Session 6

Trigonometric Ratios of Compound Angles

Trigonometric Ratios of
Compound Angles

Algebraic sum of two or more angles is called a compound
angle. If A, B, C are any angles then A + B, A—B,
A+B+C,A-B+C,A—B—-C,A+B—-C, etc., are all
compound angles.

Till now, we have learnt the values of trigonometric ratios
between 0° to 360°. Now, we are going to learn the values
of trigonometric ratios of compound angles.

Note

Trigonometric ratios if i.e. sine, cosine, tan, cot, sec and cosec
are not distributed over addition and substraction of 2 angles.

i.e. sin(A+ B) #sinA+ sinB
Proof : A=060° B =30°
sin(90°) # sin60°+sin30°

The Addition Formula

(i) sin(A + B) =sin A cos B +cos Asin B

(ii) cos(A + B) =cos A cos B —sin Asin B

tan A +tan B
(iii) tan(A+B)=u
1—tan A tan B
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Let the revolving line starting from the position OX
describe first Z/XOY = A and then proceed further so as to
describe £YOZ =B in its position OZ.

Then, /ZX0Z=A+B
In figure 6.1 A + B <90° and in figure 6.2 A + B>90°

Let Q be a point on OZ. From Q draw QM 1 OX and
QP 1 OY. From P draw PH L QM.

Now, ZHPO = ZPOX =A



ZQPO =90°
ZQPH =90° - A
-~ ZHQP = A
In AQOM,
sin(A + )= QM _ QH + HM _ OH + PL
00 00 00
_QH PL _QH QP PL OP
00 OQ QP OQ oP 00
_PL OP QH QP
“op OQ oP 00

=sin POL - cos POQ +cos HQP - sin POQ

=sin Acos B +cos Asin B

From figure 6.1, cos(A +B) = oM OL ML OL PH

0Q 0Q
From figure 6.2, cos(A + B) =— OM _ _ML-OL
0Q 0Q
_OL-ML OL-PH
0Q 0Q

.. In both cases cos(A + B)

_OL PH _OL OP PH QP

OQ OQ OP OQ QP 0Q

=cos POL - cos POQ —sin PQH - sin POQ

=cos Acos B —sin Asin B

In both cases
QM QH+HM QH + PL

tan(A + B) =
OM OL-ML OL-PH
QH PL QOH PL
_OL OoL_ oL OL
([ PH | PH PL
OL PL OL
From similar AQPH and AOPL
QOH _PH _PQ
OL PL OP
On putting the value from Eq. (ii) in Eq. (i), we get
& + E
tan(A +B) = _OP_OL_
RN
oP oL

_tanB+tanA _ tan A+tan B
l1-tan Btan A 1—tan AtanB

j26) PL

:

...(ii)

- from APOQ, —= =tan B, from APOL, — =tan A—|
] opP OL ]

Second Proof of Formulae
1. cos(A +B) =cos A cos B —sin A sin B

Proof Let O be the centre of a unit circle.
Y

A+B), sin (A+B
(Cos A+B) SN ATBN L bicos A sina)

B
, A \L(,0)
X Q B X
R(cos (-B), sin (-B)

v
Let ZLOP = A radian, ZPOQ = Bradian, ZLOR=—-B
radian

(This angle has been measured in clockwise direction)
Now ZLOQ =A+Band ZROP =A-B
Since radius of circle is unity

