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JEE(Adv.)-Mathematics Definite Integration & its Application

DEFINITE INTEGRATION & ITS APPLICATION

b
A definite integral is denoted by I f(x)dx which represent the algebraic area bounded by the curve y = f(x), the

ordinates x = a, x = b and the xaaxis.

1. THE FUNDAMENTAL THEOREM OF CALCULUS :

The Fundamental Theorem of Calculus is appropriately named because it establishes a connection between
the two branches of calculus : differential calculus and integral calculus. Differential calculus arose from the
tangent problem, whereas integral calculus arose from a seemingly unrelated problem, the area problem.
Newton's teacher at Cambridge, Isaac Barrow (1630-1677), discovered that these two problems are actually
closely related. In fact, he realized that differentiation and integration are inverse processes. The Fundamental
Theorem of Calculus gives the precise inverse relationship between the derivative and the integral.

It was Newton and Leibnitz who exploited this relationship and used it to develop calculus into a systematic
mathematical method. In particular, they saw that the Fundamental Theorem enabled them to compute areas
and integrals very easily without having to compute them as limits of sums.

Y/

Part 1 : The First Fundamental Theorem of Calculus : Iff is continuous on [a, b], then the function g defineq
by g(x) :jf(t)dt : a<x<b

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

b
Corollary : If fis continuous on [a, b], then J f(x)dx = F(b) - F(a) where F is any antiderivative off, that is

a function such that F '=f.

Part 2 : The Second Fundamental Theorem of Calculus

This part is sometimes referred as Newton-Leibnitz axiom.

Let f be a real-valued function on a closed interval [a, b] and F an antiderivative of fin [a, b] :
F'(x) =f(x).

b
If f is Riemann integrable on [a, b] then If(x)dx =f(b)-f(a)
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The second part is somewhat stronger then the corollary because it does not assume that f is continuous.

b
Note : If If(x)dx = (0 = then the equation f(x) = 0 has atleast one root lying in (a, b) provided f is a

continuous function in (a,b).

SOLVED EXAMPLE

2 dx
Example 1 : Evaluatej (x+1)(x+2)
1

1 1
(X+D)(x+2)  x+1 x+2

Solution : (by partial fractions)

2
dx 9
{ xrh(x2) = [nx+N)—in(x+2)ff =3 —nd—in2+(n3 = fn[gj

Problems for Self Practice -01:

Evaluate the following

I 5x? 4( 2 3 ) 3 X
(1) 1 X2 +4x+3 dx (2).(!‘ 2sec” x+Xx” +2)dx (3).([ 1+ secx dx
5 5 3} nt T
) _ 219N —=—/n— -t
Answers : ) S 2[ 4 2] @ 1024 t 2 2

TCZ

T 2
® E—m*””(ﬁ)

2. PROPERTIES OF DEFINITE INTEGRAL :

b b
Property -1: jf(x)dx = jf(t) dt provided fissame
b a
Property -2 : Jf(x)dx = —J f(x)dx
a b
b c b
Property -3 : Jf(X)dX = If(X) dx +J. f(x)dx , where ¢ may lie inside or outside the interval [a,b].

This property is to be used when f is piecewise continuous in (a, b).



JEE(Adv.)-Mathematics Definite Integration & its Application

SOLVED EXAMPLE

8
Example 2: Evaluate Il x-5] dx.
2
8 5 8
Solution : IIX—5|dx =I(—X+5) dx+I(X—5) dx =9
2 2 5

2 5 2
Example 3:  Show that I(2X+1) dx = I(2X+1) + I(2X+1)
0 0 5

Solution : LHS.=x*+x]?, =4+2=6; RHS.=25+5-0+(4+2)-(25+5)=6
L.H.S.=R.H.S

2

x°, 0O<x<2 :
Example 4 : Iff(x)= {3){ 4 2<x<3 then evaluate Jf(x)dx
—4,2< !

3 2 3 2 3
Solution: | F()dx =[f(x)dx+ [ f(x)dx = [ x’dx +[ (3x —4)dx
0 0 2 0 2

3\2 2 3
X)L ] 2842 10 648=37/6
2 L3 2

0

3[x]- sm, x#0 [
Example 5 : Iff(x)= X then find '[ f(x)dx (where[.] denotes the greatest integer function)
2, x=0 2
Solution - |x] .
olution : 3[x] -5—=3[x]-5,if x>0 y
X Y
2
=3[x]+5, ifx<0 B
-2 -3/2 1 2
2 -1 0 1 2 | — _| >X
- j f(x)dx = j (—1)dx + j (2)dx + j (=5)dx + j (—2)dx 2]
302 372 1 0 1 5

_ 3 oL, s, 1
--1(—1+5j+2(1)+1(—5)+(—2)- SH+2-5-2=—=
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2
Example 6 :  Find the value of I(x[xz] +[x*1%)dx , where [.] denotes the greatest integer function.
1

2 V2 V3 2
Solution : We have, | =J‘(X[x2] +[x°T)dx = I(x+1)dx+ I (x* +2%)dx + I (x* +3%)dx
1 1 V2 V3
(xz Jﬁ x> 2 . 3 Y
| =—+x| +|—+ )
2 | 3 log2),; \ 4 log3)g;
——+ +£+ (ZI 2J—)+ (3°-3%)
log?2 log3

20

Example 7 : Evaluate : J [cotf1 x]dx . Here [.] is the greatest integer function.
-10

20

Solution : | = J [cot™ x]dx , we know cot™ x e (0, 1) V x € R
-10
3, xe(—o, cot3)
2, xe€(cot3, cot2)
Thus [cot™ x] =
1, xe(cot2, cotl)
0 xe(cotl, ©)
cot3 cot2 cotl
Hence | = J 3dx + J. 2dx + j 1dx + j 0dx = 30 + cot1 + cot2 + cot3 Ans.
-10 cot3 cot2 cotl
Problems for Self Practice -02:
Evaluate the following
2 3 9
(1) Il x% +2x-3] dx. ) I[X] dx, where [x] is integral part of x.  (3) J [\E] dt.
0 0 0
4 /2
@) J{X}dX , where {.} denotes fractional part of x. ~ (5) '[ | sin x —cosx |dx
0 0

<x<1

6 If f(x)= 2 0=
© *= X+[x] 1<

9
Answers : (1)4 2)3 (3)13 (4)2 (5) 2(v2 —1) 6)

, Where [.] denotes the greatest integer function. Evaluate jf(x)dx
0
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Property -4 : j f(x)dx = j [£(x) +f(—x)]dx =
—a 0

0 ;if f(x) is an odd function

2 J f(x)dx ;if f(x)isan even function
0

Example 8 :

Solution :

Example 9 :

Solution :

Example 10

Solution

1/2

1+x
Evaluate j COSX £n( jdx
~1/2 1-x

f(=x) = cos(—x)én(l_xj = —cos én(“xj = f(x) = f(x) is odd
1+x 1-x

Hence, the value of the given integral = 0.

2
2
cosx e* 2xcos” x/2 /2

Iffx)=| x> secx sinx+x’ [,then find the value of '[ (x> + D(f(x) +1"(x))dx

—n/2
1 2 X +tan x

2

2
cosx e* 2xcos” x/2

As, f(x) = | x> secx sinx+x’

1 2 X +tan x
= f(—x) = = f(x) = f(x) is odd
= f'(x)iseven = f"(x) is odd

Thus, f(x) + f"(x) is odd function let,

o(x) = (x* + 1).4f(x) + "(x)}
/2

= §=x)=-0(x) Qe ¢(x)isodd .. j ¢(x)dx =0

—n/2

X+87X

1+e”*

e
Evaluate I
-1

dx

1

LeXie™ eX+e* e *+e*
I X dx = X + —X dx
; 1+e 0 1+e 1+e

1 X =X X =X X
e’ +e e’ (e +e”) (e’1—1) e -1
= + = X —X -—e — =
_;[(Hex X +1 ]dx— (e"+e7) dx =e—-1+ 1 .

O —
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Problems for Self Practice -03:

Evaluate the following

: 2 2
(1) f1x] dx. @) J;sin7x dx. 3) j fix dx
2 2
n/2 n/2 .
4—sin 0O
x*sin’ x + cos x)dx /n 2( j do
@ ] ¢ L { 4+sin0
Answers : (1)1 ()0 (3)1 (4)2 (5) m/n2
b b a a
Property -5: '[f(X)dX = '[f(a +b—x)dx | In particular '[f(x)dx = '[f(a—x) dx
a a 0 0

g (cosx)
g (sinx)+g(cosx)

g (sinx)
g (sinx)+ g (cosx)

Example 11 : Prove that

Oy | 3
]
Oy | 3
]
EN ]

2 .
Solution : Letl= - g (sinx)
5 9 (sin x) + g (cos x)
g g|sin T _x g
2 g(cosx)
=>1I= = -
0 5 9(cosx)+g(sinx)

ooz ol

on adding, we obtain

1
O N | 3

2
J‘ ( (sinx) g (cosx) | ] o« —q=®
5 (sinx)+g(cosx) g(cosx)+g(sinx) 4

Example 12 : If f, g, h be continuous functions on [0, a] such that f(a — x) = —f(x), g(a — x) = g(x) and

3h(x) — 4h(a — x) = 5, then prove that '[f(X)g(X)h(X)dx =0
0
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Solution :

Example 13 :

Solution :

Example 14 :

Solution :

| = jf(X)g(X)h(X)dx = if(a —x)g(a—x)h(a—x)dx = —i f(x)g(x)h(a—x)dx

71=31+ 4] = jf(x)g(x){?)h(x)—4h(a—x)}dx= Sj'tf(x)g(x)dx =0

(since f(a —x) g(a—x) = —f(x)g(x)) = =0

iy

xsinx

Evaluatej dx
et +1
T
¢ xsinx fxsinx ¢ xsinx
I=I " dx+'[ ——dx =1 +1, wherel1='[ dx
Joet+1 o € +1 Joet+l1

Putx=—-t=dx=-dt

iy

~ * (=) sin(=t)(=dt) _ ptsintdt J e'tsintdt _ re"xsinxdx

- . 41 I 41 ‘41 I “+1
T € 0 € € 0 €
0

Y

Hencel=|1+lz=j

Y

e*xsin x X sin X
dx+'[
e’ +1 e’ +1

dx

0

|=stinxdx= (n—x)sin(n—x)dx=Tt_[sinxdx—I
0 0 0

T
. T
= 2l = n'[s1nxdx=n|—cosx|0 =21 = I=n
0

2 1
, dx ) . ,
1_
(i) !(17+8X—4X2)[C6(1x) ] (II)JCO'[ (1-x+x")dx

0

Evaluate

.. }
_"fasinx +bcosx 2 sin x
(ii _[ - dx (iv) '[ ———dx
¢ sinX+cosx ) e e

Let| = j dx
o (17+8x —4x*)[e®™ +1]

(i)

dx
(17 +8x —4x*)[e "™ +1]

Also | = j 'Tf(x)dx = jf(a—x)dx



JEE(AdVv.)-Mathematics Definite Integration & its Application
Adding, we get

2= [ Lo, 1 jdx LN Y S S
17+8x —4x*\ ™™V 41 e 4] < 17+8x —4x° 49x*-2x-17/4

Y2t
__.[ L1 lo ” 2| =_ |2X 2- \/7|
| (x- 1) 214 4 i gX_HJﬁ g 24421} |
2 1o
] { 2-21] |2+\/_|} {1 V21— 2|}
PRI R No TR *l2v 2]

1 1
(ii) I= jtan’1 (%de = JAtan’1 [dex
0 l1-x+x 1-x(1-x)
1 1 1
= JA[tan’1 x+tan ' (1-x)] dx = J.tan’1 x dx +I0 tan ' (1-x) dx
0 0

1 1
:2Itan_1x dx =2 [X tan_lx—%log(1+x2)} :2g—log2:§—log2
0

0

n/2 .
iy 1= asinxtbeosx o (i

y  SINX+Cosx

n/2

- '[ asin(n/2—-Xx)+bcos(n/2—x) _“facosxntbsinx
o sin(m/2—x)+cos(n/2-Xx) 0

- dx ... (ii)
Sin X +Ccos x

/2

/2 .
(a+b)sinx+cosx) ; [@+bidx=@+b)n/2 = I=(@+b)n/4
0

2] =

0 sin X + cos X

n/2 2sinx n/2 2sin(1‘c/2 x) n/2 cos X

(|V) I= '[ sin x COS X X= sin x(7/2-x) cos (nm/2—x) d COS X sin x dX
) )2 +2 ) o )

/2

21=jdx=§ n

|
U
N
|
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Problems for Self Practice -04:

Evaluate the following

@) j X 3) X SinX cos X dx.
sinX + cos X

Oy | 3

sin x + cos* x

O\ [ 3

(5) ide
1 VO—X +/x

2

Y TC_ 1
Answers: (1)1 (2) 2 log, (1+\/§) (3) 16 (4) 12 (5)2
2 a a 2 j f(x)dx 5 if f(2a—x)="f(x)
Property -6 : .[ f(x)dx = If(x) dx + If(2a -x)dx=| j
0 0 0 0 ; if f(2a—x)=—-f(x)
Example 15: Evaluate (i)le sin®xcos® x dx (i) f _x s dx (i) fL‘lx
! o 1+2sin”x o 1+ cos® x
Solution : (i) Let f(x)=sin®*k cos®x = f(r—x) =—=f(x) I sin®xcos®x dx =0
0
) ot _ I oAk
(ii) Let f(x)= 15 2sin?x = f(nr—x)=f(x) = ) 1+ 25sin? x
g g 2 g 2 n
dx sec” x dx sec” x dx 2 K
=2 - = = - = —F= _ 2
~([ 1+2sin? x ~([ 1+tan? x + 2tan? x ~([ 1+3tan?x V3 [tan 1(\/§tanx)]o

tan % is undefined, we take limit

_2 Lt7tan’1(\/§tanx)—tan’1(\/§tan0) _ 2 n_m
V3 [xof ¥3 2 743
_ ]T* dx ]T* cosec?x ]T* cosec?x dx
Alternatively - J 4 562y =) cosec?x+2 M © cot’ x+3

0 0 0
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Observe that we are not converting in terms of tan x as it is not continuous in (0, )

1] 1(cotxﬂ { 1(00tx) 1(cotxﬂ
-—_ — |tan — Lt tan — Lt tan
\/5 | \/_ \/_ X1~ \/§ x—0" \/§
_ 1 '_3_3} _ T
TV L2 2] 3
I t (m—x)dx t mdx
(i)  Letl =j j ( 2) =| 1
1+ cos® x o 1+cos”(m—x) ¢ 1+cos”x
T /2 /2 2
_ 2l J- 7tdx2 . J- dx2 _on sec X(;lx
o 1+cos™x o L+cos™x 0 2+tan” X

Let tan x = t so that for x — 0, t - 0 and for x - n/2, t — . Hence we can write,

Tdt 1 Lt 7

M| ——=n—F—|tan ——=| =—F&
()24—t2 \/E{ \/51) 2\/5

n/2 n/2

. i
Example 16: Prove that _[ log(sinx)dx = _[ log(cosx)dx = _EIng
0 0

/2
Solution : Let I= J log(sinx)dx ... (i)
0
/2 o /2
then |= Jlogsin(;—xjdx: Jlog(cosx)dx ........ (ii)
0 0

adding (i) and (ii), we get

n/2 /2 /2
= '[logsinxdx+ '[ logcosxdx = J(logsinx+logcosx)dx
0 0

0

n/2 n/2 .
. 2
=3 2l = Jlog(smxcosx)dx= J log(Wde

0 0

/2 /2

/2 .
= I log(smzzxjdx— I log(sin 2x)dx — I (log2)dx = I logsin2x.dx — (10g2)(x)g/2
0

n/2

= 2| = '[ log(sin 2x)dx—§log2 ......... (iii)
0
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/2
Let I, = J log(sin2x)dx, putting 2x =t, we get
0

1 n/2

I, = }[log(sint)% =%;|).log(sint)dt = 5 2 }[ log(sin t)dt

n/2
I, = J log(sin x)dx (iii) becomes ; 21 = | — glogZ
0

n/2
Hence J logsinxdx = —glog2
0

/2
Example 17: Find the value of '[(210gsinx—logsin2x)dx
0

n/2 /2
Solution : I= '[ (2logsinx —log2sinx cos x)dx = '[ (2logsin x —log2 —logsin x —logcos x)dx
0 0
n/2 /2 /2

= '[ logsin xdx—j log2dx—j logcosxdx =—(n/2) log 2
0 0 0

Problems for Self Practice -05:
Evaluate the following

2 (X i 1) 1 sin~"x n
X
(1) .[ 1+ x2 dx. @ J % dx 3) j x/nsinx dx.
0 0 )
i oA ﬁ'/[Z /n (sin2 X COS x)dx nf SINXZCOSX 4
“ ~£§ (I+e)(1+x%) ©) 5 ©) © 1+sinxcosx

n/2

7) '[ \Jcosx —cos® x dx

—n/2

2

Answers : (1)m ¢n2 (2) g n2 3) —% n2 4)

w3

3n 4
(5)—(71 /2 (6)0 M 3



JEE(AdVv.)-Mathematics Definite Integration & its Application

Property -7 : If f(x) is a periodic fuction with period T (i.e. f(T + x) = f(x))

nT

(i) j f(x)dx = n j f(x)dx, (nel)
0 0

T+x

T
Note that : j f(t)dt will be independent of x and equal to Jf(t)dt
0

X

a+nT T b+nT b

(ii) jf(x) dx =n jf(x)dx,n el (i) j f(x)dx:jf(x)dx nel
a 0 a+nT a
nT T a+nT a

(iv) jf(x)dx:(n—m) fx)dx, (n,mel) @) jf(x) dx = jf(x)dx, nel
mT 0 nT 0

b+nT b

(vi) jf(x) dx = jf(x)dx, nel
a+nT a
2 nm+v

Example 18  Evaluate (i) Ie{X} dx. (i) II cosx | dx , g <v<mandnez
-1 0

4 167/3
(iii) j |cosx | dx (iv) Evaluate j | sinx | dx
0

2nm

(v) '[ [sinx +cosx]dx . Here [.]is the greatest integer function.
0

2 -1+3 1 1
Solution Q) Ie{X} dx = Ie{X} dx=3je<x} dx =3 jem dx =3(e—1)
- - 0 0

nm+v v nm+v v b
(ii) I|cosx|dx: I|cosx| dx + j|cosx| dx = |cosx — ICOSX dx+n |lcosx| dx
0 0 v /

2 0

O eV | 3

T

=(1-0)—(sinv—=1)+2n |cosx dx =2-sinv+2n(1-0)=2n+2-sinv

O e V| 3
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(iii) Note that |cos x| is a periodic function with period n. Hence the given integral.

