A vector is a quantity having both magnitude and direction.
For instance displacement, velocity, force and acceleration
are vector quantities. Any portion of a straight line, where
the two end-points are distinguished as initial and terminal,
is called a directed line segment. The directed line segment
with initial point A and terminal point B is denoted by the

—>
symbol AB or AB and the length of the vector AB by IABI.
Graphically, a vector is represented by a directed line seg-
ment. We denote it by a letter with an arrow over it, as in

a , or in bold type, as in a. A scalar is a quantity having
magnitude only but no direction, such as mass, length, time,
temperature and any real number. A vector whose initial and
terminal points are the same is called a zero vector, 0.

Two vectors are equal if they have the same magnitude; they
lie on the same line or on parallel lines and they have the
same direction.

Let a be any vector and « a scalar then «a is a vector
whose length is equal to | ¢ | lal, a is a vector on the same
line or on a line parallel to the line on which a lies. Moreo-
ver, direction of ¢a is same as that of a if o> 0 and is op-
posite to that of a if o < 0.

If a=AB and b = BC then a + b is the vector AC.

C
[\
>
b
A a B
Fig. 22.1

The following are some elementary properties of addition
and scalar multiplication:

1. a+ b =b + a (addition is commutative) (Fig. 22.2)

2.(a+b)+c=a+ (b+ c) (addition is associative)
(Fig. 22.3)

3.a(a+b)=oaa+ ab

4. (a+ P a=o0a+ fa
0a=0,la=and (-1)a=-a

Fig. 22.2

Fig. 22.3

The position vector r of any point P with respect to the
origin of reference O is the vector OP. Two vectors a and b
are said to be collinear if they are supported on the same or
parallel lines. For such vectors, b = xa for some scalar x. A
set of vectors is said to be coplanar if they lie in the same
plane, or the planes in which the different vectors lie are
all parallel to the same plane. Three vectors a, b and ¢ are
coplanar if and only if ¢ = xa + yb for some scalars x and y.

LINEAR COMBINATIONS
The vectorr= o a, + o, a, + - + @, a,, where , ¢, -,

a, are scalars, is called a linear combination of a, a,, ---,
a,. The following results are useful in determining coplanar
and collinear vectors:
1. If a and b are non-collinear vectors, then
xa + yb =xa+yb =
2. Fundamental theorem in plane. If a and b are
non-collinear vectors, then any vector r, coplanar
with a and b, can be expressed uniquely as a linear
combination of a and b. That is, there exist unique
x and y € R such that r = xa + yb.
3. If a, b and c¢ are non-coplanar vectors, then
xa+yb+ze=xa+yb+7c
o x=x,y=y,z=7
4. Fundamental theorem in space. If a, b and c are
non-coplanar vectors in space, then any vector r

x=x,y=y
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can be uniquely expressed as a linear combination
of a, b and c. That is, there exist unique x, y, z
€ R such that r = xa + yb + zc. If i, j and k are
three unit vectors along x-axis, y-axis and z-axis
respectively, then any vector r can be represented
uniquely as r = a,i + a,j + a3k, where a,, a, and
ay are the coordinates of r.

5. Section formula. The position vector of a point P
which divides the line joining the points A and B
with position vectors a and b respectively in the
ratio m : n, is

na+ mb (m#—n)
m+n
The position vector of mid-point M of AB, is (1/2)
(a+b). The point A with position vector a is written
A(a). If A(a), B(b) and C(c) are the vertices of a tri-
angle ABC, then the centroid of this triangle is (1/3)
(@a+b+c).

6. Test of collinearity. Three points A(a), B(b), and
C(c) are collinear if and only if there exist scalars
x, y and z, not all zero, such that xa + yb + z¢ = 0,
where x + y + z = 0.

7. Test of coplanarity. Four points A(a), B(b), C(¢) and
D(d) are coplanar if and only if there exist scalars
X, ¥, z and w, not all zero, such that xa + yb + zc
+wd=0,x+y+z+w=0.

SCALAR OR DOT PRODUCT

The scalar product of two vectors a and b is given by lal Ibl
cos 6, where 0 (0 < 0 < n) is the angle between the vectors
a and b. It is denoted by a - b.
Properties of the scalar product
l.a-a=lal’=a’
2.a-(b+c)=a-b+a-ec
3. Two non-zero vectors a and b make an acute angle
if a - b > 0, an obtuse angle if a - b < 0 and are
inclined at a right angle if a - b = 0.
4. a - b = (projection of a on b)Ibl.
S5.@a+b)-(a-b)y=a’-b5 (@a+b’=2a"+b>+
2a - b,
(a-b)y’=a’+b’-2a-b.
6. Ifa=ai+aj+akandb=0>bji+b,j+ b3k,
then

a-b=ab, +ab, + azbs, lal =+Ja + a3 + a32
ab + a,by + azby
\/af +a; +a§\/b12 +b? + b}

7. Vector component of u orthogonal to a vector a is

and cos 6=

. . ua . .
u — proj, u where pI‘O]all=7a and proj, u is
a

vector component of u along a.

VECTOR OR CROSS PRODUCT

The vector product of two vectors a and b, denoted a X b,
is the vector ¢ with Icl =1lal Ibl sin 6, where 8 is the angle
between a and b, with 0 < 8 < 7. ¢ is supported by the line
perpendicular to a and b, and the direction of ¢ is such that
a, b and ¢ form a right-handed system.
Properties of the vector product
l.axb=-bxa.
2.axa=0.
3.ax(bb+c¢c)=axb+axec
4. (a x by’ = a’»* — (a - b)”.
5. Two non-zero vectors a and b are collinear if and
only if a x b = 0.
6. If i, j and k are unit vectors along positive x-axis,
y-axis and z-axis then ixj = k, jxk =1, kxi = j.

then
i j k
axb=|g a a
by by b

8. The area of the parallelogram whose adjacent sides
are represented by the vectors OA = a and OB =
b, is la X bl, and the area of the triangle OAB is
(1/2) la x bl. The vector area of the above paral-
lelogram is a X b.

9. A unit vector perpendicular to the plane of a and
b is

axb
|]a X b|
and a vector of magnitude A perpendicular to the
plane of a and b is
N Alaxb)
|axb|

SCALAR TRIPLE PRODUCT

The scalar triple product of the three vectors a, b and ¢ is

denoted by [a b c], and is defined asa X b - c.
Properties of the scalar triple product

l.axb)-c=a- (b xc).

2.labc]=[bcal]=[cabl]=-[bac]=-[cb
al] =-[acb].

3. Ifa=aji+ a,j+akandb =bji+ b,j + bsk, then

a a4, a3
axb-c=[abc]=|b b, b
G 6 G

In particular a-(axb)=0 and b-(axb)=0.



4. The volume of the parallelopiped whose adjacent
sides are represented by the vectors a, b and c, is
axb-ec

5. The volume of a tetrahedron ABCD is equal to

é IAB x AC - ADI.
6. Any three vectors a, b and ¢ are coplanar if and
only if [a b c] = 0.
7.[a+becd]l=[acd] +[bcd]
8. Three vectors a, b and ¢ form a right-handed or
left-handed system, according as [a b ¢] > or < 0.
a-c b-c
a-d b-d

au bwu cu

9.(axb) (cxd) =

10 [@abec][uvw]=|avVv bv cv
aw b-w cw
11. Four points with position vectors a, b, ¢ and d will
be coplanar if
[dbc]+[dca]+[dab]=[abc]
12.[a+b b+c¢c c+a]=2[abcc]
13.[bxc cxa axb]=2abc]

VECTOR TRIPLE PRODUCT

The vector triple product of three vectors a, b and ¢ is the
vector a X (b X ¢),

Since a X (b X ¢) is coplanar with b and ¢ and (a X b) X ¢ is
coplanar with a and b, we have
ax(bxc)=(@-c)b-(a-b) and
(a-¢c)b—-(b-c)a

Clearly, a x (b X ¢) # (a X b) X ¢ in general. In fact, (a X b) X
c=aXx (b xc)if and only if the vectors a and ¢ are collinear.

(axb)yxe=

If a,b,c and d lie in the same plane then (axb)x(cxd)=0

® Example 1: If in a triangle OAC, B is the mid point of
AC and OA = a, OB =Db then

(a) OC= %(a+b) (b) OC=2b-2a
(c) OC=2b-a (d) OC=3b-2a
Ans. (c)

Solution: Let O be the origin of reference. The posi-
tion vector of A is a and that B is b. If position vector of C
is ¢, then

Vectors 22.3

GEOMETRICAL AND PHYSICAL
APPLICATIONS

Bisector of an angle If a and b are unit vectors along the
sides of an angle, then a + b and a — b are respectively the
vectors along the internal and external bisectors of the an-
gle. The bisectors of the angles between the lines r = xa and
r = yb are given by

r=A7 (Eihj
[l [b|

Equation of a line passing through a point with position vec-
tor a and parallel to a vector bisr=a + tb
Reciprocal systems of vectors Let a, b and ¢ be a system
of three non-coplanar vectors. Then the system a’, b’ and
¢’, which satisfies
a-a’=b-b'=c-c'=1
and a-b’=a-¢’=b-a’=b-¢’=c-a’=c-b'=0
is called the reciprocal system to the vectors a, b and c.
Equation of a plane. The equation of a plane passing through
the point with position vector a and parallel to the plane
containing b and c, is
r=a+Ab+yucor[r-abc]=0.
A and u being parameters. The equation of a plane through
three points whose position vectors are a, b and ¢ is
r=(1-A-wa+Ab + uc
or r-(bxc+cxa+axb)=[abc]
A and U being parameters.

(e R)

Equation of a plane which is at a distance d from the ori-

gin having a unit normal n is r. n = d. Equation of a plane
passing through a point with position vector a having a unit
normalnis (r—a)-n=0.
Work done. If a force F acts at a point A and displaces it
to the point B, then the work done by the force F is F - AB.
The moment of a force F applied at B about the point A is the
vector AB X F.

SOLVED EXAMPLES
Concept Based

Straight Objective Type Questions

p=2t¢ c=2b-a
2
® Example 2: The angle between the vectors i — j + k and
—-i+j+2kis
(a) 45° (b) 60°
(c) 90° (d) 135°
Ans. (c)

Solution: (i—j+k)- (-i+j+2k)=-1-1+2=0
So the angle is 90°.
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® Example 3: A unit vector ¢ perpendicular to a =i — j and
coplanar witha and b =i+ Kk is

@ O+ ) -4k
© 0 @ -0
Ans. ()
Solution: ¢=2Aa+ ub
=Mi—j) + i+ k)
=(A+Wi-Aj+puk
since ¢ is a unit vector so (A + > + A2 + > = 1 @)
Also a.c.=0,buta.c=Alal’® + uab
= 0=A2+p.l
= u=-2x
D= (1-22A+A%+40%=1
617 = 1
=1
6

1
:c:iﬁ (i+j+2k)

® Example 4: If a and b are two non-parallel vectors
satisfying lal = Ibl, then the vector (a + b) x (a x b) is parallel
to

(a) a (b) a-b
(c) a+b (d b
Ans. (b)

Solution: (a+b) x (axb)
=ax(axb)+bx(axb)
=(a-b)a-(a-a)b+ (b-b)a—(b-a)b
=(a-b) (a—b) +lal* (a—b)
=(a-b +1al’) (a—b)

So (a +b) x (a x b) is parallel to a — b.

® Example 5: Ifa=i+j+Kkandb =i-j+ 2k then the
projection of a on b is given by

(@) %(i—j+2k) (b) §<i+j+k>

1. . L. .
(c) E(I_J_k) (d) E(I—J+2k)

Ans. (d)

Solution: Proj, a = %

bl

= %(i —-j+2k)

1
=—(i—-j+2k
3( J )

® Example 6: If a, b, ¢ are unit vectors such thata—b + ¢
=0 then ¢ - a is equal to

3 1
(a) ) (b) 5
1 1
(©) 3 (d) 3
Ans. (b)

Solution: Taking dot product with a, b, ¢ in the relation
a—-b+c=0, we have

la®—a-b+a-c=0

a-b-Ib’+b-c=0

ac—b-c+le’=0
Adding, we get 2a- ¢ = —(lal* — bl + lcl?)

=-1
1

ac=——
2

® Example 7: The non-zero vectors a, b and ¢ are related
as b = 5a and ¢ = -2b. The angle between a and ¢ is

T T
a) — b) —
(a) 5 (b) 2
i1
(o r (d) 3
Ans. (c)
Solution: cosine of angle between a and c is
lb-—2b
_ac_5
- 1
alel Ll 21

=-1
Hence the angle is 7.

@® Example 8: A vector b collinear with a = 2WN2i- j+4k
of length 10 is given by

(@) 32V2i-j+4k) (b) 2(2V2i+j-4k)

©) 22V2i+j+4k) (d) 2(2v2i-j+4k)

Ans. (d)

Solution: b =\a and 10 = Ibl = IAllal

but la=8+1+16=25 = lal=5
Thus A = 2.

So b =+2(2v2i - j+4k)

® Example 9: The vector p = (a-¢) b — (a-b) ¢ is
perpendicular to

(@ ¢ (b) b
(c) a (d c+b
Ans. (a)

Solution: p =a x (b x ¢) which is perpendicular to a.



® Example 10: The angle between a + 2b and a — 3b if lal
=1, Ibl = 2 and angle between a and b is 60° is

24
(a) an acute angle (b) cos ' ——
& V2131
_ 24 a1
(c) cos = (d) cos ——
V21431 3

Ans. (b)
Solution: la + 2bl*> = lal* + 4/bl* + 4a-b
=1+ 16 + 4 lallbl cos 60°

=1+ 16+4.1.2.% =21

@® Example 11: Let L;: r = (i+5j+5k)+7(4i—4j+5k)
and L,: r = (2i+4j+5k)+7(8i—3j+k) be two lines then
(a) L,is parallel to L,
(b) L, is perpendicular to L,
(c) L,isnot parallel to L,
(d) none of these
Ans. (¢)
Solution: ThelineL,isparalleltothe vector 4i —4j+5k

and the line L, is parallel to the vector 8i—3j+k . These
vectors are not parallel since neither is a scalar multiple of
the other. Also (4i—4j+5k).(8i—3j+k) =32+ 12+ 5=
49 # 0. So L, is not perpendicular to L,.

® Example 12: The angle between a diagonal of a cube
and one of its edges is

(a) cos™! (1//3) (b) 74
(c) 6 d) a3
Ans. (a)

Solution: Let a = a, i, b = a, j and ¢ = a,k. Then the
vectord = g, (i+ j+Kk) is a diagonal of the cube. The angle

O between d and a is given by

a.d a12 1

il [5at) 5

® Example 13: Letu = 2i—j+3k and a = 4i—j+2k.

The vector component of u orthogonal to a is

cos 0=

Vectors 22.5
la—3bl*> =lal®> + 9Ibl> — 6a-b
=1+36-6=31

(a+2b)(a—3b)=la’>-6b>’—a-b
S1_24-12.1 =
2

The angle between a + 2b and a — 3b

_ i (a+2b)-(a-3b)
B la+2bl la — 3bl

L, -4
V2131

LEVEL 1

Straight Objective Type Questions

(a) —%(6i+2j—11k) b) %(—6i+2j—11k)

(©) —%(6i—2j+11k) (d) —%(—6i+2j+11k)
Ans. (a)

. 5
Solution: Proj, u = ua .= 7(4i— j+2Kk) and vector

a|2

component of u orthogonal to a is
5
u - proj, u= (2i—j+3k)—;(4i—j+2k)

6, 2, 11
=—i——j+—k.
7 7717
® Example 14: Volume of the tetrahedron with vertices

P(-1,2,0,0@2,1,-3),R(1,0,1)and S (3,- 2, 3) is

(a) 1/3 (b) 2/3
(c) 1/4 (d) 3/4
Ans. (b)

Solution: PQ=3i—j-3k, PR=2i—2j+k and

PS =4i—-4j+3k so the required volume

= %|PQ -(PR x PS)|

1 B Y
——il2 2 1 |:ﬂ:_
6

6 3
4 -4 3
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® Example 15: The distance between a point P whose
position vector is 5i + j + 3k and the line r = (3i + 7j + k) +

t(j+Kk)is
(@) 3 (b) 4
() 5 d 6
Ans. (d)

Solution: Let u = j + k and the point Q whose position
vector is 3i+7j+k is on the line, so

v=QP=(5-3)i+(1-7)j+3-1Dk

= 2i—6j+2k
d =Ivlsin 0
Cluxv] [Bi+2j-2k| ~Ne4+4+4
N itk V2

Fig. 22.4

@® Example 16: Let a, b, ¢ be the three vectors such that
a-(b+c)=b-(c+a)=c-(a+b)=0andlal=1, bl =4,
lcl=8,thenla+b+cl=

(a) 13 (b) 81
© 9 (d 5
Ans. (¢)

Solution: la+b+c’=(@+b+c)-(a+b+c)

Adding a-(b+c)=b-(c+a)=c-(a+b)=0,

we get 2(ab+b-c+a-¢)=0

= la+b+c’=la”+IbP+Icl

+2(ab+a-c+b-¢)

=1+16+64=81.Hencela+b+cl=9.

