+m-5>0=m?-9m + 20 > 0 = (m-4)(m-5) > 0 = m € (-o0, 4) U (5, o)

5> -b =5>2m = m € (- x, 5) From step 2, 3, and 4, we get m € (- x, 4)
2a 2

@@ Concept Check 1

The values of ‘a’ for which one root of the equation x?- (a + 1)x + a2+ a - 8 = O greater than 2 and
the other root is less than 2, lie in which of the following intervals?

@ (-2,3) (b) (3, 10)
© (35 3) () (%2)

@@ Concept Check 2

If the root(s) of (m-2)x? + 8x + m + 4 = O is/are greater than 0, then m lies in which of the
following intervals?

(a) [-6,-4) (b) (-6,-4) (©) (2,4) (d) [2,4)



Q Summary Sheet

For quadratic polynomial ax?+ bx + ¢

% Key Takeaways

-D
(@) Range of an upward opening parabola (a > 0) is [E’ °°)

-D
(b) Range of a downward opening parabola (a < 0) is ('°°, 4a]

@ Key Conditions |EEEEEEE R e e e e L e L e e L b

(@) Both roots are greaterthank =k <a, 8 (b) Both roots are less than k = a, <k

D=0 D>0
f(k)> 0 f(k) >0
b o
k<2a I(>2a
(c) klies between the two roots = a<k<f3
——————————————————— D>0,f(k)<O e
@ Mind map
v Y
D>0
f(k) >0
-D x k>b
4a T a\\/B k 2a
: X

equation with roots a, 3

ax?+ bx+ c bx
Quadratic polynomial with
zeroes q, f3 Equivalent quadratic
X
k aN_/8

k<a,B
D>0
f(k) >0
k<-b

2a

Range = (<32 | (k) < 0



(1) If the expression (n — 2)x2 + 8x + (n + 4) is negative V x € R, then specify the range of n.
(2) If the roots of x? - 6kx + ( 2 - 2k + 9k?) = O are greater than 3, then find the range of k.

(3) What is the set of values of ‘a’ for which both roots of the quadratic polynomial
f(x) = ax? + (@ — 3)x + 1 lie only on one side of the y—axis?

Answers

?

Concept Check 1

Given, x?- (a+1)x + a?+ a - 8 = 0 with roots q, 3, such that, a <2 <f3
a=1,b=-(a+1),c=a’+ta-8,k=2
Condition applicable: f(k) < O

fRQ)<0=>2%-(a+12+a’+ta-8<0=>a’-a-6<0=>(@+2)(a-3)<0=>a€(-2,3)
Final answer: a € (-2, 3)

Concept Check 2

Given, (m - 2)x? + 8x + m + 4 = O with roots q, 3 such that a, 8 > 0.
a=m-2,b=8,c=m+4,k=0
There are two cases: Case1: m# 2,Case2: m=2

As m # 2, dividing the equation by (m-2), x* + m8- 5% + r:1+§ =0
As,a,B>0=k

Conditions applicable: I. D > 0 II. f(k) > O Ill. k <'2_ba

D>0 = 64 2_4m+4 ZO:>16—(m+4)(m—2)20:}(m+6)(m—4)so
(m-2) m-2 (m_2)2 (m_2)2

=me[-6,4]-{2}..A

10)>02 M N 0 me(w-4 U@ »).B
(m-2)
8
0<P 50<M-2 . 2<0>me(w, 2).C
2a 4

For Case 1: From A, B, and C, solution set =[-6, -4).

Solving for case 2, when m = 2
(M-2)x*+8x+m+4=0 =8x+6=0 = x =23, But we require x > 0,
so no solution set for Case 2. 4

From Case 1and Case 2, final solution set = [-6, -4).



Self-Assessment

(1) Given: f(x)= (n-2)x*+8x+(N+4)<0VXxER
= Downward opening parabola lying entirely below the x-axis.
=>a<0andD<O0

Step 1 a<0=n-2<0 >n<2 =2n€ (-0, 2)=A

D<0=>b?-4ac<0=>8%2-4n+4)(n-2)<0=16-n?-2n+8<0
=>n?2+2n-24>0
=>(N+6)(n-4)>0=n € (-, -6)U (4, ©)=B

Final solution A N B = (-0, 2) N ((-%0, -6) U (4, o)) = (-c0, -6)

(2) Given: f(x) = x2 - 6kx + (2 - 2k + 9k?) = 0 have roots greater than 3. So, three conditions are:
D>0
f(k)> O, here k=3
k<2
2a

Step 1 D >0 = (-6k)>- 4(1) (2 - 2k + 9Kk?) > 0 = 36k?- (8- 8k + 36k?) > 0 > k> 1= k €[1, ) = A

f3)>0 = 9-18k +2 -2k + 9k2> 0 = 9k2 - 20k + 11> 0 = (9k - 1) (k- 1) > 0
:k<1ork>%=8

3<P 53<tBK3<3kk>1=C
2a 2

From A, Band C

Final solution: k > % > ke (ﬂ oo)

9

3)
Step 1 Given: Roots of f(x)=ax?+(a—-3)x+1=0, a # 0 lie only on one side of the y-axis.
= Either both roots are negative or both roots are positive
Also,D>0=(a-3)?-4a>0=>4a%-6a+9-4a>0=a?-10a+9=>0
= a€(-0,1UJ[9, ) -{0}...A
Case 1: Both roots negative
= Sum of roots negative and product positive
sbcoandS>021@-3<coand 150

a a a a

Step 2

As the second inequality demands a > 0, we reject the possibility of a < O in the
first inequality too.
=2>a>0anda-3>0=>a>3=>a€(3,x).B

Case 1: Both roots positive
= Sum of roots positive and product positive

=>‘§>0and%>o=>'(:]_'3)>0and%>o=>a>0anda-3<o=>ae(o,3)...c

From A, B, and C, we can observe final solution will be A N (BUC).
Final solution: a € (0,11 U [9, o)



M ATHEMATI CS

QUADRATIC EQUATIONS

MORE ON LOCATION OF ROOTS AND HIGH
ORDER EQUATIONS

A

« Location of roots: « Plotting of graph
- Both roots lie between k and k, = k, <a, B <k, » Location of roots:
« k, and k, lie between both the roots = a <k, , k, <3 « Both roots are greater
« Exactly one root lies between k, and k, than k
=Kk, <a<k,ork <<k, « Both roots are less
« At least one root is greater than k than k
=>B<k<a ora<k<f ork<a,f « k lies in between the
« Identity Equations two roots.