—l 3

I=4||cosx|dx = 4
flcosx|

0 0

cos xdx — Icosxdx =4[ [sinx];” ~[sinx ]}, | =4[1+1]1=8

T
2

16m/3 Sn+m/3 n/3
J |sinx |dx = J|smx|dx+ '[ |sinx|dx = 5J|smx|dx+-[|smx|dx

0

= 5[—cosx] +[-cosx]}’ = 10 + (_%4.1):%

2nm 2n

(v)Letl = '[ [sinx +cosx]dx = n'[ [sin x + cosx]dx
0

(- [sinx + cosx] is periodic function with period 2x]
I,  0<x<Z
2
0, Teax<IT
2 4
-1, —<x<m
[sinx+cosx] =
-2, <X < 2r
2
_1’ 3_7[ x < E
2 4
0, —<x<2r
/2 3n/4 T 3n/2 Tr/4
Hence | = n{ [ 1dx+ [ odx+ [ —ldx+ j —2dx+ [ ~ldx+ j OdX}
/2 3n/4 31/2 Tnl4

I=n[ +0-— n+3——3n+2 —7—n+3—n+0}=—nn
2 4 4 2
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Problems for Self Practice -06:

Evaluate the following

2 20007 dx % no
et3x _ sin 2x
(1)j1 dx. @) ! oo dx. 3) j o
20m+T
10 3
4) J {2x}dx , where {.} denotes fractional part of x. (5) I (sinx +cosx)dx
-15 207+
Answers: (1)  3(e—1) @ 10007 @3) %
23
@ & (V-1
L0
3. REDUCTION FORMULAE AND WALLI'S FORMULA :
2 n-—1
(@) If1 = J‘ sin” x dx , then show that I = (Tj I,
0
: - :
Proof: I = I sin"x dx =1 = [_ sin™ COSXE + J‘(n—1) sin""?x.cos?x dx =(n—1) I sin" % x . (1-sin® x) dx
0 0 0
g g n-1
=(n-1) j sin™2 x dx — (n—1) j sin"xdx = I +(n-1)1 =(n-1)1_, =1 = (Tj I,
0 0
2 2
Note: (i) Jsin”xdx = J‘ cos" x dx
0 0

n-1 n-3)(n-5
ii L=l T 5l a4 I, orl, accordingas nisevenorodd. I =
n n 0 1 0

n-2 n-4

1
N

1

N a
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e R ) 2 e
LR R ) s

4
1
(b) If1 = I tan" x dx, then show that +1 = P—
0 n-
4 4
Solution I = I (tanx)"? . tanx dx = I (tanx)"2 (sec? — 1) dx
0 0
4 % n-1 7
tanx 4
= I (tan X)"f2 sec?x dx — I (tan x)”’2 dx = {—( n—)1 } -1,
0 0 0
n_ n _1 ) : n n-2 n _1
E —
(c) If1 = I sin™ x.cos" x dx, thenshowthat] =——1
: " m+n ™2
0
2 sin™'x cos™ x ]2 2 gog™!
Solution [ = I sin™ ' x (sinx cos" x) dx = |- + I (m—1) sin™2 x cos x dx
mn ) n+1 o o N+ 1

(sinm’2 x.cos"x —sin™x. cos" x) dx
n+1

Oy | 3

s m-2 n 2 _ m -1
sin X.COS X.COS“X dx =

Oy | 3

_ m-1

“in+1

_ m-1 m-1

“in+1 Lon— n-+1 Lon
1er—1 _ m-—1

= n+1 Lon= n-+1 Lian
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. m—1 m-3 m-5 ) .
Note : (i) Ln=man) \men=2) \man_a = I,,orl, ~according as miseven or odd.

n —
on cos' x dx and 11’n =

Oy | 3
28
]

x
O
o
(7]
3
x
o
P
I
>
+ —_—
—

p—
1
Oy | 3

(ii) Walli’'s Formula

£ when both m, n are even

1 =
(m-1)(m-3)(Mm-5)......... (-1 (n-3)(n-5)....... otherwise
(m+n)(m+n-2)(m+n-4)........
SoLVED EXAMPLE
/2 g
Example 19: Evaluate (i) _[ sin*x cos®x dx (ii) Isinzxcosz x(sin x + cos x) dx |
—n/2 ,g
x 1
(iii)j xsin® xcos® x dx (iv)j x*(1-x)°dx.
0 0
n/2 n/2
. : (3.1)(53.1) = 3m
Solution : i I= sin*x cos®x dx= 2 | sin®x cos®x.dx =2 —=
enHon 0 J,z l 10.8.642 2 256

. 2 3
(ii) Givenintegral = | sin®x cos?x dx + | sin”xcos” x dx

N{;"-—.N\:\
I\){FI'-—'N‘:‘

Ot [ 3

=0+2 | sin?xcos®xdx (- sin® cos?x is odd and sin? cosx is even)
1.2 4
=2531° 15

(iii) Let 1= I xsin® xcos® x dx
0

™ Y T
I= I (n—x)sin®(n—x)cosb(n—x)dx =n I sin® . cos® x dx —I xsin® x . cos® x dx
0 0 0
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=N 21=7.2 | sin®x.cos® x dx

Oy | 3

_, 42531 (= 2n
11.9.7.5.3.1 693
(iv) Put x = sin?0= dx =2 sin 6 cos 6 do

L.L x=0 > 0=0
UL :x=1 0= =
L. . = = —2

sin®0(cos?0)°2.sin®.cos0dd =2. | sin"0cos' 0 do

O N | 3
O N | 3

1
j x3(1-x)°dx =
0

6.4.2.10.8.6.4.2 1

:2'18.16.14.12.10.8.6.4.2 504

Problems for Self Practice -07:

Evaluate the following

T n ]
2 2
(1) I sin® x dx . ) I sin®xcos*xdx.  (3) I x® sin " x dx
0 0 0
r ! ‘ 32 5y d
@) I x(az—x2)5 dx (5) I X - X dx.
0 0
A : 1 8 8 s 16
nswers : (1) 15 ) 315 (3) 14~ 245
9
a T
) 9 ®) B

4. DERIVATIVE OF ANTIDERIVATIVE FUNCTION (Leibnitz Integral Formula) :

If h(x) & g(x) are differentiable functions of x then,

h(x)
di [ £(0dt = fTh(oLh (0 —fle(x)Lg (0

X o0
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SOLVED EXAMPLE

5t 4
Example 20  Find the points of maxima/minima of ITdt
° e
_ f C-5ted
Solution : Let f(x) = )7 o
ANANYA
4 2 _
Pl = X —5x 2+42x—0 _ (x-D+D(x 22)()(+2)2x
/ - \/‘ \/ 2+e" 2+e"

Graph of f'(x

From the wavy curve, it is clear that f'(x) changes its sign at x = £ 2, +1, 0 and hence the points
of maxima are —1, 1 and of the minima are -2, 0, 2.

dx

Example 21: Evaluate —J‘
log x

d ¢ 1 1 d 1 d 32 2 t(t=1)
Solution : — '[ dx = 3 —(t)- 5 —(t) = - =
dt -log x log t dt log t* dt 3logt 2logt logt
X2
Example 22: IfF(x)= J‘ vsint dt, then find F'(x).
Solution : F'(x)=2x. ¥sinx®> =1 . Jsinx
Example 23: If F(x) = Iog; tdt, then find first and second derivative of F(x) with respect to
e2x e
/x atx=/¢n2.
dF(x)  dF(x) _ dx wx _e¥ 2 >
H . = —13.e”". -2.e = @bx _ adx
Solution : d(ﬂn x) = “ax d(nx) - e et | X = e — g,
d%F(x) d

d
) (eex — e4x) = d_x (eex — e4x) X = (6 eex _ 4 e4x) X

d(/mx)> ~ d(/nx dénx/dx

First derivative of F(x) atx = ¢n 2 (ie.ex=2)is 26 -24=48
Second derivative of F(x)atx = /n 2 (ie.ex=2)is(6.2°-4.2% ./n2=5.2%./n2.
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X 2
Uetz dtj
i oo )

—0

Example 24  Evaluate |

Solution

. 2
{ .[ et dtj
Lt \o  / [f formj

X X
2. [edt. e 2. [e"dt 5 o
- Lt 0 - Lt 0 - Lt —— =
X—>0 1_92)(2 X—>0 exz X—>0 2X_eX
Toodt
Example 25  Iff(x)= .[ x +t » thenfind f'(x).
logg
X X
-1 1 1 1
- x) = dt L _ (A
Solution f(x)—h,!‘x (x+t)? +1. ox _ x (x+fnx) " (x+t)}[nx+§_x(x+fnx)
1 1 1 1 1 X+1 /Mmx-1
Tox Tx+inx T 2ox Tx(x+mnx) T x T x(x+mx) T x(x+nx)
X
rodt
Alternatively : f(x)= Im= n(x+t) (treating ‘t’ as constant)
nx

f(x) =4n2x —¢n (x + ¢n x)

' 1 1 1+1 nx—-1
f(x)zg_(x+£nx) x) = x(x+nx)
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Definite Integration & its Application

Example 26  Evaluate (i)
1 1
(ii)j fan_(ax) dx , ‘a’being parameter
5 xv1-x2 -
1
. | X* -1 di(b) _ [ x°/nx A
Solution (i) LetI(b) = mx 9X= b - I I dx + 0 — 0 (using modified Leibnitz Theorem)
0 i 0 .
1
i 1 . b1 R
_jx dx = 7 0-ﬁ:>1(b) (b+1) +c
0
b=0 = 1(0)=0
c=0 I(b) =¢n (b+1)
tan™ (ax)
(ii) LetI(a I J— dx

1
di(a)

da _I
Putx =sint
LL :x=0
UL.:x=1
di (a) _f

da o 1+

_x 1
D (1+a’x?) xf1-xz2 7

sec?t dt

1

J

1 dx

(1+a2x2W1-x2

X

= dx = cos t dt
= t=0
= t= A
2
2
1 dt
—— costdt = I —_—
a’sin’t cost S 1+a’sin’t

|a

O e V| 3

1+(1+a

=
But1(0)=0
= I(a) =

tan-' ( 1+a? tantﬂ2

N a

x/1+a

tan t

I(a)=g n (aJﬂ/Jj +C

= c=0
Z in (a+x/1+azj
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Problems for Self Practice -08:

(1)

I f(x) = j Jcos t dt, find f/(x)
0

X

t
) If f(x) = €% and g(x) = IW dt, then find the value of f'(2).
2
SO g Y _ Ry, then find R
X= an =Ry, then fin
@) dteaz M T
X
@  Iff(x)= j xZsint dt, then find f'(x).
X
X
) If ¢(x) = cosx — I(x —t) ¢(t) dt, then find the value of ¢"(x) + ¢(x).
0
X
6) Find the value of the function f(x) =1 + x + I (ent)? +2/nt dt, where f'(x) vanishes.
1
X2
cost? dt
Lt o 4 i
(7 Evaluate -, sinx (8) Evaluate Iﬁn(1+bcosx) dx, ‘b’ being parameter.
Vx
) If f(x)= jsintdt,thenﬁndf'm)_
1/x
d
(10) '[ \/3 —sin” tdt +ICOS tdt =0, then evaluate d—y
n/3
2
Answers : ) 3x? \cosx3 ) 17 3) 4
4) x2 (2x sin x2 — sin x) + (cos X — cos Xx?) 2x ) — COS X
2 1+y1-b?
6) L 7) 1 ®  min 2
3. dy —V3-sin’x
@  —sinl (10) —=——"—
2 dx cosy
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5. DEFINITE INTEGRAL AS LIMIT OF ASUM :

Let f(x) be a continuous real valued function defined on the closed interval [a, b] which is divided into n parts
as shown in figure.

Ay
y = f(x) _
> X
[e) aa+ha+2h .............. a+(n-1)h a+nh=b
. o . b-a
The point of division on x-axisarea,a+ h,a+ 2h .......... a+ (n-1)h, a+ nh, where - =h.

Let S_denotes the area of these n rectangles.
Then, S_=hf(a) + hf(a+h)+hf(a+2h)+........ +hf(a + (n—1)h)

Clearly, S is area very close to the area of the region bounded by curve y = f(x), x—axis and the ordinates
x=a,x=b.

b
Hencejf(x)dx= Lt S

n—ow n

a

b

n-1 n-1 b— ~
jf(X)dx = Lt Z hf(a+rh) = Lt Z [Tajf[a+(b a)rj
r=0

n—o>ow r=0 n
a

Note :
1. We can also write
e - (b-a b-a
S,=hf(a+h)+hf(a+2n)+......+hf(a+nh)and [ f(x)dx = Lt > | el
n—>ow r_1
a
1 —1.(r
— - _ Lt —f| -
2 |fa-o,b-1,jf(x)dx-nwZ,On (nJ
0

b b
An alternative way of describing jf(x)dx is that the definite integral _[f(X)dX is a limiting case of the

summation of an infinite series, provided f(x) is continuous on [a,b]

b n—1
. b-a
i.e. jf(x)dx =lim h E f(a+rh)where h =——. The converse is also true i.e., if we have an infinite
’ n—oo = n

a

series of the above form, it can be expressed as a definite integral.
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1 (r
Step | : Express the given series in the form Z—f(—J
n \n

.1 (r
Step Il : Then the limit is its sum when n — o, i.e. hm—f(—J
n—oo n n

r 1 .
Step Il : Replace H by x and H by dx and %1_1}010 z by the sign of I

Step IV : The lower and the upper limit of integration are the limiting values of %for the first and

the last term of r respectively.

SOLVED EXAMPLE

1 1 1
. i) Li + Fonnnnns +—
Example 27 : Evaluate (i) ngol;l(2n+l 42 6nj
[ m Jn Vo 1
(i) Lim >t 2t T
" LGB+4vn) V2(3V2+44n) VB(3V3+44n) o
Soluti i Let S = ! + ! + ‘|'L = > ! _42111 1
olution : ) S onel 2nt2 T 6n  F2n+r 5 n‘2+(r)
n

: ¢ dx
= S=L1mSn=JA2
+X

n—w
0

=[/n|2+x|[]} =/n6—/n2 =(n3

) . Jn Jn Jn
(i) Let p = lim >+ Tt + 5

"7 (3+4vn) V2(3v2+44/n) Vn (3vn +4+vn)
Analyzing the expression with the view of increasing integral value we get the expression in terms
of r as

n n 1
- lim Y Y c=lim ! = e
n n
3
Put 3\/;+4:t, dx =dt
2Jx

y 2jdt 2 17 2[ 1+1j 1
n =—|—-=—] — = —— 4 — | =—
ePTRI e Ta , 3U 7 e) 1a

4
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]
D\
Example 28 : Evaluate nl;tw (inj”
. ! 1.2.3
jon: = Lt (b N L N T L Lt A
Solution : Lety = 5 (n—nj = Iy = 5. . /n [n” EETE /n "

= {WGJMHG}WG} ..... +gn(gﬂ

n 1
— Lt 12%[1] - I /nx dx = x/nx—x =(0-1)— Lt x /nx +0
n—ow n r=1 n ° g

0 x—0"

1
=—1-0=-1 = yzg

Problems for Self Practice -09:

Evaluate the following limits

Lt { ! + ! + ! + ! }
M e In2  n2+n JnZ+2n n? +n?

Lt 1 1 1 1
) + + ... +—
n->x |1+n 24+n 3+n 5n

3) Lt 1 fsin® ™ 4 26in% 2% 4 3sin3 3", +nsin® T
no>w 2 4n 4n 4n 4n

@ L2 5

(5) Lt§1+\/n+\/n+\/n+ ...... b
n>o n+3 n+6 n+9 n+3(n-1)

(6) lim[ + ! + L. L}
ool n+21 n+22 n+2.3 3n
Answers:  (1)2 [y2-1) (2) (5 (3) 9—*/32 (52— 15n)
T l£n3
@ 5 5)2 ©® 7
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6. ESTIMATION OF DEFINITE INTEGRAL :

(a) If f(x) is continuous in [a, b] and it’s range in this interval is [m, M], then

b
mb-a)c | f(X)dx<M(b-a)

b
Further if f(x) is monotonically decreasing in (a, b), then f(b) (b — a) < If(x)dx <f(a) (b —a) and if f(x) is
a

b
monotonically increasing in (a, b), then f(a) (b — a) < If(x) dx <f(b) (b—a)
a

SOLVED EXAMPLE

sin x « < b
X 2

O N[ a

3
Example 29 : Prove that (i) 4 < I\/3+x3dx < 2\/% (i) 1 <
1

Solution : (i) Since the function f(x) = \/3+ x> increases monotonically on the interval

[1,3],m=2,M=\/3_0,b—a=2.
3 3

Hence, 2.2SI\/3+x3de2@ = 4SI\/3+X3dX32\/%
1 1

(i) Letf(x)= LQX

: Xcosx—sinx  (cosx)(x—tanx)
=" 5 = 2

= f(x) is monotonically decreasing function.
f(0) is not defined, so we evaluate
Lt fx)= Lt LQX =1.Take f(0)= Lt f(x)=1

x—0" x—0" x—0"

ENEN)
N\
N3
I
o
N—
A
O N | 3

(%2}
5
x
o
—
N\
N a
I
o
N—
—
A
O N | 3
(%2}
x |35
x
o
N
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b b
(b)  Iff(x) <o (x)fora <x < bthen j f(x)dx < j o(x) dx

1

Example 30 Forx € (0, 1) arrangef,(x) = and f,(x in ascending order
P (0, 1) ge f,(x) \/— \/7 m g

dh that = < | x -
an ence prove that < < .
P 6 o Va-x2-x® 42

Solution 0<x¥<x? = X2 < x?+ x3<2x?

= —2X? < = x2—=x3<—x? = 4 -2x2<4 x?>-—x3<4-x?

= Ja—ox2 < Ja_x2_x3 < Ja_x2 = f.(x) <f,(x) <f,(x) forx e (0, 1)

1 1 1
N ! fi(x) dx < ! f5(x) dx < ! f,(x) dx

A n

1 1 1
sin™ [_H < I /— < sin™ _} = I < J d <
0 V4- x% - x° \/E \/E 0 6 0 \/4—X2 -x3 4\/5

1
T
Example 31 : Prove that — SJ

dx T
<
6 sVa-x2-x' 42

Solution : Sinced—x">4-x"-x*>24-2x*>0Vx [0, 1]

\/4—x2 2\/4—){2—)(3 2\/4—2){2 >0V xe[0,1]

= 0< ! < ! < ! vV xe[0 1]

Ja-x> Ja-x2-x* J4-2x°
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(©

j‘f (x)dx

Sﬂ f(x) |dx-

' sinx
Example 32: Prove that I - dx| <107
o l+x
' sinx '] sin x
Solution : To find | = '[ - dx SJ Sdx (i)
o l+x oll+x
Since |sinx |[<1 for x>10
—_ " |sinx |< 1 (i)
e inequality —m i
11+x*| [1+x°|
also, 10<x<19
= 1+ x8> 108
1 8
= L< 1 <10 (iii)

— Or
1+x° 10°  [1+x

from (ii) and (iii) ;

. 19 . 19
Sin X -8 Sin X -8
<10 dx|< [107%dx
1+x° = ;[1+x8 IJ;
' sinx
[ = dx[<(19-10).10" <107 Ans.
10

Example 33: If f (x)isintegrable function such that |f (x) - f (y) | < [X*=¥?|, V X, y € [a,b] then prove

that JFx)-f@) dx| < (a—b)’ _
X+a 2
Solution : Given, f fx)-f@) dx| < j‘ fx)—f(a) dx

X+a X+a

a a

X2 —212

(a—b)’
2

b
<
a

b b
dx=|(|x—-a|dx=|(x—a)dx =
— p | £< )
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b
(d)  Iff(x) >0 onthe interval [a, b], then '[f(x)dx 20

8
Example 34: If f (x)is a continous function such that f (x) >0 V x € [2,10] and J.f(x) dx =0, thenfind f (6).
4

Solution : f (x) is above the x-axis or on the x-axis for all x € [2,10]. If f(x) is greater than zero for

8
any sub interval of [4,8], then If(x)dx must be greater than zero.
4

But jf(x)dx =0

= f(x)=0Vxe[4,:8]
= f(6)=0.

Problems for Self Practice -10:

Prove the following :

sin"'x dx < |sin?xdx,n>1

Oy | 3
Oy | 3

1 1
(1) Ie”‘ cos? x dx < Ie”‘2 cos’x dx  (2) 0<
0 0

S j‘x3 COS X 1
3 e <£e dx < 1 ORI
Z 2
2 x dx 1
. s
(5) 1<I sin x dx<\/; (6) 0<;[16+x3 <%
0

3 2n
M 4<[V3+x7dx <43 @®) %sjd—xgn
1 0

4

3 1
©) 5(21/3—1)£'([(1+X—dx<1

X6)2/3 -
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Miscelleneous lllustrations :

x* cos® x sin? x
? _3nx +3x7)

Example 35: Evaluate:-[
o (T

x> cos® x sin? x .
X
(n® =3mx +3x%)

Solution : Let | ='[
0

_ t(n—x)’cos*(m—x)sin’(m—x)dx

(By. Prop.)
. T =3n(n—x)+3(n-x)°
"f(n3 —x* =3n*x +3nx?) cos® x sin’ X4 (i
= |l —dx ... i
0 (m* —3mx +3x%)
Adding (i) and (ii) we have
.- "f(n3 —3n°x +3mx*)cos” xsin® x .
! (m* —3mx +3x%)
T /2
-~ 2= njcos4 xsin® xdx -~  2=2n j cos” x sin® xdx
0 0

| = nJ cos? xsin? x dx
0

Ghhr_

Using walli's formula, we get 1= 7
642 2 32

Example 36 : Letf be an injective function such that f(x) f(y) + 2 = f(x) + f(y) + f(xy) for all non negative real x

and y with f(0) = 1 and f'(1) = 2 find f(x) and show that 3If(X)dX - x(f(x) +2)is a constant.
Solution : We have f(x)f(y) + 2 = f(x) + f(y) + f(xy)

Puttingx=1&y =1

then  f(1)f(1) +2=3f(1)

we get f(1) = 1,2

f(1)= 1 (. f(0) = 1 & function is injective)

then f(1) = 2

1
Replacing y by — in (1) then
X
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f(x)f (lJ +2=f(x)+f (lJ +f1) = f(x)f (lJ =f(x)+ f(lJ
X X X X

Hence f(x) is of the type

f(x)=1+£x"
f(1)=2
f(x)=1+x"

and f(xX)=nx"" = f(1)=n=2
f(x)=1+x2

3jf(x)dx —x(f(x)+2) = 3](1 +x2)dx —x(1+x>+2)

3
= 3[x+%j—x(3+x2)+c= ¢ = constant

1

Example 37: Evaluate: I [x[1+sin x]+ 1]dx , [] is the greatest integer function.
|

1 0 1
Solution : Let | = I [x[1+sinx]+1]dx = '[ [x[1+sin x|+ 1]dx + '[[x[l +sin x|+ 1]dx
1 -1 0

Now [1+sinix]=0if —1<x<0
[1+sinnx] =1if 0<x<1

0 1 1
|='[1.dx+'([[x+1]dx =1+1'([dx =1+1=2.