® Example 17: Ifa=i+2j+3k,b=—i+2j+kandc

= 3i + j, then 7 such that a + ¢ b is at right angle to ¢ will be

equal to
(@ 5 (b) 4
(c) 6 (d) 2
Ans. (a)

Solution: Since a + rbis atrightangletocso(a+1tb)-c
=0.Buta-c=5andb-¢=-1s05-t=0 = ¢=3.

® Example 18: Iflal=2, Ibl=5 and la x bl = 8 then |a - bl

is equal to
(a) 4 (b) 6
© 5 (d) none of these
Ans. (b)
4
Solution: Since sin 6 = [axb| = i = — socos 0
lal|b] 10 5
=+3/5
Thus a-b=Ilallblcos 8=10-(£3/5)==x6.

® Example 19: Ifa-b=b-c=c-a=0,then[abc]is

equal to

(@) 0 (b) 1

(c) -1 (d) lal bl lel
Ans. (d)

Solution: Since a-b=c-a=b-¢c=0s04a,bandc
are mutually perpendicular. Thus a is collinear with b X c.
Hence[abc]=a-(bxc)=lallbxcl

= |a[[b]|c].

@® Example 20: Let a, b and ¢ be three non-coplanar
vectors, and let p, q and r be the vectors defined by the
relations

_ bxc _ cXa _axb

P fabe T abg " T b
Then the value of the expression (a+b)-p+(b+c¢)-q
+(c+a) - risequal to

(@ 0 () 1
(c) 2 d 3
Ans. (d)

a-(bxc) _ [abe]

Solution: a-p = =l=bq=c-r
P [abc] [abc] q
pp o DX 0
[abc] [abc]

Therefore, the given expressionisequalto 1 + 0+ 1 + 0 +
1+0=3.

® Example 21: The volume of the parallelopiped whose
sides are given by OA =2i-3j,0B =i+j-k, OC=3i-Kkis

(a) 4/13 (b) 4
(c) 2/7 (d) none of these
Ans. (b)
Solution: The volume of the parallelopiped
2 -3 0
=|[0AOBOC]| =l 1 -1 =4.
3 0 -1

® Example 22: The points with position vectors 60i + 3j,
40i — 8j, ai — 52j are collinear if

(@) a=-40 (b) a=40
(¢) a=20 (d) none of these
Ans. (a)

Solution: Denoting a, b, ¢ by the given vectors respec-
tively. These vectors will be collinear if there is some con-
stant K such thatc—a=K (b - a)

= a—-60 =—20Kand-55=-11K

= a =—100 + 60 = —40.

® Example 23: Iflal=2,Ibl=3lcl=4anda+b+c=0
then the value of b- ¢ +c¢-a+a- bisequal to

(a) 1972 (b) —19/2
(c) 2972 (d) —29/2
Ans. (d)



Solution: 0=la+b +cl* = lal® + bl + Icl*
+2(a-b+a-c+b-c¢)

= 29+2(a-b+b-c+ca)=0

= (a-b+b-c+ca)=-29/2.

® Example 24: If A, B, C, D are four points in a space and

IAB x CD + BC x AD + CA x BDI = A (area of the triangle
ABC). Then the value of A4 is

(a) 1 (b) 2
(c) 3 (d) 4
Ans. (d)

Solution: Let D be the origin of reference and DA = a,
DB=b,DC=c
| ABxCD+BCx AD + CA xBD|

|(b—a)x(=¢)+(c—b)x(-a)+(a-c)x(-b)]

[bxc—axc+exa—-bxa+axb—cxb]|

2|laxb+bxc+exal

= 2 (2 area of A ABC) =4 area of A ABC.
Hence A =4.

® Example 25: Givena=i+j—-Kk,b=—i+2j+kandc
=—1+ 2j — k. A unit vector perpendicular to both a + b and
b+cis

2i+j+k

by i
(a) NG (®) j
i+j+k
k d
(c) (d) NG
Ans. (c)

Solution: (a+b)x (b +c¢)=3jx(-2i+4j)=6k
Hence the required unit vector is k.

® Example 26: If a, b and c are unit coplanar vectors, then
the scalar triple product [2a—b 2b —c¢2¢c —a] =

(@ 0 (b) 1
©) -3 @ 3
Ans. (a)

Solution: As ab, ¢ are coplanar vectors, 2a—b, 2b —c¢
and 2¢ — a are also coplanar vectors. Thus [2a — b 2b — ¢
2c—-a]=0.

® Example 27: If the vectors a, b and ¢ form the sides BC,
CA and AB respectively, of a triangle ABC, then

(a) a-b+b-c+c-a=0

(b) axb=bxc=cxa

(c) a-b=b-c=c-a

(d) axb=bxec=cxa=0
Ans. (b)

Vectors 22.7
Solution: a+b+c¢=BC+CA+AB=BA +AB

So axX(a+b+c)=ax0=0

= axa+axb+axc=0 = aXxXb=cXxa
Similarly, bx(a+b+¢c)=0

= bxa+bxe=0 = axb=bxc. Thus

axb=cxa=bxc.

® Example 28: If a and b are two unit vectors such that
a + 2b and 5a — 4b are perpendicular to each other then the
angle between a and b is

(a) 45° (b) 60°
(c) cos! (1//3) (d) cos™ (2/7)
Ans. (b)

Solution: According to the given conditions lal = |bl
=1land (a+2b)- (5a-4b)=0s0
Slal* - 8Ibl* + 6a -b =0

= a-b=3/6=1/2
= lal bl cos 6 =1/2
= cos =12 = 6=60°

® Example 29: Letv=2i+j—k andw=i+3k.Ifuis
a unit vector, then the maximum value of the scalar triple
product [u v w] is

(@) —1 b) V10 ++16
©) 59 @ 60
Ans. (c)

Solution: vxw=3i—-7j—k
Now [uvw]=u-(3i-7j-k)

= lul |3i—7j—K| cos 6 (where 0 is the
angle between u and v x w)

= V59 cos 0
Thus [u v w] is maximum if cos 8 =1 i.e. 6 =0 or take

1
u= —Gi-
\/59(

® Example 30: A vector ¢ perpendicular to the vectors

7j—k). Hence the maximum value is J59.

2i+3j—k and i—2j+3k satisfying ¢.(2i—j+k)=-6 is
4
(a) 2i+j-k (b) 2i—j—§k

(c) 3i+3j+3k
Ans. (c)

(d) 3i-3j+3k

Solution: Vector ¢ perpendicular to a=2i+3j—k and
b =i-2j+3k is of the form o« (axb) = o (7i — 7j — 7K).
Since ¢-(2i—j+k)=—6s00a[14+7-7]=-6= a=-3/7.
Hence e¢=-3i+3j+3k.
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® Example 31: If a, b, ¢ be three units vectors such that
a x (b x c¢)=(1/2) b; b and ¢ being non-parallel then

(a) the angle between a and c is 7/3

(b) the angle between a and c is /2

(c) the angle between a and b is /3

(d) the angle between aandb is 7/6

Ans. (a)
Solution: (1/2) b=ax(bxc)=(a-c)b—(a-b)c
= (a-c—%)bz(a-b) c.

The last relation is possible only ifa -c¢=1/2anda -b =0
as b and ¢ are non-parallel. Hence the angle between a and
¢ is 71/3 and between a and b it is 71/2.

® Example 32: A vector a of magnitude 50 is collinear
with the vector 6i — 8j — (15/2)k making on obtuse angle
with the z-axis is
(a) 24i-32j-30k
(c) 24i+32j-30k
Ans. (a)

(b) —24i+ 32j+ 30k
(d) none of these

. .. 15 .
Solution: A unit vector along b = 6i — 8j — — Kk, is

2 15
+ 55 (6i -8j— ?k) so a vector of length 50 along b is

4(6i -8j— 1?Sk) . Since a makes obtuse angle with z-axis

so we must have a-k < 0. Thus a = 24i — 32j — 30k.

® Example 33: Let there be two points A, B on the curve
y =x* in the plane OXY satisfying OA -i=1and OB -i=-2
then the length of the vector 20A — 308 is

(@) V14 (b) 2451
(©) 341 (d) none of these
Ans. (d)

Solution: Let OA = x; i+ y, jand OB = x,i+y,j.
Since 1 = OA.i=x, and -2 = OB. i = x,. Moreover, y, = x
=landy,=x5=4,s0

OA=i+j and OB =-21i + 4 j. Hence |20A-30B]|

=|8i—10j|= 164 = 241 .
@® Example 34: If A, B, C, D are four points in space
satisfying AB-CD = K [|AD]* +|BC]* -|AC" - [BD[’ |

then the value of K is

(a) 2 (b) 173
(c) 172 1
Ans. (c)

Solution: Let A be the origin of reference and the posi-
tion vector of B, C, D be b, ¢, d, w.r.t. A. So AB =b, CD
=d-c¢,AD=d,BC=c-b,AC=cand BD=d - b. The
L.H.S.isequal tob:(d — ¢) .The R.H.S. is

2 2 2 2
K[laP +le=bP ~[e[ ~]d-b]

=K[dd+cc+b-b-2¢c-b—cc—d-d-b-b+2d-b]
=2K [b-(d—c]]. Hence K = 1/2.
® Example 35: The distance of the point B with position
vector i + 2j + 3k from the line passing through the point A

with position vector 4i + 2j + 2k and parallel to the vector
2i+ 3j+6kis

a) V10 ) 5
(c) J6 (d) none of these
Ans. (a)

Solution: AB =-3i + k. Since AB-(2i + 3j + 6k) =—-6
+ 6 = 0. Hence AB is perpendicular to the given line. Thus

required distance is equal to IABl = {9 +1 = V10

® Example 36: If a, b and ¢ are unit vectors then
l]a—b|* +|b—cf* +|c—a|* does not exceed.

(a) 4 () 9
(c) 8 d 6
Ans. (b)
Solution: Since |a+b+¢/>0
= 0<lal® +bl* +lc* +2(b-c+c-a+a-b)
=3+2(b.c +ca+ab)
= bc+ca+ab=>-3/2

la—b)* +b—cf +|c—af
=2(lal + b’ +le? -b.c—c.a—a.b)
<2(1+1+1)+3=9
The maximum value is attained e.g. when

a=ib= %(—i+x/§j)andc=%(—i—\/§j).

® Example 37: The value of a so that the volume of the
parallelepiped formed by i + gj+ k, j + ak and a i +k
becomes minimum is

(a) =3 (b) 3
©) 1/\3 @ 3
Ans. (¢)
Solution: Volume of the parallelepiped is
I a 1

Via)=10 1 a=d -a+1

a 0 1
V’(a):3a2—1:01fa=a+L
V3
1

V’(a)=6a >0ifa=

Ng

Thus V (a) is minimum when a =

of-



® Example 38: Ifa=i—j—k,a-b=1andaxb =—j+Kk,
then K is equal to

(@) i+j-k (b) -2j+k
(c) i d) 2i+k
Ans (¢)
Solution: letb = oi +8j+ ykthena -b=1
= a-fB- y=1. €))
i j k
Andaxb=j+k = 1 -1 -1|=j+k
o« By
= B-pi-r+oj+(B+pk=-j+k
= B-y=0,v+a=1, B+a=1
= B=v. a=1-y

Putting there values in (1)
l-y—y-y=1=y=0soa=1;5=0

Thus b =i.

@® Example 39: The unit vector which is orthogonal to the
vector 5 i +2j +6k and is coplanar with the vectors 2i + j +
kandi—-j+Kkis

1 1
—— (2i-6j+k) (b) — (2i-5j
(a)m(l J+)()@(l J)
1 1
— @3j-k d) —— (2i-8j +k
(C)\/E(J ) ()@(l j +K)

Ans (c)

Solution: A vector coplanar with 2i + j +k and i — j +k
is of the form
a=aQRi+j+k)+pG{-j+k)

=Qa+pPi+(a-pPj+(ax+ Pk

This vector will be orthogonal to 5i + 2j + 6k if
5Qa+ B)+2(a-P)+6(a+ B)=0

= 18a+9B8=0 = fp=-2c
So a is of the form o (3j — k)

Thus, a required unit vector is
1
— (3j-k).
J10
® Example40: Leta=i+2j+Kk,b=i—j+kandc=i+
j — k. A vector in the plane of a and b whose projection on

cis 1/\/§ is
(a) 4i—j+4k (b) 3i+j+3k
(c) 2i+j+2k (d) 4i+j-4k
Ans. (c)
Solution: A vector in the plane of a and b is given by
d=aa+fb

=(a+ P i+ QRa-P)j+ (o+ Pk
Length of projection of d on ¢ is
d-c 1

ll 3

Vectors 22.9

(@+B)+@d-P)-(d+B) _ 1
V1+1+1 NE)

This is satisfied when oc= 1, f= 1.
@® Example 41: If lal = 1, Ibl = 2 and la — 2bl = 4 then

la + 3bl is equal to
51
(a) 8 (b) \/;
J19 \/W
(c) — (d) >
Ans (d)

Solution: 16=Ila—2bl>=la*+41b’>-4a-b
=1+16-4a-b

=

4a-b=1 = a-b=

ENg

la+3b’=la”+9b’>+6a-b
=1+36+ 9=Z
4 2

® Example 42: If lal* = 8 and a x (i + j + 2K) = 0 then the
value of a-(—i + j + 4K) is

4 16
(a) 7 (b) 7
8 1
(© 7 (d) 7
Ans (b)

Solution: Since a x (i + j + 2k) = 0 so a is parallel to
i+j+2k=a=A®l+j+2Kk)

but 8=Ialz=x2-6:,x2:%,
a(—i+j+4k) =A{i+j+2K)- (i +j+4k)
82 16
=A(-1+1+8)=8A= —==—
NEIRVE)

@® Example 43: If a, b, ¢ are unit vectors, then the
maximum value of la + 2bl> + Ib + 3¢l + lc + 4al* is
(a) 28 (b) 21
(c) 48 (d) 58
Ans (b)
Solution: la + 2bl> + Ib + 3¢l + Ic + 4al?
=lal® + 4Ibl* + 2 x a-b + Ibl* + 9lcl* + 6 b-c
+lc”? + 16 lal’* + 8a-c
<1+4+2+1+9+6+1+16+8=48
® Exampled44: Leta=2i+j—2k b=i+j. If cis a vector
such thata - ¢ = lel and lc —al = 2v/2 and angle between a X b
and c is 30°, then |(a X b) X ¢|equals:

3 2
(a) 5 (b) 3
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(c) 2 d —

2
Ans. (a)

Solution: lal*> =4+1+4=9, b’ =1+1=2.

Also, le—al’ =8 =lc+la”*-2ca=8

= lel?> +9—2lcl=8

= e = 2lel +1=0 = (el =1)? =0 = lel=1.
i j ok

Also, axb= 2 1 -2/=2i+2j+k
11 0

= lax bl =3

Also, |(axb)x¢|=|axb|| ¢sin30° = (3) (1) (1/2) = 3/2.

@® Example 45: The non-zero vectors a, b and c¢ are related
by a = 8b and ¢= — 7b. Then the angle between a and c¢ is

(@ 0 (b) w4
(c) w2 d =
Ans. (d)
8
Solution: a = 8b =— — ¢ so a and c are parallel and a

and ¢ have opposite direction so angle between a and ¢ is 7.