Given: Quadratic function f(x) =ax*+bx+c;a#0,a,b,c €R
Let a and (3 are the roots of quadratic equation f(x) =0

Required: To find conditions on coefficients of quadratic polynomial, such that q, (8 lie in specified
intervals. For example: Conditions on a, b, ¢ such that roots of f(x) =0, a, B € (%, o)

Approach: Graph of the quadratic function y = f(x) is an upward opening parabola (for a > 0O) or is a
downward opening parabola (for a < 0). When we divide f(x) by a, we end up with function

f
(—X): x2+£ X %, that has 1 as the leading coefficient.

a a
Note that both f(x) = O and ]%X) =0 have a and 3 as roots. so to find the condition on

coefficients (based on the location of the roots), we will conveniently use ]%X) instead of f(x).
All discussions are done using the graphs of f%() .

(o]
[y=f(x)=x2+%x+§=0 )
2 > (8]

. i.,e.k <a,B<k
Que IV : Both roots lie between k, & k, L 2

ie.a<k ,k,<B

Que V: k, & k, lie between both the roots

i.e. k1 <a< k2

Que VI : Exactly one root lies between k, & k, or k <B<k,

i.,e. B<k<a

Que VII : Atl i han k e
ue : Atleast one root is greater than or a& B>k




0%
@@ Both roots lie between k, and k, = k, <a, f <k,

There will be 2 cases.

Casetl.a#f

Observations from graph:
1. The graph intersects the x-axis at two distinct points

= D>0
2. The graph lies above x-axis at k, and k,
= f(k)>0 - -
= f(k,)>0
b D -b
3. Vertex V = ( 8’ 4_a) lies between k and k, = k1<% <k,
Case2:a=0

Observations from graph:
1. The graph touches the x-axis at a = 3

= D=0
2. The graph lies above x-axis at k, and k,
= f(k)>0
= flk,)>0
-b D
3. Vertex _\l/3= ( >a’ E) lies between k,and K,
=Kk, < 8 <k,
Clubbing both the cases, we get
D>0
flk)>0
flk,)>0
-b
ki <23 <k,

S
@@ k, and k, lie between both the roots i.e a <k, k<8

Observations from graph:

1. The graph touches the x-axis at a and 3
=>D>0

2. The graph lies below x-axis at k, and k,
= flk)<0
= flk,) <0




f(k) <O or f(k,) <O will automatically satisfy the condition of real roots, i.e D > 0, as for upward
opening parabola D <0 = f(x) > 0 V x € R and cannot attain negative values at k, and k,

Therefore, there will be 2 conditions for k, and k, to lie between both the roots i.e a<k, k,<f3
flk) <0 and f(k,) <O

(o4
@@ Exactly one root lies between k,and k,

There will be two cases i.e k,<a<k,ork <<k,

Case 1: k,<a<k,

Observations from graph:
1. The graph intersects the x-axis at two distinct points
= D>0
2. The graph lies above x-axis at k,
= f(k)>0 -
3. The graph lies below x-axis at k,
= flk,) <0

ol I

Case 2: k, <B <Kk,
Observations from graph:
1. The graph intersects the x-axis at two distinct points
= D>0
2. The graph lies below x-axis at k,
= f(k) <0 -
3. The graph lies above x-axis at k,
= flk,)>0

Pyl I

As a and 3 are two different roots, therefore D > 0O is implicit in the problem statement.
From the above two cases, combined condition will be
f(k) x f(k,) <O

o4
@@ At least one root is greater than k

There will be three cases.
a<k<fBor

k<a,por

k<a=f



Case 1. a<k<f

Observations from graph:
1. The graph intersects the x-axis at a and 3
= D>0
2. The graph lies below x-axis at k Kk
= f(k) <0 -
3. The bigger root 3 lies ahead of the k a B

v

Case 2: k<q, 3

Observations from graph:
1. The graph intersects the x-axis at a and 3
= D>0
2. The graph lies above x-axis at k
= f(k)> 0
4. Midpoint of a and {3 lies ahead of k and
-b <
=> k< >a k a B
3. The bigger root 3 lies ahead of the k

2
=>—b+\/2b —4ac>k
a

v

Case3:k<a=f
Observations from graph:
1. The graph intersects the x-axis at a =3

= D=0
2. The graph lies above x-axis at k

= f(k) >0
4. The vertex of parabola lies ahead of k

-b

= k< >a

3. The bigger root 3 lies ahead of the k <

- 2 _ k a
N b+\/§a 4ac>k

[|
\/

So, from Case 1, 2 and 3 we can club the common condition
1. D>0
-b +Vb? - 4ac

2a

2. k<

Polynomial equation of degree n, with real coefficients
aXx"+ax™+ax"?+ax+axt+ L +a =0,a#0anda,,a,..a €Rhasnroots.