Example 38: Find the limit, when n — oo of

1 N 1 N 1 N 1
Jen-1) Jén-2%) en-3  n

. { 1 1 1 1}
Solution : Let P = Lim + + + ot —
0| 2n—12 f4an—2? J6n-32 n
=Lim ! + ! + ! + +;
e J1en) -1 y22n)-2> \32n)-3 Jn(2n)—n’
S 4r(2n) -1 "o \/2 r (r)z 0 (2X—X2)
n.2——|—
n n
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Putx =t = dx =2tdt

Hence P = n/2.

5
1—|x|, |x|£1
Example 39: Iff(x)= l>1 and g(x) =f(x— 1) +f(x + 1). Find the value of Jg(x)dx.
X| >

|X|_]~’ -3
Solution : Given,
-x-1, x<-1 —X, x—1<-1 = x<0
1+x, —-1<x<0 X, -1<x-1<0 = 0<x«l1
f(x) = ; f(x=1)=
1-x, 0<x<1 2-%, 0<x-1<1 = 1<x£Z2
x—1, x>1 x=2, x—-1>1 = x>2
Similarly
—x-2, x+1<-1 = x<-2
x+2, —-1<x+1<0 = -2<x<-1
f(x+1) =
—X, 0<x+1<1 = —-1<x<0
X, X+1>1 = x>0
2x-2 x<-2
2, 2<x<-1
-2x,  -1<x<0
= gx)=f(x=1)+f(x+1)= 2x, 0<x<l1
2, 1<x<2
2x -2, 2<Xx

Clearly g(x) is even,

Now jg(x)dx = 2} g(x)dx + jg(x) dx

5
= 2“2;( dx+j2dx +i(2x—2)dxj + J(2X—2)dx =24
0 1 2 3
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7. AREA UNDER THE CURVES :

(@) Area bounded by the curve y = f(x), the x-axis and the ordinates at x = a and

b
x=bisgivenby A= _[de , where y = f (x) lies above the x-axis

and b > a. Here vertical strip of thickness dx is considered at distance x.

(b) Ify=f(x)lies completely below the x-axis then A is negative and we consider

b

Iydx

a

the magnitude only, i.e. A=

() If curve crosses the x-axis at x = ¢, then A = +

b
Iydx

C

jydx

a

c b
For right most digram, A= —Iydx+jydx

(d) Sometimesintegration w.r.t. y is very useful (horizontal strip) :

y
y=b

Area bounded by the curve, y-axis and the two abscissae at dv¥
y=a

b
y =a &y = bis written as A=dey.

> X

Note : If the curve is symmetric and suppose it has 'n' symmetric portions, then total area = n (Area of one
symmetric portion).

SOLVED EXAMPLE

Example 40: Find the area bounded by y = sec?x, x = —, x = = & x-axis

T
3

o la

n/3 n/3 5
Solution : Areabounded='[ p ydx='[ . Sec xdx

T

/3

= [tan x|} =tan = —tan~= /3 L2 it
=ltanxj 6 = n3— n6— 3—\/5—\/§SQ.UHIS.

Example 41: Find the area in the first quadrant bounded by y = 4x2, x =0,y=1andy = 4.
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4
. : 4 4VG; _l 2_30
Solution : Requiredarea = L Xdy= | Tdy =5 [3 y 1
= 1[43’2 1]—1[8 1] = ! —215 units
3 3 3 3%
. . . . T 3n
Example 42  Find the area bounded by the curve y = sin2x, x-axis and the lines x = Z and X = T

/2 In/4 n/2 3n/4

. . cos2x CcOoS2Xx
Solution: Required area = J sin 2xdx + I sin 2xdx :(_ 5 j + [_ 5 j
/4 /2 n/4 /2
%\n/z 3n/4
/4 H
1 1 i
= —5[—1—0]+ E(0+(_1))‘ =1 sqg. unit l \J

Problems for Self Practice -11:

(1)  Find the area bounded by y = x? + 2 above x-axis between x =2 & x = 3.

(2)  Usingintegration, find the area of the curve y =+/1— x? with co-ordinate axes bounded in first quadrant.

(3)  Find the area bounded by the curve y = 2cosx and the x-axis from x = 0 to x = 2.

1
(4)  Find the area bounded by the curve y = x|x|, x-axis and the ordinates x = _E and x=1.

—T T
(6)  Find the area of the region bounded by the x-axis and the curves defined by y = tan x, [where?g X ﬁ—j

w

o 27
= where —< x < —
and y = cot x [ 6 3 ]

(6)  Find the area of the region bounded by the parabola (y — 2)? = (x — 1) and the tangent to it at ordinate

y = 3 and x-axis.
(7)  Find the area included between y = tan-'x, y = cot™'x and y—axis.

Answers: (1) 23—5 sq. units ) % sq. units. (3) 8sq. units.

4) 2 sq.units (5) ¢n 5 6)

(7) In2
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L
8. AREA ENCLOSED BETWEEN TWO CURVES : y y,=fx)
(@) Areabounded by two curvesy = f (x) & y = g(x) ﬁ
such that f (x) > g(x) is - &;kyfg(x)

A= .[(Y1 _yz)dy

Xy

A = [If() - g(x)ldx

(b) Incase horizontal strip is taken we have

Y2
A= .[(xl —X,)dy

Y1

A= [[f(y)—e(y)ldy

Y1

() Ifthecurvesy, = f (x) andy, = g(x) intersect at x = ¢, then required area v

A= [(260=FOdx + [ (£ — g(x))dx = [[F(x) — g ()] dx

Note : Required area must have all the boundaries indicated in the problem.

SOLVED EXAMPLE

Example 43: Find the area bounded by the curvey = (x — 1) (x — 2) (x — 3) lying between the ordinates x = 0 and
x = 3 and x-axis

Solution : To determine the sign, we follow the usual rule of change of sign.
y=+ve forx >3
y=-ve for2<x<3 Yt
C
=+ve for1<x<2
y ve 1or X Bml) F/‘X
y=-ve forx <1. ofl[l[1 23~
“lyldx=[yldx+[Tyldx+{ly|d )
[ Iylax=] Tyldx+] Tyldc+[]y|dx 0. -6)

= '[;—ydx+.|.12ydx+.|.j—ydx
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Example 44 :

Solution :

Example 45:

Solution :

Example 46 :

Solution :

Now let F(x) =I(x—1)(x—2) (x—3)dx=I(x3—6x2+ 11x—6)dx = ix4—2x3+ %x2—6x.

9
F0)=0.F(1) =~ 7. F@)=-2.F@) =,

9

3
Hence required Area = — [F(1) - F(0)] + [F(2) = F(1)] - [F(3) — F(2)] = 2— sq.units.

4

Compute the area of the figure bounded by the straight lines x = 0, x = 2 and the curves

y=2%y=2x—Xx2

2
The required area = _[0 (¥, —y,)dx R(2,4)
2 \)4%*
wherey, =2*andy,=2x —x2= IO (2" =2x +x%)dx a x=2
0.1 y=2x—X?2
O M(2,0)

0

2 L1 (4,81 _3 4
“| n2 3 In2 3) In2 In2 3 Squnis.

Compute the area of the figure bounded by the parabolas x = —2y?, x = 1 — 3y,

Solving the equations x = —2y?, x = 1 — 3y2, we find that ordinates of the points of intersection of the

twocurvesasy, =-1,y,=1.
The points are (-2, —1) and (-2, 1).
The required area

Y
-2, 1)

=l 1-3y2
>\,
Py Py

2], =00 gy =2 10-35) =2y lay 5> g
-1

3

1 37! 4
=2'[0 (1-y*)dy = Z{y—%} = — sQ.units.

0

Find the area bounded by the regions y > \/x , x > —\/§ &curve x2+y2=2.

Commonregion is given by the diagram
If area of region OAB = A
then area of OCD =

Because y =[x &x = —\/§

will bound same area with x & y axes respectively. 0 NG

y=Jx =y*=x
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X = —\/§ = x? =y and hence both the curves are
symmetric with respect to the line y = x

2

o b
Area of first quadrant OBC = T = E (vor= \/5 )
T
Area of region OCA = E -

i T
Area of shaded region = (E —A)+ A =E sq.units.

1 1
Example 47: Foranyrealt,x= 2 (et+et),y= 2 (et —e™) is point on the hyperbola x2 — y? =1.Show that the area

bounded by the hyperbola and the lines joining its centre to the points correspondingtot, and-t, ist,.
Solution : It is a point on hyperbola x? — y? = 1.

ellye ™ ellyeM
2 2
Area (PQRP) = 2 j ydx =2 j x2 —1dx
1

=2F\/ 2—1—%,€n(x+\/x2—1)} 2 28 -

2

1(et 1ot ) et — et 2t , o2t
Area of AOPQ = 2x E( 5 )( 5 | = = +4€ -t

Required area = area AOPQ — area (PQRP)
=t,
Example 48: Find area contained by ellipse  2x2? + 6xy + 5y2 =1
Solution : 5y2+6xy +2x2—-1=0

_ —6x+y36x2 —20(2x2 —1)
Y= 10

_ —3xay5-x2 35, =3x+\5-¢

Y= —— _ 5
S % V5
y isreal = R.H.S. is also real. _‘%%
~3J5

= -5 <x< 5 _3x -5 x2
Y=/




JEE(Adv.)-Mathematics Definite Integration & its Application

Example 49:
Solution :

I x=-y5, y=3,5

1
§ x =0, y=*7g

1
f y=0, X=+ >

Requiredarea = '[ dx

5 5

V5 NG
22 [Vs-xax o 4 [V5-x2dx
5 7% 5 4
Putx = ./5 sin0:dx= .5 cos0do
LL:x =0=0=0

1
2

U.L:x=\/§:>6=g=

V5-5sin20 5cosbdo = 4

0

cos?0d0 =4

(SIS
—N A
O N[ a

N a

€]

Find the area contained between the two arms of curves (y — x)? = x® between x =0 and x = 1.

(Y=XP=xy=x+tx?3?

d
Forarm y = x + x%2 d—i=1+5x1’2>0 x > 0.
y is increasing function.
Forarm
=x + X3/2
y =X X312 d_y=1_3 1/2 !
dx 2 d
dy 4 d2y 3 ,% 4 4|/9 1 y ; X — X3/2
ax =0 =x= 9’ 7=—ZX <Qatx= 9

4
atx = 9 Y=x- x¥2 has maxima.

(GRS

1 1 57271
3/2 3/2 3/2 2x
; = [ (X+x7"° =x+x dx — x°'dx = =—/———
Required area E[( ) 2 .([ 5/2 }
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Example 50 : Find the area bounded by y = x2 + 1 and the tangents to it drawn from the origin
Solution : The parabola is even function & let the equation of tangent is y= mx
Now we calculate the point of intersection of parabola & tangent

mx = x2 + 1

A
x?-mx+1=0 =D=0 \ B :(12)
= m2-4=0 = m=#2 '
Two tangents are possible y = 2x & y = —2x o]0 0:)
Intersectionof y = x2+ 1 & y=2xisx=1&y=2

1 1
Area of shaded region OAB = '[(yz -y, )dx = '[((xz +1) —2x)dx = % sq. units
0 0

1 2
Area of total shaded region = 2 (gj = 5 sq. units

Problems for Self Practice -12:

(1) Find the area bounded by y = \/; andy = Xx.

(2)  Find the area bounded by the curves x = y2and x = 3 - 2y2,

1
(3)  Find the area of the region bounded by the curves x = 5 ,X=2,y=logxandy = 2%

(4) Curvesy = sinx and y = cosx intersect at infinite number of points forming regions of equal area
between them calculate area of one such region.
(6)  Find area common to circle x? + y? = 2 and the parabola y? = x.

> and 5y = 3|x| - 6.
+X

4
(6) Find the area included between curvesy = p
. 1
(7)  Find the area bounded by the curve |y| + 5= e,
(8)  Find the area enclosed by |x| + |y| <3 and xy > 2.

(9)  Find are bounded by x2 + y? < 2ax and y? > ax, x > 0.

4-2 5 3
——log2 +— sq. unit 4
log2 2 82+7 sq. units (4) 242

1
Answers: (1) g sq. units (2) 4 sq. units (3)

(7)2 (1=fn2) (8) 3—4/n2
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M

9.

9.1

CURVE TRACING :

The following procedure is to be applied in sketching the graph of a function y = f(x) which in turn will be
extremely useful to quickly and correctly evaluate the area under the curves.

(@)

(b)

(©

(d)
(e)
®
(9)

Since area remains invariant even if the co-ordinate axes are shifted, hence shifting of origin in many
cases proves to be very convenient in computing the area.

Symmetry : The symmetry of the curve is judged as follows :

(i) If all the powers of y in the equation are even then the curve is symmetrical about the axis of x.
(i) If all the powers of x are even, the curve is symmetrical about the axis of y.

(iii) If powers of x & y both are even, the curve is symmetrical about the axis of x as well as y.

(iv) If the equation of the curve remains unchanged on interchanging x and y, then the curve is
symmetrical about y = x.

(v) If on interchanging the signs of x & y both, the equation of the curve is unaltered then there is
symmetry in opposite quadrants.

Find dy/dx & equate it to zero to find the points on the curve where you have horizontal
tangents.

Find the points where the curve crosses the x—axis & also the y—axis.
Examine if possible the intervals when f(x) is increasing or decreasing.
Examine what happens to ‘y’ when x — o or — .

Asymptotes :

Asymptote(s) is (are) line (s) whose distance from the curve tends to zero as point on curve moves towards
infinity along branch of curve.

(i)

(ii)

(iii)

iv)

If Lim f(x) = o0 or Lt f(x) = — o, then x = a is asymptote of y = f(x)

X—a X—a

If Lim f(x)=kor Lt f(x) =k theny = k is asymptote of y = f(x)

X—00 X —> -0

o f(x

If )l(-'_[g % =m,, Xl;tw (f(x) —m.x) = c, theny = m x + c, is an asymptote (inclined to right).
o f(x) i . incli

If X';"Pw > M XL_')TDO (f(x) —m,x) = c,, then y = m_x + ¢, is an asymptote (inclined to left).

Important Points

(i)

(ii)
(iiif)
(iv)

v)

Whole area of the ellipse, x¥a? + y/b? = 1 is nab sq.units.
Area enclosed between the parabolas y? = 4 ax & x2 = 4 by is 16ab/3 sq.units.
Area included between the parabola y? = 4 ax & the line y = mx is 8 a%/3 m3 sq.units.

The area of the region bounded by one arch of sin ax (or cos ax) and x-axis is 2/a sq.units.

b
1
Average value of a function y = f (x) over aninterval a< x <bis defined as : y(av) =b— jf(X)dX .
J— a a
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(vi)

(vii)

SOLVED EXAMPLE

Example 51:
Solution :

Example 52 :

Solution :

If y = f (x) is a monotonic function in (a, b), then the area bounded by the ordinates at x = a,

a+b
x=b,y=f(x)andy = f (c) [where c € (a, b)] is minimum when € =
Proof : Let the function y = f (x) be monotonically increasing. AV y=fx)
c b y=ﬂc) .........

Required area A= J[f(c) —f(x)]dx + J[f(x) — f(c)]ldx /

dA * ol x=a X=C x=h >
For minimum area, — = 0

dc

= [f'(©).c+flc)=f(©a-f(O)]+[-f(c) - f'(c).b+[f'(c)c+f(c)]=0

b
. f'(c){c—a; ]J>=0
a+b
= o= (- F'(c)%0)

The area bounded by a curve & an axis is equal to the area bounded by the inverse of that curve & the
other axis, i.e., the area bounded by y = f (x) and x-axis (say) is equal to the area bounded by
y = f~1(x) and y-axis.

Find the area enclosed by [x — 1| + [y + 1] = 1. 1)
Shift the originto (1, —1). JZ

X=x-1 Y=y+1 1,0 (1,0)
IX| + Y] =1
(0,-1)

Area =\/§x\/§= 2 sq. units

(©,

AN

Find the area of a loop as well as the whole area of the curve a%y? = x2 (a2 — x2).

The curve is symmetrical about both the axes. It cuts x-axis at (0, 0), (—a, 0), (a, 0)

a a X
Area of aloop = 2J‘0 ydx= 2I0 “a® —x*dx
a

Y
=—lja\/az—xz(—2x)dx=l[g(a2—xz)m} _2a %
ao al3 0 3 X A A X
(a,O)W(a,O)

2 4
Total area = 2 x g az= gaZSq.units.
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Example 53: Find asymptote of y = e

Solution : Lim y = Lim g = g
y=0
y = 0 is asymptote.

Graph ofy =e™
Example 54: Find asymptotes of xy = 1 and draw graph.

1 \
lution : = —
Solution y=5
1 y=0
';'_[Q y= ';'_[73 ” = o = x = 0 is asymptote. x=0

. 1
Lim y = Lim i 0 = y = 0 is asymptote.

X—>00 X—>00

1
Example 55  Find asymptotesof y=x + X and sketch the curve (graph).

Li Li 1
Solution : Hm oy = m X+~ | =+0or —oo
= x = 0 is asymptote.

. : 1
iy =g 0] <

= there is no asymptote of the type y = k

X0y X—>00 2

Lim Y _ Lim [1+ij -
X

. : 1 . 1
U (g = i [xe -] = tim £ g
. y=-2
y=x+0=y= xis asymptote. /\
A rough sketch is as follows

Example 56  Find the whole area included between the curve x2y? = a?(y? — x?) and its asymptotes.
Solution : (i) The curve is symmetric about both the axes (even powers of x & y)
(ii) Asymptotesare x =t a Y

a

_ /az _x2

dX :4a

A= 4'Tydx - 4} =
0

2 2
ova —X

0 X=—a X [X=a x

=4a?
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Example 57: Find the area bounded by the curve xy? = 4a%(2a—x) and its asymptote.

Solution : (i) The curve is symmetrical about the x-axis as it contains even powers of y.
(ii) It passes through (2a,0).
(iii) Its asymptote is x = 0, i.e., y-axis.
2a 2a A
2a—x v
A=2[ydx=2[2a dx
0 0 X
Put x = 2a sin%0 (22,0) X
/2
A = 16a? j C()S2 0dO =4na? A

0

Example 58: Find the area of the region common to the circle x2 + y2 + 4x + 6y — 3 = 0 and the parabola
X2+ 4x = 6y + 14.

Solution : Circleisx?+y?+4x+6y—-3=0
= (X+2)2+(y+3)2=16
Shifting origin to (-2,-3).
X2+Y2=16
equation of parabola — (x + 2)2=6(y + 3)
= X?=6Y

Solving circle & parabola, we get X =+ 2 J§

Hence they intersect at (—2\/5,2) & (2\/5,2)

2 4

A=2 6Y dY + [V16-Y?*dY
[V v
0 2

3

4
=2 %\/E[Y”]ZJr Lydie—v? + Logn Y| |2 ﬂ+16—7c sq. units
3 o |2 2 4 |, 3

Example 59: Find the value of 'a' for which area bounded by x = 1, x=2, y=6x2 and y=f(a) is minimum.
Solution : Letb = f (a).

