= This section contains 20 multiple choice questions.
Each question has four choices (a), (b), (c) and (d) out of

Logarithms and Their Properties Exercise 1:
Single Option Correct Type Questions

which ONLY ONE is correct

1.

10.

If log;, 2= 0.3010..., the number of digits in the number

20002%% jg

(a) 6601 (b) 6602 (c) 6603 (d) 6604

. There exist a positive number A, such that

log, x +log, x +logg x =log) x, for all positive real
numbers x.

If A = %/a, where a, b N, the smallest possible value of
(a+b)is equal to

(a) 12 (b) 63 (©) 65 @ 75
. If a, b and c are the three real solutions of the equation
1 logh x+log x* +3 _ 2
1 1

AJx+1 -1
where, a> b >c, then a, b, c are in
(a) AP (b) GP
(c) HP (dat+bt=c™

JXT1+1

100

n-1
. If f(n) = [] log;(i +1), the value of Zf(Zk)equals
i=2 k=1

(a) 5010 (b) 5050 (c) 5100 (d) 5049
. Iflogs 27 og . 7 = log,; x Hog, 3, the least value of x, is
(a)773 (b)3~’ ()77 (d) 37
. If x =log5(1000) and y = log,(2058), then
(@ x>y (b)x<y
(c0)x=y (d) None of these
. If logs 120 + (x —3) —2logs(1 =5* %)

= —logs(0.2 =5 %), then x is

(a) 1 (b) 2 (c)3 (d) 4
L Ifx, >x,-;>...>x, >x; >1,the value of
log, log,, log,, ...log, X, s
(@0 (b)1
(c)2 (d) undefined
0 FER) _yErx-y) _z(xty-2)
log x logy logz
then x”y* =z”y” is equal to
(a) 2*x* (b) x*y* (c) x”y~ (d) x*y”

1 1

Ify=a'""%* andz =q'""°%Y then x is equal to
1 1 1 1

(a) al+ log, z (b) a2+loguz (C) al—loga z (d)aZ—loga z

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

If log, 3 (x — 1) <logg.g9(x —1), then x lies in the interval
() (=0, 1)
b) (1, 2)

(
(c) 2 )
(d) None of the above

The value of a* — b” is (where x = ,/log, b and
y=4log,a,a>0,b>0anda b#1)

(a) 1 (b) 2

(c)0 (d) -1

If x =1+log, bc,y =1 +log; ca,z =1 +log, ab, then
xyz

———————isequal to
xy tyz +zx
(2) 0 () 1
() -1 () 2

logy (log, N)
The value ofa  °®¢ is
(a) log, N (b) log, N
(c) logya (d) logn b
The value of 49° + SB, where A =1 —log, 2and
B=-logs 4is
(2) 10.5 (b) 11.5
() 12.5 (d) 13.5

The number of real values of the parameter A for which
(log, x)* —logs x +log,, A =0 with real coefficients
will have exactly one solution is

(a) 1 (b) 2

()3 (d) 4

2
The number of roots of the equation x 6™ **" =16is

(@)1 (b) 0
(c) 2 (d) 4

The point on the graph y = log, log, {2‘/m +4},
whose y-coordinate is 1 is

(a) (1, 1) (b) (6,1)

(©)(8,1) (d)(12,1)

Given, log2 =0.301 and log3 =0.477, then the number of

digits before decimal in3'2 x 28 is
()7 (b) 8

()9 d) 11

The number of solution(s) for the equation
2log, a+log,, a+3log . a=0is

(b) two

(d) four

(a) one
(c) three



Logarithms and Their Properties Exercise 2 :
More than One Correct Option Type Questions

= This section contains 9 multiple choice questions. Each
question has four choices (a), (b), (¢) and (d) out of which
MORE THAN ONE may be correct.

21, 1f (082 %)° ~6logy x +11 — 64, then x is equal to
(a) 2 (b) 4 (c)6 (d) 8

22. Iflog) xdogs A =log, 5 A #1,A >0, then x is equal to
(a) A (b) 5 (c) = (d) None of these

23. 1If S = {x :y/log, /3x, where log; x > —1}, then
(a) S is a finite set (b) S [

(c) S O(00 ) (d) S properly contains %, oog

24, 1f x satisfies log, (9" +7) =2 +log, (3" +1), then
(a) x 0Q
(b) x ON
(0)x 02 Q:x 0}
(d) x ON, (set of even natural numbers)

25, log ,log , §/X%)...%/p , p>0and p # 1is equal to
[N —

n times

(@)n (b) -n
© 1 (d) log 1 (")

26. If log, x = 0, log, x =B, log, x =yandlog; x =8 x #1
and a, b, c,d Z0,> 1, then log,,.; x equals
(a)Sa+B+y+6 (b)2a+[3+y+6

16 16
1 1

d
C)O(‘1 +B 4y 45T ( )a[3y6

27. If log;, 5 = aand log;, 3 = b, then

@ log8=3(1-a)  (b)log,15= ((3 f;;))

(0) log 4332 = @1;—‘@ (d) All of these

28. If x is a positive number different from 1, such that
log, x, log; x and log, x are in AP, then

(a) logh = 2(loga) (logc) b)b = a+c
(loga + logc) 2
() b =+Jac (d) ¢* = (ac)oe®

29. If|a|<|b|, b —a<1and g, b are the real roots of the

equation x* —|o| x —|B| =0, the equation

log| b|

Xl -1=0has
a

(a) one root lying in interval (— oo, a)
(b) one root lying in interval (b, o)
(c) one positive root

(

d) one negative root

Logarithms and Their Properties Exercise 3 :

Passage Based Questions

= This section contains 4 passages. Based upon each of the
passage 3 multiple choice questions have to be
answered. Each of these questions has four choices (a), (b),
(c) and (d) out of which ONLY ONE is correct.

Passage I
(Q. Nos. 30 to 32)
Let 10g2 N =a +b1, 10g3 N =da, +b2 and
logs N =aj +bs, where ay, a,, ay Ol and
bla b23 b3 D[Oa 1)

30. If @, =5and a, =3, the number of integral values of N is

(a) 16 (b) 32 (c) 48 (d) 64

31. Ifa, =6,a, =4 and a; =3, the largest integral value of
Nis
(a) 124 (b) 63
(c) 624 (d) 127

32. Ifa, =6,a, =4 and a; =3, the difference of largest and
smallest integral values of N, is

(a) 2 (b) 8
(c) 14 (d) 20
Passage I1

(Q. Nos. 33 to 35)
Let 'S’ denotes the antilog of 0.5 to the base 256 and ‘K’
denotes the number of digits in 6" (given
log o 2=0.301,log ¢ 3 =0.477) and G denotes the number of
positive integers, which have the characteristic 2, when the
base of logarithm is 3.

33. The value of G is
(a) 18 (b) 24 (c) 30 (d) 36

34. The value of KGis
(a) 72 (b) 144 () 216 (d) 288



35. The value of SKG is

(a) 1440 (b) 17280
(c) 2016 (d) 2304
Passage III

(Q. Nos. 36 to 38)

Suppose U’ denotes the number of digits in the number
(60)'°° and ‘M’ denotes the number of cyphers after decimal,

before a significant figure comes in (8)>°°. If the fraction

U/M is expressed as rational number in the lowest term as p/q
(given logy 2=0.301and log |y 3=0.477).

36.

The value of p is

(a) 1 (b) 2 (© 3 d) 4
37. The value of q is

()5 (b) 2

()3 (d) 4

38.

The equation whose roots are p and g, is
(@) x* —3x+2 =0 (b) x* =5x +6 =0
() x* =7x+12=0 (d) x* =9x +20 =0

Passage IV (Q. Nos. 39 to 41)

Let G, 0, E and L be positive real numbers such that
log (GIL) + log (GLE) =3,log (E[L) + log (F @) =4,
log (O&) + log (O[L) = 5 (base of the log is 10).

39.

40.

41.

If the value of the product (GOEL) is A, the value of

\/log)\wllog)u/log)\ ... 1s

(a)3
(©)5

If the minimum value of 3G + 2L +20 +Eis 2)‘3“5\',

(b) 4
(d)7

where A, and v are whole numbers, the value of
S A +pt)is

(a) 7
(c) 19

(b) 13
(d) None of these

If log %@and log %@are the roots of the equation

b)x*-x=0
(dx*-1=0

(@ x*+x=0

() x> =2x+3 =0

Logarithms and Their Properties Exercise 4 :

Single Integer Answer Type Questions

= This section contains 10 questions. The answer to each
question is a single digit integer, ranging from 0 to 9
(both inclusive).

42.

43.

44.

45.

If x,y OR™ and log,,(2x) + log,, y =2and

m

log,y x* —log,,(2y) =4 and x + y =—, where mand n
n

are relative prime, the value of m — 3n° is

A line x = A intersects the graph of y = logs x and

y =logs(x +4). The distance between the points of
intersection is 0.5. Given A = a + \/E where a and b are

integers, the value of (a + b) is

If the left hand side of the equation
a(b—c)x? +b(c —a)xy +c(a —b)y* =0is a perfect
square, the value of

2
- O
%ﬂog(“c)ﬂog(a 2b +C)D (abcOR", @ c)is

0 log(a—c) 0

Number of integers satisfying the inequality

[ x + 2]

%Qz "=l >9is

46.

47.

48.

49.

50.

51.

If x > 2 s a solution of the equation
|log ;3 x —2| +|log; x —2| =2 then the value of x is
Number of integers satisfying the inequality

log, /x —2log},, x +1>0,is

The value of b(> 0) for which the equation

2log; 45 (bx +28) = —logs (12 —4x —x?)has coincident
roots, is

1°g21/4 2 3log27 125 —4

The value of ; is
74logy2 _ 5

If x; and x, (x, > x,) are the integral solutions of the

equation

(logs x)* +logs, %QZ 1, the value of | x, —4x,|is

If x = log) a=log, b :élogb c and

logy) ¢ = nx"*! the value of n is



Logarithms and Their Properties Exercise 5 :

Matching Type Questions

= This section contains 3 questions. Questions 52 to 54 have four statements (A, B, C and D) given in Column I and four
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more
statement(s) given in Column II.

52,

53.