The values of m for which the equation x*+ (1- 2m)x2+ (m?-1) =0 has

(i) four real distinct solutions
(@me(,?2) (b)m e (1,%) (c)m € [0, 2) (dmeod

Solution
We have f(x) = x*+ (1- 2m) x2+ m?-1=0
Step - 1:
Letx?=t=>f(x)=x*+(1-2m)x*+ m?-1=0=>f() =2+ (1-2m)t + m2-1=0
The given biquadratic equation in x f(x) = O with roots x, x,, X, and x, has been transformed into a

1772 773
quadratic equation in t, f(t) = O with t, and t, as the roots.

Step - 2:

As x2 =t = x = +/t, Four roots of f(x) = 0 will be

X, =+ Vt, x, =- Vi, x,= + Vi, x, = - Vi,

17 772 17 73 2’ 74

For f(x) = O with four real roots x,, x,, x,and x,, t,t,>0,t #t,

Step - 3:
Both roots t,, t, of f(t) = O are greater than O,i.et,t,>0,t, #t,k=0

A.D>0=(1-2m)-4m>-1)>0

:>4m2-4m+1-4m2+4>0=>m<%:>me(-°°,%)=A 1. Db2°a"d

- -(1- 2. — and
B.—b>0$w>0$1-2m<0$m>1$m6(1,00):8 2a

2a 2 2 3.f(k) > 0

C.f0)>0=>m2-1>0=>(M+N)(mM-1)>0=>m € (-»,-1) U (1,©)=C

Final Solution:

Aanc:mem,%)

The values of m for which the equation x*+ (1-2m)x?+ m?-1= 0 has three real distinct solutions.
@ me(1,2) (b)m e (1,%) (©me€lo, 2) (d) m € {1}

I

%@ Concept Check 2

The values of m for which the equation x*+ (1- 2m)x?+ m?- 1= 0 has two real distinct solutions.
5 5
@m e, U{g) Pme(.3)  (©mEO.2) @meo



ax? + bx + ¢ =0 is said to be an identity in x if it is satisfied by all x € R
Or

Number of roots > 2
Or

a=b=c=0

For example:

x?-4x + 4 = (x - 2)? is satisfied V x € R, hence an identity

X2-4x +4 = (x -2)°

X2-4x+4=x?-4x+4

0x*+0x+0=0

Coefficient of x? = Coefficient of x = Constant term = 0

Similarly,

ax"+ax ' +ax ?+axm+ax . +a =0is anidentity in x if it is satisfied by all x €R
Or

Number of roots > n

The values of ‘p’ for which the equation (p?- 3p + 2)x?- (p?- 5p + 4)x + p - p?= 0 possess more
than two roots is/are
@0 (b) 1 (c) 2 (d)3

For quadratic equation ax? + bx + ¢ =0

i

— |4

Key Conditions

1. Both roots lie between k, and k, = k, <a, B <k,

D >0, f(k) >0, f(k,) >0 and k, < % <k,
2. Both roots are less than k = a, B <k

D >0, f(k)>0and k>%

3. k, and k, lie between both the roots i.e a <k, k,<f3
f(k) <0 and f(k,) <O

4. Exactly one root lie between k, and k,
f(k) x f(k,) <O

5. At least one root is greater than k

2
D >0 and k < 2+¥b"-4ac
2a
?
Key Takeaways

—/ |4

aX"tax"'+ax ?+ax"itax 2+ +a =0is anidentity in x if it is satisfied by all x €R



[

ax’ +bx+c=0 Identity in x iff
Quadratic Polynomial a=b=c=0

s D
k,<a,B<k,
D>0
——> flk)> O
f(k,) >0
-b
k1 a B k2 k1 < z < k2
\. Y,
~
D>0
fik) <O
J flk,) < 0
J

b ¢
x2+=x+==0
a” a

Equivalent Quadratic
Equation

D >0 flk)  flk,) <O

a<k<Bork<a,Bork<a=f

NSNS

D>0

_-b+ Vb7 -4ac
2a

Kk




1. Let f(x)=4x?-4(a-2)x+a-2=0,a€ R be a quadratic equation, the range of values of a for
which at least one root lies in (O, %)

(a) [3,%) (B) (=, 2) U (3,%9) (€) (==,2)

(d) @
2. Find the values of ‘p’ for which the roots of (p - 2)x? + 2px + p + 3 =0 lies in (-2, 1)

-1
(@) (—=7) U[5,7] (b) (-, YU [5,7]

(€) (—, 7) U (5, 6] (d) @

Concept Check 1

Stepl:Letx?=t=>f(x)=x*+(1-2m)x*+ m?-1=0=>f(t) =2+ (1-2m)t + m?2-1=0
The given biquadratic equation in x f(x) = O with roots x,, x,, X, and x,has been transformed
into a quadratic equation in t, f(t) = O with t, and t, as the roots.
Step 2: As x2 =t = x = + V't Four roots of f(x) = 0 will be
X1=+\/E,X2=-\/’[_1,X3=+\/t_2,x4=-\/g

Three distinct real roots only if t, >0 and t,=0
Step 3:

A.D>O=>b2-4ac>0=>(1-2m)2-4m2+4>0=>-4m+5>0=>me(-oo,§>
B.Fort,=0=f(0)=0=f(0)=m?-1=0=>m={1,1}
-b -(1-2m) 1 1
C.Fort >0, %>O:>T>O:>1—2m<0:>m>§:>me(i,oo)
For final solution, A, B and C have to be simultaneously satisfied

Hence final solution AN BN C= (—00, %) Nn{-1,1nN (% , oo) ={1)
Concept Check 2

Stepl:Letx?=t=f(x)=x*+(1-2m)x*+ m2-1=0=f{t)=t*+ (1- 2m)t + m2-1=0
The given biquadratic equation in x f(x) = O with roots x,, x,, X, and x,has been transformed
into a quadratic equation in t, f(t) = O with t, and t, as the roots.
Step2: Asx?=t=>x=1¢ Vt Four roots of f(x) = O will be