® Example 46: If u, v, w are non-coplanar vectors
and p, g are real numbers, then the equality [3u pv pw] —
[pv w qu] — [2w gV qu] = 0 holds for
(a) more than two but not all values of (p, ¢)
(b) all values of (p, q)
(c) exactly one values of (p, q)
(d) exactly two values of (p, q)
Ans (¢)
Solution: 0 =[3u pv pw] - [pv w qu] — [2w gV qu]
=(3p°- pq +24°) [u v wl
As u, v, w are non — coplanar so [u vw ] #0, so
3p*—pg+2¢> =0
1\ 23,
= 2lamgr) #3507 =0
= p=0,¢g= l p=0
4
Thus there is exactly one value of (p, g).

® Example 47: If the vectors a =i—j + 2k, b = 2i + 4j +k
and ¢ = Ai + j + uk are mutually orthogonal then (A, u) =

(@) (-2,3) (b) (3,-2)
(©) (-3,2) (d) (2,-3)
Ans. ()

Solution: As a, b and ¢ are mutually orthogonal,
a-c=0andb-c=0
= A-1+2u=0and2A+4+u=0
= A+2u=land2A+u=-4
= A=-3,u=2.
@® Example 48: Leta=j—k and ¢ =i — j — k. Then the
vector b satisfying (axb)+c¢=0anda-b=31is
(a) i—-j-2k (b) i+j-2k
(c) —i+j-2k (d) 2i-j+2k
Ans (c)
Solution: Let b = ai +fj + k.
We have
i j k
axb=[0 1 -1|=(f+pi-o-ok
o« By
As (axb)+c=0, we get
B+y+Di—-(a+Dj-(x+ 1) k=0
= B+y+1=0,a=-1
Also,asa-b=3,weget f—y=3
Thuso=-1,b=1,y=-2
Hence, b=-i+j-2k.

® Example 49: Ifa= % (Bi+k)and b =% (2i + 3j - 6k),
then the value of (2a —b). [(a X b) X (a + 2b)] is:

(@) 3 (b) =5

(c) -3 d 5
Ans. (b)

Solution: we havea.a=1,b.b=1 and

1
b=—7==(3) (2 1)(-6))=0=b.
a 7o ((3) ) + (1) (-6)) a

Now, (axb)x(a+2b)
=(a.(@a+2b)b-(b.(a+2b)) a
=(a.a)b-2(.b)a(a.b=0)
=b -2a.

Thus (2a-Db).[(axb) x (a+ 2b)]

=(a-b).(b-2a)=- [2a—b|’
= [4lalP +Ibl> —4a.b |=-5.

® Example 50: The vectors a and b are not perpendicular
and ¢ and d are the vectors satisfying b X ¢ = b x d and
a.d = 0. Then the vector d is equal to :

a.c b.c
(a) ¢— (E) b (b) b- (E) c

a.c b.c
(c) ¢+ (E) b (d) b+(a) c

And. (a)



Solution: bxc=bxd=bx(c-d) =0
= c¢-dllb

= c¢—d=obforsome xe R

= d=c-0ob

Also,a-d=a.c—oa.b

= 0=a-c-o0a.b

a-C
= o=-—
a-b
Thus, d=c— 5 p.
a-b

@® Example 51: If vectors pi + qj + k, i+ qj + kand i +
J+1k (p #q #r#1) are coplanar, then the value of p g r —
(p+q+r)is

(a) 2 () 0
(c) -1 (d) -2
Ans. (d)
Solution: Since the given vectors are coplanar so
p 11
1 g 1|=0
117~
11 1] |1
= p - + 9=0
L | |1 r 11
=
pgr=1)=(r=1)+(1-¢)=0
= pgr—p—q—r=-2

® Example 52: Leta, b, ¢ be three non-zero vectors which
are pairwise non-collinear. If a + 3b is collinear with ¢ and b
+ 2c¢ is collinear with a, then a + 3b + 6¢ is

(a) a (b) b
() 0 (d) a+c
Ans. ()
Solution: We are given that
a+3b=o0c
and b +2c=pfa
for some «, f € R.
We have

a+3b+6¢c=0c+6c=(6+ )¢
and a+3b+6c=a+3b+2c)
=a+3Ba=(1+3pB)b

Thus, 6+oec=(1+3pa

If6+oa+0, wegetc= 16+3ﬁ a, so c¢ is collinear with a.
+o

Thus 6 + o = 0, therefore, a + 3b + 6¢ = 0.

Vectors 22.11

® Example 53: Leta=i+j+k, b=i-j+kand
¢ =i-j—kbe three vectors. A vector v in the plane of a and
b, whose projection on c¢ is 1/ \/37, , is given by

(a) i—3j+3k (b) -3i-3j-k
(c) 3i—j+k (d) i+3j-3k
Ans. (c)

Solution: v = a+ b, where o, Be R
= v=(a+Pi+(a-Pj+(a+ Pk

The projection of v on ¢ is 1/ \/Z N¢)

evl_ 1
ld V3
. @+ B)~(e+ H)~(@+p)_ 1
V3 V3
= lo—Bl=1=>a-P==*1.

The only possible answer is (c).

® Example 54: Suppose that a and b are two unit vectors.
If the vectors ¢ = a + 2b and d = 5a — 4b are perpendicular to
each other, then the angle between a and b is

(a) m/2 (b) n/3
(c) m/4 (d) n/6
Ans. (b)

Solution: ¢.d=0= (a+2b).(5a—-4b)=0
=  5la® +10b.a-4a.b-8 b’ =0
5+46a.b-8=0

a.b=1/2

lal bl cos@=1/2

= cos =12 = 6= n/3.

L

® Example 55: Let ABCD be a parallelogram such that
AB =(q,AD = p and BAD be an acute angle. If r is the vector
that coincides with the altitude directed from the vertex B to
the side AD, then r is given by :

@ r=—q+ 29,

0 r=q- 29,
p-p

(c) r=-3q+ 3(p-9) p

p-p

@ r=3q- 229,

p-p
Ans. (a)

Solution: Let M be the foot of perpendicular from B
to AD.
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%
D(p)
Fig. 22.5

® Example 56: Statement-1: If vectors a and ¢ are non-

collinear then the lines
r=6a—c+A12c-a)
r=a-c+ l(a+ 3c) are coplanar

Statement-2: There exist A and u such that the two values
of r become same
Ans. (a)

Solution: If lines have a common point then there exists
A and u such that

6-A=1+puand-1+2A=-1+3u
= A=3,u=2.
® Example 57: Given that a, b, ¢ are the position vectors
of the vertices of a AABC

1
Statement-1: The area of AABC is E[a xb+bxc+cxal

Statement-2: Cross product is distributive over addition of
vectors
Ans. (b)

Solution: Required area = %(AB x AC)

_ %((b —a)x(c—a))
= %[axb+b xe+exal.

® Example 58: Let A, B, C be three points with position

vectors i + 2j — k, 2i + 3k, 3i—j + 2k

Statement-1: The angle between AB and AC is acute

Statement-2: If 0 is the angle between AB and AC then
17

V21422

cos 0=

Ans. (c)

Suppose  AM=ap
Also, AM=AB+BM=q+r
As q +r = op, we get

(q+r)p=0ap.p
= q.p+r.p=ocp.p:>a=w[.'.r.p=0]

p-p
Thus, r=—q+ﬂp.
p-p

Assertion-Reason Type Questions

Solution: AB = OB - OA =i-2j + 4k
AC=2i-3j+3k

_ ABAC 20

" |AB||AC|] V21422

@® Example 59: Statement-1: ((axb) x (ax¢)).d=

b.d [abc]

Statement-2: (a X b).c=a.(b X ¢)

Ans. (a)

Solution: ((axb)x(axc)) .d

(axb).((axc)xd)

(axb).[(a.d)c—(c.d)a]

=(a.d) [a b c] (the last scalar product is zero)

cos 6

@® Example 60: If a, b, ¢ be three unit vectors such that
ax(xe)= % b, b, ¢ being non-parallel.
Statement-1: The angle between a and b is /2.

Statement-2: The angle between a and c is g .
Ans. (b)

Solution: ax(bxc)=— b

N | —

:(a.c)b—(a.b)c=%b

=(a.c-1/2)b-(a.b)c=0

=a.c=1/2anda.b=0

Cosine of angle betweenaandc=1/2 = angle between
a and c is 71/3 and angle between a and b is /2.

® Example 61: Let u, v, w be three non-coplanar vectors,
then (v—w). [(Ww—u)x(u-Vv)]=0

Statement-1: v—w = A(w—u) + [W(u—v) for some A, p € R.
Statement-2: The vectors v — w, w —u, u — v are coplanar.
Ans. (a)



Solution: The given condition implies v — w, w — u,
and u — v are coplanar. So one vector is linear combination
of other two.
@® Example 62: Letr be a vector such thatr x b=a x b.
Statement-1: r is linear combination of a and b.
Statement-2: r = a
Ans. ()
Solution: rxb=axb = (r-a)xb=0
= r-—ais parallel to b so

r—a=ADb, forsome A e R.
= r=a+Ab.

® Example 64: The vector ¢, directed along the internal
bisector of the angle between the vectors a = 7i — 4j — 4k and

b =—2i-j+ 2k, with el = 5V6 is
(a) £(5/3)i—17j+2k)
(b) (5/3) (5i + 5j + 2k)
(c) £ (5/3) (i+7j+2k)
(d) (5/3) (= 5i+5j + 2k)
Ans. (a)
Solution: The required vector ¢ is given by
e
la] [b]
a

1 b 1
Now — = —(7i—-4j-4k)and — =

=—(—2i—j+2k
a9 TR

= c= l(li—szrzkj = 2= A2x 2
9 9 9 81

= A=225=2A=+15=c==(5/3)({-7j+2k)

® Example 65: Leta, b and ¢ be three non-zero vectors, no
two of which are collinear. If the vectors a + 2b is collinear
with ¢, and b + 3c¢ is collinear with a, then a + 2b + 6c¢ is
equal to, (A being some non-zero scalar)

(a) Aa (b) 1b
(c) Ac d 0
Ans. (d)

Solution: Leta + 2b =xc and b + 3¢ = ya. Then a + 2b
+ 6¢=(x+ 6)c and also, a+ 2b + 6¢ = (1 + 2y)a. So (x + 6)
¢ = (1 + 2y)a. Since a and ¢ are non-zero and non-collinear,
wehavex+6=0and 1 +2y=0,ie,x=—6and y=-1/2.
In either case, we have a + 2b + 6¢ = 0.

Vectors 22.13

® Example 63: If a, b, ¢ are non-coplanar vectors then

Statement-1: b x ¢, ¢ x a, a X b are non-coplanar.

Statement-2: [bxc cxa axb]=2[ab c]2

Ans. (c)

Solution: [bxc¢ c¢xa axb]
=((bxc)x(cxa))- (axb)
=((b.(cxa))c—(c.(cxa)b)-(axb)
=[a.b.c]c.(axb) (c.(cxa)=0)
=[abc] [abc]:[abc]2

Since R.H.S. is non-zero so is L.H.S. Hence b x ¢, ¢ X a,

a x b are non-coplanar.

LEVEL 2
Straight Objective Type Questions

® Example66: The value of kfor whichthe points A(1,0, 3),
B(-1,3,4),C(1, 2, 1) and D(k, 2, 5) are coplanar, are

(@) 1 (b) 2
(© 0 (d) -1
Ans. (d)

Solution: Leta=(1,0,3),b=(-1,3,4),c=(1,2,1)
and d = (k, 2, 5). Since A, B, C and D are coplanar, we have
[dbc]+[dca]+[dab]=[abc]

k 2 5| |k 25 k 25
= -1 3 4{+|1 2 1|+|1 0 3
1 21 1 0 3/ |-1 3 4
1 0 3
=-1 3 4
1 21
= - 5k—15+6k-14-9%+1=-20
= -8k-28=-20 = k=-1

Alternate Solution

A, B, C, D are coplanar &

[ABACAD]=0

-2 3 1

0 2 -2|=0=k=-1
k-1 2 2

® Example 67: Let a, b, ¢ be distinct non-negative
numbers. If the vectors ai + aj + ¢k, i+ k and ci + ¢j + bk
lie in a plane, then c is

(a) the arithmetic mean of a and b
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(b) the geometric mean of a and b
(c) the harmonic mean of @ and b
(d) equal to zero

Ans. (b)

Solution: The three vectors are coplanar if and only if

a a c 0 a c
1 0 1{=0or|l 0 1|=0.(C;,—>C,-C,)
c ¢ b 0 ¢ b

= —l(ab—cz)=0 & ab=c

® Example 68: Letp, q, r be three mutually perpendicular
vectors of the same magnitude. If a vector x satisfies the
equation
PX((X-—@)xXp)+qxX(X-1)Xq)+rXx((x-p)xr)=0
then x is given by

(@ (/2)(p+q-2r) (b) (1/2)(p+q+r)

© (13)(p+q+r) (@ (1/3)(2p+q-r)

Ans. (b)

Solution: Let Ipl=Iql=Irl=K. Let a, b, ¢ be unit vec-

tors along p, q, r respectively. Clearly p, q,r are mutually

perpendicular vectors, so any vector X can be written as

aat+a,b+a;c

pX(x-q)xp)=(@pp) x-q-(px-q)p

=K x-q@-@xp@Pq=0
=K*(x-q)-Ka-(aq,a+a,b+a,c)Ka
=K* (x—q-a a)

Similarly q X (x —r) X q) = KZ(X -1 —a,b)

and I‘X((X—p)Xl‘)=K2(X—p—a3C)

According to the given condition

K2(x—q—ala+x—r—a2b+X—p—a3c)=O

= (3x-(p+q+r)—(a;a+a,b+az;c)} =0

= 2x-(p+q+1)]=0

= x=0/2)(p+q+r).

® Example 69: If a, b, ¢ and d are unit vectors, then

la—bl*+Ib—c+lc—d*+Id-al+lc —al*+ Ib—d* does

not exceed

(a) 4 (b) 12
(c) 8 d 16
Ans. (b)

Solution: We have

0<|a+b+c+d* =|a]* +|b]* +|c/*+|d[* +2a-b+b-c+c-a

+a-d+c-d+b-d
=4+2a-b+b-c+c-at+a-b+c-d+b-d

So a-b+b-c+c-ata-d+c-d+b-d=>-2.
Now

la—bf* +|b—c/*+|c-d* +|d—af +|c—a]> +|b—dJ

=2(lal* + IbI* + le* + 1d* — (ab + cd + d-a + a-c + b-d
+ b-c)

<2@+2)=12.
® Example 70: Let
c=yi+xj + (1 +x—y)k. Then [ab ¢] depends on

a=i-k,b=xi+j+(1-xk and

(a) onlyx

(b) onlyy

(c) neither x nor y
(d) both xand y

Ans. (c)
1 0 -1
Solution: [abe¢c]=|x | 1-x
y x l4+x-y
1 0 O
=(x 1 1 | (usingC;y;—C;+C))
y x l4+x

(1 +x) —x =1, which depends neither on
X nor on y.

® Example 71: Let a=2i+j—2k and b=i+j. If ¢ is
a vector such that a-c=|c|,|c—a|=2v2 and the angle

between axb and cis 30° then |[(axb)xc| =

(a) 2/3 (b) 372
(©) 2 (d 3
Ans. (b)
i j ok
Solution: axb=[2 1 -2/=2i+2j+k
1 1 0
= laxb|=V4+4+1=3 .Alsolc—al*=38
$O le|* +|a* —2ac =8 = |c[*+]a* -2|¢|=8
= > +9-2]¢] = 8 = |¢]* —2[¢|+1=0
S (d-) o fd=l
. 1 3
Now [(axb)xec| =|axb]||¢| sin 30°= 3.15:5.

® Example 72: A tangent is drawn to the curve y = 8/x* in
xy-plane at the point A (x,, ), where x, = 2, and the tangent
cuts the x-axis at a point B. Then AB-OB is equal to

(a) 2 () 1
() 0 (d) 3
Ans. (d)
Solution: Since xy=2s0y,=8/4=2
Equation of tangentis Y -2 = 8(2_32) (X-2)ie.Y=-2X+6.