Column I Column II
log;243 (p) positive integer
A ——F=
log,~/32
®) 2log6 (@) negative integer
(log12 + log3)
K (r)  rational but not
© logy/s %@ integer
D) logs16 —logs4 (s) prime
logs128
Column I Column II
(A) The expression +/loga ;8 has the value (P 1
equal to
(B) The value of the expression (q 2
(long)3 + log;(8 Hog;,5 + (long)3 +3,is
(C) Let N =log,15og; 2 []10&%@ The (r) 3

value of [N]is (where [ [J denotes the
greatest integer function)

54,

Column I Column II
(D) If(526)" = (0.00526)" = 100, the value of ~(s) 4
1 1.
———is
a b
Column I Column II
O -2) O (p) 10
(A 1f logy /s [«)MDZ 1, then x can Q) 3H
dx+1)(x-5)0
belongs to
(B) Iflogsx — logx < glogu/z ybtheny (@ (1.2]
can belongs to
(C) Iflogy (4 = x) 2logy,2 —logy/p(x =1), (r) [3,4)
then x belongs to
(D) Leta and are the roots of the quadratic  (s) (3, 8)

equation

(N* =3\ +4)x? —4(2\ —1)x +16 =0,
if o and B satisfy the condition 3 >1 >aq,
then p can lie in

Logarithms and Their Properties Exercise 6 :

Statement | and Il Type Questions

= Directions Question numbers 55 to 60 are Assertion-

Re

ason type questions. Each of these questions contains

two statements:

Statement-1 (Assertion) and Statement-2 (Reason)
Each of these questions also has four alternative choices,
only one of which is the correct answer. You have to select
the correct choice as given below.

(a)
(b)

(©)
(d)
55.

56.

Statement-1 is true, Statement-2 is true; Statement-2
is a correct explanation for Statement-1

Statement-1 is true, Statement-2 is true; Statement-2
is not a correct explanation for Statement-1

Statement-1 is true, Statement-2 is false
Statement-1 is false, Statement-2 is true

Statement-1 log;, x <logs; x <log, x <log, x
(x>0, x #1).

Statement-2 If 0< x <1, then log, a>log, b J 0<a<b.

3
Statement-1 The equation 7" ") — x? =1 has two

distinct real roots.

57.

58.

59.

60.

Statement-2 a°*"Y = N, where a>0,a #1and N >0.

7 4
Statement-1 %@ < %@
0 710g%§<410g%§ 0 7<4

Statement-2 If ax < ay, where a<0, x, y >0, then x> y.

N2
Statement-1 The equation x'°¢ ™) =9 has two

distinct real solutions.

Statement-2 a°%’ = b whena>0,a #1, b >0.
Statement-1 The equation (log x)* + log x* —3 =0has
two distinct solutions.

Statement-2 log x* =2log x.

Statement-1log, 3og, 4 3 = logs;(3) has a solution.
Statement-2 Change of base in logarithms is possible.



Logarithms and Their Properties Exercise 7 :

Subjective Type Questions

= In this section, there are 27 subjective questions.

61. (i) If log,;12 =a, log;,24 =b, then find value of logs, 168 in
terms of a and b.

(ii) If logs4 =a,logs3 =b, then find the value of log;10 in
terms of a and b.

62. If Ina _ Inb _ Inc

, prove the following.
b-c¢c c¢c-a a-

(i) abc =1
(i) a® B € =1
(i) gt there® et +ea+a pat +ab 4t g
(ivya+b+c=23
(v) a® + " + ¢ 23

2 2 2 2 2 2
(Vi) ab +bc+c + )¢ +ca +a + @ +ab +b >3

63. Prove that log;, 2 lies between Landlo

64. 1f log2 =0.301 and log3 =0.477, find the number of
integers in
(i) 5 (ii) 6*°
(iii) the number of zeroes after the decimal is 37",
65. If log2 =0.301 and log3 = 0.477, find the value of
log(3.375).

66. Find the least value of log, x — log, (0.125) for x > 1.

67. Without using the tables, prove that

1 1
+

>2.
logs Tt

log, T
68. Solve the following equations.
(i) x' T80 ¥ =10x
(if) log,(9 +2%) =3
(iif) 20c 83 + 380 % =27

(iv) log,logslog, x =0
logy, x+5

(V) x 3 :105+logwx

(vi) logs Qoggx + % + 9"@: 2x

(vii) 4180 **1 _ glog x _ o [glogn ¥ +2 =
(viti) 280X 73) 1

logyo(x® —21) 2

(ix) x8: ¥4 =39

(x) log, x = x, where a = xlogs x

(xi) log /7 g (1 + cosx) =2

69. Find a rational number, which is 50 times its own
logarithm to the base 10.

70. Find the value of the expression
2 3

+
log 4 (2000)°

logs(2000)°
71. Find the value of x satisfying
log, {1 +log, {1 +log.(1 + logp x)}} =o0.
72. Find the value of 4" ~Y6) ~6log: (V3 =+2)
73. Solve the following inequations.
() log a5 x” <1
(ii) log,(x® =5x +6) <1
(i) log, (2 ~ x) <logy »(x +1)
(iv) log .(x +2) <1
(V) 31°g3 m < 3108;3(’5_6) +3
(vi) logy5(3x = 1)’ < log; jo(x +5)°
(vii) logox + 2 < logiy x

(viii) logo(x* —2x —2) <0

(ix) Iogxgx - %Q> 2

() logy/3x <logy,px

(xi) 10gay+ 3 %% <10gsy 4+ 52x +3)
(xii) logsx + 3log,x = glogwglé
(xiii) (x* + x +1)* <1
(xiv) log(3x2+1) 2 <§

(xv) x (logyo x)*=3logy x +1 1000

(xvi) log,{14 + logy(x* —64)} <2
(xvii) log,(9 —2%) <10™°80 G~

+
(xviii) log, gugz 0 for
x

(a)a>1, (b)0<a<1
(xix) 1 + logy(x —1) <log,_,4
(xx) logsy+ 4(x?) < logsy+4(2x +3)

74. Solve \/logx(ax)l/5 +log,(ax)"'?

/5 /5
+ loga%Q1 +log, %g =a

75. 1t is known that x =9 is root of the equation,
8ax

log (x? +15a%) — log n(a —2) =log
a—
find the other roots of this equation.



76. Solve log, (log; x) + log ;,4(log;,5 y) =0and 83. Find the solution set of the inequality

9
x*+y? =10 2logys(x +5)>log ; (9) +log 5 ()
4 343
77. Find the real value(s) of x satisfying the equation 84. Solve log;(Vx +|/x —1|) =loge(4v/x =3 +4|/x -1|).

log,, (4x) +log,, (16x) = 4.

. In the i li
78. Find the sum and product of all possible values of x 85. In the inequality

which makes the following statement true

logs 54 +log, 16 =log 1, x —logss %@

0 ng
(log, x)* — Oog,,, ~—0 —20log, x +148 <0
0 40

holds true in (a, b), where a, b [ N. Find the value of

+
79. Solve the equation ab(a +b).

86. Find the value of x satisfying the equation

\/(10g3 Pzx + log 3x) Tog 5 x ’

80. Solve log, (4™ +4)[og, (4" +1) =log,, %ﬁlé 0
8 + Elog3 3 %@+log,{ 3 %%h& x® =2

81. Solve the system of equations V¥ Y =956 and

Zlog4(x +2)° +3 =log, (4 —x)° +log,(x +6)*.

87. If P is the number of natural numbers whose logarithm
logyo \/xiy ~ logy %@Z L to the base 10 have the characteristic P and Q is the
number of natural numbers reciprocals of whose 3
82. Solve the system of equations logarithms to the base 10 have the characteristic — g,
log, y =log4(xy ~2),logy x* +logs(x —y) =1 show that logy, P —log,y) Q =p —q +1.

Logarithms and Their Properties Exercise 8 :
Questions Asked in Previous 13 Year's Exam

= This section contains questions asked in IIT-JEE, 90. The value of

AIEEE, JEE Main & JEE Advanced from year 2005 to 04 1 1 1 O
year 2017. 6 +logs,, %ﬁ 4_3\@\/4 _ﬁ |4 —ﬁ...gis

88. Let a =logslog; 2and an integer k satisfying

ka3 IIT-JEE 2012, 4M
1<278"9) <2 then k equals to [IT-JEE 2008, 1.5M] [ ]

(2) 0 (b) 1 91.1f 3* =4% "', then xequals  [JEE Advanced 2013, 3M]
(2 (d)3 2log,2 2
89. Let(x,,y,)be solution of the following equations 2 2log;2 -1 ®) 2 —log,3
(2x)1%? = (3y)'™3 and 3'"* =22 then x,, is 1 2log,3
[IT-JEE 2011, 3M] (©) 1-1log,3 (@ 2log,3 -1

(a) é () © @6

1
2

W | =



Answers

69. 100 70 71. 1 72.9

1
6
. 3 ) 1
73.(1)xD% 5,3@5{ 1,0}(11)xD§),E§D(1,2)] 3, 6)
dinx0g 1, 1S Hg B Y5
0 2 002 0
(v)x0€ 2,00 (2 )={ L0} (V)x>6
(vi)xOEoeo ~ 5O 5 00 3, )
(vi)xO(0,107' 0 [10& )
(vii)xOF LE /30 d +/3,3]

Chapter Exercises

L) 2.(d) 3. (b) 4.0b)  5() 6.(@) ‘ 1 3
7.(a)  8.(b) 9.(a)  10.(c) 11.(c) 12.(c) (ix) x 0 % 5@ . Q 5@ () x0(0, 1)
13.(b)  14.(b) 15.(c)  16.(b) 17.(b) 18.(d) _ 3 ) g
19.(c)  20.(b) (Xl)xl]% >~ IQDf 1,3) (xll)xDQ},RED [260 )
21.(a, b,d) 22.(b,c)23.(c,d) 24.(a,b) 25.(b,d) .
(xiii) xO€ 0 ~ 1) xiv)xOf oo ~ DO (& )
26. (a,c) 27.(a, b, c,d) 28.(a, d) 29.(c,d) (xv) x 0 (100080 ) (xvi)xOF 10~ 87 (8, 10]

30.(b) 31.(d)  32.(a) 33.(a) 34.(b) 35.(d)

(xvii) x D€ @ , 0]
36.(b) 37.(c)  38.(b) 39.(b) 40.(a) 41.(d)