= 0 0, o s e 7, =~

17 73 2’ 74 t2

For f(x) = O will have two real roots when t, >0 and t, <0 = O lies in between the roots t,
andt, of f(t) =0 0rt =t,>0

Step 3:

Case 1:t, <0 <t,.For O to sit in between the roots f(0) <0

=2f0)=m?-1<0=2Mm-NHm+1)<0=>me(-1,1)

Step 4:
Case 2:t,=t,>0

:>D=O=>b2—4ac=0:>(1—2m)2—4m2+4=0:>m=%
Butform:%, t1=t2=%>0:>Two real solutions x;@, x2=§

Hence final solution = Case 1U Case 2 = (-1,1) U {%}



Concept Check 3

Step 1: Given f(x) = (p? - 3p + 2)x?- (p? - 5p + 4)x + p - p?= 0 have more than two roots
= f(x) = O is an identity in x
= Coefficient of x? = Coefficient of x = Constant term =0

Step 2: (p?2-3p+2)=0and (p?-5p+4)=0and p -p2=0
=>((P*-3p+2)=0=p={1,2}
= (p*-5p+4)=0=p={1,4)
=>p-p?=0=>p={0,1}

Hence p =1is the correct answer.

Self- Assessment 1

Step 1: We have, f(x)=4x?-4(a-2)x+a-2=0
Dividing both sides by 4, we get: f(x)=x?-(a-2)x + a

4

= 0. Let a, B be its roots

Given : At least one root lies in (O, %)

Step 2: Case 1: Exactly one root lies in (O, %)
> f(0). f(%) <0

a-2,1 a-2 ,a-2

-+
4 4 2 4
=(@-2)@-3)>0a€ (- 2)U (3, x)

) <O

Step 3: Case 2: Both root lies in (O, %)

1.D2 0= b 4ac> 0= (a - 2 - 4252
>0>a€(2, =8B
1 a-2 a-2 _
22 T 7)70=@-3<0=a€(=3)=C

-b a-2 1 _
4'k1<2a<k2:>0< 5 <§:>2<a<3=>ae(2,3)—D

Case 2 SolutionSet=ANBNCND=¢

)>0=(a-2)a-3)>20=a€ (- 2] U[3, o) =A

a-2

2.f(k)>0 = f(0)>0 =

3.f(k2)>0:>f(%)>0:>(

Step 3: Final Solution Set == Case 1U Case 2 = ((-%,2) U ((3,%)) U ¢p = (-=,2) U (3,)
Self- Assessment 2

Step1: We have (p-2)x*+2px+p+3=0
Casel.p-2%0

=~ dividing both sides by p - 2, we get, x* + ﬁx + L 0. Let a, B be its roots.

Given : a.B € (-2, 1) poa P2
Solving Case 1
Step2: D20
2
— b’ 4ac > 0 :{z—pj —4(1)[p+3j > 0= P70 <o
p—2 p—2 (p-2)

= pe(-»06]-{2}=A



Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

p+3
p—2

>0

f(k,)>0=>f(-2)>0=>(-2)% + (ij (-2)+

p—2
N Ok BN

p—2 p-2 p—2

=4-

>0=>pe(—»,2)U(5,0)=8

2p +p+3
p—2 p-2

>0

flk,)>0=f(1)>0=1+
1 1
:>p<-zorp>2: pe —oo—Z U(2,0)=C
k1<_£< k2:>_2<_i<1
2a 2(p—2)

= pe(—»,1)U(4,0)=D

SolvingCase 2 :p-2=0=>p=2
=f(x)=(p—-2)x>+2px +(p+3)=0 becomes
2px+p+3=0:>x=_'o_3=—E

2p 4

5. .
X = ~7 is an acceptable solutionas roots € (—2,1)

Final solution (Case 1) U (Case 2)

Final solution set p e [—oo,—%j U (5,6]



M ATHEMATI CS

QUADRATIC EQUATIONS

EQUATIONS REDUCIBLE TO QUADRATIC

EQUATIONS

|| What you will learn

» Plotting quadratic polynomials, « Solving biquadratic equations of
« Solving quadratic equations special types
« Nature of roots of quadratic equations

The value(s) of k for which the equation x* + (1- 2k)x* + (k2 -1 ) = 0 has only one real
solution is/are

Let f(x =x*+ 1-2k x*+ k-1 =0

Now, let x> = t=t>0

Thus the equation becomes
ft =2+ 1-2kt+ k-1 =0
Let’s say this equation will have roots t,and t,

=>x=t,x’ =t
:>x1=\/E, x2=—\/E, x3=\/g, X, ==L,

For only one real root

Case1:t,=t,=0
~ % =0, %, =0, x, =0, x, =0

=>X=X,=X;=x,= 0

a. Therefore, sum of roots = x, + x, + x; + x, =0
b

>-—=0
2a

=(1-2k) =0
1

=k = —
2

b. Now, product of roots = x;x,x;x, = 0

c
=—=0
a

=k’-1=0
= (k—1)(k+1)=0
= kef{-1, 1}



Taking intersection of (a) and (b), we get, k € ®

Case2: t,=0,t,<0
Thus for this to happen, the necessary conditions are:

5 =k e(—oo, lj
:ke(—oo,zj 2

1.D >0
b ya N
2.-— < 0 T 1<0 t=0 =
2a
3.f(0 =0
Now, : :
1.D >0 : 2.—2£<0 370 =0
) 1 a 1
=>(1 -2k " -4Kk-1 >0 : (1- 2 =0+ 120+ K-1=0
2 2 1 =>-—F<0 1 2
=1+ 4k’ — 4k — 4> +4 >0 ! 2 , =k’-1=0
=-4k +5 > 0 : =1-2k >0 : —=Kk2=1
=4k > -5 ! 1 L =k o=l
| =k < — ;
et . 2 ' Ske 11
4 1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1