2

y=6x

»

2 Y4
a

A= j(b—6x2)dx+'2[(6x2 —b)dx =[bx—2x’| +[2x’ —bx Ay fi)
1 a [

Vot
:X?a:

=8a®-18a’+ 18 >x
x=1 x=2

A

.. dA v
For minimum area — =0

da
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Example 60 :

Solution :

Example 61 :

Solution :

= 24a°-36a=0 = a=1.5

d
Alternatively, y = 6x*> = d—i =12x

Hence y = f (x) is monotonically increasing. Hence bounded area is minimum when

(1+2J
a=|——|=15
2

If y = g(x) is the inverse of a bijective mapping f:R — R, f (x) =6x®+ 4x3 + 2x, find the area bounded
by g(x), the x-axis and the ordinate at x = 12.

f(x)=12 17
S B A HE2X=12 = x=1 EO.12)-- 5P y=x
2 ‘ y=g(x)
Jg(x)dx = area of rectangle OEDF — Jf(x)dx A(0,1) B
0 0
»X
0 F(1,0) C(12,0)

1
=1x12— j(6x5+4x3+2x)dx =12 -3 =9 sq. units.
0

Find the smaller of the areas bounded by the parabola 4y? — 3x — 8y + 7 = 0 and the ellipse

x2+4y2—2x -8y +1=0.
137 2)
L

C,is4(y*—2y)=3x-7 1
I
or 4(y-12=3x-3=3(x-1) .. (i) ak
Above is parabola with vertex at (1, 1) b
!

C,is (x*—2x) + 4 (y*—2y) = 1
or (x=12+4(y-1y=-1+1+4

M
(17 1) 1B

2° 1’

or

1T (ii)

Above represents an ellipse with centre at (1, 1). Shift the origin to (1, 1) and this will not affect the
magnitude of required area but will make the calculation simpler.

Thus the two curves are

2 2 3
4Y2=3X and X—+Y— =1 They meet at [Li—j
221 2
Required area = 2(A + B) =2 UYldX +.[ deX}

[ 2
= Z{Q.[lﬁdxji[zidx} ={£+2_n} sg.units.
2 Jo 1 2 6 3
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Problems for Self Practice -13:

(1)  Find the area inside the circle x>-2x + y? — 4y + 1 = 0 and outside the ellipse
x2—2x+4y?>—16y+13=0

T
(2)  Find the value of 'a' (0 < a < E) for which the area bounded by the curve f (x) = sin®x + sinx,

y = f(a) between x =0 & x = mis minimum.

(3)  Findthe area bounded by the inverse of bijective function f (x) = 4x® + 6x, the x-axis and the ordinates
x=0&x =44.
(4) Find the area of loop y? = x (x — 1)2

T 8
Answers : (1) 27 sq. units (2) Z (3) 60 sq. units.  (4) 15

Miscellaneous lllustration :

Example 62: Find the equation of line passing through the origin & dividing the curvilinear triangle with vertex at the
origin, bounded by the curves y = 2x — x2,y =0 & x = 1 in two parts of equal areas.

1
Solution : Area of region OBA = '[0 (2x —x*)dx

2 1
g =A +A =A = g

Let pt. C has coordinates (1, y)

1 1
A f AOCB= —x1 =—
reao 2>< Xy 3
_2
Y73
, 2
C has coordinates | 1, g
2
30 2
Li has sl ===
ine OC has slope m -0 3
2
Equation of line OCisy=mx=y= 7 x.

3
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Example 63 :

Solution :

Example 64 :

Solution :

Example 65:

Find the area bounded by x-axis and the curve given by x = asint, y = acost for 0 <t<m.

i T T 2

2n 2 :
Area = jyd—x.dt = J.acos t(acost)dt = a—J.(l +cos2t)dt = a t+ sin 2t = a—|7'c| -
o dt 0 23 2 0 2 2
Alternatively,

I asin t(—asin t)dt
0

a2

Area =Ixcc11_}t]'dt =

aZ
0 2

I(cos 2t—1)dt
0

. T
sin 2t | ma
0

Let A (m) be area bounded by parabola y = x2 + 2x — 3 and the line y = mx + 1. Find the least area
A(m).

Solving we obtain

x2+(2-m)x—-4=0

Leta,fberoots > a+p=m-2,ap=-4

A(m) =

B
'[(mx+1—x2 —2x+3)dx

B
J(—xz +(m-2)x+4)dx

3 @3 _
o B+m2

3 5 (B? —a®)+4(B- o)

3 2 B
- m-2)Xax]| |
=3 5 1=

=B —al. —%(62+Ba+a2)+¥(ﬁ+a)+4

1 2
= Jm_27 +16 ‘—5((m—2)2 +4)+¥(m—2)+4

1 8
= m ‘g(m -2y +§‘

1

Am) =5 (m-27+16f"
1 32

Least A(m) = 6(16)3/2 =3 -

A curve y = f(x) passes through the origin and lies entirely in the first quadrant. Through any point
P(x, y) on the curve, lines are drawn parallel to the coordinate axes. If the curve divides the area
formed by these lines and coordinate axes in m : n, then show that f(x) = cx™" or f(x) = cx"™ (c-being
arbitrary).
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Solution : Area (OAPB) = xy

Area (OAPO) = If(t)dt
0

Area (OPBO) = % — [ f(t)dt
0

Area (OAPO) m

Area (OPBO) n

X

nJ‘f(t)dt - m{xy— If(t)dt}
0

0

n!f(t)dt - mxf(x)-m!f(t)dt

Differentiating w.r.t. x

nf(x) = m f(x) + mx f'(x) — m f(x)

f'(x) n1

f(x) mx

f(x) = cxmm

similarly f(x) = cx™n

y=f(x)

B P(x. y)

Figure
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I £xercise # 1

PART-I

: SUBJECTIVE QUESTIONS

Section (A) : Definite Integration in terms of Indefinite Integration, using substitution and

A-.

A-2.

A-3.

By parts

Evaluate :

4
() I(x+x3/2)dx
0
1
(i) J' x cos(tan™' x)dx
0

v JxPe2x+2

n/2

(viii) IVCOSGSin39 de
0
Evaluate :

1
0) I sin™'x dx
0
1
(iv) Ixz sin”' xdx .
0

(vii)

Evaluate :

T I/Z sin26 do
() . sin* 0 + cos?* 0
F dx
(vii) J' —
oX+va —X

t1
(ii) j; dx (iii)

4

ot—
w
X
N

b
(v)j (x—a)b—-x) dx,a>b

a

(vii) .[
J’X X -
X
(ix) .[1 dx
0
2/nx 1
(i) [~z ox Gy  [xerox
1 X 0
n/2 . 1
X +sinx f 2x
dx i in~"!
(v) -([ 1+ cosx v E[sm (1+x2jdx
Loy "% sinxcosx
. dx dx
(ii) ~([1+\/; (il ~([ cos? x +3cosx +2
4
sin X + cos X 2 dx
V) . 9+16 sin2x dx (vi) J 1+2sinx+cosx

X tan " x
(1+x%)?

(i)

Ot— 3
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1
A4. () Find the value of a such that !mdx =37 .
(n/2)"3
(ii) Find the value of jx5.sinx3 dx
0
A5 IfP= T X x;Q = T xdx and R = Td_x4 , then prove that :
o 1+x o L+x* oL +x
yis
@ Q=7 ®)  P=R, ©  P-v2Q+R=—"=
4 22
1 1
A-6.  Suppose f is continuous, f (0) =0, f (1) =1, f' (x) > 0 and If(x) dx = 3 Find the value of the
0
1
definite integral If_l(y) dy.
0
< T
A-7 Prove that I —_— I =—
(1+x)(1+x) 0 1+x (1+x) 4
Section (B) : Definite Integration using Properties
1—si ’ T 1+sin x
B-1. Let f(x)=£n[ _anxj,then show that j f(x) dx = j /?n( : j dx
1+ sin x 4 ! 1-sinx
B-2. Evaluate :
2
; [x?]dx ; ;
(i) I (where [.] denotes greatest integer function)
0
r . 2x+1  0<x<1
(ii) I\/1+3|n2x dx (i) If(x )dX \where fx)~|:
0 1<x<2
2 _
(iv) I| X" —4x+3 [dx V) I[COt " x]dx (where [.] denotes greatest integer function)
n/2
(vi) I |sinx—cosx|dx

1
(vii) I[COS X] dX (where [.] denotes greatest integer function)
"1
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B-3.

B4

B-6.

Evaluate

n/3

(i) If(x) dx where f(x) = Minimum {tanx, cotx} V x e [0, gj

0

1

(ii) I f(x) dx where f(x) = min {x +1, J1-x}

-1

1
(iii) If(x) dx where f(x) = minimum (|x| , 1-|x|, 1/4)

J' Xlidx equals-
(1+x%)?

Evaluate :

1

o ]

-1

1
.5 4
(iv) j sin® xcos™ x dx (v
-1

Evaluate

. J‘ sm X
(I) vsinx ++/cos X

(iif) 0\/;+\/aTx dx
"?  sinx—cosx
v) '([ (sin x + cos x)?
Evaluate :
2n
(i) J' {sin(sinx) + sin(cosx)} dx

0

n/2

(iii) j (2 fnsinx - ¢n sin2x) dx
0

(ii) I| sin x | dx

2
9(x) -
0+ f(x) o

I Xx+nl/4
(iii) 2= cost

g(-x)

“j.z esin X
i dx
: gSinx | gcosx

nl/2 .
J‘ asin x + bcos x

sinx+cosx 9X

(ii) $ 5+4cos2x

K 1) dx
(iV) I !in(x+;j.1+x2
0
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B-8

2n . 9n
j X0 X dx (n € N) is equal to-

o sin®™ x + cos®™ x

B-9. Evaluate :

2
(i) I{ZX} dx (where function {.} denotes fractional part function)
-1
107
(ii) I(|sinx|+|cosx|)dx
0
n
I [x] dx
(iii) r?— , where [x] and {x} are integral and fractional parts of xand n € N
I {x} dx
0

sin x

2nn
(iv) j (| sinx | {

0

1% x} t [1+cos 2x
2% dx i T8 2 ax
v ] VRIS

21 27 n n/2
B-10. Provethatl= J'sinz xdx = Jcosz xdx =2 Jsinz xdx = 4 Jsinz xdx
0 0 0 0

D dx (where [ ] denotes the greatest integer function and n 1)

B-11. If f(x) is a function defined V xeR and f(x) + f(—x) = 0 V xe {—% %} and has period T, then prove that

X
d(x) = If(t) dt is also periodic with period T.
a

dx j~ dx

B-12.  Show that IX2+2XCOSG+1 ~ K 2xcosO+1

0 0

Section (C) : Leibnitz formula and Wallis' formula

X2
C1. (i) If f(x) = 5% and g(x) = I dt, then find the value of f'(4/2 ).
2

t
m(1+t?)

3
d X
— | +/cost dt
. dx -[
(i) The value of LimM

0
x—0
1-+/cosx

2

X
_ 1
(iii) Find the slope of the tangent to the curve Y = I cos 2 gt x = %

X
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sin? x cos? x
C-2. (i) If f(x) = Isin’ﬂ/f dt + J‘cos’1\/f dt , then provethatf'(x)=0 Vx e R.
0 0

X

(ii) Find the value of x for which function f(x) = I t(et-1)(t-1)(t- 2)%(t-3)°dt has alocal minimum

-1

X 2

d
C3. y= IXVf”tdt. Find the value of d—;’ atx=e
y X

3Jx

4
C44. Evaluate : Limi 3t—+21
x—+0 dx o t=3)(t"+3)

sin—
X

X
Jlntdt

dy
C-5. If y=x' ,find — atx =e.
dx

C-6. Evaluate :

n/2 n
(i) Isinz xcos? x(sin x + cos x) dx (ii) IxsinS x dx
-n/2 0
2 2n
(iii) IX3/2V2— x dx (iv) I X (sin® xcos? x) dx =
0 0

Section (D) : Estimation & Mean value theorem
D-1. Prove the following inequalities : —

n/3 3
i 2
(i) RER jﬂdx<£ (i) 4sj (3+x%) dx < 2430
8 X 6
n/4 1
D-2. Show that
1 f x° 1 1 1tanx b
: dx < — . Zin2 dx <X
) 10J§<£ Trx 10 (i) 2" <£1+x2 X<3

2
D-3. () Show that Isinx.cos& dx = 2sinc.cos+/c for some ce(0, 2)
0

4
(ii) f(x) is a continuous function v x € R, then show that If(x)dx = 2af(a”) some o < (1, 2)

1
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Section (E) : Integration as a limit of sum and reduction formula

E-1. Evaluate :
n—1
. 1
0) Lim —
e r=0 VN~ —r
(ii) Lim E 1+ n +\/ n +\/ n Forrenen, + _n
n—w n+3 n+6 n+9 n+3(n-1)

(iii) rlim 14 [i(Bnr2 + 2n2r)J

—*n r=1

iv lim 1 + 2 4o+ —2
(iv) 2 2 2
el 1-n® 1-n 1-n

1 L 1< (r
E-2. Consider a function f(n) = .Let . =—>» f| — | and =—>»f|—| forn=123,........
™ = " n; (n} P, ng(; (n}

. T
Also oo =Lim o, & B=Limp, .Thenprove (a)o,<p, (b)a=p (c) a, < 1 <B,
nl4 1
E-3. (i) If I = Itan” x dx,thenshowthat I +1 = 1
0
n/2

. n-1
() 1= [ (sinxf'dx neN. Showthat 1= ©—1 , vn>2

n-2
0

E4.  LetU, =

O 0 | 3

100U, —1}

xsin" xdx , then find the value of [
8

Section (F) : Area Under Curve
F-1. Find the area enclosed between the curvey=x*+3,y=0,x=-1,x = 2.

TX
F-2. (i) Find the area bounded by x*+y*-2x=0and y = sinT in the upper half of the circle.

(i) Find the area bounded by the curve y = 2x* — x?, x-axis and the two ordinates corresponding to
the minima of the function.

(iii) Find area of the curve y2 = (7 —x) (5 + x) above x—axis and between the ordinates x = — 5 and
x=1.

F-3. (i) Find the area of the region bounded by the curve y? = 2y — x and the y-axis.
(i) Find the area bounded by the y-axis and the curve x =eYsinny, y=0,y =1.
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F4. (i) The line 3x + 2y = 13 divides the area enclosed by the curve, 9x?+ 4y?—18x - 16y — 11 = 0 into two
parts. Find the ratio of the larger area to the smaller area.
(i) Find the area bounded by the curvesy = ,/1—x? andy = x3— x. Also find the ratio in which the y-axis
divided this area.
(iii) Find the area of the region bounded by y = {x} and 2x -1 =10, y = 0, ({ } stands for fraction part)
F-5. (i) Find the area included between the parabolas y? = x and x = 3 — 2y2,
(i) Find the area of the region {(x,y) : 0<y<x?+1,0<y<x+1,0<x<2}.

1
F-6. Prove that area bounded by y = x2 - 2|x]andy =—1isequal to 3 (Area of rectangle ABCD) where points A,

B, C, Dare (-1, 1), (-1, 0), (1, 0) & (1, —1)

F-7. Let f(x) = {tanx - Show that area bounded by y = f(x), y =f(c), x=0andx=a,0<c<a< g is

- a
minimum when ¢ = 5

T T
F-8. (i) Draw graphof y = (tanx)",ne N, x e {0’ Z} . Hence show 0 < (tan x)"*' < (tan x)", x e [0, Z]

(i) LetA be the area bounded by the curve y = (tanx)"and the lines x =0, y = 0 and x = /4. Prove
thatforn>2,A +A_ ,=1/(n-1)anddeduce that 1/(2n+2) <A < 1/(2n-2).

2

F-9. Consider two curves C, :y = — and C, : y = In x on the xy plane. Let D, denotes the region surrounded by
X

C,, C, and the line x = 1 and D, denotes the region surrounded by C,, C, and the line x = a. If
D, =D,. Find the value of 'a'.

F-10. For what value of 'a' is the area bounded by the curve y = a?x? + ax + 1 and the straight line y = 0,
x =0 & x =1 the least ?

,Xx=2&x=aequal to

1
F-11. Forwhat value of 'a' is the area of the figure bounded by the lines,y =—,y =
X

4
In—"7
5

PART-Il : OBJECTIVE QUESTIONS

Section (A) : D.l. in terms of Indefinite Intigration, using substitution and By parts

t dt T
A-1. If I— = X then x can be equal to :
1

ol

(A) % (B) V3 ()2 ()
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1
. dX T .
A-2. The value of the integral E[Xz oxcoso L1’ where 0 < o < o is equal to:
A)si B) o si - D) =i
(A) sina (B) a sin a ( )23ina ( )2sma

2

X x<1 5 .
A-3. If f(x) = .1 X21,then j x“f(x) dx isequal to :
0

A)1 B 4 C > D >
(A) (B) 3 ©) 3 (D) 5
1
A-4. Iff(0)=1,f(2)=23,f(2)=>5and f'(0) is finite, then Ix .f" (2x) dx is equal to
0
(A) zero (B) 1 (C)2 (D)3
A-S. J' |1+ 2cosx| dx is equal to :
0
27 s
(A 5 (B) n (C)2 0+ 243
3
A-6.  The value of I (I x =2 +[x]) dx is ([x] stands for greatest integer less than or equal to x)
-1
(A)7 (B)S (C)4 (D)3
nmn X
A-T. I ° dx is equal to
/nr—/n2 1- COS[GXJ
3
1 1
(A) V3 (B)-+v3 C) —= D)-—=
73 73 % e
e? 2 x
A8. If1= jﬁ and1,= [ dx, then
/nx X
e 1
(A1, =1, (B)2I1 =1, C)r, =21, (D) I,+1,=0
/4 i
X.8inx
A-9. '[ .3, dxequalsto:
5 COs”X
) =+ ® %~ ©7% 0 5 +1
4 2 4 2 4 4
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A-10. The value of the definite integral

[\/ZX - 5(4x -5) + \/ZX +5(4x - 5)} dx is equal to

N | WO N | ©©

22 4 X
) 45 - (B) 445 (0)4\/_—E ® 5

A1, If 412 N = & then xis equal to
(A) 4 (B) (8 (C) in4 (D) 2

X% 41
A-12. I4 2 dx =
0

w|a
ola

A-13. Consider the following statements :

2n

-1
S,:  Thevalueof ICOS (Cosx) dx g n2
0

2 2
S,: If if(x) g(x) fora<x <b, then jf x)dx equals to 1O ~TH@I" ;[f(a)] .

