Trigonometric Ratios And Identities

The word trigonon means a triangle and the word metron means a measurement. Hence trigonometry means the
science of measuring triangles.

SYSTEMS OF MEASUREMENT OF ANGLES

There are three systems for measuring angles
1. Sexagesimal or English system

2. Centesimal or French system

3. Circular system

Sexagesimal system : The principal unit in this system is degree (°). One right angle is divided into 90 equal part
and each part is called one degree (1°) . One degree is divided into 60 equal parts and each part is called one
minute and is denoted by (1"). One minute is equally divided into 60 equal parts and each part is called one second

1").
In Mathematical form :
One right angle

90° (Read as 90 degrees )
1° 60" (Read as 60 minutes )
1 60" (Read as 60 seconds )

Centesimal system : The principal unit in this system is grade and is denoted by (g). One right angle is divided
into 100 equal parts, called grades, and each grade is subdivided into 100 minutes, and each minute into 100
seconds.

In Mathematical form :

One right angles = 1007 (Read as 100 grades)
19 =100 (Read as 100 minutes)
1 =100" (Read as 100 seconds)

Circular system : In circular system the unit of measurement is radian. One radian, written as 1C, is the
measure of an angle subtended at the centre of a circle by an arc of length equal to the radius of the circle.

Relation between systems of measurement of angles

b_6G_2€
90 100 =

TRIGONOMETRICAL RATIOS OR FUNCTIONS

Let a line OAmake ¢ angle with a fixed line OX and AM is perpendicular from A on OX. Then in right-angled
triangle AMO, trigonometrical ratios (functions) with respect to ¢ are defined as follows :

AY
sin -2 cos -2 tan -2 A
9 - H1 H - H! H - B
COSec 9 = H secg = H cot g = B " i
=5 =3 0=5
0
> X
Note : © B M
(i) Since t-ratios are ratios between two sides of a right angled triangle with respect to an angle, so they are real
numbers.

(i) @ may be acute angle or obtuse angle or right angle.
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SIGN OF TRIGONOMETRIC RATIOS

() Allratios sing, cos@, tang, cotg, secg and cosecy are positive in Ist quadrant.
(i) sing (or cosecg) positive in 1Ind quadrant, rest are negative.

(i) tang (or cotg) positive in I11rd quadrant, rest are negative.

(iv) cosg (or secg) positive in IVth quadrant, rest are negative.

DOMAIN AND RANGE OF A TRIGONOMETRICAL FUNCTION

If f: X =Y isafunction, defined on the set X, then the domain of the function f, written as Domain is the set of
all independent variables x, for which the image f(x) is well defined element of Y, called the co-domain of f.

Range of f: X — Yis the set of all images f(x) which belongsto Y, i.e.
Range f = {f(x)e Y:xeX}c Y

The domain and range of trigonometrical functions are tabulated as follows

Trigonometric function Domain Range

sin X R, the set of all the real number [-1, 1]

COSX -1<cosx <1

tan x R - 2n+1—ne|} R

COSecx R- {nr,nel} R-{x:-1<x<1}
T

sec X R- (2n+1)§,nel} R-{x:-1<x<1}

cot X R- {nr,nel} R

TRIGONOMETRICAL RATIOS OF STANDARD ANGLES

Angle 5
— 0° 30° 45° 60° 90° 120° 135° 150° 180°
Ratio | ‘
. 1 1 3 3 1 1 ‘
sin 0 = = - 1 = S
2 2 ] : 2 V2 2 g
1
cos 1 —\@ & 1 0 - - i - ﬁ —1
2 \e 2 2 \2 2
1 — not 1
tan 0 == 1 - - e
R V3 e defined V3 L V3 &
not 1 1 '
cot ) V3 1 - 0 — 3 B not
defined V3 3 . 3 defined
2 not 2
s 1 — - - - -
sec B V2 2 defined 2 2 5 1
' not 2 2
cosec . 2 Ao =1 1 ) not
| defined | 3 : 3 2 2 defined
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GRAPH OF DIFFERENT TRIGONOMETRICAL RATIOS
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SUM AND DIFFERENCE FORMULAE

sin(A — B) = sinA cosB — cosA sin B
cos(A — B) = cosA cosB + sinA sinB

tanA —tanB
tan(A-B) =——
( ) 1+tanAtanB

T _1-tan®

Z_9l=
tan[4 ] 1+tan6

cotAcotB+1

Cot(A - B) = cotB —cot A

(1 sin(A + B) = sinA cosB + cosA sin B (i)

(iii) cos(A + B) = cosA cosB — sinA sinB (iv)
tanA +tanB .