Taking intersection of (1), (2), and (3) we get,
Solution set: k = -1
Therefore, from Case 1 and 2, solution set for only one real root: k = -1

Concept Check

1. What is/are value(s) of k for which the equation x*+(1 — 2k x>+ k>~ 1 = 0 has only non real
solutions?

(2) The value of « for which the equation (x2 “2x '~ @+3 x*-2x + a-2 = 0 has four real

solutions are

Let f(x = x*-2x - a+3 xX*-2x + a-2 =0

Now, let x> —2x=t

Il
~

=x"-2x +1-1
:>(x2— 2x + 1)—1 =t

=>(x -1°-1=t

Now, since the square of a real number is always positive,



=(x-1y20
Adding -1to both sides,
=>(x -17-12 -1
Ort 2 -1

Similarly,
x;=1+ Jt,+ I x,=1- Jt,+ 1

For four real solutions we have,

X, X, X3, and X, are all real and distinct.
Therefore, t, and t, must be strictly
greater than -1.

=t> —-landt,> -1

=>te[-1, »)

F(x) = —(a + 3)t + (@ - 2) = 0

Also,
S(x - 1=t +1
=x -1 = t+ 1

=>x=1+ i+ L x,=1- t,+1

1
1
1
1
1
1
1
1
1
1
1
1
Thus, substituting t, we get, :
1
1
1
1
1
1
1
1
1
1
1
1

Necessary conditions:
1.D >0
b

2.— > -1
2a

3.f(-1) >0

Now,

1.D > 0

:(a+3)2— 4(a-2) >0

=o'+ 6a+9—4a +8 >0

3.f(-1) >0

= (-1~ (@ +3)(-1) + (@ -2) >0
=>l+a+3+a-2 >0

=2a +2 >0

=>a’+ 20 +17 >0 s -]
Since, the discriminant (D) of this
equation is negative, the equation will
have positive values only and hence

:>0(€(—1, o0

Taking intersection of (1), (2), and (3)

this equation holds true for all real we get,
values of a. Value of a for four real solutions:
b ae(-1, w
2— > -1
2a
( (a + 3)]
== == > =]
2

=a +3 > -2
=>a > -5

= a e(-5, »)

Concept Check

2. What are the values of a for which the equation (x*—2x " (a+ 3)(x*=2x) + (@ - 2) =0
has two real solutions?



Equations Reducible to Quadratic Forms

In the last session, we solved biquadratic equations by solving the equivalent quadratic equations.
Similarly, special polynomial equations of higher degree can be solved.

Type 1: ax* + bx’+ cx*+ bx+a =0,a# 0
As a= 0, x = 0 can not be the root of the given equation.

Divide the given equation by x?, as x # 0,

we get: a(x2+izj+ b(x+l)+ c=0
X X

1
Letx + — =t
X

1
>x+— +2 =t
X

:>a(t2—2) + bt +c =0

=at’+bt +c —2a =0
= A quadratic equation in t

However, there is one key distinction between a general quadratic equation ax?+ bx+c=0
andat?+bt+c-2a=0,
i.e., x in f(x) can attain all real values, but t in f (t) is constrained.

Lety=x+l, xeR-{0}
X

Range of y

=x’+(-y)x + 1 = 0(This equation has real roots)
=D >0

=y'—4 >0

=(y-2)(y+2) 20

=y e (-0, -2] U [2, )

=t¢R

butte (-0, —2] U [2, »)

g

Solve 2x* —9x* +14x* -9x+2 =0

Let f(x)=2x"-9x’ +14x* -9x+2 =0

Comparing the equation with ax*+ bx*+cx?+dx+e =0
a=e=2andb=d=-9
Thus, f(x) follows Type 1 conditions.

Hence, dividing the equation by x?






Type 2: x-a)(x-b)(x—c)(x-d)=Ax*where ab = cd
(x*+ab-(a+b)x)(x?+cd-(c+dx)=Ax?

Dividing the general equation by x*, we get,

= (x+a—b—(a +b)j(x+c—d—(c +d)j =A

X X

= (x+%b—(a+b)j[x+07b—(c+d)] =A  (As, ab=cd)

ab
Put x+— =t, the equation transforms to
X

=(t—(a+b))(t-(c+d)) = A

@@ Solve (x+2)(x+3)(x +8)(x +12) = 4x>

Step 1 Given:(x +2)(x+3)(x+8)(x+12) = 4x”or(x +2)(x +12)(x +3)(x +8) = 4x>
Comparing the equation with(x —a)(x—b)(x—c)(x—d) = Ax*and ab = cd
a=-2b=-12c = -3, andd=-8. Here ab =cd =24

Thus the equation follows Type 2 condition.

Step2:(x + 2)(x + 12)(x + 3)(x + 8) = 4x?

= (X7 +14x + 24)(x7+ 1x+ 24) = 4x°

:>(x+ 24 +14j(x < 24 +11]=4
X X

letx + 22 t= b+ 14)(t+1)=4=1t>+25t +150 =0
X

Here t e(—oo, —2@})[2@, oo)
= (t+10)(t+15) =0
=t = —10, —15(Both acceptable solutions)

Step3:Case |:t =-10 Step4: Casell:t=-15

=X +ﬁ=—15
X

= x> +15x+24=0
154,15 -4x24  —15+ /129
: 2 : 2
~15£129
2 9

:>x+£:—10
X

= x?+10x +24 =0
= (x+ 4)(x+6)=0

=>x=-4, -6

=X

Therefore the roots are 6, and —4.