arc LP =A, arc PQ =B, arc LR=|-B|=B

[in formulae 6 = i, 0 is always taken a positive]
r

Also as radius of the circle is 1.
.. P =(cos A,sin A),
Q=cos(A +B),sin(A + B),
R =(cos(— B), sin(— B) orR =(cos B, —sin B)
ALOQ = APOR
LO =PR
- LQ? = PR’
= [1—cos(A + B)]* +[0 —sin(A + B)]?
=[cos A —cos(— B)]* +[(sin A —sin(- B)]*
= 1+cos’(A+B) —2cos(A+ B) +sin’(A + B)
=(cos A —cos B)® +(sin A —sin B)*
= 1+cos’(A+B) +sin’(A+B) —2cos(A +B)
= =cos’ A+cos’ B—2cos Acos B+sin® A
+sin’ B +2sin Asin B
= 2 —2cos(A+ B) =(cos® A +sin® A)
+(cos’ B +sin® B) — 2(cos A cos B —sin A sin B)
= 2-2cos(A+B)=2-2(cos Acos B —sin Asin B)
= cos(A + B) =cos A cos B —sin Asin B (1)
2. Putting — B in place of B in (1), we get
cos(A — B) =cos Acos(— B) —sin A sin (— B)
=cos A cos B +sin A sin B ..(ii)



3. sin(A + B) =cos |:72t —(A+B)i|
=cos r[n —A) —B—|
|12 |
=cos (n—A) cos B+sin(n—Aj sin B
2 2
=sin A cos B +cos Asin B

sin(A + B)
cos(A + B)

..(iii)
4. tan(A+ B) =

_sin Acos B +cos Asin B

cos Acos B —sin Asin B

tan A +tan B .
= (iv)
1—tan A tan B

[dividing numerator and
denominator by cos A cos B]

5. Putting — B in place of Bin (3), we get
sin(A — B) =sin Acos B —cos Asin B (V)
6. Putting — B in place of B in (4), we get
tan A —tan B

tan(A-B)=——M———— (vi
( ) 1+ tan Atan B (vi)
7. COt(A +B) =M
sin(A + B)
_ cos Acos B—sin Asin B
sin A cos B +cos Asin B
cot Acot B—1 ..
= . (vii)
cot B +cot A

[dividing numerator and denominator by sin A sin B]
8. Putting — B in place of Bin (7), we get
cot(A — B) = —cot Acot B—1
—cot B+cotA
cot Acot B+1
=———— = . (viii)
cotB—cot A

Third Proof by Complex Number Method

The result of the sine, cosine and tangent of compound
angle can also be derived using the concept of complex
numbers as discussed.

cos(A £ B) +isin (A + B) = ¢"“**?

=e" . e"™® =(cos A +isin A)(cos(+ B) + isin(+ B))
=(cos Acos Bt icos Asin B + isin Acos B Fsin Asin B)
=(cos Acos B Fsin Asin B) +i(sin Acos A tcos Asin B)

Comparing real and imaginary parts of the left and right
hand side, we get,
cos(A £ B) =(cos Acos B Fsin Asin B)
sin(A * B) =(sin Acos B £ cos Asin B)

TWO VERY IMPORTANT IDENTITIES
(@) sin (A+ B)-sin(A—B)
=sin® A—sin® B =cos®B-cos® A
(b) cos (A+ B)-cos(A-B)=cos® A—sin’ B
Proof : (a) sin(A+ B)-sin(A-B)
=(sin Acos B+ cos Asin B)(sin Acos B -cos Asin B)
=sin® Acos® B-cos® Asin®B
=sin® A(1-sin® B)—sin® B(1-sin® A)
=sin® A-sin’B
(b) cos(A+ B)-cos(A-B)
=(cos Acos B -sin Asin B) (cos Acos B +sin Asin B)
=cos® Acos® B-sin® Asin®B
=cos? A(1-sin® B) - (1-cos? A)sin® B
=cos?A-sin’B

Example 44. Find the value of tan105°.
tan60° + tan 45°

1 — tan60° tan 45°
B+l (B
1-431 1-3

tan105° = — (2 + v/3)

Sol. tan105° = tan(60° + 45°) =

—(2++/3)

Example 45. Prove that tan70° = tan20° + 2 tan 50°.

tan20° + tan50°
1 - tan20° tan50°
or tan70° — tan20°- tan50°- tan70° = tan20° + tan50°
or tan70° = tan70° tan50° tan50° + tan20° + tan50°
= cot20° tan50° tan 20° + tan20° + tan50°
[ tan70° = tan(90° — 20°) = cot20°]
= 2tan50° + tan20°