42.(9) 43.(6) 44.(4)  45.(3)  46.(9) 47.(3) (xviii) (@) xUf 0 = 3]0 (& )(b)x D—E 3- %Q
48.(4)  49.(7)  50.(1)  51.(2) L s
52.(A) - (. 5), (B) ~ (p). (C) — (@), (D) ~ (1) (xix) x 02, 3] (0ox0g 2+ ZHOE 100 (03]
53.(A) - (1), (B) - (). (C) ~ (@). (D) - (q) > 2
54.(A) ~ (@), (B) ~ (p), (C) ~ (g, 1), (D) ~ (s) 4. x=a" 75.x=15fora=3
55. (d) 56.(d)  57.(d)  58.(d) 59.(c) 60.(d) S RV D
61. () Gy 2 64 6y 140 ()16 (i) 238 65. 0.528 * P

a (8 = 5b) 2b 77.x=1, 2732 78. Sum = 2, Product = 2
66. 243 68. ()10, (i) x @ 2
' 10 L 79.x=2 80.x=0 81.(9,25)and (25, 9)
(111)x:116 (1V)x:81 (v) 107,107} 1 82.x=3, y=2 83.x0¢ 5 40 3, 1)
(vi)x == (vi)x = — (vii)x=5 (ix) x=2o0or — 25

3 100 32 By 85.3456 86.x0(1,3]  88.(b)
() x=2 (xi) x = %T 89. (c) 90.(4)  91.(a,b,c)



Solutions

1. log,p2 = 03010
Let y =2000%""

log,y = 20001og;,2000 = 2000 X (log;o2 + 3)
=2000 X 33010 = 6602

So, the number of digits in 2000’ = 6602 + 1 = 6603.
2. .- A>0andA#1 and x>0
log, x + log, x + logg x =log; x

1 1
= log,x+ Elog2 x+ glogzx =log; x

11
= Zlogzx:logkx
11 11
= =
6log,2 log,A
= 11log, A —6log,2=0
}31 }\}1
= IOgX(zé =0 = 27=1
= N=20 = =2M
— }\’:(26)1/11

Given that, A =%a anda, b € N

= A=ab
From Egs. (i) and (ii), we get
a=2% and b=11

= a+b=64+11=75
3 xloglzox+log10 x3+3_ 2
’ 1 1
Jx+1 -1 Jx+1 +1

Given, a, b and c are real solution Eq. (i) and a > b > ¢ and for

Eq. (i) to be defined x > 0, x > -1 = x> 0 from Eq. (i),
xloglzo x + 3logjg x + 3 _ zix
2
On taking logarithm both sides on base 10, then

(log? x + 3log,o x + 3)log,o x = log;y x
= (loglzo x + 3logypx + 2)logyx =0

= (logyox + 1)(logyg x + 2)log;p x =0
. logjyx=-2,-1,0

1 0

x=10"%107",10
11

x=—1)—1
100" 10

1 1
So, a,b,c can take values a =1, b=—,¢c=—
10 100

a, b, c e GP

(ra>b>c)

4.

) :"11[ log(i +1) _log(n) _

- 2

iy log(i)  log(2)
f@) =k
100 100 .
Then, Y f@2)= 3 o= 10001001 _ Joc
k=1 k=1
. log327-log, 7 =log,; x-log;3 . ()

Eq. (i) valid for x>0, x#1
On solving Eq. (i),

log,(3*)-log,7 = %log3x~ log;3
9-log, 7 =log; x
9 =(log; x)?
log;x =%£3

tLe Ul

x=7" or x=7"°

1 _
Then, the least value of x is = ie, 772
7

© x=logs(5> x8) =3+ logs8
= x -3 =logs8 (1)
and y =log;(7° x6) =3 + log,6
= y -3 =log,6 ...(1i)
8>6 and 7>5
= log8 > log6 and log7 > log5
or (log8)(log7) > (log6) (log5)
= logs8 > log;6
= x=3>y-3 [from Egs. (i) and (ii)]
x>y

"+ logs120 + (x —3) —2logs(1 — 5 )= —logs(0.2 —5° %)
= logs(5 x24) +(x—3)

=logs(1 -5 °)* - log5[1_zx_3]
= 1+ logs24+ (x —3) = logs {5-(1 =5 *)}
= 1+ logs(24-5°7%) =1+ logs(1 —5% )
= 24-5° 73 =1-5""7?
= 25-5" 7% =1
N 5x-1 _50

x—-1=0 = x=1

Given, x, > x, -1 > >x,>x >1

N

log., log., log., -+-log,, %"
=log,, log,, log,,---log xn_lx”‘lxn_z
= logx1 x =1 (. log,a=1)
Let x(y +z —x) =y(z+ x—=y) =z(x+y—z) _1
log x logy logz n
Then, logx =nx(y + z — x) ..(i)
logy =ny(z + x—y) ...(ii)

...(iii)

and logz=nz(x+y—2z)



ylogx + xlogy =ylogz + zlogy
=zlogx + xlogz
= log(x”-y*) =log(y” -z”) = log(x*-z7)
= xVy*=y*z¥ =27 %%
1
10. -+ y =g lo&a*

= log,y = _ ..(i)
1-log, x
1
and z=q' 7108V
or log,z = .t ..(id)
1-log,y
From Egs. (i) and (ii), we get
1 1
log,z = =1-
- 1 log, x
1 —log, x
1
= =(1-log,z)=log,x=——
log, x ( 8a%) & (1 —log,z)
1
x = al —log, z
11. loggs(x — 1) <loggey(x —1) ()
Eq. (i) defined for x > 1, .(id)

= logps(x—1) - 10g(0v3)z(x -1)<0

= lOgO,S(x - 1) - %logog(x - l) <0

= %logo,s(x -1)<0

[/

logys(x —1) <0
(x—1) >(03)°
[ base of log is lie in (0, 1)]
= x>2 ...(iid)

!/

From Egs. (ii) and (iii), we get
x>2 = x€(2 )
12. -+ g% =gV
_ a,/logabu logg by/log, a — alogab, log, a =b,[log,a =pY
a*-b"=0

13. - x=1+log, bc=log,a+ log, bc = log,(abc)
L logapea ..(i)

Similarly, =log.p. b ..(id)

and =log.C ...(iii)

N\’—"‘<\>—*x

On adding Egs. (i), (ii) and (iii), we get
1 1 1
—+ —+—=logu.abc =1
X y z
Xy tyztex | xyz -1

= =
xyz Xy + yz + zx

log;, (log, N)

14. a logya — aloga(logb N) _ lOng
15. 49" +5% =2
A=1-log,2

A =log,;7 — log,;2

A=1c>g7Z oAzl o ogeh
2 2 4
and B =-logs4 =lo (1) :>SB—l
g5 g5 4 4
ot 458 =2 L 50 s
4 4 4
16. (log,s x)* — log;sx + logsA =0 (i)

2
Eq. (i) defined for x > 0, A > 0 (logl6 x - %) - i + logisA =0

For exactly one solution,

logye x — 1 0
2
L + logich =0 = logis A L
4 4
or A=(@16)"* =2
17. o (6 +9” _q¢ ()
From Eq. (i), x>0and x #1 ... (i)
By Eq. (i), (x+3)* =16
= x+3=%4
= x=1 or x=-7

From Eq. (ii), no values of x satisfy Eq. (i).
Number of values of x satisfy Eq. (i)
Number of roots = 0

18. Given, y = log,log 2V "' + 4) ..(0)
From Eq. (i) to be defined,

1 ..
2x+1>0 = x>—5 ... (ii)

We find value of x for which y =1
1=log,log,(2V** ! + 4)
2 gy =2
2V 4 =36
2V 23222 = \2x+1=5

2x+1=25 = x=12

log o

L

So, required point is (12, 1).
19. Given that, log2 = 0301
log3 = 0.477
Let y =3"%x2°
logy =12log3 + 8log2
=12 % (0.477) + 8(0.301) =8.132

So, number of digits before decimal in 32 x28=8+1=9



20.

21.

22.

Given, equation 2log, a + log,.a + 3log , a =0 (1)
2 1 3 ..
= + + =0 (i)
log,x 1+log,x 2+ log,x
Let log, x =t

Then, Eq. (ii),

2 1 3 ,
S+ =0= 6t°+11t+4=0
t 1+t 2+t
4 1
= l=—— or——
3 2
So, x=a*3or x=a'?

Two value of x possible for which Eq. (i) is defined and satisfy.
Decimal on x > 0 and x # 1.
Taking logarithm on both sides on base 2, we get

{(log, x)* —6log, x + 11}log, x =6

Let log,x =t
£ -6t +11t—-6=0
= t-1)(E-2)t-3)=0 = =123
= log,x=1,2,3
= x=22%2°
logj x-logs A = log,.5 ..(1)
A#L,A>0 and x>0, x#1
= logsx=1log,5 = (logsx)*=1
= logsx==%1 = x=5"and 57

1
x=5 and —
5

23. 5 ={x:+/log 3x : logsx > -1}

24.

logzx>-1
1 .
= x>= .
3 (¥
Let yzwllogx\/a,xil
To be defined y,3x >0 = x>0 ..(ii)
and logx\/a >0 ...(iif)

From Egs. (i) and (iii),

1
xe[g,l) = \/gxﬁl

for

x<—
3

= 3x<1 =

No solution for this case.

1
Now, for x > 1, from Eq. (iii), Bx 21 = x> g

x>1
Given equation,
log,(0" ' +7) =2+ log,3" ' + 1)
2(x—-1) +
ES 1Og2u =2
3070 41
= 32070 4 7=4. 3070 4 13

= P-4 V1320

25.

26.