This tangent cuts x-axis at (3, 0)
Hence B = (3, 0). Therefore AB = (3 - 2)i + (0 -2)j and OB
= 3i, thus AB-OB=3.

® Example 73: Let P, Q, R be points with position vectors
r;=3i-2j-k,r,=1i+3j+4k and r; = 2i + j — 2k relative
to an origin 0. The distance of P from the plane OQR is

(magnitude)

(@) 2 (b) 3

© 1 (d 11/+3
Ans. (b)

Solution: Equation of the plane OQR is r =
Ar, +ury,ier(r, xry) =0

-(ry X
So the distance of P from the plane OQR is M .
[ry X1y |
Since 1, xr;=-10i+10j-5kso |r, xr;| =15.

3 -2 -1
Required distance = %I 1 3 4|I=3.

2 1 =2
® Example 74: For unit vectors b and ¢ and any non zero
vector a, the value of {{(a+b)x(a+¢)} x(bxc)}(b+c¢)

is

(a) lal’ (b) 2 lal?
(c) 3 lal? (d) none of these
Ans. (d)

Solution: The given expression
= {{axc+bxa+bxe}x(bxc)}.(b+c)

= {(axe)x(bxe)+(bxa)x(bxc)}.(b+c)
= [(a-(bxe¢))e—(c-(bxc))a+(b-(bxc))a
—(a-(bxc)b)] . (b+¢)
= [(a(bxc))(c=b)(b+c)]
= (a-(bxe)[[ef =[b[] =0
[+ Ibl=Tlcl=1].

® Example 75: Three non-coplanar vector a , b and ¢ are
drawn from a common initial point. The angle between the
plane passing through the terminal points of these vectors
and the vectoraxb+bXc+cXxais

(a) m/4 (b) /2
(c) m/3 (d) none of these
Ans. (b)

Solution: Let the terminal points be A, B, C and the
common initial point be the origin of reference so that AB =
b —aand AC = ¢ — a. The vector ABx AC is perpendicular
to the plane ABC. AB x AC=(b-a)X(c—-a)=bXc+
¢ X a + a X b. Hence the angle between the plane and the
given vector is /2.

Vectors 22.15

@® Example 76: A unit tangent vector at f = 2 on the curve
x=t2+2,y=4t3—5,z=2t2—6tis

(a) %(i+j+k) (b) %(2i+2j+k)
1
(¢) —=(Qi+j+k) (d) none of these
Ans. (d) V6

Solution: The position vector of any point at  is

r=Q+2)i+@r-5j+Q2r-6nk
ar i+ 122§ + (41 - 6)k, dr
d¢ d¢

= 4i + 48 + 2k

dr

o = J16+2304+4 = ~/2320 .

t=2

Hence the required unit tangent vector at ¢ = 2 is
(1/580) (2i + 24j + k).
® Example 77: A particle moves along a curve so that

. . . 1 1
its coordinates at time t are x = ¢, y = — s , 2= — . The
acceleration at =1 1is 2 3

(a) j+2k (b) j+k
() 2j+k (d) none of these
Ans. (a)

1 1
Solution: Letr =1+ 5 2j+ 3 £ k then the velocity

d ' d
v= d—: =i+tj+t2kandtheaccelerat10na= d_V =

j+2tk. Henceal,_;,=j+2k.

@®@ Example 78: Consider the parallelopipped with sides a
=3i+2j+k, b=i+j+2kand ¢ =i+ 3j + 3k then the angle
between a and the plane containing the face determined by
b and cis
(a) sin”' (1/3)
(c) sin™' (9/14)
Ans. (c)
Solution: b x ¢ =-3i-j+ 2k. If Ois the angle between
a and the plane containing b and ¢
then. cos (90° — 0) = IM |
|a| [b x ¢|
1 1
Jia V14
6=sin"' (9/14).
® Example 79: A unit vector n perpendicular to the plane
determined by the points A (0, -2, 1), B (1, - 1, -2) and C
(-1, 1,0)

(a) %(2i+j+2k) (b) 1/4v/6 (8i+4j + 4k)

(b) cos™! (9/14)
(d) sin”' (2/3)

9
[(-9-2+2)1= —.
( ) 14

Hence

+j+2Kk)

© %(i—jﬂ«) @ ﬁ(zi

Ans. (b)
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Solution: AB=i+j-3kand AC=-i+3j—k and
AB X AC =8i+4j+4k.Hence n= (1/4\/6) Bi+4j+4Kk).

® Example 80: If the vectors AB = — 3i + 4k and AC =
5i — 2j + 4K are the sides of a triangle ABC. Then the length
of the median through A is

(a) V14 (b) V18
(©) V29 (d) none of these
Ans. (b)

Solution: Let A be the origin of reference so
that the position vectors of B and C are — 3i + 4j and
— 1+ 3j — k respectively. The position vector of mid point

of BC is i—j+4k. Thus the length of the median is

J1+1+16 = 18

@® Example 81: Ifa+b+c¢=0andlal=3,|bl=5andlcl
=7 then the angle between a and b is

(a) ml/6 (b) 2n/3

(¢c) ©/3 (d) 57/3
Ans. (c)
Solution: a+b+¢=0 = a+b=-c = (a+b)(a
+b)=lc?
Thus lal> + Ibl” + 2 lallbl cos 8 = lcl>, where 6 is the

49 -9 -25

angle between a and b. Therefore, cos 0 = —2 3.3 =

l = 06=mn/3.
2

@® Example 82: The vector ((i—j)x(j—k))x(i+5k) is

equal to

(a) 5Si—4j-k (b) 3i—-2j+5k
(c) 4i—-5j—-k (d) Si+4j-k
Ans. (a)

Solution: The given expression
((i-)-(i+5k)) (- k) - ((G—k)-(i+5k)) (i)
=1(j-k)+5(i—-j)=51—-4j-k.
® Example 83: The position vector of a point P is
r=xi+yj+zk, where x, y, z€ Nand u = i+j+k. If

r-u =10, then the number of possible positions of P is

(a) 72 (b) 36
(c) 60 (d) 108
Ans. (b)

Solution: r -u = 10 = x + y + z = 10. The number of
positive integral solution of this equation is 9C2 = 36 (see
Chapter 6).

@®@ Example 84: If a and b are unit vectors and 6 is the
angle between a and b then sin (6/2) is equal to

1
—la=b b) 1
(a) 2| | (b)
1
(c) Ela+bl (d) 0
Ans. (a)
Solution: ‘ﬂ‘z -1 [|a|2 +[b|? —2a.b}
2 4

1 1 .20
= —[1-]a]||b|cosO |=—[1—cosO|=sin" —
(1= [a]b|cos8 ] = [1-cos6] =sin’ 7

Hence sin (Q] = (l) la—b]|.
2 2

® Example 85: The vectorsa=i+j+mK,b=i+j+ (m+
1) k and ¢ =i — j + mk are coplanar if m is equal to

(a) 1 (b) 4
() 3 (d) none of these
Ans. (d)
Solution: a, b, ¢ are coplanar if
1 1 m
1 1 m+1|=0
1 -1 m
1 0 m
= 1 0 m+1|=0
1 -2 m
= 2 =0.

So there no value of m for which the vectors are coplanar.
® Example 86: If a, b, ¢ are non-coplanar unit vectors

b+
such thata X (b X ¢) = —c, then the angle between a and

b is V2
(a) 3m/4 (b) m/4
(c) m/2 d 7
Ans. (a)
Solution: The given equality implies
b+c¢
(a-c)b-(a-b)c=
V2
= (a~c—i) b—(L+a~b] c
V2 V2

= b and c¢ are collinear thus a, b, ¢ are coplanar if

anda-b# — ! . Hence a-b=-1/1/2

1
N V2

= cos 0=—1/~/2 , where @is the angle between a and b.

a-c#

So 6=3m/4.
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o

L J Concept Based
Straight Objective Type Questions

1. If M is the mid point of AB and O is any point, 6. If a and b are non-collinear vectors, then the value
then of A for which
(a) OM = OA + MA u:(k+2)a+band
(b) OM = OA — MA v =(1 + 4)) a — 2b are collinear is
1 3
1 d 2
) OM= - (0A-OB) @ 5 ® 3
3 1
1 () — (d =
(d) OM = — (OB + OA) 4 3
2 7. The area of the triangle formed by A (1, 0, 0),
2. The angle between 3i + 4j and 2j — 5Kk is B(©,1,0), C(,1,1is
T -1 8 1 \/g
(@) — (b) cos” —= - by =2
2 5v29 @5 ®
T -1 J3 1
(C) 6 (d) COS 3 (C) 7 (d) Z
3. A unit vector ¢ per.pendicular Fo a a.rlq coplanar with 8. A unit vector perpendicular to 3i + 4j and i — j +
aand b,a=1i+j+k, b=1i+ 2jis given by K is
(@ —=G+k) ®) =G~ @ —=(i+i+k)
N N Nl
© —=(i+k) @ —=(j+k) (b) ——(i-2j+3K)
2 2 V14
4. A vector b, which is collinear with vector a = 1 Ai+3i— Tk
2i + j — k and satisfies a-b = 2 is given by ©) \/7_4( i+3j-7k)
1 1 1
a) —QRi+j-k b) —QRi+j-k (d —@i-3j-7k)
(a) 2( i-k) (b) 3( i-k) N
1 .. . 1 .. 9. The value of scalar triple product i — 2j + 3k, 2i +
© JQi+j-k) @ J(2i-j+k) Pokandjakis T
S5 fu=i+j-kv=2i+j+kandw=i+j+ (@) 12 (b) 10
2k then the magnitude of projection of u x v on (c) 14 (d) 16
w is given by 10. The vector [(i — j + k) x (2i — 3j — k)] x [(-3i +
j + k) x (2j + k)] is given by
1 1
(a) 5 (b) 3 (a) 3i+5j-3k

(b) -5@3i-5j-3k)
(c) \/E (d) \/E (c) 53i+5j-3k)
4 2 (d) (15i -25j + 15k)
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16.
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Let lal = 3 and Ibl = 4. The value of u for which
the vectors a + yb and a — ub will be perpendicular
is

(a) 3/4 (b) 2/3
(c) -5/ ) -2/3
The value of o for which the vectors 2i — j + K,

i +2j+ ak and 3i — 4j + 5k are coplanar is

(a) 3 (b) -3

(c) 2 (d) none of these

The area of a parallelogram having diagonals a =
3i+ j—2kand b =1i-3j + 4k is

(a) 5V3 (b) 23

(c) YNE) (d) none of these

If r satisfies the equation r X (i + 2j + k) =i - K,

then for any scalar ¢, r is equal to

() i+r(i+2j+k)

®d) j+ri+2j+k)

(c) k+ti+2j+k)

d i-k+#(i+2j+k)

The vectors a, b and ¢ are equal in length and taken
pairwise, make equal angles. f a=1i+ j,b=j +
k and ¢ make an obtuse angle with the base vector
i, then c is equal to

(@) i+k (b) —i+4j-k

1. 4.1 1. 4.1
et @ Liv gLk
(© —3i+3i=3k (@ Jitai-3

The vectors AB = 3i — 2j + 2k and BC = -1i - 2k
are the adjacent sides of a parallelogram. An angle
between its diagonals is

(a) m/4 (b) =/3
(c) m/2 (d) 2n/3
Let the unit vectors a and b be perpendicular and

the unit vector ¢ be inclined at an angle 6 to both
aand b. If ¢c = ca + Bb + ®a x b) then

(©) yZ:cos 20 (d) ﬁzz #

If the unit vectors a and b are inclined at an angle
20and la — bl < 1, then if 0 < 0 < &, O lies in
the interval

LEVEL 1

19.

20.

21.

22.

23.

24.

Straight Objective Type Questions

n
(a) [0, E) (b)

T T
© [33]

For non-coplanar vectors a, b and ¢, [(a x b)-cl
= lal Ibl Ic¢l holds if and only if

(a) a-b=b-c=c-a=0

(b) a-b=0=b-c

(c) a-b=0=c-a

(d b.c=0=c-a

The volume of the tetrahedron whose vertices are
the points with position vectors i — 6j + 10k, —i —
3j + 7k, 5i — j + Ak and 7i — 4j + 7k is 11 cubic
units if the value of A is

(a) -1 (b) 1

(c) =7 (d 5

The vectors (x, x + 1, x +2), x + 3, x+ 4, x + 5)
and (x + 6, x + 7, x+ 8) are coplanar for

(a) only finite number of values of x

(b) x<0

(c) Onlyx=z¢

(d) none of these

A vector of length V7 which is perpendicular to
2j—k and —i+2j—-3k and makes an obtuse angle
with y-axis is

() (1//5)(4i— j+/18k)
(b) (1/~/3)(4i—j—2k)
©) (1/\3)(=4i+j+2k)

(d) (1/~/3)(~4i - j+2Kk)

Letlal=Ibl=2and p=a+b,q=a—-b. If
lpxql=2k-(a.b)»)" then

(a) k=16 (b) k=8

(c) k=4 d) k=1

Ifr-a=0,r-b=0and r - ¢ =0 for some non-
zero vector r, then the value of [a b ¢ ] is

(@) 0 (b) 1/2
© 1 ) 2



25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

The position vectors of three consecutive vertices
of a parallelogram are i + j + Kk, i + 3j + 5k and
7i + 9j + 11k. The position vector of the fourth
vertex is

(a) 6(i+j+k) (b) 7i+j+k)
(c) 2j—-4k (d) 6i+ 8j + 10k.
The volume of the parallelopiped whose sides are

given by OA =2i—3j, 0B =i+ j—k and OC =
3i—-kis

(a) 4/13 (b) 4

(c) 2/7 (d) none of these.
The value of la x il* + la x jI* + la x kI is
(a) a’ (b) 2a’

(c) 3a’ (d) none of these.

If a, b and ¢ are any three vectors, then a X (b X
¢) = (a X b) X ¢ if and only if

(a) b and c are collinear

(b) a and c are collinear

(c) aand b are collinear

(d) none of these.

The value of ix(axi)+jx(axj)+kx(axk) is
(a) a (b) 2a

© 0 (d) 3a

The value of [axb,bXxc,cxa] is

(a) 2[abc] (b) [abc]

(©) [abel d 0

Given vectors a = (3, -1, 5) and b = (1, 2, — 3).
A vector ¢ which is perpendicular to z-axis and
satisfying cca =9 and ¢-b = - 4 is

(a) (29 - 2, 0) (b) (4’ - 2, 0)
() 2,-3,0 @ (1,2,4)
Area of the parallelogram on the vectors a + 3b

and 3a + b if lal = Ibl = 1 and the angle between
aand b is /6 is

(a) 2 (b) 4
(c) 8 (d) 16
Ifa= xi+5j+7k,b=i+j-k c=1i+2j+

2k are coplanar then the value of x is

(@) 1 (b) -2
(c) -1 (d) none of these
If a- (b xc¢) =23 then

(a) c-(axb)=-3
(b) a-(cxb)=-3
(c) b-(axe)=3
(d) (axe)-b=3

35.

36.

37.

38.

39.

40.

41.
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Let a=2i+2j+k and b be another vector such that

a-b=14 and axb = 3i+j—8k then the vector b

is equal to
(a) Si+j+2k (b) Si—j—-2k
(c) 5i+j-2k (d) 3i+j+4k

ABCDEEF is a regular hexagon with centre at the
origin such that AD + EB + FC = 1 ED. Then A
equals

(a) 2 (b) 4
(c) 6 (d) 3.

A non-zero vector a is parallel to the line of in-
tersection of the plane determined by the vectors
i, i+j and the plane determined by the vectors i — j,
i + k. The angle between a and i — 2j + 2k is:

(a) (b)

(c) (d)

ol X
&8 W[y

Let P, O, R and S be the points on the plane with

position vectors —2i — j, 4i, 3i + 3j and -3i + 2j

respectively. The quadrilateral PORS must be a

(a) parallelogram, which is neither rhombus nor a
rectangle

(b) square

(c) rectangle but not a square

(d) rhombus, but not a square

If a, b, ¢ and d are unit vectors such that

(axb)(exd)=1and a-c=1/2. Then

(a) a, b, care non-coplanar

(b) b, ¢,d are non-coplanar

(c) b, d are non-parallel

(d) a, d are parallel and b, ¢ are parallel

The edges of a paralllelopiped are of unit length

and parallel to non-coplanar unit length and are

parallel to non-coplanar unit vectors a, b, ¢ such

thata - b =b - -c=c-a=1/2. Then the volume
of the parallelopiped is

@ 1/V2 (b) 1/232
(©) 3/2 @ 1/V3

The set of all a € R for which, the vector ai +
2aj — 3ak, 2a +1) i + 2a + 3) j + (a + Dk,
Ba+35i+(a+5)j+ (a+ 2)k are coplanar is
(a) {0} (b) (0, )
(©) (=oo, 1) (d) (1,e0)



22.20

42.