State, in order, whether S,, S, are true or false

(A)TT (B) TF (C)FT (D) FF
A-14. If J‘efx2 dx = % then Ie’ax2 dx wherea>0is:
0 0
Ja V= = 1 [z
(A) - (B) oa (C) 2? (D) a

/2

A-15. The value of the definite integral I sinx sin2x sin 3x dx is equal to :
0

2
(B) -

(A) 3

N~

1
©-3 )

(OSSR
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A-16. If f(x)=xsinx% g (x) = x cosx? for x €[—1,2]

2 2
A=jf(x)dx; B='[g(x)dx, then
-1 -1
(A)A>0;B<0 (B)A<0;B>0 (C)A>0;B>0 (D)A<0;B<0

A-17. If g (x)istheinverse of f (x) and f (x) has domain x € [1, 5], where f(1)=2and f (5) = 10 then the values of
5 10
If(x) dx + Ig(y) dy equals -
1 2

(A)48 (B) 64 (C) 71 (D) 52
Section (B) : Definite Integration using Properties

B-1. If( —J X g

1
(A)O (B) 1 (C)

E (D) can not be evaluated

n+l
B-2.  Suppose for every integer n, If(x)dx n? . The value of If(x)dx is :

n

(A) 16 (B) 14 (C) 19 (D) 21

B-3. Letf:R —> R, g: R— Rbe continuous functions. Then the value of integeral

2
i/ f[4j[f(x)—f(—x)]

|+
i g[ J[g( ) +9(-x)

(A)depend on A (B) a non-zero constant (C) zero (D)2
1 3
X+ X
B-4. cot™
;E ( 1+ x*

(A) 2n (B)

dx is:

de is equal to

(C)0 (D) n

NIE]

0
B-5. J{x3 +3x%2+3x+3+ (x+1)cos(x+1)} dx is equal to
-2

(A)-4 (B)0 (C)4 (D)6
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1

B-6. Ix(n(1+ex)dx =
e

(A)O (B) n(1+¢€) (C)tn(1+e)-1 (D)1/3
3/2 K
B-7. If I | xsinmx | dx = — , then the value of k is :
s
(A)3n+1 (B) 2n +1 ()1 (D)4
=
B-8.  The value of definite integral :4[ dx
0 1+smf+cosf
In2 In2
(A)nin2 (B) “; ©) “2 (D) 2xIn2
3+(n3
B9 /(4 +x) g I
-9. i to:
» s (N4 +x)+n(9—x) WX 1S equato
_ 5
(A) cannot be evaluated (B) is equal to 5
: , 1
(C)isequalto1+2/¢n3 (D) is equal to 5 +/n3
Y
B-10. The value of the definite integral | = IX\/1+ | cosx | dX isequal to
0
(A) 2427 (B)V2n (C) 2m (D) 4
n/2
B-11. The value of I,€n|tanx+cotx| dxisequalto:
(A) 7 /n 2 (B)—n fn 2 (C) g m2 (D)—gznz
1 1 I
B-12. Letl, = j X andl,= [———— then 1 is
5 0" (2 x3 I
(A)3le (B)el3 (C)3e (D) 1/3e

[x]
B-13. The value of J {x}dx (where[.]and{.}denotes greatest integer and fraction part function respectively)

1 1
() 54 (B)20x] © 2pq )X
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X
B-14. Iff(x)= j (2c0s? 3t +3sin23t) dt, f(x + 1) is equal to -
0

(A) f(x) + 2f(m) (B) f(x) + 2f [g] (C)f(x) + 4f [%] (D) 2f(x)
I " . . .
B-15. If 11 dx = Iog11 , (where [ ]denotes greatest integer function) then value of k is
(A) 11 (B) 101 (C)110 (D121

coseco
B-16. If f(x) is a function satisfying f [1] + x2f(x) = 0 for all non-zero x, then Jf(x) dxequalsto:
X

sin®

(A) sinb + cosecH (B) sin?6 (C) cosec? (D) none of these
4
2Yi
0 1 i=1 eX
B-17. If Z(sm Xj +COS yi) =6 then | xIn(1+x?) dx is equal to
= 4 1+ e
2 Xi
= 17
(A)O (B)e* +e™ (C)In[aj (D)e*—e™
0 wh rex—i n=123 2
B-18. Iff(x)= ’ CeX=11 " T 222 then the value of If(x)dx
1 , else where
(A)1 (B)O (C)2 (D)
B-19. If g(x)= '[cos4tdt , then g (x + n) equals
0
(A)g(x) +g(n) (B)g(x)-g(n) (C)g(x)g(m) (D) [9 (x)/g(m)]
1 /2
[ +1 .
B-20. Letu= J#dx and V= J I n(sin 2x)dx then -
y X +1
(A)u=4v (B)4u+v=0 (C)u+4v=0 (D)2u+v=0

1
B-21. Suppose f is continuous and satisfies f(x) + f(—x) = x? then the integral .[f(x)dx has the value equal to
-1

(A) (B) (©) (D) zero

SRR N)
W |

1
3
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X

B-22. If g(x)= e‘2dt then the value of e‘zdt equals
g
1 3

(A)9(x*)—g(3) (B)9(x°) +9(3) (C)g(x*)-3 (D) g(x®)—3g(x)

3 .

sin 2x
, x>0 thenj

X

sin X
B-23. Suppose that F(x) is an antiderivative of f(x) = can be expressed as -

1 1
(A)F(6)-F(2) (B) E(F(@ -F(2)) (¢ E(F@) —F()) (D) 2(F(6)-F(2))

B-24. Let f(x) be a continuous function on [0,4] satisfying f(x) f(4 —x) = 1.

4
1
The value of the definite integral | ————dx equals-
1+ f(x)

(A)O (B)1 (C)2 (D)4
Section (C) : Leibnitz formula and Wallis' formula

xX? _t

e
C-1. f(x)= ITdt ,then f' (1) is equal to :

X

(A) e (B) 2e (C) 262 -2 (D) e?-e
C-2. f(x)= I(t_1)(t_2)2(t_3)3(t_4)5 dt (x > 0) then number of points of extremum of f(x) is
0
(A) 4 (B)3 (C)2 (D) 1
x+h X
/n?tdt — | /tdt
C-3. LhiTOit a - a equalsto:
(A)0 (B) fn2x (c) 2 (D) does not exist

X
C4. Thevalue of the functionf(x) =1+ x+ J' (¢n?%t + 2 ¢nt) dt, where f'(x) vanishes is:
1

(A) e (B)0 (C)2e (D)1+2e"

y x2
int d
c-5. I jcostzdt: j% dt , then the value of d—i is
a a

2sin? x (B) 2sinx? c 2sinx? sinx?
2 2 2 2
XCOos“y XCOSy x(1—25iny2J y

(A)
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If jlt2 =(1—si (iJ
(f(t)) dt = (1 —sinx), then f \/§ is

C-6.
sinx
(A)1/3 (B)1/4/3
a
Lim L [in(1+e*
C-7. Thevalueof ;" — I (1+€7) gx equals
a o
(A)O (B)1
X .
sinxcosy
=| ———dy
c8.  f(x) { g7 g then
(A)f'(x)=0 v x= ”—;,n ez
C)f'x)=0 yx=nmt,neZ
n/2
C-9. I sin* xcos® xdx is equal to :
0
2
(A) 35 B) o
1
c-10. I x%(1-x)° dx is equal to :
0
A i B i
(A) 50 (B) 30
'[sin tdt
C-11. . equals -
x-0 X (1 —-cos x)
A ! B)2
() 3 ®)
C-12. Variable x and y are related by equation x =

(D) non-existent

(B)f'(x)=0 vx=(2n+1)%,neZ
D)f'x)=0 vxeR

2 2
(C) 15 (D) 35

2 b
©) 15 D) 120

1 2
(C) 5 (D) 3

dt d’y
> - The value of =, isequalto
V1+t dx

y
J
0
2y

1/1+y2

(C) (D) 4y
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Section (D) : Estimation & Mean value theorem

3
D-1. Let 1= I\/x4 +x2 dx, then
1

(A)I> 610 (B)I< 22 (C) 242 <I< 610 (D)I<1
2n
D=2 I jesin2 x+sinx+1 dx th
=2, - tl en
0
(A) ne® <1< 2ned (B) 2ne¥4 <1< 2ne® (C)2ned <1<2ne* (D)0<I<2n
D-3. Letf”(x)>0,f’(x)>0,f(0) =3 & f(x) is defined in [-2, 2]. If f(x) is non-negative, then
0 2 2 1
A) jf(x)dx >6 B) jf(x)dx >12 ©) jf(x)dx >12 D) jf(x)dx >12
-1 -2 -2 -1
1 . 1 " .
D-4. Let mean value of f(x) = X+ over inteval (0, 2) is 5 ¢n3 then positive value of cis
A)1 B 1 C)2 D 3
(A) B) (©) D)

Section (E) : Integration as a limit of sum and reduction formula

. n r.3
E-1. lim equals to :
n—» I’=1(|,.4_’_n4 q
A) /n 2 81(2 01(2 Dlﬁ2
(A) ¢n ()21n (C) 3 ¢n ()41n
L 3n n
E-2. oo 4 1% _n? is equal to :
(A) (n\/z (B) ¢n 3 (C)(ng (D) tn—
N3 N2 3 )
1/n
E-3 lim ’I+i ’I+§ ’I+ﬁ i | to:
-3. ks 2 a2 2 is equal to :
erc/2 2
(A) 5 (B) 2 e2e™ (@) — e™? (D)2e"
2e e
: . . 21 . (n=1Nr
lim * |sinZ+sinZE 4. +sin i :
E-4. . { n n is equals to :
(A)O B)n (C)2 D)3
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1
E5.  Let1 = [(1-x°)dx (neN) then
0

(A)3nl =@n-1)I _, vnx2 B)@Bn-1)I =3nl ,vnx2
C)@n-NL =@n+1)1 _, Vnx2 D)@Bn+1)I =3nl _, vnx2
Section (F) : Area Under Curve
F-1. The area of the figure bounded by right of the liney = x + 1, y = cos x and x—axis is:

A2 B) = ) D) >
(M) 5 (B) 3 ©) (©) 3
F-2. The area of the region(s) enclosed by the curvesy = x2andy = /| x| is
(A)1/3 (B)2/3 (C)1/6 (D)1
3 .
F-3. The area bounded by y =2 — |2 -x]| and y =H is:
4+3/n3 4-3/n3 3 1
—_— _— = —+/n3
(A) — (B) — (C)5 + (n3 (D) 5

F-4. The area of the region bounded by x=0,y=0,x=2,y=2,y<eX andy >/nx,is
(A)6-4/n2 (BY4/n2-2 (C)2/n2-4 (D) 6-2/¢n2
F-5. Consider the following statements :
S, : Area enclosed by the curve [x — 2| + |y + 1| = 1 is equal to 3 sq. unit

1
S, : Area of the region R={(x, y) ; xX*<y <x}is 5

State, in order, whether S, S, S,, S, are true or false
(ATT (B) TF (CO)FT (D) FF
F-6. The area bounded by the curvesy = x eX, y = x e*and the line x = 1

A 2 B) 1 2 C 1 D)1-—
(A) 5 (B)1- 7 ©) 5 (D)1-
F-7. The area enclosed between the curves
1
y =log (x + e), x = log, ; and the x-axis is
(A)2 (B)1 (C)4 (D)3

X
F-8. Let f:[0, ) — R be a continuous and strictly increasing function such that f3 (x) = J.tfz(t)dt , vx20.The
0

area enclosed by y = f(x), the x-axis and the ordinate atx = 3 is

N =

™5 ® €2 o)
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F-9. Let 'a’ be a positive constant number. Consider two curves C,:y=¢e*, C, .y =e?~* Let S be the area of the

Definite Integration & its Application

part surrounding by C,, C, and the y-axis, then Lim i equals

a—>0 g
(A4 (B)1/2 (©)o (D) 1/4
F-10. Area enclosed by the graph of the function y = In?x — 1 lying in the 4" quadrant is
2 4 1 1
A) — B) — c)2| e+ D 4(6——}
() ®) ©) ( ©) 4 °3
F-11.  The area bounded by the curve y = f(x) (where f(x) > 0) , the co-ordinate axes & the line x = x, is given by
X,. ¢*l. Therefore f(x)equals:
(A) e (B) xe* (C) xe*—e* (D) x X+ e*
F-12. The slope of the tangent to a curve y =f(x)at (x,f(x)) is 2x +1 . If the curve passes through the point
(1, 2) then the area of the region bounded by the curve, the x-axis and the line x =1 is
A > B 6 (C) 1 (D) 1
() o ®) 3 .
PART-lll : MATCH THE COLUMN
1 T
1. Let Lim—.[(sinx+sinax)2dx =L then
Too T 0
Column-I Column-II
(A)fora=0,thevalue of Lis (p) O
(B) fora=1the value of Lis (9)1/2
(C)fora=-1thevalueofLis (r)3/2
(D)VaeR—-{-1,0, 1}thevalue of Lis (s)2
(t) 1
2, Column-I Column-1II
(A) Area bounded by region 0 <y <4x—x?-3 is (p) 32/3
(B) Area of the region enclosed by y?=8x and y = 2x is (g)1/2
(C) The area bounded by |x| + |y| <1 and |x| > 1/2is (r)8/3
(D) Area bounded by x <4 —y?and x>0 is (s)4/3
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I Exercise + 2 I

PART-l : OBJECTIVE QUESTIONS

/3
1. The value of the definite integral J ln(1+x/§tan x)dx equals-
0
b b nz i
A) —In2 B) — Cc)—In2 D) —/n2
)3 ®) 3 © ¢ ©)5
2. I [2e7*] dx , where [ . ] denotes the greatest integer function, is equal to :
0
(A)O (B) /n 2 (C)e? (D)2e™
/2
secX —tan X cosec X
3. J w/ dx has the value -
, Vsecx+tanx \/1+2cosec X
(A) 1t/6 (B) /4 (C) /3 (D) 21/3

o

100 100 (1
4 I [ 100 dx=a then 2 | TE-THx)ax -
0

0 =

N

(A)100a (B)a (C)o (D)10a
t
5. lim jtan 0~/cos 6 /n(cos 0)do is equal :
to| = 0
2
(A)—4 (B)4 (C)-=2 (D) Does not exists
/2 ex
6. The value of the defined integral .[ (sin X +cos X).,|——dx equals
0 sin X
l .
(A) 24/e™? (B) /o2 (C) 2+/e™? .cos1 D) e "

/2
j (xcosx +1)e""dx

7. The absolute value of n(,)z isequalto-

.[ (x sin X —l)em”dx
0

(A)e (B) e (C)el2 (D) /e



JEE(AdVv.)-Mathematics Definite Integration & its Application

8. The tangent to the graph of the function y = f(x) at the point with abscissa x =1 form an angle of ©/6 and at

the point x = 2, an angle of n/3 and at the point x = 3, an angle of ©/4 with positive x-axis. The value of

3 3
J. f'(x)f"(x)dX+J. f"(x)dx (f"(x) is supposed to be continuous) is :
1 2

443 -1 33 -1 4-43 4
ha il D) 2-V3
A) 33 (B) > ©) 3 (D) 3
a -t
9. Let A= I — dt then J' N dt has the value :
_a_
a-1
(A) Ae= (B) — Ae™ (C) —ae= (D) Ae?
2 2
10. J‘sz 1+ 20nx)dx i equal to
1
255
(A) 256 (B) 255 (©) Y (D) 128
tanx cotx

1. The value of I dt , where x e (n/6, n/3), isequal to:

dt +
1+t2 1~Lt(1+t2)

(A)O (B)2 )1 (D) cannot be determined
G G G i 2 - :
12 If EE + > + —=0,where C, C,, C, are all real, the equation Cx* + C,x + C, = 0 has:
(A) atleast one rootin (0, 1) (B) one rootin (1,2) & otherin (3,4)

(C) onerootin (—1, 1) & the otherin (—5, —2) (D) both roots imaginary

13. A continuous real function f satisfies f(2x) = 3f(x) Vx € R

1 2
If If(x)dx =1, then compute the value of definite integral If(x)dx
0 1

(A)2 (B)3 (C)4 (D)5
14, Let f(x) be a function defined on R such that f '(x) = f '(3 — x) ¥V x € [0,3] with f(0) = -32 and

3
f(3) = 46. Then find the value of I f(x)dx .
0

(A) 20 (B) 21 (C) 22 (D) 23

15. Letf(x)= I \/—3 and g (x) be the inverse of f (x), then which one of the following holds good?

(A)2g" = g? (B) 2g" = 3g? (C) 3g" = 292 (D)3g" = g?
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1
16. If If(t) dt =x+ jt f(t)dt+z—1 then the value of the integral If(x) dx isequal to

0 -1
(A)O (B) /4 (C)m/2 (D)m
1/x 2
. In(1+t7)
Lim | x® | ——Zdt
17. o0 [ —Il;x l+et } equals
(A)1/3 (B)2/3 ©)1 (D)0
g(f) COJS‘X 5 1
18. Let f (x) \/— where g (x (1+sin t*)dt . Also h(x) = e *land /(x) = X" sin— if x #0 and
1+t X
T
/(0) = 0 then f'(EJ equals
1—-cosx

' (O '(0* L
(A)1'(0) (B)h'(07) (C)h'(0) (O) 1150 x sin x

2 1
19. Let f(x) is differentiable function satisfying 2J'f(tx) dt=x+2 vxeR,then J'(Sf(8x) —f(x)—21x)dx is equal
1 0
(A)3 (B)S )7 (D)9

20. L1m '[(1+s1n2x) dx -

(A)2 (B) 1 (C)e? (D) non existent

1
-
21 Let I = |X"tan"x)dx 1 ¢ N, then
0

1

(A) (n + 1)L +(n—1)In_2=%+H vnz3 B+l +(-1Nl,= - vnz3
r 1 n 1

C)(n+NDI —(n=1)I ,= Z+; v n>3 D)y(n+NDI —(n=1)I ,= 5 ¥ n>3

n/2
22. If Un = Ixn sinX dX then the value of u,+90u,is:

T 8 T o T o T o
wlsf  wlE eel sl

o
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23.

24,

25.

26.

27.

28.

29.

30.

31.

lim [ sin . sin2" . sinok sin(n_”7T " lto
oo on . on . on n is equal to :
1 1 1 3
(A) 5 (B) 3 ©) 5 D) 5
For positiveintegersk=1, 2,3, ......... n, let S, denotes the area of AAOB, (where 'O'is origin) such that that
km N AR .
ZAOB, =—, OA =1 and OB, = k. The value of the llm—Z:Sk is
2n n—w n? sy
A 2 B 4 C i D !
(A) — ®) — © (D)5
2 s et
If the value of the integral Iex dXx is a, then the value of I V/nx dx is-
1 e
(A)e*—e—-a (B) 2e*—e—a (C)2(e*-e)—a (D)2e*-1-a
The area bounded by the curve x = acos®, y = asin®tis
3na’? 3na’? 3na’?
D 2
() = (B) © =, (D) 3ra

The area bounded by the curve f(x) = x + sin x and its inverse function between the ordinates x =0 and
X =27 is

(A)4n (B) 8n (C)4 (D)8

P(2, 2), Q(-2, 2), R(-2, -2) & S(2, —-2) are vertices of a square. A parabola passes through P, S & its
vertex lies on x-axis. If this parabola bisects the area of the square PQRS, then vertex of the parabola
is

3
(A)(-2,0) (8) (0, 0) © (-3 0] (D) (-1,0)

TX
The ratio in which the curve y = x2 divides the region bounded by the curve; y = sin(Tj

and the x—axis as x variesfrom 0to 1, is:
(A)2:m (B)1: 3 (C)3:m (D) (6-mn): m

T T
If f(x) = sinx, v X e {0, 5} () +f(n—x)=2. v xe [E’“} and f(x) = f(2n —x), v x e (r,2x], then

the area enclosed by y = f(x) and x-axis is
(A)r (B) 2% (C)2 (D)4

1
The area of the region on plane bounded by max (|x|, |y|) <1 and xy < 5 is

(A)1/2 + (n 2 (B) 3+ /n2 (C)31/4 (D)1 +2/n2
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32 Suppose y = f (x) and y = g(x) are two functions whose graphs intersect at the three points (0, 4),
4
(2,2) and (4, 0) with f (x) > g (x) for0 <x <2 andf (x) <g (x) for2 < x < 4. If I[f(X) —g(x)]dx =10 and
0
4
I[g(X) —f(x)]dx =5, the area between two curves for 0 < x < 2, is
2
(A)5 (B)10 (C)15 (D)20
33. Area of the region enclosed between the curves x=y2—1and x=|y| 1_y2 is
(A)1 (B)4/3 (C)2/3 (D)2
34. The area bounded by the curve y = x e™*; xy = 0 and x = ¢ where c is the x-coordinate of the curve's inflection
point, is
(A)1-3e2 (B)1-2e2 (C)1-e2 (D)1
PART-Il : NUMERICAL QUESTIONS
3% 11 by 32
1. !W X = n_2 where 2, n € N and gcd(X, n) = 1, then find the value of o
| o f dx n
2. For a > 2, if the value of the definite integral ) a? + x —(l/x))z equals 5050 ° Find the value of a.
! 2
3. Find the value of (nUet (22 +t+1)dt}
0
¢ X
4. If J;mdx is equal to —¢nk , then find the value of k.
i cosX ? " sinx +cosx ) v
5. Let u = I —— | dxandv= I [—J dx . Find the value of —-
o \SInX +cosx 0 COSX u
6. If f(r) =2 and I(f(x)+ f"(x)) sin x dx = 5, then find the value of f(0)
0
(itis given that f(x) is continuous in [0, ])
T
7.

2 5
LetU= jmin . (\/gsin x,cosx)dxandV = I x2 sgn (x — 1)dx. If V = AU, then find the value of A.
m -3

6

[Note : sgn k denotes the signum function of k.]
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100 P10 4,
8. Let f(x) be a function satisfying f(X) :f[Tj >0.1f I dX S then find the value of I
9. Let I, = J. ({x + 1}.{){2 + 2} + {x2 + 2}{){3 + 4})dx , where {.} denotes the fractional part of x. Find I..
10. Evaluate
1002 dx 1003
2005 | + [ N1008% - x* dx
o V10022 —x2 +410032 X2 50,
1 5 = k, then find the sum of squares of digits of
I 1-x“ dx
0
natural number k.
n/2
M. i | Vsin20.sin0d0 . = then find n
0

a sm2 x + b2 cos? x

SN dX,wherea2+b2=3—n,az;tbzandab;to.
a*sin?x + b*cos? x 4

12. Evaluate: 3_[

2+m

13. Lety = f(x) be a quadratic function with f'(2) = 1. Find the value of the integral J. f(x).sin(X

2-7

_2jdx.

nl4

1
1+tanx) 20 1 = |———5
14.  Letl = f( 1, = !(Hx 21+ x2)

I,

then find the value of -
2

15. If f, g, h be continuous functions on [0, a] such thatf(a —x)=f(x),g(@a—x)=—g (x)

a
and 3 h (x) —4 h (a — x) = 5, then find the value of _[ f(x) g (x) h (x) dx
0

. n/2 T
16.  Iff(x)= ﬂxx v x e (0, ], If% [ 10 [E—x] dx = [ () dx then find the value of k.
0 0

2 . . [TC j

L X sin2x.sin| —.cosx
17.  Evaluate:m j
0 2x—1

dx

18. I|«/ﬁsinx+cosx|dx
0
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19.

20.