Sol. tan70° = tan(20° + 50°) =

Example 46. If A+B=45° then show that
(T+tan A)(1+ tanB)=2.
tanA +tanB = tanA + tanB
1-tanAtanB  ~ 1-tanAtanB

[as A + B=45° tan(A + B) =1]

tan A + tanB + tanAtanB =1
or 1+tanA +tanB+tanAtanB=1+1
[ adding ‘1’ on both sides]

= (1+tanA)+tanB(1+tan A) =2
= (1+tan A)(1 + tanB) =2

Sol. tan(A + B) =




tan 495°
cot 855°

Sol. tan 495° =tan (2.180° + 135°) = tan 135° = — 1
cot 855° = cot(4.180° + 135°)

Example 47. Find the value of

=cot135°=—-1 [ cot(4.180° + ) = cot 0]
tan 495° -1
cot855° -1

Example 48. Evaluate sin {nﬂ: +(-1" Z}, where n is an
integer.
Sol. - sin(m +0) = —sin0O

. sin(nm+0) =(—1)"sinb = sin{nn +(=1) Z}

=(—1)" sin{ (- P
=(-1) {( 1) 4}

=(= 1) (- 1)" sin g [+ sin(— 0) = —sin 0]
- sin{(=1)"0} = (~1)"sin®
=(-1)* sing=sin%=%
Example 49. Prove that cos 18° — sin 18° = +/2 sin 27°
Sol. RH.S. = /2 sin 27° =+/2 sin(45° — 18°)
= \/g(sin 45° c0s18° — cos 45° sin 18°)

= \5 (1 cos 18° — Lsin18°
N V2

= cos 18° —sin 18°
=L.H.S.

Example 50. Show that cot (Z+ x) -cot (Z - X) =1

R i

cos| —+x|cos| ——x
Sol. LHS. = 4 4
. (m . (m

sim| —+x|simn|——Xx

(5o Jen(5 2]

27T“ i 2
cos” — —sin” x
4

)
—Sm X

=1

—sin® x

N | =[N | =

. T .
sin® = —sin® x
4

Example 51. If sina sin B — cos o cos B +1=0, Prove
that 1+ cotoe tanf3 =0
Sol. Given, sin o, sin p —cos o cosf +1=0
= coso cos P —sina sinff =1
= cos(at +PB)=1 (1)
cosa sinfp

Now, 1+ cos o tanff =1 +

sinot  cos P

sino cos B+ cososin B sin (o + )
sin o cos 3
0

sin o cos 3

sin o cos 3

[sin®(a +B)=1-cos¥(a +B)=1-1=0]

Example 52. Prove that
sinB—C)  sin(C—A)
cosBcosC cosCcos A

sin(A-B)
cosAcosB

Sol. First term of L.H.S.
_ sin(B-C) _ sin Bcos C — cos Bsin C

cos B cos C cos Bcos C

_ sin Bcos C _ cos Bsin C
cos Bcos C  cosBcos C
=tan B —tanC

Similarly, second term of L.H.S. = tan C — tan A and 3rd
term of L.H.S. = tan A — tan B

Now L.H.S.=(tan B—tan C)+ (tan C — tan A)
+ (tan A —tan B)=0

Example 53. Show that tan 75° + cot 75° = 4.

tan 45° + tan 30°

Sol. tan 75° = tan(45° + 30°) =
1 — tan 45° tan 30°

1

B B "
—l—i—\/g_l 1l
3
1 V3-1

cot 75° = =
tan 75° \E +1

Now, L.H.S.=tan 75° + cot 75°
\/§+1+\@—1
V3-1 3+1
(W3 +1)P +(RB -1y
BB+

:(4+2J§;+(14-2\@):2:4:R.H.s.

and

(i)

[from Egs. (i) and (ii)]

nsin o cos o
1—nsin’ o
tan(a —B)=(1-n) tano.