43.

44.

45.

46.

50.

51.

52.

53.

g
'n

g
‘N

49.

Complete Mathematics—JEE Main

If (axb) X (¢cxd)=pa+ gb, where a, b are
non-collinear and ¢, d are also non-collinear, then
(@) p=[chd] (b) p=[a cd]
(c) p=[abd] (d) p=labc]
The unit vectors a and b are perpendicular.
Suppose that a unit vector ¢ which is equal to

- |

Ifa.c=3/2,b.d=2,a.d=3andb.c=1/2
Statement-1: a X b, ¢, d are non-coplanar

Statement-2: (axb) . (ecxd)=(b.c)(a.d) -
(@a.c)(b.d

Suppose that a, b, ¢ are non-coplanar such
[abc] =8

Statement-1: a X b, b X ¢, ¢ X a are coplanar
Statement-2: [a X b b X ¢ ¢ X a] = 64
Letla+bl=2la-bl=1

Statement-1: The angle between a and b is acute
Statement-2: 4a . b=la+b 1> —la—b I’

- |

A line makes angles o, B, ¥ and 6 with diagonals
of a cube. The value of cos® o + cos’ B+ cos? Y
+ cos® & is

(a) 1 (b) 173

(c) 8/3 (d) 4/3

If (@axb)x(cxd) =[abd]c+ kd then the
value of k is

(a) [bac] (b) [abc]

(©) [bed] (d) [ebd]

The one of the value of x for which the angle be-
tween ¢ = xi+j+k andd = i+xj+k is 7i/3 is
(@) 1++2
(© 3++2

The line x = — 2,y =4 + 2t, z = — 3 + ¢ intersect

) 2+2

(d) none of these

(a) the xy-plane

(b) the xz-plane in (- 2, 0, — 4)
(c) the yz-plane

(d) none of these

Letu= 2i—j+3k and a = 4i— j+ 2k . The vector
component of u orthogonal to a is

LEVEL 2

54.

55.

56.

57.

oa + b + y(a x b) and is equally inclined to a
and b. Then

() a=f (b) =2
© a=§ @ p-2

Assertion-Reason Type Questions

47. Statement-1: Unit vectors perpendicular toi - j + K,

1
i+2j—kare +— (i-2j-3k)

Ja
Statement-2: Unit vectors perpendicular to a and
b are * axb .
|a x b

48. If a, b, ¢ are non-coplanar vectors then

Statement-1: a + b, b + ¢, ¢ + a are non-coplanar

Statement-2: [a+ b b+cc+a]=[abc]

Straight Objective Type Questions

(@) (1/7) (20i—5j+10Kk)

(b) (1/7) (4i+24j+4k)

() (1/7) (11i+2j+6Kk)

(d) 1/7) (6i+2j—11k)

If a, b, ¢, d lie in the same plane then (a x b) x
(c x d) is equal to

(a) c+d (b) 0

(c) [a,b,c]la+2b (d) [b,c,d]lc+d
If(axb)(cxd)=(ac)(b- -d+k(ad)

(b . ¢) then the value of k is

(a) 1 (b) O

(c) -2 d -1

The distance between (5, 1, 3) and the line x = 3,
yv=T+tz=1+1¢1is

(a) 4 (b) 2

(c) 6 (d 8

The distance between the lines

x=1-4,y=2+t,z=3+2tand x =1+ s,
y=4-2s,z=—1+s1is



58.

59.

60.

61.

62.

63.

(a) 8 (b) 16//90
() 8/~/5 @) 16/~/110
A triangle ABC is defined by the coordinates of

vertices A(1,-2,2), B (1,4,0) and C (- 4, 1, 1).
The vector BM, where M is the foot of the altitude
drawn from B to AC is

20 10
a) —i—10j+—k
(a) 3 13

10, 30, 10
b) ——i-—j+—k
(b) L L

20 10
c) —i+5j——k
(c) 7 ==

20, 30, 10
d —=i-=j+—k
(d) P

If a, b, ¢, are non-coplanar vectors such that
Ch+ka+G-4h+Db+d+h+kc=ha+
kb + lc then

(@) h=1,k=-4/3,1=4/3

(b) h=4/3,k=-4/3,1=1

(¢c) h=1/3,k=-1/3,1=2/3

(d) none of these.

The angle between two diagonals of a cube is

(a) cos! (%) (b) cos! (%)

"(5) “(3)
(c) cos (3 (d) cos 3

The point of intersection of the lines r x a = b X
a,rxb=axbis
(a) a (b) b—a
(c) a-b (d a+b
+ ¢y + csk; d =dji + dyj + d3k and
-a -b ¢ d
a b ¢ 4
k(axb)x(cxd)=
a b, ¢ d,
a; by ¢y dy
(formal expression) then
(@) k=1 (b) k=2
(c) k=4 (d) none of these
The value of (b x ¢)- (ax d) + (¢c xa) - (b xd)
+(@axb)-(cxd)is
(a) [a, b, c]-[b,c,d]
(b) [a, b, c]+[b,c,d]
() 0
(d) none of these

64.

65.

66.

67.

68.

69.

70.

Vectors 22.21

The linesr=b -2c+A(@a+b)andr =2b — ¢
+ 1 (b + ¢) intersect at the point.

(a) b-2c (b) b+2¢

(c) b+c (d) c¢-b

Ifa=i+2j-3k,b=2i+j—k then the vector v
satisfyinga x v=axbanda-v=0is b + ¢ a,
t being a scalar for

(a) all values of ¢
(b) for no value of ¢
(¢) finite number of values of ¢
(d) t=-1/4
The value of
lax(ixj)* +lax(jxk)*+]ax(kxi) is
(@) lal (b) 2la P
(c) 31a 1 (d) none of these
The locus of a point equidistant from two points

whose position vectors are a and b is

(@ (r—(a+b))b =0

(b) (r—%(a+b))-a =0
(c) (r—%(aer))-(a—b) =0

(d) (r—%(a+b))~(a+b) =0

A vector a = (x, y, z) of length 243 which makes
equal angles with the vectors b = (y, — 2z, 3x) and
¢ = (2z, 3x, — y) and is perpendicular to d = (1, -1,
2) and makes an obtuse angle with y-axis is

(@) (-2,2,2) () (1,1,¥10)
(c) 2,-2,-2) (d) none of these

Ifaxb=cand b X ¢ = a, then

(a) a, b, c are orthogonal in pairs but lal # Icl

(b) a, b, c are orthogonal in pairs but |bl # 1

(c) a, b, c are not orthogonal to each other in pairs

(d) a, b, c are orthogonal in pairs and lal = lcl, bl
=1

The acute angle between the lines x = -2 + 2¢, y
=3-4t,z=-4+tandx=-2-1ty=3+2t,
z=—-4+ 3tis

(a) sin”! % (b) cos™! %
(c) cos™! % (d) cos'2/3
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71.

72.

73.

74.

75.
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Leta=ag i+a,j+a;k b=bji+b,j+ b3k

and ¢ = ¢;i + ¢,J + c;k be three non zero vectors

such that ¢ is unit vector perpendicular to both the

vectors a and b. If the angle between a and b is
2

aq 4 4

m/6, then | b b, by| is equal to
a & G

(@ 0

(b) 1

o (3542

(d) none of these

A vector a has components 2p and 1 with respect
to a rectangular cartesian system. This system is
rotated through a certain angle about the origin in
the counterclockwise sense. If, with respect to the
new system, a has components p + 1 and 1, then

(@) p=0

() p=1 or p=1/3

(¢ p=1 or p=1/73

d p=1 or p=-1

a-((bxc)x(a+(bxc)) is equal to

(@) 0 (b) 2 [abec]

(c) [abe] (d) none of these

If X-A=X-B=X-C for some non-zero vector X,

then [A B C] is equal to

(@) |A[[B|C| (b) 0
(c) 2|A||B|C]| (d) none of these
Given the vectors a=3i—j+5k andb=i+2j-3k.

A vector ¢ which is perpendicular to the z-axis and
satisfies c-a=9 and ¢-b=-4 is

76.

77.

78.

79.

80.

(a) 2i-3j (b) —2i+3j

(c) —4i—4j @ i-j+k

A unit vector in XZ plane making angles n/4 and
ni/3 respectively with u=2i+2j—k and v=j—-k
is

i+k)

1 |
(a) f(_ (b) f(l—k)

I .
() —f(lﬂ()

The vector a+b bisects the angle between a and
b if

(a) lal =2lbl
(c) lal = Ibl

(d) none of these

(b) lal + Ibl> = la + bI?
(d) lal—Ibl =la—bl
The vectors AB=-3i+4j and AC=5i—-2j+8k

are the sides of the triangle ABC. The length of the
median AM is

@) 5 (b) 14
© V17 d) V18

ABCD is a quadrilateral such that AB = b, AD =
d, AC = mb + pd where m, p > 0. The area of the
quadrilateral ABCD is

(a) %(m+p)|bxdl (b) (m+p)bxdl

(©) 2(m+p)bxd (d) %Im—pllbxdl

Ifu=a+band v=a-b and lal = |bl = k then
la X vl is equal to

(b) 2(k* - (a. b)H'"?
d (*+(@a.bH"”?

(a) 2(kK* - (a.b)?)
©) (k*+(a.bH'"?

l Previous Years' AIEEE/JEE Main Questions

. If lal = 4, Ibl = 2 and the angle between a and b

is % then (a x b)2 is equal to

(a) 48 (b) 16
() 9 (d) none of these [2002]
. If a, b, ¢ are vectors such that [a b ¢] = 4 then

[axb bxc cxa] =

(a) 16
(c) 4

(b) 64

(d) 8 [2002]

. If a, b, ¢ are vectors such that a + b + ¢ = 0 and

lal = 7, Ibl = 5, lel = 3 then the angle between
vector b and c is
(a) 60°
(c) 45°

(b) 30°

(d) 90° [2002]



10.

11.

12.

CIf lal = 5, Ibl = 4, lel = 3 then the value of
(a-b+b-c+c-a)giventhata+b+c=0

(a) 25 (b) 50

(c) =25 (d) =50 [2002]
.a=3i-5jand b = 6i + 3j are two vectors and ¢

is a vector such that ¢ = a x b then lal:Ibl:lcl

(a) V34 :/45 : /39 (b) V34 :4/45:39

(c) 34:39:45 (d) 39:35:34 [2002]
.letu=i+j,v=i—-jandw =1+ 2j + 3k.

If n is a unit vector such that u.n = 0 then Iw.nl is

equal to

(a) 1 (b) 2

(c) 3 (d 0 [2003]
. A particle acted by constant forces 4i + j — 3k and

3i + j — k is displaced from the point i + 2j + 3k
to the point 5i + 4j + k. The total work done by
the forces is
(a) 30 units
(¢) 50 units

(b) 40 units

(d) 20 units [2003, 04]

. The vector AB = 3i + 4k and AC = 5i - 2j + 4k

are the sides of a triangle ABC. The length of the
median through A is

(a) V72 (b) 33
(c) 288 @ V18 [2003]
. If a, b, ¢ are non-coplanar vectors and A is a real

number, then the vectors a + 2b + 3¢, Ab + 4¢ and
(2A — 1)c are non-coplanar for

(a) all except two values of 4

(b) all except one value of A

(¢) for all values of A

(d) no value of 4 [2004]

Letu, v, wbesuchthat lul=1,1vI=2 Iwl=
3. If the projection v along u is equal to that of w
along u and v, w are perpendicular to each other
than | u — v + w | equals

(a) V14 ) V7
) 2 ) 14 [2004]

Let a, b and ¢ be non-zero vectors such that
(axb)xc= é I[bllcla.If 6is acute angle
between the vectors b and ¢, then sin 8 equals

(a) 2/3 (b) ~2/3

() 1/3 @ 2v2/3 [2004]

If C is the mid point of AB and P is any point
outside AB, then

13.

14.

15.

16.

17.

18.

19.

20.

Vectors 22.23

(a) PA+PB+2PC=0

(b) PA+PB+PC=0

(c) PA +PB=2PC

(d) PA+PB=PC [2005]

For any vector a, the value of (a X i)’ + (a x j)2 +
(a x k)2 is equal to

(a) 2a° (b) 4a’

(c) 3a° (d) a’ [2005]
Let a, b and ¢ be distinct non-negative numbers. If
the vectors ai + aj + ck, i + k and ci + ¢j + bk
lie in a plane, then c is

(a) equal to zero

(b) the harmonic mean of a and b

(c) the geometric mean of a and b

(d) the arithmetic mean of a and b. [2005]

If a, b, ¢ are non-coplanar vectors and A is a real
number then

[AMa+b)A’b Ac]=[ab +cb] for
(a) exactly three values of 1
(b) exactly two values of A
(¢) exactly one value of 4
(d) no value of 4 [2005]
Leta=i-Kk,b=xi+j+ (1 -xk,c=yi+xj+
(1 + x — y)k then [a b ¢] depends on
(a) both xandy (b) neither on x nor on y
(c) onlyy (d) only x [2005]
If (ax b) xc=ax(bXc), where a, b and ¢ are
any three vectors such that a, b #0, b . ¢ # 0, then
a and ¢ are

(a) parallel

(b) inclined at an angle of 71/3 between then

(c) inclined at an angle of 7/6 between them

(d) perpendicular [2006]

The value of a, for which the points A, B, C with
position vectors 2i — j + Kk, i — 3j — 5k and ai —
3j + k respectively are vertices of a right-angled
triangle with C = /2 are

(a) 2and -1 (b) 2and 1

(c) —2and-1 (d) —2and 1 [2007]
leta=i+j+Kk b=i-j+2kand ¢ =xi +
(x = 2)j — k. If the vector c lies in the plane of a
and b, then x equals

(a) 0 (b) 1

(c) -4 (d) -2 [2007]
If u and v are unit vectors and 6 is the angle be-
tween them, then 2u X 3v is a unit vector for

(a) exactly two values of 6
(b) more than two value of 6
(¢c) no value of 6

(d) Exactly one value of 0 [2007]
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24.

25.

26.

27.

28.

29.
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. The vector a = ai + 2j + Bk lies in the plane of
the vectors b =1 + j and ¢ = j + k and bisects
the angle between b and c. Then which one of the
following gives possible values of o and 8
(a) =2,8=2 (b) x=1,8=2
() a=2,8=1 d a=1,8=1 [2008]

. The non-zero vectors a, b and ¢ are related by a =
8b and ¢ = — 7b. Then the angle between a and c
is

(@ 0 (b) w4

(c) @2 d r [2008]
. If u, v, w are non-coplanar vectors and p, g are

real numbers, then the equality

[3upvpw] = [pv W qu] — [2w gV qu]

holds for

(a) more than two but not all values of (p, g)

(b) all value of (p, q)

(c) exactly one value of (p, q)

(d) exactly two values of (p, q) [2009]

If the vectors a =i —j + 2k, b =2i + 4j + k and
¢ = Ai +j + uk are mutually orthogonal, then
4w =

(@) (=2,3) (b) 3,-2)

(©) (=3,2) (d) 2,-3) [2010]

Leta=j—-kand ¢ =i - j— k. Then the vector b

satisfying axb +c¢=0anda.b= 3is

(a i-j-2k b)) i+j-2k

(c) —i+j-2k (d) 2i-j+2k [2010]

1 1

Ifa=— @Bi+k)and b= — (2i + 3j — 6k),
70 ( ) 7 ( J )

then the value of (2a — b) . [(a X b) X (a + 2b)] is

(a) 3 (b) -5

(c) -3 (d 5 [2011]

The vectors a and b are not perpendicular and c

and d are vectors satisfying b X ¢ = b X d and
a . d = 0. Then the vector d is equal to

a-c b-c
@ “'(E)b ®) "'(ﬁ)“

a-c b-
© “(ﬁ)"

d) b+ (—c) ¢ [2011]
a-b
If the vectors pi + j+ k, i + qj + kand i + j +
rk (p # q # r # 1) are coplanar, then the value of
par— (p + q + 1) is

(a) 2 (b) 0
(c) -1 d -2 [2011]
Let a, b, ¢ be three non-zero vectors which are

pairwise non-collinear. If a + 3b is collinear with

30.