27. -

= B '-3)B3* ' -1)=0
= x—1=1lorx—-1=0
= x=2o0orx=1

[p>0.p#1]

y =log,log, (% Pl...l\’/;)
NS

n times

logp(”---f/;); =log, %logp(p Pl...%)

=log,
| — | —
(n —1) times (n —1) times
11
=log, 1~ ~log,(& p/...g/;)
pp —_—

(n — 2) times
= logp[;n) =—n, log,,p" =-n

log, x = o, logy, x =0, log, x =, logg x =0

= log,a=o" ..(1)
= log,.b=p" ..(ii)
= log,c=y" ..(iii)
=3 log,d =8" (iv)
On adding Egs. (i), (ii), (iii) and (iv) , we get
log (abed) =L+ 2414 1 )
o B vy o
lo x = !
Babed ¥ =T B4yt + 87
For o, B, v, &
AM>HM = 2P H T, 4
4 o'+ BTy 487!
or 1 <Ot B+y+90
(VAR e 16
or logapeq x < W [from Eq. (v)]
logyy5 =aand log;y3 =" ..()
logyy2 =logy, (15—()) =1-a ..(ii)
Option (a)

log,,8 =3log,;2=3(1-a)
log;015 _ log;o(5 X 3)
logyo(2° X 5)

[from Eq. (ii)]

Option (b) logy15 =

log,,40

_ logyy5 + log;3
log;o2® + log,,5

_ at+tb _(a+tbh)
31-a)+a (3-2a)
Option (c) log,;32 = log ;2° = Elog52 _ logye2
’ 3 log;2
1—a ) .
= [from Egs. (i) and (ii)]
a

Hence, all options are correct.



28. ‘- x>0and x #1

Given, log, x, log; x and log, x are in AP.

= 2log; x =log, x + log, x
- Zlogleogx+logx
logh  loga logc
2 1 1 logx #0
= = +
logh loga logc sLx#l
2(1
N logh = (loga) (logc)
(loga + logc)
Also, logb _ 2logc
loga loga + logc
2
= log, b =10£ = Iog((,c)c2
log(ac)
cZ :(aC)IOg“b
29. |a|<|bl,b-a<1
abex®—lalx-|Bl=0 ()
S a+b=|o } (i)
o, (i
ab =—p|
Given equation, logj, f‘ —1=0,log, =1
a a
= Xl bt
a
= | x| = [ab]
= |x] =B [from Eq. (ii)]
. x=%p
Sol. (Q. Nos. 30 to 32)
log,N=a, + b;
= b =log,N —a,
Given, 0<h <1=0<log,N —q, <1
= a <logyN<1+q
= 21 <N <2t ()
Similarly, 392 <N 3T ..(ii)
and 573 < N <5'*"s ..(iii)

30. Here, a; =5 and a, =3, then from Egs. (i) and (ii),
2°<N<2® and 3°<N<3*
.. Common values of N are 32, 33, 34, ..., 63
Number of integral values of N are 32.
31. Here, a; =6, a, = 4 and a; =3, then from Egs. (i), (ii) and (iii),
2°<N<2"3* <N<3’ and 5°<N<5*
= 64, 65, 66, ..., 127, 81, 82, 83,..., 242 and 125, 126, ..., 624
. Largest common value = 127
32. Here,a; =6,a, =4anda; =3

From question number 31, we get

64, 65, 66,..., 127; 81, 82, 83, ..., 242 and 125, 126, ...,624
Largest common value = 127

and smallest common value =125

.. Difference =127 — 125 =2

Sol. (Q. Nos. 33 to 35)

S = Antilog of (0.5) to the base 256

= logys54S = 0.5
S = (256)%5 = (2°)"?
§=2*
S=16 ..(1)
K =Number of digits in 6"

[ log,p2 = 0301, log;y3 = 0.477]

Let o=6"
log o = 10log,,6 = 10(0.301 + 0.477)
=10(0.778)
log(6') =7.78
So, x=7+1,x=8

Number of positive integers which have characteristic 2, when the
base of logarithm is 3

=371 -3 =18
o G=18
33. The value of G =18
34. The value of KG =8 X 18 =144
35. The value of SKG =16 X8 x18 =16 X 144 = 2304

Sol. (Q. Nos. 36 to 38)
U =Number of digits in (60)'”°

Let o = (60)"*
logo 0t = 10010g;,60 = 100(1 + log;y2 + log;,3)
=100 (1.778)
log;,00 =177.8
So, U=177+1 = U=178 ()

M =Number of cyphers after decimal, before a significant
figure comes in (8) %%
Let B=@) >
log;oP = (—296)log,48 = (—296) X 3log,,2
log;oP = (=296) X 3 x (0.301)
=—267288 =—267 — 0288
=-267—-1+(1—-0288) =—268 + 0.712
log,oB = 268712

M =268 —1 =267

Now, v _ 178
M 267
According to the question,
v_z2
M 3
- u_r
M q
So, p=2
and q=3

36. The value of p =2.
37. The value of ¢ =3.

38. The equation whose roots are p and q is x* —5x + 6 = 0.



Sol. (Q. Nos. 39 to 41)
According to question, G,0,E, L > 0 and are real numbers.
Such that,
log (G- L) + log,o(G-E) =3 = log,, G’LE =3
= G’LE =10’ (i)
and logE-L+log,E-O=4
= log;gE*-L-O=4
= E*.L-0=10" .. (i)
and log;o(0-G) + log;,(0O-L) =5
= log;)0°GL =5 = O°GL =10° ...(iii)
From Egs. (i), (ii) and (iii), we get
G*0’E’* =10"
GOEL =10" (iv)
= A =10*
39. Now, let

1 1 1
y =\/log}» log A/log A+ =(log7»)2+ PR

1/2
=(log2)' "% = (log )
=log10* = 4log10=4

40. Minimum of 3G + 2L + 20 + E =235

where A, |, € W
Apply AM > GM for 3G, 2L, 20, E

+2L+20+E
uzi‘/@xLZXOZxE

8
So, 8 x G’ L?0%E =2"3"5° v)
(equality hold, if G=L=0=E)
From Egs. (i) and (iii) of Q. 10, we get

G’I*O%E =10°

From Eq. (v), 8 x (10%)"8 = 2*3H5Y
8 x 10 = 2"345Y
2% x5! =275V
A=40=1u=0
SOM + M) =@+ 0%) + (0" +1°) + (1% + 4Y)
=1+0)+(0+1)+1+4=7
G O G
41. log,| — | + loge| — | =logo| — | =log;p1 =0
gw(oj glo(Ej g1o(E) 810
[divide Eq. (iv) and Eq. (ii) of Q. 39]
G O 1
P =log,,—-log,,— = log| — |log(10) = —1
gloo g1oE g(lo) g(10)

[by dividing Eq. (i) by Eq. (ii) and dividing Eq. (iii) by Eq. (iv) in

Q. 10]
=x*-0-x+(-1)=0=x"-1
42. log,(2x) + log;py =2 = 2xy =10° ..(0)
and logy x* — log,2y = 4
2
= X 10t ...(ii)

2y

43.

44. ..

45.

From Egs. (i) and (i), x*=10° = x=100

From Eq. (i), y =é
1 201 m .
x+y=100+-—=—=— (given)
2 2 n
S m=201 and n=2
= m-3n°=201-3(2)°=201-192=9
Solving, x = Aand y = logs x, we get
A=(Alogsh), A>0
and solving x = A and y = logs(x + 4), we get
B={)\logs(A+ 4)},A>—4
Given, AB=05
= logs(A+ 4) —logsA =05
= % :(5)1/2 :\/g
- P O GRS
V5 -1 4
=1+5=a+b [given]
. a=1 and b=5
Then, a+b=1+5=6
a(b—c)x* + b(c—a)xy +c(a-b)y*=b,y 20 (1)
2
a(b—c)(xJ + b(c—a)(x)+c(a—b)=0
y y
Let Xox
y
=  ab-o)X*+blc-a)X +cla-b)=0
alb—c)+b(c—a)+cl@a—-b)=0
o X=1
-+ Eq. (i) is perfect square.
.. Roots are equal.
Ix1= c(a—b)
a(b-c)
2ac ..
= b= ...(i)
a+c
Now, log(a + c) + log(a—2b + ¢)
=log{(a + c)* —2b(a + c)}
=log{(a + ¢)* - 4ac} [from Eq. (ii)]

=log(a — ¢)* = 2log(a —c)
log(a + ¢) + log(a —2b +¢c) _

= 2
log(a —¢)
log(a + ¢) + log(a —2b + ¢) ’ —y
log(a —c¢)
According to the question, x € I

|x+ 2|

1\2-
Given equation, (gj g [x#+2]

|x+ 2]

= 3271 532 o

| x + 2|
2 -

>2

()



46.

|x + 2]
x| -2
+2|-2 +4
- xr2l-2]xtd (i)
[x] -2

x—2+2x+4
_—>

-2>0

Case 1 If x <=2, — 0

i/

X+ 2— )

+
x72>0 = -1>0
—(x+2)

which is not possible.
Casell -2 < x < 0, then Eq. (ii)

x+2+2x+4 3x +6
= — >0 =5 ———>0
—-x -2 —(x+2)
-3(x+2)
—F=>0-3>0
(x+2)
which is not possible.
Case IIl when x > 0
From Eq. (ii),
x+2-2x+4 -x+6
—_— >0 = >0
x—2 x—2
x—6
<0
x—2
2<x<6

So, the integer values of x =3, 4,5
So, the number of integer values of x is 3.
x>2
|log 5 x —2| + [logsx —2| =2
|2 logsx —2| +|logs x —2| =2
2|logs x =1 +|logs x —2| =2
Let log; x =y ..(3)
Then, Eq. (1) =>2|y - 1|+ |y —2| =2 ..(ii)

E + +
1

y_1j1 ,

Casel y <1, then x <3
Eq. (ii) becomes —2y +2 -y +2=2

2

—-3y=-2y==

Y =3

2 .
logsx = 3 [from Eq. (i)]

= x =3

which is less than 2, so not acceptable.
Casell 1<y<2then3<x<9
From Eq. (ii), 2(y —1)—-(y —2) =2

47.

48.

49.

50.

y=2
logz;x =2
x=3"=9
y 22,then x 29
20 -+ (y—-2)=2
y=21logs x=2

=
=
[impossible]

CaseIll
From Eq. (ii),
x=9 [acceptable]
Given equation is
log, V/x —2log?, x+1>0 ()
From Eq. (i), x>0
1 2
Eq. (i) = Elogzx—i)zlogﬁ x+1>0
2

(_

1 1,
Elogzx—glogzx+l>0

U

(log, x)* — (log,x) =2 <0
(logyx —2)(logy; x+1)<0
—1<log,x<2
27 <x<2?