Sol. tan § =

Example 54. If tan = . Prove that

nsin o cos 3
)
1—nsin” o

nsin 0L cos o

_ cos® o
= —
1 nsin” o
2 2
cos” o cos” o

[dividing numerator and denominator by cos o]



_ n tan o
sec’ oL — n tan® o
n tan o

1+tan’ o — n tan® o

_ n tan o Q)
1+(1-n)tan® o

tan o — tan 3

Now, LHS. =tan(at —f) = ———
1+ tan o tan

n tan o
T i -n)tan o
1+(1—n)tan” o
= from Egs. (i
p— [ gs. ()]
1+ tan o

1+(1-n)tan® «
_tano +(1-n)tan’ o — n tan o
1+(1-n)tan’ o + n tan® o

_(1-n)tano +(1-n)tan’ o

1+ tan’ o
(1-n)tan o (1+ tan® o)
1+ tan® o

=(1-n)tano

Example 55. Show that cos” 8 + cos’ (o + 0)
—2cos a.cos 0 cos(o +0) in independent of 6.
Sol. cos* 0 + cos*(aL +0) — 2 cos o cos Ocos(a + 0)

cos® 0 + cos(ow +0) [cos(ot +0)—2 cos a cos 0]

cos’ 0 + cos(ow +0)

[cos &0 cos O —sin o sin 6 — 2 cos oL cos 0]
=cos’ 0 — cos(ct +0) [cos 0t cos O +sin o sin O]

cos’ 0 — cos(ow + 0) cos(c — 0)

cos’? 0 — [cos® o —sin® 0]
=cos’0 +sin’ O — cos® o

=1 - cos’ o, which is independent of 0.

Example 56. If 3 tan® tan ¢ =1, then prove that
2cos(0+ ¢)=cos(0 — ¢).
Sol. Given, 3 tan 6 tan ¢ =1 or cot 6 cot ¢ =3
cosOcosdp 3
or — ==
sin®sin ¢ 1
By componendo and dividendo, we get
cos O cos O +sinOsin ¢  3+1

cosO cos O —sinOsin o 3-1
or cos®-9) _,
cos(B + ¢)
or 2 cos(0 + ¢) = cos(6 — ¢)

Example 57. Let A B, C be the three angles such that

A+B+C=m. If tan A-tan B =2, then find the value of
cos AcosB

cos C
Sol. Given, tan A-tanB =2
cos A cos B cos A-cos B
Let y= =-

cos C cos(A +B)
[ cos C = cos(m —(A +B)=—cos(A + B)]

cos A -cos B

_sinAsinB—cosAcosB
1 1

= = =1
tan Atan B—-1 2-1

cos 10° + sin 10°

—————— =tan 55°.
cos 10° —sin10°

Example 58. Prove that

Sol cos 10° +sin 10° _ 1+ tan 10° _ tan 45° + tan 10°
) 1 — tan 45° tan 10°

cos 10° —sin 10° 1 — tan 10°

= tan(45° + 10°) = tan 55° (dividing by cos 10°)

Example 59. If sin(A-B)=

2
V1o V29’
find the value of tan 2A where A and B lie between 0

and E.
4

L CoS(A+B)=

Sol. tan 2A = tan[(A +B) + (A — B)]
_ tan(A +B) + tan(A - B)
C1- tan(A + B) tan(A — B)

Given that,0< A< % and 0 < B< % Therefore,

0<A+B< r
2
i T 1
Also, - —<A-B<— and sin(A-B)=—=
4 4 V1o
0<A-B<”
4
Now. sin(A —B) = L
1
= tan(A — B) = 3 (i)
cos(A + B) = 2
V29
= tan(A +B) = g .(iid)
From Egs. (i), (i) and (iii), we get
s, 1
tanza=-2_3 =17, 16_4
5 1 6 1



Example 60. Prove that (1+ tan 1°) (1+ tan 2°) ...
(1+ tan45°)=2%.
Sol. (1 + tan x°) (1 + tan(45° — x°))
=(1+ tan x")(1+1_taln xO):z
1+ tan x°

s (1+ tan 1°) (1 + tan 44°)
=(1+ tan 2°) (1 + tan 43°)
=(1+tan 3°) (1 + tan 42°)