31.

32.

33.

34.

35.

c and b + 2c¢ is collinear with a, then a + 3b + 6¢
is

(@) a (b) ¢

() 0 (d) a+c [2011]
Let a and b be two unit vectors. If the vectors ¢ =
a + 2b and d = 5a — 4b are perpendicular to each
other, then the angle between a and b is

(a) m/2 (b) /3

(c) /4 (d) w/6 [2012]
Let ABCD be a parallelogram such that AB = q,
AD = p and £ZBAD be an acute. If r is the vector

that coincides with the attitude directed from the
vertex B to the side AD, then r is given by

(a) r=—q+(Mjp
pp

(b) r:q—[&)p
PP

(c) r=-3q+ SLEJ P
p-p

(@ r=3q- 3(ﬁ] p
pPp
If the vectors AB = 3i + 4k and AC = 5i - 2j +

4k are the sides of a triangle ABC, then the length
of the median through A is

[2012]

(a) 72 (b) 33
(c) V45 @ 18 [2013]

If a and b are non-collinear vectors, then the value
of o for which the vectors u = (o — 2) a + b and
v = (2 + 3a) a — 3b are collinear is:

3 2
(a) 5 (b) 5

2

(©) 3 (d —= [2013, online]
2 3

leta=2i-j+k b=i+2j-kandec=1i+

J — 2k be three vectors. A vector of the type b +

Ac for some scalar A, whose projection on a is of

. 2.
magnitude 3 is

(a) 2i+j+5k
(c) 2i—-j+5k

(b) 2i+3j-3k
(d) 2i+3j+5k
[2013, online]

If [axb bxc c¢xa]l=A[abc] then A is equal
to

(a) 2
(c) 0

(b) 3

1 [2014]



36.

37.

38.

39.

40.

41.

If lal =2, Ibl =3 and |12a — bl = 5, then |2a + bl
equals

(a) 17 (b) 7

() 5 (@ 1 [2014, online]

If le’ =60 and ¢ x (i + j + 5Kk) = 0, then a value
of ¢-(-7i + 2j + 3K) is:

@ 42 (b) 12

(c) 24 (d) 12v2  [2014, online]
If x, y and z are three unit vectors in three dimen-

sional space, then the minimum value of Ix + yI2 +
ly + z° + 1z + xI? is

3

— b) 3
(a) 5 (b)
©) 33 @ 6 [2014, online]
Ifx=3i-6j-k, y=i+4j-3k and z = 3i — 4j

— 12K, then the magnitude of the projection of x X
y on Z is

(a) 12 (b) 15
(c) 14 (d) 13 [2014, online]
Let a, b and ¢ be three non zero vectors such that

. 1
no two of them are collinear and (a X b) X ¢ = 3

|b| |e| a. If O is the angle between vectors b and c,
then a value of sin 8 is:

22 -2
“ ® 5
© % @ # [2015]

In a parallelogram ABCD, |AB| = a, |AD| = b and
|AC| = ¢, then DB. AB has the value: (choices
modified from original)

(a) %(3a2+b2—c2) (b) %(a2+b2—cz)

(c) %(bz-kcz—az) (d) %(a2+b2+cz)

[2015, online]

42.

43.

44,

45.

Vectors 22.25

Let a and b be two unit vectors such that |a + b|

=3 If

¢ =a+ 2b + 3(a x b), then 2|c| is equal to:

@ 55 (b) /51

(c) V43 (d) V37  [2015, online]
Let a, b and ¢ be three unit vectors such that
ax((bxe)= g(bxc).

If b is not parallel to ¢ then the angle between a
and b is:

kY4 T
(a) vy (b) Py
2r St
(© ? (d) ? [2016]

In a triangle ABC, right angled at the vertex A, if

the position vectors of A, B and C are respectively

3i+tj—k,— i+ 3j+ pk and 5i + qj — 4k, then the

point (p, ¢g) lies on a line:

(a) making an obtuse angle with the positive direc-
tion of x-axis.

(b) parallel to x-axis.

(c) parallel to y-axis.

(d) making an acute angle with the positive direction
of x-axis. [2016, online]

Let ABC be a triangle whose circumcentre is at P.
If the positive vectors of A, B, C and P are a, b,

1 . o
¢ and 2 (a + b + ¢) respectively, then the position
vector of the orthocentre of this triangle, is:

(a) —%(a+b+c) (b) a+b+c

(c) % (a+b+c¢) d o0 [2016, online]

Previous Years' B-Architecture Entrance

Examination Questions

. Let u, v, w be vectors such that

u+v+w=0
If lul = 3, Ivl = 4 and Iwl = 5, then
u-v + VW + w-u is
(a) -25

(c) 25

(b) 0

(d) 47 [2006]

2.

If a and b are two non-parallel vectors having equal
magnitude, then the vector (a — b) x (a x b) is
parallel to
(@ b

(c) a+b

(b) a-b

(d) a [2007]
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. If numbers a, b, ¢ are distinct and non-negative. If

three vectors ai + aj + ¢k, ci + ¢cj + bk and i + k
are coplanar, then c is

(a) geometric mean of a, b

(b) harmonic mean of a, b

(c) equal to zero

(d) arithmetic mean of a, b [2007]
. Let x, y and z be unit vectors such that

Ix -yl +ly-zP +1z-xP=9

Then Ix +y — zl - 4x.y =

(a) 1 (b) 4

(c) 6 (d) 8 [2008]
.If a, b and ¢ are three unit vectors satisfying

2a x (a x b) + ¢ = 0 then the acute angle between
a and b is

T T

z b) =
(a) 5 (b) 2

/4 /4
c) — d — 2009
(©) 3 (d) 5 [2009]
.Ifb=1i-j+ 3k, ¢c=j+ 2k and a is a unit vector,

then the maximum value of the scalar triple product
[abc]is

(a) V30 b) V29
©) 26 @ 6o [2009]
. Statement-1: If a and b are two vectors such that

lal =2, bl =3, 12a — bl =5 then|2a + bl =5

Statement-2: For any two vectors ¢ and d, |¢ — d|
=lc +dl [2010]

. If a, b and ¢ are non-zero vectors such that a x b
=c¢,bxc=aand c x a=>b then
(a) [abe]=0
(b) a=b=c

(c) lal=Ibl=lcl

(d) lal+Ibl—1lcl=0 [2010]

.Let OA = a, OB = 2b + 10a and OC = b where

O is the origin. If p is the area of the quadrilateral
OABC and gq is the area of the parallelogram with
OA and OC as adjacent sides then p is equal to

(@ ¢° (b) 6g
(c) q/6 (d 6-¢ [2011]
If a and b are two vectors such that 2a + b = e,

and a + 2b = e,, where ¢, = (1, 1, 1) and e, =
(1, 1, =1), then the angle between a and b is

(7 (2
(a) cos (9) (b) cos (ll

(c) cos_l(—1—71) (d) cos_l(—gj [2012]

11.

12.

13.

14.

15.

If u, v, w are unit vectors satisfying 2u + 2v + 3w
= 0, then |lu — vI equals

7 J5
(a) 1 (b) >
V7 5
(c) 7 (d) Z [2012]

Letv=2i+j—-kand w=1i+ 3k. If u is a unit
vector, then the maximum value of the scalar triple
product [u v w] is

(a) V6 ) V10 +v6
) 59 @) 60 [2013]

Unit vectors a, b, ¢ are coplanar. A unit vector d
is perpendicular to them. If

1 1 1
axb)xexd =—-i—-——j+-k
( ) % ( ) PR R

and the angle between a and b is 30°, then c is/are

(a) i%(—i—2j+2k) (b) %(2i+j—k)

(c) J_r%(—i+2j—2k) (d) %(—2i—2j+k) [2014]
Letx=2i+j—2kandy =i+ j. If z is a vector

such that x.z = |z|, |z — x| = 242 and the angle
between x X y and z is 30°, then the magnitude of
the vector (x X y) X z is:

NG 3
(a) - (b) 5
1 33
(©) E (d) —2 [2015]

From a point 4 with position vector p(i + j + k),
AB and AC are drawn perpendicular to the lines
r=Kk+A(i +j)and r = — k + u(i — j) respectively.
A value of p is equal to

(@) -1 (b) V2
(c) 2 (d) =2 [2016]
) A
P Answers
Concept Based
1. (d) 2. (b) 3. (d) 4. (b)
5. (d) 6. (b) 7. (c) 8. (d)
9. (a) 10. (b)
Level 1
11. (a) 12. (b) 13. (a) 14. (b)
15. (c) 16. (a) 17. (d) 18. (a)
19. (a) 20. (b) 21. (b) 22. (b)



23. (a) 24. (a) 25. (b) 26.
27. (b) 28. (b) 29. (b) 30.
31. (¢) 32. (b) 33. (d) 34.
35. (a) 36. (b) 37. (d) 38.
39. (¢) 40. (a) 41. (a) 42.
43. (a) 44. (c) 45. (d) 46.
47. (a) 48. (¢)

Level 2

49. (d) 50. (a) 51. (d) 52.
53. (d) 54. (b) 55. (d) 56.
57. (d) 58. (d) 59. (b) 60.
61. (d) 62. (b) 63. (¢ 64.
65. (¢) 66. (b) 67. (¢) 68.
69. (d) 70. (b) 71. (¢) 72.
73. (a) 74. (b) 75. (a) 76.
77. (¢) 78. (d) 79. (a) 80.

Previous Years’ AIEEE/JEE Main Questions

(b)
(©
(b)
(@
(@
(b)

(a)
(c)
(©)
(a)
(c)
(©
(b)
(b)

1. (b) 2. (a) 3. (a) 4. ()
5. (b) 6. (¢) 7. (b) 8. (b)
9. (a) 10. (a) 11. (d) 12. ()

13. (a) 14. (¢) 15. (d) 16. (b)

17. (a) 18. (b) 19. (d) 20. (d)

21. (d) 22. (d) 23. (¢) 24. (¢)

25. (¢) 26. (b) 27. (a) 28. (d)

29. (¢) 30. (b) 31. (a) 32. (b)

33. (b) 34. (b) 35. (d) 36. (c)

37. (d) 38. (b) 39. (¢) 40. (a)

41. (a) 42. (a) 43. (d) 44. (d)

45. (¢)

Previous Years' B-Architecture Entrance

Examination Questions
1. (a) 2. () 3. (a) 4. (c)
5. (d) 6. (a) 7. (¢) 8. (¢)
9. (b) 10. (c) 11. (c) 12. (c)

13. () 14. (b) 15. (a) (b) (¢) (d)

?ﬁ Hints and Solutions

Concept Based

1. Let O be the origin of reference. Then the position
vector of A, B, M are OA, OB and OM respectively

so OM = %(OA+OB)

Vectors 22.27

2. (3i+4j)-(2j — 5k) = 8, 13i + 4jl =5,

12j — 5kl = 29 . Hence the required angle is

—1 a- b _ COS_I 8
lallbl 5v29

.c=Aa+ub=A+ wi+ A+ 2wj+ Ak

O=ac=\la’+uab
=3L+3u = A+u=0
Also M+ 1) + A+ 20 + A% =1
1

= %=1 = A=+—
V2

1
Hence ¢ =-Aj + Ak = £+—=(—j+k)
J N J

.b=2%xa=AQ2i +j-Kk). so

AQRi+j-k -Qi+j-k =2

= 6A=2 = 7»=%

1
Hence b = 5(2i+j—k)

i j k
.uxv=1|1 1 -1 =2i-3j-k
2 1 1
so Projwuxv:w
Iwl
2-3-2
= 3 (i+j+2Kk)
6
——l(i+‘+2k)
1 3
|Proj,, uxvl* = — 6==
4 2

.u=tv=>A+2a+b=1t1+4N)a-2tb

= A+2-t-4trANa=(2r-1)b
Since a and b are non-collinear, so

t:—% andA+2-t-4+A=0

= x+2_%—27L=0

= —/l+§=0 = lz%.

7.AB=-i+jBC=1i+k

1
Area of triangle ABC = 5 |AB x BC|

i j k
1 1 J3
=—|-1 1 o||==|i+j-k|=—
2 2

1 0 1



22.28 Complete Mathematics—JEE Main

8. Bi+4))xi-j+k)=

—_ D e

j Kk

4 0

-1 1
=4i-3j-7k

The length of this vector V16 +9+49 =74 .

A unit vector perpendicular to given vectors is
1

?(4i—3j—7k)
1 -2 3
9.2 1 -1l =1%x2-2x(2)+3x2
0 1 1
=2+4+6=12
i j k
100u=0-j+kxQRi-3j-k =1 -1 1
2 -3 -1
=4i+3j-k
v=(3i+j+k) x2j+k)
=-i+3j-06k
i j k
uxv=|4 3 -1 =-15i + 25j + 15k
-1 3 -6

Level 1

11.0=(a+ub) . a—ub)=lalP -1 bP
=9-162=0 = u==3/4

2 -1 1
12.0=| 1 2 o = 15+5a=0
3 -4 5
= a=-3.

13. If p and q are adjacent sides of the parallelogram,
their sum gives one of the diagonals and their dif-
ference gives the other that is

p+q=3i+j-2kandp-q=i-3j+4k
=>p=2i-j+kandq=i+2k-3k
Required area
=lpxql=1i3-2)-j-6-1)+k@ +1)I

=P +77+5% =543

14. Put r = xi + yj + zk. The given equation implies
-29i+@z-xj+2x-—yk=i-k
That is y -2z =1,z—x=0and 2x —y = - 1,
from which we get x = z = t (say), so that y =1 +
2t. Substituting these, we get
r=fi+(0+20)j+k=j+ti+2j+Kk)

15.1al=+v2 =Ibl=lcl Let ¢=ci+cy+ 3k,
since ¢ makes an obtuse angle with i, we must
have ¢ . i = ¢; < 0. It is also given that the angles
between the vectors are equal i.e.,

= C —_—= _—

lal bl 2 lal lc] bl lcl

Buta.b=1,a.c=c;+c,andb.c=c¢, + c;

1 a-b a1 1a-c 1 b-c
cos =c

This gives c; + c,=1land c, + c3=1 = ¢3 = ¢

and ¢, = 1 — ¢,. Putting in ¢,> + ¢,” + ¢;* = 2, we

getcy =1,-1/3. Since ¢; <0soc; =—-1/3 =c;
and ¢, = 4/3. Hence
1, 4, 1
c=—--i+-j—-k.
337 3

16. The two diagonals are
AB - BC = 4i - 2j + 4k, AB + BC = 2i - 2j
These vectors have magnitudes 6 and 22
respectively, and their dot product is 12. Therefore,
the angle between them is

(6) (2v2) V24
17.1al=1bl=1=1cl It is also given that the
angle 6 between a and c¢ equals that between b
and ¢
. b-
A ac=cosf= —< =
lal lc] bl lel

Since a . b = 0, we get from the given value of c,
a.c=aa.a+fBa.b+va.(@xb)=o
i.e.,a:cos0 and 51m11arly b.c =cos 6 =f
l=c. c—2 |a><b|2—2a2+;?[|a|2|
b > - (ab)]—2

=y =1-2d _l—Zcos 0 = — cos26

1-92 _l+cos26
2 2
18.1la—bl?P=a’>+b>-2ab=4sin’ 0

= la-bl=21sin 6l
la—-bl<1=1sin601<1/2

:>a2=ﬁ2=

= 0 € [0, /6] or (%T,n:)

19. If 0 is angle between a and b, and ¢ the angle
between ¢ and a X b. Then
l@xb).cl=1lallbllclsin 8cos ¢
So we must have sin 8 cos ¢ =1 = sin 8 =1,
cos ¢=1= 0=mn/2, =0 = a and b are perpendic-
ular soa . b =0. ¢ =0 = ¢ must be perpendicular
tobothaand b,sothat b . ¢c=0=a . c.