1
—<x<4
2

L sueis e

x€el, so x=1,2,3
So, number of integer value of x is 3.
Given that, b > 0
2 logyss (bx + 28) = — logs (12 — 4x — x%) ()
2
(-2)
= bx +28 =12 — 4x — x°
bx +28>0
12-4x—x*>0

logs (bx + 28) = — logs (12 — 4x — x%)

and

and
= xX*+(4+b)x+16=0

.. (i)

—-28
and x>T and —6<x<2

Since, Eq. (i) has coincident roots, so discriminant Eq. (ii) is zero.
(4+b)2-64=0

b+4=%38
b=4 or b=-12
Since, b>0sob=4

for this value x > —7and -6 < x <2
olog/s2 _ glogzr12s _ 4 - gt logz2 _ glog 3355 4

74 legwy _3 S4log2 2
2*-5-4 16-9
=2 - - =7
7210g72 _3 22 _3
, 5 1
(logsx)” + logs, | — | =1, x>0, x #=
x 5
5
logs (7) 1-1
= (logs x4+ ——X =y = (logs x)2+w=
logs (5x) 1+ logs x

Let logs x =t, then



51.

52. (A)

53.

2  1-1

t°+ =1
1+t
= P+t -2e=0
= tEt+2)t-1) =0 = t=-2,0,1
= x=5725"5"
1
= x=—,15
25
Xy, Xy €1

x; =1, x5 =5
[x, —4x|=]5-4|=1

1
Given, x = log; a =log, b = 5 log;, cand log) ¢ = nx"**

x = log) a =log, b = log;~/c and log; ¢ = nx"*'
From Eq. (i), log; a x log, b + log, /¢ = x*

1
log) ~ec = x3,glog;L c=x’

log; ¢ =2x>
Compare with log) ¢ =nx"""
= n=2
5
A logf/ﬁ _ llog33 _5x2 —2(ps)
log,v32 _1 log, 2° 5
2
2log6 2log6 2log6
B0 20080 21080y

log12 + log3 log36 2logé
1 -2
(©) logys (5) = - log, 3t =—4 (C)

Iogs( ) 2
D) logs 16 —logs 4 4 ) logs(2) —g(r)

logs 128 logs(2) logs(2) 7

(A) \/log(z()s)z 8 = [log, 8 = (log,, 2°)°

=ﬂfg%ﬂ=%aﬂ=f=um

(B) (logyg 2)° + logyy 8-logyq 5 + (logyg 5)°

=(log192)” + 3 log; 2 logyg 5 + (log; 5)°

= (logloz)3 +3-log;p2-logye 5 - (logyg 2 + logy, 5)

()

+ (logy5)°

[ logyy 2 + logy 5 =1log;, 10 =1]

=(logyo 2 + logy 5)° =(logyy 10)° =(1)* =1

3 + (logy 2)3 + logy, 8- logyy5 + (10g105)3

=3+1=4(s)

1
(C) N =log, 15-logy/s2-logs, o

=log, 15 (- log2) (-~ logs 6)
_log 15 ><10g2 y log 6

= =log; 15
log2 log6 log3 &3

9<15<27
2<log;15<3
So,[N]=2(q)
(D) (526)* =(0.00526)" =100

(526)* =100 and (0.00526)" =100

2
526 =104

(526)" x 107 =107
(526)" =1027 *?

[2 + 4b)
= 526 =10 °
From Egs. (i) and (ii), we get
2 2+ 4b
10¢ =10 b
= E = E + 4
a b
1 1
= ———=2
i (q)
54. (A) Given that, log,, — 2 ~2) >4
(x+1)(x-5)
for log to be defined _x=2 ,
(x+1)(x-5)
then x€(=1,2)U(5, )

Let x>0 and x #1
So, x €(0,1) U(1,2) U5, )
Casel x€(0,1)
LN
x
. 2(x-2)
. 2(x-2) Zl
(x+1)(x-5) x
- ML B
(x+1)(x-5) «x
2x(x—2)—(x+1)(x+5)>0
x(x+1)(x=5) -
2x* —4x —x* + 4x+5
= >
x(x+1)(x—-5)
N x2+5 >
x(x+1)(x—=5)
= x(x+1)(x—5)>0
1, + e
= 0N
= x€(=1,0)U(5, )

But by Eq. (ii), x €(0, 1)
So, no solution for this case.

()

...(ii)

()

(i)



Casell Let x €(1,2) U(5, =)

1
—<1

x

. 2(x-2)

Eq. (i) = logi 7()“_1)()(_5)21
_2(x-2) 1
(x+1)(x=5) x
- _2x-2) 1,

(x+1)(x-5) x

x*+5

= ——— <

x(x+1)(x—5)
= x(x+1)(x-5)<0
= x €(—e0, —1) U(0,5)

Eq. (iii), x €(1,2) U5, =)

From Egs. (iii) and (iv), x € (1, 2] (q)

(B) log;x — log? xS§log 4

22

defined, when x>0

= log; x —logi x+2<0

= log5 x —log; x =220

= (logz x —2) (logs x+1)=20

= log; x<-1

or logs x =2

= xﬁgorx29
From Eq. (i), x>0

So, xe[O, ;}U[Q ) (p)

logs x—loggngx(_?z)XZXl

(C) log; (4 — x)=log; 2 —log; (x —1)

U

U

LI

2

2 2
log, =¥ =1,
2
_(x—4)(x—1)Sl
2
(x—4)(x—-1)2-2
xP—5x+4+22>0

x2=5x+620

ZU
(x=3)(x—-2)20
x<2o0rx=3

...(iii)

[by caseI]

(1v)

...(i)

From Eq. (i) to be defined, 4 —x>0and x —1>0

x<4and x >1

...(iii)

From Egs. (ii) and (iii),
xe(L,2]Ul3,4)(q, 1)

(D) Given equation is

W =3A+4)x*—4@AL-1)x+16=0

2 2
N30+ 4=x2—3x+@ —Gj +4

So, AM-3A+4>0,YVAER
1
a B
and D>0
15
= We get k>§

2
-
2 4

Let f(x) =(A2 —3A+4) x> =4@2AL—1) x + 16

f(1) < 0 by graph of f(x)
N —11A+24<0
(A-3)(A-8)<0
3<A<8

From Egs. (ii) and (iii), we get
3<A<8 = A€e@B,8)(s)

85. If 0<a<b

56.

Statement-1 If x>1

=

log, a <log, b

.. Statement-2 If0<x <1

=

log,.a>log,b

.. Statement-2 is true, also

If

10>3>e>2
x>1,

then log, 10 >log, 3 > log, e > log, 2

=

and for
We get,
It is clear that for

1 1 1 1
< < <
log,10 log,3 log,e log,2

logyy x <logs x <log, x <log, x
0<x<1

Statement-1 is false.

3
Statement-1 7lo87 7+ _ 32—

X +1-x"=1|forthisx>+1>0

C-xt=0l{=>x3>-1
(x-1)=0|=x>-1

x = 0 (repeated) or x =1

Thus, Eq. (i) has 2 repeated roots.

.. Statement-1 is false.
Statement-2 a°%N =N, a>0,a #1and N >0

which is true.

logyy x > logs x > log, x > log, x
x>0, x#1

()
7

... (ii)

...(iii)

()



7 4
57. Statement-1 (%) < (%) . Taking log on both sides,

log12 2log2+ log3

61. (i) ra=log,12=

log 7 log 7
7 4 2 + log,3
1 1 a=2782° (i)
o (2] < )
log 24 3log2+ log3
7 log, 1 <4 log, 1 and b=log,24= og <t _> 08 o8
3 3 log12 2log2+ log3
Now, log, 1 <0 [+2<e<3] _3+log,3 (i)
3 2+ log,3
So, 7>4
Statement-1 is false. ..(3) Let log, 3 =2 arzld:i—lc;hgz T=u
Statement-2 ax < ay From Eq. (i), a =
and a<0,x>0,y>0

Eq. (i) divide by a, we get x >y

Statement-2 is true.

and from Eq. (ii), b = % we get

, Lo3=2b 1
58. Statement-1 x 8+ (=9 =9 T b1 and = ab-1)
- Eq. (1) is defined, if 5
1-x)*=9 e lxs0 log54168:10g168:10g(2 X 3 %X7)
’ log 54 log (3° x 2)
l-x=1%3 _3log 2+ log 3+ log 7
x=-2or4 3 log 3 + log 2
x=4 [acceptable] 3+ log,3 + log,7 3+ A+
. Eq. (i) has only one solution. = =
) 3log,3+1 3A+1
Statement-1 is false. 3 _ob .
Statement-2 ¢'°%" = b, wherea >0,a #1,b > 0 3+ b_ n + D
_ alb—
which is true. = 3(3 —2b)
59. Statement-1 (log x)* + log x* =3 =0 ..(1) b-1 1
= (log x)* +2log x —3=0 (ab+1)
= (log x +3) (log x —1) =0 4 (8-5b)
= log x=—-3orlog x =1 (ii) v a=log; 4and b =logs 3
= x=10" or x=10 ab =logs 4 (1)
Eq. (i) is defined for x > 0.
. - . Now, log; 10=10g7510=210g7510
So, Eq. (i) has 2 distinct solutions. logs3  2logs3
Statement-2 log x° #2 log x logs (100) logs (4 x 25)
* LHS has domain x € R and RHS has domain x € (0,0) = 2b = 2h
-. Statement-2 is false. logs 4+2 ab+2
=5 "~ fi Eq. (i
60. Statement-1 2b b [from Eq. (i)]
log, 3-log /93 = logg; 3 (1) ~Ina Inb Inc

Eq. (i) holds, if x>0, x#1, x #9

1 1 1
By Eq. (i), —_—— ==
v Eq. () logs x (logsx+2) 4

(logs x)* + 2 logsx —4=0
(logs x)*+2logsx + 4=8

(logs x +2)* =8

logs x +2=%22
log; x=2(-1%2)

x =321t J2)
Two values of x satisfying Eq. (i)
So, Statement-1 is false.
Statement-2 Change of bases in logarithm is possible.
*. Statement-2 is true.