% tan(A+B)= —— Vi
V) ( ) 1-tanAtanB (Vi)
(i) tan Gw] - t::;‘g (viii)

. cotAcotB-1 .

iX cotf(A+B)=————— xi
(ix) ( ) CcotA +cotB (x1)
(xii) sin(A + B) sin(A - B) = sin® A - sin’B = cos’B — cos?A
(xiii)  cos(A + B) cos(A — B) = cos?A — sin’B = cos’B — sin’A

. . . 2tan®
X1V sin2g =2sing cosg = ———
(xiv) v 6 c0s0 (1+tan? 0)
(xv) (cosA+sin A)? = 1 + sin 2A
_ (1-tan?0) ) ., ., 5
(xvi) cosZgzmzcose—sm9=1—25|n9=20059—1
. an2 g = 2tan©
(xvii) an2g = 1_wanZo
A 1-cosA A 1+cosA
—== —=
(xviii) sm2 1/ > , COS > 1/ >
. A 1-cosA
=1
(xix) tan 2 1+coA
3tanA-tan® A
xX) tan - 2ann-tan A Axng + 716
3A

1-3tan’A

FORMULAE FOR TRANSFORMATION OF SUM OR DIFFERENCE INTO PRODUCT

(i)

(i)

(iii)

(iv)

(V)

: : . J(C+D) (C-D)
sinC + sinD = 2sin {T}COS{T}

sinC - sinD = Zcos{(c +D)}Sin{(C—D)}

2 2

(C+D) (C-D)
cosC + cosD = 2cos { 5 }005{ > }
cosC — cosD = 2sin {(C;D)}Sin{(D;C)}

SinA | sinB _ sinAcosB +cosAsinB

sin(A £ B)

+ = - -
tanA + tanB cosA cosB cos AcosB

= [A¢nn+£,B¢mn]
cosAcosB 2
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sin(B+ A)

: _ [A¢nn,B¢mn+£]
sin AsinB 2

(vi) COtA + cotB =

T T
(vii) cosA £sinA= [ sin[z + A] =2 cos[z + A] - tanA + CotA =

(sinAcosA)

1+ tanA t B_cos;(A—B) 1 —tanA t B_cos:(A+B)
(viii) anATaNd = s AcosB P oAt = S AcosB
(ix) COtA — tanA = 2cot2A - tanA + COtA = 2cosec2A

. A A . A A
(%) smE + cosE =+ 11sinA . smE - cosE =+.1_sinA
FORMULAE FOR TRANSFORMATION OF PRODUCT INTO SUM OR DIFFERENCE

(M 2sinA cosB = sin(A + B) + sin(A — B)
(i) 2c0sA sinB = sin(A + B) — sin(A — B)

(iii) 2¢0sA cosB = cos(A + B) + cos(A — B)
(iv) 2sinA sinB = cos(A — B) — cos(A + B)

TRIGONOMETRICAL RATIOS OF SOME IMPORTANT ANGLES

, 10 Ja-2-6 , 1° _ J4+J2+6
(1 sin7— = ——F+—— (i) cs /— = ——F——
2 242 2 2\2
10 . o (WB-1y
(iii) tan 7? = (\/5—\/5)(\/5—1) (iv)  sinl5°= N cos75°
3+1

(v) C0s15° = (\/2_—\/5) =sin75° (vi)  tanl5°=2- /3 =cot75°
(vii)  cotl5°=2+ 3 =tan75° (viii) sinZZ% - % 2-2
(ix) 00522% :% 2442 (x) tanZZ% =/2-1

. 17 _ . oo 1 N .
(xi) cot22 5 =J2+1 (xii)  sin18 = (45 —1) =cos72
(xiii) 005180:%,/10+2\/§ =sin72° (xiv) sin36°:%1/10_2\/§ = c0s54°

(xv) c0s36° = % ({5 +1)=sin54°

FORMULAE FOR SUM OF THREE ANGLES

0] sin (A+ B + C) = sinAcos B cosC + cosAssin B cos C + cos A cos B sin C — sinA sinB sinC
=cos Acos B cos C (tanA + tan B + tanC —tan Atan Btan C)
(i) cos (A + B + C) = cosA cosB cosC — sinA sinB cosC — sinA cos B sin C — cosA sinB sinC

=cos Acos B cos C (1 —tan Atan B —tan B tan C — tan C tanA)
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(i)
(iv)

tanA +tanB + tanC —tan AtanBtanC

tan(A+B+C) =

4sin(60° — A) sinAsin(60° + A) = sin3A
4c0s(60° — A) cosA cos(60° + A) = cos3A
tan(60° — A) tanAtan(60° + A) = tan3A

CONDITIONAL IDENTITIES

)

(2)

©)

(4)

()