21.

22,

23.

24,

25.

26.

27.

3n+a
Let a be a real number in the interval [0, 314] such that J |x-a-r| sm( de = —16, then determine

—n+a

number of such values of k.

i[ L jzﬁ find ' Notethattan’1x+c=J‘ 12dx
—\4n-3 4n-1) n’ 1+ X

1 1
Iff(x)=x+ '[ t(x +t)f(t)dt, thenthe value of the definite integral I f(x)dx canbe expressed in the form
0 0

of rational as

p
a (where p and g are coprime). Find (p + q).

If f(x) = (ax + b) e* satisfies the equation : f(x) = [e*F'(y)dy - (x* - x + 1)e* , find (a + b?)
0

If the minimum of the following function f(x) defined at 0 < x < g

I 030 I— is equal to /n(a +JB) where a, b € N and b is not a perfect square then find the value

of (a+b)

X 1
Let F(x) = I«/4 +t2dt and G(x) = I\/4 +t°dt then compute the value of (FG)' (0) where dash denotes the
-1 X

derivative.
A students forgot the product rule for differentiation and made the mistake of thinking that

(f.9)' =f'g". However he was lucky to get the correct answer. The function f that he used was f(x) = e .Ifthe

1 5
domain of g(x) was the interval (E’Ooj gés) .

5-x

X
If f(x)=2x3—15x%+24x and g(x) = If(t)dt + Jf(t)dt (0 < x <5). Find the number of integers for which g(x)
0

is increasing.
. d sin X ,
Let h(x) = (fog)(x) + K where Kis any constant. If — (h(x)) = —————— then compute the value of j(0)
dx cos”(cosx)
f(x)
+ sec1 where j(x) = _[ ——dt , where f and g are trigonometric functions.

(X) ( )
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28.

29.

30.

31.

32,

33.

34.

35.

36.

n-1
=0

. 4 k+1
Evaluate : Lim ) Z{k _[ Jx =Kk +1-x)dx
k= k

! . exP
Let P, = /O (1=123......), then find Lim——=

(2n)! n

2n 21
If f(x) =x + sinx and | denotes the value of integral I (ffl(x) +sin x)dx then the value of [?

T

(where [.] denotes greatest integer function)

Find the value of m (m > 0) for which the area bounded by the line y = mx + 2 and
x = 2y — y2is 9/2 square units.

Find area bounded by y = f-!(x), x = 10, x = 4 and x-axis

given that area bounded by y = f(x), x = 2, x = 6 and x-axis is 30 sqg. units, where f(2) =4 and f(6) = 10. (given
f(x) is aninvertible function)

1 b

Consider a line ¢ : 2x — /3y =0 and a parameterized C: x =tant, y = a[o <t <E]

1
If the area of the part bounded by ¢, C and the y-axis is equal to Zm(a + \/B) , where a, b, e N, b, is not

perfect square then find the value of (a + b)

A polynomial function f (x) satisfies the condition f (x + 1) = f(x) + 2x + 1 where f (0) = 1. compute the
area enclosed by the curve and the pair of tangents from origin.

The figure shows two regions in the first quadrant.

P(t, sin t?) Y 7 P(t, sin t%)
|

< x i
Oy !

A(t) is the area under the curve y = sin x2 from 0 to t and B(t) is the area of the triangle with vertices O, P and

. B(t)

ind Lim ——

M(t, 0). Find LI R

Let 'c’ be the constant number such that ¢ > 1. If the least area of the figure given by the line passing through
the point (1, c¢) with gradient 'm' and the parabola y = x2 is 36 sq. units find the value of (c? + m?2).
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PART - lll : ONE OR MORE THAN ONE CORRECT QUESTION

© 2
i dx x“dx
- v=|—F/""7—— .
1. Let u_-([x4+7x2+1 & ) < +7x2 +1 then
(A)v>u (B)6v=T (C)3u+ 2v=>57/6 (D)u+v=m/3
b
. | x| .
2. The value of integral _[7 dx,a<bis:
a
(A)b—a if a>0 (B)a—b if b<O (C)b+aif a<0O<b (D)|b|-|a]
t dx
3. IfI =I —— ;€ N, then which of the following statements hold good?
0 (1+x2)
n 1
(A)2n1 =27+ (2n—1)I B)L=—-*t—
n+1 n 8 4
o)1 —E—l D)I - L2
©L=35"7 D)L= 16 ~ a8
2
4, If f(x) is integrable over [1, 2], then j f(x) dx isequal to:
1

5

n 2n
w im 1y (L) @ im > (%)

lim 1 N fren D|im1§fi
(€)oo | . (D) m o -
r=1 r=1
5. The value of integral j xf (sinx) dxis:
0
n n/2 nl4
(A)g jf(sinx) dx (B)n jf(sinx)dx (C)0 (D) 2n f f (sinx) dx
0 0 0
6. Given fis an odd function defined everywhere, periodic with period 2 and integrable on every interval. Let

X

a(x) = J f(t) dt. Then:
0

(A) g(2n) = 0 for every integer n (B) g(x) is an even function
(C) g(x) and f(x) have the same period (D) g(x) is an odd function
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7. Let f(x) be a function satisfying f(x) + f(x + 2) = 10 ¥xeR, then
(A) f(x) is a periodic function (B) f(x) is aperiodic function
7 7
©) j f(x)dx =20 D) j f(x)dx = 40
1 -1
8 Letf: R — R be defined as f —ef at +eIXi th
. etf:R — R be defined as (X)_711+t2 e en
(A) f(x) is periodic B)f(fx))=f(x) vxeR (C)f(1)=f'(1)= g (D) f(x) is unbounded
b . b3 3 .
Xsinx X” sinx
. = |———dx 1 = dx, th
o 1 '([ 1+cos’x 2 '([ (n® — 3nx + 3x?)(1+ cos? x) en
TC2 TE2
(A1, = ry B)I,= vy ©C)L =L D)L, >,
X+1, 0<x<1

t
N and g(t) = f(X)dX fort € [1,2]
X’ —6x+6, 1<x<2 [Jl

10. Let f(x)= {2

Which of the following hold(s) good ?
(A) f(x)is continuous and differentiable in [0,2]  (B) g'(t) vanishes for t = 3/2 and 2
(C) g(t) is maximum at t = 3/2 (D) g(t) is minimum att =1
F 20 a2 172 : o - f'(x)
1. (a) Let g(x) = x°. e & let f(x) =Ie .(3t" +1)"“dt. For a certain value of 'c', the limit of T
0 g'(x

as x — 0 is finite (equal to /) and non-zero, then

3
(A)c=1 (Byc=2 (C)I=£ (D)I=—£
2 2
12.  Letf(x)= j |sinde  (x e [0, )
(A) f(x) is strictly increasing in this interval (B) f(x) is differentiable in this interval
(C)Range of f(x) is [2 -3, 1} (D) f(x) has a maxima at x = g

X
13.  Letf(x)= j| 2t-3|dt, thenfis
0
(A) continuous at x = 3/2 (B) continuous at x = 3
(C) differentiable at x = 3/2 (D) differentiable atx =0
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1
14, f(x) = jf(tx)dt, where f' (x) is a continuous function such that f(1) = 2, then
0

15.

16.

17.

18.

19.

20.

(A) f(x) is a periodic function (B)f'(x)=0
(C)f(x) is an even function (D) f(x) is an odd function

Letl = I(sinx)”dx, n e N, then
0

(A) 1, is rational if n is odd (B) I, isirrational if nis even
(C) 1, is an increasing sequence (D) I, is a decreasing sequence
T2
sin“(nx)
= dx
LetI E[ sin? x ,n e N, then
(A) In+2 + In = 21n+1 (B) In = In+1
(C)L =nn (D)L, L, L,,.....I_are in Harmonic progression

b
2
Let f(b) = I(X —4x+3)dX | then

a

(A)Iff(b)isleastanda=1= b=3 (B) If a =4, f(b) is an increasing function Vb > 4
4
(C)Ifa=0,f(b)isleastforb=2 (D) f(b)yin = 3 Va,beR

AX 1
LetI= !(‘Xz 1 " ox +1j dx &I is a finite real number, then

1 1/ 5 1/ 5
(A)X=E B)r=1 C)1=5N75 O)1=7"7%
X2 X2
Jsin\ﬁdt Jsin\ﬁdt
LetL,= lim L L, = lim 2 ——— then identify the correct option(s).

x—0" X—sinX 2 50 x-—sinx

(AL, =4 (B)L,+L,=8 (C)L,+L,=0 (D) Iyl = 4]

n
Ifa,b € R*then Lim Z n is equal to
n—o0 7 (k + an)(k + bn)

L, bb+D) L, alb+)

: n :
a—-b a(a+l) it a#b B) a—b b(a+l) it a#b

(A)

1
(C) non existentifa=b (D) a(l+a) ifa=b
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21.

22,

23.

24,

25.

26.

(1 +25+35 4 ..+n")

lim
noo (12 422 4. +n?
(A) F(k) is finite fork <6

12
C)F®)=—

n n-1

let T.= > 5—=——=7.5 =Zz

o r°—-2m+2n r

B)T, >~

(A)T,>S, VneN g

)B+23 +. +n°

= F(k), then (k € N)

(B) F(5) =
(D)F(6)= <
2m+2n?’ then
T l =
(©)S,< 7 (©) 8= 5

Let f(x) be a strictly increasing, non-negative function such that f"(x) <0 Yx e R& 1= jf(x)dx (B> a), then

(A)1< f[ B](B o)

1
(C)I> 5 (f(o) + (BB ~a)

1
2 1

Let J‘ dx where n > 2, then
5 V1-x"

AI<E BI>E

()n 6 ()n 6

Let f(x) be a continuous function and

Jx f(x) dx , then

At._,q;

(
(B
(
(D

YIFf(x) >0 vx €[1, 9] =

o

®)1> f[ B](B o)

1
(D) 1< 5 (f(e) +F(B))B )

©)1,<5 D)1,> 5

A) There exists some ¢ € (1, 9) such that I = SJEf(c)

) There exists some p, q < (1, 3) such that I = 2[p? f(p?) + g% f(g?)]
C) There exists some a e (1, 9) such that I = fo(a)
I1>0

Area bounded by y = sin~'x, y = cos™'x, y = 0 in first quadrant is equal to :

1142 1
(A) I(sm Tx)dx + I (cos 'x)d
0 1142

nl4

(C) I (cosy —siny)dy
0

/2

(B) I (siny —cosy)dy
n/4

(D) (/2 —1)sq.unit
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27.

28.

29.

30.

31.

32.

Let f(x) be a non-negative, continuous and even function such that area bounded by x-axis, y-axis &y = f(x)
is equal to (x? + x3) sq. units ¥x > 0, then

(A) 20 =3n2+5nvn eN (B) D f(r) =6n?+5nvneN
r=1 r=1
(C)f(x)=3x%+2x V x <0 (D) f(x) = 3x?>—2x V¥ x <0

Let 'c' be a positive real number such that area bounded byy=0y = [tan‘1x] fromx =0tox=cisequalto
areaboundedbyy=0,y= [cot‘1 x], from x = 0 to x = ¢ (where [*] represents greatest integer function), then

(A) c = tan1 + cot1 (B) c = 2cosec2(C) ¢ = tan1 — cot1 (D) c=-2 cot2

T
Area bounded by the curve y = cotx, x = Z andy = 0 is-

/4 ! 1 4
s -
(A) j tan(%—dex (B)Z‘Itan xdx gy 1- j tan” xdx (D) j tan”' xdx
0 0

0 0

Let T be the triangle with vertices (0, 0), (0, c?) and (c, c?) and let R be the region between y = cx and
y = x? where ¢ > 0 then

c? 3

(A)Area (R) = Z (B)Areaof R= ?
©) Lim 22D ©) Lim Area(® _3
c—>0" Area(R) 0" Area(R) 2

The figure shows a horizontal line y = ¢ passing through (b, c) intersecting the curve y = 8x — 27x°. If the
shaded areas are equal, then

N
y = 8x —27x’
(b, ¢)
A b=t B b= C =22 D =2
(A) D=1 (B) P=7% (C)e=5 (D) e=+7

If A, denotes area of the region bounded by the curves C, : y = (x — 1)e*, tangent to C, at (1,0) & y-axis
and A, denotes the area of the region bounded by C, and co-ordinate axes in fourth quadrant, then -

(A)A,>A, (B)A, <A, (C)2A, +A, =2 (D)A, +2A, =4
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Definite Integration & its Application

PART - IV : COMPREHENSION

Comprehension #1 (Q.1to Q.3)

Let the function f satisfies

f(X): f'(=x)=f(=x)-f'(x)forall xand f(0)=3.

1. The value of f(x) - f (—x) for all x, is

(A)4 B)9 (C)12 (D) 16

T dx

2. i 3+ f(x) has the value equal to

(A)17 (B)34 (C)102 (D)0
3. Number of roots of f(x) = 0in [-2, 2] is

(A)O (B)1 ()2 (D)4

Comprehension #2 (Q.4 to Q.6)

v(x)

d d
If y= I f(t) dt, let us define Y in a different manner as —> = v’

u(x)

dx dx

d
equation of the tangent at (a,b) asy—-b = (d—ij (x—a)
(

a,b)

X2
4, Ify= I t2 dt, then equation of tangent at x = 1 is
X
(A)y=x+1 (B)x+y=1 (C)y=x-1 (D)y=x
R d .
5. IfF(x)= [ "2 (112 dt, then o Fx) atx=1is
1
(A)0 (B) 1 (C)2 (D) -1
X4
6. Ify= | ¢ntdt, then lim dy is
s x—0" dX
X
(A)0 (B) 1 (C)2 (D) -1

(x) f2(v(x)) —u'(x) f2(u(x)) and the
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Comprehension # 3 (Q.7 to Q.9)

Xy Xo T
0 , /n (1+ xcos0)
= f t 4 = N = —_—
Let g(t) J‘ (t, x)dx . Then g'(t) Iat (f(t, x)) dx. Consider f(x) E[ 050
Xy X4
7. Range of f(x)is
- T - TE2 TE2
2 -z - -
8. The number of critical points of f(x), in the interior of its domain, is
(A)O (B)1 (C)2 (D) infinitely many
9. f(x)is
(A) discontinuous atx =0 (B) continuous but not differentiable at x = 1
(C) continuous atx =0 (D) differentiable at x = 1

Comprehension #4 (Q.10 to Q.12)

If length of perpendicular drawn from points of a curve to a straight line approaches zero along an infinite
branch of the curve, the line is said to be an asymptote to the curve. For example, y-axis is an asymp-
tote to y = /nx & x-axis is an asymptote toy = e

Asymptotes parallel to x-axis :

If lim f(x)=e (afinite number) then y = e is an asymptote to y = f(x). Similarly if Xi”jwf(x) =& theny=a
X—0

is also an asymptote.
Asymptotes parallel to y-axis :

If limf(x)=c or limf(x)=—w, then x = a is an asymptote to y = f(x).
X—a X—a

: : (x+1)(x+2)
10. Number of asymptotes parallel to co-ordinate axes for the function f(x) = m isequal to:
(A)1 (B)2 (C)3 (D)4
X
1. Area bounded by y = 21 it's asymptote and ordinates at points of extremum is equal to (in square unit)
(A) ¢n2 (B) 2/n2 (C) /n3 (D) 2¢n3
12. Area bounded by y = x?e> and it's asymptote in first quadrant is equal to (in square unit)

(A) 2e (B)e (€)1 (D)2
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I £xercise 3

PART -1 : JEE (ADVANCED) / IIT-JEE PROBLEMS (PREVIOUS YEARS)

* Marked Questions may have more than one correct option.

X
1. Thevalueof lim — | M+ gis [IIT-JEE-2010, Paper-1 (3, -1)/84]
x=0 x o ! +4
A)O B " C X D 1
Fxt-x)
2, The value(s) of I T dx is (are) [IT-JEE-2010, Paper-1 (3, 0)/84]
+X
0
Ay 22 By - )0 oy A _3n
(A) 7 =7 (B) o3 ©) 0) 15~
X
3*. Let f be a real-valued function defined on the interval (0, «) by f(x) = /n x + I J1+sint dt. Thenwhich of the
0
following statement(s) is (are) true? [IT-JEE-2010, Paper-1 (3, 0)/84]
(A) f'(x) exists for all x € (0, x)
(B) f'(x) exists for all x € (0, «) and f’ is continuous on (0, «), but not differentiable on (0, )
(C) there exists a > 1 such that |f'(x)| < [f(x)] for all x € (o, )
(D) there exists > 0 such that |f(x)| + |f'(x)| < B for all x € (0, )
4. For any real number, let [x] denote the largest integer less than or equal to x. Let f be a real valued function
defined on the interval [-10, 10] by [IT-JEE-2010, Paper-1 (3, 0)/84]
x—[x] if [x]is odd,
fx) = 1+[x]-x if [x]is even
2 10
Then the value of 7 J‘ f(X) cos nx dx is
-10
X
5. Let f be a real-valued function defined on the interval (-1, 1) such that e>f(x) =2 + I Vt* +1dt , for all
0
x € (-1, 1) and let f~' be the inverse function of f. Then (f-')’ (2) is equal to
[IT-JEE-2010, Paper-2 (5, —2)/84]
A)1 B u C L D 1
(A) B) 3 © 5 (D) 5
Comprehension (Q.6 to Q.8)

Consider the polynomial
f(x) =1+ 2x + 3x2 + 4x3

Let s be the sum of all distinct real roots of f(x) and let t = |s|
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6. The real number s liesin the interval. [IT-JEE 2010, Paper-2, (3, -1), 79]
1 3 3 1 1
(A) [_Z’ 0] (B) (‘ ", ‘z] (C) [_Z’ ‘5] (D) [0’ z]
7. The area bounded by the curve y = f(x) and the lines x =0, y = 0 and x = t, lies in the interval

[IT-JEE 2010, Paper-2, (3, -1), 79]

3 3 21 11 0 21

(A) |7 B) |62’ 16 (C) (9, 10) D) |9 &4
8. The function f'(x) is [IT-JEE 2010, Paper-2, (3, -1), 79]

1

1
(A) increasing in [—t, ZJ and decreasing in [_Z’ tj

1 1

(B) decreasing in [—t, ‘Z] and increasing in [—Z, t]

(C) increasingin (-, t)
(D) decreasingin (-, t)

\/n3

J‘ xsinx? “
9. The value of s sinx? +sin(/n6 —x2) I8 [IT-JEE 2011, Paper-1, (3, 1), 80]
1 3 1 3 3 1 3
(A) 7 n 5 (B) 5 n 5 (C) ¢n 5 (D) 6 n 5
10. Let the straight line x = b divide the area enclosed by y = (1 —x)?, y =0, and x = 0 into two parts R, (0 <x <
1
b)and R, (b <x<1)suchthatR,-R, = e Then b equals [IT-JEE 2011, Paper-1, (3, -1), 80]
> B) - C)x D)+
(A) 5 B) 5 © 3 (D) 5
1. Letf:[-1, 2] — [0, «) be a continuous function such that f(x) = f(1 — x) for all x  [-1, 2].