20. Let A, B, C and D be the points with the given
position vectors. Then AB = — 2i + 3j — 3k, AC =
4i + 5j + (A - 10)k and AD = 6i + 2j — 3k.



21.

22.

23.

24.

25.

26.

The volume of the tetrahedron is

%I(ABXAC).ADI

| -2 3 -3
=—| 4 5 A—101|
6
6 2 -3
1 .
=5 |- 88 +22A1=11 (given)
= A=1lor7
X x+1 x+2 X x+1 x+2
x+3 x+4 x+5|=| 3 3 3 (=0
x+6 x+7 x+8 6 6 6

for all x so for x < 0.

Required vector = K(2j — k) X (- i + 2j — 3k)
= K(- 4i + j + 2k). The length of this vector is
V21 1K 1so | K 1= 1//3. Thus K = = 1/+/3 . But
it will make obtuse angle with y-axis if K = -1/ V3.
Thus the required vector is 1/4/3 4i-j-2k)
Ipxql=Il(a+b)yx@a-b)l=2laxbl
41alPIbPcos®> =4 (K-1lal|bl cos’ 0)
=lalPIbP=K= K= 16

The given conditions mean that r is perpendicular
to all three vectors a, b and ¢. This is possible only
if they are coplanar which means[a b ¢] =0

Let A, B and C be the three given vertices and D
the fourth vertex, with the position vector xi + yj +
zk. Since ABCD is a parallelogram, the diagonals
AC and BD bisect each other so

A+7i+(1+9)j+(0+1Dk

2
_(1+x)i+GB+y)j+(5+2)k
- 2
= x=7,y=7and z =7, so that D is the point
730G+j+k).
Required volume = (OA x OB) . OC
2 -3 0
=| 1 1 -1|=4.
3 0 -1

27.

28.

If a=ai+aj+akthenlaxil’>=a’+a
Therefore laxil? +laxjlP+laxk/

= 2(0]2 + (122 + a32) = 232.
ax(xc)=(@.chb-(a.b)cand (axb)xc=(a

.¢c)b — (b . ©)a, so the given equality implies (a . b)
¢ = (b . ¢) a which means that a and ¢ are collinear.

Vectors 22.29

29. The given expression = (i . )a — (i . a)i + (j . J)
a-(j.aj+k.ka-(k.ak
=3a-[{.ai+ (.a)j+ (k.ak]
=3a—-a=2a

30.[axb bxc cxal
=((@axb)x(bxc). (cxa)
=((@axb.cb-((axb).b)c). (cxa)

=[abc] (b.cxa)=[abc]2.

31. A vector ¢ perpendicular to z-axis is of the form
¢; 1+ ¢, j. According to given conditions 3c¢; — ¢,
=9%and c; + 2¢, = -4
= ¢, = 2 and ¢, = — 3. Thus required point is (2,
-3, 0).

32. Required area = | (a + 3b) x (3a + b) |
=|l9bxa)+axbl=8laxbl=
8lallblsin /6 = 4.

x 5 7
33. | 1 1 -1|=0=x=2.
1 2 2

34.,a.(bxc¢c)=-a.(cxb)ysoa.(cxb)=-3.

35.If b=0b, i+ b, j + b3 Kk, we have the following
relations 2b; + 2b, + b; = 14 and a X b = (2b; —
by)i + (b — 2b3)d + 2(b, — bk. So 2b; — b, = 3,
1 =b;, - 2b3, b, — by =— 4. Solving b, =5, b, =

1, by = 2.

36. Let AB = a, BC = b,
then FC =2a,
AD = 2b.

Also, DC=AC-AD
=a+b-2b
=a-b

= EB=2DC=2(a-b)

Now, AD + EB+ FC
= 2b+ 2(a-b)+2a=4a=4AB=4ED

A=4
E D
F C
3
A a B
Fig. 22.6

37. Let N, be a vector normal to plane determined by
vectors i, i + k and N, be a vector normal to the
plane determined by vectors i — j, i + K we have

N, =ix@{+j)=k
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and N, = (i—j) x (i+k)
=—i-j+k
Note that a is parallel to Ny x N, =i —j
If 6 is the angle between a and i — 2j + 2k, then
1+2 _. 1

V2 J1+4+4 2
Thus, 6 may be taken as m/4.

38. Let M be the mid point of PR, then position vector
of M is

cosf= =+

1 1
S(Ri—i+3i+3)) =i+

Let N be the mid point of QS, then position vector
of N is

1 1
S (Ai=3i+2f)=—i+]j
2( i) Siti

Thus, PQORS is a parallelogram.

Next PQ = [PQ|=]4i—(-2i-j)|
=16i + jl = 37
and OR = IQRI = I3i + 3j — 4il = |- i + 3jI

= J1+9=+10

Thus, PORS is not a rhombus

Also, PR= IPRI=13i+3j—(-2i—j)
= |5i+4j|=+25+16 =41
and 0S= 108 =1-3i+2j— (- 4i)

=li+2j=J1+4=+5.

PORS is not a rectangle.
Thus, PORS is a parallelogram which is neither a
rhombus nor a rectangle.

39. Let 6, be the angle between a and b and 8, be the
angle between ¢ and d.
Now,
a X b= lal bl sin 6, n, =sin 6, n,
and ¢ x b =lclIdl sin 8, n, = sin 6, n,
where n,; is a unit vector parallelogram to the plane
of a and b; and n, is a unit vector perpendicular to
the plane of ¢ and d.
As (axb)- (e xd) =1, we get
(sin 6;) (sin 6,)) n; - n, =1
(sin 6)) (sin 6,) In;lIn, I cos ¢=1
where ¢ is angle between n; and n,.
= (sin 6)) (sin 6,) = cos ¢ =1
= 0,=m2,0,= mw2and ¢ =0
As ¢ = 0 we get n; and n, are parallel.

Therefore, a, b, ¢ and d are coplanar.
Also a. ¢ = 1/2 = lal lcl cosf = 1/2,

So the angle between a and c is 7/3
= the angle between b and d is 7/3
b and d are nonparallel.

ny =ny
A

/3

Fig. 22.7
40. If V is volume of the parallelopiped, then

a-a a-b a-c

=[abc] " =|b-a - -
V?=[abc]*=b-a b-b b
cca ¢b c-c

1 1/2 1/2 1 1/2 1/2
=|1/2 1 1/2|=2|1 1 1/2
1/2 1/2 1 1 1/2 1
[C,—= Ci+ G+ G5
1 1/2 1/2
=20 1/2 0 :l
0 0 1/2 2
= V=12
a 2a —3a

41. | 2a+1 2a+3 a+1
3a+5 a+5 a+2
1 2 -3
=a|2a+1 2a+3 4+1
3a+5 a+5 a+2
1 0 0
=a |2a+1 1-2a 7Ta+4
3a+5 —5a-5 10a+17
[C,—> C,-2C, C3— C3+ 3C]

a (15a2 +31la +37) = 0 if and only if a = 0 as
15a* + 31a + 37 > 0 for any a.



42.

43.

44,

45.
46.

47.

48.

(axb)x(exd

=(@-(cxd)b-(b- -(cxd)a

=pa+ gb

So p=-Mb-(exd)=b-(dxc)=[bdc]

= [c b d].

lal = Ibl = lcl = 1. Also

cosf=a-c=b-c
c=o0a+ b+ y(axb)so

a-c=a+fa-b)=a
b-c=aa-b)+p=0

Thus a=a-c=cosf=b-c=pf.

(@axb).exd =(axb)xc).d

=(@a.cb-(.ca).d
=(@a.c)(b.d)-(b.c)(a.d
[axb,bxc,cxa]=[abc]2
la+blP-la-blF=lalP+IblF+2a.b
—~(alP+Ibl*-2a.b)
=4a.b
i-j+kKxd+2j-k)
=-i+2j+3k
[a+bb+cc+a]l=2abc]

Level 2

49.

50.

51.

52.
53.

Suppose that I, m, n are direction cosine of a line
and the cube be a unit cube. The direction ratios of
the diagonals will 1,1,1; 1, —1; 1, 1,1; —1,1,1. Hence
cos’or + cos’fB + cos’y + cos”d
(l+m+ny (I-m+n)?  (<l+m+n)
1-3 1-3 1-3

2
N (I+m—n)
1-3

%[4(lz+m2+n2)+2(lm+mn+ln—lm+

In—mn+1Im—-1In—-mn—Im+ mn— In)
4
3
@axb)yx(exd) =({(axb).dc-((axb)c)d
=[abd]lc-[abc]d

so, k=—[abc]=[bac]

1 —cosz _cd x+x+1 _ 2x+1
2 3 delldl [240 /242 x*+2

> +2=4x+2=x=0, 4
For t = 3, the line intersect xy plane at (-2, 10, 0).

The vector component of u orthogonal to a is
u.a

lal?

54.

55.

56.

57.

58.

Vectors 22.31
=Q2i-j+3k) - Lﬁ%z (4i - j + 2k)
(Vie+1+4)

%[(14i —7i + 21k) — 20i + 5j — 10K]

%(— 6i — 2j + 11k)

1
= —=(6i — 2j — 11K).
7( J )

(axb)yx((xd)=[abdlc-[abc]d

a, b, ¢, d lie in the same plane so [a b d] = 0 and
[abe]=0so(axb)x(exd) =0.

(@ x b). (e x d) a-c b-c
a . (c =
a-d b-d

=(a-c) (b-d)-(a-d) (b-¢)
so k =—1.

Any point on the given line is of the form B(3,
7 +t, 1 + 1). The given line is parallel to the vector
J + k. The direction ratio of AB will be 3 — 5, 6 +
t, =2 + t where A is (5, 1, 3). If AB is perpendicular
to the given line then

-20+06+n).14+4-2+H1=0

=>t=-2
ABI = (352 +(5-1) +(-1-3)
= J4+16+16 = 6.

The vector equation of two lines are
r=i+2j+3k+¢t(4i+j+ 2k)and

r=i+4j-k+s (@i-2j+ k) so distance between
them is (Ch. 18, P 6, formula 13)

1 4 -1} |1 2 3

|1-4 1 2|-]-4 1 2|]
1 -2 1 1 -2 1
i j k
|1-4 1 2[1
1 -2 1
2238
|51+ 6j+7K|
16
Vo

The vector AC is given by
r=i-2j+2k+1t(-5i+3j-k)
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59.

60.

61.

62.

63.

64.

65.

Complete Mathematics—JEE Main
Any point M on AC is of the form
(1-5t-2+3,2-1

d.r. of BM are — 5¢, — 6 + 3¢, 2 — t. Since BM is
an altitude so

SEH+3-6+3-12-1H=0

4
=>t=—
7
-13 -2 10
The point M is given by | —, —, —
P g y(7 7 7)
-20,-30 10
BM is given by —i—j+—Kk.
g y 7 7 J 7

h=2h+k3-4h+Il=k 1+h+k=1
=k=-hso3-3h+1=0,[l=1
=>h=4/3, k=-4/3,1=1.

For a unit cube d.r. of diagonal are 1, 1, 1 and 1,

— 1, 1 so the angle between two diagonals will be
7! —1_1+1 =cos! l
V343 3

Since (a+ b)) xa=bxaand (a+b)xb=ax
b so the intersection is a + b.
(axb)yx(exd) =[abd]c-[abc]d
a b d a b ¢
=la, b, dyJe—l|a, b, c,|d
a; by dy a by ¢
Also
(axb)x(exd) =[acd]b-[bcd]a
a ¢ 4 by ¢ 4
d,|\b—=|b, ¢, d,|a
a ¢ dy by ¢ dy
Adding, we have k = 2.

= O

(bxec)(axd +(cxa)(bxd +
(axb). (¢ xd).

b-a c-a|] |ccb a-b| |a-¢ b-c
" |b-d cd |ccd a-d |a-d b-d

=(b-a) (c-d) — (b-d) (c-a) + (¢-b) (a-d) — (c-d)
(a-b) + (a-¢) (b-d) —(a-d) (b-¢)

+

‘ ;

= 0.

Equating the two equations we get A = 0 and u =
-1 so the point of intersection is b — 2c.

axv=axb=ax(v-b)=0

=>v-b=ta=v=b+ra

66.

67.

68.

69.

aav=0=a-b+ra-a=0

I ﬂ__ 24+243
la*  J1+4+9J4+1+1
_ 7 __1
ViadT o 2

Fora=a,i+ a,j+ a; k, we have
ax(ixj)=(aij-(aji

la x (i x j)? = (a-i)* + (a-j)* = a? + a?
la x (j x k) = a3 + a3

la x (k x )* = aj + a}

so the required value = 2((,112 + a% + a32) = 2lal*.

1
The mid point is given by 5 (a + b). The required

1
locus passes through > (a + b) so required locus

is of the form

r=%(a+b)+tc 6
where ¢ is perpendicular to b — a. Thus
c.(b-a=0

Taking dot product in (i) by a — b, we get (r — %
(a+b).(a-b)=0.

Since a is perpendicular to d, so
x-y+2z=0 @)

Moreover, Ibl = Icl so a-b = a-c¢ as a makes equal
angles with b and c.

Thus xy — 2yz + 3xz = 2xz + 3xy — yz
=>xz-2xy-yz=0 (ii)
Also > +y> + 22 =12 (iii)
and y < 0.

Substituting the value of y from (i) in (ii) we get
P2+ =0

Sox=—-zand y =z

Again substituting these values in (iii) we get z* =
4ie.z=x2buty<Oandy=z

soz=—-2=yand x = 2.

a X b = ¢ = c is perpendicular to a and b.
b X ¢ = a = a is perpendicular to b and ¢

Thus a, b, ¢ are orthogonal in pairs. Since



70.

71.

72.

73.

74.

lel = la x bl = lal Ibl and similarly lal = Ibl Iel so Il
= lel Ibl?

Hence Ibl = 1 and lel = lal.

Given lines has vector form as
r=-2i+3j-4k + 1 (2i - 4i + k)
r=-2i+3j-—4k + ¢ (-i+ 2j + 3k)

—2-8+3 -7 1
JA+16+1J1+4+9 V21414 e

cosf =

1 1
Acute angle = 7 — cos™' (— —) = cos ' —=.
J6 J6

According to the given conditions,
2 2 2 _ _ -
ci+cs+c3=1a¢=0,b-¢c=0 and

V3 w_ab +ayby +asb,

Thus alcl + a2C2 + a3C3 = 0 = blcl + b2C2 + b3C3

\/_ 2 2
and 73’:‘/2% Vb2 =Y a; b,

a b ¢ ? 2 a; z a;b; 2 ;€
a b | = zaibi Zb? zbici
a; by ¢ Z a;c; Z by, Z ci2

z a’ z ab, 0
=Yab b 0
0

0 1

= (Za?)(zbf)-(Zaibi)z
(2a)(Z8)-3(2a) ()
LX) (X))

Since the rotation of axes does not affect the dis-
tance between the origin and the point, we have

4+ 1=@p+ 17 +1
=p+1=£2p=p=1or-1/3.
a.(bxec)yx(@+(bxe)=a.(bxc)xa)

=a. ((a-b)e - (a-¢)b) = 0.

XA =0 X-B=X-C=0>= A, B, C are
perpendicular to X. Thus A, B, C are coplanar
= [A, B, C] = 0.

75.

76.

7.

78.

79.

Vectors 22.33

Letc=cji+cj+ck ¢ck=0= ;=0
¢c-a=9=3¢ -3¢, =9

=c¢=2,¢=-3
¢cb=-4=¢ +2c,=-4

Thus ¢ = 2i — 3j.
A unit vector in XZ plane is of the form
c= ¢ i+c;kwhereci+c¢j=1
1 2¢) - 3
Also —=cos Z="0"5 - —=20-¢

V2 4 o V2
l:coszz_—c3:>c L
2 32 07 2
1
V2
According to the given condition
a.(a+b) b.(a+b)

[afla+b] "~ [blja+b]

1 .
S0 ¢ = T.Hencec: (- k).
2

- la’ +a-b_a-b+IbP

la bl
a2 _ab
lal Ibl
— lal_ bl = a.b | 2I=IP]
lallbl

If lal # Ibl then lal Ibl = a-b

= 6 = 0 not possible

so lal = Ibl.