IfA+B+ C=180°, then

" 1-tanAtanB-tanBtanC-tanCtanA

0] sin 2A+sin 2B +sin2C =4 sinAsinBsin C

(i) sin 2A + sin 2B —sin 2C = 4 cosA cos B sin C

(iii) sin(B+C-A)+sin(C+A-B)+sin(A+B-C) =4sinAsinBsinC
(iv) cos 2A + cos 2B + cos 2C = -1-4 cos Acos B cos C

(v) cos 2A+cos2B-cos2C=1-4sinAsinBcos C

IfA+ B+ C =180° then

. . . . A B C
(i) sinA+sinB + sin C = 4cos 5 C0S - Cos—

. . . . . A . B C
(i) sinA+sinB-sinC=4 smE sin ECOSE

. A . B .C
(iif) cosA+cosB+cosC=1+4 sin= sin = sin>

. A B . C
(iv) cosA + cosB —cos C =-1+ 4 cos B cosE smE

COsA cosB cosC
v) sinBsinCJrsinCsinAJrsinAsinB=
IfA+B+C= r ,then
(i) sinA+ sin’B - sin?C = 2 sin Asin B cos C
(i) cos?A+ cos’B + cos’C = 1-2 cos A cos B cos C
(iii) sin?A + sin’B + sin’C = 2 + 2 cosA cos B cosC
(iv) cos?A+ cos’B — cos’C = 1-2 sin Asin B cos C
IfA+B+C= r ,then

B C A B C
H 2 A - 2 .20 . . .
i) sin +sin“— +sin“—==1-2sin—sin— sin—
® > 2 2 27272

(i) cos’ %+ cos? 2 +cos? =24 2sin2sinBsin

(iii) sin® A st B i Co12cos2c0sBsinE
2 2 2 2 2 2

(iv) cos’ A+ cos® B_ cos® c_ 2cosécosEsinE
2 2 2 2 2 2

Y
Ifx+y+z= 3 , then
(i) sin®x + sin®y + sin’z = 1-2 sin x siny sin z
(i) cos® + cos’y + cos’z =2 + 2 sinx sinysin z
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(i) sin2x + sin2y + sin 2z = 4 cos X COSy COS Z
(6) IfA+B+C= r ,then

(i) tanA+tanB+tanc=tanAtanBtanC

(i) cotBcotC+cotCcotA+cotAcotB=1

(i) tanEtanE+ tangtané+ tanétangz 1
2 2 2 2
. A B A B
(iv) cot—+cot—+ cotS = cot2cot2cot &
2 2 2 2

MOTHOD OF COMPONENDO AND DIVIDENDO

a
If %— b then by componendo an dividendo we can write

p-q a-b or q-p _b-a
q+q a+b q+p b+a

p+q a+b or q+p b+a
p-q a-b g-p b-a
Note :- Reference of the above formulae will be given in the solutions of problems.

or

SOME IMPORTANT RESULTS

0 —+va?+b?<asinx +bcosx <+va? +b?
(ii) sin’x + cosec?x > 2
(iii) Cos?X + sec’ X > 2
(iv) tan®x + cot? X > 2
(v) 1+s!n9 = tan[£+9]= secO+tano
1-sin6 4 2
(vi) 17sinb_ an[ﬁ—gjzsece—tane
1+sin6 4 2
.. 1+cos6 0
Vil —————=cot— =cosecH+cotb
(vi) 1-coso6 2
1-cos6 0
=tan— = cosecO—coto
(vl 1+cos6 2
. 2 n1 . _ sin2"6
(ix) COS 9 .COS20 .COS2°0 wvvnnnn.. cos2™ g = Sraing (6 nn)
sinnB/2 B
() COSA + 05 (A +B) + c0s (A+ 2B) + ....... + cos { A+ (n-1) B} = —- ->-C0S A+(n—1)§

MISCELLANEOUS POINTS

(i) Some useful identities :

Ytan A —tanAtanBtanC
1->tanAtanB

@ tan(A+B+0C)=
(b) tang =cotg —2cot2¢g

(c) tan3g =tang .tan (60° - g) .tan ( 60° + g )(d) tan (A+B) — tanA — tanB = tanA. tanB.tan(A+B)
(e) sing sin(60° - g)sin(60°+ g) = %sin3e (f) cos g cos (60°— g )cos (60°+ 9 )= %00536
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(i) Some useful series :

{22
@ sing +sin(a + g)+sin(a +28) ... +to n terms = - J{ :n%ij Sm( 2) ;B#2nm
2
o (o]

(b) cosag +tcos(a + f)+cos(a +20)+..... +tonterms = sin(ﬁj

(iii) Least value of a sinx + b cos X + cis ¢ — +/a? +b? and greatest value is ¢ + /a2 + b?