2
LetR, = IXf(X) dX and R, be the area of the region bounded by y = f(x), x = -1, x = 2, and the x-axis. Then
b

[IT-JEE 2011, Paper-2, (3, —1), 80]
(A)R,=2R, (B)R;=3R, (C)2R, =R, (D)3R, =R,
12.* If S be the area of the region enclosed by y = ¢—x*, y =0, x =0, and x = 1. Then

[IT-JEE 2012, Paper-1, (4, 0), 70]

(A)S

vV

(”%J (D)SS%+%(1_%J

(ORI =N
(0]
-b|—\
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n/2
13.  The value of the integral j [xz + It chosxdx is [IT-JEE 2012, Paper-2, (3, 1), 66]
T—X
-n/2
2 2 2
T Y Y
A) 0 B) —-4 C) —+4 D) —
() ®) ©) 0)
Comprehension # (Q.14 to Q.15)
T2t -
Let f(x) = (1 —x)?sin?x + x2for all x e IR and let g(x) = J( ,léntj f(t) dt for all x € (1, ).
1
14. Which of the following is true ? [IT-JEE 2012, Paper-2, (3,-1), 66]
(A) gisincreasing on (1, «)
(B) g is decreasing on (1, «)
(C) gisincreasing on (1, 2) and decreasing on (2, «)
(D) g is decreasing on (1, 2) and increasing on (2, «)
15. Consider the statements :
P : There exists some x € IR such that f(x) + 2x = 2(1 + x?)
Q : There exists some x € IR such that 2f(x) + 1 = 2x(1 + x)
Then
(A) both P and Q are true (B) Pistrue and Q is false
(C) Pisfalse and Qis true (D) both P and Q are false
X 2
16.* If f(x)= Iet (t—2)(t—3)dt forall x € (0, ), then
0
(A) f has a local maximum at x = 2 [IT-JEE 2012, Paper-2, (4, 0), 66]
(B) f is decreasing on (2, 3)
(C) there exists some c € (0, o) such that f'(c) =0
(D) f has a local minimum atx = 3
T
17. The area enclosed by the curves y = sinx + cosx and y = |cosx — sinx| over the interval {0, E} is
[JEE (Advanced) 2013, Paper-1, (2, 0)/60]
) 4[z2-1) (B) 2v2[v2-1) ©) 2(V2+1) (D) 2422 +1)
18. Letf: {E 1} — R (the set of all real numbers) be a positive, non-constant and differentiable function such that

1 1
f'(x) <2f(x)and f[E] =1. Then the value of If(x)dx lies in the interval
1/2

[JEE (Advanced) 2013, Paper-1, (2, 0)/60]

1 1
(A) (2e -1, 2e) (B)(e-1,2e—1) (C) (— e- 1} (D) [0 Tj
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19.*

20.*

21>

22,

23.

(17 +2% +....+n%) 1

—%.Thena=

-1 lim
For a € R (the set of all real numbers), a= -1, o (1 1)3‘1[(na N+ (na+2)+..+(narn)

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

™5 ®)7 © > o

Let f:[a, b] — [1, ) be a continuous function and let g : R — R be defined as

0 if X <a,

g(x) = {[f(tdt if a<x<b, , Then [JEE (Advanced) 2014, Paper-1, (3, 0)/60]

b
jf(t)dt if  x>b.

(A) g(x) is continuous but not differentiable at a
(B)
(C) g(x) is continuous but not differentiable at b
(D) g(x) is continuous and differentiable at either a or b but not both

g (x) is differentiable on R

oot

Let f: (0, o) » R be given by f(x) = t . Then

X | 2 t— <

[JEE (Advanced) 2014, Paper-1, (3, 0)/60]

(A) f(x) is monotonically increasing on [1, ©)  (B) f(x) is monotonically decreasing on (0, 1)

1
(C) f(x) + f[;} =0, forall x € (0, ) (D) f(2¥) is an odd function of x on R
1 d2
The value of j4x3 {F(1—x2 )S}dx is [JEE (Advanced) 2014, Paper-1, (3, 0)/60]
X
0

The following integral |(2cosecx)'’ dx is equal to [JEE (Advanced) 2014, Paper-2, (3, —1)/60]

B —o |

log(1+v/2) log(1+v/2)
(A) IZ(e“ +e™)°du (B) I(e“ +e™)du
0 0
log(1+v/2) log(1+v/2)
(©) j(e“ —e™)"du (D) jz(e“ _e™)du

0 0
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Comprehension # (Q.24 to Q.25)
Given that foreach a € (0, 1)

1-h

lim [t=(1-t)*" dt

h—0*

exists. Let this limit be g(a). In addition, it is given that the function g(a) is differentiable on (0, 1).
1-h

lim Jt(1-t)*" dt [JEE (Advanced) 2014, Paper-2, (3, —1)/60]

h—0*

1
24, The value of g [E] is

T
(A) (B) 2n © 5 D)
1
25. The value of g’ 2 is
T T

(A) 5 (B)x ©)-7 ()0

26. List | List Il
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]
P. The number of polynomials f(x) with non-negative integer 1. 8

1
coefficients of degree < 2, satisfying f(0) = 0 and If(x)dx =1,is
0

Q. The number of points in the interval [_ \/ﬁ\/ﬁ] at which 2. 2

f(x) = sin(x?) + cos(x?) attains its maximum value, is

2

3x2
R. I . 4
_~L(1+e") dx equals 3
1/2 1
'[ cos 2x|og(+xjdx
-1/2 1-x
S. 72 equals 4. 0
1+ x
{ '[ cos 2x|og(jdx}
1-x
0
P Q R S P Q R S
(A) 3 2 4 1 (B) 2 3 4 1
(C) 3 2 1 4 (D) 2 3 1 4

[x], x<£2
27. Let f: R - R be a function defined by f(x) = { 0 x>2 where [x] is the greatest integer less than or

2 2
xf(x%)
equaltox. IfI= I2+f(x+1)dx , then the value of (41-1)is  [JEE (Advanced) 2015, P-1 (4, 0) /88]
-1
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28.

29.

30*.

31,

32%,

1 2
If o =J‘(e9”3ta”1xj(%]dx where tan—' x takes only principal values, then the value of
1+ X
0

3
(Ioge [1+a] —Tn] is [JEE (Advanced) 2015, P-2 (4, 0) / 80]

1
Let f: R » R be a continuous odd function, which vanishes exactly at one point and f(1) = 5 Suppose

K K . F(x 1
that F(x) = If(t)dt forall x € [-1, 2] and G(x) = It [ f(f(t))|dt forall x € [-1, 2]. If m% ~ 14 then
-1 -1
1
the value off[;] is. [JEE (Advanced) 2015, P-2 (4, 0) / 80]

Let f(x) = 7tan®x + 7tan®x — 3tan*x — 3tan?x for all x [—g g] . Then the correct expression(s) is (are)

[JEE (Advanced) 2015, P-2 (4, —2)/ 80]

n/4 /4 n/4 n/4
1 1
A) [ xi)dx=— (B) [f(x)dx=0 (©) [ xf)dx=— (D) [f(x)dx=1
0 12 0 0 6 0
192x° 1 1
Let f'(x) = =————— forall x e Rwith f[—j =0.fm< If(x)dx <M, then the possible values of m and
2 +sin® nx 2 172
M are [JEE (Advanced) 2015, P-2 (4, —2)/ 80]
1
Am=13,M=24 (B)m=,,M=2 (Om=-1,M=0 (D)m=1,M=12

The option(s) with the values of a and L that satisfy the following equation is(are)

47
jet(siné at +cos” at)dt

0 =12 [JEE (Advanced) 2015, P-2 (4, —2)/ 80]
jet(siné at + cos* at)dt
0
47 4n
-1 1
(A)a=2, L= B)a=2 L= "
e" -1 e" +1
47 4n
-1 1
(C)a=4,L="2 (D)a=4,L= -

e" -1 e" +1
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Comprehension #(Q.33 to Q.34)

33*.

34,

35.

36.

37.

38.

Let F : R —» R be a thrice differentiable function. Supose that F(1) = 0, F(3) = —4 and F'(x) < 0 for all

x € (1/2, 3). Let f(x) = xF(x) for all x € R. [JEE (Advanced) 2015, P-2 (4, —2)/ 80]
The correct statement(s) is(are)

(A)f'(1)<0 (B)f(2)<0

(C)f'(x)#0forany x € (1, 3) (D) f'(x)=0for somex e (1, 3)

3 3
If sz F'(x)dx = —12 and Jx3 F"(x)dx = 40, then the correct expression(s) is(are)
1 1

3
(A)9f'(3) +'(1)=32=0 (B) jf(x)dx ~12
1

3
(C)9f'(3)=f'(1)+32=0 (D) '[f(x)dx - 12
1

2
The value of | X1 COSX dx is equal to [JEE(Advanced)-2016, 3(~1)]
T +e
2
n m u =
(A) -2 B) - +2 (C) m* —e? (D) m* +e?

2

The total number of distinct x € [0, 1] for which j de - =2x-1is [JEE(Advanced)-2016]

1+t

Area of the region {(x,y) eR*:y>4|x+3],5y <x+9< 15} is equal to - [JEE(Advanced)-2016]

3 5
(C) 3 (D) 3

1
®) ¢

x/n

Let f(x)=lim , for all x > 0. Then
N NS , 0’
n!(x“+n7)| x"+— |..... X" +—

[JEE(Advanced)-2016]

| 1 ) PCIIGRC)]
izl eil3)s(3] @z oG
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39.

40.

41.

42,

43.

45,

T
Let f : R —» R be a differentiable function such that f(0) = 0, f[z] =3 and f(0) =1.If
B
g(x) = ”f‘(t) cosec t—cot t cosec tf(t)] dt
T
for x e 0,5 , then lim__ g(x) = [JEE(Advanced)-2017, 3]
98 k+1
If IT= z J &dx, then [JEE(Advanced)-2017, 4]
i x(x+1)
(A) 1<£ (B) I < log,99 (©) I>£ (D) I > log 99
50 50
sin(2x) .
If g(x) = j ~sin”'(t) dt, then [JEE(Advanced)-2017, 4]

(A) g [g] = -2n (B) g‘[—g] =2n ) ¢d [g] =2n (D) 9'[_§j =-2n

If the line x = a divides the area of region R = {(x, y) € R*: x* <y <x, 0 < x < 1} into two equal parts,
then [JEE(Advanced)-2017, 3(-2)]

1 1
(A)5<a<1 (B) o' + 40> -1=0 (C)O<a§§ (D) 20 —4a*+1=0

Letf: R — (0, 1) be a continuous function. Then, which of the following function(s) has (have) the value zero
at some pointin the interval (0, 1) ? [JEE(Advanced)-2017, 4(-2)]

f(t)sint dt (C)x—zj f(t)costdt  (D)x°—f(x)
0

O N3

(A) e — E[f(t)sint dt (B) f(x) +

For each positive integer n, let

y, =l(n +D(+2)...(n+n)'"
n

For x € R, let [x] be the greatest integer less than or equal to x. If [im y, =L then the value of [L]
n—oo

is [JEE(Advanced)-2018, 3(0)]
The value of the integral

1+\B

(x+1D)*(1=x)°)*
is . [JEE(Advanced)-2018, 3(0)]

dx

—_—
—_

o
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Let f : [0, ©») - R be a continuous function such that f(X) :1—2x+'|.e""f(t)dt

46.
0
for all x € [0, ©). Then, which of the following statement(s) is (are) TRUE ?
(A) The curve y = f(x) passes through the point (1, 2) [JEE(Advanced)-2018, 4(-2)]
(B) The curve y = f(x) passes through the point (2, —1)
n—2
(C) The area of the region {(x, y) € [0, 1] x R: f(x)<y<+1-x’1}is
n—1
(D) The area of the region {(x, y) € [0, 1] x R: f(x)<y<+1-x"}is 4
47. Afarmer F, has aland in the shape of a triangle with vertices at P(0, 0), Q(1, 1) and R(2, 0). From this land,
a neighbouring farmer F, takes away the region which lies between the side PQ and a curve of the form y =
x"(n > 1). If the area of the region taken away by the farmer F, is exactly 30% of the area of APQR, then the
value of nis . [JEE(Advanced)-2018, 3(0)]
2 n/4 dX ,
48. If I=— — then 271 equals [JEE(Advanced)-2019, 3(0)]
n_J,(0+e"" )2 —cos2x)
. 1432 +..... +3
49. Forae R,|a|>1,let lim TNoF Un =54 . Then the possible value(s)
now| 1 1 1
n 5+ >t e t—
(an+1)" (an+2) (an +n)
of a is/are : [JEE(Advanced)-2019, 4(—1)]
(A)8 (B) -9 (C) 6 (D)7
f | T 3Vcost do | [JEE(Ad d)-2019, 3(0)]
50. The value of the integra 5 equals vanced)- ,
0 (\/cose +\/sin9)
51. The area of the region {(x, y) : xy <8, 1 <y <x%} is [JEE(Advanced)-2019, 3(-1)]
14 14 7
(A) 810ge2—? (B) 1610ge2—? (C) 16log,2 — 6 (D) 810ge2—§
PART - Il : JEE(MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)
1. Let p(x) be a function defined on R such that p’(x) = p’(1 — x), for all x € [0, 1], p(0) = 1 and p(1) =41. Then
1
Ip(x)dx equals [AIEEE 2010 (8, —2), 144]
0
(1) 21 (2) 41 (3) 42 4) V41
3
2. The area bounded by the curves y = cos x and y = sinx between the ordinates x =0 and x = i is

2
[AIEEE 2010 (4, —1), 144]

(1) 42 +2 (2) 442 -1 (3) 442 +1 4) 442 -2
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57 %
3. Forx e [0, 7} , define f(x) = '[ Jt sintdt. Thenf has: [AIEEE 2011, L, (4, 1), 120]
0

1) local maximum at = and 2.

2) local minimum at T and 2n

3) local minimum at = and local maximum at 2.
4) local maximum at = and local minimum at 2.

~ o~~~

1.5

4, Let [.] denote the greatest integer function then the value of jX[Xz] dxis: . [AIEEE 2011, II, (4, —1), 120]
0
3 3 5
(1)0 @7 b ) 5
1
5. The area of the region enclosed by the curvesy =x,x=e, y = X and the positive x-axis is
[AIEEE 2011, 1, (4, —1), 120]
1 , , 3 , 5 .
(1) 7 Square units (2) 1 square units (3) o Square units (4) 5 Square units
6. The area bounded by the curves y2 =4x and x2 =4y is [AIEEE 2011, 11, (4, -1), 120]
)2 2 0 00
)3 2) 33 )
7. The area bounded between the parabolas x2 = % and x2 = 9y and the straightliney = 2 is :
[AIEEE-2012, (4, —1)/120]
102 2042
(1) 2042 (2 —— @) =% (4) 1042
X
8*  Ifg(x)= f cos4tdt then g(x + n) equals [AIEEE-2012, (4, —1)/120]
0
g(x)
() g(m) (2) g(x) + g(m) (3)9(x)—g(m) (4)9(x) . g(m)
n/3
9. Statement-I| : The value of the integral Jas Jtanx 1S equal to /6. [AIEEE - 2013, (4, —"4),360]
b b
Statement-I1 : Jf(x)dx =Jf(a +b—x)dx [AIEEE - 2013, (4, —),360]
a a

(1) Statement-I is true; Statement-Il is true; Statement-I1 is a correct explanation for Statement-L.

(2) Statement-I is true; Statement-Il is true; Statement-II is not a correct explanation for Statement-L.
(3) Statement-I is true; Statement-II is false.

(4) Statement-I is false; Statement-Il is true.
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10. The area (in square units) bounded by the curvesy = ,/x , 2y —x + 3 = 0, x-axis, and lying in the first quadrant

is : [AIEEE - 2013, (4, -4),360]
27
(1)9 (2)36 (3)18 “4)
t X X
1.  Theintegral f\/1+48'n 5 4sinZ dX equals [JEE(Main) 2014, (4, — '), 120]
0
2
(1) 4J3 -4 (2) 4x/§—4—§ (3)n—4 (4)?“—4—4\/5

12. The area of the region described by A = {(x, y) : x>+ y2<1and y?< 1 —x}is:
[JEE(Main) 2014, (4, — ), 120]

nrE_2 o L2 3L+ =2
M3-3 @273 273 W3273
4 2
. logx . .
13. The integral I 5 >-dx is equal to [JEE(Main) 2015, (4, — 4), 120]
2Iogx +10g(36 —12x + x“)

(1)2 (2) 4 (3)1 (4)6
14. The area (in sq. units) of the region described by {(x, y); y?<2xand y > 4x — 1} is
[JEE(Main) 2015, (4, — 1), 120]

()32 ()64 ()64 ()32
. ((n+D)(n+2)..3n)"
15. &g{}o pen is equal to :- [JEE-MAIN-2016]
18 27 9
(1) 3log3 -2 2) = C) ey 4) =
e e e
16. The area (in sqg.units) of the region {(x, y) : y2=2x and x2 + y2<4x,x 2 0,y =2 0} is :-
[JEE(Main)-2016]
n 242 4 8 42
1) ——— 2y t—— 3) T—— 4) n-———
(1) 553 ) 7= (3) 73 () m-=
3n
4
17. The integral J is equal to :- [JEE-MAIN-2017]
1+cosx

T
4

(1)1 (2)-2 (3)2 (4)4
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18. The area (in sq. units) of the region {(x,y}:x=20,x+y <3, x2<4yandy <1+ \/;} is :
[JEE(Main)-2017]

(1) 5 2 1 (3) 5 )
n
2 sin’x

19. The value of I dxis: [JEE-MAIN-2018]

. 1427
2

1 z 2) 4 3 z 4 z

(1) 3 (2) 4 ®) ) 3

20. Let g(x) = cos x2, f(x) = [x and a, B (a < ) be the roots of the quadratic equation

18x2 — 91tx + 12 = 0. Then the area (in sq. units) bounded by the curve y = (gof) (x) and the lines x = q,

x=PBandy =0 is- [JEE(Main)-2018]
1 1 1 1
(1) E(ﬁu) 2) E(ﬁ—ﬁ) 3) E(ﬁ—l) (4) E(ﬁ—l)
21.  Thevalue of II cosx [ dx [JEE(Main)-JAN2019]
0
(1)2/3 (2)0 (3)—4/3 (4)4/3
22. The area (in sq. units) bounded by the parabola y = x2 — 1, the tangent at the point (2, 3) to it and the y-
axis is : [JEE(Main)-JAN2019]
(1) 3 @3 3) 3 4) 3
3 tan® 1
23. If j—de =1-—=,(k>0), then the value of k is : [JEE(Main)-JAN2019]
v~ 2ksecH NG)
1
(1)2 25 (3)4 (4)1

24.  The area of the region A =[(x,y) :0<y<x[x|+land -1<x< 1:| in sq. units, is :
[JEE(Main)-JAN2019]

(3)2 (4)

W | =
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25. The area of the region, enclosed by the circle x2 + y2 = 2 which is not common to the region bounded by
the parabola y2 = x and the straight line y = x, is : [JEE(Main)-JAN2020]
1 1 1 1
(1) -(12n-1) (2) —(12n-1) (3) —(24m-1) (4) —(6m—1)
3 6 6 3
26. If f(a+ b+ 1-x)=f(x), for all x, where a and b are fixed positive real numbers, then
1 b
b f x(f(x)+ f(x+1))dx is equal to : [JEE(Main)-JAN2020]
b+l b+1 b-1 b-1
) [ fedx @ [ f&+bdc @) [ fex+Ddx @) [ fxdx
27. The area (in sq. units) of the region [JEE(Main)-JAN2020]

{(x,y) € RJ4x2 <y < 8x + 12) is :

0127 125 5 124 128

(1) (2) (3) (4)
2

28.  The value of o for which 4aj e Mdx =35, is : [JEE(Main)-JAN2020]
-1

(1)log, (%) (2) log, G) (3)loge2 (4)loge/2



JEE(Adv.)-Mathematics

Definite Integration & its Application

Exercise # 1

SECTION-(B)

PART-I

SECTION-(A)

A-.

A-2.

A-3.

A-4.

A-6.

104
()5
10
(iii) 1

(i) /m 1

213

(i) = (n 4
(iv) 2 -1
(vi)m (vii)%

(iX)4+ M5

(vi) (1/2)In 3
T
(vii) 5

; 1
(ii) 3

B-2.

B-3.

B4

B-5.

B-6.

B-7.

B-8

B-9.