62. -

= ) [by using law of proportion]
a—

b—c c—-a

Ina Inb Inc

O :

b-c c-a a-b
Ina+Inb+Inc _ In(abc)
b-c+c—a+a-> 0

= In(abc)=0 = abc=1

lna+lnb+ lnc: alna+blnb+clnc

b-c a-b ab-c)+b(c—a)+c(a—-D)
_lna“+lnbb+lncc _ln(a“-bb-cc)

0 0

(i)

c—a

= In@b’c)=0

= a%b’ct =1



.. Ina Inb Inc
(iii) = =
b-c c—-a a-b
(0> +bc+c)Ina+(c*+ca+a®)Inb
B +(a® + ab + b*) Inc]
[(B* +be+cH)(b—c)+(c* +ca+da®)(c—a)
+ (a® + ab + b?) (a - b)]
_lnab2+bc+cz+lnbc2+ca+a2+lnca2+ab+bz
(B> =) +(* —a®) + (a® - b?)
ln(ab2+bc+cz.bcz+ca+az.ca2+ab+bz)
- 0
:>ln(ab2+bc+c2.bc2+ca+a2'ca2+ab+bz)zo
ab2+bc+c2'bcz+ca+a2.ca2+ab+b2:1
(iv) - AM> GM
a+b+c
s >(abe)?=(1)"* =1 [from Eq. (i)]
+b+
%21 = a+b+c23
) - AM> GM
a b c
— a'+b’ +c¢ Z(aa-bb-cc)l/s
3
—(1)1/3 = £ Ea. (ii
=1)" =1 [from Eq. (ii)]
a+bb+ c
= %21:>aa+bb+c‘£23
b? + b + ¢ ? +ca+a® a? +ab+b?
(vi) - AM> GM Rl 5 re
2(ab2+bc+c2.bc2+ca+azlcaz+ab+b2)1/3
=(1)"® [from Eq. (iii)]
=1
ab2+bc+cz +bcz+ca+a2 +Ca2+ab+b2
= 3 21
— ab2+bc+c2 +b02+ca+az +Ca2+ab+b2 >3

63. To prove log;, 2 lies between § andi

2" = 4096
1000 < 4096 < 10000
10° <2” <10*
Taking logarithm to the base 10,
log, 10* < log,, 2% < log,,10*

1 1
3<12 log102<4:>2<10g102<§

64. log 2 = 0301
log 3 = 0.477
(i) Leta=5
log o =200 log 5 =200 (log 10 — log 2) =200 (1— 0.301)
=200X% 0.699=139.8

So, number of integers in 5°° =139 + 1 = 140.

200

(i) o =6%
. log o0 =20 log 6 =20 (log 2 + log 3)
=20 (0.310+ 0.477)
= 20X 0.778 = 15.560
So, number of integers in 6 =15 + 1 =16
(iii) Let o =3"°"
log o0 = =500 log 3=~ 500 % (0.477) =— 238.5
=239+ 0.5=2395
So, number of zeroes after the decimal in
37 =239 -1 =238
65. Given that, log;y2 = 0301
and  log3=0.477

log 3.375 = log(3375) — log 10° = log 5° x3°* —3 log 5 X 2

=3log5+3log3—-3log5-3log2
=13(0.477)— 3 (0.301) = 3 (0.176)
=0.528

66. Let P =log, x — log, (0.125) = log,x — log, (é}

=log, x +3 log, 2

AM > GM
1 + 3 log, 2
= w > [log,x) 3 log, 2) =3
P
~>3
2
= P>243
Least value of log, x —log, (0.125) is 2+/3.
1
67. Lety = + =log, 3+ log, 4
logsm log, m
=log, 12
Now, 12>m?
log, 12> log,m* .. y>2
log. &
68. (i) .. x0T 2 g0
log
= x-x 10 =10x
1 X
= x[x B0 —10]=0
log
x#0,so0x 7 —-10=0
1 X
- x B0t =10
= logyy x =log, 10
= (logyox)* =1
= logjy x==%1
= x=10""
1
= x=100or —
10

(ii) log, (9 +2%) =3
= 9+2%=8
= 25 =-1

which is not possible, so x € ¢.

[ x>0]



(iii) 2. x0813 4 glogsx — oy

2 _3log4 x4 3log4 X —9o7 |: alogbc

3log4 (x+1) _ 33

logy (x+1)=3
log, x=2
x =16
(iv) log, logslog, x =0
Defined for x > 0, log, x > 0 and logslog, x > 0
= x>0, x>1,x>3
x>3
logslog, x =1
log,x=3,x=38
which satisfy Eq. (i).

logio x+ 5
) x 3 =105 log™
Defined for x > 0
Let logiyx=y
= x=10"
5 e
By Eq. (i), 10 =10""7
= y? +5y =15 + 3y
= yi+2y-15=0
= y+5@-3)=0
= y=-50ry=3
1 3
= x=——orx=10
10

x={107,10%
(vi) logs (loggx + % + 9") =2x
Defined for x > 0,
1 X X
logy x + 5 +9%=9

1

1 _1
= loggxz—5 = x=9 2
= x=3"
1
xX=—
3

2
(Vll) 4log10x+l _6log10x _2.3log10x + 2 =0
- 2210g10x+ 2 _(2 X3)log10x —Z'SZIOglO x+2 _ 0

Let log;y x = A, then
22)\.+2 _(zxz))\, _2'327\+ 2:0

A 20
3 3
= 22—(7j —2-32-(7) =0
2 2
A
Let (é) =
2

1Buf+u-4=0
= 18u? +9u —8u —4=0

log
e

= owEU+1)-4@2u+1)=0

__ 1, 4
e

_ 1
Hence,leO)‘ =107 —
100
I -3 1
(viii) —2B10 X 73) (’; ) _1
logyp (x°—21) 2

is defined for x > 1 and x* > 21.

x>A21
(M = 2 log (x —3) = logy (x2 — 21)
= logyo (x — 3)? = logyy (x%=21)
= (x=372=x%-21

x*—6x+9=x"-21
RS x=5
satisfy Eq. (i), hence x =5.
(ix) x 082 ¥4 =32
Defined for x > 0,
log,x + 4 =log,2°

log,x+ 4=
log, x

(log, x)? + 4 log,x —5=0

(logyx +5)(log,x—1)=0
= log,x=—5o0rlog,x =1
=

- 1
x=2"orx=2

1
xX=—orx=2

which satisfy Eq. (i).
(%) log, x=x

and a=x"8ex
Defined for x > 0

From Eq. (i), x=a

()

From Eq. (ii), x* = xlogsx

1

= —=log, x
x

= x=log,4 = x" =4
x=2

(xi) log 3 gn x (1 + cos x) =2

Defined for 1 + cos x > 0, J2 sin x>0

and /2 sin x # 1, then
1+ cos x =2sin® x

1+ cosx =2—-2cos x

()
(i)

()



2cos’x+cosx—1=0 x2—2x-3>0

(2cosx—1)(cosx+1)=0 (x=3)(x+1)>0
1+ cosx#0 x<-lorx>3
1 3
So, cos x == . _9 .
5 o xe( . 1) ..(id)
T
ng, Eq. (i) is defined for that value of x. Casell 2x+3>1 = x>-1

Eq. (i), x* <2x+3
69. Let rational number be x, then
(x-3)(x+1)<0-1<x<3
x =50 log;yx = 2x =100-log;, x

Taking logarithm to the base 10, then ~ . *€(=13] ...(1.11)
Eq. (i), x#0 L (iv)
logyy2 + logyo x =2 + logy, (logy x) 5
Let log;p x =A Egs. (ii), (iii) and (iv), x € (— 2 3) u{-1,0}
: log1p2 + A =2+ log;o (M)
A (i) log,, (x* =5x+6) <1 (1)
= logyo (5) =A-2

For Eq. (i) to be defined 2x > 0 and 2x # 1

which is true for A =2. 1
So, x>0andx #—
: loggx =2 2 ...(ii)
= x =10* =100 and x* =5x+6>0=x <2orx >3
2 3
70. Lety = + 1
y log, (2000)°  logs (2000)° Casel 0<2x<1:>0<x<2 ...(iii)
=2 10g(2000)(, 24 +3 log(2000)635 From Eq. (i), log,, (x* —=5x +6) <1
= 1Og(zooo)" 4"+ 1og(zooo)"’ 3 x2—5x+6<2x
=10g 5 (4% x5%) x%—7x+5>0
= L Lo 000 2000 = 2 (x=6)(x=1)>0
6 6 x<lorx>6 (iv)
71. log, [1 + log, {1 + log, (1 + log,, x)}] =0 (1) From Egs. (iii), (iv) and (ii)
= 1+ logy {1+ log, (1 + log, x)} =1
g5 { g ( gp )}_ re 0’1 A
= logy, {1 + log, (1 + log, x)} =0 2
= 1+ log. (1+log,x)=1 1
= log. (1 + log, x)=0 Casell 2x>l:>x>5 (V)
= 1+ log,x=1 . 2
- log, x =0 From Eq. (i), log,, (x“ =5x +6) <1
= x:po = x% =5x+6<2x
= x=1 = x2-7x+6<0

Eq. (i) is satisfied for this value of x.

72, -5 log, 13 ( - 6) - 6 logs (5 — 2) = 1<x<6 (Vi)

From Egs. (ii), (v) and (vi),

=51log, 52 (3-+6) ~6log,s (3 —+2) x €(1,2) U3,6) ..(B)
1 1
:5><5721052(3—\/g)—6><§10g2 (3 -2) From Egs. (A) and(B),xe(O, %)u(l,z)u(&é)
=log, 3 —6)* = log, (\/3 —+/2)* (iii) log, (2 — x) < log;), (x + 1) ..()
s 3-8 2 V3 (3 -3 2 e, Fr(()imEq. (i)-lt—olb: (c)line(iz —1x>0 = x<2
= [ = _— = an X X -
V-2 L WB-2) ’ ,
= Gs So, x€(-1,2) ...(ii)
= 4”108z (6 ~6logs (V3 =42) Now, from Eq. (i), log, (2 — x) + log, (x + 1) < 0
— 4log2 3 _p2logy 3 _jlog, 9 _g C-x)(x+1)<1
) . -2)(x+1)+1>0
73. log,, 2«1 (x
) logzvss Y xP—x-2+1>0
CaseIO<2x+3<l,i.e.—§<x<—1 xi o x—-1>0