@@ Solve x+9)(x-3)(x- 7)(x+5)=385
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Key Takeaways




Self-Assessment




Concept Check 1

Let fix) =x*+(1-2k)x*+ (k*-1)=0

Now, letx?=t=1t>0

Thus the equation becomes
flt)y=t2+(1-2kt+(k*-1)=0

Let's say this equation will have roots t, and t,
=>x*=t,x°=t

20

For no real solutions

Case 1: t;<0and t, <0 Case 2: Both t, and t, are imaginary.
Therefore, the necessary conditions are: Necessary conditions:
1.D > 0 D<0 2
= 1-2k) —4(k’-1)<0
2.—£ <0 ) ( )
2a = 1+4k> -4k -4k*+4 <0
3.£0) > 0 = —4k+5<0
1.D>0 N k>%
= (1-2k)" —4(k*=1)=0
( ) ( ) zke(—, oo]
=1+4k> -4k —4k*+4>0 4
= -4k+5>0
= -4k >-5
:>l<£E
4
:>ke(—oo,§}
4
2 5 <0 3.£(0)>0
—= . >
2a (
(1-2k) =07 +(1-2k)0+(k*=1)> 0
=>-—-——2<0
=k’-1>0

= (1 -2k)>0 = (k-1)(k+1)>0

k<t =k &(=o0,~1)U (1, )
2

=k e(—oo, l)
2

Thus, from (1), (2), and (3), we get the solution set:
ke (—oo, — 1)
Therefore, from Case 1and 2, we get the solution set for no solution:

ke(_oo,_l)u(%,ooJ



Concept Check 2

Let fix) = (- 2x)% - (@ + 3) (- 2X) + (@ - 2) = O

Now, let x? -2x =t
=>x2-2x+1-1=t
S02-2x+1)-1=¢
=>(Kx-102-1=t
Observe, (x-1)?-1=t

S(x—1) =t 2x-1= 24t+1 x,= 1+t +1, 5, = 1t +1

Similarly, x; = 1+t,+1, x, = 1-/t, +1

Case1:1,=1¢,>-1
Therefore, the necessary conditions are:

1.D=0
2.—£> —1
2a

3.£(-1)>0

Now,

1.D=0

= (a+3)? -4a-2)=0
2>a’+6a+9-40+8=0
Sa’+200+17=0 (i)

Since discriminant of (i) is negative
(D=4- 68=-64).

Hence, equation will have no real roots.
S>a=0

2.—£>—1
2a

{2}

=a+3>-2
=a>-5

=>ae (—5,00)

Taking intersection of (1), (2), and (3) we get,

Solution set: ¢
Therefore, from Case 1 and 2 we get,

The values of for two real solutions: a (-, —1)

Case 2: t> -1 and t, < -1

\ | /

ya 1 AN

N I U
t \/tz

Necessary conditions:

:>f(—1)<0

= (1) —(a+3)(-1)+(a-2)<0
=l+a+3+a-2<0
=2a+2<0

=S>a<-2

= a e(-0,-1)

3.f(-1)>0

= (-1) —(a+3)(-1)+(a-2)>0
=>l+a+3+a—-2>0
=2a+2>0

=a>-1

= ae(-1,0)



Concept Check 3

We have, x*+4x>-21=0

Putx’ =t where t €[0,)

=t?+4t-21=0

= (t-3)(t+7)=0

=t=3 or t=-7

Since,t=-7 is not in the range of t, we will reject this value
=>t=3

Orx* =3

= x:i\/g

Self-assessment

1.
Step 1:Given equation2x” +x> —11x* +x+2=0

Dividing the equation by x*, as x=0, is not the root of given equation.
X X X X
1Y 1 1Y’ 1
=S2|( x+—| 2|+ x+—|-11=0 =2 x+— | +| x+— |-15=0
X X X X

1
Step 2: Letx+—=t
X

= 2x2+x—11+l+%=0 :>2(x2 +L2j+(x +lj—11=0

= 2t* +t-15=0
= (t+3)(2t-5)=0
:>t‘:—3,é

2

Both are acceptable solution as te (—oo, —2]u[2, oo)

Step 3:Fort=-3

:>x+l:—3
X

= x*+3x+1=0

_3+49-4 3445
2

=X
2
5 1 5 2 1
Step 4: Fort:E :>x+—:5 = 2x°-5x+2=0 = (2x-1)(x-2)=0 :>x:5,2
X
3+
Step 5 : Four roots of equation2x* +x* —11x*> + x+2=0 are 3;\/5,%, and 2
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QUADRATIC EQUATIONS

THEORY OF EQUATIONS

E:-(‘{,) What you already

- Difference between a polynomial and an identity on

the basis of roots  Polynomial equations
« Nature of Roots « [dentities
« Factor Theorem « Zeros of polynomial functions

« Formulae of roots of polynomial with several degrees

Important Results

« A polynomial equation of degree n has n roots (real or imaginary).

« If the number of roots is greater than the degree of polynomial equation, then it becomes an
identity.

- If all the coefficients are real, then the imaginary roots, if any, always occur in conjugate pairs
i.e., the number of imaginary roots is always even.

« Ifthe degree is even, then the number of real roots is also even.

- Ifthe degree is odd, then the number of real roots is also odd. In fact, at least one root is always
real.