() 5-v2 -3

(iii) 9
(v)cot1

(vi) 242 -1)

(i) 242

(iv)4

(vi)cos1+cos2+cos3+3

(i) in (y/3)
(ii) 7/6

L3
(iii) s

(iiiyn—1

(v) 100log, e

(iv) (@+b) -

(il) 40

(iv)4n

(vi)2
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c-1. (i) 4\/5 (ii) 12 F-5. (i) 4 sq. units. (ii) 23/6
F-9. e
4
(iif) (@—%} m F10. a=-3/4
c2 ()13 FA1. a=sors (6421
C3. 512 >
Cc4. 135 PARTI
C5 (1+e)
SECTION-(A)
C-6. (i)i (il 8n
15 15 A1.  (A) A2. (C)
- 22 A3. (C) A4. (C)
(iii) = (iv) —
2 4 A5 (D) A6 (A
SECTION-(E) AT. (A A8. (A
i A9. (B) A10. (D)
E1. () = iy 2
2 A11. (C) A12. (C)
(i) 12 (iv) =12 A13. (A) A-14. (D)
E4. 90
A15. (D) A16. (A
SECTION-(F)
A17. (A
51 ,
F1. - sq. unit SECTION-(B)
B-1. (A B2. (C)
T 4
F2. ()5~ B3. (C) B4. (D)
, B5. (C) B6. (D)
(i) 120 B7. (A B8. (B)
(iii) 97 B9. (D) B-10. (C)
F-3. (i) 4/3 sq. units BA1. (A) B12. (C)
(i) (‘13:11)2“ B-13. (A) B-14. (B)
B-15. (C) B-16. (D)
F4. () 37:‘_*22 BA7. (A) B-18. (C)
B-19. (A) B-20. (B)
N L L | B-21. (B) B-22. (A)
(i) 27w+l
B-23. (A) B-24. (C)
(iii)%
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SECTION-(C) Exercise # 2
c1. (A c-2. (B)
c3. (B) c4. (D) PART
C5. (B) c6. (O 1 (A) 2. (B)
c7. (€ cs (B 3. ©) 4. (B)
c9. () c10. (A) 5. (A) 6. (A)
c-11. (D) c12. (B) 7. (A) 8. D)
9. (B) 10. (©)
SECTION-(D) " © 2. @A
D1, (©) D2 (@) 13. (D) 14.  (B)
D3. (C) D4. (A) 15.  (B) 16. (C)
17. (A 18. ()
SECTION-(E) 9. © 2. ©
E1. (D) E2. (B) 2. (B) 2. ©
E3. (O E4. (O z. © %4 A
E5. (D) 25. (B) 26. (A
27. (D) 28. (D)
SECTION-(F) 29. (D) 30. (B)
F1. (D) F2. (B) 31. (B) 32.  (©)
F-3. (B) F-4. (A 3. D 3. (A
F-5. (C) F6. (A PART-II
F-7. (A F8. (A 1. 9.2 2, 2525
F-9. (D) F-10. (B) 3. 2 4. 2
F11. (D) F12. (A) 5, 4 6. 3
7. 64 8. 10
PART-III 9. 2/3 10. 29
1. 4 12. 8
1. A-q, B-s, C-p, D-t 13. 8 14. 4
2. (A) = (s), (B) > (s), (C) > (a), (D)~ (p) 15. 0 16. 2
17. 8 18. 16



JEE(AdVv.)-Mathematics Definite Integration & its Application

19. 25 20. 4 21.  (A),(B),(C)
21. 65 2. 5 22.  (A),(B),(C), (D)
23. 11 24. 0 23.  (A),(C)
25. 3 26. 2 24. (A, (D)
27. 1 28. 025 25.  (A),(B)
29. (b)6.75 30. 9 26. (A), (B), (C), (D)
3. 1 32 22 sq. units 27. (A), (D)
33. 55 34.  0.660r0.67 28. (A),(B)
35. 15 36. 104 29.  (A),(B)

PART - Il 0. A
1. (.0, o ®O
2 (A).(B).0).0D) 2 ®O
3. (A), (B) PART - IV
4, (B), (C) 1. (B) 2. (A)
5. (A), (B) 3. (A) 4. (C)
6. (A), (B), (C) 5. (A) 6. (A)
7. (A), (D) 7. D) 8. A)
8. (A), (B) 9. (B), (C) 10 ©)
9. (B), (C) 1. ®) 12. (D)
10.  (B),(C) (D)
" AC©) Exercise # 3
12.  (B),(C) (D)
13. (A).(B).(C).(D) PART -
14. (A), (B), (C) 1. (B) 2. (A)
15. (A), (B), (D) 3. (B), (C) 4, 4
16. (A), (C) 5. (B) 6. ©)
17.  (A),(B), (D) 7. (A) 8. (B)
18. (A), (D) 9. (A) 10. (B)
19.  (A).(C).(D) 1. (©) 12.  (A), (B), (D)

20. (B), (D) 13.  (B) 14.  (B)
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15.  (C) 16.  (A).(B),(C), (D) PART - I

17.  (B) 18. (D)

19. (B) 20. (A)(C) 1 (1) 2. )

2. (A),(C), (D) 22. (2 3. @ 4 3)

23. (A 24. (A 5. 3) 6. 2)

25. (D) 26. (D) 7. 3) 8. (), (3)
21. 0 28. 9 °2 @ 0. (1)

29. 7 30.  (A), (B) 1 ) 122 @)

3. (D) 32. (A (C) 13. @3 14. (@)

33. (A),(B),(C) 34. (C), (D)

. " . 1 15. 3) 16. 3)

37. () 38.  (B),(C) 7. ® L

39. 2 40. (B),(C) 19. (3 2. @

4. Bouns 42. (A), (D) 21. ) 22. 3)

43. (C).(D) 4. 1 23. (1) 24. (3

45. 2 46.  (B) (C) 25. (2 26.  (1),(3)
47. 4 48.  4.00 27. (@ 28. @)

49. (A), (B) 50.  0.50

51. (B)
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B Reliable Ranker Problems D

SUBJECTIVE QUESTIONS

T

2 2
. 4
1. Find the integral value of a for which J(smx + acosx)3dx ——azjxcos xdx =2
T—
0 0

2. Evaluate :

IJ(cosx +C€082X + 08 3x)? +(sinX + sin2x + sin3x)? dx
0

/2 n/2 .
cosx+4 C
3. Let I = dx and J = I Snx +3 dx.If25l=an+ blna where a,b,c and

o 3sinx +4cosx +25 3sinx +4cosx +25

0

c
d eNand E is not a perfect square of a rational then find the value of (a + b + ¢ + d).

1
4. Let a. & B be distinct positive roots of the equation tanx = 2x, then evaluate Isin(ax).sin(Bx)dx
0
1
5. Comment upon the nature of roots of the quadratic equation x2+ 2x =k + _Ht + k|dt depending on the value
0
ofk e R.

lim j(cosx)ln(cosx)dx

6. Evaluate : a_{ﬁj 0
2

T.(a x) /nx t.(a d
7. Show that If(—+—].—dx=(na.jf[—+1j.—x
0 X a X 0 X a X

-1 if 2<x<0

. and g(x) = I f(t)dt . Define g(x) as a function of x and test the continuity
x—1 if 0<x<2 A

8. Let f(x) = {

and differentiability of g(x) in (-2,2).

1

n
9. Evaluate lim n? J;(2014S'”X+2015 cosx)| x| dx

n—oo
n
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10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

f(t
g(x) = I i dt, prove that I g(x)d

1
Find f(x) if it satisfies the relation f(x) =e*+ I(X +ye™) f(y) dy

X

Prove that '[ U £(t) dt] du ='[ f(u).(x —u)du.

0
I3

4
X
Evaluate : ,[ " cos{i) dx.
s X 1+x2

1

Eval tj 1 dx
valuate 0 (5+2x—2x2)(1+e(2’4"))

Prove that for any positive integerk ;

sin2kx
sinx

= 2 [cos x + cos 3x +..... + cos (2k — 1)x]. Hence prove that;

/2

sin (2kx). cot x dx =L
0 2

If n>1, evaluate _[
0

( w/1+x )
Let f(x) be a continuous function ¥V x € R, except at x = 0 such that If(x)dx, a € R* exists. If
0

f(x) dx

1
O t—y

oc

Evaluate : om ;meN

J‘+x+x+ X

Find the value of a(0 < a < 1) for which the following definite integral is minimized.

T
I|sinx—ax|dx

If §(X)=cosx — I(X —t) ¢(t)dt . Then find the value of ¢"(x) + ¢(x).
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20.

21.

22,

23.

24,

25.

26.

27.

28.

sin xdt

Find the range of the function, f(x) = Iﬁ
—2tcosx

-1

X t2
'[\/_tdt
. J04a+
Given that Im————

x—0 bx —sinx

=1, then find the values of aand b

nl/4

2
For a natural number n, leta_= I(tanx) "dx
0

Now answer the following questions :
) Expressa_ ,, intermsofa

) Find lim a_

n—o0

@  Find Im > 0" 3 +a )
k=1

/2 .« 2
If U, = J. 51'11 nx dx , thenshowthatU,,U,U.,........ ,U, constitute an AP. Hence or otherwise find the value
, sin“Xx

of U.

1
. 2

Let sequence {a _} be defined as a, = 2 I(COS(RX) +a,_4)cosnxdx, (n=2,3,4, ....... ) then evaluate
0

lim a,

n—o0

X

T
Prove that m sin x + Isecmt dt>(Mm+1x vy ¢ [OE] me N
0

f(x) is differentiable function: g(x) is double differentiable function such that |f(x)| < 1 and g(x) = f/"(x). If f*(0) +
g%(0) = 9 then show that there exists some C ¢ (-3, 3) such that g(c) g" (c) <0

, " log, (n? +r?)—2log, n
Given that n“_rﬂo Z . - .
r=1

: 1
=log2+ g— 2, then evaluate : J'_TO T [(n2 + 12)™ (n? + 22)™

....... (2n2)m]h,

p
. 2n 3n 1'c 2r-1
Limit 1 | cos® ™ + cosPZ™ 4 cos?P2" 4.4 cos®PE | _ | I
Provethat 7" . { on on on 5

where T denotes the continued productand p € N.
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29.

30.

31.

32,

33.
34.

35.

36.

37.

38.

39.

40.

1
~(3C )n _ iL(i—1....(i—-j+1)
Find the Lim L | where C is a binomial coefficient which means —
nox| NG i j.(j-1...21

Consider a square with vertices at (1, 1), (-1, 1), (-1, -1) and (1, —1). Let S be the region consisting of
all points inside the square which are nearer to the origin than to any edge. Sketch the region S and find
its area.

If [x] denotes the greatest integer function. Draw a rough sketch of the portions of the curves x? = 4[\/;} y

and y* = 4[&} X that lie within the square {(x, y) | 1 <x <4, 1 <y <4} Find the area of the part of the

square that is enclosed by the two curves and the linex + y =3

-2 , -3<x<0
Letf(x)={x_2 ' oex<3 »Whereg(x)=min (X)) + A, f(lx]) - {0

Find the area bounded by the curve g(x) and the x-axis between the ordinates x = 3 and x = -3.
Find the area of region {(x, y):0<y<x?+1 0<y<x+10<x<2}.

A curve y = f(x) passes through the point P(1, 1), the normal to the curve at P isa(y — 1) + (x— 1) = 0. If the
slope of the tangent at any point on the curve is proportional to the ordinate of that point, determine the
equation of the curve. Also obtain the area bounded by the y-axis, the curve and the normal to the curve at P.

Find the area bounded by y = [- 0. 01 x* — 0.02 x?], (where [ . ] G.I.F.) and curve 3x? + 4y = 12, which lies
belowy = - 1.

Let ABC be a triangle with vertices A(6, 2(4/3 + 1)), B(4, 2) and C(8, 2). If R be the region consisting of all
these points and point P inside AABC which satisfy d(P, BC) > max. {d(P, AB), d(P, AC)}

where d(P, L) denotes the distance of the point P from the line L. Sketch the region R and find its area.

Find the area of the region which contains all the points satisfying the condition |x — 2y| + |x + 2y| < 8 and
Xy> 2.

Consider the curve C: y = sin 2x —\/§ |sin x|, C cuts the x — axis at (a,0),ae(-mn n).

A The area bounded by the curve C and the positive x — axis between the origin and the
line x = a.
A,: The area bounded by the curve C and the negative x — axis between the line x = a and the origin.

ProvethatA +A,+8A A,=4.
Area bounded by the line y = x, curve y = f(x), (f(x) >x V¥ x> 1) and thelinesx =1, x =tis

(t+ {14t2 —(1+ J2) Vt>1.Find f(x) for x > 1.

Consider the two curves y = 1/x?and y = 1/[4 (x - 1)].
(i) At what value of ‘a’ (a > 2) is the reciprocal of the area of the figure bounded by the curves, the
lines x = 2 and x = a equal to ‘a’ itself ?

(i) At what value of ‘b’ (1 < b < 2) the area of the figure bounded by these curves, the lines
x=band x =2 equal to 1-1/b.
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41.

42,

43.

45,

46.

Let C, and C, be the graphs of the functions y = x? and y = 2x, 0 <x < 1 respectively. Let C, be the graph
of afunctiony =f(x), 0 <x<1,f(0) = 0. Fora point P on C, let the lines through P, parallel to the axes,
meet C, and C, at Q and R respectively (see figure). If for every position of P (on C,), the areas of the
shaded regions OPQ and ORP are equal, determine the function f(x).

0.1) /2, 1) 0

C,

C,
Q P
0 %
X

0.,0) (1.0

C, =

Given the parabola C : y = x2. If the circle centred at y axis with radius 1 has common tangent lines with C at
distinct two points, then find the coordinate of the center of the circle K and the area of the figure surrounded
by C and K.

4a® 4a 1| [f(-1)] |3a®+3a
402 4b 1| | (1) 3b2 +3b
)

If| )
4c® 4c 1 f(2 3c“+3c

, f(x) is a quadratic function and its maximum value occurs at a

point V. A is a point of intersection of y = f(x) with x-axis and point B is such that chord AB subtends a
right angle at V. Find the area enclosed by f(x) and chord AB.

X
2 sin —
\/_ sin :

x-axis straight lines must be drawn through (4, 0) so that these lines partition the figure into three parts of
the same area.

, ¥y =0,x=2&x = 4. At what angles to the positive

A figure is bounded by the curves y =

1

1+x?%’

1 1
For the curve f (x) = let two points on it are A(a, f((x)), B(—a, f(—aD (o > 0). Find the

minimum area bounded by the line segments OA, OB and f(x), where 'O’ is the origin.

Considerthe twocurves C, :y=1+cosx&C,:y=1+cos(x-a)fora e (O, n/2); x €[0, «]. Find the value

of a, for which the area of the figure bounded by the curves C,, C, & x = 0 is same as that of the figure
bounded by C,, y = 1 & x = n. For this value of o, find the ratio in which the line y = 1 divides the area of the
figure by the curves C,, C, & x = m.
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1. 1 2. §+2J§ 3. 62
4. 0 5. real & distinct Vv keR 6. /n2 -1
-(xX+2) for -2<x<0
2
8. g(x) is cont. in(=2,2); g(x) is der. at x = 1 & not der. at x = 0. Note that : g(x) = —2+x—% for O<x«<l
2
X _x-1 for 1<x<2
L 2
-3e”* n n*  x
9. 2015 10. e - 3x 12. PR (2+*/§)+E_f
1 Jﬂm n 4
13. Fn 15. 2 17. -
n° -1 3
N2 (m _nn
18. \/7 19. —COSX 20. )
21. a=4,b=1
2. (1)——-a (2)03) = 23 = 24 i
' ()2n+1 n(2) ()4 ) 2 ) 4(n—-1)
m
2ve” 27 1
— — — (1642 =2
27. [ 2 J 2. 30. 3( 62 0)
31 19 32 z 33 23
. 5 . 5 . 5
e 1 (2 22 43
= palx— 1+ - 112 _2Ve
34, y=ewn, ( 3 ZaJ 35.  243sin™ 2 5 % :
X
7. 2(6-2log4 . . 1T+x+ .
3 (6 og4) 38 39 X T2

5
40. (ja=1+e* (i)b=1+e? H. f(x)=x*-x* 42.  centre (0’ Zj and area = 33 =

4 3
125
43. 3 square units. 44. 7 — tan ! ﬂ; T —tan”' 4\/5
3n 3n
n—1
45. (-1) 46. a=n/3,ratio=2:4/3

2
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I self Assessment Test [

JEE ADVANCED

Maximum Marks : 62 Total Time : 1:00 Hr
SECTION-1 : ONE OPTION CORRECT (Marks - 12)
1. The following figure shows the graph of continuous function'y = f (x) on the interval [1, 3]. The points A, B, C

have coordinates (1, 1), (3, 2), (2, 3) respectively, and thelines ¢, and /, are parallel, with .1 being tangent

to the curve at C. If the area under the graph of y = f (x) from x = 1 to x = 3 is 4 square units, then the area
of the shaded regioniis :

(A)2 (B)3 (C)4 (D)5
e
2. Letl = I(lOQ X)" dx, where n is a non-negative integer. Then Ly, 2011 L, is equal to
1
(A) L+ 9991,  (B)I8B9+890L,,  (C)I,,+ 1001, (D)1, + 541,

3. Consider L= 3/2012 + 3/2013 +.....+ 33011 R= 32013 +3/2014 +.....+ 33012

3012

and1= I 3x dx.

2012

(A)L+R< 21 (B)L+R=21 (C)L+R>21 (D) VLR =1
4. The f igure shows a por tions of the graph y = 2x — 4x3. The line y = ¢ is such that the areas of the regions

marked | and Il are equal. If a,b are the x-coordinates of A,B respectively, then a + b equals

7

A A /Area-g

77

B Y=C

v

2 3 4 5
SN B 7 © 7 O 7
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SECTION-2 : ONE OR MORE THAN ONE CORRECT (Marks - 32)

5. On the real line R, we define two functions f and g as follows : f(x) = min {x — [x], 1 — x + [x]},
g(x) =max {x —[x], 1—x + [x]},Where [x] denotes the largest integer not exceeding x. The positive n for which

j(g(x) —f(x))dx =100 is

(A)100 (B) 198 (C) 200 (D) 202
*F sinx2
6. Lety I = I dx then
0 X
A 6 5 ] c 4+1 ol n+4
I<— 1> I< >
()< ®) ©1<— (0)1> 5
2x
7. Let f(x) is cubic polynomial such that its leading coefficient equal to 1 and f(1) = 0. If g(x) = J f(t) dt has two

X

of the extremum at 1 and 2 then

7
(A) Extremum of g(x) are x = 1, 2, E (B) Point of inflection of f(x) isx = E

7
(C) g(B) = 2f(2x) —f(x) (D) Point of inflection of f(x) isx = g

1’x*>  13°x* 1°3°5°x°
+ +

8. Letf(x)=1+ o 2 5 + o, upto o terms where x T (—1, 1) and g(x) '[ f(x)dx and
g(0) = 0, then which of the following statements is/are correct?
(i} _5 (i} _3
(A)f 5 3 (B)f 5 5
7 T f T
(©) [ aox)dx =5 1 o [ovdx =7
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1 32 12
9. If f(x) = a cos (nx) + b, f' (EJ = g and I f(x)dx = 2 +1, then find the value of — — (sin'a + cos™'b).
112 n T
A)a=-1 (B)b=1
12
(C)—;(sin‘1a+cos4b)=6 (D)a+b=0
10. Consider the collection of all curves of the form y = a — bx? that passes the point (2, 1) where a and b are
positive real numbers, if the minimum area of the region bounded by y = a — bx? and the x-axis is \/K , then
which of the following statement(s) is/are correct ?
(A)2a=3 (B) 8b =1 (C)A=48 (D)a+b=4
2nn
11. Let I, = .[ | cosx |[cosx]dx (where [.] denotes greatest integer function), then
-2nn
10 10
(A) ZIk =-220 (B) ZIk =-220
k=1 k=0
100 100
(C) Z I, =-20200 (D) Z I, =-20200
k=1 k=0
- _J®
12.  If f(x+y)=f(x)f(y) V x, y € Rand f(0) # 0 and g(X) =——-"— then
1+ /7 (x)
2011 2010 2011
(A) g(x) is an even function (B) _[ g(x)dx = I g(x)dx + I g(x)dx
-2010 0 0
2010 0 2010
© [ gx)dx=0 0 | gxdx= [ gx)dx
-2010 -2010 0
SECTION-3 : NUMERICAL VALUE TYPE (Marks - 18)
y(3x -1) :
13. LetS=<(x,y); ———=<-<0; andS'={(x,y) e AxB;-1<A<1and-1<B<1}. Thenareaof SN S'is

x(3x —2)
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14.

15.

16.
17.

18.

B Answers
1. (A) 2. (C) 3. (A)

5.
9.

13.
17.

Let the function f : [2, ) — [1, ®) defined by f(x) = x2 — 4x + 5. If g(x) is inverse of f(x) and area

bounded by g(x), x-axis, x =2 and x = 5 is equal to 8—; then value of k is

4
The value of integral jmin {|x - 1| ,|X - 2| ,|X - 3|} dx = % where a and b are co-prime, then the value of
0

(a+b)is

19018 L 2017 71, —31 .
If I, =jH(r—x)dx and I, =IH(r+x)dx, then the value of 2| ———2 | s

0 r=1 0 r=0 Il + 12

1
2%a—xﬂwx

Value of 10 is equal to

4](1-x4)6dx

Iszliml Z sinr—n—r sinr—n+r +.|. xz+x+l dx ¢ , then 2L is equal to
2n 2 o 6

nown |15 n

- (A)

4
©) 6. (A), (D) 7. ©) 8. (A), (C)
(A), B),(C)  10. (A),(B),(C) 1. (A), (B), (C), (D) 12. (A), (B), (D)
2 14. 4 15. 5 16. 4
7 18. (1)