Eq. (i), x2>2x+3



= x <
2
145
or x> 2

From Egs. (ii) and (iii),
1-45 1+45
xe|—1, 5 @) > 2

(iv) logxz (x+2)<1

From Eq. (i) to be defined, x+2>0=>x>-2

and x€R x#0andx #1
Casel xe(—1,1)~{0}
Eq. (), (x+2)>x?
xP-x-2<0
(x=2)(x+1)<0
x—1<x<2
From Egs. (ii), (iii) and (A),
x€(-1,0)u(0,1)
Casell x € (— o0, —1) U(1, o)
Eq. (i), x+2<x?
x-x-2>0
x<—-lorx>2
From Egs. (iv), (v) and (A),
x€(=2-1)U(2 )
From Egs. (B) and (C),

xe(=21) U@ ) ~{-1,0

(v) 3"83Vx "1 cglogs(x=6) | 3
From Eq. (i) to be defined
x—1>0 = x>1
and x—-6>0 = x>6
From Egs. (ii) and (iii), x > 6

Eq. (i), /x -1 —(x-6)-3<0
\/ﬁ—x+3<0
Jxr—1<(x=3)x—1<(x -3)°
X 4+9-6x—x+1>0
x=7x+10>0
(x=5)(x-2)>0
x<2orx>5
From Egs. (iv) and (v), x > 6
(vi) logy/, 3x — 1)* < log, (x + 5)°

1
From Eq. (i) to be defined x # 3 x#-5

Eq. (i), Bx — 1) > (x + 5)°
Bx—-1-x-5@x—-1+x+5)>0
@2x —6)(4x+ 4)>0
(x=3)(x+1)>0
x<—-lorx>3
From Egs. (ii) and (iii),
X €(—o0,—=5) U(=5—1) U(3, o)

...(i)

()

(A)

...(i)

...(iii)

..(B)
(iv)

...(ii)
.. (iii)
(1v)

()
...(i)

...(iii)

(vii) log;ox + 2 < log? x

From Eq. (i), x>0
logly x + log;px =220

(10,0 x —2) (logypx +1) 20
log;p x < —1orlog;yx =2

1
x <—or x 2100
10
From Eqs. (ii) and (iii),
1
x€e (o, —} U [100, )
10

or x €(0,107'] U [10% o)

(viii) logyo (x* —2x —2) <0

(ix)

xt—2x-2>0
¥ —2x+1-3>0
(x—1)2-(3)*>0
[x—1+B)][x-1-+3)]>0
x €(=o0,1=~/3) Ul + /3, =)
xt—2x-2<1
xt—2x-3<0
(x=3)(x+1)<0
-1<x<3
From Egs. (ii) and (iii), we get

x€[-1,1-+3) U +43,3]

3
log, |2x——|>2
& ( 4)

3
From Eq. (i) to be defined x > 0, x # 1, 2x — 2 >0

From Eq. (i),

3
x>0, x#1, x>—
8
. 3
From Eq. (i), log, 2x—2 >2

Casel 0<x<l1
2x—§<x2

4
8x -3 —4x’ <0
4x% —8x+3>0
4x* —6x—2x+3>0
@x—1)@2x—3)>0

1 3
x<-orx>-—
2

From Egs. (ii), (iii) and (iv),
+3)
xe|=,—
8 2

3. .2
2x ——>x
4

Casell x>1
Eq. () =
8x —3 > 4x*

4x% —8x+3<0

()
...(i)

.. (i)

...(id)

.. (i)

()

... (ii)

.. (i)

L(iv)

..(vi)



1 3
—<x<-
2 2

From Egs. (ii), (vi) and (vii), we get

3]
xe|l —
2

From Egs. (v) and (viii), we get

e
xe|l=, = |lull,=
8 2 2

(%) logys x <logy/, x (x> 0)

= logs x >log, x
N log x log x
log3 log2
log x log3 —log 2 <0
log 2log 3
= logx<0 = x<1
So, x €(0,1)

(xi) logy 4 3 x° <logyy 3 (2x +3)

From Eq. (i) to be defined,
2x+3>0

x>—=

2x+3#1
x#-1
x € R—-{0}
From Eq. (i), logy, 4 3 x? <1

3
Casel 0<2x+3<1 = —5<x<—1

From Eq. (ii), log,, ; 3 x? <1

= x>2x+3 = xP-2x-3>0
= (x-3)(x+1)>0
= x<-—lorx>3

From Egs. (A), (iii) and (iv), x € (— g, - lj

Casell If 2x+3>1 = x>-1
logy s 5 x° <1
x?<2x+3

x¥*-2x-3<0

(x=3)(x+1)<0

= -1<x<3

So, Egs. (A), (v) and (vi), x € (= 1,3)
From Egs. (B) and (C),

xe(—g,—lju(—l,S)
2
.. 2 5
(xii) logs x + 3 log, x2510g4ﬁ 16
) 5 2
log; x+310g2x—5><glog2 1620

log5 x +31log, x—4>0
(logyx + 4) (logyx —1) 20

...(vii)

...(viii)

(A)

...(ii)

...(iii)

(iv)

..(B)

(Vi)
...(C)

1
log,x<—-4orlog,x=>21 = x<—

or x22
From Eq. (i), x>0

From Egs. (ii) and (iii), x € (0, i} €[2, o)

(xiii) =+ (2% + x + 1) <1
Taking logarithm on both sides, then
xlog (x* + x+1)<0
X+x+1>0,VxeR
Casel If x>0
Then, log (x* + x+1)<0
¥ Hx+1<1
= x(x+1)<0
= -1<x<0
From Egs. (i) and (ii), x € ¢
Casell If x<0
Then, log(x®*+ x+1)>0
= Wt x+1>1
= x(x+1)>0
X € (=00, = 1) U (0, o)
From Eqgs. (iii) and (iv), we get
x €(—oo,—1)
(xiv) log(3x2 1) 2 <%
2<(3x* +1)"2
Bx*+1>1,V x€R)
4<3x% +1
3x* >3
x2>1
x<—-lorx>1
= X €(=o0,—1) U(l, =)
() 10810 D 308 00,
From Eq. (i) to be defined, x > 0 and x # 1
Letlogyx=y = x=10"
From Eq. (i), 10707 =39+ 5 13

y3—3y2+y—3>0

= Y @y -3)+1(y-3)>0

= y-3)(3*+1)>0

= y>3

= logygx >3

= x >1000

= x € (1000, =)
(xvi) log, {14 + logy(x* —64)} <2

14 + log,(x* — 64) <16
log (x* —64) <2

.. (i)
.. (ii)

()

... (ii)

...(iii)

.(iv)

()

()



x* —64<36

x% <100
-10<x<10
FromEq. (i), x*-64>0
= x<—8orx>8

From Egs. (ii) and (iii),
x €[-10,-8) U8, 10]
(xvi) log, (9 —2%) <1010 O~
From Eq. (i) to be defined,
9-2">0 = 9>2"

= 2*<9 = x<log,9
3-x>0 = x<3

Then, x<3

From Eq. (i), log, (9 —2*) <3 — x

= 9-2"<2’ %

= 9-2¥-8-27"<0

= (29 -92" +820

= @ -8)(2*-1)20

= 2*<1or2” 28

= x<0orx=3

From Egs. (ii) and (iii), x £ 0 = x € (— oo, 0]
(xviii) log, (Zx * 3) >0
x

From inequation (a), a >1
2x+3

By Eq. (i), >0
X
-2
x—| ==
= 2 >0
x—0
3
= x<—50rx>0

From Eq. (i), log, (2 + i) >0

X

3
2+—21

x—(-3) >
x—=0
x<-3o0rx=20
From Egs. (ii) and (iii),
x<-3o0rx>0

0

= x € (=00, =3]U(0,%0)
From inequation in (b), 0 <a <1
2x+3

From Eq. (i), <1

...(ii) 2x+3>0=>x>—

N x+3 <0
.. = -3<x<0
-(H) - xe[-3, 0]
(i) From Egs. (ii) and (v), we get x € [— 3, - g)
(xix) 1+ log, (x —1) <log(,_y) 4

From Eq. (i) to be defined, x —1>0=x>1

(1) and x—-1#21 = x#2

By Eq. (i), 1 + log, (x = 1) <2 log,_1) 2

Let log, (x — 1) = A, then

From Egs. (ii) and (iii), we get
x €(2,3]
(xx) logsx 1 4 x” < logs,, 4 (2x +3)

4
From Eq. (i) to be defined,5x + 4> 0= x> — 5

S5x+4#1 = x#——

N‘wm w

and X € (= oo, o) — {0}

1+ksz
A
B r-2
ii = —F <0
(i) -
- A+2(-1)
—y S
/;\ ﬁ\
2 AN
= A<—-20r0<A<l1
= log, (x —1)< -2
(i) or 0<log,(x—-1)<1
= x—1<2%o0r2°<x-1<2'
(i) = xS%or2<x§3

SECT
= xe|l—— —=|U|—=,0]|U(0, )
5 5 5

From Eq. (i), logs, 4 4 x* <logsy . 4 @x +3)

2
X
I0gs, sy ——— <0

2x+3
Casel 0<5x+4<1
= 4<x< 3
...(iii) 5 5
2
From Eq. (iii), 21
(iv) q. (iii) 92 13

2_ —
x° —2x 320
2x+3

(V)

...(i)

...(i)

()

... (ii)



xe(— g,—l} U3, ) )
From Egs. (ii), (iv) and (v), x € ¢ (Vi)
Casell 5+4>1 = x>—% ...(vii)
2
From Eq. (iii), 13 <1
(x=3)(x+1) <0
50
x—|=2
2
= x<—§orx€[— 1,3] ..(viii)
From Egs. (ii), (vii) and (viii),
xe(— g,—gju[— 1, 0) U (0, 3] ...(ix)

From Egs. (vi) and (ix), we get
3 3
xXeEl-————|U[-10)U(0,3
2 o009

74. Given equation is

\/logx (ax)l/5 + log, (ax

x 1/5 a 1/5
o e

L 1+ log,a+1+ log, x
Jg gx ga

)1/5

1
+ —Jlog, x—1+log,a-1=a
\/g\/ g g

log, x + ! +2+ |log,x+ ! -2 =45a
log, x log, x

1 1
Jog, x| + ————| + |//log, x| = ——|=+/5a..(ii
Y e Y e W
Let |log, x| =y [y 20]
1 1
yt—|t|ly—— =+/5a ...(iif)

y y
CaseIxZa>lEq.(iii):>y+l+y—l:\/§a
y y
= 2y=£a

2,//log, x| =+/5a
5
Jlog, ] =a

Casell 1<x<a (V)

By Eq. (iii),

75. Given equation,
2 2 8ax .
log, (x° + 15a°) —log, (@ —2) = logn—2 (1)
a—
Eq. (i) is defined, ifa =2 > 0=a >2 ...(ii)
8ax
a-—2
By Eq. (ii), a>2
So, ax > 0, then x > 0
Eq. (i) for

>0

x=9a>0
(x* + 15a%) 8ax
= logn
(a-2) a-2
2 2
x“+ 15a° = 8ax
(x —3a)(x —5a)=0
x =3a and x =5a

log

...(ii)

For a=3,x=9and x =15
= x=15fora =3
76. Given that,
log, (logs x) + logy/y (logysy) =0 (1)

= é log,logs x — é log,(~logsy) =0

- L og, [ 1083 % |-
2 —logs y

_ log; x
logs y
= logs x =—logs y

1
= log; x =log, (j
y

1

.. (i)

Also, given that,



77.