=(1+ tan 22°)(1 + tan 23°)
=2
(1+tan 1°)(1+ tan 2°) ... (1 + tan 45°)=2"
(as1+ tan 45° = 2)

Example 61. If cos(B —v)+cos(y — o)

+cos(a —P)=— g Prove that

COS oL+ CoS B+ cos y =sina +sinf+siny =0

3
2
or3+2cos(P—7v)+2cos(y —a)+2cos(o. —B)=0

Sol. Given, cos( —y) + cos(y — o) + cos(at — ) = —

or3 + 2(cos B cos Y + sin [ sin Y)
+ 2(cos Y cos o + sin Yy sin o)
+ 2(cos ot cos 3 + sin o sin 3) =0

or (cos” o +sin’ o) +(cos® B + sin’ B) + (cos® y + sin’ y)

+ 2(cos B cos Y +sin P sin y)+ 2(cos Y cos 0. + sin Yy sin o)
+ 2(cos o cos B + sin o sin ) =0

or (cos® ot +cos® B + cos® y +2 cos o cos B +2 cos B cos ¥
+2cos y cos ¥)+ (sin® o +sin’® B +sin® y

+2sino sin B +2sin B siny +2sinysina)=0

or (cos o + cos B + cos y)*+ (sin o + sin B + sin y)* =0

which is possible only when

cos 0 + cos B + cos Y =0andsin o +sin B +sin Y =0

cos 25° + cot 55°

tan 25° + tan 55°

N cot 55° + cot 100° N cot 100° + cot 25°

tan 55° + tan100°  tan100° + tan 25°

cot 55° + cot 100°
tan 55° + tan 100°

Example 62. Find the value of

cot 25° + cot 55°
tan 25° + tan 55°

Sol. E =

cot 100° + cot 25°

tan 100° + tan 25°
B 1 . 1 .\ 1
tan 55° tan 100°  tan 55° tan 100° tan 100° tan 25°

_ tan 25° + tan 55° + tan 100°

" tan 25° - tan 55° - tan 100°

Since, 25° +55° +100° = 180°

tan 25° 4 tan 55° + tan 100° = tan 25° tan 55° tan 100°
= E=1

Example 63. Prove that

100
) sin(kx) cos(101— k)x = 505in (101x)
k=1

100
Sol. Let S = Zsin(kx) cos (101 — k)x

k=1
= S=sin x cos 100x + sin 2x cos 99x
+ ...+ sin 100x cos x ...(i)
S = cos x sin 100x + cos 2x sin 9x + ... +
sin x cos 100x ...(ii)
(on writing in reverse order)
On adding Egs. (i) and (ii), we get
2S =(sin x cos 100x + cos x sin 100x)
+ (sin 2x cos 99x + cos 2x sin 99x)

+ (sin 100x cos x +sin x cos 100x)
=sin 101x +sin 101x + ... + sin 101x (100 times)
Hence, S =50 sin (101x)

Example 64. If A =%, then find the value of

8
Y tan(rA)- tan((r + 1)A).
r=1

tan(r + 1)A — tan(rA)
1+ tan(r + 1)A - tan(rA)

Sol. tan((r + 1)A — (rA)) =

8
= S= Y tan(rA)- tan(r +1)A
r=1
8 1 8
= 2(— 1)+ Z(tan(r +1)A — tan(rA))
= tan —
=—-8+ (tan 9A — tan A)
tan A
om
Now, tan9A= tan?
= tan| 27 — T
5
b4
=—tan —
5
1
= S=-8+ (—2tan A)
tan A

=-8-2=-10



Example 65. Prove that
sin© - sec 30 +sin 30 -sec 3°0 +sin 320 -sec 3° 0 + ...