Treating A as the origin of reference. The position

vector M is given by

5_3i+ _2+4j+§k=i+j+4k.
2 2 2

The IAMI = /13-
Area of the triangle ABC

1 b x ACI
2

1
= Elb X (mb + pd)l

1

= —lp (b x d)l
P ( )

Similarly area of the triangle ACD
1 1

= —dXxX (@mb+pd) = —Iml b xdl
2 ( pd) >

Area of the quadrilateral ABCD

1
= E(Ipl + |lml) b x dl.
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80. luxvliP=laxb)x(a-b)l>=Ibxa-ax bl =2k —1) [a + 2b + 3¢ Ab + 4¢ ¢]
= 4la x bl* = 4lal® bl sin> 6 =(@2A-1) [a+2b Ab c]
2 = —
= 4k* (1 = cos’6) = 4k4[1 -—(";b) ZJ =(@h-DAla+2bbc]
lal®Ibl =QL-DA[abe] %0
= 45t (1_(3'1’)2] if A =0, 1/2
4

k 10. We are given

lu x vl = 2(k* — (ab)H"2. v.u w.au

lal lal

Previous Years’ AIEEE/JEE Main Questions
1. (a x b)? = lal® Ib* sin? (71/6)
=@4H @) UR¥ =16
2.[axbbxcexal=[abc]*>=4>=16
3. 1b + ¢l = l-al
= bl + lel* + 2b.c = lal

= 25+ 9 + 2Ibl lel cos 0 = 49

S VvV.u=Ww. u
Also, v.w =0
Now, lu — v + wi?
2 2 2
lul® + Ivl® + Wl = 2u.v + 2u.w — 2v.w

1+4+9=14

—lu—v+w =14

1
= 2(5) (3) cos 6 = 15 = cos 6 = 1/2 I (axb)xe= - lbllca
o 1
= 0 =160 = @b — (b.oja = — Ibl lel a
4.0=la+b+cl 1
5 5 5 A possible solution is a.c = 0, b.c = —— 1Ibl lcl

= lal” + [bl” + lcI” + 2(a.b + b.c + c.a) | 3

Lis 2 n = Ibl lcl cos 8 = —— Ibl lel = cos 6 = -1/3
:a.b+b.c+c.a=——(5 +4 +3)=—25 3

2 . sin 6= 242/3

5.¢c=axb=3%
lal = V34, Ibl = 45, lel = 39
~lal: bl lel = /34 :+/45:39

6uxv=-2k=n=k.

12. Take P as origin
s PC = % (PA + PB)

= PA + PB = 2PC

13. Let a = aji + ayj + a3k
Thus, w. n =3 = Iw. nl =3 -

7. F=F, +F,=7i+2 -4k
d=5i+4j+k-({+ 2+ 3k
=4i +2j - 2k
Thus, work done =w=F.d =28 +4 + 8 =40
. A Thus, la x il + la x ji* + la x klI?
8. Let M be mid point of BC,

= aXxXi=-ak+ ay
= la x i’ = a,” + a3’
Similarly, la x ji* = a* + a;°

and la x k> = a*> + a,°

= 2(a,> + a) + ay®) = 2lal®

AM:%(AB+AC) 0 a e
ik 4.1 0 1 =0
5 I - c ¢ b
= AM = IAMI = /33 Fig. 22.8 0 a c
2
9. As a, b, ¢ are non-coplanar, [a b ¢] # 0 =11 0 1I|=0=>-ab+c =0
0 ¢ b

Now [a + 2b + 3¢ Ab + 4¢ (2A — 1)c] )
= a, b, ¢ are in G.P.



15.

16.

17.

18.

19.

20.

21.

[Ma + b) A’b Ac] =[a b + ¢ b]
M)A M [a+bbel=[ach]
=Alabecl=-[abc]
As[abec] #0, A* = 1.

Not possible for any real value of A.

1 0 -1

[abe]=|x 1 1-x
y x l4+x-y
1 0 O
=(x 1 1| [C;—= Cy+ (]
y x l+x
=1

= [a b c] is independent of x, y.
(axb)yxe=ax (b xc)

= (a.c) b-(b.c) a=(ac)b - (ab) c

-. a is parallel to ¢
CA=(@a-2)i-2+0k
CB=(a-1)i+0j+06k

As ZC = n/2, CA.CB =0

= @-2)(a-1H)=0=a=1,2

As c are lies in the plane of a and b, [a b ¢] =0
1 1
=11 -1 21 =0
x x=-2 -1
0 0

x+1 x-1 -1
[using C;, = C, - C5, C, = C, — C4]

>-x-D+3x+1)=0=>x=-2

Rux3vl=1= luxvl=

1

1
6
= lul vl sin 6 = l = sin 0 =
6 6

= 0 =sin! (1/6), 7 — sin"'(1/6)

Unit vector along angle bisector of b and ¢ is

d= l(i+ij
2\[b| el

22.

23.

24.

25.

Vectors

1
=—= (@+2/+k
N AR
Now, a = Ad
= ai + 2j + Pk A G+2+k
al = ——=u
/ W2

Equating coefficients of j, we get

A= 242
Thus, o =1, =1
a=28b= —§(7b) = —§c
7 7
= angle between a and c is 7.

[3u pv pw] — [pv w qu]
- [2w gv qu] = 0

22.35

:>3p2[uvw]—pq[uvw]+2q2[uvw]:0

:>(3p2—pq+2q2) [uvw]=0
As u, v, w are non-coplanar,
3p2—pq+2q2=0

12
= p-3pa+t3q =0

1Y, 3
= (P 6CI 3661 =0

=>p=%q,q=0-

p=0,g=0

That is, there is exactly one value of (p, ¢q).
ac=0,bec=0
=>A-142u=0,2L+4+u=0
=>A=-3,u=2

Letb = bii + byj + bik

i j k
axb=0 1 -1
bl b2 b3

=, +by)i—-bj-bik

Now,axXxb+¢=0

=S b+ b+ )i+ (b -1+ b -1Dk=0

Also, a.b =3
= bz - b3 = 3
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26.

27.

28.

29.

30.
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Thus, b, =1, by = -2
Hence, b =—-i+j - 2k

(a x b) x (a+ 2b)

= (a.(a + 2b)) b — (b.(a + 2b)) a
= (lal* + 2a.b) b — (b.a + 2Ibl%) a
Butab=0,lal=1, bl =1

Thus, (a x b) X (a + 2b) =b - 2a
= (2a — b). [(a x b) x (a + 2b)]
= — [2a — bl* = —(4lal* + IbI*) = - 5.
bxec=bxd

=bx(c-d) =0

= ¢ —d = ab for same o € R.
=d=c—-ob

As ad =0, we getac—axab=0

a.c
=>0=—

a.b
Thus, d = c—(E]b

a.b

Aspi+j+ki+qg +k i+j+rk
are coplanar, so
p 1 1
1 g 11 =0

1 1 r
=>pgr+2-p-q-r=0
=>pqgr—-p-q-r=-2
a+3b=ocand b + 2c = fa
Now, a + 3b + 6¢ = (0 + 6)¢
and a + 3b + 6¢ = (1 + 3P)a
L(a+6)ec=(1+3p)a

As a and ¢ are non-collinear,
We geta+6=0,1+33=0.
~a+3b+6ec=0

Ascd =0

= (a + 2b).(5a - 4b) =0

= 5lal* + 10b.a — 4ab — 8IbI> = 0
= 5 + 6lal Ibl cos -8 =0

=cos 0=112 = 0=n/3

31.

32.

33.

34.

35.
36.

37.

Let AE = o p,

for same a € R.
BE = AE - AB
=S>r=ap-q
As, BE.AD =0

S

= 0=rp=opq-pq
_Pg

= 0=
p-p

Thus, r = —q+Mp

p-p
AD=%(AB+AC) A
=di—j+ 4k
= IADI = /33

As u and v are collinear,
B D C

u = kv for some k € R. Fig. 22.10

>o0-2=k2+30),1=-3%

1
=>0-2-= —5(2+3(x) =>a=2/3
Projection of b + Ac on a

_ (b+Ac)a
Y

S5>2=-1+AM1)=>A=-31
For L =1,—-b + Ac = 2i + 3j — 3k
A =1 [see Theory]

I2a — bI* + 12a + bl?

= 2(4lal® + Ibl%)

= 25 + 12a + bl* = 2(4(2) + 3%
= 2a+bl=5

As ¢ X (i + 2j + 5k) = 0, is parallel to i + 2j + 5k.
Let

¢ = oi + 2j + 5k) for same o € R.
=60 =lc’=a’*(1+4+25 =0 =2
Now, ¢. (-7i + 2j + 3k)

=7 + 4 + 15)

1200 = 1242



38 Ix+yP+ly+zP +lz+xP - Ix+y+zP

= Ix? + Iy + 2x. y + Iy + 1z + 2y.z + |z + xP?
+2zx — (X + Iy + 1z + 2x.y + 2x.z + 2y.z)

=IxP + Iy + 1z* = 3

— 2 2 2
Thus, u = Ix + yI“ + ly + zI° + |z + xl
=3+ Ix+y+z”23

. minimum value # is 3 and its attained when
x+y+z=0.

i j k
39.xxy=3 -6 -1
1 4 -3

=22i + §j + 18k
Projection of x X y on z

_ lxxy)z| _ [66-32-216| _ 182 _ ”

|z V9+16+144 13

1
40. (ax b) X ¢ = glbl lel a
1
= (a.c) b - (b.c) a = 3 bl lcl a

= lal lel cos @b = Ibl Icl (cos@ﬁ-%)a
As a and b are non-collinear,
cos 6 + % =0 and cos ¢ =0
= sin® 0=1-1/9 = 8/9
= sin = +2v2/3.
Thus, a value of sin 0 is 2\213
41. AC = AB + BC
=c=a+b
and DB = AB - AD = a - b.

Now, DB.AB = (a — b).a = a> — b.a
D C

Fig. 22.11
Also

2=l =1la + bl* =la” + Ib* + 2a.b

= ab = %( 2—az—bz)

42.

43.

44.

45.

Vectors 22.37

Thus,
DB.AB = 4 —l(c2 . —bz)
2

= %(3612 —b? —02)

V3 =la + bl

= 3 =la+bl*=la” + b + 2ab
= ab=1/2

Also, la x bl* = lal* bl* - (a.b)’
=1-1/4=3/4

Now,

lel> = lal® + 9b? + 9la x bl* + 4a.b + 6a.(a X b)
+ 12 b.(a x b)

=1+4+9@3/4) +4172)+0+0
= 4lcl* = 55

— 2lel = V/55.
NG

(a.c) b-(ab)c= 73 (b + ¢
As b and ¢ are not parallel

V3 3

ac=—,ab=-—
2

Now, a.b = —/3/2 = lal Ibl cos 6 = —/3/2

= cos 0= —3/2 = 6 =516

AB =-4i+2j+ (p+ Dk C
and AC =2i + (¢ — 1)j - 3k

As LCAB = n/2, we get

- @ +2¢-1)
+(@P+1)(3)=0

= -3p+2q-13=0

Thus, (p, ¢) lies on 3x — 2y + 13 = 0 which makes
an acute angle with the x-axis.

A B
Fig. 22.12

Let p be the position vectors of the circumcentre
and orthocentre be p and h.

As G divides HP in the ratio 2:1,

2 1
H G P
(orthocentre) (centroid) (circumcentre)
Fig. 22.13

1 1
—(a+b+c¢)=—-C2p+h
3)( ) 3(p )

1
:>h=5(a+b+c)
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Previous Years’ B-Architecture Entrance 7. Statement-2 is false as

Examination Questions
Q li—jl= N2 =i+

Also, 12a — bl* + 2a + bl

= 2[12al* + IbI*] = 2[4(4) + 9] = 50
= 2a + b’ =50 — 5% = 25

= 2a+bl=5

LO=lu+v+w?
= lul? + v + WP + 2u.v + 2v.w + 2w.u
=9+ 16 + 25 + 2(u.v + VW + w.u)
= Ww.v + v.w + wau = -25
2.Lletec=(a—-b)xX(axh)
=((a-b)b)a—-((a-b)a)b
= (a.b — b»)a — (lal* — b.a)b
= (a.b — 1a®) (a — b) [~ lal = Ibl]

-. Statement-1 is true.
8.c=axb

=leP=cec=(axb)ec=[abc]

Similarly, lal* = Ibl> = [a b ¢]

= cis parallel toa — b
P Thus, lal® = b = le
3. See solution to Question 14 in Previous Years’

AIEEE/JEE Main Questions. = lal = Ibl = Icl

4x-yP+ly—zP+lz-xP=9 9. p = Area of quadrilateral

= IxP? + ly> - 2x.y + Iyl + Iz — 2y.z + |z* + IxI? ¢ B
-2zx=9
= 2xy +2y.z + 2zx = -3 [IxI = Iyl = Izl = 1] b
Now, IXx +y — zl’ - 4x.y N
2 2 2 0 A
= IxI° + lyl” + 1zI” + 2x.y — 2x.z — 2y.z — 4x.y
Fig. 22.14

=3-(3)=6
5.2ax(@axb)y+¢=0

= 2(a.b)a — 2(a.a)b+c =0

= ¢ =2b - 2(a.b)a

area (A OAB) + area (A OBC)

1 1
212X b+ 10a) + —1(2b + 10a) x bl

la X bl + Sla x bl = 6la X bl = 6¢g

[ lal = 1] 10. Solving two equations, we get
— el = 4l 2 a2 — 2 1 2
= 1 = lcl> = 4Ibl* + 4(a.b)’ lal* — 8(a.b) (b.a) a=2e—te, b= —te +2e,
= 1=4-4@ab)’ = (ab) = 3/4 3003 3003
=a= l(1 1, 3)
— 1P Ibl cos?6 = 3/4 = cos O = *3/2 307
*. a value of 0 is /6 b = %(1, 1, -3)
i Jj k - a.b = lal Ibl cos 6
6.bxe=11 -1 3 1 |
0 1 2 :>§(1+1—9)=§(11)C059
=-5i-2+k = 0 =cos! (=7/11)
Now, [a b ¢] = a.(b X ¢) 11. 2u + 2v = — 3w
—lal b x ¢l cos 0 = 9 = 9lwl* = 4lul® + 4Ivi* + Suv
= uv = 1/8

where 6 = angle between a and b X ¢
= [abc] <(1) (29
Max [a b ¢] = 29 when cos 6 = 1.

Now, lu — vI> = lul® + IvI* = 2u.v
=1+1-1/4=7/4

=lu-vl= V72



12.

13.

k
-1

i
VXW=[2
1 3

S = W\

=3i-7j -k
[uvw]=u(vxw
= lul Iv X wl cos 6

where 6 = angle between u and v X w

= [uvw]= () V59 cos8 <59

-~ Max [u v w] = V59

for cos 8 =1

é (-2 +2k)=(axb)x(cxd)
= {(a x b).d}c — {(a X b).c}d
=[abd]c-[abc]d

As a, b, ¢ are coplanar, [ab ¢] =0

We have [a b d] = (a X b).d
(x lal Ibl sin 6 d).d

Ll
2
1
Thus, +-d = — (i~ 2% +2k)
1
= d=t(-2+20

14. 1z - x> =8 = Iz - 2zx + IxI* = 8

=1z’ -2zl +9-8=0= Izl = 1.

Vectors 22.39

Also,
i j k
XXy=|2 1 2
I 1 0
=2i+2j+k

=Kk xyl=3
Now,

I(x x y) x zI* = Ix x yI* 1z sin® (30°)

-}

:>I(xxy)><z|=%

.AB=k+ AMi+j) - pi+j+kand AC=-k +

ui —j) —pi +j + k)

As AB is perpendicular to r = k + A(i + j)
k-G+)+AM+pi+j)-pli+j+k.G+k =0
=50+2L-p2)=>A=p

Similarly u(1 + 1) = p(1 - 1) => u =0

Thus for any given value of p, B(p, p, 1) lying on
the line

r=k+ Al +j) )

is such that 4B is perpendicular to (1), and
C(0, 0, —1) lying on the line

r=—k+ui-j @)
is such that AC is perpendicular to (2).

*. all the four answers are correct.
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