« Factor theorem: x =k is a root of f (x) = 0 & (x — k) is a factor of f(x)

Relation between roots and coefficients of the polynomial

Given: f(x) = ax® + bx? + cx + d = O with roots o, B and y
ax®+ bx?+cx+d=alx-x)(x-B)x-y)

=a(x - )= (B +y)x +BY) = al - (o + B+ y)x* + (xB + By + xy)x - xBY)

g -b  -Coeff. of x? )
(i) Sum of the roots =x+Bty ~ @ Coeff of
(if) Sum of the product of roots taken two at a time |= <3 + By + «y === M
a Coeff. of X
(i) Product of the roots = By =g Lomsemiem
) a Coeff. of X* )




Given: f(x) = ax* + bx® + cx? + dx + e = 0 with roots «, 8, y and &

ax*+ bx3+cx?+dx +e=a(x-x)(x-B)x-Y)X- )

=a(- (cc+BHy+ X+ (B + By + Xy + 6+ BE+y E)X? - (xBy + BYS + xyS + <BE)X + xByb)

e A
. . __b _ Coeff. of x*
() Sum of the roots =x+B+y+58 =G " Cooff of o
- . =xB+By+yd+6x+ | _ c_ Coeff of x?
(i) Sum of product of roots taken two at a time oy + 35 O Cooff of x?
: = By + Byd + ydox + __d _ -Coeff. of x
(iii) Sum of product of roots taken three at a time 503 a0 Cooff of ¥
. _ _e _ Constant term
\(IV) Product of roots = xByd =g Cooff of X )
Given: f(x)=ax"+ax" +...+a_x'+a =0 with roots oc, o, ..., &
( S ¢ _ _ 9, _ -Coeff. of x” b
(i) Sum of the roots =oc o, o+ ~a, "~ Cooff of X"
(i) Sum of the product of roots taken | _ o o+ o ot +oc o 4 _9 Coeff. of x™?
two at a time S22 e T T a, Coeff of x”
(i) Sum of the product of roots taken |~ &, X, X, + & o, X, + X X, _9; _ -Coeff. of x™3
three at atime X t... o,  Coeff. of x
. _(-W"a, _(-1)"Constant term
\(IV) Product of roots =0 O, O X,... =—a, - Cooff of X7 )

Let o, B, y and & be the real roots of the equation x* - 9x3 + 28x2 - Ax + 12 = 0, such that

v6 = 2. Then the value of A is given by:
(@) 34 (b) -34 (c) 4 (d) -4

Step 1: Given y6 =2

i b _ Coeffofx® _
(i) Sum of the roots =xX+B+y+d :-F:-m:9
(if) Sum of the product of roots _ _ ¢ _ Coeff. of x* _

taken two at a time =B HBY VO Oy BO | = = oot ofa? 28
(iii) Sum of the product of roots _ _ d _ -Coeff.of x _

taken three at atime XBy * PyS + yoo + 5ec3 "G~ Coeff ofx® "
: _ _e _ Constantterm _

\(IV) Product of roots xByd 0= Cooff ofx® — 12 )

Step 2: Given y6 =2 Step 3:

x+B+y+6=9 A=aBy + Byd + yda + &af

By +8x +xy+B6=20 (Asyd=2& xB=6) = aB(y+d) + yd(a + B)
(< +B)(y +8)=20 > A=6(4) + 2(5)
s (o< + B) & (y + ©) are roots of the equation =34

X?-9%x+20=0=(x-5)(x-4)=0
> (x+B)=5&(y+8)=4



%@

If a, B and y are the roots of x3 + gx +r = 0, then the equation whose roots are <+ 3, 3 +yand y + ais
(@) -2x*-gx+2r=0 (b) x® +gx+r=0 () x® +gx-r=0 (d) -2x® +gx+2r=0

Concept Check 1

E] If fix) = ax? + bx + ¢ = 0; |bl > la+cl, then
@ (a) one root of f{x) = O is positive, the other root is negative
(b) exactly one of the roots of f{x) = O lies in (-1, 1)

(c) 1lies between the roots of f(x) = 0
(d) both the roots of f(x) = O are less than 1

Step 1: Given fix) =ax?*+ bx+c=0; bl > la + ¢l
=>b’>@+c)f=>(@+c+b)a+tc-b)<0

Step 2: Note f(1)f(-1) = (o + b + ¢)(a + b - ¢) < 0 Recall, exactly one root lies in (k, k,) iff fik)) fik, )<O
= There is exactly one root in (-1 1)

We have, fix) =ax* + bx+c=0 f(1

Therefore, the final solution is option (b).

\ 4

A
\/

%@

If fx)=ax®> + bx+c=0;a(@+b+c) <O<c(a+b+c),then

(a) one root of fix) = 0 is less than O, the other root is greater than 1
(b) exactly one of the roots of f(x) = O lies in (0,1)

(c) both the roots of fix) = O lie in (0,1)

(d) atleast one of the roots of fix) = O lies in (0,1)

Concept Check 2

%@

. (X2 +ax + b) -
The equation WETET = ¢ has three distinct real roots, then the value of

a + b + c will be equal to:

(@) 1 (b) 2 (d) 4
(2+ax+b) xX*+ax+b (1-cox®+(a- o)x+b-c_
Step 1: Given Xl - = X -c=0=> PR =0

Step 2: (1 -c)x*+(a-c)x+b-c=0 has more than 2 roots, therefore its an identity
=>1-c=a-c=b-c=0=>a=b=c=1=>a+b+c=3



%@

If ax? - 2bx + ¢ = 0 and px? - 2gx + r = 0 have a root in common and b? = ac, then which of the
following option(s) holds true?

Concep

@9=2=F (O q=pr ()pctra=2bq (o) bpr=cfac

@@ The roots of the equation 6x° - x* - 43x3 + 43x? + x - 6 = O are:

11 11 11
@)-3-37h2 B2 SR
Step 1: Given f(x) =6x°-x*-43x® +43x>+x-6

Step 2: Using Synthetic Division Method or Long Division Method q(x) = 6x* + 5x® -38x>+ 5x + 6
such that f(x) = (x - 1) q(x)
Dividing q(x) = O by X2, we get 6 (x2+%) +5 (x+%) -38=0
Lett=x+— where t € (-, 2] U[2,®)
=>6(t?-2) +5t-38=0=6t> +5t-50=0=(3t+10)(2t-5) =0
10 5

=>t= 35 (Both accepatable solutions)

1 5 1

Step 3: ¢ =2 = x+5— = 3¢ +10x +3=0 Step 4:t=—3=x+—- = 2x2-5x+2=0
z(3x+1)(x+3)=0=>x:-3,-% !