1
upto n terms = —[tan 3"6 — tan 0]
2

Sol. sin O - sec 30 + sin 30 -sec 3° 0 + sin 3°0 -sec 3° O + ... upto n

terms
= Zsin 37'0-sec3 0
r=1
’2cos3 '0sin3 'O
“~2cos3 '0-cos3 0
1 2 sin(2-37' 0)
27 cos3'0-cos3 0

1 sin(30-37'6)
2~ cos3'0-cos30

sin3 0-cos3 'O

_li— cos3 0-sin3 'O
2 cos3'0-cos3 0

= % Z(tan 30 -tan3 "' 0)

r=1

= % [tan 3"0 — tan 0]

Example 66. In a triangle ABC, if
sin Asin (B —C) =sin Csin(A —B), then prove that cot A,
cotB, cot C are in AP.

Sol. sin Asin(B —C) =sin C sin(A — B)

sin(B—C) _ sin(A —B)

B sin Asin B

:> . .
sin Csin B

sin B cos C —sin C cos B_ sin A cos B—sin Bcos A

sin C sin B sin A sin B

cot C — cot B=cot B—cot A
2cot B=cot A + cotC
. cot A, cot B, cot C are in A.P.

=
=

Example 67. If 0<f <o <1 /4, cos(o +B)=3/5and
cos(a — ) =14 /5, then evaluate sin2a.
Sol. We know, sin(20t) = sin{(at + ) + (o0 — B)}
=sin(at + PB)-cos(ot — B) +sin(ot — B)-cos(ar + P).

[SEEN
[SEEN
+
ol w

(S, BN

[using cos(o + ) =3/5, cos(ot —P)=4/5

=sin(a + ) =4/5,sin(ac — ) =3/5]

1649
25

=1 = sin20 =1

Example 68. If coso =;(x+lj, cosP =;(y+;}

then evaluate cos(o — p).

Sol. coso = ;(x + 1)

X

_ 2coso * JJ4coslo — 4

=x?-2xcosat +1=0 = x = 5

_ 2cos0 T 2isina
T
RS X = cos0 T isinQ
Similarly, y=cosP tisinf
x _cosatising _ o —B)+isin(—B) ..(0)
y  cosP tisinf}
y _ cosP *isinf
X cosa *isinol

On adding Egs. (i) and (ii), we get

{astl=i}

=

and = cos(at — B) Fisin(ow —P) ...(>i1)

£+Z=2cos(oc—[3)
y x

ie. cos(at —PB) = ;(x + y]'
y X

Example 69. If 2sino cosBsiny =sinfBsin(o + y).
Then, show tanc, tanf and tany are in harmonic
progression.
Sol. We have, 2sino. cosfsiny = sinfsin(ot + v)
or 2sino cosPsiny =sinP{sinc cosy + coscsiny}
= 2sina cosf siny =sinasinf cosy + cososinPsiny
On dividing both sides by sino sinfsiny, we get
2 1 1
= +
tan} tanot  tany

2cotP = cotal + coty or

1 1 .
R ,—— are in AP
tano. tanf tany

ie.

or tano,tanf, tany are in HP.



Exercise for Session 6

If o lies in 1l quadrant, § lies in Il quadrant and tan (o + 8) >0, then (o + B) lies in .......... quadrants.
2. If3tan Atan B =1, then prove that cos(A-B) _,
cos (A+ B)

3. Iftano=—"" and tanf = ! , the find the value of o + .
m+1 2m +1

4, I cos(o+f)= % sin(a.—P) = % and o, € (0, %) then find the value of tan 2o

5. Ifo+p= g and  + v = o, then find the value of tan o.

If cos(0 — o) =a and cos(0 — B) = b then the value of sin?(o. — B) + 2ab cos(o. — ).

y

If2cos A=x +1,2cosB=y+lthen showthat2cos(A—B)=£+—.
X y y X

8. If y =(1+ tan A)(1-tanB), where A-B = % then find the value of (y + 1y *".



Answer

Exercise for Session 6

1.Tand IV 3.z 4.é 5.tan B+ 2 tan y
4 33

6.a° + b’ 8.27


user
Typewritten text
Answer


	session 6.pdf (p.1-8)
	session 6 answer.pdf (p.9)