78.

79.

1
For these values of x, y = E or 2

log,, 4x + log,, 16x =4
From Eq. (i) is defined for x > 0, x # % x # i
N log 4x N log 16x _4
log2x  log 4x
2log 2+ log x 410g2+logx_4
log2+log x 2log2+log x
On dividing by log 2, then
2+ log,x 44 log,x _y
1+ logyx 2+ log,x
Let log, x = A, then
C+A*+A+N@+A)=40+A)2+A)
= 2K +9h+8 =41+ 121+ 8
= 2 +3h=0
A=oa=—>
2
3
= log2x=0,log2x=—5
x=2% x=2"%?
or x=1x= 2732
Given equation,
log54 + log, 16 = log ;; x — logs g
Eq. (i) holds, if x > 0, x #1
From Eq. (i),
2
1+ loge9+ 4log, 2=2log,x —log, 3
2
= 1+log69+log6§+4logx2—210g2x=0
= 2+ 4log,2-2log,x=0
= (log, x)* —log,x —2=0
= log,x =2orlog,x=-1
= x=4orx=1
2

1 9
Sum of the values of x satisfy Eq. (i) =4 + 3 = 3
1
Product of the values of x satisfy Eq. (i) = 4 X 5 =2

Lagb&u+zf+3:m&m—xf+kgux+@3

Eq. (i) holds,if 4 —x>0and x+ 0> 0, x + 2 >0

[by Eq. (i) x > 0, y > 0]

[by Eq. (i1)]

()

80.

81.

ie., —-2<x<4 ..(i)
From Eq. (i),

3 1 1

= x2x=log, |[(x+2)|+3==%3log,y(4 - x)

2 2 2

+%><310g2(x+6)

= log, (x +2) + 2 =log, (4 — x) + log, (x + 6)
= log, {4 (x + 2)} =log, {(4 — x) (x + 6)}

= 4(x+2)=(4—-x)(x+6)
dx+8=—x"—2x+24
x* +6x-16=0
(x+8)(x—2)=0
RS x=-8x=2 ...(iii)
From Egs. (ii) and (iii), we get x =2
x x 1 .
log, (4" "' + 4)-log,(4* + 1) =log,, 3 (E) ...(i)

Eq. (i) defined, for 4 + 1 > 0 which is true for all x € R.
log, [4(4" +1)]-logy(4* + 1) =log 58 =3
[2+1og, (4" + 1)] log, (4" +1)=3

Let log,(4* +1)=y
y+2)y=3
yP+2y -3=0
y+3)y-1)=0
y=lory=-3
. log, (4" +1)=1 or log,(4*+1)=-3
4 +1=2 or 4X+1:%
X X ]'
4" =1 or 4 =--1
8
e T .
x=0 or 4 =—gwh1ch is not possible.
RS x=0
2 =256
N 2J§+ﬁ:28
= Vx+ .y =8 (i)
3
Also, given that, loglodxy—logmg:l ...(ii)

which is defined, xy > 0
So, Eq. (il) = logyo+/xy = logy, (10 X g)

= \/E =15
= xy =225
FromEq. (i), x + y + 2 /xy =64
x+y=64-30
x+y=34
xy =225
After solving, we get x =9 or x =25,theny =250ry =9
Hence, solutions are (9, 25) and (25, 9).

.. (ii)

From Eq. (iii),



82.

83.

Given, log,y =log, (xy —2) (1)
Eq. (i) defined fory >0and xy —2>0 ...(ii)
xy >0 ...(iif)
From Egs. (ii) and (iii) = y >0, x>0
By Eq. (1), y=Axy -
yr—xy+2=0 .(iv)
y(x-y)=2 )

Also given that,

logy x% + logs (x —y) =1 (Vi)
which is defined for x e R — {0}and x —y > 0
= x>y
By Eq. (vi), x(x —y) =3=x* — xy =3 ...(vii)
x(x-y)=3

Form Egs. (iv) and (vii), y*> +2=x%-3

and ..(viii)

x*—y*=5 ..(ix)
On dividing Eq. (v) by Eq. (viii),

y 2 2x

= = = — LAX

3 y=3 x)
From Egs. (ix) and (x),

x=3andy =2

Given that,

9 .
2 logy, (x+5)>210g1/3459+ log 752 ..(1)

ByEq. (i), x+5>0=x>-5

x+5#1 = x#—-4
So, x €(=5—4)U(-4 ) ...(if)
Now, by Eq. (i)

flogz(x+5)—7><( 3 Jlog39 2log,52>0

—logy(x+5)+3—-2log,,52>0
...(iii)

—log, (x +5) — 3>0

—_—+
log, (x +5)

Now, let log, (x + 5) = y, then Eq. (iii) becomes

2
-y——+3>0
y
2
-y"+3y-2
= YT,
y
2
-3y +2
= L=
y
-2)(y -1
- V-2~ _,
y

y<Oorl<y<2
log, (x +5)<0orl<log,(x+5)<2
x+5<lor2<x+5<4
x<-—-4

LI A I

.(iv)

or -3<x<-1 (V)

84.

From Egs. (ii), (iv) and (v),

e(-5-4)u(-3-1)
log; (Vx + [Vx —1]) = logy (4Vx =3 + 4|/x —1|) ()
From Eq. (i) is defined, if x > 0
then log; (vx + [x —1]) =log, (4J/x =3+ 4|/x —1|)
= 2Wx + [Vx = 1]) = 4/x =3 + 4|/x - 1]
= 3-2Jx =2|J/x - 1]
On squaring both sides, then

9+ 4x —12Jx =dx + 4 — 4/x

= 8Jx =5
_2
64

2
5
85. (log,x)" — (bgm x4j ~20 log, x + 148 < 0

86.

From Eq. (i), x > 0
= (log,x)* — (5 log,x —2)* —20 log, x + 148 < 0 (i)
(log, x)* —25 logZx — 4 + 20 log, x — 20 log, x + 148 < 0
(log, x)* —25log3 x + 144 < 0

{(log, x)* — 16} {(log, x)* =9} <0

9 < (log, x)* <16

3<log,x<4 or —4<log,x<-3
8<x<16 ...(if)

.. (iii)

1 1
or —<x<-
16 8

According to the question in Eq. (i) holds, for x € (a, b)
wherea, b e N
So, from Eq. (ii),a =8,b =16

ab(a+b)=8x16(8 + 16)
=144 X 24 = 3456

V(log, ¥3x) + (log, ¥3x) log, x*
\/(log3 3\P + logxif] log;x* =2 ..()

Eq. (i) is defined for x > 0, x #1

From Eq. (i), \/% 1+ logsx+1+log,3)3logsx

= ZJ(Iogg,x +

=2llog, 3|

1
+ \/g (logzx —1+ log,3 —1)3 logs x

1 1
+2 |+ || logsx + -2
logs x logs x

1 1
= J|logs x| + ———= + |4/|logs x| - ——=|=2,/|10g, 3|
T (llogax] T gy
..(ii)




87.

88. -

89.

1
CaselIf x >3, \/log,x ———= >0
&3 JJ1ogs x
2/logzx =2,/log, 3
(loggx)2=1:>x=3or§,sox=3
2 =2,/log, 3
Jlogs x

= logzx-log,3=1
= 1=1
which is true, for all x € (1, 3].
So, x €(1, 3]

P =Number of natural numbers, whose logarithms to the base

CasellIf1 < x <3,

10 have characteristic p.

Let ‘x’ represent the natural number, i.e.
x=AX10" [A=04 0y 0y ...]

So, P =Number of natural numbers which have (p + 1) digits
=9-10 -1+ 1=9-10°
Q =Number of natural numbers which have (q) digits.
0=910"""-1+1=9-107""
So, logo P —logy Q = log;o(9-107) — log;4(9-107 ")
=(logyo9 + p) — (log;09 + ¢ — 1)
=p-q+1

a =log; log; 2
= 3* =logs2
3% =log, 3

Now, 1<27k+3_u <2!
= 20 <2k <ot

0<—-k+3"<1
= 0<-k+log,3<1
= 0>k—log,3>-1
= log,3 -1 <k <log,3
. k=1
(zx)an =(3y)ln3

Taking log with base e on both sides, then
In2(In2+1In x)=In3(In3+1ny) (1)

3]nx:21ny

and

90.

91.

Taking log with base e on both sides, then
Inx-In3=Iny-In2 ..(i)

From Egs. (i) and (ii), we get

ln2(ln2+lnx)=ln3(ln3+lnxlzlngJ
n

= 1nx((h13)2—hqzj=—((m3)2 —(In2)%)

In2
lnx=—ln2=ln(l)
2
1
= x=-
2
—
)
1 1 1 1
LetS=—— [4—-— [4——— [4——— ...
3«5\/ Bﬁ\/ V2V 342

1
—4 S—ﬁ\/m

or (N2 82 =4-5
= 185 +S-4=0
= (©S-4)2S+1)=0
) 9S—4=0 [2S + 1 # 0]
-2
or S -2 =(§)
9 2
= logs,S=—2=6+logs, S=6-2=4
Hence,
6+ logyy | —= Ja-—= a1 Ja L -4
S XA NG NG N i
(B/4)" =1/4
Taking log with base 2
= x(log,3—-2)= -2
=2 -l oo
2—-log,3 1-log,3
and taking log with base 3
= x(1—logs4)= —2logs2
_ 2logs2
2logs;2-1