1
1
1
1
| = (2x-1)X-2) =0 = x == 2
1
1
1

Therefore the roots of f(x) = 0 are -3,- %% 1,2

« A polynomial equation of degree n has n roots(real or imaginary).

- If the number of roots is greater than the degree of polynomial equation, then it becomes an
identity.

- If all coefficients of polynomial equation are real, then the imaginary roots (if any) occur in
conjugate pairs i.e., the number of imaginary roots is always even.

. If the degree of polynomial equation is even, and all coefficients are real , then the number of
real roots is also even.

- If the degree of polynomial equation is odd and coefficients are real, then the number of real
roots is also odd. In fact, at least one root is always real.

« Factor theorem: k is a root of f(x) = 0 & (x — k) is a factor of f(x)



Key Results

Given: f(x) = g x"+ ax™" +

+a_ x'+a =0 withroots o, o, ...

-
(i) Sum of the roots

=0C + 00, + Ot

two at a time

(i) Sum of the product of roots taken

= 0(1 0C2+ 0<1 0C3 + 0(1 0C4+

(iii) Sum of the product of roots taken

=OC10(20C3+0C10C20C4+0C1OC2

three at atime ot Coeff. of x"
V) Prod ¢ . _ (-I)"Constant term
(iv) Product of roots =0 O, O K, = Cooff of &

Mind Map

Self-Assessment

1. If p(x) is a polynomial of degree greater than 2 such that p(x) leaves remainder a and - a when
divided by x + a and x - a respectively. If p(x) is divided by x? - a®> then what is the remainder ?

2. 1fx*+5x2+px+qg=0and x*+7x2+ px+r=0 have two roots in common and their third roots
are y, and vy, respectively, then what is the value of Iy, +vy,| ?

_ - Coeff. of x™
Coeff. of x"

_ Coeff. of x™?
Coeff. of x"

- Coeff. of x™3




Concept check 1

Step 1: Given f(x) =x3*+gx+r=0 hasroots a, 3, and y

atB+y=0=>a+B=-y; B+ty=-aqa+ty=-B

ag+By+ya=qg & aBy=-r

-~ Equation with roots (a+ ), (B +Yy) & (a+y) is same as equation with roots -a, -3 and -y

Step 2: Required transformation of cubic equation with roots -a, -3, -y
f(x) = 0 has roots @, B, y = f(-x) = O will have roots -a, -B, -y
f(-x) =-x3-gx+r=0=>x3+gx-r=0

Concept check 2

Step 1: Given f(x) = x2+bx+c O&a@atb+c) <O<cl@a+b+c)
Observe f(l)=a+b + c & f(0) =
= af(l)=a(@a+b+c)<0..() & f(O) f(1) = c(a +b +c) > 0 ....(I)

Step 2: Condition I: af(1) <0 = a & f(1) are of opposite signs
Case1:a>0&f(1) <O Case 2:a<0&f(1) >0
= 1 lies between the roots of f(x) =0 =>a<1<f3

af(1) < 0 = a & f(1) are of opposite signs

AL T

Both roots of f(x) = O lie on opposite sides of 1 or 1lies between the roots.

Step 3: Condition II: f(O)f(1) > 0 = f(0) & f(1) have the same sign. From condition 1, we know 1 lies
between the roots of f(x) = 0. As f(0) & f(1) have same sign = 0 also lies between the roots of
fx)=0=>a<0<1<

) > 0 = f(0) & f(1) are of the same signs

oLy

Therefore, one root of f(x) = O is less than O and other root is greater than 1



Concept check 3

Step 1: Let f(x) =ax?-2bx +¢; g(x) = px?-2gx +r
Now, Discriminant D of f(x) = (2b)? - 4ac =0 (~ b?=ac)
= f(x) = 0 has equal roots q, a.

Here a = %

Step 2: As both the equations f(x) = 0 and g(x) = O have a common root , %is arootofg(x) =0

2
= 9(%) = p(%) - 2q<%>+r=0:> pb?-2gab +ra’=0

= pac +ra? = 2gab = pc +ra = 2bqg (vb?2=ac&a#0)

Self- Assessment

1. Step 1
As the degree of remainder is always lesser than the degree of the divisor, we have taken
remainder with degree less than 2 here.
Let ux + v be the remainder when p(x) is divided by x2- a2
Using division algorithm, p(x) = (x? - @) q(x) + (ux + v)...(i) where q(x) is the quotient.
We know that, by remainder theorem, p(-a) = a, and p (a) = -a.
Putting x =-a and x = a in the equation (i)
a=-ua+vand-a=ua+v. Solving them simultaneously, v=0 and u = -1.
Hence, the required remainderis:ux+v=-x+0 =-x
2. Step 1:
Let the roots of x> + 5x* + px +q=0be a, B,and y, ........ (i)
Roots of x* + 7x* + px +r =0 are @, 3, and v, .....(ii)
Subtracting equation (ii) from (i),
= -2x2+q-r=0 ..(iii
As a and 3 are common roots, so the roots of the equation (iii) are a and 3
>a+B=0

Step 2:

From equation (i)

a+B+y =-5=y, =-5

Similarly, from equation (ii)

a+B+y, =7y, =-7
Therefore,y, +vy,=-12=1ly, +y,| =12
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